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The convection-diffusion equation

L(u):=u —vAu+adu+b-Vu+cu="f
u(-,0) = up

v>0,a>0beR" c>0.

By = (fg)"_l Bl By =0, +ady + c.

vy solution with B,v, = 0 on the exterior boundary of the layer,

1 n —a n
||u — Vn”Lz(Q,) < Ey2 +1/2e u5||£2 LIHLZ(QI)

If v < 1, we choose ¢ ~ Ch,and get

1 2
01 = e < n+1/2ef2CPe £2n
Ju = vall@y < = ||

— ah
Pe =2~

U||L2(Q,)
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Towards coupling

Couple “for good” Euler and Navier-Stokes. P. Borrel and J. Ryan.
2006-11. Thése Oana CIOBANU.

Coupling CFD and CAA : Computational Strategy

- ® coupled regions : CFD (NS) and CAA (Euler)
_—————_ Farfield
Physical region
Flow
Mid-fiald
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Sound sources

. Sound propagation ~
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® Instead of having BB,v on the boundary, use it in a layer. Eric
Dubach'’s thesis, stationary AD equation. 1993.

® Beyond Dubach’s work, write an algorithm which improves the error
at each iterate. M. Gander, C. Japhet, V. Martin, 2002-2016.

® Develop a (modest) multiscale expansion for the coupling problem.
M. Gander, V. Martin, 2018.
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What is the question ?

Brtiaa + V(@Uaa) ~ vAUag =

O+ V(au) - vAu=f

- =

1 How to couple the models?

How to minimize ||u — uagl| ?
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Problem a > 0

Lagu := —v0u + Oru+ adu+ cu = f in Q,
—_———

Lau
U(—Ll, ) = &1 L.B.C. [,aIJ(LQ, ) =0R.B.C.

u(x,0) = ug I.C.
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Factorisation a > 0

Eadu:f a~aW —

Lo= 8, +ad+¢, Lag=Lmals+ 3—”273

2

Y (@0 — 0 —c— L), R=(0+c)
12

Ema Y
a2

J.P. Lohéac, F. Nataf and M. Schatzman , Parabolic Approximations of
the Convection-Diffusion Equation, Math. of Comp., 60 (2002),
p.515-530, 1993.
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['aduad = f

L 0 Ly

[,ma

o) = B fg 312 R

Lmatma =f — ZRu, in Qp

Laduasg = F in Qg Uma('70) = Wp = f(~70) + VUH.
Uag(-,0) = uo Uma(L2,) = 0.
Uad( L17)
Lauaq(0,-) = ( )
Lou, =F in
us(-,0) = up
u,(0,-) = u(0, ),
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Logag = f in Lmatma = f — 3Rus in
Uad('7 0) = up Uma('7 0) = Wo = f(v 0) + VU(l)/-
uad(il—lv') =8, Uma(Lz’.).ZO'
La1,4(0,-) = tma(0,-), Laus = fin Qy
ua(+,0) = wo
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Laduad =fin Ql ‘Cmauma = f — aLZRUa in QZ
Uad(',o) = Ug Uma(',o) = Wp = f(,O) + yuél.
Uad(_l_17-) =g, Uma(l-2,’).:0.
LaUad(O, ) = Uma(o, .)7 Lotz = f in Qs
ui('vo) = Uo
ua(0,-) = u(0, ),
Eadu‘l;d =fin ['mau,l;a = f — a%RU: in Q,
uly(-,0) = uo uko(-,0) = £(-,0) + vull
de(—/-lw) =g, Uma(L2,-) = 0.
Lauky(0,) = ufa(0,) Louk=finQ,
a ? ma ) bl 3 -
Ua(',O) = Uo
us(0,) = ufg (0, ).
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lterative coupling a > 0

Laguly =fin Lomalfea = f — 5 Ruk in Qo
uly(-,0) = uo uka(,0) = £(-,0) + vul
u.la(d(_l-h') =8, u""a(L27') = 0.
Latul4(0,) = upa(0; ), Louf =FinQ,

uf(-,O) = up

Ui((o, ) = U:JI(Ov )
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The advection-diffusion equation

Lou

f_;\
—V0zat + Opu + a0pu = f

4 4

dx Lou=0
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The advection-diffusion equation

—V0pptt + O + alyu = f

2n—1 e . L// \
+ Ly — L,u=0
3 2w 1) a
7 W Y4\
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The advection-diffusion equation

—V0pptt + O + alyu = f

N ]"‘T 2 1
Pt
U = g1
2n—
> AP Fai =
0/
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The advection-diffusion equation

—V0pptt + O + alyu = f

n—1

t Z Vi (2, 1) n

0

2\,
|

U = g1
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The factorization algorithm

! Laduglzd = f

32/49



Introduction Coupling advection-diffusion/advection New answer with paraxial operator Multiscale Analysis Refe
0000000000000 000 00000 000000000®00000000000 VOO

The advection-diffusion equation

—V0pt + Opu + adpu = f

o N\ j“}/ U(Xv t) =
|
U= g1 N/ leiui(x7t)+zyiuj*(L2y_X?t)'
Lou=0 >0 i>2
u=nh
Each term in the outer expansion u®“t is solution of a transport equation,
EaUO = fa UO(X70) = h(X), UO(lea t) = gl(t)v (1)
Lauj = 2ui1, uj(x,0)=0, ui(—L1,t) =0, j>1. (2

The first non vanishing term in the inner expansion u™ is

1
U;(y, t) = —§8§UO(L2, t)eiay.
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The algorithm, first advection steps

| cai=s /0 N\
f ) /
- o2
Linatima 2tk —1f
v

2 2
1 1 1 a1 1, 4 1
Limalp, = Opy,, — a0sly,, + ~ Uma = Ru, + —f, uma(O, t) =0.

ubou (x t) + ubin(x, t) Zyjumaj X, t) +ZV’U;:’J _X,t). (3)
>0 j>1
1 1 5.\ 2 1

Umao = fv Umaj = <_ ar;)a) axua fOr_j >1, (4)

with £0 = 9, — ad.
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The algorithm, advection diffusion step 1

Cau}, =i /

L/ / 2
L ‘ T ‘Cma"’l = t’U(Il lul %f

ﬁaduld = f, Lauzg(0,7) = up, (0, ).
u®t(x, t) + uly"(x, ZV’qut +ZV’U _1/ t). (5)

j=0 jz2

The first non vanishing term in the inner expansion u,}" is

Uald*z(yv ) - 7iatt (UO —u )(0 t) (6) 35/49



Introduction Coupling advection-diffusion/advection New answer with paraxial operator Multiscale Analysis Refe
0000000000000 000 00000 000000000000800000000 VOO

The algorithm, second advection steps

2
“=1 [\
h ‘\m
o (I
JE u,nu <

w2 (x, t) + uZin(x, t) = Zufum‘”xt +ZV’U,2,1:J _X,t). (7)
Jj>0 j>1

2 out

The first terms in the outer expansion us3"" are given at x = 0 by

2
ma,O =f, Unpa1 = Lau, Uma,2 = Lau,

1 1 (
ma 3 = = Louz — 68;.} (UO - ggd) - jafa)%uo 36 /49
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The algorithm, advection diffusion step 2

A
Laatgg = f Loug = f / 4

2 \ / \ 2
L, = 0tt1tb+\7f

/

u®t(x, t) + u2"( ZV"UJ X, t) —l—ZV’UﬁL _1/ t). (9)
j>0 j>a

The first non vanishing term in the inner expansion ;" is

* 1 —a
Ujd 4(% ) = _Eatt(att (uo(0,-) — ggd) + 328>2<U0(07 ))e . (10)
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Summary
u(x, t) m u™ (x, t) + 0" (x, 1) = > uj(xt) + Zuf'u,-*(L2 X 1), xeQ,
ui(x, t) = wo(x, t), x € Qa, i=0 i=2
ui(x, t) ~ ud"(x,t) = wo(x, t) + Zujuij(x, t), x € Qa,
j>1
uba(x, t) & vt (x, t) + vl (x, t) = Zuiu,-(x t) ZVIU:‘;I —Zt), x € Q,
>0 j>2
uZg(x, t) & u®t(x, t) + U2 (x, t) ZVIUJ X, t) + ZV’UL*J —,t), x € Qu,
i>0 ji>a
with
1, _
U;(}U ) = _?6XUO(L2’ t)e >,
1
1,% 1 _
Uad,2(y") = _gaft (uo — u,)(0,t)e™, (11)

1

Uille(ya ) = _2_88tt(8tt (u0(0,-) — ggd)

+ 2202u6(0, -))e .
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Error estimates

lu— 3 ll2(@ax(0.1y) ~ VIEr 12 @ax (0,7 (12)
V2
lu— upglliz(@yx(0,7)) ~ fllf)n (u0(0,-) — 894)ll2(0,7) (13)

lu = vz @ax(0.7) ~ ﬁ”att(att(“O( ;) = 824) + @ %Ruo(0,)) I 12(0,7)
(14)

with €3, defined by

L.e3, =0 u, €2.(,0)=0, €5,(0,:)=0. (15)
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Negative advection

lu—williz, ~vilwllz,, lv—talliz, ~ 2|2 — vaaolliz,,
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Comparison
Q:=(-1,1), Q; = (-1,0), Q2 = (0,1).
Us + auy, — VU +cu=f
a=1c=1 T =05 and varying v. |.C : h(x) = e~ 100(x+05)*
f(x,t) = fi(t)f(x), f(t) = 10sin*(47(t—0.05)) xt=0.05 f2(x) = —e 30051

AD : Crank-Nicolson scheme, A : implicit upwind,
At = Ax = 1.5625107°.

A
107 .
S0
T
ERT ——Fact. Tter 1 |{
—o— Fact. Iter 2
——Var
—s— Non Var
107 et
R
912
10° 10* 107"
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t=10At

Extension to 2-D

t=12At

o === S
= ~: N W
s Y e
=SS R
N = N =_=s—
o = o =
1

5 ===
7NN = =
o sS/ N —\ 0 s
<SS 00N —— e
=700 SN
SSONNOSS N RNNaaaass==—
SSSSeN AN N =
5 e 5 R aaaa——=s
‘W‘«\“‘\‘:‘:{%‘:‘:{}?&“ = =
" =S
1

=SS

Bl

Snapshots of the right hand side function at times t = 10At, 12At,
15At and 24At.
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Extension to 2-D
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Comparison

=
< - =
= ]
17 —Fact. lter1
--=-Fact. Iter2
-8 ——\Var ]
10 - = Non Var
10°10 ! . . .
0 0.1 0.2 0.3 0.4 0.5
time Error

sup,cq, |e(x, t)| as a function of time t, where e stands for the error
between the viscous solution and the coupled one in the viscous domain
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