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Data assimilation
• Predictive dynamical model (usually chaotic, imperfect; here: perfect): 

 

• Observational data (e.g. instrument measurements; usually discrete, 
incomplete, noisy):  

• Combine to construct a better estimate of either the state at a given 
time or the motion on an interval than could be achieved by either 
source alone.  

• Example: used in weather prediction to construct an initial condition 
from data measured over the recent past.

ẋ = f(t, x), x(t) 2 Rd, t 2 [0, T ]

y(t) = h(x̃(t)) + ⌘(t), h : Rd ! Rm,m  d, ⌘ ⇠ N (0, R�1)



Originally motivated to understand what minimal observations are 
needed to construct a complete state estimation. 

We construct a continuous time synchronous data assimilation 
method that explicitly uses a decomposition of the tangent space 
into expanding and decaying subspaces. 

Lyapunov vectors and data assimilation in the literature: 
• AUS methods (Trevisan, Carrassi, Bocquet, Grudzien, …) 
• Mentioned in work by Ghil et al., González-Tokman & Hunt, 

Gottwald & Reich, … 
• De Leeuw, Dubinkina, Frank, Steyer, Tu, Van Vleck 2018.

Motivation



Synchronization of chaotic dynamics

ẋ = f(t, x(t)) + g(y(t)�Hx(t))
<latexit sha1_base64="0ilpajQm8WUmn3SlyGOdhUAo/HM="></latexit>

Receiver:

Synchronization:

lim
t!1

kx(t)� x̃(t)k  Ce�µt

<latexit sha1_base64="QYjvlq12fXfBhLT08p992eXG43g="></latexit>

Observation time series:

y(t) = Hx(t)
<latexit sha1_base64="y9ywbX0uVMXQ9ai/JGt+WSNvD1s=">AAAB9HicbZBNS0JBFIbPtS+zL6tlmyEJbCP3WlCbQGjj0iA10IvMHefq4NyPZs6V5OLvaNOiiLb9mHb9m0a9i9JeGHh4zzmcM68XS6HRtr+t3Nr6xuZWfruws7u3f1A8PGrpKFGMN1kkI/XgUc2lCHkTBUr+ECtOA0/ytje6ndXbY660iMJ7nMTcDeggFL5gFI3lTsp4Tm5InTwZ6BVLdsWei6yCk0EJMjV6xa9uP2JJwENkkmrdcewY3ZQqFEzyaaGbaB5TNqID3jEY0oBrN50fPSVnxukTP1LmhUjm7u+JlAZaTwLPdAYUh3q5NjP/q3US9K/dVIRxgjxki0V+IglGZJYA6QvFGcqJAcqUMLcSNqSKMjQ5FUwIzvKXV6FVrTgXlerdZalWy+LIwwmcQhkcuIIa1KEBTWDwCM/wCm/W2Hqx3q2PRWvOymaO4Y+szx8fBpBe</latexit>

H 2 Rm⇥d
, m ⌧ d

<latexit sha1_base64="Blc4yBBBrz+VTbJ7YXXrl7iO3ZA="></latexit>

Driver: 
˙̃x = f(t, x̃)

<latexit sha1_base64="uJh4Fva0tPRL+XMrQhyWMed3JRU="></latexit>

x̃(0) 2 Rd
<latexit sha1_base64="dSKEQ60ULb5Qi2x4+CIbknuAChA="></latexit>

 (e.g. Pecora & Carroll 1990)

˙̃x = f(t, x̃)
<latexit sha1_base64="8IC7aW7YXqjlyiLZQ+s0qObN7Is="></latexit>

y(t) = Hx̃(t)
<latexit sha1_base64="fGdXbbIx/BS0Y7Ye2T86G+SPLkQ=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuilJFXQjFN10WcE+oA1lMpm0QycPZm7EEAr+ihsXirj1O9z5N07bLLT1wIXDOfdy7z1uLLgCy/o2Ciura+sbxc3S1vbO7p65f9BWUSIpa9FIRLLrEsUED1kLOAjWjSUjgStYxx3fTv3OA5OKR+E9pDFzAjIMuc8pAS0NzKO0Amf4GjdwH7jwWPY40cLALFtVawa8TOyclFGO5sD86nsRTQIWAhVEqZ5txeBkRAKngk1K/USxmNAxGbKepiEJmHKy2fkTfKoVD/uR1BUCnqm/JzISKJUGru4MCIzUojcV//N6CfhXTsbDOAEW0vkiPxEYIjzNAntcMgoi1YRQyfWtmI6IJBR0YiUdgr348jJp16r2ebV2d1Gu3+RxFNExOkEVZKNLVEcN1EQtRFGGntErejOejBfj3fiYtxaMfOYQ/YHx+QMRPZRH</latexit>

ẋ = f(t, x(t)) + g(y(t)�Hx(t))
<latexit sha1_base64="PsS1KQU7jtEen5hnwo3JyARanhk="></latexit>

lim
t!1

kx(t)� x̃(t)k  Ce�µt

<latexit sha1_base64="QYjvlq12fXfBhLT08p992eXG43g="></latexit>

Driver: 

Receiver: 

Sync: 

ẋ = f(t, x(t)) + ↵L(t)(y(t)�Hx(t))
<latexit sha1_base64="6t9u/2RkPe4/UNAbBwSHHdNAgWE="></latexit>

lim
t!1

kw(t)k  Ce�µt

<latexit sha1_base64="obYwjqODKqp5ReA0TlYef47OMCs=">AAACFnicbVBNSwMxEM36WetX1aOXYBH0YNlVQY9iLx4r2Cp0a8mmsxpMsksyq5S1v8KLf8WLB0W8ijf/jenHQa0Phnm8N0MyL0qlsOj7X97E5NT0zGxhrji/sLi0XFpZbdgkMxzqPJGJuYiYBSk01FGghIvUAFORhPPoptr3z2/BWJHoM+ym0FLsSotYcIZOapd2QilUO8cQk1DoGLs9Gt7Tuy3c7vdQAq1SuMx3QpVR7LVLZb/iD0DHSTAiZTJCrV36DDsJzxRo5JJZ2wz8FFs5Myi4hF4xzCykjN+wK2g6qpkC28oHZ/XoplM6NE6MK410oP7cyJmytqsiN6kYXtu/Xl/8z2tmGB+2cqHTDEHz4UNxJikmtJ8R7QgDHGXXEcaNcH+l/JoZxtElWXQhBH9PHieN3UqwV9k93S8fHY/iKJB1skG2SEAOyBE5ITVSJ5w8kCfyQl69R+/Ze/Peh6MT3mhnjfyC9/ENxNmedQ==</latexit>

w(t) = x(t)� x̃(t)
<latexit sha1_base64="0NKNmu5Kj6Q9X7IGTCifW3MkrKo=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahLiwzVdCNUHTjsoJ9QDuUTCZtQzMPkjvaMhTc+CtuXCji1p9w59+YaWeh1QMhJ+fcy809biS4Asv6MnILi0vLK/nVwtr6xuaWub3TUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXqV+845JxcPgFsYRc3zSD3iPUwJa6pp79yU4whd4lF7HuANceCwZTfSzaxatsjUF/kvsjBRRhlrX/Ox4IY19FgAVRKm2bUXgJEQCp4JNCp1YsYjQIemztqYB8ZlykukOE3yoFQ/3QqlPAHiq/uxIiK/U2Hd1pU9goOa9VPzPa8fQO3cSHkQxsIDOBvVigSHEaSDY45JREGNNCJVc/xXTAZGEgo6toEOw51f+SxqVsn1SrtycFquXWRx5tI8OUAnZ6AxV0TWqoTqi6AE9oRf0ajwaz8ab8T4rzRlZzy76BePjG83blbk=</latexit>

ẇ = [Df(x(t))� ↵L(t)H]w +N(t, w)
<latexit sha1_base64="ABZjugNnAdq9/jss1E4dzyGNUcg="></latexit>

Transverse linear dynamics: 

ẇ = [A(t)� ↵L(t)H]w +N(t, w)
<latexit sha1_base64="RYKc/DtKwZhfhNZM3+6SgYvyH/Q="></latexit>

A(t) = Df(x(t))
<latexit sha1_base64="NVQfBPG/k1xb4AZb6Ttmf43zCss=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsQrspM1XQjVAvC5cV7AXaUjJppg3NZIYkI9ahT+LGhSJufRR3vo1pOwtt/SHw8Z9zOCe/F3GmtON8W5mV1bX1jexmbmt7Zzdv7+03VBhLQusk5KFseVhRzgSta6Y5bUWS4sDjtOmNrqf15gOVioXiXo8j2g3wQDCfEayN1bPzl0VdQhfoxi8+Gir17IJTdmZCy+CmUIBUtZ791emHJA6o0IRjpdquE+lugqVmhNNJrhMrGmEywgPaNihwQFU3mR0+QcfG6SM/lOYJjWbu74kEB0qNA890BlgP1WJtav5Xa8faP+8mTESxpoLMF/kxRzpE0xRQn0lKNB8bwEQycysiQywx0SarnAnBXfzyMjQqZfekXLk7LVSv0jiycAhHUAQXzqAKt1CDOhCI4Rle4c16sl6sd+tj3pqx0pkD+CPr8wdwDZEA</latexit>



Lyapunov exponents and stability

�(x0) = lim
t!1

1

t
log kx(t)k

(Berreira & Pesin, AMS Lecture Series, 2000)

�1 � · · · � �d

ẋ(t) = A(t)x(t)
<latexit sha1_base64="sZWjIwWpTng/QHSjtb1EmN3Nd7g=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMVEE3QtWNywr2Ae1QMmmmDc08SO5Iy9iFv+LGhSJu/Q13/o2ZdhbaeiDJ4Zx7k5vjRoIrsKxvI7e0vLK6ll8vbGxube+Yu3sNFcaSsjoNRShbLlFM8IDVgYNgrUgy4ruCNd3hTeo3H5hUPAzuYRwxxyf9gHucEtBS1zzo9EJIRpMSnOBLfJUeI711zaJVtqbAi8TOSBFlqHXNL30RjX0WABVEqbZtReAkRAKngk0KnVixiNAh6bO2pgHxmXKS6fwTfKyVHvZCqVcAeKr+7kiIr9TYd3WlT2Cg5r1U/M9rx+BdOAkPohhYQGcPebHAEOI0DNzjklEQY00IlVzPiumASEJBR1bQIdjzX14kjUrZPi1X7s6K1essjjw6REeohGx0jqroFtVQHVH0iJ7RK3oznowX4934mJXmjKxnH/2B8fkDMTGUQw==</latexit>

Lyapunov developed the stability 
theory of nonautonomous linear 
systems in his thesis (1892)

Characteristic function measures 
asymptotic rate of growth/decay

Assumes at most d values on Rd, 
the Lyapunov exponents, with 
associated Lyapunov vectors v1(t), . . . , vd(t)

<latexit sha1_base64="94cC+REpGpuIQgmz6DPM+tXnc9U="></latexit>



(Berreira & Pesin, AMS Lecture Series, 2000)

ẋ = A(t)x+N(t, x), N(t, 0) = 0

kN(t, x)�N(t, x̃)k  Ckx� x̃kp, p > 1

ẋ = f(t, x), x(t) = x⇤(t) + w(t)

�1 < 0

Lyapunov exponents and stability
ẋ(t) = A(t)x(t)

<latexit sha1_base64="sZWjIwWpTng/QHSjtb1EmN3Nd7g=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMVEE3QtWNywr2Ae1QMmmmDc08SO5Iy9iFv+LGhSJu/Q13/o2ZdhbaeiDJ4Zx7k5vjRoIrsKxvI7e0vLK6ll8vbGxube+Yu3sNFcaSsjoNRShbLlFM8IDVgYNgrUgy4ruCNd3hTeo3H5hUPAzuYRwxxyf9gHucEtBS1zzo9EJIRpMSnOBLfJUeI711zaJVtqbAi8TOSBFlqHXNL30RjX0WABVEqbZtReAkRAKngk0KnVixiNAh6bO2pgHxmXKS6fwTfKyVHvZCqVcAeKr+7kiIr9TYd3WlT2Cg5r1U/M9rx+BdOAkPohhYQGcPebHAEOI0DNzjklEQY00IlVzPiumASEJBR1bQIdjzX14kjUrZPi1X7s6K1essjjw6REeohGx0jqroFtVQHVH0iJ7RK3oznowX4934mJXmjKxnH/2B8fkDMTGUQw==</latexit>

(1) Linear systems   
x(t)=0 is exponentially stable if

2. Quasi-linear systems 
x(t)=0 is stable in a  
neighborhood of 0 if 
(1) holds

3. Nonlinear systems 
Orbit x*(t) attracts a  
neighborhood of itself 
if (1) holds 

ẇ = Df(x⇤)w + [f(x)� f(x⇤)�Df(x⇤)w]

= A(t)w +N(t, w)
<latexit sha1_base64="XVGkbGMlQOfKoCNg9zZJAl6RMTc="></latexit>



�i = lim
t!1

1

t

Z t

0
Bii(s) ds

Q̇ = (I �QQT )AQ�QS

Ṙ = BR

S = �ST

Computation of Lyapunov Exponents

Ẋ(t) = A(t)X(t), X(t) = Q(t)R(t)

Procedure to compute the LEs yields an orthogonal 
basis for the associated Lyapunov vectors.

Continuous QR factorization

In essence a power iteration. 
First k columns of Q span the k fastest 
growing Lyapunov vectors. Q is d x k.  
LEs appear ordered on the diag of B:

B = QTAQ� S
<latexit sha1_base64="E/fyQAMjfUAfqK43j9W2z/8HuUE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpgl6EqhePLfYL2lg22027dLOJu5tCCf0dXjwo4tUf481/47bNQVsfDDzem2FmnhdxprRtf1uZldW19Y3sZm5re2d3L79/0FBhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7yb+s0RlYqFoqbHEXUD3BfMZwRrI7m36BpVH2s3VXSGHrr5gl20Z0DLxElJAVJUuvmvTi8kcUCFJhwr1XbsSLsJlpoRTie5TqxohMkQ92nbUIEDqtxkdvQEnRilh/xQmhIazdTfEwkOlBoHnukMsB6oRW8q/ue1Y+1fuQkTUaypIPNFfsyRDtE0AdRjkhLNx4ZgIpm5FZEBlphok1POhOAsvrxMGqWic14sVS8K5XIaRxaO4BhOwYFLKMM9VKAOBJ7gGV7hzRpZL9a79TFvzVjpzCH8gfX5A6lakBI=</latexit> B =

2

64
B11 ⇤ ⇤

. . . ⇤
Bkk

3

75

<latexit sha1_base64="wcAaQL9CY4Vfh38lwKzoTB0QmO8="></latexit>

S =


0 �tril(QTAQ)

tril(QTAQ) 0

�

<latexit sha1_base64="q4Q8lA0qhsK8j81tdKWdLl1m+to="></latexit>

Dieci, Jolly & Van Vleck 2001



Sequential DA with tangent splitting

w(t) = x(t)� x̃(t)

Receiver / filter: ẋ = f(t, x(t)) + ↵L(t)(y(t)�Hx(t))
<latexit sha1_base64="6t9u/2RkPe4/UNAbBwSHHdNAgWE="></latexit>

Transverse dynamics: 
ẇ = [A(t)� ↵L(t)H]w +N(t, w)

<latexit sha1_base64="RYKc/DtKwZhfhNZM3+6SgYvyH/Q="></latexit>

A(t) = Df(x(t))
<latexit sha1_base64="NVQfBPG/k1xb4AZb6Ttmf43zCss=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsQrspM1XQjVAvC5cV7AXaUjJppg3NZIYkI9ahT+LGhSJufRR3vo1pOwtt/SHw8Z9zOCe/F3GmtON8W5mV1bX1jexmbmt7Zzdv7+03VBhLQusk5KFseVhRzgSta6Y5bUWS4sDjtOmNrqf15gOVioXiXo8j2g3wQDCfEayN1bPzl0VdQhfoxi8+Gir17IJTdmZCy+CmUIBUtZ791emHJA6o0IRjpdquE+lugqVmhNNJrhMrGmEywgPaNihwQFU3mR0+QcfG6SM/lOYJjWbu74kEB0qNA890BlgP1WJtav5Xa8faP+8mTESxpoLMF/kxRzpE0xRQn0lKNB8bwEQycysiQywx0SarnAnBXfzyMjQqZfekXLk7LVSv0jiycAhHUAQXzqAKt1CDOhCI4Rle4c16sl6sd+tj3pqx0pkD+CPr8wdwDZEA</latexit>

Note that         solves the filter equation.  
Choose L(t) such that the linearization has            , 
then the filter exponentially attracts a neighborhood of 
itself.

x̃(t)
<latexit sha1_base64="Cyo6rX+jYkypg5HcNv0Kirswnq0="></latexit>

�1 < 0

B = QTAQ� S
<latexit sha1_base64="E/fyQAMjfUAfqK43j9W2z/8HuUE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpgl6EqhePLfYL2lg22027dLOJu5tCCf0dXjwo4tUf481/47bNQVsfDDzem2FmnhdxprRtf1uZldW19Y3sZm5re2d3L79/0FBhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7yb+s0RlYqFoqbHEXUD3BfMZwRrI7m36BpVH2s3VXSGHrr5gl20Z0DLxElJAVJUuvmvTi8kcUCFJhwr1XbsSLsJlpoRTie5TqxohMkQ92nbUIEDqtxkdvQEnRilh/xQmhIazdTfEwkOlBoHnukMsB6oRW8q/ue1Y+1fuQkTUaypIPNFfsyRDtE0AdRjkhLNx4ZgIpm5FZEBlphok1POhOAsvrxMGqWic14sVS8K5XIaRxaO4BhOwYFLKMM9VKAOBJ7gGV7hzRpZL9a79TFvzVjpzCH8gfX5A6lakBI=</latexit>

B̃ = Q
T (A� ↵LH)Q� S

<latexit sha1_base64="95vwaKyUlHTfksNhZqodljj5Vv0="></latexit>

= B � ↵Q
T
LHQ

<latexit sha1_base64="xJoAqta1Bz8ydMWxIz+LbjPkZiA="></latexit>

= B � ↵R̃
<latexit sha1_base64="QhVSVEm8tBjFFp5iRf4h6OR8Quw="></latexit> Choose                       upper 

triangular with positive diagonal!
R̃ = Q

T
LHQ

<latexit sha1_base64="EmmEW9Aa64w6aT8SVwhCkmNAYtY="></latexit>

Want                       upper tri. positive diag.R̃ = Q
T
LHQ

<latexit sha1_base64="EmmEW9Aa64w6aT8SVwhCkmNAYtY="></latexit>

Want                       upper tri. positive diag.

Choose                      
then

L = QUH
T

<latexit sha1_base64="A586ofkG6hSkJj2if2t+INLgX88="></latexit>

R̃ = Q
T
QUH

T
HQ

<latexit sha1_base64="1edwaiAvIzkPTcf066NhNDAgs5o="></latexit>

= UH
T
HQ

<latexit sha1_base64="nW4hREV5/PJsGT7nToxS8xctXss="></latexit>

U
�1

R̃ = H
T
HQ

<latexit sha1_base64="o8HZBHhlLe+EhIyS6iq6Ky1U9G0="></latexit>

Suppose U is invertible: 

Q̃R̃ = H
T
HQ

<latexit sha1_base64="31MGY0/d+DxLIb8itkyLn75Rvew="></latexit>

A good choice is the QR 
factorization:

L = pQQ̃
T
H

T
<latexit sha1_base64="GR507GOlp5bRcpfC5X/8M+DDSuo="></latexit>

U = Q̃T
<latexit sha1_base64="Ffuk/BK4i2CEwqW7HTNI7GquqWM="></latexit>

Consequently,



Detectability criterion

The Lyapunov vector      is detectable ifvj

lim sup
t!1

1

t

Z t

0
R̃ii(s) ds > 0, i = 1, . . . , j

Theorem. If (A(t),H) is detectable then there exists α>0 
such that all Lyapunov exponents of the fundamental 
matrix equation 
 
are negative.

Ẇ = (A(t)� ↵L(t)H)W, L(t) = Q(t)Q̃(t)THT
<latexit sha1_base64="APSCT8OqNWGa4RRXeIbUE9u88Rs="></latexit>

Q̃R̃ = H
T
HQ

<latexit sha1_base64="31MGY0/d+DxLIb8itkyLn75Rvew="></latexit>

Recall

The pair (A(t),H) is detectable if all Lyapunov vectors 
corresponding to nonnegative Lyapunov exponents are 
detectable.  (Needs rank H ≥ dimension nonstable space).



Observation operator
By construction      and     have full rank.  Because 
they are ‘tall’ matrices, they have no null space.

QH
T

<latexit sha1_base64="e8ktXrFiWv23xhkbT06bVdvsWu8="></latexit>By construction      and     have full rank.  Because 
they are ‘tall’ matrices, they have no null space.

Consequently,                      implies                . But        has    
dim.           and rank                  unless there is a nontrivial linear 
combination of the columns of      in            , in which case 
    doesn’t ‘see’ the whole nonstable space.

Q ker(H)
H

H
T
HQx = 0

<latexit sha1_base64="OXr57IbiwFAHE/N68ughdUlaXnY="></latexit>

HQx = 0
<latexit sha1_base64="wOyPpYg1gE7udJEJllziG5TOXKs="></latexit>

HQ
<latexit sha1_base64="Piq8fwel7aSM4q6mETqe1t0t4WQ="></latexit>

m⇥ k
<latexit sha1_base64="w3vGsjp7jLWz3kVqsbadKFsZrbM="></latexit>

min{m, k}
<latexit sha1_base64="NdYzYczhKZ0VVq6YVtulgEOwQkk="></latexit>

HQ
<latexit sha1_base64="Piq8fwel7aSM4q6mETqe1t0t4WQ="></latexit>

m � k
<latexit sha1_base64="q40VWJz0Dhcm7YRviwOCWMtBFvk="></latexit>

Conclusion:  We need            and         full rank for detectability.



• Lorenz 96 model, M=18 lattice points, initial condition  
 
 
H: first 7 eigenmodes of the lattice Laplacian

xj(0) = sin 2⇡j/M +N (0, "2)

Numerical experiment



• Lorenz 96 model, M=18 lattice points, initial condition  
 
 
100-member ensemble, H = first 7 eigenmodes

xj(0) = sin 2⇡j/M +N (0, "2)
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cases there is a long delay before exponential convergence is observed. In the right panel of
Figure 2 we plot the number of ensemble members that has converged to within tolerance
‖ξ(t)‖ < 10−7 at time t. We see that 80% of the ensemble converges by time t = 100, the
remaining 20% converges more slowly, with the last ensemble member converging only at time
t = 1500.
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Figure 2: Convergence of filter (29) for the Lorenz ’96 model (32) with k = 7. Left, the
errors ‖ξ(t)‖ for a 100-member ensemble of perturbed initial conditions. Right, the number
of ensemble members converged to tolerance ‖ξ(t)‖ < 10−7 at time t.

To make the convergence of (29) faster and even less sensitive to the size of the initial pertur-
bation, and to the errors of RK4 approximation of the basis Q(t), we set k = 8 and increase
the amplitude of the initial perturbation to x0 = z(0)+0.1η, ηi ∼ N (0, 1), i = 1, . . . , d so that
‖z0−x0‖

z0
≈ 0.3, i.e. the magnitude of the perturbation is up to 30%. Figure 3 demonstrates the

convergence. Even with a much larger initial perturbation, all ensemble members converge to
machine precision within time t = 200, and more than 95% converge to within ‖ξ(t)‖ < 10−7

by time t = 100.

Comparisons with ExKF. Recall from [30] that the Kalman-Bucy filter for linear systems
(with no model error), i.e. f(t,m) = A(t)m is equivalent to the minimax filter:

ṁ = f(t,m) + PHᵀC(y −Hm), m(0) = x0,

Ṗ = Df(t,m(t))P + PDf(t,m(t))ᵀ(t)− PHᵀCHP P (0) = P0,

xᵀ0P0x0 +

∫ T

0
ηᵀ(t)C(t)η(t)dt ≤ 1.

(33)

Instead of dealing with stochastic differential equations, for which the Kalman-Bucy filter is
formulated, we stay within the (equivalent) deterministic framework. Namely, we take η to be
a measurable function satisfying the inequality in (33). We discretize (33) using the explicit

" = 0.01

Numerical experiment
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Figure 3: Convergence of filter (29) for the Lorenz ’96 model (32) with k = 8. Left, the
errors ‖ξ(t)‖ for a 100-member ensemble of perturbed initial conditions. Right, the number
of ensemble members converged to tolerance ‖ξ(t)‖ < 10−7 at time t.

fourth order Runge-Kutta method9, reducing the step size to ∆t = 0.001 to ensure stability
on the time interval T = 100. We begin with noise-free observations, and use an ensemble of
10 initial conditions, x0 = z(0) + 0.01η. In this case, to make sure that the error in the initial
condition satisfies the inequality in (33), we set P (0) = 1

4d×10−4 I ≈ 139I and C = I, as ‖ση‖2

is χ2-distributed with mean k ·σ2. Clearly, large P (0) and C represent high trust in the initial
condition and observations. As seen in the left panel of Figure 4, the estimation error of the
ExKF estimates is around 10−5 at the end of the interval, whereas the error of (29) decays to
machine precision.

Noisy observations. We next simulate a 10-member ensemble for which the initial condition
is exact, x0 = z0, but the observations y(t) are perturbed by random noise at each time step,
y(t) = Hz(t) + 0.01η. Note that the expected value of the norm of the observational noise is

given by: Eσ‖η‖ ≈ σ
√
2k−1√
2

for k large. As demonstrated in the right panel of Figure 4,the

estimation errors ‖x− z‖ of both the filter (29) and the ExKF (33) are less than the mean of
the norm of the observational noise given by Eσ‖η‖ ≈ 0.1275, on the interval (0, 100). The
ensemble mean estimation errors level off at around 10−2 for both methods, with the error of
the (29) being approximately twice that of the ExKF (33). Recall from Remark 3.2 that this
is as good as can be hoped for linear systems in the presence of noisy observations.

We stress that the observational noise introduces an additional non-linear term pQQ̃ᵀHᵀη in
the error equation (28); hence, large p > 0 not only makes the discretized equation stiff but,
importantly amplifies the noise! On the other hand, Q̃ᵀ acts as a projection onto the range of
HᵀHQ, and thus Q̃ᵀHᵀη in fact represents the projection of η onto the range of HQ. Hence,

9A more appropriate integrator for (33) is an implicit symplectic integrator as detailed in [22, 41]. However
for the sake of comparison we retain the explicit Runge-Kutta method here.
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the norm of QQ̃ᵀHᵀη is not increasing, and it may even be 0 if η is not in the range of HQ.
The experiment shows that the amplification provided by p = 10 is minor.

Figure 4: Comparison of the filter (29) and the ExKF (33) for the Lorenz ’96 model (32)
with k = 8. Left, the errors ‖ξ(t)‖ for a 10-member ensemble of perturbed initial conditions.
Right, the errors ‖ξ(t)‖ for a 10-member ensemble with random observational error.

5.2. Burgers equation. As a second example, we discretize the Burgers(-Hopf) equation
ut = −uux using the finite difference scheme:

(34) u̇ = f(u), u̇i = −
1

6∆x

(
ui(ui+1 − ui−1) + (u2i+1 − u2i−1),

)

again taken on a periodic lattice (∆x = 2π/d), which has the properties that (i) the quadratic
energy

∑
i u

2
i is conserved, implying that every sphere in Rd is invariant under the motion of

the system and ‖u‖ is constant, and (ii) tr(Df(u)) = 0, implying that the flow conserves the
volume of the phase element. Consequently, this equation is not dissipative in contrast to the
L96 system, and so the effects of error in the initial condition, and the observational noise are
expected to be more pronounced. On the other hand, it is unclear if this system possesses an
invariant ergodic measure making it subject to the conditions of the Oseledec theorem, so our
theory may not apply to this test case.

Noise-free observations. We set d = 18 and take zi(0) ∼ U(0, 1), i = 1, . . . , d. For the fil-
ter (29) we again take H to be the eigenvectors of the discrete Laplace operator corresponding
to the k leading eigenvalues. The filter (29) was integrated by RK4 with ∆t = 0.01 and p = 20
on the interval t ∈ [0, 400]. For k = 9 we found that Ẋ = Df(x(t))X possesses 10 nonnegative
exponents, and tangent dynamics ξ̇ = (A(t)−L(t, x)Hᵀ(t)H(t))ξ has 1 nonnegative exponent.
Taking k = 10 we observed convergence, i.e. ‖x − z‖ ≤ 10−14, provided x0 = z(0) + 0.0005η.
This suggests that the basin of attraction of the trivial solution of (28) is rather small. How-
ever, for k = 11 this basin increases significantly: the exponential decay of the estimation
error for an ensemble of 100 initial conditions x0 = z(0) + 0.01η (relative error ‖z0−x0‖

‖z0‖ is up

to 45%) is evident in Figure 5.

Numerical experiment



Summary
• For synchronization of chaos the data signal must be sufficient to 

control the nonstable directions (put another way, the latter need 
to be detectable). 

• In particular, the observation operator should observe the 
nonstable tangent space most of the time, and its rank should be 
at least as large as the dimension of the nonstable space. 

• An efficient continuous sequential filter can be constructed that 
explicitly detects the unstable space.  

• Numerical experiments confirm the filter also works when the 
observations are noisy.


