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Estimation of rank-one k-tensor from a noisy channel(s)

SignalCorrupting noiseObservation
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treat the case where the measurements are random (i.e., ak  are 
random vectors), as this allows uniqueness guarantees that are 
otherwise hard to obtain [38], [50], [57]–[59]. Nevertheless, more 
structured measurements have also been investigated [60]. 

Before proceeding to the mathematical methodology, it is 
important to highlight the significance of knowing the Fourier 
phase. In fact, it is well known that knowledge of the Fourier phase 
is crucial in recovering an object from its Fourier transform [61]. 
Many times the Fourier phase contains more information than the 
Fourier magnitude, as can be seen in the synthetic example shown 
in Figure 2. The figure shows the result of the following numerical 
experiment: two images (that of a cameraman and a woman named 
Lenna) are Fourier transformed. The phases of their transforms are 
swapped and, subsequently, they are inverse Fourier transformed. 
It is evident, for this quite arbitrary example, that the Fourier phase 
contains a significant amount of information about the images. In 
crystallography, this phenomenon is the source of genuine concern 
of phase bias of molecular models (such as those used in molecular 
replacement) in refined structures. 

In the remainder of this section, we discuss uniqueness of the 
phase-retrieval problem, i.e., under what conditions the solution 
to the phase problem is unique. It is worth noting that, while the 
discussion of theoretical uniqueness guarantees is important and 
interesting, the lack of such guarantees does not prevent practi-
cal applications from producing excellent reconstruction results 
in many settings. 

UNIQUENESS 

FOURIER MEASUREMENTS
The recovery of a signal from its Fourier magnitude alone, in general, 
does not yield a unique solution. This section will review the main 
existing theoretical results regarding phase-retrieval uniqueness. 

First, there are so-called trivial ambiguities that are always 
present. The following three transformations (or any combination 
of them) conserve Fourier magnitude: 

1) global phase shift: [ ] [ ] ·x n x n e j 0& z

2) conjugate inversion: [ ] [ ]x n x n& -

3) spatial shift: .[ ] [ ]x n x n n0& +  
Second, there are nontrivial ambiguities, the situation of 

which varies for different problem-dimensions. In the 1-D setting, 
there is no uniqueness—i.e., there are multiple 1-D signals with 
the same Fourier magnitude. Even if the support of the signal is 
bounded within a known range, uniqueness does not exist [62]. 
Any pair of 1-D signals having the same autocorrelation function 
yields the same Fourier magnitude, as the two are connected by a 
Fourier transform. Consider, for example, the two vectors 

[ ]1 0 2 0 2u T= - -  and .[( ) ( )]1 3 0 1 0 1 3v T= - +  Both of 
these vectors have the same support and yield the same autocorre-
lation function .[ ] [ , , , , , , , , ]g m 2 0 2 0 9 0 2 0 2= - -  Therefore, 
they are indistinguishable by their Fourier magnitude, even 
though they are not trivially equivalent. 

For higher dimensions (2-D and above), Bruck and Sodin [63], 
Hayes [64], and Bates [65] have shown that, with the exception of a 
set of signals of measure zero, a real d 2$  dimensional signal with 
support [ ],N NN d1f=  i.e., , ,[ ]x n n 0d1 f =  whenever n 0k 1  
or n Nk k$  for , ,k d1 f=  is uniquely specified by the magnitude 
of its continuous Fourier transform, up to the trivial ambiguities 
mentioned earlier. Furthermore, the magnitude of the oversam-
pled M  point DFT sequence of the signal, with 2 1M N$ -  
(where the inequality holds in every dimension), is sufficient to 
guarantee uniqueness. The problematic set of signals that are not 
uniquely defined by their Fourier magnitudes are those having a 
reducible Z transform: denoting the d-dimensional Z  transform of 
x  by ( , , ) , , ,[ ]xX z z n n z zn nd d

n
d
n

1 1 1
d

d1f g f g= - -

1
/ /  ( )X z  

is said to be reducible if it can be written as ( ) ( ) ( ),X X Xz z z1 2=  
where ( )X z1  and ( )X z2  are both polynomials in z  with degree 

.p 02  It is important to note that, in practice, for typical images, 
a number of samples smaller than 2 1N -  is many times sufficient 
(even 2M N/1 D$  can work, where D is the dimension [66]); how-
ever, the exact guarantees relating the number of samples to the 
type of images remains an open question. 
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[FIG2] The importance of Fourier phase. Two images, a cameraman and Lenna, are Fourier transformed. After swapping their phases, 
they are inverse Fourier transformed. The result clearly demonstrates the importance of phase information for image recovery.
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v?

Minimisation via gradient flow on the 
sphere from random initial condition, 
where likelihood/cost landscape is rough

ẋ = �rxL(x(t)) + µ(t)x(t)

Landscape matter: gradient, Hessian

x
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The Baik-Ben Arous-Péché (BBP) transition

Change of statistics of the largest eigenvalue for non-null  (complex) sample 

covariance matrices  from multivariate Gaussian vectors  with 

covariance matrix 

N × N
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M
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If largest eigenvalue of population covariance is larger than 1 + N/M

If population covariance is Identity or its largest eigenvalue is smaller than  1 + N/M

Baik, Ben Arous, Péché Annals of Prob 2005

Edwards, Jones J. Phys A 1976
Re-derivation of Semicircular Law with replicas for (modified) GOE  matrix   N × N H(r)
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The ubiquity of BBP transition (some examples)

Evolution of ecosystems under selection pressure

Inference (e.g. clique reconstruction task)

Covariance matrices cleaning (e.g. finance..)

Dimensional reduction and feature extraction in data science 

Bouchaud, Potters The Oxford Handbook of RMT 2015

Zebari et al. JASTT 2020

Montanari, Reichman, Zeitouni IEEE Trans. Inf. Theo. 2014

Fraboul, Biroli, De Monte arXiv:2112.06845 2021

General mechanism for emergence of information (or specific underlying structure)
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Signal reconstruction as a BBP transition

TENSOR PCA

PHASE RETRIEVAL
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Eigenvector of the smallest eigenvalue of the initial Hessian: spectral initialisation  

Long time limit of gradient flow, are stationary points stable?
Information after a warm start: Hessian in specific regions of the landscape 
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A large variety of stationary points
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Tensor PCA and mixed Matrix-Tensor PCA

Hessian at special stationary points in the landscape: 
counting of minima > Structure of stationary points

> Distribution of Hessians eigenvalues
⇢(�)

�

(Fyodorov PRL 2004, …,) Ros, Ben Arous, Biroli, Cammarota PRX 2019

28 July, 2022

How gradient flow escapes minima? Sarao, Biroli, Cammarota, Krzakala, Zdeborova Spotlight at NIPS 2019
Sarao, Biroli, Cammarota, Krzakala, Urbani, Zdeborova PRX 2020

Figure 4: Right panel: energy as a function of time for the set of parameters indicated by small circles in Fig. 2.
The horizontal dotted lines correspond to value of the threshold energy ‘th, as derived both from the Kac-Rice
approach in Appendix Sec. A.2.3 and from the large time behaviour of the dynamics in Appendix Sec. B.2.6.
Left panel: Eigenvalue distribution of the Hessian of the threshold states for the same set of parameters. When
1/�2 becomes smaller than 2 an isolated eigenvalue appears; it has been highlighted using vertical arrows.
Concomitantly, the energy as a function of time first approaches the plateau and eventually departs from it and
reaches the energy of the global minimum.

spiked matrix-tensor model [20,21] the above quantities satisfy:
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ˆt
C(t, t

Õ) = ≠µ(t) C(t, t
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$
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ÕÕ
, (11)

with initial conditions C(t, t) = 1 ’t and R(t, t
Õ) = 0 for all t < t

Õ and limtÕæt≠ R(t, t
Õ) = 1 ’t. The additional

function µ(t), and its associated equation, are due to the spherical constraint; µ(t) plays the role of a Lagrange
multiplier and guarantees that the solution of the previous equations is such that C(t, t) = 1. The derivation of
these equations can be found in [21] and in the SM Sec. B. It is obtained using heuristic theoretical physics
approach and can be very plausibly made fully rigorous generalising the work of [26,31].

This set of equations can be solved numerically as described in [21]. The numerical estimation of the
algorithmic threshold of gradient-flow, reproduced in Fig. 2, was obtained in [20]. We have also directly simulated
the gradient flow Eq. (4) and compare the result to the one obtained from solving Eqs. (8-11). As shown in the
SM Sec. C, for N = 65535, we find a very good agreement even for this large yet finite size.

Surfing on saddles: Armed with the dynamical equations, we now confirm the prediction of the threshold
(5) based on the Kac-Rice-type of landscape analysis. In the SM we check that the minima trapping the dynamics
are indeed the marginally stable ones (t = 2), see Figs. 7 and 8 in the SM, and we show the energy can be
expressed in terms of C, R and m. In the right panel of Fig. 4 we then plot the energy as a function of time
obtained from the numerical solution of Eqs. (8-11) for 1/�2 = 1.5, 1.9, 2.3, 2.7 and �p = 1 (same points and
colour code of Figs. 2 and 3). For the two smaller values of 1/�2 the energy converges to a plateau value at ‘th
(dotted line), whereas for 1/�2 = 2.3, 2.7 the energy plateaus close to ‘th but then eventually drifts away and
reaches a lower value, corresponding to the global minimum correlated with the signal. This behaviour can be
understood in terms of the spectral properties of the Hessian (6) of the minima trapping the dynamics. In the left
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the gradient flow Eq. (4) and compare the result to the one obtained from solving Eqs. (8-11). As shown in the
SM Sec. C, for N = 65535, we find a very good agreement even for this large yet finite size.

Surfing on saddles: Armed with the dynamical equations, we now confirm the prediction of the threshold
(5) based on the Kac-Rice-type of landscape analysis. In the SM we check that the minima trapping the dynamics
are indeed the marginally stable ones (t = 2), see Figs. 7 and 8 in the SM, and we show the energy can be
expressed in terms of C, R and m. In the right panel of Fig. 4 we then plot the energy as a function of time
obtained from the numerical solution of Eqs. (8-11) for 1/�2 = 1.5, 1.9, 2.3, 2.7 and �p = 1 (same points and
colour code of Figs. 2 and 3). For the two smaller values of 1/�2 the energy converges to a plateau value at ‘th
(dotted line), whereas for 1/�2 = 2.3, 2.7 the energy plateaus close to ‘th but then eventually drifts away and
reaches a lower value, corresponding to the global minimum correlated with the signal. This behaviour can be
understood in terms of the spectral properties of the Hessian (6) of the minima trapping the dynamics. In the left
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Figure 4: Right panel: energy as a function of time for the set of parameters indicated by small circles in Fig. 2.
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Phase Retrieval: a very similar story but…

Figure 1: Evolution of the training loss for systems of size N = 16384 with number of samples ↵N .
The left panel has labels created using a teacher, while the right panel has random labels constructed
using a Gaussian distribution with variance matching the teacher-labels. The left figure shows that
also the simulations with a teacher approach the threshold energy before transiting to the global
minimum, if ↵ is large enough.

• We obtain a close formula for the number of samples per dimension ↵c at which this
transition happens. This depends on the joint probability distribution of the labels of the
student and the teacher at the threshold.

• Using the replica theory from statistical physics as a non-rigorous proxy we characterize the
approximate distribution of the labels of the student and the teacher leading to a approximate
prediction for threshold ↵c = 13.8, notably suggesting that the additional logarithmic factors
in the previous works might not be needed.

2 BBP on the threshold states

In Fig. 1 (left) we show the loss as a function of iteration time for the phase retrieval problem, defined
above, with varying number of samples to dimension ratio ↵ in many different runs (full lines). In the
right hand side of the figure we show the loss but this time for labels that do not come from a teacher
network, but that are randomly reshuffled. We see that in that case the loss converges after a very
long time towards a value marked by the dotted line (reproduced also in the left part), that we defined
to be the so-called threshold energy. We see that for small ↵, e.g. ↵ = 6 the train loss on the phase
retrieval problem does not decrease to zero (nor the test one), while for the larger values ↵ = 18
and 24 it does very rapidly. The value ↵ = 12 is close to a critical regime where some realization
find perfect generalization and other do not, with the dynamics staying for a long time close to the
threshold energy.

In a different model, the spiked matrix-tensor, Ref. [8] described exactly this phenomenology
and showed that gradient flow starting from random initial conditions has a transition when the
Hessian of the spurious minima that trap the dynamics, the so-called threshold states, display a
BBP transition [25]. This leads to the emergence of a descending direction toward the informative
minimum which is correlated with the ground truth signal WWW ⇤. In Fig. 2 we argue that the same
mechanism is at play in the phase retrieval problem and based on these insights we derive an analytic
equation for the corresponding threshold in Sec. 2.1.

2.1 Theory for the BBP threshold

Based on the numerical results just presented, we aim to obtain an equation determining the value
of threshold ↵c such that for ↵ > ↵c the BBP transition occurs, whereas for ↵ < ↵c it does not.
For ↵ < ↵c the system is at long times trapped in the threshold states and not able to recover, even
weakly, the signal. We define P (ŷ, y) the long-time limit of the distribution of the estimated labels
and the true labels; P (ŷ, y) allows us to study the Hessian of the threshold states, which is the random
matrix defined in (4) with ŷµ and yµ distributed following the law P (ŷ, y).

3

Figure 2: Properties of the Hessian for phase retrieval of a system of size N = 2048 at ↵ = 10.
On the left figure, we show the evolution of the density of the bulk of the eigenvalues, from zero
density in white to high density in blue, the smallest eigenvalue in orange, and the second smallest in
green. The picture shows that a BBP transition occurs when the training loss approaches the threshold
energy. The right panel depicts the evolution of the training loss (purple) and the generalization loss
(dark blue) in time. The training loss rapidly approaches a plateau at the level of the threshold states
(black dashed line) and converges towards the teacher after the BBP transition. Namely, when the
smallest eigenvalue detaches from the rest of the bulk. The bottom panels show the distribution of
the eigenvalues at five different instants in the dynamics. At iteration ⇡ 1210 we cross the threshold
energy and we observe an isolated eigenvalue detaching from the bulk.

A type of random matrix Mi,j with similar structure as the contribution to the Hessian coming from
the Loss function, Hi,j = �Mi,j � µ�i,j , has been studied recently in [26] and the convergence in
probability for large N of the largest and the second largest eigenvalues of such matrix was proven.
We applied the results of the Theorem 1 of [26] to determine the behavior of the smallest and second
smallest eigenvalue of the Hessian. Call
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A BBP transition occurs at ↵BBP, the largest ↵ such that �1 = �2. Following [26] this leads to an
equation on �̄ and ↵BBP which reads:
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We now use an additional assumption, which comes from studies of gradient descent dynamics of
mean-field spin-glasses [27], that the threshold states are marginal, i.e. the smallest eigenvalue of their
Hessian is null. As the smallest eigenvalue of the Hessian is determined by the largest eigenvalue of
Mi,j , this imposes the additional condition �1 = �2 = �µ. Using the second Eq. in (5) to enforce
this last condition and the definition of µ in Eq. (3) one finds (see SM for more details):
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Phase Retrieval: spectra initialisation and a new BBP?

Mondelli, Montanari PMLR 2017; Luo, Alghamdi, Lu 2018; Lu, Li 2019

Spectra initialisation as alternative algorithmic approach:

For some choices a new type of BBP transition is leading to signal reconstruction!
Bouchaud Potters A First Course in Random Matrix Theory 2021
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Figure 3: Performance of the spectral method for the phase retrieval problem where the unknown vector is
a digital photograph and the sensing vectors are obtained from a coded diffraction model. On the x-axis,
we have the ratio � between the number of samples and the dimension of the signal; on the y-axis, we have
the square of the normalized scalar product between the unknown signal x and the estimate x̂ (averaged on
the three RGB components of the image). Note that the proposed choice of the pre-processing function (red
curve) provides a significant performance improvement with respect to the truncated spectral initialization
considered in [CC17] (blue curve).

The numerical simulations for the optimal pre-processing function follow closely the theoretical pre-
dictions (84) obtained for a Gaussian measurement matrix, with the exception of the point � = 2. On the
contrary, the numerical simulations for the truncated spectral initialization show a different behavior with
respect to the Gaussian model. Our algorithm provides weak recovery of the original image for � � 3,
while the truncated spectral initialization requires � � 6. Furthermore, for any value of �, the proposed
choice of the pre-processing function yields a better performance than the choice in [CC17]. For a visual
representation of these results, see Figure 1.
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A Proof of Corollary 1

We start by providing in Lemma 6 a less compact, but more explicit form of the expression (10). This
more explicit expression is employed to prove Lemma 7, which yields the value of �` for the case of phase
retrieval. Finally, we provide the proof of Corollary 1.
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Figure 4: Right panel: energy as a function of time for the set of parameters indicated by small circles in Fig. 2.
The horizontal dotted lines correspond to value of the threshold energy ‘th, as derived both from the Kac-Rice
approach in Appendix Sec. A.2.3 and from the large time behaviour of the dynamics in Appendix Sec. B.2.6.
Left panel: Eigenvalue distribution of the Hessian of the threshold states for the same set of parameters. When
1/�2 becomes smaller than 2 an isolated eigenvalue appears; it has been highlighted using vertical arrows.
Concomitantly, the energy as a function of time first approaches the plateau and eventually departs from it and
reaches the energy of the global minimum.

spiked matrix-tensor model [20,21] the above quantities satisfy:
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with initial conditions C(t, t) = 1 ’t and R(t, t
Õ) = 0 for all t < t

Õ and limtÕæt≠ R(t, t
Õ) = 1 ’t. The additional

function µ(t), and its associated equation, are due to the spherical constraint; µ(t) plays the role of a Lagrange
multiplier and guarantees that the solution of the previous equations is such that C(t, t) = 1. The derivation of
these equations can be found in [21] and in the SM Sec. B. It is obtained using heuristic theoretical physics
approach and can be very plausibly made fully rigorous generalising the work of [26,31].

This set of equations can be solved numerically as described in [21]. The numerical estimation of the
algorithmic threshold of gradient-flow, reproduced in Fig. 2, was obtained in [20]. We have also directly simulated
the gradient flow Eq. (4) and compare the result to the one obtained from solving Eqs. (8-11). As shown in the
SM Sec. C, for N = 65535, we find a very good agreement even for this large yet finite size.

Surfing on saddles: Armed with the dynamical equations, we now confirm the prediction of the threshold
(5) based on the Kac-Rice-type of landscape analysis. In the SM we check that the minima trapping the dynamics
are indeed the marginally stable ones (t = 2), see Figs. 7 and 8 in the SM, and we show the energy can be
expressed in terms of C, R and m. In the right panel of Fig. 4 we then plot the energy as a function of time
obtained from the numerical solution of Eqs. (8-11) for 1/�2 = 1.5, 1.9, 2.3, 2.7 and �p = 1 (same points and
colour code of Figs. 2 and 3). For the two smaller values of 1/�2 the energy converges to a plateau value at ‘th
(dotted line), whereas for 1/�2 = 2.3, 2.7 the energy plateaus close to ‘th but then eventually drifts away and
reaches a lower value, corresponding to the global minimum correlated with the signal. This behaviour can be
understood in terms of the spectral properties of the Hessian (6) of the minima trapping the dynamics. In the left
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