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Absorbing boundary conditions for parabolic equations

LH +M. Schatzmann +J. Rauch 86-95

𝑊𝑊𝐼𝐼 𝑊𝑊𝐶𝐶

Domain of computation Domain of interest

Absorbing boundary conditions

𝜀𝜀
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The convection-di�usion equation

L(u) := ut − ν∆u + a∂1u + b · ∇u + cu = f
u(·, 0) = u0

ν > 0, a > 0, b ∈ Rn, c > 0.

Bn =
(
−ν
a

)n−1
Bn1 , B1 = ∂t + a∂1 + cI .

vn solution with Bnvn = 0 on the exterior boundary of the layer,

‖u − vn‖L2(ΩI ) ≤
1√
2a
ν2n+1/2e−

a

ν ε‖L2nu‖L2(ΩI )

If ν � 1, we choose ε ≈ Ch,and get

‖u − vn‖L2(ΩI ) ≤
1√
2a
ν2n+1/2e−2CPe‖L2nu‖L2(ΩI )

Pe = ah
2ν
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Towards coupling

Encapsulated codes. P. d'Anfray and J. Ryan. 2002.
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Towards coupling

Couple �for good� Euler and Navier-Stokes. P. Borrel and J. Ryan.
2006-11. Thèse Oana CIOBANU.

• 2 coupled regions : CFD (NS) and CAA (Euler)

Coupling CFD and CAA : Computational Strategy

9

Sound sources

Radiating sound 

Physical region
Flow

Far-field

●

Sound propagation
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Towards coupling

• Instead of having Bnv on the boundary, use it in a layer. Eric
Dubach's thesis, stationary AD equation. 1993.

• Beyond Dubach's work, write an algorithm which improves the error
at each iterate. M. Gander, C. Japhet, V. Martin, 2002-2016.

• Develop a (modest) multiscale expansion for the coupling problem.
M. Gander, V. Martin, 2018.
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What is the question ?

X� How to couple the models ?

X� How to minimize ‖u − uad‖ ?
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Some previous answers for the steady-state :

transmission conditions

X� Fabio Gastaldi and Al�o Quarteroni. (1989). On the Coupling of
Hyperbolic and Parabolic Systems : Analytical and Numerical
Approach, Applied Numerical Mathematics,

X� F. Brezzi and C. Canuto and A. Russo (1989). A self-adaptive
formulation for the Euler-Navier Stokes coupling. Comp. Meth.
Appl. Mech. Eng.

X� Cristian A. Coclici and Gheorghe Morosanu and Wolfgang L.

Wendland ( 2000.). The Coupling of Hyperbolic and Elliptic
Boundary Value Problems with Variable Coe�cients. Mathematical
Methods in the Applied Sciences .

X� Eric Dubach. Contribution à la Résolution des Équations �uides en
domaine non borné. Université Paris 13,1993.
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Problem a > 0

Ladu := −ν∂xxu + ∂tu + a∂xu + cu︸ ︷︷ ︸
Lau

= f in Ω,

u(−L1, ·) = g1 L.B.C. Lau(L2, ·) = 0 R.B.C.

u(x , 0) = u0 I.C.
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Factorisation a > 0

Ladu = f L̃aLau = f

1

________

La := ∂t + a∂x + c, Lad = LmaLa +
ν

a2
R

Lma = − ν

a2
(a∂x − ∂t − c − a2

ν
), R = (∂t + c)2.

J.P. Lohéac, F. Nataf and M. Schatzman , Parabolic Approximations of
the Convection-Di�usion Equation, Math. of Comp., 60 (2002),

p.515-530, 1993.
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Lmauma = f − ν
a2
Rua in Ω2

uma(·, 0) = w0 := f (·, 0) + νu′′
0
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The advection-di�usion equation

u = g1

u = h

�⌫@xxu + @tu + a@xu = f

Lau

Lau = 0dx

dt
= a
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The advection-di�usion equation

�⌫@xxu + @tu + a@xu = f

u = g1

u = h

Lau = 0

n�1X

0

⌫kuk(x, t)
n�1X

0

⌫kUk(
L2 � x

⌫
, t)

2n�1X

0

⌫k/2Wk(
x + L1 � atp

⌫
, t)

27 / 49



Introduction Coupling advection-di�usion/advection New answer with paraxial operator Multiscale Analysis References Conclusion and perspectives

The advection-di�usion equation

�⌫@xxu + @tu + a@xu = f

u = g1

u = h

Lau = 0

n�1X

0

⌫kuk(x, t)
n�1X

0

⌫kUk(
L2 � x

⌫
, t)

2n�1X

0

⌫k/2Wk(
x + L1 � atp

⌫
, t)

28 / 49



Introduction Coupling advection-di�usion/advection New answer with paraxial operator Multiscale Analysis References Conclusion and perspectives

The advection-di�usion equation

�⌫@xxu + @tu + a@xu = f

u = g1

u = h

Lau = 0

n�1X

0

⌫kuk(x, t)
n�1X

0

⌫kUk(
L2 � x

⌫
, t)

29 / 49



Introduction Coupling advection-di�usion/advection New answer with paraxial operator Multiscale Analysis References Conclusion and perspectives

The factorization algorithm

Lau1
a = f

30 / 49



Introduction Coupling advection-di�usion/advection New answer with paraxial operator Multiscale Analysis References Conclusion and perspectives

The factorization algorithm

Lmau1
ma = @ttu

1
a +

a2

⌫
f

Lau1
a = f
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The factorization algorithm
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Lmau1
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⌫
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The advection-di�usion equation

�⌫@xxu + @tu + a@xu = f

u = g1

u = h

Lau = 0

n�1X

0

⌫kuk(x, t)
n�1X

0

⌫kUk(
L2 � x

⌫
, t)

u(x , t) =∑
j≥0

ν juj (x , t)

︸ ︷︷ ︸
uout

+
∑
j≥2

ν jU∗j (
L2 − x
ν

, t)

︸ ︷︷ ︸
uin

.

Each term in the outer expansion uout is solution of a transport equation,

Lau0 = f , u0(x , 0) = h(x), u0(−L1, t) = g1(t), (1)

Lauj = ∂2xuj−1, uj(x , 0) = 0, uj(−L1, t) = 0, j ≥ 1. (2)

The �rst non vanishing term in the inner expansion uin is

U∗2 (y , t) = − 1

a2
∂2xu0(L2, t)e−ay .
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The algorithm, �rst advection steps

Lau1
a = f

Lau1a := ∂tu
1

a + a∂xu
1

a = f , u1a(0, ·) = g0.
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Lmau1
ma = @ttu

1
a +

a2

⌫
f

Lau1
a = f

Lmau
1

ma := ∂tu
1

ma − a∂xu
1

ma +
a2

ν
u1ma = Ru1a +

a2

ν
f , u1ma(0, t) = 0.

u1,outma (x , t) +u1,inma (x , t) =
∑

j≥0
ν ju1ma,j(x , t) +

∑

j≥1
ν jU1,∗

ma,j(
L2 − x

ν
, t). (3)

u1ma,0 = f , u1ma,j =

(
−L

0
ma

a2

)j−1
∂2xu

1

a for j ≥ 1, (4)

with L0ma = ∂t − a∂x .
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The algorithm, advection di�usion step 1

Lau1
a = f

Lmau1
ma = @ttu

1
a +

a2

⌫
f

Ladu
1
ad = f

Ladu1ad = f , Lau1ad(0, ·) = u1ma(0, ·).
uout(x , t) + u1,inad (x , t) =

∑

j≥0
ν juj(x , t) +

∑

j≥2
ν jU1,∗

ad,j(
−x
ν
, t). (5)

The �rst non vanishing term in the inner expansion u1,inad is

U1,∗
ad,2(y , t) = − 1

a4
∂tt (u0 − u1a)(0, t)e−ay . (6) 35 / 49
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The algorithm, second advection steps

Lau2
a = f

Lmau2
ma = @ttu

2
a +

a2

⌫
f

u2,outma (x , t) +u2,inma (x , t) =
∑

j≥0
ν ju2ma,j(x , t) +

∑

j≥1
ν jU2,∗

ma,j(
L2 − x

ν
, t). (7)

The �rst terms in the outer expansion u2,outma are given at x = 0 by

u2ma,0 = f , u2ma,1 = Lau1, u2ma,2 = Lau2,

u2ma,3 = Lau3 −
1

a6
∂4t (u0 − g0

ad)− 1

a4
∂2t ∂

2

xu0.
(8)
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The algorithm, advection di�usion step 2

Lmau2
ma = @ttu

2
a +

a2

⌫
f

Lau2
a = fLadu

2
ad = f

uout(x , t) + u2,inad (x , t) =
∑

j≥0
ν juj(x , t) +

∑

j≥4
ν jU2,∗

ad,j(
−x
ν
, t). (9)

The �rst non vanishing term in the inner expansion u2,inad is

U2,∗
ad,4(y , ·) = − 1

a8
∂tt(∂tt (u0(0, ·)− g0

ad) + a2∂2xu0(0, ·))e−ay . (10)
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Summary

u(x , t) ≈ uout(x , t) + uin(x , t) =
∑
j≥0

ν juj (x , t) +
∑
j≥2

ν jU∗j (
L2 − x
ν

, t), x ∈ Ω,

u1a(x , t) = u0(x , t), x ∈ Ω2,

u2a(x , t) ≈ uouta (x , t) = u0(x , t) +
∑
j≥1

ν ju2a,j (x , t), x ∈ Ω2,

u1ad (x , t) ≈ uout(x , t) + u1,inad (x , t) =
∑
j≥0

ν juj (x , t) +
∑
j≥2

ν jU1,∗
ad,j (
−x
ν
, t), x ∈ Ω1,

u2ad (x , t) ≈ uout(x , t) + u2,inad (x , t) =
∑
j≥0

ν juj (x , t) +
∑
j≥4

ν jU2,∗
ad,j (
−x
ν
, t), x ∈ Ω1,

with

U∗2 (y , ·) = − 1

a2
∂2xu0(L2, t)e−ay ,

U1,∗
ad,2(y , ·) = − 1

a4
∂tt (u0 − u1a)(0, t)e−ay , (11)

U2,∗
ad,4(y , ·) = − 1

a8
∂tt(∂tt (u0(0, ·)− g0

ad) + a2∂2xu0(0, ·))e−ay .
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Error estimates

‖u − u2a‖L2(Ω2×(0,T )) ∼ ν‖e2a,1‖L2(Ω2×(0,T )), (12)

‖u − u1ad‖L2(Ω1×(0,T )) ∼
ν

5
2√
2a9
‖∂tt (u0(0, ·)− g0

ad)‖L2(0,T ), (13)

‖u − u2ad‖L2(Ω1×(0,T )) ∼
ν

9
2√

2a17
‖∂tt(∂tt (u0(0, ·)− g0

ad) + a2∂2xu0(0, ·))‖L2(0,T )

(14)

with e2a,1 de�ned by

Lae2a,1 = ∂2xu0, e2a,1(·, 0) = 0, e2a,1(0, ·) = 0. (15)
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Negative advection

‖u − u1a‖L2x,t ∼ ν‖u1‖L2x,t , ‖u − uad‖L2x,t ∼ ν
2‖u2 − uad,2‖L2x,t ,
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Comparison
Ω := (−1, 1), Ω1 = (−1, 0), Ω2 = (0, 1).

ut + aux − νuxx + cu = f

a = 1, c = 1, T = 0.5 and varying ν. I.C : h(x) = e−100(x+0.5)2 ,

f (x , t) = f1(t)f2(x), f1(t) = 10 sin4(4π(t−0.05))χt>0.05 f2(x) = −e−30(x−0.5)2+e−30(x+0.5)2 .

AD : Crank-Nicolson scheme, A : implicit upwind,
∆t = ∆x = 1.5625 10−5.
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Extension to 2-D
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Extension to 2-D
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Comparison
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|e(x , t)| as a function of time t, where e stands for the error
between the viscous solution and the coupled one in the viscous domain
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