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Glassy	Systems

Glassy	systems	(super-cooled	liquids,	colloids,..):	interacting	particles	with	rough	energy	landscapes

Many	systems	are	glassy:	e.g.,	hard	combinatorial	optimization	problems.

Glassy	systems:	diverging	number	of																								
critical	points	and		paths												

Statistics	of	the	landscape	and	its	influence	on	dynamics

Characterise	minima	(amorphous	solids)	

Numerics	example:	38	Lennard-
Jones	particles	

Wales	et	al.	Science	1996

Nmin ⇠ 6000

Cavagna,	Giardina,	Parisi	1998,	…
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Landscapes	&	Dynamics	of	�
Machine	Learning	Algorithms	

Properties	of	the	“landscape”					?

properties	of	learning	dynamics?

Machine-Learning


Minimizing	Cost	function	with	respect	to

many	variables	

Dynamics:	gradient	descent	&	variants
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Statistics	of	the	landscape	and	its	influence	on	dynamics

Characterise	minima	(properties	of	solutions)

Krzakala,	Montanari,	Ricci-Tersenghi,	Semejian,	Zdeborová ,	…

Fyodorov	2018,	Ros,	Ben	Arous,	GB,	Cammarota	2018,	Baskerville,	Keating,	Mezzadri,	Najudel	2020,…




Dynamics	in	Ecosystems	and	Biological	Neural	Networks		�

Properties	of	the	equilibria?

properties	of	chaotic	dynamics?

Quantitative	Biology

Ecosystems	formed	by	many	species,	e.g.	bacteria,	or	recurrent	neural	networks	

High-Dimensional	Dynamics	and	Non-Conservative	Forces


Lotka-Volterra	equations i = 1, . . . , S � 1

dNi

dt
= Fi({Ni}) 6= � @V

@Ni

Statistics	of	the	equilibria	and	their	influence	on	dynamics

Characterise	equilibria	(ecosystems	properties)

Wainrib,	Touboul	2013	,	Fyodorov,	Khoruzhenko	2015,	Ros,	GB	et	al	2022…




Rough	Energy	Landscape	Problem�

• Very	High-Dimensional	Landscape
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Biology

Machine	Learning	&	High-D	statistics

Physics

• Rough:	number	of	critical	points	(equilibria)	is	exponential	in	D

• Complexity	and/or	Randomness




Methods	for	High-D	Rough	Landscapes	�

• Kac-Rice	method	Yan!	(2004)


• Replica	Method	


	It	can	be	made	fully	rigorous	(see	Auffinger,	Cerny,	Ben	Arous	2013)

	Many	applications	in	recent	years	

	Put	on	a	firm	basis	previous	methods	(see	eg	Cavagna,	Giardina,	Parisi	1998)


Indirect	information	on	the	landscape	(see	eg	Monasson	1995)	

More	widely	applicable	(discrete	systems,	non-Gaussian	landscapes,	…)




Glass	Transition	&	Gaussian	Energy	Landscapes

Ji1,··· ,ip iid	Gaussian	Random	Variables
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E(s) Gaussian	Random	Function	on	the	N-dimensional	sphere
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s2i = N
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hE(s)i = 0
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E(s) = �
X

i1,...,ip

Ji1,...,ipsi1 ...sip

Example:	p-spin	spherical	model	(paradigmatic	model	in	the	theory	of	glass	transition)	
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fR(q) =
N

2
qp
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hE(s)E(s0)i = fR(s · s0/N)



Kac-Rice	Method	for	High-D	Gaussian	Landscapes

<latexit sha1_base64="GBiSvryuj/6CcaG/EbCP6HFzOkE="></latexit>

N (E) =

Z
ds �(rE(s)) |det(r2E(s))| �(E � E(s))

Density	of	critical	points	of	a	given	energy

<latexit sha1_base64="RsFgtuuCPAdXkwo3Qx68PJiP8Gw=">AAACHXicbVBNS8NAEN34WetX1KOXxSLUS0mkqBehKoKnUtF+QFPKZLttl242YXcjlNA/4sW/4sWDIh68iP/GTduDtj4YeLw3w8w8P+JMacf5thYWl5ZXVjNr2fWNza1te2e3psJYElolIQ9lwwdFORO0qpnmtBFJCoHPad0fXKV+/YFKxUJxr4cRbQXQE6zLCGgjte2ixwX2OIgepzjxAtB9Ajwpj0b56yPsyYlxjsvYu2O9ANoXRm/bOafgjIHniTslOTRFpW1/ep2QxAEVmnBQquk6kW4lIDUjnI6yXqxoBGQAPdo0VEBAVSsZfzfCh0bp4G4oTQmNx+rviQQCpYaBbzrT89Wsl4r/ec1Yd89aCRNRrKkgk0XdmGMd4jQq3GGSEs2HhgCRzNyKSR8kEG0CzZoQ3NmX50ntuOCeFNzbYq50OY0jg/bRAcojF52iErpBFVRFBD2iZ/SK3qwn68V6tz4mrQvWdGYP/YH19QPDPKBr</latexit>

lnhN (E)i = N⌃A(E)

<latexit sha1_base64="KUlFc7MZ7llmfohV9JPS1PjKu58=">AAACHnicbVDLSgMxFM34rPVVdekmWIS6KTPiayMURXBVWrQP6JRyJ03b0ExmSDJCGeZL3PgrblwoIrjSvzHTdqGtB0IO59zLvfd4IWdK2/a3tbC4tLyymlnLrm9sbm3ndnbrKogkoTUS8EA2PVCUM0FrmmlOm6Gk4HucNrzhdeo3HqhULBD3ehTStg99wXqMgDZSJ3eKXQ6iz6n5BY5dH/SAAI/LSVK4OcKunJiXuIzdO9b3oVM1eieXt4v2GHieOFOSR1NUOrlPtxuQyKdCEw5KtRw71O0YpGaE0yTrRoqGQIbQpy1DBfhUtePxeQk+NEoX9wJpntB4rP7uiMFXauR7pjJdX816qfif14p076IdMxFGmgoyGdSLONYBTrPCXSYp0XxkCBDJzK6YDEAC0SbRrAnBmT15ntSPi85Z0ame5EtX0zgyaB8doAJy0DkqoVtUQTVE0CN6Rq/ozXqyXqx362NSumBNe/bQH1hfPzkwoKU=</latexit>

hlnN (E)i = N⌃Q(E)

Annealed	average	

Quenched	average

Easier,	amenable	to	rigorous	analysis

More	difficult,	in	general	needs	replica	(except	if	Q=A)

Extensions:	Density	of	critical	points	with	a	given	index,	at	a	given	distance	of	another	critical	point

(from	now	on	large	D=N	limit)



The	method	in	3	(rather)	easy	steps

Step	1:	Isotropy

<latexit sha1_base64="RcvYk21aCwFlo0CF1p4UXqqibzk="></latexit>

hN (E)i =
Z

dsh �(rE(s)) |det(r2E(s))| �(E � E(s))i

<latexit sha1_base64="FrCOe4koHMAqujW7t3phEgJkRbQ="></latexit>

hN (E)i = SN (
p
N)h �(rE(1)) |det(r2E(1))| �(E � E(1))i



The	method	in	3	(rather)	easy	steps
Step	1:	Isotropy


Step	2:	Covariances	and	density	of	gradients	


<latexit sha1_base64="AyA6IRODIkFxXaT8uNJTxcGa/B0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAh1U5Ii6kYoiuBKqtgHNCFMppN26GQSZiZCCfkLN/6KGxeKuNWdf+O0yUJbD9zL4Zx7mbnHjxmVyrK+jYXFpeWV1dJaeX1jc2vb3NltyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcfXU78zgMRkkb8Xo1j4oZowGlAMVJa8syawxAfMAKvqvZR3hyRK+fQCQTC6U2W1jMYeHfa9MyKVbOmgPPELkgFFGh65pfTj3ASEq4wQ1L2bCtWboqEopiRrOwkksQIj9CA9DTlKCTSTad3ZfBQK30YREIXV3Cq/t5IUSjlOPT1ZIjUUM56E/E/r5eo4MxNKY8TRTjOHwoSBlUEJyHBPhUEKzbWBGFB9V8hHiIdhtJRlnUI9uzJ86Rdr9knNfv2uNK4KOIogX1wAKrABqegAa5BE7QABo/gGbyCN+PJeDHejY98dMEodvbAHxifP/GAnK0=</latexit>

hE(1)E(1)i = N

2
fR(1)

<latexit sha1_base64="+IOz55VAhVmHHIhdjVpVYcN0bmU="></latexit>

hraE(1)rbE(1)i = 1

2
�a,bf

0
R(1)

<latexit sha1_base64="0dY+ifTEr/nPnwgDmccFdVBfxY4="></latexit>

r2
abE(1) = Gab � �a,bf

0
R(1)

E(1)

N

<latexit sha1_base64="rz752CFfdotn1YEogDVC7t06tjk="></latexit>

h �(rE(1)) |det(r2E(1))| �(E � E(1))i

<latexit sha1_base64="5k99qNf5kv6kOF3aJh2hZthdxyA="></latexit> 
1p

⇡fR(1)

!N�1
e�E2/(NfR(1))

p
⇡NfR(1)

h|det
✓
Gij � �i,jf

0
R(1)

E

N

◆
|i



The	method	in	3	(rather)	easy	steps

Step	1:	Isotropy


Step	2:	Covariances	and	density	of	gradients	


Step	3:	RMT	and	absolute	value	of	the	determinant

	

<latexit sha1_base64="jWLwyRjOLIqWR7qg6tD2sUmXW2A="></latexit>

h|det
✓
Gij � �i,jf

0
R(1)

E

N

◆
|i

<latexit sha1_base64="rfMZQmSrVUilKx/BZo1HNaEqPMY="></latexit>

hexp
✓
N

Z
d�⇢(�) ln |�� f 0

R(1)
E

N
|
◆
i

<latexit sha1_base64="B1sOziNyNnlapszP13qd5++13gM="></latexit>

exp

✓
N

Z
d�h⇢(�)i ln |�� f 0

R(1)
E

N
|
◆



The	method	in	3	(rather)	easy	steps

<latexit sha1_base64="YhrDiQUetFjG9T9sl6t41ieefog="></latexit>

ln hN (E)i = N

"
1

2
(ln⇡ + ln 2 + 1)� 1

2
ln(⇡f 0

R(1))�
1

fR(1)

E2

N2
+

Z
d�

p
2f 00

R(1)� �2

⇡f 00
R(1)

ln

������ f 0
R(1)

E

N

����

#

Step	1:	Isotropy


Step	2:	Covariances	and	density	of	gradients	


Step	3:	RMT	and	absolute	value	of	the	determinant

	



Complexity	for	Mean-Field	Glassy	Systems	

(P-spin	spherical	model)	

Cavagna,	Giardina,	Parisi	1998,	…	

Auffinger,	Cerny,	Ben	Arous	2013,	…

Subag,	Zeitouni	2021


Universality	class	of	1RSB	landscapes	from	replica	theory	

(spin	systems,	random	graphs,	interacting	particles	in	large	D)	




Landscape	&	Dynamics	


The	glassy	landscape	plays	a	crucial	role	in	the	study	of	glassy	dynamics	within	and	beyond	mean-field

Dynamics	in	mean-field	glasses:	closed	self-consistent	stochastic	process	
Crisanti,	Sommers	1993,	Cugliandolo	Kurchan	1993,…,Ben	Arous,	Guionnet	1997		

Ergodicity	breaking	(glass	transition)	

	trapping	in	the	threshold	states			

<latexit sha1_base64="UbkvtqklnHlPXlrLUH1eXQV1tr0=">AAACEnicbZDLSgMxFIYzXmu9jbp0EyxCi1JnRNSNUOzGlVSwF+iUkkkzbWjmQnJGKaXP4MZXceNCEbeu3Pk2ptNBtPWHwJf/nENyfjcSXIFlfRlz8wuLS8uZlezq2vrGprm1XVNhLCmr0lCEsuESxQQPWBU4CNaIJCO+K1jd7ZfH9fodk4qHwS0MItbySTfgHqcEtNU2C+U8tO8PHCDxoYbChfq5FxzaCQEnRuHoum3mrKKVCM+CnUIOpaq0zU+nE9LYZwFQQZRq2lYErSGRwKlgo6wTKxYR2idd1tQYEJ+p1jBZaYT3tdPBXij1CQAn7u+JIfGVGviu7vQJ9NR0bWz+V2vG4J23hjyIYmABnTzkxQJDiMf54A6XjIIYaCBUcv1XTHtEEgo6xawOwZ5eeRZqx0X7tGjfnORKl2kcGbSL9lAe2egMldAVqqAqougBPaEX9Go8Gs/Gm/E+aZ0z0pkd9EfGxze0+Zw9</latexit>

C(tw + ⌧, tw) = s(tw + ⌧) · s(tw)/N

<latexit sha1_base64="RsjXqLUKsJG8VXynlKe2E2X01fE=">AAACFHicbVBNS8NAEN34bf2qevSyWASlWBIR9SKIInhUsK3QlDLZbHTpZhN2J2IJ+RFe/CtePCji1YM3/43b2oNaHww83pthZl6QSmHQdT+dsfGJyanpmdnS3PzC4lJ5eaVhkkwzXmeJTPRVAIZLoXgdBUp+lWoOcSB5M+ie9P3mLddGJOoSeylvx3CtRCQYoJU65aofaWB5eFfkIRaH276CQALN/RjwhoHMT4ui6nOETdzqlCtuzR2AjhJvSCpkiPNO+cMPE5bFXCGTYEzLc1Ns56BRMMmLkp8ZngLrwjVvWaog5qadD54q6IZVQhol2pZCOlB/TuQQG9OLA9vZv9X89frif14rw+ignQuVZsgV+14UZZJiQvsJ0VBozlD2LAGmhb2VshuwKaHNsWRD8P6+PEoaOzVvr+Zd7FaOjodxzJA1sk42iUf2yRE5I+ekThi5J4/kmbw4D86T8+q8fbeOOcOZVfILzvsXE/ue0A==</latexit>

dx

dt
= �rE + ⌘(t)Langevin	dynamics	:



Extensions	&	Generalizations	


• Replicated	Kac-Rice	to	obtain	quenched	averages	

Ros,	Ben	Arous,	GB,	Cammarota	2018


• Non-symmetric	interactions	and	non-conservative	systems

Wainrib,	Touboul	2013	,	Fyodorov,	Khoruzhenko	2015,	Ros,	GB	et	al	2022


• Barrier	and	paths	between	minima	

Ros,	GB,	Cammarota	2019-2021,	Ros	2020


• Finite	dimensional	models	

				Fyodorov,	Le	Doussal,	Rosso,	Texier	2017,	Ben	Arous,	Bourgade,	McKenna	2021


• Non-Gaussian	energy	(cost)	functions	

				Fyodorov	2018,	Maillard,	Ben	Arous,	GB	2019


<latexit sha1_base64="iBYwD7Y3A4iXradhQcxeK8aFjMM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+m/ntJ6oNU/LBThIaCjyULGYEWye1Gv0MR9N+ueJX/TnQKglyUoEc9X75qzdQJBVUWsKxMd3AT2yYYW0Z4XRa6qWGJpiM8ZB2HZVYUBNm82un6MwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVRyIQTLL6+S1kU1uKoGjctK7TaPowgncArnEMA11OAe6tAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AJrnjyc=</latexit>

Qab

Parisi	Matrix	

Non-symmetric	matrices	

<latexit sha1_base64="qP6F/gLsG45GMZY94XcNPEZ0Xig="></latexit>

hlnN (E)i = lim
n!0

1

n
lnhN (E)ni



• Signal	corrupted	by	noise	

• Construct	an	energy	function	to	minimise	(e.g.	MAP)

• Use	a	local	optimisation	algorithm	to	minimise	it	(eg	gradient	flow)	

SNREasy	HardImpossible

Estimation	problems	in	inference	and	machine	learning	


How	does	the	landscape	evolve	with	SNR?	


Where	is	the	trivialisation	transition	(just	one	global	minimum)	in	this	phase	diagram?		


How	does	the	landscape	influence	the	recovery	of	the	signal?	




Ji1,··· ,ip Gaussian	Random	Variables

Matrix	&	Tensor	Principal	Component	Analysis

<latexit sha1_base64="/tAQUv6EwdKop+zLzWt2Y1Tzv9g=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSIIlpCIqBuh6EZcVegL2hAm00k7dJIMM5NCCfkON/6KGxeKuBM3/o2TNIi2Hhjm3HPPZeYej1EipGV9aaWl5ZXVtfJ6ZWNza3tH391riyjmCLdQRCPe9aDAlIS4JYmkuMs4hoFHcccb32T9zgRzQaKwKacMOwEchsQnCEolubrddBPi2jXTNGvEZenVJK9TVeeMpSd32U1+HK5etUwrh7FI7IJUQYGGq3/0BxGKAxxKRKEQPdti0kkglwRRnFb6scAMojEc4p6iIQywcJJ8tdQ4UsrA8COuTiiNXP09kcBAiGngKWcA5UjM9zLxv14vlv6lk5CQxRKHaPaQH1NDRkaWkzEgHCNJp4pAxIn6q4FGkEMkVZoVFYI9v/IiaZ+a9rlp359V69dFHGVwAA7BMbDBBaiDW9AALYDAA3gCL+BVe9SetTftfWYtacXMPvgD7fMbBYmfAg==</latexit>

Ti1,...,ip = vi1 ...vip + Jii,...,ip
<latexit sha1_base64="YWsSHMEVRudbBABAPlTkWQAgZYE="></latexit>

E(s) ⇠
X

ii,...,ip

�
Ti1,...,ip � si1 ...sip

�2

<latexit sha1_base64="ycBPJHScHNgKZn0IcItL1zeObA4=">AAACK3icbVDLSsNAFJ3UV62vqks3g0WoWEMioi5LRXBZoS9oQphMp+3QmSTMTIQS8j9u/BUXuvCBW//DadqFbb0wcB73cuceP2JUKsv6NHIrq2vrG/nNwtb2zu5ecf+gJcNYYNLEIQtFx0eSMBqQpqKKkU4kCOI+I21/dDvx249ESBoGDTWOiMvRIKB9ipHSkles3ZXlqSMph/DckTH3EurZFdM0K9SLUtiY5zKjqaYZitIzrIhXLFmmlRVcBvYMlMCs6l7x1emFOOYkUJghKbu2FSk3QUJRzEhacGJJIoRHaEC6GgaIE+km2a0pPNFKD/ZDoV+gYKb+nUgQl3LMfd3JkRrKRW8i/ud1Y9W/cRMaRLEiAZ4u6scMqhBOgoM9KghWbKwBwoLqv0I8RALpBIQs6BDsxZOXQevCtK9M++GyVK3N4siDI3AMysAG16AK7kEdNAEGT+AFvIMP49l4M76M72lrzpjNHIK5Mn5+AdAKpQ8=</latexit>

E(s) ⇠ �
X

i1,...,ip

Ti1,...,ipsi1 ...sip + cte

For	p=2	Matrix	PCA	

For	p>2	Tensor	PCA	(Richard,	Montanari	2014)

v	and	s	are	on	the	sphere	

<latexit sha1_base64="O0lD0IsLvwjGUWoDfSpHivJ3Dj8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVYFMFjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxRpVkkH800pr7AI8lCRrDJpLuqPh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5lzXvoV5p3ORxFOEETqEKHlxBA+6hCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDNFeNsQ==</latexit>

E(s) Gaussian	Random	Function	on	the	

N-dimensional	sphere

<latexit sha1_base64="MII8KTssvKf/UUY+I/0KOhWZzg4=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0FMmrgrojZC8AFWEsE8IBvC7GQ2GTI7s8zMBsKST7DxV2wsFLG1tPNvnCRbaOKpzj3nXu69x48YVdpxvq3MwuLS8kp2Nbe2vrG5ZW/v1JSIJSZVLJiQDR8pwignVU01I41IEhT6jNT9/tXYrw+IVFTwBz2MSCtEXU4DipE2Uts+9BjiXUbgTUEVoSenxYWEQfu6oDzcERoOju6KbTvvlJwJ4DxxU5IHKSpt+8vrCByHhGvMkFJN14l0K0FSU8zIKOfFikQI91GXNA3lKCSqlUweGsEDo3RgIMwZgms4UX9PJChUahj6pjNEuqdmvbH4n9eMdXDeSiiPYk04ni4KYga1gON0YIdKgjUbGoKwpOZWiHtIIqxNhjkTgjv78jypHZfc05J7f5IvX6ZxZMEe2AcF4IIzUAa3oAKqAINH8AxewZv1ZL1Y79bHtDVjpTO74A+szx98cpr5</latexit>

hE(s)i = rfD(s · v/N)

<latexit sha1_base64="/BBtCgiODeoiXhVY6fG7yUcVYL4=">AAACFHicbVDLSgMxFM34rPU16tJNsEhbhDojom6EogiupIp9QKeUTCbThmaSIckIZehHuPFX3LhQxK0Ld/6N6WOhrQfu5XDOvST3+DGjSjvOtzU3v7C4tJxZya6urW9s2lvbNSUSiUkVCyZkw0eKMMpJVVPNSCOWBEU+I3W/dzn06w9EKir4ve7HpBWhDqchxUgbqW0feAzxDiPwqqCKw5YvenKsnIftu4LycCA0VPnDm2LbzjklZwQ4S9wJyYEJKm37ywsETiLCNWZIqabrxLqVIqkpZmSQ9RJFYoR7qEOahnIUEdVKR0cN4L5RAhgKaYprOFJ/b6QoUqof+WYyQrqrpr2h+J/XTHR41kopjxNNOB4/FCYMagGHCcGASoI16xuCsKTmrxB3kURYmxyzJgR3+uRZUjsquScl9/Y4V76YxJEBu2APFIALTkEZXIMKqAIMHsEzeAVv1pP1Yr1bH+PROWuyswP+wPr8AXbum/E=</latexit>

hE(s)E(s0)i = fR(s · s0/N)

Quenched	Kac-Rice:		Ros,	Ben	Arous,	GB,	Cammarota	2018

Annealed	Kac-Rice	(for	tensor	PCA):	Ben	Arous,	Mei,	Montanari,	Nica	2018	



Sarao,	GB,	Cammarota,	Krzakala,	Urbani,	Zdeborova	2020,…

Matrix	and	tensor	PCA	model	

Landscape	by	Kac-Rice	method


Dynamics	by	dynamical	mean	field	theory	

<latexit sha1_base64="y55ZajfF7qdD+uioZ1JvN3qBiAs="></latexit>

E(s) = � 1

�p

X

i1,...,ip

Ti1,...,ipsi1 ...sip � 1

�2

X

i1,i2

Yi1,i2si1si2

<latexit sha1_base64="O1riFUPJl7///tAHDaZB8YfAC20=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIR9VjUg8cK9gOaEDbbTbt0swm7E7GE/BUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1srq2vrGZmWrur2zu7dvH9Q6OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPxzdTvPjKleSIfYJIyPyZDySNOCRgpsGtepAjN3SL3bpkAEqRFYNedhjMDXiZuSeqoRCuwv7xBQrOYSaCCaN13nRT8nCjgVLCi6mWapYSOyZD1DZUkZtrPZ7cX+MQoAxwlypQEPFN/T+Qk1noSh6YzJjDSi95U/M/rZxBd+TmXaQZM0vmiKBMYEjwNAg+4YhTExBBCFTe3YjoiJgwwcVVNCO7iy8ukc9ZwLxru/Xm9eV3GUUFH6BidIhddoia6Qy3URhQ9oWf0it6swnqx3q2PeeuKVc4coj+wPn8APQuUkw==</latexit>

1

�p

<latexit sha1_base64="IopjjOLJsWw2VKoW+JJ21oAXmY4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5IUUY9FPXisYD+gCWWznbRLN5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/sH9mG1o+JUUmjTmMeyFxAFnAloa6Y59BIJJAo4dIPJzczvPoJULBYPepqAH5GRYCGjRBtpYFe9UBKauXnm3QLXZNDIB3bNqTtz4FXiFqSGCrQG9pc3jGkagdCUE6X6rpNoPyNSM8ohr3ipgoTQCRlB31BBIlB+Nr89x6dGGeIwlqaExnP190RGIqWmUWA6I6LHatmbif95/VSHV37GRJJqEHSxKEw51jGeBYGHTALVfGoIoZKZWzEdExOGNnFVTAju8surpNOouxd19/681rwu4iijY3SCzpCLLlET3aEWaiOKntAzekVvVm69WO/Wx6K1ZBUzR+gPrM8f3saUVQ==</latexit>

1

�2
Signal	to	Noise	ratio	
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ds

dt
= �rE Gradient	Flow	from	a	random	initial	condition	Optimisation	


Algorithm	

and



p = 3
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Dynamical	phase	diagram	



Evolution	of	the	landscapes	with	SNR	

Trivialization	

Ros,	Ben	Arous,	GB,	Cammarota,	PRX	2018



What	traps	the	dynamics?

	


The	glassy	landscape	on	the	equator

Threshold	states:	most	numerous	and	wider	



How	does	the	algorithmic	transition	for	GF	work?

For	large	enough	SNR:	BBP	transition	—>	a	downward	direction	toward	the	signal	emerges	


Their	Hessian	is	a	GOE	matrix	plus	a	rank-one	perturbation	in	the	direction	of	the	signal	


Sarao,	GB,	Cammarota,	Krzakala,	Zdeborova	NeurIPS	2019	
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SNR

Cascade	of	instabilities	from	threshold	to	stable	states

Sarao,	GB,	Cammarota,	Krzakala,	Zdeborova	NeurIPS	2019	

Ros,	Ben	Arous,	GB,	Cammarota,	PRX	2018

Trivialisation


of the landscape



en
er

gy

•Gradient	flow	succeeds	even	in	presence	of	an	exponential	number	of	spurious	minima


•Algorithmic	threshold	is	determined	by	the	instability	of	the	marginally	stable	spurious	
minima	leading	to	glassy	dynamics


SNREasy	for	GFHard	for	GFImpossible Trivial	



Challenges	&	Perspectives	

• Finite	dimensional	glassy	models	


• Non-conservative	systems	(ecology,	biology)	


• Landscapes	of	Neural	Networks	


• Connection	“Landscape	-	Dynamics”	in	glassy	systems	and	estimation	problems


• Non-Gaussian	random	landscapes	


• Rigorous	approach	of	the	replicated	Kac-Rice	method			


Applications

Methods



The	Rough	Birthday	Cake	

Happy	60s	Yan	!	


