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Ultra-cold atoms in confining potentials

= Recent progress in the experimental manipulation of cold atoms

# to investigate the interplay between quantum and thermal
behaviors in many-body systems at low temperature

= A common feature of these experiments: presence of a confining potential
that traps the atoms within a limited spatial region

V(z)t
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Ultra-cold atoms in confining potentials
V(z)4

edge bulk edge

= bulk: traditional many-body physics (translationally invariant system)

«The uniform electron gas, the traditional starting point
for density-based many-body theories of inhomogeneous
systems, is inappropriate near electronic edges.»

W. Kohn, A. E. Mattsson, PRL 1998
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Ultra-cold atoms in confining potentials
V(z)4

edge bulk edge

= bulk: traditional many-body physics (translationally invariant system)

= edge: new physics induced by confinement==p universal edge properties

This talk: random matrix theory is the ideal tool to study
these edge properties
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Connection between free fermions at T=0 and RMT

= A single quantum particle in a harmonic potential
Vi(z)4 1

Hermite polynomial

>
= Single particle eigenfunctions 1/2 \
~ 8 _042$2
A on(x) = B (o) o) = | S| ¢ Hulaw

e, = hw(k+1/2) , a=+/mw/h
keN

with op(rx — +00) =0
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N spinless free fermions in a 1d harmonic trap at T=0

Viz)t
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N spinless free fermions in a 1d harmonic trap at T=0
V()4

® The N-particle wave function is given bya N x N Slater determinant
1

\IJO($17$27"' 7$N):ﬁdet¢’b($3)] 0<:<N-—-1
(’I 11/2 S I1<j<N
Spk(x) - ﬁQkk' e 2 Hk(()éx)

o
# Uo(x1,22, + ,TN) X e~ T (@it taky) H (x; — x)

1<j<k<N



N spinless free fermions in a 1d harmonic trap at T=0
V()4

= Probability density function (PDF) of the positions

1 —Oé2 N :1;2
‘\IJO(‘CE:[? tUe ,QZ'N)‘Q — ZN(a) H(xz — x])Qe Zzzl 7
z'<j

# @D'Osmons of the free fermions behave statistically I@
- __eigenvalues of GUE random matrices




Properties of fermions in a 1d harmonic trap at T=0

= Average density of free fermions:
N

o, T = 0) = 3 (0 — )

1=1

for N>1 pn(z,T=0)~ %wa (j—%) | fw(z) = %\/z—%

See also Local Density (or Thomas-Fermi) Approx. in the literature on fermions
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= [aguerre Unitary Ensemble can be realized with a |d singular potential
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What about other Hermitian matrix models ?

= [aguerre Unitary Ensemble can be realized with a |d singular potential

Viz) = 04(0;2— Y + Bx?, x>0

® Jacobi Unitary Ensemble can be realized with a |d box potential

Viz) =

0, —1 <z <+1
+00 x| > 1

® For a review see

# "What about 2d (non Hermitian) matrix ensembles, >

e.g., Glnlbre ensemble 4
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V(z,y)
= Single particle Hamiltonian “
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® Global density (at T=0)
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A natural candidate: fermions in a 2d harmonic trap
V(z,y)
= Single particle Hamiltonian “

A h( 0* 0’ .,
H=—-— + + —mw“(x” + y?)
2m \ ox?  0y? 2 - _

V_

742

® Global density (at T=0)

N 2rh?

1 1 ’
) R —— <u ——mw2r2> with  u ~ haon/2N

2
spatial extent R, N4

Dean, Le Doussal, Majumdar, G.S., EPL’15,PRA’16

see also G. Lambert ’s talk

No apparent connection with known™
matrix models ! |
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Vi(z,y)
= Single particle Hamiltonian in the rotating frame i
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Vi(z,y)
= Single particle Hamiltonian in the rotating frame i
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Vi(z,y)
= Single particle Hamiltonian in the rotating frame i
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Fermions in a 2D rotating harmonic trap

Vi(z,y)
= Single particle Hamiltonian in the rotating frame i

. 1 [ 0% 02 1
H:——< >+50)2(X2+y2) _QLZ

MY

_l_
2\ ox? oy?

where L =(r A p) : angular momentum

and L, =i(yd, —x0,)

~ p> 1
H=—+—0’’ _QLZ x
2 2 Coriolis centrifugal
potential potential
® Analogy with a magnetic system \ /
1 1

H=—p-A?+—0ir?——Q%?
effective mag. field 2 2

Q2 .
By=VAA=Qu, A — < y > symmetric
gauge
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Q

= Analogy with a magnetic system B.s=VAA=Qu,

1 |

.1
H=—({p—-A)?+—wr?——Q?
2(p ) > >

0 0,

| I\ > Q

I free fermions in
no

a magnetic field

rotation
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V(z,y)

Q
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Fermions in a 2D rotating harmonic trap

V(z,y)

Q

= Analogy with a magnetic system Bz=VAA =Qu,

1 |

.~ 1
H=—({p—-A)?+—wr?——Q?
2(p ) > 5

T

the Fermi gas
becomes unstable

0 0w

| P ~ ()

| OU/N) \

no ysics of free FerT.'or: ;3
rotation lowest Landau d magnetic he

\evels (LLL) ~




Fermions in a 2D rotating harmonic trap

vl apylo 1o o —
H—z(p A)+2r 2Qr weset h=m=w=1

" Single particle eigenfunctions y; (7, 0) in polar coordinates are labelled
by two quantum numbers (k,7) with k €N and £ € Z

2
l//kf(lf‘, 0) = ak,lLIl'f'(rz)rM'e rif2qit0
H Vie = CkeWrr
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Fermions in a 2D rotating harmonic trap: Landau levels

—_ - Ek,f

h=m=w=1

k=2
. — T — k=1
— 1 — k=0 LLL
: _ - (N = 1)1 - Q)
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Fermions in a 2D rotating harmonic trap: Landau levels

—_ - Ek,f

h=m=w=1

— k=1

—y k=0 LLL

I+Q Tz[ | (N=1)(1-Q)

|
1 >

N-1 £



Fermions in a 2D rotating harmonic trap: ground state

® Ground state of N noninteracting spinless fermions
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® Ground state of N noninteracting spinless fermions
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® Ground state of N noninteracting spinless fermions
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Fermions in a 2D rotating harmonic trap: ground state

® Ground state of N noninteracting spinless fermions

k=2
—— T _ — k=1
i o Ot k=0 LLL
I+Q 2 o " (N = 1)1 - Q)
_________________________ P
32101 2 3 4 O N-1 y
e ——

= Only the LLL is occupied «={w

)
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2
= Suppose that only the LLL is occupied = w (1 — N) <Q<w

= In the LLL, the single particle eigenstates/eigenvalues are

Ww(r,0,) = wo J(1,0) = ag ,r7e % £>0

A 1 T3
" w(2) = 2le 2l T and E,=1+(1-Q)¢
- \/ 7t '




Fermions in a 2D rotating harmonic trap: ground state

2
= Suppose that only the LLL is occupied = w <1 — N) <Q<w

= In the LLL, the single particle eigenstates/eigenvalues are

wA(r,0,) = wy J(1,0) = ag ,r7e% . £>0

I —
l//f(z z e_D and E,=1+(1-Q)¢
\/ 7t '

i Ground state many-body eigenfunction: Slater determinant

1
A/ N 1<, jSN

ocezz1|| det 77! o<e7 1 5 H (Z—Z)

1<i,j<N /
1<i<j<N
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= Joint proba. density function of the positions of the fermions
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Connection to the complex Ginibre ensemble GinUE

= Joint proba. density function of the positions of the fermions

P ( e )_ |\P ( ceoe )|2—A | — | _Z]-\il|zi|2
joint Zl’ Z2’ ’ ZN - 0 Zla Zza ’ ZN — 4AN Zi Z] e 1=
1<i,j<N

the positions of the fermions are in one to one
= correspondence with the eigenvalues of a complex
Ginibre random matrix

_} this provides a simple physical realisation of the
Ginibre ensemble of RMT

this connection has been exploited to compute
# various observables, like the full counting statistics
or the Renyi entanglement entropy



Connection to the complex Ginibre ensemble GinUE

= Joint proba. density function of the positions of the fermions

N

2
=1 1%l

2 —
Pjoint(Z19Z29'”9ZN)= |lP()(Z19Z2,”'9ZN)| — Ay H |ZZ_Z]| € z

1<i,j<N
® Large N limit of the density: Girko s law 19
N 0.5
=
IGED IS =
i=1 N
'—E* -0.5
— —O(/N - |z
N—oco T

spatial extent R, & N2



Connection to the complex Ginibre ensemble GinUE

= Edge density profile

P radial(r )

>r
.—1'.0 ~0.5 ‘ 0.0 0.5 1.0 Re X N1/2
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= Edge density profile

1.0

o(1)

]
I“
’

P radial(r )

d4
12
R, x N



Connection to the complex Ginibre ensemble GinUE

= Edge density profile

P radial(r )
o(1) t
4““’:“*
i LK "r
10 -05 0.0 05 1.0 )’ Re X N1/2
Re(z)/\/ﬁ

0.20 1 0 5 1
_ edge - —X - .
P (u) = 0 J_ue dx = > erfc(—u)

" n | . .
-3 -2 -1 1 2 > u




Fermions in a 2D rotating harmonic trap
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Fermions in a 2D rotating harmonic trap
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Fermions in a 2D rotating harmonic trap

.1 1 1
H=—(p—-A)?+—wr’——Q°r?
2(p ) > 5

0 w(l-2/N) o
i M—'—-—.'\"N—' Q2
pradialgr ) pradial(Ar )
?
? &= 1
Vr > r
R N1/4 | Re o N1/2

@ happens when one decreases@



Decreasing the rotating frequency

® Ground state of N noninteracting spinless fermions

2

— — kg (1_N><Q<l

! k=2

—— T _ — k=1
B o O k=0
I+Q 2 o " (N = 1)1 - Q)

_________________________ P
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Decreasing the rotating frequency

® Ground state of N noninteracting spinless fermions

2
—_— k., — k=2 Q<<1_N>
— — k=
_— 1 _ — - Y k=0
P ¢ - - -
- -O- (N —-1)(1-9Q)
O=
-O=
S, O S SO S S S i >
-3 2 -1 0 1 2 3 4 N-—1 r

E ,=2k+1+|[0]-Q7
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Decreasing the rotating frequency: higher Landau levels
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Decreasing the rotating frequency: higher Landau levels

O(1)
H pradial(r)

1] S /
‘ ‘ »’l‘ ‘ ‘ . ‘

= Different layers correspond to different/higher Landau levels

" Edge density of the k-th step/Landau level

27k [,
@_ 732k ! J _ue_x [Hk(x@

# it exhibits k kinks at the k zeros of the k-th Hermite polynomials

>
u

® Connection to Polyanalytic Ginibre Ensemble



Edge scaling limit for very high Landau levels

" Edge density profile of the k-th step/Landau level for k — oo
edge(u — \/_ky)

A lim pedge(u =/2ky) = < + sin 1(y))
~ k>

/’ for —1<y<1




Edge scaling limit for very high Landau levels

" Edge density profile of the k-th step/Landau level for k — oo
edge(u — \/_ky)

A lim pedge(u =1/2ky) = < + sin 1(y)>
- k—

/1 for —1<y<1

1 1 (%
p;dge<_\/2k+ i >~m9‘7(w) , F(w) = J Ai’(v — w) dv

T Jg
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very high Landau levels
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Conclusion

= Connection between fermions in a rotating trap and the complex
Ginibre ensemble of RMT

= « Wedding/birthday cake » structure as the rotating frequency
decreases and higher Landau levels get populated

» Interesting edge behaviors and connection to the Airy Kernel for
very high Landau levels

® Study of the full counting statistics
= Extension to finite temperature

® Generalization to other types of potentials
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® Generalization to other types of potentials Kulkarni, Majumdar, G.S. 21
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Happy Birthday Yan !




Quantum Fermi gas microscope

= Direct imaging of spatial fluctuations of the positions of fermions
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