A BURAU-ALEXANDER 2-FUNCTOR ON TANGLES
DAVID CIMASONI AND ANTHONY CONWAY

ABSTRACT. We construct a weak 2-functor from the bicategory of oriented tangles to a bicat-
egory of Lagrangian cospans. This functor simultaneously extends the Burau representation
of the braid groups, its generalization to tangles due to Turaev and the first-named author,
and the Alexander module of 1 and 2-dimensional links.

1. INTRODUCTION

Since its introduction in 1935, the Burau representation [5] has been one of the most
studied representations of the braid groups. In its reduced version, it takes the form of a
homomorphism p,,: B, — GL,_1(A) with A = Z[t*!], which preserves some non-degenerate
skew-hermitian form on A"~! [16]. The construction of p,, whether the algebraic one [4, 5]
or the homological one [13], easily extend to oriented braids, i.e. braids where different
strands can be oriented in different directions. In a slightly pedantic style, one can therefore
say that the Burau representations constitute a functor p from the groupoid Braids, with
objects finite sequences of signs +1 and morphisms oriented braids, to the groupoid Uy,
with objects A-modules equipped with a non-degenerate skew-hermitian form and morphisms
unitary A-isomorphisms.

In this context, it is natural to ask whether this Burau functor extends to the cate-
gory Tangles of oriented tangles (whose formal definition can be found in subsection 4.1).
Such an extension was constructed by Turaev and the first-named author in [6]. In a nutshell,
they defined a category Lagr, of Lagrangian relations in which Up embeds via the graph
functor: if f is a unitary isomorphism, then its graph I'; is a Lagrangian relation. Then,
they constructed a functor % : Tangles — Lagr, such that 7 (53) = I,y for any oriented
braid S.

Note that the groupoid Braids is nothing but the core of Tangles: both categories have the
same objects, and the isomorphisms of the latter are the morphisms of the former. Therefore,
one might wonder if there is an extension % of p to oriented tangles taking values in a
category whose core is (equivalent to) Upy. More importantly, oriented surfaces between
oriented tangles turn Tangles into a (weak) 2-category (see subsection 4.3 for a discussion of
this fact), and several functors, such as the one coming from Khovanov homology [12], have
been shown to extend to 2-functors. Hence, one can also hope to extend % to a 2-functor.
This is what we achieve in the present paper, building on the homological definition of the
Burau representation.

The idea is to consider cospans [3, 8] of A-modules, i.e. diagrams of the form H — T + H'.
More precisely, we start by defining the category Ly of Lagrangian cospans, whose core is
shown to be equivalent to Up. This category should be understood as a generalization of
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the category of Lagrangian relations, in the sense that there is a full (non-faithful) func-
tor F': Ly — Lagr, which is the identity on objects. The functor .# then lifts in a very
natural way to a functor & taking values in Lj. In summary, we have the commutative

diagram of functors
e

Tangles 5 Lagr, ,

where % extends the Burau functor p in the following sense: the restriction of % to Braids =
core(Tangles) fits in the commutative diagram

core(Lp)

7 =l

Braids — Uy,

with the vertical arrow an equivalence of categories.

Furthermore, the category L can be modified in a natural way and endowed with a weak 2-
category structure yielding a bicategory, and % extends to a weak 2-functor on the bicategory
of oriented tangles and surfaces. Finally, when restricted to 1 and 2-endomorphisms of the
empty set, i.e. oriented links and closed surfaces, £ is nothing but the Alexander module.

The paper is organized as follows. In Section 2, we recall the definition of the cate-
gory Lagr, of Lagrangian relations, we define our category L of Lagrangian cospans to-
gether with the full functor F': Ly — Lagr,, and prove that the core of Ly is equivalent
to Ua. In Section 3, we show that L naturally extends to a bicategory. In Section 4, we give
the definition of the category of oriented tangles, discuss its 2-category extension, construct
the functor & and show that it extends to a weak 2-functor. Finally, in Section 5, we briefly
explain how other versions of the Burau representation (namely, unreduced and multivariable
versions) can be extended to weak 2-functors using the same ideas.
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2. LAGRANGIAN CATEGORIES

The aim of this section is to introduce the various algebraic categories that appear in our
construction. In a first subsection, we briefly recall the definition of the category Lagr, of
Lagrangian relations over a ring A and explain why it should be understood as a generalization
of the groupoid Uy of unitary automorphisms of Hermitian A-modules, following [6]. In
subsection 2.2, we recall the theory of cospans in a category with pushouts. In subsection 2.3,
we define the category L of Lagrangian cospans, and relate it to the category of Lagrangian
relations via a full functor F': Ly — Lagr,. In subsection 2.4, we show that this functor
restricts to an equivalence of categories between the core groupoid of Ly and Uy.
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2.1. The category of Lagrangian relations. Fix an integral domain A endowed with a
ring involution A — A. A skew-Hermitian form on a A-module H is a map w: H x H — A
such that for all z,y,z € H and all A\, \ € A,

(i) wAz + Ny, 2) = dw(z, 2) + Nw(y, 2),

(ZZ) CL)(IE,y) = *W(y,CIT),
(#ii) if w(z,y) =0 for all y € H, then x = 0.

A Hermitian A-module H is a finitely generated A-module endowed with a skew-Hermitian
form w. The same module H with the opposite form —w will be denoted by —H. The
annihilator of a submodule A C H is the submoduleAnn(A) = {z € H |w(v,z) =0 for all v €
A}. A submodule is called Lagrangian if it is equal to its annihilator. Given a submodule A
of a Hermitian A-module H, set

A={x € H | \x € Afor anonzero A € A}.

Observe that if A is Lagrangian, then A = A.

If H and H' are Hermitian A-modules, a Lagrangian relation from H to H' is a Lagrangian
submodule of (—H) @ H'. For instance, given a Hermitian A-module H, the diagonal relation

Ag={h®&hecH®H|hecH}

is a Lagrangian relation from H to H. Given two Lagrangian relations Ny from H to H’
and No from H' to H”, their composition is defined as Nyo Ny := NoNy C (—H)@® H”, where

NoNi={x®z| 2Dy € Ny and y® 2z € Ny for some y € H'}.

The proof of the next theorem can be found in [6, Theorem 2.7].

Theorem 2.1. Hermitian A-modules, as objects, and Lagrangian relations, as morphisms,
form a category. O

Following [6], we shall denote this category by Lagr, and call it the category of Lagrangian
relations over A.

We shall say that a A-linear map between two Hermitian A-modules is unitary if it preserves
the corresponding skew-Hermitian forms. Let us now briefly recall why Lagrangian relations
can be understood as a generalization of unitary A-isomorphisms and unitary Q-isomorphisms,
where @) = Q(A) is the field of fractions of A. Let Uy be the category of Hermitian A-modules
and unitary A-isomorphisms. Also, let U% be the category of Hermitian A-modules, where the
morphisms between H and H' are the unitary Q-isomorphisms between H ® Q and H' ® Q.
The graph of a A-linear map f: H — H' is the submodule I'y = {z @ f(z)} of H ® H'.
Similarly the restricted graph of a Q-linear map p: H® Q — H' ® Q is Fg =T, N(H®H).
The proof of the following theorem can be found in [6, Theorem 2.9].

Theorem 2.2. The maps f — f®idg, f— 'y and ¢ — Fg define faithful functors which
are the identity on objects, and fit in the commutative diagram

—-® 0
Uj —Q> Ul 5 Lagr, .
v

r

We shall call such functors embeddings of categories.
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2.2. Cospans in a category with pushouts. Among the arguments that will be used in
this article, some are well-known and of purely categorical nature. This subsection contains
a quick review of these results (see [3, 15] for further detail).

Let us fix a category C. Throughout this subsection, all objects, morphisms, diagrams, and
the like will be in this fixed category C. Recall that a span is a diagram of the form T +— 1
H -2 T>. A pushout of such a span is an object P together with morphisms T} —> P15

such that j1i1 = jaio, which satisfies the following universal property: for any T3 M, Q &2 Ty
such that k171 = koig, there exists a unique morphism uw: P — @ with uj; = k1 and ujs = ko.
This is illustrated in the following commutative diagram:

AN
\

If a span admits a pushout, then the latter is unique up to canonical isomorphism. However,
not all spans admit pushouts in general. From now on, we shall assume that C is a category
with pushouts, i.e. that any span admits a pushout. Moreover, we fix for each span a pushout

Let H,H' be two obJects A cospan from H to H’ is a diagram H T <— H'.

Two cospans H BN Ty AH and H 2 15 <— H' are isomorphic if there is an
isomorphism f: T3 —> T5 such that fi; = ig and fij = i5. The composition of two

cospans H NN <— H' and H' l—> Ty <— H" is the cospan from H to H” given by
the (fixed) pushout diagram

) T2 (¢] Tl .
Finally, the identity cospan of an object H is defined as the cospan Iy := (H LNy L ).
Remark 2.3. Given any morphism H g , one easily checks that

H//
id i’

T T N e

are pushout diagrams. Therefore, if one makes this choice of pushout for spans of the

form H' <4 H’ Y H” and H' £— H’ l—d> H’ then the composition of H —> H' <i H

and H' -5 T & H" is given by H i J H"”, and the composition of H rd g
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and H' % H & g7 s given by H 7 % g, For this reason, cospans should be
understood as generalizing morphisms in the category C.

Note that the composition of cospans depends on the choice of a pushout for each span;
therefore, it cannot be associative for all such choices. For the same reason, the composition
does not admit Iy as a two-sided unit in general. However, for any fixed choice of pushouts,
the corresponding composition does satisfy these properties up to canonical isomorphisms of
cospans. We refer the reader to [15] for a proof of this standard fact in the dual context of
spans.

There are two possible strategies at this point. The first one, which we will use in the
remaining part of Section 2, is to consider the category given by the objects of C, as objects,
and the isomorphism classes of cospans in C, as morphisms. The second one, which we will
use in the next sections, is to follow the “main principle of category theory ” as stated in [10,
p.179], that is: not to identify isomorphic cospans, but to view these canonical isomorphisms
as part of the (higher) structure. This naturally leads to the concept of a bicategory, that
will be reviewed in subsection 3.1 and used in subsections 3.2 and 4.3.

2.3. The category L, of Lagrangian cospans. We now take C to be the category of A-
modules, with A any integral domain. After observing that this is a category with pushouts,
we impose further conditions on our cospans and work with isomorphism classes thereof.

We begin with the following standard result, whose easy proof is left to the reader.

Lemma 2.4. The square

/\
\/

18 a pushout diagram in the category of A-modules if and only if the sequence

]1
(—t1,92)

H—— Tl@TQ*)PHO

18 exact. O

In particular, a pushout is given by the cokernel of the map (—iy,i2): H — T1®T» sending
to (—i1(z)) @ ia(z), so this is a category with pushouts.

By abuse of notation, we shall sometimes simply denote by T (the isomorphism class
of) a cospan of the form H — T « H’. For a cospan H —— T & H', consider the
submodule Ny := Ker(fii,) of H® H', where (71.,). H® H' — T maps (z,y) to i'(y) —i(x).
Note that if 77 and T, are isomorphic cospans, then Ny, and N7, are equal.

Lemma 2.5. For any two composable cospans T7 and T, we have Nt,or, = N1, N1, .

Proof. Consider two cospans H N T A H and H -2 Ty &Lofr, By definition, Np,or,
is the kernel of the map H & H” — Ty 0T} given by (z,2) — ja(i5(2)) — ji(i1(z)). Since Ty o
Ty is represented by the cokernel of the map (—i},i5): H — T1 & Ta, Npor, consists of
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the elements * @ z € H @ H” for which (—i1(z)) @ i5(z) lies in the image of (—i/,15).
Therefore, Np,o7, is equal to

{x®z2€ H® H"| i1(x) =) (y) and i5(y) = i5(2) for some y € H'}.

In other words, Nr,o7, is equal to Ker(_z,,%) Ker(fz:/i) = N1, N7,. O
2

Recall from the subsection 2.1 that if A is a submodule of a Hermitian A-module H,
then A con51sts of all x € H such that Az € A for a non-zero A € A. We shall say that

a cospan H S H s Lagrangian if Np is a Lagrangian submodule of (—H) & H'.
For instance, the identity cospan Iy is a Lagrangian cospan, since Ny = Ny is equal to the
diagonal relation Agy.

Proposition 2.6. Hermitian A-modules, as objects, and isomorphism classes of Lagrangian
cospans, as morphisms, form a category L. Moreover, the map T — Nt gives rise to a full
functor F': Ly — Lagr,.

Proof. As explained in subsection 2.2, it is a standard fact that the composition of isomor-
phism classes of cospans by pushouts is well-defined (i.e. does not depend on the choice of the
pushouts), is associative, with the identity cospan acting trivially. Therefore, we only need
to check that the composition of two Lagrangian cospans H — T <+ H' and H' — Ty < H”
is also Lagrangian, and that F' is a full functor. By Lemma 2.5, we have

Nryor, = Ny N1y = Ny, o Ny

Since Np, are Ny, are Lagrangian, N7, = Np,, Ny, = Ny, and Np, o N7y is also Lagrangian
by Theorem 2.1. Therefore, the cospan H — Ty o T} < H” is Lagrangian and F' i is a functor

Finally, given a Lagrangian relation N from H to H’, consider the cospan H N % H'
where T'= (H ® H')/N and i (resp. ') is the 1nclu810n of H (resp. H') into H & H' composed
with the canonical projection. By construction, it is a Lagrangian cospan with N7 = N = N,
so the functor F' is full. O

Let us conclude this subsectlon by notlng that the functor F': Ly — Lagr, is not faithful.

Indeed, given any cospan H S and any A-module T consider the cospan given

by H g TeT (<—) H'. One immediately checks the equality Ny = Nr. Therefore, if

the first cospan is Lagrangian and T is non-trivial, then these two cospans represent different
morphisms in Ly mapped by F' to the same morphism in Lagr,.

2.4. The core of the category L. Recall that the core of a category ¢ is the maximal
sub-groupoid of €. In other words, core(%) is the subcategory of € consisting of all objects
of ¥ and with morphisms all the isomorphisms of %.

We shall say that a cospan H 5 T <~ H'is invertible if i and 7' are A-isomorphisms.

Proposition 2.7. The core of Lp consists of Hermitian A-modules, as objects, and iso-
morphism classes of invertible Lagmngzan cospans, as morphisms. Furthermore, the map

assigning to such a cospan H — T <— H' the A-isomorphism i'~Vi: H — H' gives rise to
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an equivalence of categories core(Liy) =5 Uy, which fits in the commutative diagram

core(Ly) —— Lp

-| Ir

Ux —F>LagrA.

Proof. Given a cospan H 5 T ¢~ H' with i an isomorphism, one easily checks that the

diagram
H
it it
N

satisfies the umversal property for the pushout defining the composition of H 7 <— H

with H' L) T H. Hence, if both ¢ and " are isomorphisms, then these cospans are inverse
of one another, and therefore isomorphisms in Ly, i.e. morphisms in core(LA) Conversely,
let H L Ty <— H' be a morphism in core(Ly), and let H' l—) Ty <2~ H be its inverse.
Working with the cokernel representatives of 75 o 177 and T3 o T, this means that there
exist A-isomorphisms C := Coker(—i,i,) % H and C’ := Coker(—is,i1) % H’ such that the
following diagrams commute:

y H'

BN N
2 Y y 1
H

This implies that the following diagram has exact rows, and is commutative:

1
0—m M ger Wm

@/jiill lh@iz ﬁltp_l

O—>H’(—>)TI@T2*>C—>O
7’17Z2

H H

J2

Using the universal property of the pushouts 75 o 77 and T3 o 15, one can check that the
maps ¢'jii1 = ¢'jhio: H — H' and @13} = @jath: H — H are inverse of each other, and
therefore isomorphisms. By the five-lemma applied to the diagram above, i1 and iy are also
isomorphisms. Exchanging the roles of T} and 75 leads to the same conclusion for ¢} and i,
so both these cospans are invertible.

Now, let G: core(Lp) — Up be defined by assigning to the invertible cospan H T
H' the A-isomorphism #/~'i: H — H’. First note that isomorphic cospans are mapped to
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the same isomorphism. Next, observe that for any two invertible cospans H BN T S

,L‘/ .
and H' —2 Ty <2 H", we have

G(Ty 0 Ty) = (jaia) ' (jrin) = iy gy "jrir = iy tigiy 'in = G(T) o G(Th).
(Here, we used the fact that since jaia and iy are isomorphisms, so is jo.) We now check that

if a cospan H BLING AL Lagrangian, then i/~ 1

F(T)= Nr = Ker(_;,) = Ker(_l.i,) = Ker(_i;%) =T

7 is unitary. Indeed,

is a Lagrangian subspace of (—H) @ H'. Therefore, for any z € H and y € H’', we have

0=(—wau)(zai (i(z),y®i (i) = —w(z,y) + ' (" (i(x)),7(i(y))),
so i'~1i is indeed unitary. The equality F(T) = I';-1; displayed above also shows the com-
mutativity of the diagram in the statement.
It only remains to check that G is a fully-faithful functor. Given any unitary isomor-

phism f: H — H', the cospan H i> H & | s 1nvert1ble Lagrangian, and is mapped

to f by G. Flnally, if H 5 T <— H’ and H 2 T <— H' are invertible cospans
with 21 11 = 12 22, then the map 427 - 221 : T — T3 defines an isomorphism between
these two cospans. ]

Since A is an integral domain, we can consider its quotient field @ = Q(A). We shall
call a cospan H — T +— H' rationally invertible if iq := i ® Q and i =1 ®Q are Q-
isomorphisms. The next proposition can be checked by the same arguments as Proposition 2.7.
We therefore leave the proof to the reader.

Proposition 2.8. Hermitian A-modules, as objects, and isomorphism classes of rationally

inwvertible Lagrangian cospans, as morphzsms form a category core(Lp)?. Furthermore, the

map assigning to such a cospan H — T <— H' the Q-isomorphism zQ zQ gives rise to a
full functor core(Ly)° — U which fits in the following commutative diagram:

core(Lipy)? ——— Ly

| |-

0 —
A — Lagr, .

O

Summarizing this section, we have six categories which all have Hermitian A-modules as
objects. They fit in the following commutative diagram

(1) core(Lp) — core(Lp)? ——— Ly

where the horizontal arrows are embeddings of categories, the left-most vertical arrow is an
equivalence of categories, and the two remaining ones are full functors.
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3. A BICATEGORY OF LAGRANGIAN COSPANS

The aim of this section is to endow L with the structure of a bicategory. We begin by
recalling in subsection 3.1 the notions of bicategory and weak 2-functor, before defining the
bicategory of Lagrangian cospans in subsection 3.2.

3.1. 2-categories and 2-functors. Following the original work of Bénabou [3], it is a tra-
ditional practice to use the term “2-category” for what Kapranov and Voevodsky call a
“strict 2-category” [10]. As it turns out, the categories that appear in our work are not of
this type, but have a richer structure: that of some type of weak 2-category known as a
bicategory. We now recall the definition of this structure, following [3].

A bicategory € consists of the following data:

(i) A set Ob% whose elements are called objects.
(ii) For each pair of objects (X,Y), a category % (X,Y) whose objects are called 1-

morphisms and denoted by f: X — Y or by X i) Y, whose morphisms are called

f
2-morphisms and denoted by a: f = g, or by X @

g

Y , and whose composition

is called wvertical composition and denoted by

f g f
X\ga/Y’X\i}f_bY HX\%/;*%Y-

We shall denote the identity morphism for f by Id;: f = f.
(iii) For each object X, an identity 1-morphism Ix: X — X.
(iv) For each triple of objects (X,Y, Z), a functor €(X,Y) x €(Y,Z) — € (X, Z) denoted

by
,_i\ /Jf\k ’ESf\k
— T
X\%—a/rY7Y\%B/rZ HX\{ML%Z’
og

and called the horizontal composition functor.
Note that the functoriality of this composition boils down to the identity
Idfeldy = Idgoy
for any composable 1-morphisms f and g, and to the interchange law
(6oB)%(yoa)=(6%7)s(Bxa),

for each composable 2-morphisms «, 3, and d. This last condition is best understood by
saying that the following 2-morphism is well-defined, i.e. independent of the order of the
compositions:

NN
X Y 7.

e e
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If this horizontal composition is associative (both on the 1-morphisms and 2-morphisms)
and admits Ix as a two-sided unit, then we are in the presence of a (strict) 2-category. As
mentioned above, a bicategory has a richer structure: the horizontal composition is associative
and unital only up to natural isomorphisms, which are part of the structure. To be more
precise, a bicategory also contains the following data:

(v) For any triple of composable 1-morphisms f, g, h, an invertible 2-morphism
a=afgn: (hog)of=hol(gof)
which is natural in f, g and h, and called the associativity isomorphism.
(vi) For any 1-morphism X EN Y, two invertible 2-morphisms ¢ = {;: Iy o f = f and r =
rg: folx = f which are natural in f.

These natural isomorphisms must satisfy the following two coherence axioms. Given four
composable 1-morphisms e, f, g, h, there are two natural ways to pass from ((hog)o f)oe
to ho(go (foe)) using the associativity isomorphisms, one in two steps, the other one
in three. The associativity coherence ariom requires that these two compositions coincide.
Finally, given any l-morphisms X ERR N , the identity coherence azxiom requires the

Idg el
composition (go Iy) o f == go (Iy o f) =7 g o f to coincide with r, e Id;.

Let us now recall the definition of a weak 2-functor, also known as a pseudofunctor [9] and
originally called a homomorphism of bicategories by Bénabou [3].

Given two bicategories ¢ and 2, a weak 2-functor F: € — 2 consists of the following
data:

(i) A map #: Ob% — ObZ.
(ii) For each pair of objects (X,Y) in ¥, a functor ¢ (X,Y) - 2(F(X), #(Y)) denoted by

f Z(f)
o Z(X) (7@ F
X\g/y — Z(X) “‘9%?"’LJ(Y) .
7(q

Note that this functoriality is equivalent to the identities
F(Bra)=F(B)x F(a) and F(ldy)=Idgzy.

If we also have the identities .7 (Ix) = Iz(x), #(go f) = F(g) o F(f) and F([ea) =
F(B) ® F(a), then we are in the presence of a (strict) 2-functor. Our functor has a finer
structure: once again, these identities hold up to isomorphisms of functors, which are part of
the data as follows.

(iii) For each object X of ¢, an invertible 2-morphism ¢x: Iz(x) = Z (Ix) in Z.

i
(iv) For each X ERSTEA Z, an invertible 2-morphism ¢ = @, F(g) o F(f) = F(go f)
in 2 such that for any

f g
X de3y Aoy,
I’ g

we have the following equality of 2-morphisms in Z:
ppg *x(F(B)e F(a)) = F(Bea)xpry: Fg)oF(f)=F(gof).
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Finally, these isomorphisms of functors are required to satisfy two coherence axioms.

(1) For any composable 1-morphisms f, g, h of €, the composition

1d

(F(h) o F(9)) 0 F(f) = F(h) o (F(g) 0 F(f)) == F(h) o F(go f) = F(ho(gof))

is equal to the composition

(pold

(F(h) o F(g)) 0 F(f) = F(hog)o F(f) S F((hog)o [) = F(ho(gof)).

(2) For any X ER Y, the composition

Iroy o Z(f) 22 Z(Iy) o (1) £ F(Iy o 1) 2 Z(f)

coincides with £z, and similarly for r.

3.2. A bicategory of cospans. Our goal is now to define a bicategory of Lagrangian
cospans. To do so, we will first work in the more general setting of a category with pushouts.
We wish to emphasize that our resulting bicategory of cospans differs from the usual defini-
tion considered in the literature, where the 2-morphisms are usually taken to be morphisms of
cospans (see e.g. [3]). On the other hand, a notion dual to the 2-morphisms that we consider
was already studied by Morton [14] in another context (see also [15]).

Throughout this section, C is a category with pushouts in which we fix a pushout for each
span.

The objects of our bicategory are the objects of C and the 1-morphisms are the cospans
in C, where the horizontal composition is given by our choice of a fixed pushout. It remains to
deﬁne the 2-morphisms, the vertical composition, the associativity and identity 1somorphlsms

and what is left of the horizontal composition. A 2-cospan in C from H - T} L &

to H H T <— H’ consists of a cospan T 2 A2 Ty in C for which the two following
squares commute

e la&
N Ta/

Two such 2-cospans T} —» A <2 T and T} —> A <— T5 are said to be isomorphic if there
is a C-isomorphism f: A — A’ such that fa; = o} and fas = of. Abusing notation, we
shall often denote the isomorphism class of such a 2-cospan by A: 1T} = T5. These will be
the 2-morphisms in our 2-category.
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Let us now proceed with the definition of the vertical composition of the 2-morphisms A: T7 =
Ty and B: T = T5. It is best explained by the diagram

N

H-2,7,.2 m / lmh

Bx A

* \\_} ’0353
T3 <

H*>T2<—H’

N2

where B x A and v4,vp are given by the pushout diagram
BxA

y VB
o B\B%
N BTN
Ty Ty T
One can easily check that this indeed defines a 2-cospan.

Remark 3.1. In the special case where ag = idr, (resp P2 = idr,), this vertical composi-
tion T1 2% Bx A 2% Ty is isomorphic to Ty 2% B & Ty (resp. T1 % A €% 13). This is
a direct consequence of Remark 2.3.

On the level 2-morphisms, the horizontal composition of A: Ty = Ty and B: T3 = Ty is
described by the diagram

P ity Ty 0 Ty 0%
” V %@N o . / lag\ _ / lh31 \ //
H
% j;ﬁ?/z \ TQIQ/ \\ Thzg
4

J212 Tyo T2 iy

where jq,...,j4 are the maps that arise in the compositions T5 o T} and Ty o Ty (see the
diagrams below), B e A is given by the pushout

. Be AK
/ B
/A -/ Bail B Y/\IB-//
il % y 41
H H

"
H7,
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and the maps h3; and hyy are obtained as follows. Since haaiy = haagiy = hpBsiy
and haaoil, = hpfsiy = hpfaily, the pushout diagrams

(2)

ha h31T hp ha h42T hp
T3 oTy TyoTs

J3 B / Ja B
T53 042T T54
T3 Ts iﬁl

- g s

H/

2
H—
e

provide maps h3; and hygs which turn 75 o T3 ﬂ) BeA <hﬁ Ty o T5 into a 2-cospan, as one
easily checks.

The proof of the following theorem can be found in [15] in the dual context of spans. It
applies without change to the present setting.

Theorem 3.2. Let C be a category with pushouts in which a choice of pushout is fized for
each span. Objects in C, as objects, cospans in C, as morphisms, and isomorphism classes
of 2-cospans in C, as 2-morphisms, form a bicategory.

Note that strictly speaking, this bicategory depends on the choice of pushouts. However,
another choice would give a bicategory isomorphic in an obvious sense (see e.g. [3, p.22]).

The special case where C is the category of A-modules and the morphisms are Lagrangian
cospans yields the following corollary.

Corollary 3.3. Fiz a pushout for each span of A-modules. Hermitian A-modules, as objects,
Lagrangian cospans, as morphisms, and isomorphism classes of 2-cospans, as 2-morphisms,
form a bicategory. O

We shall call it “the” bicategory of Lagrangian cospans.

4. THE BURAU-ALEXANDER 2-FUNCTOR

The aim of this section is to define a weak 2-functor & from the bicategory of oriented tan-
gles to the bicategory of Lagrangian cospans where A is the ring Z[t*!] of Laurent polynomials
in one variable with integer coefficients. We proceed in two steps: in Subsection 4.1, we recall
the definition of the category of oriented tangles, and construct a functor #Z: Tangles — L.
In Subsections 4.2 and 4.3, we study the bicategory of tangles, and convert 4 into a weak 2-
functor with values in the bicategory of Lagrangian cospans.

4.1. The functor % on objects and 1-morphisms. We start by recalling the definition
of the category of oriented tangles. Let D? be the closed unit disk in R?. Given a non-
negative integer n, let x; be the point ((2j —n —1)/n,0) in D?, for j = 1,...,n. Let € and &’
be sequences of +£1’s of respective length n and n’. An (g,&’)-tangle is a pair consisting of
the cylinder D? x [0,1] and an oriented smooth 1-submanifold 7 whose oriented boundary

is Z?lzl ei(@},1) = >y €i(w5,0). Note that a (0, 0)-tangle is nothing but an oriented link.
Two (g, ¢')-tangles 71 and 75 are isotopic if there exists an isotopy h; of D?x [0, 1], keeping D? x
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T1 T2 T2 0Ty

E_—\/\:aE/ 5515” 57—)235”

« B -

~

FIGURE 1. An (g,¢’)-tangle 7 with e = (+1,—1) and ¢/ = (—1,+1,—-1,+1),
an (¢/,e")-tangle o with ¢” = (—1,+1), and their composition, the (e,&”)-
tangle 1 o 771.

{0,1} fixed, such that hy|. : 71 ~ 72 is an orientation-preserving homeomorphism. We shall
denote by I. the isotopy class of the trivial (¢,¢)-tangle (D?, {x1,...,z,}) x [0,1].

Given an (e, &’)-tangle 7 and an (¢/,¢”)-tangle o, their composition is the (¢,&”)-tangle 70
71 obtained by gluing the two cylinders along the disk corresponding to &', smoothing it if
needed, and shrinking the length of the resulting cylinder by a factor 2 (see Figure 1). Clearly,
the composition induces a composition on the isotopy classes of tangles, which is associative
and admits I, as a 2-sided unit. Therefore, the sequences of +1’s, as objects, and the isotopy
classes of tangles, as morphisms, form a category denoted by Tangles and called the category
of oriented tangles.

Recall that a tangle 7 C D? x [0,1] is called an oriented braid if every component of 7 is
strictly increasing or strictly decreasing with respect to the projection onto [0, 1]. The finite
sequences of +1’s as objects, and the isotopy classes of oriented braids, as morphisms, form a
subcategory Braids of Tangles, which is nothing but its core. Finally a tangle 7 C D? x [0, 1]
is called an oriented string link if every component of 7 joins D? x {0} and D? x {1}. Isotopy
classes of oriented string links are the morphisms of a category Strings which satisfies

Braids C Strings C Tangles,

where all the inclusions denote embeddings of categories.

We are now ready to define our Burau-Alexander functor % : Tangles — L. We start by
defining it on objects, following the construction of [6]. Denote by A ({z1,...,x,}) an open
tubular neighborhood of {1, ...,2,} in D?> C R?, and let S? be the 2-sphere obtained by the
one-point compactification of R?. Given a sequence € = (1,...,&,) of 1, set £o = > 1 | &;
and endow the compact surface

D :{ D>\ N ({z1,...,2n}) il #0
ET U S\ A (a1 an}) il =0

with an orientation (pictured counterclockwise), a base point z, and the generating fam-
ily {e1,...,en} of m1(Dg, 2z), where ¢; is a simple loop turning once around z; counterclockwise
if e; = +1, clockwise if e; = —1. The same space with the opposite orientation will be denoted
by —D-.

The natural epimomorphism Hi(D.) — Z, given by e; — 1 induces an infinite cyclic
covering ﬁg — D. whose homology is endowed with a structure of module over A = Z[t*!]
If £. # 0, then D, obviously retracts by deformation on the wedge of n circles representing
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~

the generators ey, ..., e, of m1(Dg,z), and one can check that H;(D.) is a free A-module of

~ ~

rank n — 1. (It is free of rank n — 2 if ¢, vanishes.) If ( , ): Hi(D.) x Hy1(D.) — Z denotes
the skew-symmetric intersection form obtained by lifting the orientation of D, to D., then

the formula
we(wyy) = S (ke gyt
keZ

~

defines a skew-Hermitian A-valued pairing on H;(D,) which is non-degenerate by [6, Lemma
3.2]. (This is the only reason for considering S? instead of D? when /. vanishes.) Therefore,
following the terminology of subsection 2.1, %(¢) := (Hy(D.),w.) is a frec Hermitian A-
module for any object € of the category of oriented tangles. Note that this coincides with the

definition of the Lagrangian functor % : Tangles — Lagr, of [6] at the level of objects.

Let us now turn to morphisms. First note that the existence of an (e,¢’)-tangle 7 C
D? x [0,1] implies that . = f». Denote by .4 (1) an open tubular neighborhood of 7
in D? x [0,1]. We shall orient the exterior

x _{ (D* % [0,1])\ A (1) if L #0
T (20, 1)\ A () ifle=0

of 7 so that the induced orientation on X, extends the orientation on the space (—D.)U D.s.
Clearly, the abelian group H;(X,) is generated by the oriented meridians of the connected
components of 7. The homomorphism H;(X;) — Z mapping these meridians to 1 extends the
previously defined homomorphisms Hq(D.) — Z and Hy(D./) — Z. It determines an infinite
cyclic covering )A(T — X, whose homology is endowed with a structure of module over A.

~ ~ ~ ~

Let ir: Hy(D:) — Hy(X;) and i,.: Hi(Do) — H1(X;) be the homomorphisms induced by

the inclusions of D, and D into X,. Since .7 (1) = Ker(_zf) is a Lagrangian submodule

of (—Hy(D.)) ® Hy(D.) [6, Lemma 3.3], it follows that Hy(D.) —= H1(X,) +— Hy(Dy) is a
Lagrangian cospan for any 1-morphism 7 in the category of oriented tangles. Note that the
equality above is nothing but the definition of the Lagrangian functor .# of [6] at the level of
morphisms.

~

Theorem 4.1. For any sequence € of £17s, set B(e) = (H1(D:),we) and for any isotopy

class T of tangles, let (T) denote the isomorphism class of the Lagrangian cospan Hi (135) iy
H\(X,) = Hy(D.). This defines a functor 2: Tangles — Ly which fits in the commutative
diagram

Braids —— String —— Tangles

| l ED

p(  core(Lp) — core(Lip)? ———— Ly

L . lr,

0
Uy U9\ L Lagr,,

e

r
where the left-most vertical arrow is the Burau functor, the horizontal arrows are the em-
beddings of categories described in Subsections 2.1 and 4.1, and F' is the full functor defined
in Subsection 2.3 (recall diagram (1)). Furthermore, if T is an oriented link, then () is
nothing but its Alezander module.

W
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Proof. For any object €, the cospan associated to the identity tangle I, is canonically isomor-
phic to the identity cospan I (). Let us now check that given 7 € T'(¢,¢’) and 7 € T(¢',€"),

we have the equahty %’(Tg oT11) = B(1e) o B(my). Let Hl( :) KN Hl( ) & Hl(ﬁs/)
and Hy(D.) i Hi(X, ) 2 Hy(D.») be the Lagrangian cospans arising from 7, and 7.

k212

We must show that H1( c) iy Hl( 3071) — Hl(Deu) is isomorphic to the composi-

tion Hy(D.) niy Hy( TS) o H1(Xn) <— Hl(D ), where ki, ko are the inclusion induced
maps and jq, ]2 are maps resulting from any representatlve of the pushout H; (XT3) oH; ()? ).
Observe that XTZOT1 decomposes as the union of XT1 and XT2 glued along D . Therefore, the
associated Mayer-Vietoris exact sequence

~ | (=i,i5) o (:;) o
Hl(Ds ) B Hl(XTl) S Hl(XTz> — Hl(XTQOTl) —0

together with Lemma 2.4 imply that Hy(X;,) LN Hy(Xryor,) & (X,,) is a representative
of the pushout H; ()?7'1) o Hy ()?72). The claim follows.

Then, observe that the Lagrangian functor .# is by definition the composition of the func-
tors #: Tangles — Ly and F': Ly, — Lagr,. Also, if 7 is an oriented string link, then %(7)
is a rationally invertible cospan by [13, Lemma 2.1], and thus belongs to core(L)? by defini-
tion. If 7 is an oriented braid on the other hand, then Z(7) is obviously an invertible cospan,
and therefore belongs to core(Ly) by Proposition 2.7. Finally, if 7 is a (0, 0)-tangle, that is, an
oriented link L, then the associated Lagrangian cospan is given by 0 — H; ()? 1) < 0, with X,
the complement of L in the 3-ball. A straightforward Mayer-Vietoris argument shows that
considering L in the 3-ball or in the 3-sphere does not change the Alexander module, and the
proof is completed. O

4.2. The bicategory of tangles. The aim is now to convert % to a weak 2-functor. To do
so, we first need to understand how tangles form a (possibly weak) 2-category. Once this is
done, we will switch from the category L to the bicategory of Lagrangian cospans and define
the weak 2-functor in subsection 4.3.

One might think that tangles produce a 2-category in a straightforward way [7]: simply
define the objects and 1-morphisms as in Tangles, and the 2-morphisms as isotopy classes
of oriented surfaces in D? x [0, 1] x [0, 1]. However, the corresponding vertical composition is
not well-defined: indeed, one needs to paste two surfaces along isotopic tangles, and since the
space of tangles isotopic to a fixed one is not necessarily simply-connected, different choices
of isotopies can lead to different surfaces.

There are a couple of ways to circumvent this difficulty. One of them is to restrict the space
of tangles whose isotopy classes form the 1-morphisms, so that the corresponding space of
isotopic tangles has trivial fundamental group. Such a construction was given by Kharlamov
and Turaev in [11] (see also [1]): they considered the class of so-called generic tangles, and
proved that the space of generic tangles isotopic to a fixed one (through generic tangles)
is simply-connected, thus obtaining a strict 2-category. However, it is more natural in our
setting to take the following alternative approach: define 1-morphisms as oriented tangles,
and consider isotopies bewteen tangles as part of the “higher structure”.

Let us be more precise. The objects of this bicategory are sequences € of +1’s, while the 1-
morphisms from ¢ to ¢’ are the (e, &’)-tangles in D? x [0, 1] that are trivial near the top and
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1

~
R €
/

D

T2

FIGURE 2. A cobordism ¥ C D? x [0, 1] x [0, 1] between two (e, ¢’)-tangles 71
and 7o, with ¢ = (+1,+1,—1) and &’ = (+1).

bottom of the cylinder. (This is to ensure that the composition of two tangles remains a
smooth 1-submanifold.)

Given two (g,¢’)-tangles 7 and 7o, a (71, 72)-cobordism is a pair consisting of the 4-
ball D? x [0, 1] x [0, 1] together with a proper oriented smooth 2-submanifold 3 whose oriented
boundary is given by

0% = (12 x {0}) U (¢ x {1} x [0,1]) U ((=71) x {1}) U (=) x {0} x [0,1]),

as illustrated in Figure 2. Note that a (0, ()-cobordism is nothing but a closed oriented
surface embedded in the 4-ball. Two (11, 72)-cobordisms ¥ and X' are isotopic if there exists
an isotopy hy of D? x [0, 1] x [0, 1], keeping 9(D? x [0, 1] x [0,1]) fixed, such that hy|s: ¥ ~ ¥
is an orientation-preserving homeomorphism and h(X) is a (71, 72)-cobordism for all ¢. We
shall denote by 3: 71 = 79 the isotopy class of a (71, 72)-cobordism ¥, and by Id, the isotopy
class of the trivial (7, 7)-cobordism (D? x [0, 1],7) x [0, 1].

Fix a (71, 72)-cobordism X and a (72,73)-cobordism Y'. Their wertical composition is
the (71, 73)-cobordism Y9 % ¥; obtained by gluing the two 4-balls along the cylinders con-
taining 79, and shrinking the height of the resulting 4-ball D? x [0,1] x [0,2] by a factor 2
(see Figure 3). Finally, fix (e,&')-tangles 71,72 and (¢/,¢”)-tangles 73,74. Given a (71, 72)-
cobordism ¥ and a (73, 74)-cobordism Yo, their horizontal composition is the (13071, 74072)-
cobordism Y5 @ ¥; obtained by gluing the two 4-balls along the cylinder D? x [0,1] corre-
sponding to &', and shrinking the length of the resulting 4-ball by a factor 2 (Figure 4).

The bicategory of oriented tangles can now be defined as follows: the objects are the finite
sequences of +1’s, the 1-morphisms are given by the tangles, and the 2-morphisms are given
by isotopy classes of cobordisms as described above. Finally, the associativity and identity
isomorphisms

a: (r3om)or = 130(R0m), lr:lsoT=71, rriTOl =T

are given by the trace of the obvious isotopies. It is a routine check to verify that all the
axioms of a bicategory are satisfied.

4.3. The weak 2-functor. We are now ready to define our weak 2-functor from the bicate-
gory of oriented tangles to the bicategory of Lagrangian cospans. Recall from subsection 3.1
that we must associate a Hermitian A-module #(e) to each object e, a cospan (1) to
each tangle 7 and an isomorphism class of 2-cospans to each cobordism Y. Additionally, for
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T1

Ty
/

T1

s

2 B Kzz * 2y

it

ﬁ : o S A
A

L/é/”

73

*

FIGURE 3. The vertical composition of a (71, 72)-cobordism ¥, and a (72, 73)-
cobordism Xy, the (71, 73)-cobordism g % X.

T30T1

n S 4
' N il

1
S ORI - TS -

| (N <y
] 7 N

T2 T4 T4 O T2

FIGURE 4. The horizontal composition of a (71, 72)-cobordism ¥; and
a (73, 74)-cobordism Yo, the (73 0 71,74 © T2)-cobordism Yo @ 3.

each €, we must define an invertible 2-morphism ¢ : I ) = %(I.) and for each pair 71,72
of composable tangles, an invertible 2-morphism ¢, -, : B(72) 0 B(11) = HB(T2 0 T1).

Let us associate to each object & the Hermitian A-module #(e) = (Hy(D.),w.) and to
cach (g,¢')-tangle 7 the Lagrangian cospan %(7) given by Hi(D.) T Hy (X,) ¢— Hy(D.).
(Note that we slightly abuse notations here, as Z(7) now no longer stands for the isomorphism
class of this cospan, but for the cospan itself.) As for 2-morphisms, we proceed as follows.

Fix two (g,&')-tangles 11, 72. Given a (71, 72)-cobordism ¥ C D? x [0,1] x [0,1], denote
by () an open tubular neighborhood of ¥ in D? x [0,1] x [0,1]. We shall orient the

exterior

We = { (D2 [0,1]x [0, 1) \ A () if £ #0

TS x 0,1 x [0,1)\ A () il =0

of ¥ so that the induced orientation on 0Wy, extends the orientation on the space (—X,, )UX,.
Clearly, H,(Wsx) is generated by the (oriented) meridians of the connected components of X.
The homomorphism H;(Wy) — Z obtained by mapping these meridians to 1 extends the
previously defined homomorphisms H; (X, ) — Z and H1(X,,) — Z. It determines an infinite
cyclic covering Wg — Wy, whose homology is endowed with a structure of module over A.
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Denote by Hy(D.) % Hy(X,,) <1 Hy(D.,) and Hy(D.) -2 Hy(X) &g ) the La-
grangian cospans arising from 7, and 79, and let o : Hy (X ) — Hl(Wg) and ag: H, (X ) —
Hl(Wg) be the homomorphisms induced by the inclusions of XT1 and XT2 into Wg Combin-
ing all these inclusion induced maps, the following diagram commutes

) Hl()?ﬁ) .,
N
Hyi(D,) H,(Wy) Hy(D.).
k Tf2 Z/,Q
Hl(XTz)

Hence, Hy(X,,) % H 1(Wg) &2 H(X,,) is a 2-cospan, whose isomorphism class we denote
by B(X): B(11) = B(12).

Given any object e, let a.: Hy(D.) — Hl()?]s) denote the isomorphism of A-modules
induced by the inclusion of D, in D, x [0,1] = X . This isomorphism fits in the commutative
diagram

Hy(D.)

R

Hy(D:) Hy(X1.) Hy(D.).

T e

Hy(X1.)

By Remark 3.1, the 2-morphism ¢.: Iy = %(I:) defined by this diagram is invertible, as
required in the definition of a weak 2-functor.

Given an (e,&’)-tangle 71 and an (¢/,”)-tangle 79, the first part of the proof of Theorem 4.1
actually shows that there is a canonical isomorphism ar,r, : Hy(Xr,) o Hy(Xr) = Hi(Xryor,)
which fits in the commutative diagram

(3) iy Hy(X,,) 0 Hi(Xy,) ¢ 3278
Hy (D) —— Hy(X,) Hy(Xrpor, ) 2 Hi(Dor),
\ \ Tzd / /
o P >H1(X72071) ~~~~~~~~~~ k212

where we follow the notations of the aforementioned proof. Hence, this defines a canonical 2-
morphism ¢, -, : B(11) 0 B(12) = PB(72 0 11), which is invertible by Remark 3.1.

Theorem 4.2. & together with the isomorphisms pe and @, -, gives rise to a weak 2-functor
from the bicategory of oriented tangles to the bicategory of Lagrangian cospans, whose restric-
tion to oriented surfaces is given by the Alexander module.

Proof. First note that isotopic cobordisms define isomorphic 2-cospans, so % is well-defined
at the level of 2-morphisms. Also, for any tangle 7, % clearly maps the trivial concordance Id -
to a 2-cospan canonically isomorphic to the identity 2-cospan Id g().
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Let us now verify that 2 preserves the vertical composition. Fix a (71, 72)-cobordism A
and a (72, 73)-cobordism B. Let H;(X ATI) 4 Hl(WA) & Hl()Z'Tz) and Hy (X ATQ) 5 Hl(WB) &

Hy(X.,) be the 2-cospans arising from A and B. We need to show that Hi(X;,) haog

kppB3 vAQ

Hl(WB*A) pa Hl(XTB) is isomorphic to the vertical composition Hl(X71> = Hl(WB) *

Hl(WA) QB—’Ba Hl(XT3) where k4, kp are the inclusion induced maps and va,vp are maps
resulting from any representatlve of the pushout Hl(WB) * H 1(WA) Observe that Wpya

decomposes as the union of WB and WA glued along XT2 Therefore, the associated Mayer-
Vietoris exact sequence

kA

(—az2,B2)
—5H (WA) @ Hl(WB) e, Hl(WB*A) —0

Hi(X,)

together with Lemma 2.4 1mply that Hl(WA) Fa, Hl(WB*A) LEE Hl(WB) is a representa-

tive for the pushout Hl(WA) * Hl(WB) Consequently, these two cospans are canonically
isomorphic and the claim follows.

Given tangles and cobordisms as illustrated below
/\U/\’L / /P 7

) B
\_/ \_/I ’

our next goal is to prove the equality
(4) 907'27'4*(‘%(B).<@(A)) :‘%(B.A)*wﬁm

up to isomorphism of 2-cospans. Since the 2-morphism ¢, ,, is represented by the 2-cospan H; ()A(TS)O

Hy(X,,) T (XTgoﬁ) & ()A(Tsoﬁ), Remark 3.1 implies that the right hand side of
equation (4) is represented by the 2-cospan

~ ~ k310 + o~ k ~
Hi(Xr,) 0 Hi(Xp) =37 Hi(Wpea) €2 Hi(Xri0m)

where k31 and k4o are induced by the inclusion maps. A similar argument shows that the left
hand side of equation (4) is represented by the 2-cospan

—1
hao Xrory
%

o~ —~ h —~ —_~ o~
HI(XTS)OHl(Xﬁ) i>Iql(I/VB).fll(I/VA) Hl(XMOTz)a

where this time, the maps hg; and hgs are the ones which arise from the definition of horizontal
composition. It now remains to find an isomorphism f of A-modules which fits in the following
commutative diagram:

Hi(X,,) o Hi(X,)

}‘3/ 310‘*“3

—~ — f —
Hy(Wp) e Hi(Wa)

Hi(WBea) -
(h\ k/u

420t7—2 T4 =

1(X’T4OT2)
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In order to construct f, first observe that the following diagram commutes

~

Y i/ Y i/
H((X,,) +—— H|(D.)) ——— H{(X,,)

] > Lo

Hy(Wa) «— Hy(Dy x [0,1]) — H,(Wg),

where all the maps are induced by inclusions. Hence, identifying Hy (D x [0, 1]) with Hy (D./),
the first map in the Mayer-Vietoris exact sequence

Hy(Dy) —— H\(W4) & H\(Wg) —— Hy(Wgea) —— 0

is given by (—agif, f3i4). It now follows from Lemma 2.4 that the cospan of inclusion induced
maps Hl(WA) k4 H1(/WB.A) Vi H1(WB) is a representative of the pushout Hl(WA) ha
H 1(WB) o H 1(/1/17,4) g 1 (WB). Invoking the corresponding universal property, this produces
a A-module isomorphism f: Hy(Wpg)e Hi(W4) — Hi(Wpea) with fhy = k4 and fhp = kp.
Using successively the definition of o, -, (see diagram (3) for the relevant notations), the
commutativity of inclusion induced maps, and the equalities above, one gets

F k310 ry gz = [ Ykaiks = fkpBs = hpfs.

The equality f~'ksjarrj1i = haaq is proved similarly. Hence, the universal property of
diagram (2) implies that h3; = f~lksiar, .. The equality hyo = f~'kgo0r,-, can be dealt
with in the same way, and equation (4) is proved.

Given an (g, &’)-tangle 7, we must now show that the 2-morphism Z(r;)* @1+ * (I(;) ®pe)
coincides with rg-y: B(7) o0 lg) = %(7). First observe that by Remark 2.3, one can choose
representatives of the pushouts so that for any cospan H — T < H’, one has Toly =T. In
particular, we only need to prove that, for this choice of pushouts,

(5) B(r7) * 1.0 *x (Lgry ® 0e) = Ly
As a first step, using the definition of the horizontal composition and Remark 2.3, we deduce
that I, e - is represented by the 2-cospan
Hi(X;) 2% Hi(X,) < Hi(X,) o Hi(X1.),
where h is the unique morphism which fits in the following commutative diagram (recall
diagram (2)):
H, (X T)
i hT id

~ ~

Hy(X7) o Hi(X1.)

mb.) L ()
aglt Ti'd
Hy(X1.) Hi(X7).
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A short computation using Remark 2.3 then shows that the left hand side of equation (5) is
represented by the 2-cospan

-1
ar.+h

o~ o~ —1 o~
Hi(X,) Hy(Xror.) & Hi(X,),

where 7: Hy (X 7o ) — Hp ()/(\'T) is the isomorphism induced by the obvious isotopy from 7o I,
to 7. We now claim that r induces a 2-cospan isomorphism from /(. to this cospan. To prove

this claim, we only need to show the equality ’I“Oé[ETh_l = id i.e. to check that ray_ -

Hi(X:)
satisfies the defining property of h displayed above. Since ay_, jll( arid ar.rj2 are the inclusion
induced homomorphisms (recall diagram (3)), this follows from the functoriality of homology.
The proof of the equality H({;) x 0r1, * (per ® L(r)) = Lg(ry is dealt with in the same way.
Finally, the axiom involving the associativity isomorphisms is left to the reader: although
the proof is tedious, it involves no other ideas than the ones presented up to now. Therefore
we have proved that £ is a weak 2-functor and we turn to the last statement of the theorem.

If ¥ is a (0, 0)-cobordism, that is, a closed oriented surface in the 4-ball, then the associated 2-

cospan is given by

\H?WE/

with Wy the complement of ¥ in the 4-ball. This is nothing but the Alexander module
of X. O

5. UNREDUCED AND MULTIVARIABLE VERSIONS

Recall that the representation originally defined by Burau takes the form of a homomor-
phism p,,: B, = GL,(A), which is the direct sum of a trivial 1-dimensional representation
with pp,: By, — GLj—1(A), the reduced Burau representation. Also, these representations ad-
mit multivariable extensions, the so-called Gassner representations of the pure braid groups.
It is therefore natural to ask whether these variations of the Burau representation can also
be extended to weak 2-functors. This is indeed the case, and is the subject of this slightly
informal last section.

More precisely, we start in subsection 5.1 by explaining how p can be extended to a func-
tor % on tangles. This functor is no longer Lagrangian (p is not unitary) but it is monoidal
and behaves well with respect to traces. In subsection 5.2, we indicate how to extend it to a
weak 2-functor. Finally, in subsection 5.3, we briefly explain how all of these constructions
can be extended to multivariable versions, defined on the category of colored tangles.

5.1. Extending the unreduced Burau representation to a monoidal functor. Given
an integral domain A, let C, denote the category with finitely generated A-modules as objects,
and isomorphism classes of cospans as morphisms, composed by pushouts. Also, let GLx
denote the groupoid with the same objects as Cp and A-isomorphisms as morphlsms As in

Section 2, one can check that the map assigning to an invertible cospan H — T % H'
the A-isomorphism #~'i: H — H’ defines an equivalence of categories core(Cp) — GLjy.
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Note that the direct sum endows these categories with a monoidal structure, with the trivial A-
module H =0 belng the identity object. Given an endomorphism of C,, i.e. a cospan of the

form H — T <— H, define the trace of T as the coequalizer

7 .
HZ 3T —"t(T).

il

Viewing tr(7T") as the isomorphism class of the cospan 0 — tr(7) < 0, the trace actually
defines a map tr: End(H) — End(0). It is an amusing exercise to check that it satisfies the
following properties, as it should (see e.g. [17, p. 22]).

(4) If Ty is a cospan from H to H' and T from H' to H, then tr(T} o Ty) = tr(Th o T}).
(i) If Th and Ty are two endomorphisms, then tr(7; @ To) = tr(71) o tr(1s).
(#ii) If T is an endomorphism of 0, then tr(7) = T.

These additional structures are also present in the category of tangles. Indeed, the juxtapo-
sition endows Tangles with a monoidal structure, with the empty set € = () being the identity
object. Furthermore, the closure of a tangle defines a natural trace function End(e) — End(0).
In this context, the unreduced Burau representation can be understood as a monoidal func-
tor p: Braids — GLj, where A = Z[t*1].

We now sketch the construction of a monoidal functor %: Tangles — C, extending p, and
behaving well with respect to traces. We shall follow the notation of Section 4, apart from
the fact that all exteriors will be considered in the unit disc D?, and not the sphere S? even
when /. vanishes. Let o be the point (—1,0) in D?. For any sequence ¢ of +1’s, set %(c) =
H 1(D5, Zo) and for any 1sotopy class 7 of tangles let %(7) denote the isomorphism class of

the cospan Hy(D.,Ty) —= Hl(XT,:no x TI) & Hi(D., %), where Y stands for the inverse
image of a subspace Y C X by the infinite cyclic covering map )?\T — X,. Following almost
verbatim the proof of Theorem 4.1, one checks that this defines a functor %: Tangles — Cj
which fits in the commutative diagram

/ Braids —— Tangles
|7

GL) +— core CA) — = C,.

Furthermore, an additional application of Mayer-Vietoris shows that this functor is monoidal.
(The basepoint xq is chosen so that the juxtaposition of tangles can be realized in a natural
way by gluing discs along intervals, with zp a common endpoint of these intervals.) Finally,
if 7 is an (e,¢)-tangle, then tr(%(7)) is nothing but the relative Alexander module of the
oriented link in D? x I (or equivalently, in S%) obtained by the closure of 7.

5.2. % as a monoidal weak 2-functor. One can modify C, to obtain a bicategory in the
exact same way as we did for L, with 2-morphisms given by isomorphism classes of 2-cospans
(recall subsection 3.2). Furthermore, the direct sum endows this bicategory with a monoidal
structure.

Also, the juxtaposition endows the bicategory of tangles with a monoidal structure. Here
again, some care is needed, as different conventions such as the ones in [11] and [1] will lead
to different monoidal bicategories. We will not go into these details, but only mention that
our construction is robust enough to be valid in these different settings.
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Let us sketch how the functor % can be extended to a weak 2-functor, following the notation
of subsection 4.3. Given a (71, 72)-cobordism ¥, let us denote by Z(X): £(11) = AB(12) the
isomorphism class of the 2-cospan

Hy(Xr,, w0 x 1) 2% Hy (W, 20 x I x I) <2 H(X,,, 70 x I).

One can check that this defines a weak 2-functor, that is monoidal in a sense that, once again,
we shall not discuss in detail here.

5.3. Multivariable versions. Let p be a positive integer. Recall that a p-colored tangle
consists in an oriented tangle 7 together with a surjective map assigning to each component
of 7 an integer in {1,...,u}. As explained in [6, Section 6.1], u-colored tangles naturally form
a category Tangles,, with the u =1 case being nothing but Tangles. Obviously, assigning
a color to the cobordisms and proceeding as in subsection 4.3, one obtains a bicategory of u-
colored tangles.

All the results of the present paper extend to this multivariable setting in a straightforward
way, that we now very briefly summarize. The coloring of points, tangles and cobordisms
induces homomorphisms from the homology of the corresponding exterior onto Z*, thus
defining free abelian covers whose homology is a module over the ring of multivariable Laurent
polynomials Z[Z*] = Z[t{, ... ,tffl] =: A,. This allows one to construct a weak 2-functor
from the bicategory of u-colored tangles to the bicategory of Lagrangian cospans over A,
which extends the colored Gassner representation of u-colored braids, and whose restriction
to p-colored links and surfaces is nothing but the multivariable Alexander module. The results
of subsections 5.1 and 5.2 can be extended in the same way.
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