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We argue that the freezing transition scenario, previously
conjectured to occur in the statistical mechanics
of 1/f -noise random energy models, governs, after
reinterpretation, the value distribution of the
maximum of the modulus of the characteristic
polynomials pN(θ ) of large N × N random unitary
(circular unitary ensemble) matrices UN ; i.e. the
extreme value statistics of pN(θ ) when N → ∞. In
addition, we argue that it leads to multi-fractal-like
behaviour in the total length µN(x) of the intervals
in which |pN(θ )| > Nx, x > 0, in the same limit. We
speculate that our results extend to the large values
taken by the Riemann zeta function ζ (s) over stretches
of the critical line s = 1

2 + it of given constant length
and present the results of numerical computations
of the large values of ζ ( 1

2 + it). Our main purpose
is to draw attention to the unexpected connections
between these different extreme value problems.

1. Introduction
Over the past 40 years, considerable evidence has
accumulated for connections between certain statistical
properties of the Riemann zeta function, ζ (s), and those
of large random matrices. For example, correlations
between the non-trivial zeros of the zeta function on the
critical line s = 1

2 + it, t ∈ R, are believed to coincide, in the
limit t → ∞, with those between the eigenvalues of large
random unitary or Hermitian matrices, and the value
distribution of ζ ( 1

2 + it) is believed to be related to that
of the characteristic polynomials of large random unitary
or Hermitian matrices. Our purpose here is to connect
these two areas of research to a third, the statistical

2013 The Author(s) Published by the Royal Society. All rights reserved.
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Conjecture (Fyodorov and Keating, 2014)

Let UN be a Haar distributed, N × N, random unitary matrix, and pN(z) = det(z − UN) its
characteristic polynomial. Then, for any x ∈ (0, 1) and large N,

1

2π
|{θ ∈ [0, 2π] : |pN(e iθ)| ≥ Nx}| ≈ N−x

2 1√
π logN

G (1 + x)2

2xG (1 + 2x)

1

Γ(1− x2)
Ξx ,

and the law of Ξx has density

Px(ξ) =
1

x2
ξ−1− 1

x2 exp(−ξ−1/x2
).
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What is this talk about?

• This talk is about (ongoing work for) a proof of the conjecture.

• First some background and heuristics about why the conjecture should be true.

• Then a hint of the type of ideas going into the proof.

• The approach to the proof is through the theory of log-correlated fields and multiplicative
chaos.
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Log-correlated fields
Random (generalized) functions: for Ω ⊂ Rd , X : Ω→ R:

EX (x) = 0 and EX (x)X (y) = log |x − y |−1 + h(x , y)

(EX (x)2 =∞)

with h nice (e.g. continuous).

Left: X (e iθ) =
∑∞

n=1
1√
2n

(Zne
inθ + Z∗n e

−inθ). Right: GFF.
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Log-correlated fields are everywhere

Log-correlated fields show up in many places in modern probability theory and math. phys.

• Number theory: x 7→ log |ζ( 1
2 + iωT + ix)| (should be) log-correlated as T →∞.

• Scaling limit of the height function of the critical dimer model is log-correlated (the GFF).

• The GFF a key building block of many 2d QFTs.

• GFF plays a role in stochastic homogenization of 2d PDEs.

• For this talk, the most important example is random matrix theory.
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Log-correlated fields in random matrix theory

Theorem (Szegő; Johansson; Diaconis and Shahshahani; Hughes, Keating, and
O’Connell, ...)

Let UN be a Haar distributed, N × N random unitary matrix. Then as N →∞,

√
2 log | det(UN − e iθ)| d→ X (e iθ) =

∞∑
n=1

1√
2n

(Zne
inθ + Z ∗n e

−inθ),

where (Zn)∞n=1 are i.i.d. NC(0, 1).

• Note that EX (e iθ)X (e iϕ) = log |e iθ − e iϕ|−1 (need to smear to be rigorous).
• Also for any trigonometric polynomial f with zero mean,∫ 2π

0

√
2 log | det(UN − e iθ)|f (e iθ)

dθ

2π
=
√

2Tr f (UN),

and the theorem is equivalent to the CLT for linear statistics.
• Log-cor. in RMT: GUE counting function, log-char. polynomial of Ginibre, ...
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Fractal geometry of log-correlated fields and mutliplicative chaos
While log-cor. fields are rough objects, they possess universal fractal geometric properties.

• If Xε is a nice regularization to scale ε > 0 (e.g. convolution approximation or say√
2 log | det(UN − e iθ)| with N = ε−1) and K ⊂ Ω compact, then one expects

max
x∈K

Xε(x) =
√

2d log ε−1(1 + oP(1)). (Typically, EXε(x)2 = log ε−1 + O(1)).

• In fact, finer asymptotics proven in particular models (cf. Paul’s talk).

• Also some aspects of “thick/high points of the field” are understood. E.g. for
K ⊂ Ω compact and γ ∈ (0,

√
2d), one expects

|{x ∈ K : Xε(x) > γ log ε−1}|
log ε−1

= −γ
2

2
+ oP(1).

• This type of results proven under assumptions under assumptions on asymptotics of
exponential moments, e.g. EeγXε(x)+γXε(y) with γ ∈ (0,

√
2d).
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Multiplicative chaos

One approach to studying log-correlated fields is through multiplicative chaos measures.

Theorem (Kahane 85; Berestycki 17; Claeys, Fahs, Lambert, W 21; ...)

For a nice enough regularization Xε (actually, assumptions on exponential moments), for any
γ ∈ (0,

√
2d), as ε→ 0, the random measure

eγXε(x)

EeγXε(x)
dx

converges to a non-trivial (fractal) random measure – known as a multiplicative chaos measure.

Results above about thick points and extrema are corollaries of this type of theorems.
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Thick points and multiplicative chaos

• The Fyodorov-Keating conjecture can be seen as a statement about finer asymptotics of
the set of thick points.

• In some special models such finer asymptotics for thick points have been related to
multiplicative chaos measures:
• Branching Brownian motion (Genz, Kistler, and Schmidt 18)
• The discrete GFF (Biskup and Louidor 19)
• Local time of planar Brownian motion (Jego 20)
• A probabilistic model for the zeta function (Arguin, Hartung, and Kistler 22)

• Such things known to physicists (e.g. Yan) way before any of these results and for general
models.

• The proofs are all specific to the models – no general approach exists. Our goal: provide
one.
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The main result

Theorem (JLW 22+)

For a nice regularization Xε (satisfying rather elaborate exponential moment assumptions) for
any γ ∈ (0,

√
2d), and K ⊂ Ω compact,

lim
ε→0

E

∣∣∣∣∣
∫
K

1{Xε(x) > γ log ε−1}
P(Xε(x) > γ log ε−1)

dx −
∫
K

eγXε(x)

EeγXε(x)
dx

∣∣∣∣∣ = 0.

Corollary

The Fyodorov-Keating thick-point conjecture is true.

The corollary makes use of the fact that in the random matrix setting,
∫

eγXε(x)

EeγXε(x) dx is known

to converge (Nikula, Saksman, W 20), and the limit has the law of 1

Γ(1− γ2

2
)
Ξ γ√

2
(follows from

a conjecture of Fyodorov and Bouchaud proven by Remy 20).
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Some comments about the proof
A heuristic argument (that cannot be made precise):

• For a log-correlated field, for scales ε < δ, Xε − Xδ and Xδ approximately independent.

• Assume for simplicity that Xε (and Xδ) translation invariant.

• If things were to converge, should expect

1{Xε(x) > γ log ε−1}
P(Xε(x) > γ log ε−1)

≈ E
[
1{Xε(x) > γ log ε−1}
P(Xε(x) > γ log ε−1)

∣∣∣∣Xδ]
=

P(Xε(x)− Xδ(x) > γ log ε−1 − Xδ(x)|Xδ)
P(Xε(x) > γ log ε−1)

• Assuming these probabilities have roughly Gaussian tails, a short calculation shows that

this ratio is roughly eγXδ(x)

EeγXδ(x) .

The real proof is a kind of second moment method (barriers) and uses exponential moment
estimates to justify Fourier techniques to control the tail probabilities.
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