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Abstract. Algebraic concordance of knots can be understood from the perspective of Seifert

matrices, Blanchfield forms, and homology surgery. We initiate a systematic study of algebraic

concordance for links from each of these viewpoints. The present article is concerned with
algebraic concordance from the perspective of homology surgery and Blanchfield forms, whereas

a companion article by the third named author focuses on C-complexes and generalised Seifert

matrices. The outcome of the present work consists of two obstructions to µ-component links
being concordant. The first obstruction, called the homology surgery invariant , takes values in

the Witt group of hermitian forms over the field of fractions Q of Z[Zµ]. The second obtruction,

called the Blanchfield invariant , takes values in a Witt group of Q/Z[Zµ]-valued hermitian
linking forms. For µ ≤ 2, we describe these invariants in terms of generalised Seifert matrices.

1. Introduction

Two knots K1,K2 ⊂ S3 are concordant if they cobound a locally flat annulus in S3 × [0, 1]. A
knot is slice if it bounds a locally flat disc in the 4-ball or, equivalently, if it is concordant to the
unknot. Invariants of knot concordance can be constructed using a variety of methods ranging
from algebraic topology to gauge theory, Khovanov homology and Heegaard-Floer homology; see
e.g. [OS03, Ras10, KM13, Hom17]. However, one of the oldest results in the area states that if a
knot is slice, then it is algebraically slice [Lev69], meaning that any of its Seifert matrices is meta-
bolic (i.e. congruent to a matrix of the form ( 0 B

C D ), where B,C,D are square matrices). In fact,
given a knot K, the following conditions are equivalent (see [COT03, Theorem 1.1] and [Kea75]).

(1) The knot K is algebraically slice.
(2) For any spin 4-manifoldW with boundary the 0-surgeryMK := S3

0(K) such that the inclu-
sion induces an isomorphism H1(MK) ∼= H1(W ), the Z[Z]-intersection form λW vanishes
on a submodule of H2(W ;Z[Z]) whose image in H2(W ) is a Lagrangian.

(3) The Blanchfield form BlMK
is metabolic.

For characterisations of algebraic sliceness involving gropes and Whitney towers, see [COT03].

There are concordance invariants that capture each of these obstructions: the Witt class [A] of
any Seifert matrix of K, the class λ(K) := [λW ] ∈ L4

S(S
−1Z[Z])/L4(Z[Z]) of the Z[Z]-intersection

form of any (spin) Z-filling W of the 0-surgery MK , and the Witt class [BlMK
] ∈ L4(Z[Z], S) for

a suitable multiplicative subset S ⊂ Z[Z]. Here and in what follows, L4 denotes symmetric L-
theory; these groups are reviewed in Appendix A. The details of these constructions are provided in
Section 1.5, as is motivation, historical context, justification for the terminology, and comparisons
with prior work in the area.

The goal of this work and of [Sim26b, Sim26a] is to initiate a systematic study of algebraic
concordance of links. Indeed, whereas many ideas in knot concordance have been generalised to
links, algebraic concordance appears to have fallen through the cracks (for algebraic concordance of
boundary links, see [CS80, Ko89, LD88, She03], for link concordance in the context of the solvable
filtration of [COT03], see e.g. [Har08, Cha14]). The present article is concerned with algebraic
concordance from the perspective of homology surgery and Blanchfield forms, whereas [Sim26a]
focuses on the Seifert matrix theoretic approach.

1.1. The homology surgery invariant. Generalising the case of knots, two µ-component links L
and L′ are concordant if they cobound µ disjoint locally flat annuli in S3 × [0, 1]. Here and
in what follows, links are assumed to be ordered and oriented. Set ML,L′ := XL ∪ XL′ (see
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Construction 4.1 for a more precise definition) and call a homomorphism φ : H1(ML,L′) → Zµ
meridional if it extends the maps H1(XL)→ Zµ and H1(XL′)→ Zµ that send the i-th meridian
to the i-th canonical basis element. When L = K is a knot and L′ is the unknot, then ML,L′ is
the 0-surgery on K and there is a unique meridional homomorphism. For links, there is in general
no canonical choice of φ and, as a consequence, our invariants will be invariants of triples (L,L′, φ).
In favourable cases, independence of φ can be established.

Our first result concerns a generalisation of the invariant λ(K). In what follows, given a 4-

manifold W together with a map ψ : H1(W ) → Zµ, we write λQW for its Q-intersection form

and λQW for its Q-intersection form, where Q := Q(t1, . . . , tµ) is the field of fractions of the group

ring Λ := Z[Zµ] = Z[t±1
1 , . . . , t±1

µ ]. As described in more detail in Section 2, given two µ-component
links L,L′, a meridional homomorphism φ : H1(ML,L′) → Zµ, and a Zµ-filling W of ML,L′ , one
can consider the difference

λ(L,L′, φ) := [λQW ]− [λQW ] ∈ L4(Q).

A filling W as above exists if and only if L and L′ have the same linking numbers and total Milnor
invariant [DNOP20], a refinement of the set of triple Milnor numbers. The fact that λ(L,L′, φ)
does not depend on the choice of the filling is proved in Proposition 2.3; the argument is a variation
on [Cha10, Section 2] and [CNT20, Proposition 2.10]. Our results on λ(L,L′, φ) can be summarised
as follows.

Theorem 1.1. Given two µ-component links L and L′ and a meridional φ : H1(ML,L′) → Zµ,
the homology surgery class λ(L,L′, φ) ∈ L4(Q) satisfies the following properties.

(1) (Definedness of the invariant) The class λ(L,L′, φ) ∈ L4(Q) is defined if and only if L
and L′ have the same linking numbers and total Milnor invariant.

(2) (Concordance invariance) If L and L′ are concordant µ-component links, then there exists
a meridional homomorphism φ : H1(ML,L′)→ Zµ such that λ(L,L′, φ) = 0.

(3) (Independence of the choice of φ for µ ≤ 2) If µ ≤ 2, then λ(L,L′, φ) ∈ L4(Q) does not
depend on the choice of φ and we write

λ(L,L′) := λ(L,L, φ).

(4) (Calculation for µ = 1) If L = K and L′ = K ′ are knots, then

λ(K,K ′) = [HF ⊕−HF ′ ] ,

where the matrix HF associated to a Seifert surface F for a knot K is defined in Con-
struction 5.8. In particular, the class [HF ] ∈ L4(Q) is a concordance invariant.

(5) (Calculation for µ = 2) If µ = 2, then

λ(L,L′) = [HF ⊕−HF ′ ] ,

where the matrix HF associated to a nice C-complex F for a 2-component link L is defined
in Construction 5.8. In particular, the class [HF ] ∈ L4(Q) is a concordance invariant.

The first item is a consequence of the definition of λ(L,L′, φ) and [DNOP20, Theorem 1.1].
The second item follows relatively promptly from the definition of the invariant, see Theorem 4.4.
The third item is proved in Proposition 4.3. The fourth item has not appeared explicitly in print
but can be seen as a consequence of work of Litherland [Lit84] and Ko [Ko89] (even though our
geometric construction is different from theirs; see Remark 5.17). Our main contribution is the
fifth item of the theorem. The proof of these latter two statements can be found in Theorem 5.26.

Our computation of λ(L,L′) is obtained by calculating a Λ-intersection form of auxiliary man-
ifolds W and W ′ with π1(∂W ) → π1(W ) ∼= Zµ surjective and applying Novikov-Wall additivity
to obtain the intersection form over Q. This strategy does not apply for µ > 3 because for such 4-
manifolds, the Λ-module H2(W ; Λ) is free if and only if µ ≤ 3 (see Lemma 6.1). We also note that
the dependence of the homology surgery class on φ is reminiscent of the theory of Casson-Gordon
invariants [CG86] as well as higher order signatures [COT03].
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1.2. The Blanchfield invariant. Next, we generalise the invariant Bl(K) := [BlMK
]. For a

knot K, the Alexander module H1(MK ; Λ) is torsion and BlMK
is nonsingular. On the other hand,

given two µ-component links L and L′ and a meridional homomorphism φ : H1(ML,L′) → Zµ,
the Blanchfield form BlφML,L′ on the torsion submodule TH1(ML,L′ ; Λ) of the Alexander mod-

ule might be singular. A remedy (that goes back to Blanchfield [Bla57]) involves taking the
quotient of TH1(ML,L′ ; Λ) by its maximal pseudonull submodule zH1(ML,L′ ; Λ), a notion that
we review in Appendix B. The arguments of Blanchfield show that the form BlφML,L′ descends

to t̂H1(ML,L′ ; Λ) := TH1(ML,L′ ; Λ)/zH1(ML,L′ ; Λ) leading to a nondegenerate linking form

B̂l
φ

ML,L′ : t̂H1(ML,L′ ; Λ)× t̂H1(ML,L′ ; Λ)→ Q/Λ.

In particular, B̂l
φ

ML,L′ determines an element in the Witt group L4
nd(Λ,Λ \ {0}) of nondegenerate

linking forms. For brevity, we set

Bl(L,L′, φ) := [B̂l
φ

ML,L′ ] ∈ L
4
nd(Λ,Λ \ {0}).

We emphasise that L4
nd(Λ,Λ\{0}) does not agree with the Witt group L4(Λ,Λ\{0}) of nonsingular

linking forms over torsion Λ-modules admitting a projective resolution of length 1 (i.e. admitting
a square presentation matrix). As we recall in Section A, this latter Witt group is the one that
occurs when µ = 1, and that is involved in L-theory.

Notation 1.2. A homomorphism φ : H1(Y ) → Zµ is an element of HomZ(H1(Y ),Zµ) ∼= [Y,Tµ].
When Y is an oriented closed 3-manifold and µ = 3, the degree of φ, denoted deg(φ) ∈ Z, refers
to the degree of the associated homotopy class of a map fφY : Y → T3, i.e. deg(φ) is the unique
integer such that (fφY )∗([Y ]) = deg(φ)[T3].

Our results on the Blanchfield form can be summarised as follows. In this statement and in
the rest of the article, we denote by ∆L ∈ Λ = Z[Zµ] the multivariable Alexander polynomial of
a µ-component link L, an invariant that is well-defined up to multiplication by units of Λ.

Theorem 1.3. Given two µ-component links L and L′ and a meridional φ : H1(ML,L′) → Zµ,
the Blanchfield class Bl(L,L′, φ) ∈ L4

nd(Λ,Λ \ {0}) is always defined, and satisfies the following
properties.

(1) (Concordance invariance) If L and L′ are concordant µ-component links, then there exists
a meridional homomorphism φ : H1(ML,L′)→ Zµ such that Bl(L,L′, φ) = 0.

(2) (Independence of the choice of φ for µ ≤ 2) If µ ≤ 2, then Bl(L,L′, φ) does not depend on
the choice of φ and we write

Bl(L,L′) := Bl(L,L′, φ).

(3) (Existence of square presentation matrices for Bl(L,L, φ)) Assume ∆L,∆L′ ̸= 0. If µ ≤ 2,
then BlφML,L′ (and thus t̂H1(ML,L′ ; Λ)) can be represented by a square hermitian presen-

tation matrix. If µ > 3, and if µ = 3 and deg(φ) ̸= ±1, then the module t̂H1(ML,L′ ; Λ)
(and thus BlφML,L′ ) cannot be represented by a square presentation matrix.

(4) (Nonsingularity) Assume that ∆L,∆L′ ̸= 0. If either µ ̸= 3, or µ = 3 and deg(φ) ̸= 0,

then the Blanchfield form B̂l
φ

ML,L′ is nonsingular. Therefore, if µ ≤ 2 and ∆L,∆L′ ̸= 0,

then the Blanchfield class determines an element Bl(L,L′) ∈ L4(Λ,Λ \ {0}).
(5) (Calculation for µ = 1) If L = K and L′ = K ′ are knots, then

Bl(K,K ′) = Bl(K)⊕−Bl(K ′).

Here Bl(K) denotes the Witt class of the Blanchfield form BlMK
and the latter is repre-

sented by any hermitian matrix HF (t) as in Construction 5.8.
(6) (Calculation for µ = 2) If L is a 2-component link with linking number one and L′ = H is

the Hopf link, then the linking form BlφML,H
is represented by HF for a nice C-complex F

for L.
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The first item is well known for knots [Kea75] and for links when the coefficients are taken in
the localisation ΛS := Z[t±1

1 , . . . , t±1
µ , (t1 − 1)±1, . . . , (tµ − 1)±1] of Λ; see e.g. [Hil12b]. To the

best of our knowledge, there is no published proof involving Λ coefficients; we provide one in
Theorem 4.4. The second item is proved in Proposition 4.3. The third item is a consequence of
Proposition 6.4 for µ ≤ 2 and of Proposition 7.2 for µ > 2. A proof of the fourth item can be
found in Proposition 7.4. The direct sum formula in the fifth item is proved in Proposition 4.6;
the fact BlMK

is represented by HF is implicit in the combination of work of Litherland [Lit84]
and [Ko89] but also follows from our work. The sixth item is proved in Corollary 6.7.

Remark 1.4. We comment on the relevance of items (3) and (4). The long exact sequence
in L-theory requires one to work with even linking forms (T, b) where T has projective dimension
one and b is nonsingular (see Appendix A). As will become apparent below, knowing whether the
Blanchfield form satisfies these conditions is therefore relevant to deciding whether the Blanchfield
class is related to the homology surgery class.

Remark 1.5. If L and L′ are 3-component links with vanishing pairwise linking numbers, then
the integer deg(φ) appearing in items (3) and (4) coincides with the difference µL′(123)−µL(123)
of triple linking numbers, see Example 7.5.

By contrast with the first item of Theorem 1.3 (which concerns [B̂l
φ

ML,L′ ] ∈ L4
nd(Λ,Λ \ {0})),

when B̂l
φ

ML,L′ is nonsingular and is defined on a module that admits a square presentation matrix,

we are not able to prove that Bl(L,L′, φ) ∈ L4(Λ,Λ \ {0}) is a concordance invariant: the issue
lies in showing that the metaboliser has projective dimension 1. When µ ≤ 2, we are able to
circumvent this issue using Theorem 1.6 below. The case where µ = 3 and deg(φ) = ±1 remains
open.

1.3. Relating the invariants. We describe how the invariants λ(L,L′, φ) and Bl(L,L′, φ) are
related. For µ = 1, this is a folklore result, see e.g. [Lit84] as well as the discussion in Section 1.5.
We refer to Theorem 6.6 for the proof.

Theorem 1.6. Fix µ ≤ 2 and let L and L′ be two µ-component links with equal linking numbers
and ∆L,∆L′ ̸= 0. The natural homomorphism L4(Q)→ L4(Λ,Λ\{0}) whose definition is recalled
in Appendix A takes the homology surgery invariant λ(L,L′) to the Blanchfield invariant Bl(L,L′).
In particular, if λ(L,L′) vanishes in L4(Q), then so does Bl(L,L′) in L4(Λ,Λ \ {0}).

The second point of Theorem 1.1 together with the first point of Theorem 1.6 immediately yield
the following corollary.

Corollary 1.7. Fix µ ≤ 2 and let L and L′ be two µ-component links with equal linking numbers
and ∆L,∆L′ ̸= 0. If L and L′ are concordant, then Bl(L,L′) vanishes in L4(Λ,Λ \ {0}). □

Remark 1.8. As we discuss in Section 2, for µ ≤ 2, it is also possible to consider a variation
on the invariant λ(L,L′). Namely, if the linking numbers of L and L′ agree, then one can pick a
filling (W,ψ) of (ML,L′ , φ) over Zµ with ψ an isomorphism and set

λ̃(L,L′) := [λQW ] ∈ L4(Q)/ im(L4(Λ)→ L4(Q)).

This invariant satisfies all the same properties as λ(L,L′) with the same proofs (in fact the proofs

are slightly simpler since λQW need not be taken into account). The difference between λ̃(L,L′)
and λ(L,L′) is that, since there is an injection L4(Q)/ im(L4(Λ)→ L4(Q)) ↪→ L4(Λ,Λ \ {0}), the
class λ̃(L,L′) is trivial if and only if Bl(L,L′) is trivial. One drawback of λ̃(L,L′) is that we are
only able to define it when µ ≤ 2, see Remark 2.5.

1.4. Generalised Seifert matrices. Concordant knots have Witt equivalent Seifert matrices.
One of the initial motivations for this project was to understand whether a similar statement holds
for the generalised Seifert matrices Aε of [Coo82b, Cim04, CF08] or for the matrix H(t1, . . . , tµ)
involved in the definition of the multivariable signature σL : (S

1 \ {1})µ → Z. A positive result in
this direction is given by the following corollary of Theorem 1.1.
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Corollary 1.9. Let µ ≤ 2 and let L be a µ-component link with ∆L ̸= 0. For any nice C-
complex F for L, the class [HF ] ∈ L4(Q) is a concordance invariant such that the signature
of HF (ω) coincides with the value at ω of the extended multivariable signature σL : (S

1)µ → Z
defined in [CMP25].

However, it is not true that concordant links have Witt equivalent generalised Seifert matrices.
Actually, a given link can admit two C-complexes yielding generalised Seifert matrices which are
not Witt equivalent, as demonstrated by the following example.

Figure 1. A C-complex for the Hopf link.

Example 1.10. Consider the C-complex F for the Hopf link shown in Figure 1. In the ba-
sis {a, e1, b, e2, c, d} depicted therein, the generalized Seifert form α−−

F : H1(F ) × H1(F ) → Z
defined by αF (x, y) = ℓk(x−−, y) is represented by the matrix

A−−
F =


0 0 1 0 −1 0
1 −1 0 0 0 0
1 0 0 0 0 0
0 0 1 −1 0 0
0 0 0 0 0 0
0 0 1 0 −1 0

 .

One readily check that the real symmetric matrix A−−
F + (A−−

F )T is non degenerate and has

signature −2, so α−−
F is not metabolic. On the other hand, the Hopf link also admits a con-

tractible C-complex F ′, whose associated form α−−
F ′ is clearly metabolic. As a consequence, the

generalised Seifert forms α−−
F and α−−

F ′ are not Witt equivalent.

This contrasts with double concordance: any strongly doubly slice link admits a collection of
generalised Seifert matrices {Aε} where Aε is hyperbolic for each ε [CO22, Theorem 1.13]. For
a more thorough discussion of generalised Seifert matrices in the context of link concordance, we
refer to [Sim26a, Sim26b].

1.5. History and further motivation. In this section, we describe the geometric content of the
homology surgery obstruction and justify the chosen terminology. For motivation, it is helpful to
first recall some history in the case of knots.
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Algebraic concordance via Seifert matrices. We begin by recalling the motivation behind the
definition of algebraic concordance [Lev69]. The idea is that for n ≥ 2, if an n-dimensional
knot K ⊂ S2n+1 bounds a Seifert hypersurface that admits a metabolic Seifert matrix, then it
is possible to ambiently surger this Seifert surface into a disc, thus proving that K is slice. In
high dimensions, the Witt class of the Seifert form is therefore a complete obstruction to sliceness
whereas in the classical dimension, it leads to the notion of algebraic concordance. This is the
definition that motivates the search for an analogue of Levine’s condition in terms of generalised
Seifert matrices, leading to [Sim26a] and to the results summarised in Section 1.4.

Blanchfield forms. In the seventies, Kearton recast Levine’s notion of algebraic concordance using
Blanchfield forms [Kea75]. As we have seen, it is possible to generalise this version of algebraic
concordance to links at the price of using a different and less amenable Witt group. This was the
content of Theorem 1.3.

Homology surgery. We now describe Cappel-Shaneson’s homology surgery theoretic approach to
algebraic knot concordance [CS74]. This is the most technical approach, so we take the time to
survey some of the main ideas in order to provide context and motivation for Theorem 1.1.

We begin with knots. Using Freedman’s work [Fre82, FQ90], a knot K ⊂ S3 is seen to be
slice if and only if its 0-surgery MK bounds a 4-manifold W with π1(W ) normally generated
by a meridian and H2(W ) = 0. One incarnation of the homology surgery theory programme
consists of first finding a degree one normal map f : (W,MK)→ (S1 ×D3, S1 × S2) with f |MK

a
homology equivalence, and then studying the obstruction to f itself being normal bordant to the
desired Z-homology equivalence, an obstruction denoted by

σ(f) ∈ Γ4(Z[Z]→ Z).

Here and in what follows, Γ4 (resp. L4) denotes quadratic Γ-groups (resp. quadratic L-theory).
Performing surgeries if necessary, one can assume that f is a π1-isomorphism.

In high dimensions, σ(f) is the only obstruction for f to be normal bordant to a homology
equivalence and it therefore leads to a calculation of the knot concordance group [CS74, CS80]
(though the programme is carried out a little differently and involves a relative Γ-group, see
e.g. [CS80, Lemma 3.1 and Theorem 4.1]).

In the classical dimension, these two steps are part of an infinite process [COT03]: as noted
in [BPR21, Proposition 23.19], finding such a degree one normal map is equivalent to requiring
that Arf(K) = 0 (this is 0-solvability); on the other hand, the vanishing of the surgery obstruction
corresponds (in a way that we will outline below) to algebraic concordance (this is 0.5-solvability).

Remark 1.11. Roughly speaking, the obstruction σ(f) is represented by the restriction of
the Z[Z]-intersection form of W to the surgery kernel ker(H2(W ;Z[Z]) → H2(S

1 × D3;Z[Z])).
The relation to the opening paragraph of this article now becomes apparent: if Arf(K) = 0,
then W can be taken to be spin, and since H2(S

1 × D3;Z[Z]) = 0, the surgery obstruction is
represented by the equivariant intersection form of W . Here and in what follows, we omit the
quadratic data both for simplicity and because it is typically determined by λW .

The challenge is then to convert the surgery obstruction σ(f) = [λW ] into a concordance
invariant, i.e. to show that [λW ] does not depend on the choice of spin Z-filling for MK ; to do

so, natural ideas involve considering [λQW ] − [λQW ] ∈ L4(Q) or [λ
Z[Z]
W ] ∈ Γ4(Z[Z] → Z)/L4(Z[Z]).

Following [Lit84, COT03, Cha10], this is what motivates the definition of our homology surgery
obstruction (although we note that Cappell-Shaneson proceed differently [CS74, Proposition 3.2]).
This concludes the motivation of the definition of the invariant λ(K) and explains our choice of
terminology for it.

Remark 1.12. We now briefly comment on the relation between Γ4(Z[Z]→ Z)/L4(Z[Z]) and the
algebraic concordance group following [Ran81, She03], as it motivates our work in the multivariable
setting. Consider the multiplicative subset Σ = {p(t) ∈ Z[t±1] | p(1) = ±1} and observe that
there is a canonical isomorphism Γ∗(Z[Z]→ Z) = Γ∗(Z[Z]→ Σ−1Z[Z]). The following long exact
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sequence of Γ groups [CS74, Ran81] implies that the aforementioned quotient is isomorphic to a
Witt group of linking forms:

0 // L4(Z[Z]) // Γ4(Z[Z]→ Σ−1Z[Z]) // Γ4(F) // 0

0 // L4(Z[Z]) //

=

OO

L4(Σ
−1Z[Z]) //

∼=

OO

L4(Z[Z],Σ)

∼=

OO

// 0 .

Here Γ4(F) denotes the relative Γ group corresponding to the diagram

Z[Z] id //

id

��

Z[Z]

aug

��
Z[Z]

aug // Z.

The final subtlety is that for this localisation, there is no difference between the quadratic and
symmetric theories, see [Ran81, Proposition 7.9.2 (ii), see also page 831]. Since all these diagrams
also hold for symmetric L-theory, the obstruction can be considered in

Γ4(Z[Z]→ Z)/L4(Z[Z]) = Γ4(Z[Z]→ Σ−1Z[Z])/L4(Z[Z]) ∼= L4(Σ−1Z[Z])/L4(Z[Z]) ∼= L4(Z[Z],Σ) .
If one simplifies the situation by taking Σ = Λ \ {0} in this final group, then one obtains what we
called the homology surgery theory class.

We now turn to link concordance. For motivation, we begin with a naive generalisation of the
process described above, referring to [LO00, LD88] for more sophisticated approaches. In order
to study concordance to a link L′, one can attempt to build a degree one normal map XL → XL′ ,
extend it to a degree one normal map ML,L′ → ML′,L′ , consider the obstruction to finding a
degree one normal bordism f : (W,ML,L′)→ (XL′×I,ML′,L′) with f |ML,L′ a meridian-preserving
homology equivalence, and finally consider the obstruction

σ(f) ∈ Γ4(Z[π1(XL′)]→ Z).
Multiple roadblocks present themselves: to name but one such challenge, contrarily to the case
where L′ is the unknot, there might not be a degree one map XL → XL′ , e.g. because such a
map is π1-surjective. For example, for L′ the µ-component unlink, if π1(XL) → π1(XL′) ∼= Fµ
is meridian preserving, then L is a boundary link. For the study of (boundary) concordance of
boundary links from the perspective of homology surgery, we refer to [CS80, Ko89, LD88, She03].

When L = K1 ∪ K2 is a 2-component link with linking number one and L′ is the Hopf link,
then π1(XL′) ∼= Z2, and there is more hope to purse the homology surgery programme. In fact,
Davis [Dav06] showed that if the Arf invariants of K1 and K2 vanish, then there is a meridian
preserving degree one normal map

f : (W,ML,L′)→ (XL′ × I,ML′,L′) ∼= (T 2 × I × I, T 3).

Furthermore, Davis showed that if ∆L(t1, t2)
.
= 1, then L is concordant to L′. Later work approach-

ing concordance to the Hopf link using higher order invariants includes [FP14, Cha14, Kim15],
but the analogue of algebraic concordance has not been considered (besides the study of the mul-
tivariable signature in [CNT20]). One can actually repeat the discussion from the unknot case:
since H2(XL′ × I;Z[Z2]) = 0, the homology surgery obstruction takes the form

σ(f) = [λW ] ∈ Γ4(Z[Z2]→ Z).
This is essentially the definition of our homology surgery invariant.

Remark 1.13. Consider the multiplicative subset Σ = {p(t1, t2) ∈ Z[t±1
1 , t±1

2 ] | p(1, 1) = ±1} and
note the isomorphism Γ∗(Z[Z2] → Z) = Γ∗(Z[Z2] → Σ−1Z[Z2]). Replacing Σ−1Z[Z2] by the field
of fractions Q, the definition of σ(f) ∈ L4(Q), leads to (a quadratic analogue of) our homology
surgery obstruction λ(L,L′) ∈ L4(Q). Just as for knots, this group fits in an exact sequence

L4(Z[Z2])→ L4(Q)→ L4(Z[Z2],Z[Z2] \ {0}) ,
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where the third group is a Witt group of linking forms, see Proposition A.3. With the exception
of L4(Z[Z2]) ∼= Z (see e.g. [MR90]), we do not know how to calculate these groups.

As mentioned above, the situation seems to be more complicated when L′ is not the Hopf link.
From the point of view of surgery theory, the algebraic concordance group should perhaps be a
(quotient of) Γ4(Z[π1(XL′)]→ Z) or the corresponding relative Γ group. On the other hand, since
algebraic concordance typically involves abelian invariants, just as for the Hopf link, one could
consider the multiplicative system S = Z[Zµ] \ {0} and declare the algebraic concordance group
to be a (quotient of)

Γ4(Z[Zµ]→ S−1Z[Zµ]) = L4(Q).

Forgetting the quadratic data for simplicity, this is the approach we took in this article.

1.6. Comparison with 0.5-solvable cobordism. Inspired by [COT03], Cha defined a notion
of 0.5-solvable cobordism for links [Cha14, Definition 2.8] that generalises the notion of 0.5-
solvability for knots. We will not repeat the definition here but note that the argument from [CNT20,
Proposition 5.10] (which applies with Q coefficients equally as well as with Cω coefficients) im-
plies that 0.5-solvable cobordant links have vanishing homology surgery invariant (the converse
appears to be unlikely). This should be compared with the fact that 0.5-solvable cobordant links
have (generically) equal multivariable signature and nullity [CNT20, Theorem 1.5]. Relatedly,
Kim proved that if two links are 1-solvable cobordant, then their first non-zero Alexander polyno-
mials agree up to norms and the Blanchfield forms of their exteriors (considered over the localised
ring S−1Λ where S ⊂ Λ is the multiplicative system generated by the ti − 1) are Witt equiva-
lent [Kim15]. The corresponding statements for 0.5-solvability remain unknown. We also do not
know whether links with vanishing homology surgery invariant (or Blanchfield class) have (gener-
ically) equal multivariable signatures for µ > 2 (recall Corollary 1.9 for the case µ ≤ 2). Indeed,
while it appears likely that a Q-lagrangian for a Zµ-fillingW ofML,L′ gives rise to a Cω-lagrangian,
we do not know how to force σ(W ) = 0 without imposing additional constraints on λZW (e.g. via
the presence of 0-duals).

Organisation. This article is organised as follows. In Sections 2 and 3 we introduce the homology
surgery invariant and Blanchfield invariant in the broader context of closed 3-manifolds Y endowed
with an epimorphism φ : H1(Y )→ Zµ. In Section 4 we specify to the case Y =ML,L′ and introduce
our concordance invariants. Section 5 builds the 4-manifolds that are required to calculate the
homology surgery invariant. Section 6 relates the two invariants. The last two sections are slightly
technical: Section 7 analyses the projective dimension of the Alexander module H1(ML,L′ ; Λ)
and the nonsingularity of the corresponding Blanchfield form, whereas Section 8 carries out the
intersection form calculations that are required to prove the main result of Section 5. The article
concludes with Appendix A on L-theory and Appendix B on pseudonull submodules.

Acknowledments. The authors thank Peter Feller and Lukas Lewark for sharing parts of their
upcoming paper [FL26]. DC and GS were supported by the Swiss NSF grant 200021-212085. AC
was partially supported by the NSF grant DMS 2303674.

Conventions. We work in the topological category. Manifolds are assumed to be compact, con-
nected and oriented unless otherwise specified. Links are assumed to be ordered and oriented.
We write ν(N) (resp. ν(N)) for a closed (resp. open) tubular neighbourhood of a submani-
fold N . We set Λ := Z[Zµ] = Z[t±1

1 , . . . , t±1
µ ] for the ring of µ variable Laurent polynomials

and Q := Q(t1, . . . , tµ) for its field of fractions.

2. The homology surgery invariant of a 3-manifold over Zµ

This section introduces the homology surgery invariant in the broader context of closed 3-
manifolds over Zµ. We assume some familiarity with the Witt group L4(Q) of hermitian forms
over the field Q := Q(t1, . . . , tµ); see Appendix A for some recollections.
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Let Y be a closed 3-manifold and let φ : H1(Y )→ Zµ be a homomorphism. Assume that (Y, φ)
bounds over Zµ, meaning that there is a 4-manifold W and a homomorphism ψ : H1(W ) → Zµ
with ∂(W,ψ) = (Y, φ). Recall that the adjoint of the Q-valued intersection form of W can be
defined as the composition

H2(W ;Q)→ H2(W,Y ;Q)
PD,∼=−−−→ H2(W ;Q)

ev,∼=−−−→ HomQ(H2(W ;Q),Q) ,

whose kernel is ker(H2(W ;Q)→ H2(W,Y ;Q)) = im(H2(Y ;Q)→ H2(W ;Q)). As a consequence,
we can consider the nonsingular intersection form

λQ,nsW :
H2(W ;Q)

im(H2(Y ;Q)→ H2(W ;Q))
× H2(W ;Q)

im(H2(Y ;Q)→ H2(W ;Q))
→ Q .

Similarly, working with (co)homology with twisted coefficients in Q, we have a nonsingular form

λQ,nsW :
H2(W ;Q)

im(H2(Y ;Q)→ H2(W ;Q))
× H2(W ;Q)

im(H2(Y ;Q)→ H2(W ;Q))
→ Q .

Since both forms are nonsingular and hermitian, they define elements in the Witt group L4(Q)
of Q-valued hermitian forms over Q. Taking the difference of the two classes leads to

[λQ,nsW ]− [λQ,nsW ] ∈ L4(Q) .

The next lemma, whose proof involves a combination of ideas from [Cha10, Lemma 2.3] and [CNT20,
Corollary 2.11], proves that this difference does not depend on the choice (W,ψ). When µ ≤ 3,
this result follows from work of Cha [Cha10, Lemma 2.3].

Proposition 2.1. Let Y be a closed 3-manifold and let φ : H1(Y ) → Zµ be a homomorphism.
If (W,ψ) and (W ′, ψ′) are two Zµ-fillings of (Y, φ), then

[λQ,nsW ′ ]− [λQ,nsW ′ ] = [λQ,nsW ]− [λQ,nsW ] ∈ L4(Q).

Proof. We claim that if (V, ϕ) is a closed 4-manifold over Zµ, then [λQ,nsV ]−[λQ,nsV ] = 0. A half lives

half dies argument shows that if V bounds a 5-manifold, then [λQ,nsV ] = 0 and similarly, if V bounds

a 5-manifold over Zµ, then [λQ,nsV ] = 0. We deduce that the assignment (V, ϕ) 7→ [λQ,nsV ]− [λQ,nsV ]
induces a well defined map

Ω4(Zµ)→ L4(Q)

(V, ϕ) 7→ [λQ,nsV ]− [λQ,nsV ].

The claim is equivalent to the assertion that this map is trivial. The remainder of the proof
is now a slight modification of [CNT20, Proposition 2.10] so we proceed briskly. An Atiyah-
Hirzebruch spectral sequence argument shows that Ω4(Zµ) ∼= Ω4 ⊕ H4(T

µ;Z), where the first
summand is generated by CP 2 and the second summand by the Zµ-manifolds given by the

(
µ
4

)
subtori T 4 → Tµ. It suffices to prove that the map vanishes on these Zµ-manifolds. Indeed
since CP 2 is simply-connected, the twisted intersection form agrees with the untwisted one, so
their difference is metabolic. For T 4 = T 3 × S1, since H2(T

4;Q) = 0, the twisted form is zero.
The usual intersection form of T 4 is a direct sum of 3 hyperbolics forms, so it vanishes in L4(Q)
and therefore in L4(Q) as well, proving the claim.

We conclude. Consider the closed 4-manifold V :=W ∪−W ′ over Zµ and use Novikov addivity,
which holds for Witt classes because Q and Q are both fields:

[λQ,nsV ] = [λQ,nsW ]− [λQ,nsW ′ ] ∈ L4(Q)

[λQ,nsV ] = [λQ,nsW ]− [λQ,nsW ′ ] ∈ L4(Q) .

Taking the difference of the first equality with the image of the second one via L4(Q) → L4(Q)
yields the conclusion. □

Proposition 2.3 leads to the main definition of this section.
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Definition 2.2. Let Y be a closed 3-manifold and let φ : H1(Y )→ Zµ be a homomorphism such
that (Y, φ) bounds over Zµ. The homology surgery invariant of (Y, φ) is

λ(Y, φ) := [λQ,nsW ]− [λQ,nsW ] ∈ L4(Q) ,

where (W,ψ) is a Zµ-filling of (Y, φ).

Next, we discuss the variation on λ(Y, φ) that was mentioned in Remark 1.8. For brevity, given
a space X and a map ϕ : H1(X)→ Zµ, we write ϕ instead of ϕ ◦ ab: π1(X)→ Zµ.

Proposition 2.3. Fix µ ≤ 2. Let Y be a closed 3-manifold and let φ : H1(Y )→ Zµ be an epimor-
phism. If (W,ψ) and (W ′, ψ′) are two Zµ-fillings of (Y, φ) such that ψ and ψ′ are isomorphisms
on π1, then

[λQ,nsW ′ ] = [λQ,nsW ] ∈ L4(Q)/ im(L4(Λ)→ L4(Q)).

Proof. Consider the closed 4-manifold V :=W∪−W ′ over Zµ. Since φ is an epimorphism and ψ,ψ′

are isomorphisms, we have π1(V ) ∼= Zµ. Novikov addivity yields

[λQ,nsV ] = [λQ,nsW ]− [λQ,nsW ′ ] ∈ L4(Q) ,

and it remains to check that [λQ,nsV ] lies in im(L4(Λ)→ L4(Q)). To do so, note that since µ ≤ 2,
the form λΛV descends to a nonsingular hermitian form on the Λ-module H2(V ; Λ)/ rad(λΛV ), which
is free [HKT09, Theorem B]. □

Observe that if there is a Zµ-filling of (Y, φ), then there is one such that the map to Zµ is an
isomorphism on π1: connect sum with copies of S1×S3 to obtain a π1-surjection and then surger
loops representing normal generators of the kernel.

Definition 2.4. Fix µ ≤ 2. Let Y be a closed 3-manifold and let φ : H1(Y ) → Zµ be an
epimorphism such that (Y, φ) bounds over Zµ. The simplified homology surgery invariant of (Y, φ)
is

λ̃(Y, φ) := [λQ,nsW ] ∈ L4(Q)/ im(L4(Λ)→ L4(Q)),

where (W,ψ) is a Zµ-filling of (Y, φ) with ψ an isomorphism on π1.

Remark 2.5. This idea does not generalise to the case where µ > 2 since, for a closed 4-manifold
with π1(V ) ∼= Zµ, the Λ-module H2(V ; Λ) might not be free and λΛV might be singular. The issue
with nonsingularity is due to the following exact sequence involving H2(V ; Λ) ∼= H2(V ; Λ) that
can be deduced from the universal coefficient spectral sequence (UCSS):

H2(Zµ; Λ)→ H2(V ; Λ)
ev−→ Hom(H2(V ; Λ),Λ)→ H3(Zµ; Λ).

We conclude with the following immediate yet useful property of λ(Y, φ) and λ̃(Y, φ).

Proposition 2.6. Let Y be a closed 3-manifold and let φ : H1(Y ) → Zµ be a homomorphism.

If (Y, φ) bounds a 4-manifold (W,ψ) such that both λQ,nsW and λQ,nsW are metabolic, then

λ(Y, φ) = 0.

If µ ≤ 2 and λQ,nsW is metabolic, then the same holds for λ̃(Y, φ).

Proof. This follows immediately from Definitions 2.2 and 2.4. □

3. The Blanchfield form of a 3-manifold over Zµ

This section introduces the Blanchfield class in the broader context of 3-manifolds over Zµ.
Section 3.1 reviews the definition of the Blanchfield form whereas Section 3.2 is concerned with
its cobordism invariance over Zµ. Background material on multivariable Blanchfield forms can be
found in [Hil12b, BFP16a].



ALGEBRAIC CONCORDANCE OF LINKS 11

3.1. The definition of the Blanchfield form. This section recalls the definition of the Blanch-
field form of a 3-manifold over Zµ and proves the Zµ-cobordism invariance of its Witt class under
suitable assumptions on the bounding 4-manifold.

Construction 3.1. Let Y be an n-manifold and let φ : H1(Y ) → Zµ be an epimorphism. For
every 0 ≤ k ≤ n, there is a relative Blanchfield pairing

BlφY : THn−k−1(Y, ∂Y ; Λ)× THk(Y ; Λ) −→ Q/Λ

(x, y) 7−→ AdBl(y)(x),

where the adjoint AdBl is the composition of the following three maps:

THk(Y ; Λ) THn−k(Y, ∂Y ; Λ) Hn−k−1(Y,∂Y ;Q/Λ)
ker(BS) Hom(THn−k−1(Y, ∂Y ; Λ);Q/Λ) .PD−1

∼=

AdBl

evBS
∼=

Here, the first map is the inverse of the Poincaré duality isomorphism restricted to torsion sub-
modules, the third is the evaluation map, and the second arises from the Bockstein homomorphism
associated to the exact sequence of coefficients 0→ Λ→ Q→ Q/Λ→ 0. In more details, observe
that by exactness

THn−k(Y, ∂Y ; Λ) = ker(Hn−k(Y, ∂Y ; Λ)→ Hn−k(Y, ∂Y ;Q)) = im(BS)

and use the first isomorphism theorem to see that BS induces the announced isomorphism. In
order to see that elements of ker(BS) evaluate to zero on elements of THn−k−1(Y, ∂Y ; Λ), observe
that elements of ker(BS) = im(Hn−k−1(Y, ∂Y ;Q) → Hn−k−1(Y, ∂Y ;Q/Λ)) are represented by
cocycles that factor through Q-valued homomorphisms and therefore vanish on torsion elements.

In what follows, we make use of maximal pseudonull submodules; we refer to Appendix B
for background on this notion. First note that the maximal pseudonull submodule zH1(Y ; Λ) is
contained in the kernel of AdBl. This is a general fact about linking forms that follows from [Hil12b,
Theorem 3.9 (3)] but is also a direct consequence of Lemmas B.9 and B.11(i) (together with
Example B.7). Since, for a moduleH, we set t̂H := TH/zH, it follows that the relative Blanchfield
pairing descends to a form

B̂l
φ

Y : t̂Hn−k−1(Y, ∂Y ; Λ)× t̂Hk(Y ; Λ)→ Q/Λ .

One of the main results of Blanchfield’s original article implies that B̂l
φ

Y is nondegenerate “in both
directions” [Bla57, Theorems 3.2 and 3.3], i.e. that ker(AdBlφY

) = zHk(Y ; Λ) and similarly for the
other adjoint. Restricting to the case of closed 3-manifolds leads to the following definition.

Definition 3.2. Let Y be a closed 3-manifold and let φ : H1(Y )→ Zµ be an epimorphism. The
Blanchfield form of (Y, φ) is the pairing

B̂l
φ

Y : t̂H1(Y ; Λ)× t̂H1(Y ; Λ)→ Q/Λ .

The Blanchfield form is hermitian (see e.g. [Pow16, Theorem 1(d)]) and, as mentioned above, it

is nondegenerate. When H1(Y ; Λ) is torsion, it can be shown that B̂l
φ

Y is nonsingular if and only
if µ ̸= 3 or µ = 3 and φ has non-vanishing degree, see Proposition 7.4. We refer to Remark 6.5

for a condition ensuring that B̂l
φ

Y is even. Before focusing on the cobordism invariance of the
Blanchfield form, we make a brief remark on the choice of φ.

Remark 3.3. In general the linking form B̂l
φ

Y depends on the choice of the epimorphism φ.
However, given two epimorphisms φ,φ′ : H1(Y ) → Zµ, if there exists an orientation-preserving
homeomorphism h : Y → Y with φ′ = φ ◦ h∗, then h lifts to an isometry of t̂H1(Y ; Λ) with

respect to the Blanchfield forms B̂l
φ

Y and B̂l
φ′

Y ; the proof is analogous to the one from [CP23,
Proposition 3.7].
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3.2. Cobordism invariance over Zµ. The following theorem is stated in [BFP16a, Proposi-
tion 2.7] over ΛS := Z[t±1

1 , . . . , t±1
µ , (t1−1)±1, . . . , (tµ−1)±1] and is proved in [Kim15, Theorem B],

also over ΛS . This latter reference mostly follows [Hil12b, Theorem 2.4] but corrects a minor error.
We also note that the ideas of the proof go back to work of Letsche [Let00, Proposition 2.8]. Since
the passage from ΛS to Λ is crucial to this work, we recall the details of the argument.

Theorem 3.4. Let Y be a closed 3-manifold and let φ : H1(Y )→ Zµ be an epimorphism. If (Y, φ)

bounds a 4-manifold (Z,φ) such that the sequence TH2(Z, ∂Z; Λ)
∂−→ TH1(∂Z; Λ)

ι−→ TH1(Z; Λ)

is exact, then B̂l
φ

Y is metabolic.

Proof. During this proof, we will omit the φ superscripts for brevity. The strategy of the proof is to

show that Bl∂Z = BlY is metabolic and to then deduce, by a purely algebraic argument, that B̂l∂Z
is metabolic. During the proof of this first step, we will use the hypothesis that the exact sequence

of the pair gives rise to the exact sequence TH2(Z, ∂Z; Λ)
∂−→ TH1(∂Z; Λ)

ι−→ TH1(Z; Λ). The
following claim carries out the first step of our plan.

Claim. For K := ker(ι) = Im(∂), the following is a metabolizer for Bl∂Z :

P := K⊥ = {x ∈ TH1(∂Z; Λ) | Bl∂Z(x, y) = 0 for all y ∈ K}.

To prove this claim, consider the Blanchfield pairing BlZ : TH2(Z, ∂Z; Λ)×TH1(Z; Λ)→ Q/Λ. A
now standard diagram chase yields the inclusion K ⊂ K⊥, which implies P⊥ = K⊥⊥ ⊂ K⊥ = P .

We now check the opposite inclusion K⊥ ⊂ K⊥⊥, including the details to verify that the
argument carries over from ΛS to Λ. To do so, first observe that for any y ∈ K⊥, its image ι(y) ∈
ι(K⊥) satisfies BlZ(X, ι(y)) = Bl∂Z(∂X, y) = 0 for all X ∈ TH2(Z, ∂Z; Λ), since ∂X belongs
to K = Im(∂) and y to K⊥. Hence, ι(y) lies in the kernel of AdBlZ , which by Blanchfield’s theorem
is the maximal pseudonull submodule of TH1(Z; Λ). Since we know that the inclusion K ⊂ K⊥

holds, this implies
K⊥/K = K⊥/ ker(ι) ∼= ι(K⊥) ⊂ zH1(Z; Λ) .

Assume that x belongs to K⊥. By the equation displayed above together with Corollary B.6,
the class [x] ∈ K⊥/K can be written as [x] =

∑
i[xi] where for each i, there exists coprime

elements αi, βi ∈ Λ such that αi[xi] = βi[xi] = 0 ∈ K⊥/K; in other words, the elements αixi
and βixi belong to K. Hence, for all i and all y ∈ K⊥, we have αi Bl∂Z(xi, y) = Bl∂Z(αixi, y) = 0
and similarly βi Bl∂Z(xi, y) = 0. Since αi and βi are coprime, Corollary B.6 and Example B.7
imply Bl∂Z(xi, y) = 0 for all i and all y ∈ K⊥. This yields Bl∂Z(x, y) = 0 for all y ∈ K⊥, meaning
that x belongs to K⊥⊥. This shows that P = K⊥ = K⊥⊥ = P⊥, thus proving the claim.

Let t̂ : TH1(∂Z; Λ) → t̂H1(∂Z; Λ) denote the canonical projection. We now prove that t̂(P )

is a metabolizer for B̂l∂Z . By definition, note that B̂l∂Z(t̂(x), t̂(y)) = Bl∂Z(x, y) for all x, y ∈
TH1(∂Z; Λ). For any submodule N ⊂ TH1(∂Z; Λ), this equation readily implies

(1) t̂(N)⊥ = t̂(N⊥).

The claim establishes that the submodule P = K⊥ ⊂ TH1(∂Z; Λ) satisfies P⊥ = P . By (1)
applied to N = P , its image t̂(P ) ⊂ t̂H1(∂Z; Λ) satisfies

t̂(P )⊥ = t̂(P⊥) = t̂(P ) .

In other words, the submodule t̂(P ) ⊂ t̂H1(∂Z; Λ) is a metabolizer for the nondegenerate pair-

ing B̂l∂Z . This concludes the proof. □

Remark 3.5. We conclude this section with some remarks on Theorem 3.4.

• Since we noted that Blanchfield forms are nondegenerate after taking the quotient by the
maximal pseudonull submodule, the conclusion of Theorem 3.4 can be rephrased as saying

that B̂l
φ

Y is trivial in the Witt group L4
nd(Λ,Λ \ {0}) of nondegenerate linking forms.

• The most commonly used Witt group of linking forms (T, b) requires that the torsion
module T has projective dimension 1, that the form b is even and nonsingular, and that
lagrangians also have projective dimension 1; see Appendix A.
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• There are (exceptional) situations where B̂l
φ

Y is singular, see Proposition 7.4 and Exam-
ple 7.6.

• Even when B̂l
φ

Y is nonsingular and t̂H1(Y ; Λ) has projective dimension 1, at this level of
generality, we have not been able to prove that the metabolizer P from Theorem 3.4 also
has projective dimension 1. As a consequence, the conclusion of Theorem 3.4 generally
does not take place in the Witt group that is most amenable to calculations.

4. Invariants of link concordance

The aim of this section is to prove items (2) and (3) of Theorem 1.1 and items (1) and (2) of
Theorem 1.3. These results concern two link invariants whose definitions were only sketched in
the introduction. We now give the precise constructions.

Construction 4.1. Let L and L′ be µ-component links. The zero framing induces homeomor-
phisms g : ∂XL →

⊔µ
i=1 T

2 and g′ : ∂XL′ →
⊔µ
i=1 T

2. Define

ML,L′ := XL ∪g′◦g−1 −XL′ .

Abelianisation gives rise to epimorphisms φ : π1(XL) → Zµ and φ : π1(XL′) → Zµ and these
extend non-uniquely to a φ : π1(ML,L′)→ Zµ; the indeterminacy is closely related to that of triple
linking numbers [DNOP20]. Thus ML,L′ is a 3-manifold over Zµ but not canonically so for µ > 1.
We call a homomorphism φ : H1(ML,L′) → Zµ meridional if it extends the maps H1(XL) → Zµ
and H1(XL′)→ Zµ that send the i-th meridian to the i-th canonical basis element.

If L and L′ have the same linking numbers and total Milnor invariant, then work of Davis-
Orson-Nagel-Powell ensures that there is a meridional homomorphism φ : H1(ML,L′) → Zµ such
that (ML,L′ , φ) bounds a 4-manifold over Zµ [DNOP20, Theorem 1.1].

Definition 4.2. Let L and L′ be µ-component links, and let φ : H1(ML,L′)→ Zµ be a meridional
homomorphism.

• If L and L′ have the same linking numbers and total Milnor invariant, and if φ is a merid-
ional homomorphism that extends over a Zµ-nullbordism for ML,L′ , then the homology
surgery invariant of (L,L′, φ) is defined as

λ(L,L′, φ) := [λ(ML,L′ , φ)] ∈ L4(Q).

• The Blanchfield class of (L,L′, φ) is defined as

Bl(L,L′, φ) := [B̂l
φ

ML,L′ ] ∈ L
4
nd(Λ,Λ \ {0}).

The next proposition shows that when µ ≤ 2, these invariants do not depend on the choice
of φ, thus proving the third item of Theorem 1.1 and the second item of Theorem 1.3.

Proposition 4.3. Fix µ ≤ 2 and let L and L′ be µ-component links. For any two meridional
homomorphisms φ,φ′ : H1(ML,L′) → Zµ, there exists an orientation-preserving homeomorphism
h : ML,L′ →ML,L′ satisfying φ′ = φ ◦ h∗. In particular, the Blanchfield class Bl(L,L′, φ) and the
homology surgery class λ(L,L′, φ) do not depend on the choice of φ.

Proof. If µ = 1, then H1(ML,L′) admits a unique meridional homomorphism and the statement
is readily seen to hold. We can therefore assume that µ = 2. The Mayer-Vietoris sequence
for ML,L′ = XL ∪XL′ gives rise to a split short exact sequence

0→ H1(XL)⊕H1(XL′)→ H1(ML,L′)→ Z→ 0 .

A big loop in ML,L′ refers to a representative of the image of a generator of Z under an arbitrary
splitting s : Z → H1(ML,L′). By definition of the connecting homomorphism, a big loop consists
of an union of two arcs (one in XL, the other in XL′) whose two endpoints lie on the two tori
that make up the boundary of the link exteriors. There is no canonical choice of big loop, but
given any such choice, a meridional homomorphism H1(ML,L′) → Z2 is well defined up to fixing
its value on the chosen big loop.
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Write L = K1 ∪ K2 and consider a collar neighborhood of ∂XK1 ⊂ XL. The zero framing
leads to an identification of this neighborhood with S1 × S1 × [0, 1], where (say) the first S1-
factor corresponds to the Seifert longitude and the second to the meridian. Perform a Dehn
twist along the meridian in this collar resulting in a homeomorphism of S1 × S1 × [0, 1] (i.e.
perform a 2-dimensional Dehn twist τ along the annulus S1 × [0, 1] and extend it to idS1 ×τ on
the aforementioned collar). This homeomorphism is the identity on both boundary components
of the collar, so it can be extended by the identity on XL and XL′ to a homeomorphism of ML,L′ .

Precomposing φ by this homeomorphism changes the first component of its value on the big loop
by t±1

1 . Dehn twisting along a meridian of K2 leads to a similar change in the second coordinate.
The required homeomorphism h can therefore be taken to be the composition of appropriate
powers of these Dehn twists and their inverses.

We conclude by explaining how this implies that the invariants λ(L,L′, φ) and Bl(L,L′, φ)
do not depend on the choice of φ. For λ(L,L′, φ), this follows either from the definition of the
invariant (use h to glue a collar to a filling of (ML,L′ , φ) and observe that this does not affect the
invariant) or from the cobordism invariance of Proposition 2.6 (if (ML,L′ , φ) and (ML,L′ , φ′) are
homeomorphic, then they are cobordant). For Bl(L,L′, φ), this follows from Remark 3.3. □

The next result establishes the concordance invariance of these invariants, thus proving the
second item of Theorem 1.1 and the first item of Theorem 1.3.

Theorem 4.4. If L and L′ are concordant µ-component links, then there exists a meridional
homomorphism φ : H1(ML,L′)→ Zµ such that

λ(L,L′, φ) = 0 and Bl(L,L′, φ) = 0.

When µ ≤ 2, this holds for any choice of φ.

Proof. Let C ⊂ S3×[0, 1] be a concordance between L and L′ and letXC denotes its exterior. Note
the homeomorphism ∂XC

∼= ML,L′ . The abelianisation H1(XC) → Zµ restricts to a meridional
homomorphism φ : H1(ML,L′) → Zµ. Since Hi(XC , XL) = 0, the chain homotopy lifting argu-
ment from [COT03, Proposition 2.10] (see also [CNT20, Lemma 2.16]) gives Hi(XC , XL;Q) = 0.
As a consequence, the inclusion induced map H2(XL;Q) → H2(XC ;Q) is an isomorphism,

and H2(∂XC ;Q) → H2(XC ;Q) an epimorphism. It follows that λQXC
is the zero form, and λQXC

as well for similar reasons. For λ(L,L′, φ), the result now follows from Proposition 2.6, so we
focus on the Blanchfield form. Since H2(XC , XL;Q) = 0, it follows that H2(XC , ∂XC ;Q) = 0
and thus H2(XC , ∂XC ; Λ) is torsion. The exact sequence of the pair is then seen to yield the
exact sequence TH2(XC , ∂XC ; Λ) → TH1(∂XC ; Λ) → TH1(XC ; Λ), and Theorem 3.4 implies

that B̂l
φ

ML,L′ is metabolic. When µ ≤ 2, Proposition 4.3 implies that this holds for any φ. □

Remark 4.5. When µ ≤ 2, using the same notation and assumptions as in Definition 4.2, one

can define λ̃(L,L′) := λ̃(ML,L′ , φ), where λ̃ denotes the simplified homology surgery obstruction
from Definition 2.4. The arguments from Proposition 4.3 and Theorem 4.4 respectively show

that λ̃(L,L′) does not depend on φ and that it is a concordance invariance.

We conclude by noting the following calculation, which shows that when µ = 1, the concordance
invariance of Bl(K,K ′) follows from that of Bl(K). Recall that Bl(K) denotes the class of BlφMK

(with φ the abelianisation).

Proposition 4.6. For knots K and K ′, there is an inclusion induced isometry BlMK
⊕−BlMK′

∼=
BlMK,K′ and the following equality holds in L4(Λ,Λ \ {0}):

Bl(K,K ′) = Bl(K)⊕−Bl(K ′).

Proof. A short Mayer-Vietoris argument shows that the inclusion induces an isometryH1(XK ; Λ) ∼=
H1(MK ; Λ) with respect to the nonsingular hermitian pairings BlφXK

, yielding Bl(K) = [BlφXK
].
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Consider the Mayer-Vietoris decomposition for MK,K′ = XK ∪T −XK′ with Λ-coefficients:
∼=Z︷ ︸︸ ︷

H1(T ; Λ)
i−→ H1(XK ; Λ)⊕H1(XK′ ; Λ)→ H1(MK,K′ ; Λ)

∂−→

∼=Z︷ ︸︸ ︷
H0(T ; Λ) .

Since H1(T ; Λ) is generated by a Seifert longitude which bounds in H1(XK ; Λ), the map i is the
zero map. Furthermore, the map ∂ is clearly injective. It follows that the inclusion induces an
isomorphism H1(XK ; Λ) ⊕ H1(XK′ ; Λ) ∼= H1(MK,K′ ; Λ). That this isomorphism is an isometry
follows for example from [FLNP17, Theorem 1.1] because H1(T ;Q) = 0. The fact that the claimed
equality holds in the Witt group L4(Λ,Λ\{0}) follows from its definition: the Λ-moduleH1(XK ; Λ)
is torsion, of projective dimension 1 since the Alexander module of a knot admits a square presen-
tation matrix, and the nonsingular hermitian form BlφXK

is even since H1(XK ; Λ) is annihilated

by ∆K ∈ Λ with ∆K = ∆K , see Remark 6.5. □

We conclude this section with a discussion of the possible extension of this result to links
of µ > 1 components.

Remark 4.7. In general, the Blanchfield form of XL fails to be nondegenerate because the in-
clusion induced map H1(∂XL; Λ) → H1(XL; Λ) fails to be injective; this is why many articles
in the area work over localised coefficients; see e.g. [Kim15, BFP16a, CFT18, Con18]. How-
ever, given a 2-component link L with nonzero linking number ℓ, one has H1(∂XL; Λ) = 0 (see
e.g. [Lev82, Equation (10)]) and the Blanchfield form is seen to be nondegenerate over Λ [Lev82,
Introduction, B]. In general, the map ∂ in the Mayer-Vietoris argument above fails to be injec-
tive but this time, the intersection consists of the disjoint union T of two tori with an isomor-
phism H0(T ; Λ) ∼= Λ/(t1 − 1, tℓ2 − 1) ⊕ Λ/(tℓ1 − 1, t2 − 1) (see e.g. [Lev82, Equation (9)]). Thus
for example, for the Hopf link H, one has H1(XH; Λ) = 0 but H1(MH,H; Λ) ∼= Z. It is therefore
conceivable that the equality Bl(L,L′) = Bl(L)⊕−Bl(L′) holds in some cases but the argument
will not be as straightforward as in the case of knots.

5. Calculation of the homology surgery invariant

The goal of this section is to prove the fourth and fifth items of Theorem 1.1. More precisely,
we start in Section 5.1 with a quick review of plumbed 3-manifolds, leading to the construction
of a Zµ-manifold ML in Section 5.2. The most technical and lengthy part is Section 5.3, where
we build a Zµ-filling WF of ML assuming µ ≤ 2. This in turn allows us to construct a Zµ-
filling WF,F ′ of ML,L′ in Section 5.4, and to prove the fourth and fifth items of Theorem 1.1
assuming intersection form calculations that will be carried out in Section 8.

5.1. Plumbed manifolds. In this section, we recall the definition of plumbed 3-manifolds, fol-
lowing [CNT20, Section 4.5] and [CMP25, Section 2.5]. We also recall the definition of a merid-
ional homomorphism on such a plumbed manifold, and analyse their existence and nonuniqueness.
These will be used in Section 5.2 to define the manifoldML, but also in Section 5.3 to describe the
boundary of the exterior of a pushed in C-complex, and in Section 5.4 to build the manifoldWF,F ′ .

Let Γ = (V,E) be a finite unoriented graph without loops (multiple edges are allowed). Follow-
ing classical references such as [Ser80], we denote the set of oriented edges by E, and the source
and target maps by s, t : E → V . The graph Γ is unoriented in the sense that E is endowed with
an involution e 7→ e such that e ̸= e and s(e) = t(e) for all e ∈ E. Such a graph is a plumbing
graph if it is endowed with the following additional data:

• each vertex i ∈ V is decorated with an oriented and connected surface Fi;
• each oriented edge e ∈ E comes with a sign sgn(e) = ±1 such that sgn(e) = sgn(e).

Given such a plumbing graph Γ, the associated plumbed manifold is the 3-manifold P (Γ) con-
structed as follows. For each oriented edge e ∈ E, let De be an open disk in Fs(e) such that the
discs {De}e∈E are disjoint. For each i ∈ V , set

F ◦
i = Fi\

⊔
s(e)=i

De .



16 D. CIMASONI, A. CONWAY, AND G. SIMIAN

Note that since Fi is oriented, so are F ◦
i and De, inducing opposite orientations on their shared

boundary. By ∂De, we mean the boundary of De endowed with the orientation induced by the
orientation of De; hence, −∂De is the same space endowed with the orientation induced by that
of F ◦

i . Let S
1 denote an oriented circle. The plumbed manifold P (Γ) is defined by

P (Γ) =

(⊔
i∈V

F ◦
i × S1

)
/ ∼ ,

where each pair of edges e, e ∈ E yields the identification of F ◦
s(e) × S

1 and F ◦
s(e) × S

1 along one

of their boundary tori; this identification is defined by the maps

(2)
(−∂De)× S1 −→ (−∂De)× S1

(x, y) 7−→ (y−sgn(e), x−sgn(e)).

Since these maps are orientation reversing, the orientation on
⊔
i F

◦
i ×S1 extends to an orientation

on P (Γ). Note that the boundary of P (Γ) consists of a (possibly empty) disjoint union of tori.

Example 5.1. Consider the graph Γ given by two vertices, each decorated by a disc, and a
single edge e linking them. The associated plumbed manifold P (Γ) is given by two thickened tori
glued along one of their toric boundary components via a map switching the coordinates, so it is
homeomorphic to the exterior of the Hopf link, with the orientation of P (Γ) depending on sgn(e).

Construction 5.2. Let L = K1 ∪ . . . ∪Kµ be a µ-component oriented link in the 3-sphere S3.
Let ΓL denote the plumbing graph defined as follows: it has one vertex i for each component Ki

of L, each decorated by an oriented disc Di; for each pair i ̸= j, there are |ℓk(Ki,Kj)| edges
between the vertices i and j, each with sign sgn(ℓk(Ki,Kj)). We set

PL := P (ΓL) ,

an oriented 3-manifold with boundary given by µ disjoint tori. Note that PL only depends on the
linking matrix of L.

We now discuss coefficient systems on plumbed manifolds, assuming V = {1, . . . , µ}. Follow-
ing [CNT20], we say that a homomorphism H1(P (Γ))→ Zµ is meridional if, for any point pi ∈ F ◦

i ,
it maps the class of {pi}×S1 to the element ti of Zµ. As we shall see, meridional homomorphisms
always exist, but are in general not unique, due to the possible existence of “big loops” in P (Γ).

We wish to understand this nonuniqueness in a precise way for the plumbed manifold PL defined
above. To do so, let us consider an embedding α : ΓL ↪→ PL mapping i ∈ V to α(i) ∈ Di × S1

and each unoriented edge e between i and j to a simple path α(e) ⊂ (D◦
i × S1) ∪ (D◦

j × S1)

between α(i) and α(j) intersecting (∂D◦
i × S1) ∪ (∂D◦

j × S1) only in the torus Te := ∂De × S1

(identified with ∂De×S1 in PL). Such embeddings clearly exist (but are not unique). The point of
this construction lies in the following result: a meridional homomorphism on H1(PL) is uniquely
defined up to its values on the “big loops” from H1(ΓL). Here is the precise statement.

Lemma 5.3. For any link L, there exists a meridional homomorphism φP : H1(PL)→ Zµ. More-
over, an embedding α : ΓL ↪→ PL as above induces an injection α∗ : H1(ΓL)→ H1(PL) such that:

(i) The subgroup α∗(H1(ΓL)) is a free summand of H1(PL).
(ii) A meridional homomorphism is uniquely defined on H1(PL)/ Im(α∗) and can take arbitrary

values on α∗(H1(ΓL)), whose element we call big loops.

Proof. Recall the plumbing graph ΓL = (V,E) defined above. The Mayer-Vietoris sequence as-
sociated to the decomposition PL =

⋃
iD

◦
i × S1 (see e.g. [BFP16b, Lemma 3.3] and [CNT20,

Lemma 4.7]) yields the exact sequence⊕
e∈E

H1(Te)
ιt−ιs−→

⊕
i∈V

H1(D
◦
i × S1) −→ H1(PL)

∂∗−→
⊕
e∈E

H0(Te)
d−→
⊕
i∈V

H0(D
◦
i × S1),



ALGEBRAIC CONCORDANCE OF LINKS 17

where Te is the two dimensional torus appearing in the identification (2) and ιt (resp. ιs) is the
homomorphism induced by the inclusion of Te in D◦

t(e) × S
1 (resp. D◦

s(e) × S
1). This boils down

to the split short exact sequence

(3) 0 −→
⊕
i∈V

H1(D
◦
i × S1)/ Im(ιt − ιs) −→ H1(PL)

∂∗−→ ker(d) −→ 0 .

Note that a meridional homomorphism φP : H1(PL) → Zµ is uniquely defined on H1(D
◦
i × S1),

via φP ([{pi} × S1]) = ti for any pi ∈ D◦
i and φP (∂De) = sgn(e) tj for any e ∈ E with s(e) = i

and t(e) = j. By construction, this definition is coherent with the identifications coming from (2).
As a consequence, a meridional homomorphism φP is uniquely defined on the quotient appearing
as the first group in (3), but it can take arbitrary values on the direct summand of H1(PL)
corresponding to the image of ker(d) by a section of this short exact sequence.

To analyse the group ker(d), note that any embedding α : ΓL ↪→ PL defined as above induces a
homomorphism α∗ : H1(ΓL)→ H1(PL) which fits in the commutative diagram

H1(ΓL) C1(ΓL) C0(ΓL)

H1(PL)
⊕

e∈E H0(Te)
⊕

i∈V H0(D
◦
i × S1) ,

ι

α∗

∂

∼= ∼=

∂∗ d

where ι stands for the inclusion of H1(ΓL) = ker(∂) in C1(ΓL), and the two unnamed vertical
maps are the canonical isomorphisms. The commutativity of the left square uses the assumption

on α. These maps induce an isomorphism φ : H1(ΓL) = ker(∂)
∼=→ ker(d) such that ∂∗ ◦ α∗ = φ.

Thus, the map α∗ ◦ φ−1 is a section of the short exact sequence (3). The lemma follows. □

5.2. The generalised Seifert surgery. This section recalls the construction of the generalised
Seifert surgery, denoted ML, following [Tof19, Tof22, CMP25, CFP25]; see also [NP17] for the
case µ = 1.

Let L = K1 ∪ · · · ∪Kµ be a µ-component oriented link in S3, and let XL = S3 \ ν(L) denote
its exterior. Recall that a meridian of Ki is an oriented simple closed curve mi ⊂ ∂ν(Ki) such
that [mi] = 0 ∈ H1(ν(Ki)) and ℓk(mi,Ki) = 1. Also, a Seifert longitude of Ki is an oriented
simple closed curve ℓi ⊂ ∂ν(Ki) such that [ℓi] = [Ki] ∈ H1(ν(Ki)) and ℓk(ℓi,Ki) = 0.

Note that ∂XL consists of µ disjoint tori, and so does ∂PL. Therefore, it is possible to glue PL
and XL along their boundaries. We do so using the homeomorphism ∂Di×S1 ∼= ∂ν(Ki) obtained
by mapping {pi}×S1 (for some pi ∈ ∂Di) to a meridian mi and ∂Di×{∗} (for some ∗ ∈ S1) to a
Seifert longitude ℓi. Since the orientations on XL and on PL induce the same orientation on the
boundary tori, we reverse the orientation of PL and set ML := XL ∪∂ −PL.

Definition 5.4. The closed 3-manifold ML := XL∪∂−PL is the generalised Seifert surgery on L.

The main point of this construction is the following fact, see e.g. [CMP25, Lemma 2.11]: the

canonical isomorphism φX : H1(XL) → Zµ defined by φX(γ) = t
ℓk(γ,K1)
1 · · · tℓk(γ,Kµ)

µ and any
meridional homomorphism φP : H1(PL) → Zµ extend to a map φ : H1(ML) → Zµ. Once again,
we shall call such a map a meridional homomorphism, and it is in general not unique due to the
possible existence of (another type of) “big loops”.

Due to the pervasive presence of this terminology in our work, we state it in a definition. Here,
recall from Construction 5.2 that ML = XL ∪ PL, with PL =

⊔
i(D

◦
i × S1)/ ∼.

Definition 5.5. Let L = K1 ∪ · · · ∪ Kµ be a µ-component link. A meridional homomorphism
for L is a homomorphism φ : H1(ML) → Zµ such that for all 1 ≤ i ≤ µ and all pi ∈ D◦

i , it
satisfies φ([{pi} × S1]) = ti.

Note that a meridional homomorphism maps a 1-cycle γ ⊂ XL to φ([γ]) = t
ℓk(γ,K1)
1 . . . t

ℓk(γ,Kµ)
µ .



18 D. CIMASONI, A. CONWAY, AND G. SIMIAN

5.3. The manifold WF . Throughout the rest of this section, we assume µ ≤ 2. As a first step
towards constructing a filling ofML,L′ over Zµ, we construct a fillingWF of the generalised Seifert
surgery ML. The intersection forms of this 4-manifold will play a crucial role in the calculation of
the homology surgery invariant λ(L,L′) := λ(ML,L′ , φ).

Fix µ ≤ 2. Let L be a µ-component link and let F be a connected C-complex for L. We begin
by introducing a size b1(F ) matrix HF that will turn out to represent the equivariant intersection
form of WF . This matrix requires a specific type of basis of H1(F ), hence some terminology.

Terminology 5.6.

(i) Let F be a Seifert surface for a knot K. We say that a family of oriented simple closed
curves {α1, . . . , αg, β1, . . . , βg} forms a good basis for H1(F ) if is a geometric symplectic
basis for H1(F ), i.e. if it represents a basis for H1(F ) and satisfies the following properties.
• The curves αi are pairwise disjoint, and so are the curves βi.
• The curves αi and βj are disjoint for i ̸= j, while αi and βi intersect geometrically once,
with positive sign.

(ii) Let F = F1 ∪ F2 be a C-complex for a 2-component link L = K1 ∪K2. Let us write ℓ for
the linking number ℓk(K1,K2) and gi for the genus of Fi, and set g := g1 + g2. A good basis
for H1(F ) is a family of oriented simple closed curves

{α1, . . . , αg, β1, . . . , βg, γ1, . . . , γl, δ1, . . . , δn}

representing a basis of H1(F ), and satisfying the following properties.
• The families {α1, . . . , αg1 , β1, . . . , βg1} and {αg1+1, . . . , αg, βg1+1, . . . , βg} are good bases
for H1(F1) and H1(F2), respectively, and are disjoint from the clasps.
• The curves {δ1, . . . , δn} are pairwise disjoint and disjoint from the αj and from the βj ;
each δk passes through exactly two clasps, which are of opposite signs, so that each
clasp with sign different from sgn(ℓ) is traversed by exactly one of the cycles δk.
• The curves γ1, . . . , γl are disjoint from the αj and from the βj ; each γk crosses exactly
two clasps, both of sign sgn(ℓ).

Note that we have n = 1
2 (#{clasps} − |ℓ|) and l =

1
2 (#{clasps}+ |ℓ|)− 1.

(iii) We say that a C-complex F is nice if H1(F ) admits a good basis.

We occasionally refer to the δi as the cancelling curves, to the γi as the linking curves, and to
the αi and βi as the genus curves.

Remark 5.7.

(i) All C-complexes with µ = 1 are nice, as any Seifert surface admits a good basis. On the
other hand, not all C-complexes with µ = 2 are nice. An example is illustrated below, where
any two curves pairing clasps of opposite signs need to intersect.

(ii) Any 2-component link admits a nice C-complex. Indeed, if ℓ ̸= 0, then [AADG20, The-
orem 2] shows that there exists a C-complex F for L with all clasps of same sign. One
can then complete good bases for H1(F1) and H1(F2) (disjoint from the clasps) into a good
basis for H1(F ) using oriented simple closed curves γ1, . . . , γ|ℓ|−1 that are disjoint from the
genus curves. (Note that we have n = 0 in this case.) If ℓ = 0, the aforementioned result
of [AADG20] implies that there exists a C-complex with exactly two clasps. One can com-
plete good bases for H1(F1) and H1(F2) into a good basis for H1(F ) using an oriented simple



ALGEBRAIC CONCORDANCE OF LINKS 19

closed curve δ1 passing through these clasps and following ∂Fi away from the clasps, hence
remaining disjoint from the other curves. (Note that n = 1 and l = 0 in this case.)

(iii) Theorem 5.9 below is still valid in the more general setting where we assume neither βi∩βj = ∅
for i ̸= j, nor δk ∩ βj = ∅, nor γk ∩ αj = γk ∩ βj = ∅ (see [Sim26b]). However, since every
link with µ ≤ 2 components admits a nice C-complex in the sense defined above, we restrict
ourselves to this setting.

Construction 5.8. We define the matrices that feature in the fourth and fifth items of Theo-
rem 1.1 as well as in the fifth and sixth items of Theorem 1.3 and in Corollary 1.9. We refer to
Terminology 5.6 for the definition of a nice C-complex.

(i) Let F be a Seifert surface, and let A denote the Seifert matrix (corresponding to the Seifert
form (x, y) 7→ α−(x, y) = ℓk(x−, y) in a good basis for H1(F ). Set

HF := D′ · (tAT −A) ·D ,

where D and D′ are the following diagonal matrices:

D′ = Ig ⊕ (1− t)Ig , D =
1

(t− 1)
Ig ⊕

1

t
Ig .

This matrix is analogous (to the one-variable version) of the one used by Ko [Ko89, Section 4]
in his study of concordance of boundary links; see also [BF15, Equation (2.3)].

(ii) Let F = F1∪F2 be a nice C-complex, and let A and B denote the generalized Seifert matrices
corresponding to the generalized Seifert forms α−− and α−+ respectively, in a good basis
for H1(F ). Set

HF := D′ · (t1t2AT − t1BT − t2B +A) ·D ,

where D and D′ are the following diagonal matrices:

D′ = Ig ⊕ (1− t1)Ig1 ⊕ (1− t2)Ig2 ⊕ (t1 − 1)(t2 − 1)Il ⊕ In ,

D =
1

(t1 − 1)(t2 − 1)
Ig ⊕ 1

t1(t2 − 1)
Ig1 ⊕ 1

t2(t1 − 1)
Ig2 ⊕ 1

t1t2
Il ⊕

1

(t1 − 1)(t2 − 1)
In .

The fact that the entries of these matrices take values in Z[Zµ] follows from Theorem 5.9 below.

The main theorem of this section is the following.

Theorem 5.9. Fix µ ≤ 2. For any µ-component link L with ∆L ̸= 0, there exists a 4-manifoldWF ,
constructed using a nice C-complex F for L, which satisfies the following properties.

(1) There is an isomorphism Φ: π1(WF ) → Zµ such that ∂(WF ,Φ) = (ML, φ) with φ a
meridional homomorphism for L.

(2) The Z-intersection form of WF decomposes as the direct sum of a zero form with a non-
singular form that is metabolic over Q.

(3) The Z[Zµ]-intersection form of WF is represented by HF .

In this section, we construct WF and prove the first item of Theorem 5.9. The proofs of the
second and third items are postponed to Section 8. Note that in the µ = 1 case, the manifold WF

is distinct from Litherland and Ko’s construction of a filling ofMK [Lit84, Ko89] (see also [FL26]).
We also emphasise that Ko’s work concerns µ-component boundary links.

In a nutshell, WF is obtained by attaching handles to the boundary of the exterior of a C-
complex F pushed inside the 4-ball. In order to describe to push offs of curves and discuss
coefficient systems, we need an explicit parametrisation of this boundary as a plumbed 3-manifold,
which unfortunately requires rather tedious notation and technical arguments. Hence, we divided
this section into four parts. In the first, we define the exterior of a pushed-in C-complex and
provide an explicit parametrization of part of its boundary as a plumbed manifold. In the second
part, we construct the 4-manifold WF by attaching suitable pieces to the exterior of the pushed
in C-complex along the aforementioned plumbed manifold. In the third part, we deal with the
technical question of the extension of the meridional homomorphism from ML to WF . Finally,
the fourth part is devoted to the proof of Theorem 5.9 (1).
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Figure 2. Compatibility between ν(Fi) and ν(Ki).

The exterior of a pushed-in C-complex. We begin by defining the notion of a pushed-in C-complex
and by fixing an explicit parametrization of a neighborhood of such a space. These parametriza-
tions will be helpful to calculate (equivariant) intersections in Section 8. We then elaborate on the
well-known result (see e.g.see [CNT20, Tof22]) that part of the boundary of this neighborhood is
homeomorphic to a particular plumbed manifold.

Terminology 5.10. We introduce some terminology related to C-complexes and their neighbor-
hoods in B4. Let F = F1 ∪F2 be a C-complex for a 2-component link L = K1 ∪K2 in S3 = ∂B4.
We use polar coordinates for B4, identifying it with S3 × [0, 3]/(S3 × {3}). As in [CFT18], we
write X⋆I instead of X×I for subspaces X ⊂ S3 and I ⊂ [0, 3) to distinguish the depth coordinate

from the others. The C-complex F pushed-in B4 is defined as F̃ := F̃1 ∪ F̃2 ⊂ B4, where

F̃1 := (K1 ⋆ [0, 1]) ∪ (F1 ⋆ {1}) and F̃2 := (K2 ⋆ [0, 2]) ∪ (F2 ⋆ {2}) .

Note that each clasp in the C-complex F in S3 gives rise to a transverse intersection in F̃ ⊂ B4.
This is illustrated in Figure 3.

Next, given closed tubular neighborhoods ν(F̃1) and ν(F̃2) of F̃1 and F̃2 in B4, a neighborhood

of F̃ is obtained by setting ν(F̃ ) := ν(F̃1) ∪ ν(F̃2) and the exterior of the pushed-in C-complex is

then defined to be VF := B4 \ ν(F̃ ). Note that the boundary of VF decomposes as

∂VF = XL ∪
(
∂ν(F̃ ) \ ν(L)

)
.

It is known that ∂ν(F̃ ) \ ν(L) is homeomorphic to a plumbed manifold. In order to describe
to push offs of curves and discuss coefficient systems, we need an explicit realization of this
homeomorphism. To that end, we now describe an explicit parametrization of ν(F̃ ).

Construction 5.11. Continuing with the notation from Terminology 5.10, we describe a parametriza-

tion of a neighborhood of a pushed-in C-complex F̃ . Fix 0 < c < 1/4 and set J := [−c, c].
For i = 1, 2, fix a parametrization ν(Fi) ∼= Fi × J of a closed bicollar neighborhood of Fi in S

3

identifying Fi with Fi×{0}, so that the orientation of J from −c to c matches the outward normal
vector induced by the orientation of Fi via the “outward vector first” convention. Additionally,
fix a parametrization ν(Ki) ∼= Ki × J2 of a tubular neighborhood of Ki in S3 identifying Ki

with Ki×{(0, 0)}, and set fi := Fi\ν(Ki). We require that the parametrized neighborhoods ν(Fi)
and ν(Ki) are compatible in the sense that

Ki × {c} × J = ∂fi × J and Ki × [0, c)× {0} = (Fi \ fi)× {0} ,

as illustrated in Figure 2. Using these data, we define the neighborhood ν(F̃ ) := ν(F̃1) ∪ ν(F̃2)

of F̃ in B4 via

ν(F̃i) := (ν(Ki) ⋆ [0, i+ c]) ∪ (ν(Fi) ⋆ [i− c, i+ c]) ,

see Figure 3. Throughout this section, color conventions in the figures remain consistent: blue
represents F1, green represents F2, and purple may denote either.
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Figure 3. This figure shows ν(F̃ ) in reduced dimension (left), and decomposed
into three dimensional slices (right). The black and shaded-grey parts correspond

to ∂ν(F̃1) ∪ ∂ν(F̃2). The colored parts are interior points of ν(F̃ ): light filled

blue corresponds to ν(F̃1) and light filled green to ν(F̃2). The parts colored with

maximal opacity correspond to F̃1 and F̃2.

The following result is well-known, see e.g. [CNT20, Example 4.12] and [Tof22, Example 4.15].

Lemma 5.12. There is a homeomorphism h : PF → ∂ν(F̃ ) \ ν(L), where PF is the plumbed 3-
manifold associated to the graph ΓF with:

• two vertices labeled by the surfaces F1 and F2;
• one edge for each clasp between F1 and F2, with sign corresponding to its contribution to

the linking number.

Construction 5.13. Later in this section and in Section 8, it will be helpful to make the home-
omorphism h : PF → ∂ν(F̃ ) \ ν(L) more explicit. Using our model of ν(F ), this can be done via
the decomposition

∂ν(F̃ ) \ ν(L) =
(
∂ν(F̃1) \

(
ν(F̃2) ∪ ν(K1)

))
∪
(
∂ν(F̃2) \

(
ν(F̃1) ∪ ν(K2)

))
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and homeomorphisms ∂ν(F̃i) \
(
ν(F̃j) ∪ ν(Ki)

)
→ F ◦

i × S1 for {i, j} = {1, 2}. Indeed, the

boundary of ν(F̃1) around f1 ⋆ {1} is parametrized by

∂ν(f̃1) := (f1 × J ⋆ {1± c}) ∪ (f1 × {±c} ⋆ [1− c, 1 + c]) = f1 ⋆ ∂(J ⋆ [1− c, 1 + c]) ,

which is homeomorphic to f1×S1. Since each clasp yields a double point in (f1 ⋆{1})∩ (K2 ⋆{1}),
the surface f◦1 := f1 \ ν(K2) is homeomorphic to F ◦

1 . Observe the equality

∂ν(f̃1) \ ν(F̃2) = (f◦1 × J ⋆ {1± c}) ∪ (f◦1 × {±c} ⋆ [1− c, 1 + c]) ∼= f◦1 × S1 .

Extending this to ∂ν(K1) ⋆ [0, 1 + c] yields the explicit homeomorphism

∂ν(F̃1) \
(
ν(F̃2) ∪ ν(K1)

)
∼= f◦1 × S1 ∼= F ◦

1 × S1 ,

which can be visualized in Figure 3 focusing on the boundary of the blue region. Similarly, we
have an explicit homeomorphism

∂ν(F̃2) \
(
ν(F̃1) ∪ ν(K2)

)
∼= F ◦

2 × S1 ,

which can be seen in Figure 3 by inspecting the boundary of the green region.

Finally, each clasp in F ⊂ S3 yields a transverse double point in F̃ ⊂ B4, and the corresponding

boundary tori in ∂ν(F̃1)\
(
ν(F̃2) ∪ ν(K1)

)
∼= F ◦

1 ×S1 and in ∂ν(F̃2)\
(
ν(F̃1) ∪ ν(K2)

)
∼= F ◦

2 ×S1

are glued via the identification (2).

Recall that in the case µ = 1, a C-complex F = F1 is nothing but a Seifert surface for L = K1.
We can therefore simply define the exterior of the pushed-in C-complex to be VF = B4 \ ν(F̃ ),
with F̃ = F̃1 as above, and we have an explicit homeomorphism h : PF = F1×S1 → ∂ν(F̃ )\ν(L).

Construction of WF . Starting from a nice C-complex F for L = K1 ∪ K2, we now construct
the 4-manifold WF appearing in Theorem 5.9. The idea of this construction is the following. By
Lemma 5.12, the boundary of VF decomposes as ∂VF = XL∪hPF , whereas our goal is to obtain a
manifold whose boundary is ML = XL ∪PL. There are two differences between PF and PL: first,
the graph ΓF may contain more edges than ΓL (when F has clasps of opposite signs); second, the
surfaces decorating ΓF may have positive genus, while those of ΓL are discs. To address these
discrepancies, we attach appropriate 4-manifolds to VF , first cancelling the extra edges of ΓF
(resulting in an intermediate 4-manifold ZF ), and then surgering away the genera of the surfaces
until they become discs (yielding the desired 4-manifold WF ).

Construction 5.14. To make the construction of ZF precise, consider a nice C-complex F for L
endowed with a good basis of H1(F ), as defined in Terminology 5.6. In particular, it contains a
family of “cancelling curves” {δ1, . . . , δn}, where n = 1

2 (#{clasps} − |ℓ|). As outlined above, our
goal is to modify VF so as to do away with the excess edges in the plumbing graph of PF ⊂ ∂VF .

For each 1 ≤ k ≤ n, let ek and e′k be the edges of ΓF (oriented from F1 to F2) corresponding
to the two clasps traversed by δk. By assumption, these carry opposite signs (say, positive for ek
and negative for e′k), and we wish to “cancel” them. To do so, we use the following construction
from [CNT20, Lemma 4.9]. Set

Xk := I × I × S1 × S1

and consider the tori Tk = (−∂Dek)×S1 and T ′
k = (−∂De′k

)×S1, with bicollar neighborhoods I×Tk
and I × T ′

k in PF . Glue Xk to PF via the homeomorphism

fk : ∂I × I × S1 × S1 → I × (Tk ⊔ T ′
k)

given by:

{0} × I × S1 × S1 −→ I × (−∂Dek)× S1 {1} × I × S1 × S1 −→ I × (−∂De′k
)× S1

(0, t, x, y) 7−→ (t, x, y) (1, t, x, y) 7−→ (t, x−1, y) .
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Using the homeomorphism h : PF → ν(F̃ ) \ ν(L) = ∂VF \XL from Construction 5.13 (but sup-
pressing the fk from the notation), we get a 4-manifold

(4) ZF := VF ∪h
n⋃
k=1

Xk

which inherits the orientation of VF . By construction, there is a homeomorphism

(5) h′ : PF ′ → ∂ZF \XL ,

where PF ′ denotes the plumbed manifold associated to the plumbing graph obtained from ΓF
by removing the edges e1, e

′
1, . . . , en, e

′
n and by performing 0-surgeries on the surfaces F1 and F2

along the discs Dek , De′k
⊂ F1 and Dek , De′k

⊂ F2, resulting in surfaces F ′
1 and F ′

2 (see Figure 6).
Thus, gluing the handles Xk cancels the 2n extra edges of ΓF at the expense of increasing the
genera of F1 and F2 (each by n). Moreover, an explicit such homeomorphism h′ can be obtained

from h : PF → ∂VF \XL as follows. First consider the restriction h′′ of h to the complement
in PF of h−1(

⋃
k Im(fk)): this space can be understood as PF ′′ , with F ′′ defined as F but without

identifying the tori corresponding to the edges {ek, e′k}k (see Figure 6, left). Then, extend h′′

to h′ : PF ′ → ∂ZF \XL via a parametrisation PF \ PF ′′ ∼=
⊔
k I × ∂I × S1 × S1 ⊂

⊔
k ∂Xk whose

inverse coincides with the restriction of fk to ∂I × ∂I × S1 × S1.

Construction 5.15. Continuing with the notation from Construction 5.14, we conclude the
construction of WF . To do so, we address the reduction of genera by performing two sets of 1-
surgeries along well chosen curves in F ′

1 and F ′
2.

• We begin by surgering away the new unwanted genus created during Construction 5.14.
For this, note that for each cancelling curve δk, there are simple closed curves

δ1k ⊂ (F ′
1)

◦ and δ2k ⊂ (F ′
2)

◦

such that surgery along all δik transforms F ′
i back to Fi. There are many such curves

but, for the moment, we make an arbitrary choice; a specific choice will be described in
Lemma 5.18 below. For all i = 1, 2 and 1 ≤ k ≤ n, choose pairwise disjoint neighbor-
hoods ν(δik) of δ

i
k in (F ′

i )
◦, and set Y ik := D2× [−1, 1]. Glue the “round 2-handle” Y ik ×S1

to PF ′ via a homeomorphism

(6) ∂Y ik × S1 ⊃ ∂D2 × [−1, 1]× S1 δik × S1 ⊂ F ′
i × S1 ,

hi
k×idS1

where hik : ∂D
2 × [−1, 1]

∼=−→ ν(δik) is required to map the oriented curve ∂D2 × {0} to δik.
• Next, we surger away the genus of the Seifert surfaces F1 and F2. Recall from Terminol-

ogy 5.6 that the good basis ofH1(F ) contains pairwise disjoint oriented curves {α1, . . . , αg1}
in F1 and {αg1+1, . . . , αg} in F2 disjoint from the clasps, defining curves

αm ⊂ (F ′
1)

◦ ∪ (F ′
2)

◦.

For all 1 ≤ m ≤ g, choose pairwise disjoint neighborhoods ν(αm) of αm in (F ′
i )

◦, disjoint
from

⋃
k,i ν(δ

i
k). Set Ym := D2 × [−1, 1] and glue to the round 2-handle Ym × S1 to PF ′

via

∂Ym × S1 ⊃ ∂D2 × [−1, 1]× S1 ν(αm)× S1 ⊂ F ′
i × S1 ,

hm×idS1

with hm : ∂D2 × [−1, 1]→ ν(αm) a homeomorphism mapping ∂D2 × {0} to αm.

Combining these two steps and using the homeomorphism h′ : PF ′ → ∂ZF \XL induced by h, we
get a 4-manifold which inherits the orientation of ZF :

WF := ZF ∪h′

n⋃
k=1

((
Y 1
k × S1

)
∪
(
Y 2
k × S1

))
∪

g⋃
m=1

(
Ym × S1

)
,

This construction is illustrated in Figure 4.
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Figure 4. The manifold WF is obtained by first attaching the round 2-
handles Xk to VF to cancel the extra edges of ΓF , and then attaching the han-
dles Y ik × S1 and Ym × S1 to cancel the genera.

Remark 5.16. We check that ∂WF is homeomorphic to ML. By construction, it decomposes
as ∂WF = XL ∪h PL, where the manifolds XL and PL are glued along their boundaries via the
restriction of the homeomorphism h to ∂PL = ∂PF = (∂F1 × S1) ∪ (∂F2 × S1). The restriction
of h to ∂Fi×S1 = ∂Di×S1 maps ∂Di×{∗} (with ∗ ∈ S1) to the Seifert longitude of Ki in ∂XL,
and {pi} × S1 (with pi ∈ ∂Di) to a meridian of Ki. Since this is the gluing of XL and PL used to
define ML, we get an orientation preserving homeomorphism ∂WF

∼=ML.

Remark 5.17. In the case µ = 1, Construction 5.15 boils down to WF = VF ∪
⋃g1
m=1

(
Ym × S1

)
,

whose boundary ∂WF
∼= XL ∪ PL = ML yields the 0-surgery along the knot L. This should be

contrasted with Litherland and Ko’s construction of a filling of ML which, for a Seifert surface F ,
takes the form VF ∪ (Hg × S1) with Hg a solid handlebody [Lit84, Ko89]. We also note that our
construction depends on the choice of a good basis whereas theirs does not.

Extension of the meridional homomorphism. Recall that there is an isomorphism

ΦV : H1(VF )
∼=−→ Zµ

sending the meridian of F̃i to ti (see e.g. [CFT18, Proposition 3.1]). Furthermore, composing

the homomorphism H1(PF ) → H1(VF ) induced by PF
h→ ∂ν(F̃ ) \ ν(L) ⊂ VF with ΦV yields a

homomorphism

(7) φF : H1(PF )→ Zµ ,

which is meridional. Lemmas 5.18 and 5.19 below ensure that we can perform the surgeries
described above on cycles that are in the kernel of φF , thus allowing for the homomorphism ΦV
to extend to H1(WF ).

As a first step, consider the 4-manifold

(8) U := VF ∪
n⋃
k=1

(
Xk ∪

(
Y 1
k × S1

)
∪
(
Y 2
k × S1

) )
,

which depends on the choice of the attaching curves δik. In the case µ = 1, we have U = VF , and
the conclusion of the following lemma holds trivially; we therefore assume µ = 2.
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Figure 5. Left: a curve behaving well near a clasp. Right: a schematic picture
of δ̃.

Lemma 5.18. For each cancelling curve δk ⊂ F , there exist simple closed curves δ1k in (F ′
1)

◦

and δ2k in (F ′
2)

◦ with the following properties:

• For each i, surgery along all {δik}k transforms F ′
i into Fi.

• The isomorphism ΦV : H1(VF ) → Z2 extends to ΦU : H1(U) → Z2, with U obtained as
in (8) using the attaching curves δik.

Proof. We begin with the construction of the loops δik ⊂ (F ′
i )

◦ for i = 1, 2. Before diving into the
details, we outline the idea. Recall from Constructions 5.14 and 5.15 that during the construction
of ZF = VF ∪h

⋃n
k=1Xk, hollow tubes were added to the Fi resulting in the new surfaces F ′

i . In
essence, the loops δik are obtained by joining an arc running along the tube with an arc with in F ◦

i ;
see Figure 6. In order to extend ΦV : H1(VF )→ Z2 over H1(U), we need show that it vanishes on
(a specific choice of) these loops and, for this reason, it is necessary to describe them in detail.

First, we may assume that the oriented simple closed cancelling curve δk =: δ ⊂ F behaves
well near the clasps, as illustrated on the left of Figure 5. This makes it possible to define a
pushoff δ++ ⊂ ∂ν(F ) which lies in the surface

(F1 × {±c} \ ν(F2)) ∪ (F2 × {±c} \ ν(F1)) .

As illustrated on the right hand side of Figure 5, pushing the C-complex F into B4, the cycle δ++

is mapped to the cycle

(9) δ̃ ⊂ ∂ν(F̃ ) \ ν(L)
obtained as the concatenation of the following four oriented paths:

(δ++∩(F1×{c}))⋆{1+c} , ∂(δ++∩(F1×{c}))⋆[1+c, 2+c] , (δ++∩(F2 \ (F1 × J)×{c}))⋆{2+c} .
Note that the middle formula defines two paths in Figure 5.

Recall the homeomorphism h : PF → ∂ν(F̃ ) \ ν(L) from Lemma 5.12, and consider the cy-

cle h−1(δ̃) ⊂ PF . For i = 1, 2, this cycle intersects F ◦
i × S1 along the fixed S1-coordinate yi ∈ S1

corresponding to (c, i+ c) ∈ ∂(J ⋆ [i− c, i+ c]). Up to reparametrization of S1, it may be assumed
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Figure 6. Left: the cycle h−1(δ̃) ⊂ PF decomposed into two arcs. Right: the
resulting cycles δ1 and δ2.

that y1 = y2 =: y. By definition of a cancelling curve, this cycle intersects Tk = ∂Dek × S1

(resp. T ′
k = ∂De′k

×S1) once. We write (xi, y) (resp. (x
′
i, y)) for the intersection of h−1(δ̃) with the

boundary of the collar neighborhood of Tk (resp. T
′
k) in F

◦
i ×S1, see Figure 6. Up to reparametriza-

tion of ∂Dek
∼= S1 and ∂De′k

∼= S1, it may be assumed that x1 = x2 =: x and x′1 = x′2 =: x′.

For i = 1, 2, consider the simple oriented closed curve δi in (F ′
i )

◦ defined by

(10) δi × {y} =
(
h−1(δ̃) ∩ (F ◦

i × S1)
)
∪ fk(γi) ,

where γ1 is a simple oriented path in I×{0}×S1×{y} ⊂ ∂Xk joining (0, 0, x, y) and (1, 0, (x′)−1, y),
the path −γ2 is the parallel copy of γ1 in I × {1} × S1 × {y} ⊂ ∂Xk, and the orientations are

chosen to be compatible with the one of h−1(δ̃). This is illustrated in Figure 6.

This concludes the construction of the curves {δik} for i = 1, 2. By definition, the surface
obtained from F ′

i by surgery along all curves δik is canonically homeomorphic to Fi, proving the
first item of the proposition.

We now turn to the second item. Recall the 4-manifold ZF defined in (4) and the homeomor-

phism h′ : PF ′ → ∂ZF \XL from (5). Since the paths γ1, γ2 are antiparallel, the cycle

γ1 + γ2 − ({0} × I × {x} × {y}) +
(
{0} × I × {(x′)−1} × {y}

)
bounds a rectangle in Xk, as illustrated in Figure 7. Finally, observe that the two paths in the
middle of the formula defining δ̃ are given by {x}⋆ [1+c, 2+c] and {(x′)−1}⋆ [1+c, 2+c]; these are
homotopic rel boundary in ∂VF to the paths fk({0}×I×{x}×{y}) and fk({0}×I×{(x′)−1}×{y}),
respectively. This leads to the equality

(11) [δ̃] = [h′(δ1 × {y})] + [h′(δ2 × {y})] ∈ H1(ZF ) ,

as illustrated in Figure 7. We claim the isomorphism ΦV : H1(VF ) → Z2 extends to a homomor-
phism ΦZ : H1(ZF ) → Z2 mapping [h′(δi × {y})] to 1 ∈ Z2 for i = 1, 2 and all y ∈ S1. As
explained in the proof of [CNT20, Lemma 4.9], the unique homomorphism ΦX : H1(Xk) → Z2

mapping [{∗}×{t}×S1×{y}] to t1 and [{∗}×{t}×{x}×S1] to t2 is compatible with the merid-
ional homomorphism φF : H1(PF ) → Z2 defined in (7), so the isomorphism ΦV : H1(VF ) → Z2

extends to

H1(ZF )→ Z2

This extension is not unique: the Mayer–Vietoris exact sequence for ZF = VF ∪
⋃
kXk shows it can

take arbitrary values on some homology classes, which can be chosen to be those of h′(δ1 × {y}).
Hence, we can choose the extension ΦZ : H1(ZF )→ Z2 to satisfy

ΦZ([h
′(δ1 × {y})]) = 1.
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Figure 7. Schematic justification of [δ̃] = [h′(δ1 × {y})] + [h′(δ2 × {y})].

It remains to verify that ΦZ([h
′(δ2×{y})]) = 1. Consider the space (F1 ⋆ [0, 1])∪ (F2 ⋆ [0, 2]) ⊂ B4,

which should be thought of as the “trace” of the pushed-in C-complex. Observe that its exterior
in B4, is homeomorphic to a topological ball in VF (see [CFT18, Section 3.1]) that we denote

B := B4 \ ((F1 × J ⋆ [0, 1 + c]) ∪ (F2 × J ⋆ [0, 2 + c])) .

Since (the boundary of) this 4-ball contains δ̃, we have [δ̃] = 0 ∈ H1(VF ) and ΦV ([δ̃]) = 1 ∈ Z2.
Since ΦZ extends ΦV , the equality (11) implies

1 = ΦV ([δ̃]) = ΦZ([δ̃]) = ΦZ([h
′(δ1 × {y})]) ΦZ([h′(δ2 × {y})]) = ΦZ([h

′(δ2 × {y})]) ,
This concludes the proof of the claim.

Since the extension ΦZ of ΦV constructed in the claim takes trivial values on the attaching
curves h′(δi×{y}), a Mayer-Vietoris argument shows that it extends further to ΦU : H1(U)→ Z2.

□

We are now ready to extend the coefficient system over WF which, recall, is defined as

WF = U ∪
g⋃

m=1

(
Ym × S1

)
,

where the round 2-handle Ym × S1 = D2 × [−1, 1]× S1 is attached via

∂Ym × S1 ⊃ ∂D2 × [−1, 1]× S1 ν(αm)× S1 ⊂ F ′
i × S1

hm×idS1

with hm a homeomorphism mapping ∂D2 × {0} to the genus curves αm.

Lemma 5.19. The homomorphism ΦU : H1(U)→ Zµ extends to Φ: H1(WF )→ Zµ.

Proof. We claim that given any oriented closed curve α in Fi that is disjoint from the clasps,
and any (s, t) ∈ ∂(J ⋆ [i − c, i + c]), the oriented closed curve α × {s} ⋆ {t} ⊂ ∂ν(F̃ ) lies in
the kernel of ΦV : H1(VF ) → Z2. Let us first assume that t = i ± c and s ≥ 0. Since the

cylinder α× [0, s] ⋆ {i± c} is contained in ∂ν(F̃ ) ⊂ VF , the cycle α× {s} ⋆ {i± c} is homologous
in VF to the cycle α×{0} ⋆ {i± c}, which is included in the exterior of the trace of the pushed in
C-complex (recall the end of the proof of Lemma 5.18). Since this is a topological ball, we have

ΦV ([α× {s} ⋆ {i± c}]) = ΦV ([α× {0} ⋆ {i± c}]) = 1 .

The other cases can be treated in a similar way. This concludes the proof of the claim.

Since ΦU extends ΦV , these classes also lie in the kernel of ΦU . In particular, this holds true
for the attaching curves αm×{y} ⊂ F ′

i ×S1. The statement now follows from Mayer-Vietoris. □
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Remark 5.20. When working with classical invariants of a surface F ⊂ X in a simply-connected 4-
manifold with π1(X \ν(F )) ∼= Z, it usually becomes necessary to choose a framing ν(F ) ∼= F ×D2

with the property that push offs of curves on F are nullhomologous in X. In the case of pushed-in
Seifert surfaces, explicitly parametrising ν(F ) as in Construction 5.11 serves this purpose. This is
the underlying reason for which Lemma 5.19 holds.

Proof of the first item of Theorem 5.9. Let WF be the 4-manifold described in Construction 5.15,
and let Φ: π1(WF ) → Zµ be the homomorphism defined in Lemma 5.19 (precomposed with
the Hurewicz map). We now check that Φ is an isomorphism which restricts to a meridional
homomorphism on ML.

The proof that Φ is an isomorphism takes the most effort but the idea can be described succintly.
First, since the C-complex F is connected, π1(VF ) is freely generated by the meridians of the Fi.
Next, when forming WF as in Constructions 5.14 and 5.15, adding the Xk creates loops δ1k, δ

2
k

that are then killed by adding the round 2-handles Yk × S1; the S1-factors are identified with
the aforementioned meridians. Finally, adding the round 2-handles Ym × S1 kills push offs of the
genus curves αi (which, it turns out are already nullhomologous in VF ) while again preserving
the meridians. Making this precise relies on the Seifert-Van Kampen theorem together with the
following lemma, whose proof we leave to the reader.

Lemma 5.21. Consider the following commutative diagrams of groups, where (D,φ1, φ2) is a

pushout of C
j← A

i→ B, and φ : D → G is given by the corresponding universal property:

A B

C D

G .

i

j φ2

g

φ1

f

φ

If i is surjective and f is an isomorphism, then φ : D → G is an isomorphism. □

We now proceed with the proof that Φ: π1(WF )→ Zµ is an isomorphism. For any non-negative
integer 0 ≤ N ≤ n, consider the 4-manifold

UN := VF ∪
N⋃
k=1

(
Xk ∪

(
Y 1
k × S1

)
∪
(
Y 2
k × S1

) )
.

In order to make sense of this union, recall that by (6), the round 2-handle Y ik × S1 = D2 ×
[−1, 1] × S1 is glued to Xk = I × I × S1 × S1 via the restriction of hik × idS1 to the semi-circle
in ∂D2 corresponding to δik ∩Xk, see Figure 6.

Note that U0 = VF and Un = U . Note also that n = 0 in the case µ = 1, so we assume µ = 2. Let
us check that the restriction ΦN : π1(UN )→ Z2 of Φ is an isomorphism, inductively on N ≥ 0. The
base case follows from [CFT18, Proposition 3.1], so let us assume that ΦN−1 is an isomorphism.
The induction step relies on the Seifert-Van Kampen theorem for the union

UN = UN−1 ∪
(
XN ∪ (Y 1

N × S1) ∪ (Y 2
N × S1)

)
,

which can be used since the intersection is connected:

UN−1 ∩
(
XN ∪ (Y 1

N × S1) ∪ (Y 2
N × S1)

)
= (TN × I) ∪ (T ′

N × I) ∪ (h−1(δ̃N )× I × S1) =: A.
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By construction of ΦU (recall Lemma 5.18), the inclusion induced homomorphisms fit in the
following commutative diagram where the square is a pushout of (π1(A), i#, j#) by the Seifert-
Van Kampen theorem:

(12)

π1(A) π1
(
XN ∪ (Y 1

N × S1) ∪ (Y 2
N × S1)

)
π1(UN−1) π1 (UN )

Z2 ,

j#

i#

ΦN−1

∼=

ΦN

We now return to the diagram in (12). The map i# being clearly surjective and ΦN−1 being
an isomorphism by induction, Lemma 5.21 implies that ΦN is an isomorphism, completing the
induction step.

Now, given any integer 0 ≤M ≤ g :=
∑µ
i=1 gi, consider the 4-manifold

WM := U ∪
M⋃
m=1

(
Ym × S1

)
.

One readily checks that the restriction ΦM of Φ to π1(WM ) is an isomorphism, inductively
on M ≥ 0: the base case was proved above (as W0 = U), and the induction step follows from
Seifert-Van Kampen together with Lemma 5.21 applied to the pushout diagram

(13)

π1(ν(αM )× S1) π1(YM × S1)

π1(WM−1) π1(WM )

Zµ .ΦM−1

∼=
ΦM

Since Wg =WF and Φg = Φ, this concludes the proof that Φ: π1(WF )→ Zµ is an isomorphism.

It remains to check that the restriction of Φ to ∂WF = WL yields a meridional homomor-
phism φ : H1(ML)→ Zµ, i.e. that the restriction of φ to PL maps the class of the loop {p} × S1

with p ∈ Di to ti. Via the commutative diagram

H1(PL) H1(WF )

H1(ML) Zµ ,

Φ

φ

we are left with the proof that the composition H1(PL) → H1(WF )
Φ→ Zµ satisfies this prop-

erty. For this, recall from the construction of WF that Di is obtained from Fi performing 0-
surgeries followed by 1-surgeries along curves in the resulting surface F ′

i . Via this construction,
the loop {p}×S1 with p ∈ Di is obtained from {p′}×S1 with the corresponding p′ ∈ Fi. Since Φ

extends ΦV and h({p′} × S1) is a meridian of F̃i in VF , we get

Φ([{p} × S1]) = ΦV ([h({p′} × S1)]) = ti ,

concluding the proof of Theorem 5.9 (1).

We end this section by recording an additional result for later use. Recall that Q denotes the
field of fractions of the ring Λ = Z[Zµ].

Proposition 5.22. The inclusion VF →WF induces isomorphisms H∗(VF ;Q)→ H∗(WF ;Q).

The proof relies on the following well known lemma.
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Lemma 5.23. Let X be a connected CW-complex and let φ : H1(X × S1) → Zµ be a homo-

morphism. If the composition H1(S
1) → H1(X × S1)

φ→ Zµ maps a generator of H1(S
1) to a

non-trivial element of Zµ, then the Λ-module H∗(X × S1; Λ) is torsion.

Proof of Lemma 5.23. Write z for the non-trivial element of Zµ mentioned in the statement, and
let Λ′ denote the localised ring Z[Zµ][(z−1)−1]. Straightforward computations show that the chain
complex C∗(X×S1; Λ′) is acyclic, see e.g. [Nic03, Example 2.7] and [CFT18, Lemma 2.2]. Since Λ′

is flat, this yields 0 = H∗(X×S1; Λ′) ∼= H∗(X×S1; Λ)⊗ΛΛ
′, soH∗(X×S1; Λ) is (z−1)-torsion. □

Proof of Proposition 5.22. Recall that the manifold WF is obtained from VF via

WF = VF ∪
n⋃
k=1

(
Xk ∪ (Y 1

k × S1) ∪ (Y 2
k × S1)

)
∪

g⋃
m=1

(
Ym × S1

)
with Xk = I×I×S1×S1, and the homomorphism Φ: H1(WF )→ Zµ maps each of the S1-factors
appearing above to some ti. By Lemma 5.23 and flatness of Q over Λ, each of these n+ g spaces
is Q-acyclic. Moreover, each of these spaces is glued along a connected subspace satisfying the
hypothesis of Lemma 5.23, so these intersections are also Q-acyclic. The result now follows from
an inductive use of the Mayer-Vietoris exact sequence for homology with Q-coefficients. □

5.4. The manifold WF,F ′ . The goal of this section is to construct an explicit filling of ML,L′

over Zµ. This is the manifold we will use to calculate λ(L,L′) := λ(ML,L′ , φ), in order to prove
the fourth and the fifth items of Theorem 1.1.

In order to construct this filling, we begin with the following lemma.

Lemma 5.24. Fix µ ≤ 2 and let L be a µ-component link. For any meridional homomor-
phisms φ,φ′ : H1(PL)→ Zµ, there exists a homeomorphism f : PL → PL such that φ′ ◦ f∗ = φ.

Proof. First note that if µ = 1, then PL = D2×S1 admits a unique meridional homomorphism and
the statement holds trivially. This is also the case when µ = 2 and the linking number vanishes.
Without loss of generality, we may therefore assume that L = K1 ∪K2 is a two-component link
with ℓ := |ℓk(K1,K2)| > 0. We start by explaining the idea of the proof before diving into the
details. By Lemma 5.3, two meridional homomorphisms φ,φ′ : H1(PL)→ Z2 agree on meridians,
but might differ on big loops coming from the graph ΓL. Note that ΓL consists of two vertices
and ℓ edges between them, yielding ℓ−1 independent such big loops. The idea is to define f as the
appropriate composition of (Dehn twists × idS1) about curves around the punctures in D◦

1 ⊔D◦
2

to obtain φ′ ◦ f∗ = φ. There is a sufficiently large number of such curves (namely 2ℓ) compared
to the number of Z-coordinates of φ on the big loops (namely 2(ℓ − 1)) for this problem to have
a solution, a favorable situation not met in general for µ > 2 components.

We now work out the details. Let φ,φ′ : H1(PL) → Z2 be meridional homomorphisms. Recall
that ΓL consists of two vertices decorated by discsD1, D2 and ℓ edges. Let us denote by e0, . . . , eℓ−1

these edges ordered arbitrarily and oriented from D1 to D2. For 0 ≤ r ≤ ℓ− 1, let τ r,1 : D◦
1 → D◦

1

(resp. τ r,2 : D◦
2 → D◦

2) denote the positive Dehn twist about a simple closed curve parallel to ∂Der

(resp. ∂Der ). For i = 1, 2 and 0 ≤ r ≤ ℓ − 1, write fr,i for the orientation-preserving self-
homeomorphism of PL obtained by extending τ r,i × idS1 by the identity outside D◦

i × S1. These
homeomorphisms fr,i will be the building blocks of f . Fix an embedding α : ΓL ↪→ PL as defined
above Lemma 5.3. By this lemma, it induces an injective homomorphism α∗ : H1(ΓL)→ H1(PL).
Therefore, the classes γ1, . . . , γℓ−1 in H1(PL) given by γr = [α(e0)− α(er)] for 1 ≤ r ≤ ℓ− 1 form
a basis of α∗(H1(ΓL)) ⊂ H1(PL). By construction, we have

φ(fr,1∗ (γs)) =

{
t
sgn(er)
2 φ(γs) if r = s,

φ(γs) else,
and φ(fr,2∗ (γs)) =

{
t
− sgn(er)
1 φ(γs) if r = s,

φ(γs) else,

for all 1 ≤ r, s ≤ ℓ − 1. The case i = 1 is illustrated in Figure 8. This readily implies that the
appropriate composition f of the orientation-preserving homeomorphisms fr,i : PL → PL and their
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inverses satisfies φ(f∗(γs)) = φ′(γs) for all 1 ≤ s ≤ ℓ− 1. By Lemma 5.3, this implies that φ ◦ f∗
and φ′ coincide on H1(PL). □

Figure 8. The Dehn twist τ r,1 on D◦
1 making up the homeomorphism fr,1 of PL.

Construction 5.25. Fix µ ≤ 2, let F and F ′ be C-complexes for µ-component links L and L′

with equal linking numbers, and consider the 4-manifolds WF and WF ′ from Theorem 5.9. The
isomorphisms π1(WF ) ∼= Zµ ∼= π1(WF ′) restrict to meridional homomorphisms on the subsets
of ∂WF , ∂WF ′ that are homeomorphic to PL, i.e. on ∂WF \XL and ∂WF ′ \XL′ . Use Lemma 5.24
to choose a homeomorphism f : ∂WF \XL → ∂WF ′\XL′ that intertwines these coefficients systems.
Consider the 4-manifold with boundary given by

WF,F ′ :=WF ∪h −WF ′ .

Observe that by construction ∂WF,F ′ ∼=ML,L′ as manifolds over Zµ.

The next proposition describes the Q-intersection form of WF,F ′ and, as a consequence, leads
to a calculation of the homology surgery invariant of ML,L′ , proving the fourth and fifth items of
Theorem 1.1.

Theorem 5.26. Fix µ ≤ 2. Let L and L′ be µ-component links with ∆L,∆L′ ̸= 0, let F and F ′ be
nice connected C-complexes for L and L′ respectively, and let HF and HF ′ be a choice of matrices
as in Construction 5.8. If L and L′ have equal linking numbers, then

λ(L,L′) = [HF ]− [HF ′ ] ∈ L4(Q)

λ̃(L,L′) = [HF ]− [HF ′ ] ∈ L4(Q)/ im(L4(Λ)→ L4(Q)).

Proof. Recall from Proposition 4.3 and Remark 4.5 that λ(L,L′) := λ(ML,L′ , φ) and λ̃(L,L′) :=

λ̃(ML,L′ , φ) do not depend on the choice of a meridional homomorphism φ : H1(ML,L′) → Zµ.
We will calculate these invariants using the 4-manifold WF,F ′ from Construction 5.25, which can
be defined since the linking numbers coincide. Since ML,L′ bounds WF,F ′ over Zµ, we obtain
a meridional homomorphism φ that extends over WF,F ′ . Since Hi(PL;Q) = 0 (as can be seen
by repeated applications of Lemma 5.23), a Mayer-Vietoris sequence shows that the inclusion

induces an isometry λQWF,F ′
∼= λQWF

⊕ −λQWF ′ . Since ∆L,∆L′ ̸= 0, a Mayer-Vietoris argument

shows that H1(ML;Q) = 0 = H1(ML′ ;Q) and so these forms are nonsingular. As a consequence,

we deduce that λQWF,F ′ = λQ,nsWF,F ′ can be used to calculate

λ(L,L′) = λ(ML,L′ , φ) = [λQ,nsWF,F ′ ]− [λQ,nsWF,F ′ ] = [λQWF
]− [λQWF ′ ]− [λQ,nsWF,F ′ ]

λ̃(L,L′) = λ̃(ML,L′ , φ) = [λQ,nsWF,F ′ ] = [λQWF
]− [λQWF ′ ] .

We assert that [λQ,nsWF,F ′ ] = 0. The second item of Theorem 5.9 ensures that [λQ,nsWF
] = 0 ∈ L4(Q)

and similarly for WF ′ . The assertion will therefore follow from an application of the Novikov-Wall
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theorem (see [Wal69]) to the decomposition WF,F ′ = WF ∪PL
WF ′ . The lagrangians that appear

in the definition of the Maslov index are the kernel of the inclusion induced maps

H1(ν(L);Q)→ H1(XL;Q) , H1(ν(L);Q)→ H1(XL′ ;Q) , H1(ν(L);Q)→ H1(PL;Q) .

Since the linking numbers of L and L′ agree, the first two Lagrangians are equal. Hence, the
symmetric form defining the Maslov Witt class is identically zero and the assertion follows.

The third item of Theorem 5.9 shows that λQWF
and λQWF ′ are represented by HF and HF ′

respectively. This concludes the proof of the theorem. □

6. Relating the invariants

The goal of this section is to relate our two invariants when µ ≤ 2. To do so, we begin by recalling
the relation between the equivariant intersection form of a 4-manifold and the Blanchfield form of
its boundary. Despite this type of result being well known, we are not aware of a reference that
quite matches our setting. As a consequence, we provide some details. Once this intermediate
proposition has been proved, the main theorem follows promptly from considerations in L-theory.

Throughout this section, we will write W for an oriented 4-manifold with connected bound-
ary ∂W , endowed with an isomorphism Φ: π1(W ) → Zµ such that the inclusion induced homo-
morphism i# : π1(∂W )→ π1(W ) is surjective.

We begin with three technical lemmas, the first of which concerns π2(W ) ∼= H2(W ; Λ).

Lemma 6.1. For W as above, the Λ-module H2(W ; Λ) is free if and only if µ ≤ 3.

Proof. The projective dimension of Z ∼= Λ/(t1−1, . . . , tµ−1) as a module over the group ring Λ =
Z[Zµ] is equal to µ. In other words, the cohomological dimension of the group Zµ is equal to µ.
By Lemma 3.1 and Proposition 3.4 of [CK25], the Λ-module π2(W ) is projective (hence free, see
e.g. [Lam06, Chapter V,Corollary 4.12]) if and only if µ ≤ 3. □

The next lemma follows promptly from the universal coefficient spectral sequence (UCSS), but
we record it in order to avoid repeating the argument later on.

Lemma 6.2. If Y is a closed 3-manifold and φ : π1(Y ) → Zµ is an epimorphism such that the
Alexander module H1(Y ; Λ) is torsion, then Poincaré duality and φ induce isomorphisms

H2(Y ; Λ) ∼= H1(Y ; Λ) ∼= H1(Zµ,Λ).

Furthermore, this group vanishes unless µ = 1, in which case it is isomorphic to Z.

Proof. The UCSS yields the exact sequence

0→ H1(Zµ; Λ)→ H1(Y ; Λ)
ev−→ Hom(H1(Y ; Λ),Λ)→ H2(Zµ; Λ) .

Since H1(Y ; Λ) is torsion, Hom(H1(Y ; Λ),Λ) vanishes and the first statement follows. Finally, the
isomorphisms H1(Zµ; Λ) ∼= H1(Tµ; Λ) ∼= Hµ−1(Tµ; Λ) ∼= Hµ−1(Rµ;Z) yield the second statement.

□

Our next technical lemma concerns the exact sequence of the pair (W,∂W ). Recall that for
a Λ-module M , we write t̂M = TM/zM and ŝM = M/zM , with zM the maximal pseudonull
submodule of M (see Appendix B).

Lemma 6.3. Assume that µ ≤ 2. If H1(∂W ; Λ) is torsion, then the exact sequence of the
pair (W,∂W ) induces a resolution

(14) H2(W ; Λ)
ȷ̂∗→ ŝH2(W,∂W ; Λ)

∂̂→ t̂H1(∂W ; Λ)→ 0

of the Λ-module t̂H1(∂W ; Λ), where the first two modules are free of the same rank. When µ = 1,
it is additionally the case that t̂H1(∂W ; Λ) = H1(∂W ; Λ).



ALGEBRAIC CONCORDANCE OF LINKS 33

Proof. In the case µ = 1, it is well known that the exact sequence of (W,∂W ) yields a square
presentation H2(W ; Λ) → H2(W,∂W ; Λ) → H1(∂W ; Λ) → 0 of H1(∂W ; Λ), see e.g. [CP23,
Lemma 3.2]. In order to see that zH1(∂W ; Λ) = 0, first note that if ∆

.
= 1, then H1(∂W ; Λ) = 0

and the conclusion is clear, whereas otherwise, since H1(∂W ; Λ) ̸= 0 is torsion (so that ∆ ̸= 0),
the annihilator of any non-zero element of H1(∂W ; Λ) is contained in the proper principal ideal
of Λ generated by ∆, the determinant of the corresponding presentation matrix.

We therefore focus on the case where µ = 2. Since the twisted coefficient system is defined

via the isomorphism Φ: π1(W ) → Z2, the corresponding cover is the universal cover W̃ , and we

have H1(W ; Λ) ∼= H1(W̃ ) = 0 since W̃ is simply-connected. Therefore, the exact sequence of the
pair (W,∂W ) contains

(15) H2(W ; Λ)
j∗→ H2(W,∂W ; Λ)

∂→ H1(∂W ; Λ)→ 0 ,

which by Lemma B.9 induces a sequence

ŝH2(W ; Λ)
ȷ̂∗→ ŝH2(W,∂W ; Λ)

∂̂→ ŝH1(∂W ; Λ)→ 0 .

By Lemma 6.1, the module ŝH2(W ; Λ) = H2(W ; Λ) is free, while ŝH1(∂W ; Λ) = t̂H1(∂W ; Λ)
since H1(∂W ; Λ) is torsion. Therefore, it remains to check that ŝH2(W,∂W ; Λ) is free of the same
rank, and that ∂ restricts to a surjective map on the maximal pseudonull submodules. Indeed,
Lemma B.10 then shows that the exactness of (15) implies the exactness of (14).

To show the first point, we first note that since H1(W ; Λ) = 0 and Ext3Λ(Z,Λ) = 0, the UCSS
gives rise to the exact sequence

(16) 0 −→

∼=Z︷ ︸︸ ︷
Ext2Λ(Z,Λ) −→ H2(W ; Λ)

ev−→ HomΛ(H2(W ; Λ),Λ) −→ 0 .

We now show that ker(ev) ∼= Z coincides with the maximal pseudonull submodule zH2(W ; Λ).
Indeed, by Lemma 6.1, the target module of ev is free; since zH2(WF ; Λ) is torsion, it is included
in ker(ev). Moreover, the submodule ker(ev) being isomorphic to Z ∼= Λ/(t1 − 1, t2 − 1), it
is included in zH2(W ; Λ) by Example B.8, showing the equality ker(ev) = zH2(W ; Λ). As a
consequence, the evaluation map induces an isomorphism

(17) êv : ŝH2(W ; Λ)
∼=−→ HomΛ(H2(W ; Λ),Λ) .

By Lemma 6.1, it follows that ŝH2(W,∂W ; Λ) ∼= ŝH2(W ; Λ) is free, of the same rank as H2(W ; Λ).

We now turn to the second point, i.e. the proof that ∂ : H2(W,∂W ; Λ)→ H1(∂W ; Λ) restricts
to a surjective map ∂| : zH2(W,∂W ; Λ)→ zH1(∂W ; Λ) (actually an isomorphism). By naturality
of Poincaré duality, this is equivalent to checking that the inclusion ∂W ⊂ W induces a map j∗

which restricts to an isomorphism j∗| : zH2(W ; Λ) → zH2(∂W ; Λ). To do so, let us use the
UCSS to compute H2(∂W ; Λ). First note that since H1(∂W ; Λ) is torsion, Lemma 6.2 implies
that H2(∂W ; Λ) = 0. Since Hom(H1(∂W ; Λ),Λ) = 0, an application of the UCSS gives rise to the
exact sequence

(18) 0→ Ext2Λ(H0(∂W ; Λ),Λ)→ H2(∂W ; Λ)→ Ext1Λ(H1(∂W ; Λ),Λ)→ 0 .

The two exact sequences (16) and (18) fit into the following diagram, where the vertical maps are
induced by the inclusion ∂W ⊂W :

0 Ext2Λ(H0(W ; Λ),Λ) H2(W ; Λ) HomΛ(H2(W ; Λ),Λ) 0

0 Ext2Λ(H0(∂W ; Λ),Λ) H2(∂W ; Λ) Ext1Λ(H1(∂W ; Λ),Λ) 0 .

(j∗)
∗

ev

j∗

π

This diagram commutes by naturality of the UCSS. Furthermore, since both W and ∂W are
connected, the left vertical map is an isomorphism between modules isomorphic to Z ∼= Λ/(t1 −
1, t2 − 1). Recall that, by the proof of the first point above, we have ker(ev) = zH2(W ; Λ). We
now check that, similarly, we have ker(π) = zH2(∂W ; Λ): this will imply that j∗ restricts to an
isomorphism j∗| : zH2(W ; Λ) → zH2(∂W ; Λ), and conclude the proof. To check this claim, first
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recall that the inclusion Z ∼= ker(π) ⊂ zH2(∂W ; Λ) follows from Example B.8. Also, the short
exact sequence of coefficients 0→ Λ→ Q→ Q/Λ→ 0 induces an isomorphism

(19) Ext1Λ(H1(∂W ; Λ),Λ) ∼= HomΛ(H1(∂W ; Λ), Q/Λ) .

By Example B.7, we have z(Q/Λ) = 0, so the first point of Lemma B.11 implies that the module
on the right of (19) has trivial maximal pseudonull submodule. By the isomorphism (19), so does
the module on the left. This yields

π(zH2(∂W ; Λ)) ⊂ z Ext1Λ(H1(∂W ; Λ),Λ) = 0 ,

which implies the inclusion zH2(∂W ; Λ) ⊂ ker(π) and concludes the proof. □

The next proposition relates the Λ-intersection form of W with the Blanchfield form of ∂W .
As mentioned above, despite the result being well known for µ = 1 (see e.g. [BF15, Theorem 2.6])
and holding over ΛS for all µ [CFT18, Con18] as well as for more general coefficients [Sti22], we
are not aware of a version over Z[Z2] that involves t̂H1(∂W ;Z[Z2]).

Proposition 6.4. Assume that µ ≤ 2 and that the Alexander module H1(∂W ; Λ) is torsion.
If H is a matrix representing the intersection form on H2(W ; Λ), then the Blanchfield pair-

ing B̂l
φ

∂W : t̂H1(∂W ; Λ)× t̂H1(∂W ; Λ)→ Q/Λ is isometric to the pairing

Λn/HTΛn × Λn/HTΛn −→ Q/Λ, ([a], [b]) 7−→ [−aTH−1b] ,

where n the rank of H2(W ; Λ).

Proof. Since the result is well known for µ = 1, see e.g. [BF15, Theorem 2.6], we focus on the
case µ = 2. Write λ for the equivariant intersection form on H2(W ; Λ). Throughout the proof,

we write Bl instead of Blφ∂W for simplicity. Let us write ∂W
i→ W

j→ (W,∂W ) for the natural

inclusions, and Λ
ι→ Q

p→ Q/Λ for the canonical short exact sequence of coefficients. Recall

from Lemma B.9 that any Λ-linear map f : N → N ′ functorially induces a map f̂ : ŝN → ŝN ′.
Since H1(∂W ; Λ) is torsion, it follows that the short exact sequence (14) from Lemma 6.3 can be
completed into the following diagram, which is adapted from [CFT18, (12)]:

H2(W ; Λ) ŝH2(W,∂W ; Λ) ŝH1(∂W ; Λ) 0

HomΛ(H2(W ; Λ),Λ) ŝH2(W ; Λ) ŝH2(∂W ; Λ)

HomΛ(H2(W ; Λ), Q) H2(W ;Q) ŝH1(∂W ;Q/Λ)

HomΛ(H2(W,∂W ; Λ), Q) H2(W,∂W ;Q) ŝH2(W,∂W ;Q/Λ) HomΛ(ŝH1(∂W ; Λ), Q/Λ)

HomΛ(ŝH2(W,∂W ; Λ), Q) HomΛ(ŝH2(W,∂W ; Λ), Q/Λ) .

Adλ

ȷ̂∗ ∂̂

P̂D
−1

P̂D
−1

AdBl

ι∗

êv

ι̂∗

î∗

B̂S
−1

(j∗)−1

ev

êv

δ̂(j∗)
∗

∼=

ev p∗

êv êv
∂̂∗

p∗

All the maps appearing in this diagram are well-defined in a straightforward way, with the following
possible exceptions. The maps labeled êv are well-defined via the second and third points of
Lemma B.11 together with the fact that zΛ = z(Q/Λ) = 0 (Example B.7). The bottom left vertical
map is the isomorphism given in Lemma B.11(iii). Also, the map ι̂∗ : ŝH2(W ; Λ)→ H2(W ;Q) is
well-defined as H2(W ;Q) = ŝH2(W ;Q). Finally, the map j∗ : H2(W,∂W ;Q) → H2(W ;Q) is an
isomorphism by Poincaré duality, the exact sequence of (W,∂W ), and the fact that H∗(∂W ; Λ) is
torsion (apply Poincaré duality and the UCSS).

We now discuss the commutativity of this diagram. The (four) squares involving two evaluation
maps commute by naturality of the UCSS. The square involving Adλ, the triangle involving AdBl,
and the bottom-left triangle commute by definition. Also, the square involving two maps la-
beled P̂D commutes by naturality of Poincaré duality. Finally, by e.g. [Con18, Appendix A] (see
also [CFT18, Lemma 5.4] and [BLLV74, Lemma 4.4]), the central rectangle anti-commutes.
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Adapting [CFT18], let us define an adjoint Adθ as the composition

ŝH2(W,∂W ; Λ)
P̂D

−1

−→ ŝH2(W ; Λ)
ι̂∗−→ H2(W ;Q)

(j∗)−1

−→ H2(W,∂W ;Q)
êv−→ HomΛ(ŝH2(W,∂W ; Λ), Q) .

This defines a pairing θ : ŝH2(W,∂W ; Λ)× ŝH2(W,∂W ; Λ) → Q via θ(x, y) = Adθ(y)(x). As one
can check, the (anti-)commutativity of the big diagram implies the commutativity of

(20)

H2(W ; Λ)×H2(W ; Λ) Λ

ŝH2(W,∂W ; Λ)× ŝH2(W,∂W ; Λ) Q

ŝH1(∂W ; Λ)× ŝH1(∂W ; Λ) Q/Λ ,

ȷ̂∗×ȷ̂∗

−λ

ι

∂̂×∂̂

−θ

p

Bl

with ŝH1(∂W ; Λ) = t̂H1(∂W ; Λ) since H1(∂W ; Λ) is torsion.

We now fix a Λ-basis {x1, . . . , xn} of H2(W ; Λ) and write {x∗1, . . . , x∗n} for the dual basis

of HomΛ(H2(W ; Λ),Λ). Set yk = ( ˆPD ◦ êv−1)(x∗k) for 1 ≤ k ≤ n, where êv : ŝH2(W ; Λ) →
HomΛ(H2(W ; Λ),Λ) is an isomorphism by (17). This yields a basis {y1, . . . , yn} of ŝH2(W,∂W ; Λ).
One verifies that HT is the matrix of ȷ̂∗ in the bases {x1, . . . , xn} of H2(W ; Λ) and {y1, . . . , yn}
of ŝH2(W,∂W ; Λ). The remainder of the proof proceeds as in [CFT18, Proof of Theorem 1.2]. □

Remark 6.5. Proposition 6.4 and Remark A.5 show that B̂l∂W is the boundary of the hermitian
form λΛW . Since the boundary of a hermitian form is necessarily an even linking form, Proposi-

tion 6.4 actually shows that B̂l∂W is even when µ ≤ 2 and H1(∂W ; Λ) is torsion. More generally,
note that a linking form (T, b) over Λ is even if T is annihilated by a polynomial ∆ ∈ Λ with ∆ = ∆.
This implies that the Blanchfield form of a closed 3-manifold Y is necessarily even if t̂H1(Y ; Λ)

admits a square presentation matrix (so that ∆t̂H1(Y ;Λ) annihilates t̂H1(Y ; Λ)): indeed, since B̂lY

is nondegenerate on both sides (recall Section 3.1), it is known that ∆t̂H1(Y ;Λ) = ∆t̂H1(Y ;Λ); see

e.g. [Hil12b, Lemma 3.26].

Proposition 6.4 (and Remark 6.5) ensures that when µ ≤ 2 and H1(∂W ; Λ) is torsion, the

Blanchfield form B̂l∂W defines an element in the Witt group L4(Λ,Λ \ {0}) of linking forms (or
more precisely the Witt group of even nonsingular linking forms defined on torsion modules of
projective dimension 1). We are now ready to prove Theorem 1.6 from the introduction. Recall
the exact sequence L4(Λ)→ L4(Q)→ L4(Λ,Λ \ {0}) from Appendix A.

Theorem 6.6. Fix µ ≤ 2 and let L and L′ be two µ-component links with equal linking number
and ∆L,∆L′ ̸= 0.

(i) The map L4(Q) → L4(Λ,Λ \ {0}) takes the homology surgery invariant λ(L,L′) to the
Blanchfield invariant Bl(L,L′). In particular, if λ(L,L′) vanishes, then so does Bl(L,L′) ∈
L4(Λ,Λ \ {0}).

(ii) The injective map L4(Q)/ im(L4(Λ)→ L4(Q))→ L4(Λ,Λ\{0}) takes the simplified homology

surgery invariant λ̃(L,L′) to the Blanchfield invariant Bl(L,L′). In particular, λ̃(L,L′)
vanishes if and only if Bl(L,L′) ∈ L4(Λ,Λ \ {0}) does.

Proof. By the first and second items of Theorem 5.9, the Witt class λ(L,L′) ∈ L4(Q) is repre-

sented by the equivariant intersection form λQ,nsWF,F ′ . Since ∆L,∆L′ ̸= 0 (so that a short Mayer-

Vietoris argument shows that H1(ML; Λ) and H1(ML′ ; Λ) are Λ-torsion) and µ ≤ 2, Lemma 6.2

yieldsH2(∂WF,F ′ ;Q) = 0 and thus the form is nonsingular, i.e. λQ,nsWF,F ′ = λQWF,F ′ . SinceH2(WF,F ′ ; Λ)

is free (recall Lemma 6.1), we can represent this latter form by a matrix H with coefficients in Λ.
By Remark A.5, the map L4(Q) → L4(Λ,Λ \ {0}) sends λ(L,L′) to the Witt class of the linking
form ([x], [y]) 7→ xTH−1y. By Proposition 6.4, this latter form is isometric to the Blanchfield form
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on ∂WF,F ′ = ML,L′ for some meridional homomorphism φ, showing the first point. The proof of
the second point is analogous. □

We conclude by noting another consequence of Proposition 6.4, which appeared in the intro-
duction as the sixth item of Theorem 1.3.

Corollary 6.7. If L is a 2-component link with linking number one and L′ = H is the Hopf link,
then the linking form BlφML,H

is represented by HF with F a nice C-complex for L.

Proof. Since L has linking number one, Example 5.1 implies PL agrees with MH, the generalised
Seifert surgery of the Hopf link. It follows that ML,H = ML. The statement now follows by
combining Proposition 6.4 with the third item of Theorem 5.9. □

7. Projective dimension and nonsingularity

At this stage we have proved Theorem 1.1 (assuming a calculation that will be performed in
Section 8), Theorem 1.6, as well as all of Theorem 1.3 besides its third and fourth items. This
section proves these missing items. The organisation is as follows. Section 7.1 proves a technical
lemma that we will be needed in both of the later sections. Section 7.2 analyses the projective
dimension of Alexander modules of closed 3-manifolds. Section 7.3 focuses on the nonsingularity
of the Blanchfield form and completes the proof of the third and fourth items of Theorem 1.3.

7.1. A technical lemma. We begin with a technical lemma that will be used both to study the
projective dimension of the Alexander module and the nonsingularity of the Blanchfield form. For
this, it will be helpful to note that a homomorphism φ : H1(Y )→ Z3 is an element of

(21) HomZ(H1(Y ),Z3) ∼= H1(Y ;Z3) ∼= [Y,BZ3] ∼= [Y,T3] .

We then define the degree of φ, denoted deg(φ) ∈ Z, as the degree of the associated homotopy
class of a map fφY : Y → T3, i.e. as the unique integer such that (fφY )∗([Y ]) = deg(φ)[T3].

Lemma 7.1. Let Y be a closed 3-manifold and let φ : H1(Y )→ Z3 be an epimorphism such that
the Alexander module H1(Y ; Λ) is torsion. For any Λ-module N , we have an isomorphism

Ext2Λ(H1(Y ; Λ), N) ∼= Nπ/deg(φ)Nπ ,

where Nπ stands for the quotient of N by the submodule
{∑3

i=1(ti − 1)ni | ni ∈ N
}
.

Proof. The idea is to compute the twisted homology Λ-module H3(Y ;N) using the UCSS. To

do so, first note that since φ is surjective, the induced covering space Ỹ is a noncompact con-

nected 3-manifold. Thus, the corresponding homology module H3(Y ; Λ) ∼= H3(Ỹ ;Z) vanishes.

The definition of group cohomology yields ExtkΛ(H0(Y ; Λ), N) ∼= H3−k(T3;N) = 0 for k ≥ 4.
Since we also have H2(Y ; Λ) = 0 by Lemma 6.2, the E2-page of the UCSS for H∗(Y ;N) has the
following form:

4 0 ∗ ∗ ∗

3 Ext3Λ(H0(Y ; Λ), N) ∗ ∗ ∗

2 ∗ Ext2Λ(H1(Y ; Λ), N) ∗ ∗

1 ∗ Ext1Λ(H1(Y ; Λ), N) 0 ∗

0 ∗ ∗ 0 0

0 1 2 3
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Therefore, both E3,0
∞ and E2,1

∞ vanish, while E1,2
∞
∼= Ext2Λ(H1(Y ; Λ), N) and

E0,3
∞
∼= coker

(
Ext1Λ(H1(Y ; Λ), N)

d−→ Ext3Λ(H0(Y ; Λ), N)
)
.

By the UCSS, we get an exact sequence

Ext1Λ(H1(Y ; Λ), N) −→ Ext3Λ(H0(Y ; Λ), N) −→ H3(Y ;N) −→ Ext2Λ(H1(Y ; Λ), N) −→ 0 .

As explained in (21), the homomorphism φ corresponds to the homotopy class of a map fφY =:
f : Y → T3. Let ψ : H1(T3)→ Z3 be the unique meridional isomorphism such that ψ ◦f∗ = φ. We
are now in presence of a map f : (Y, φ)→ (T3, ψ) between three-dimensional Z3-manifolds. Using
the fact that H1(T3; Λ) vanishes, the exact sequence displayed above yields the diagram

0 Ext3Λ(H0(T3; Λ), N) H3(T3;N) 0

Ext3Λ(H0(Y ; Λ), N) H3(Y ;N) Ext2Λ(H1(Y ; Λ), N) 0 ,

∼=

(f∗)
∗∼= f∗

g

which is commutative by naturality of the UCSS. Note that the upper middle map is an iso-
morphism by exactness of the first line, while the left vertical map (f∗)

∗ is an isomorphism by
naturality. As a consequence, exactness of the second line yields an isomorphism

Ext2Λ(H1(Y ; Λ), N) ∼= coker(g) = coker(f∗) .

To compute this module, consider the following diagram, where the left horizontal maps are
Poincaré duality isomorphisms, and the right horizontal maps are isomorphisms coming from the
definition of twisted homology (i.e. induced by the augmentation maps):

H3(T3;N) H0(T3;N) Nπ

H3(Y ;N) H0(Y ;N) Nπ .

PD
∼=

f∗

∼=

PD
∼=

f∗ ∼=

∼=

Since f∗ is also an isomorphism, one might be led to believe that f∗ is always onto. The issue is
that, while the right square commutes, the left square does not commute in general. Indeed, by
definition of Poincaré duality and by functoriality of the cap product, we have

(f∗ ◦ PD ◦f∗)(α) = f∗(f
∗(α)⌢ [Y ]) = α ⌢ f∗([Y ]) = α ⌢ deg(f)[T3] = deg(f) PD(α)

for all α ∈ H3(T3;N). The three equations and diagrams displayed above yield

Ext2Λ(H1(Y ; Λ), N) ∼= coker(f∗) ∼= Nπ/deg(f)Nπ .

The result now follows from the definition of deg(φ). □

7.2. The projective dimension of the Alexander module. The goal of this section is to
prove the following result.

Proposition 7.2. Let Y be a closed 3-manifold and let φ : H1(Y )→ Zµ be an epimorphism such
that the Alexander module H1(Y ; Λ) is torsion. The Λ-module H1(Y ; Λ) has projective dimension 1
if and only if µ = 1 or µ = 3 and deg(φ) = ±1.

Proof. We begin with the if direction. Assume that µ = 1. Since Ω3(Z) = 0, the pair (Y, φ)
bounds a 4-manifold (W,ψ). SurgeringW if necessary, we can assume that π1(W ) ∼= Z. The exact
sequence of the pair (W,Y ) then provides the required free resolution; recall Lemma 6.3. Let us
now assume µ = 3. By Lemma 7.1, we have deg(φ) = ±1 if and only if Ext2Λ(H1(Y ; Λ), N) = 0 for
any Λ-module N . By [Wei94, Lemma 4.1.6], this is equivalent to the Λ-module H1(Y ; Λ) having
projective dimension at most 1.

For the only if direction, it remains to assume that 1 < µ ̸= 3, and prove that H1(Y ; Λ) has
projective dimension at least 2. We will show that the module Ext2Λ(H1(Y ; Λ),Λ) is nontrivial,
which implies the statement. To check this claim, let us focus on the E2-page of the UCSS applied
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to the chain complex C∗(Ŷ ). Since H2(Y ; Λ) = 0 by Lemma 6.2 (recall that µ > 1), the 2-column
only contains zeros. Since the modules H∗(Y ; Λ) are torsion, all the modules in the 0-row vanish.

Finally, sinceH0(Y ; Λ) ∼= Z and µ ̸= 3, we deduce that E0,3
2 = Ext3Λ(Z,Λ) = 0. Hence, the E2-page

has the following form:

4 Ext4Λ(Z,Λ) ∗ ∗ ∗

3 0 ∗ ∗ ∗

2 ∗ Ext2Λ(H1(Y ; Λ),Λ) ∗ ∗

1 ∗ ∗ 0 ∗

0 ∗ ∗ 0 0

0 1 2 3

This implies that the modules E3,0
∞ , E2,1

∞ and E0,3
∞ all vanish. As a consequence, comput-

ing H3(Y ; Λ) ∼= H0(Y ; Λ) ∼= Z with the help of this spectral sequence yields the isomorphisms

Z ∼= H3(Y ; Λ) ∼= E1,2
∞
∼= ker(Ext2Λ(H1(Y ; Λ),Λ)

d2−→ Ext4Λ(Z,Λ)) .

In particular, the module Ext2Λ(H1(Y ; Λ),Λ) is nontrivial, concluding the proof. □

Remark 7.3. One can check that a finitely presented torsion Λ-module admits a square presenta-
tion matrix if and only if its projective dimension is at most 1. In particular Proposition 7.2 should
be compared to the fact that the Alexander module of a link with nonzero Alexander polynomial
admits a square presentation matrix if and only if µ < 3 [CS69].

7.3. Nonsingularity. The goal of this section is to prove the following result, and to complete
the proof of the third and fourth items of Theorem 1.3.

Proposition 7.4. Let Y be a closed 3-manifold and let φ : H1(Y ) → Zµ be an epimorphism. If
the Alexander module H1(Y ; Λ) is torsion, then

t̂H1(Y ; Λ) ∼=

{
H1(Y ; Λ) if µ ̸= 2,

H1(Y ; Λ)/Z if µ = 2.

Additionally, the following assertions are equivalent:

• the Blanchfield pairing B̂l
φ

Y is nonsingular,
• either µ ̸= 3 or µ = 3 and deg(φ) ̸= 0.

Proof. This follows from an analysis of the evaluation ev : H1(Y ;Q/Λ)→ HomΛ(H1(Y ; Λ), Q/Λ)
as we now explain. Since H1(Y ; Λ) is torsion, the Bockstein map BS: H1(Y ;Q/Λ) → H2(Y ; Λ)
from the definition of the Blanchfield form is readily seen to be an isomorphism. It follows that

t̂H1(Y ; Λ) = TH1(Y ; Λ)/zH1(Y ; Λ) = H1(Y ; Λ)/zH1(Y ; Λ) = H1(Y ; Λ)/ ker(ev) ,

where the equality zH1(Y ; Λ) = ker(ev) is a consequence of Blanchfield’s theorem (recall Section 3).

We deduce that t̂H1(Y ; Λ) = H1(Y ; Λ) if and only if ev is injective and, since B̂l
φ

Y is nondegenerate,

that B̂l
φ

Y is nonsingular if and only if ev is surjective.

Thus the proposition will follow once we show that ev is injective for µ ̸= 2 and analyze its
cokernel. The UCSS leads to the exact sequence

0 −→ Ext1Λ(Z, Q/Λ) −→H1(Y ;Q/Λ)
ev−→ HomΛ(H1(Y ; Λ), Q/Λ)

d2−→ Ext2Λ(Z, Q/Λ) −→ H2(Y ;Q/Λ) −→ Ext1Λ(H1(Y ; Λ), Q/Λ) −→ 0.

(22)



ALGEBRAIC CONCORDANCE OF LINKS 39

It therefore remains to understand ExtkΛ(Z, Q/Λ) for k = 2, 3 as well as the image of d2.

We begin with the former. Using the Bockstein isomorphism associated to the short exact
sequence 0→ Λ→ Q→ Q/Λ→ 0 and the definition of group cohomology, we obtain

Extk−1
Λ (Z, Q/Λ) ∼= ExtkZ[Zµ](Z,Λ) ∼= Hk(Zµ; Λ).

We deduce that ker(ev) = 0 for µ ̸= 2 and ker(ev) ∼= Z for µ = 2. Similarly, coker(ev) = 0 if µ ̸= 3.

It only remains to consider the case where µ = 3 and determine coker(ev). Since H∗(Y ; Λ)
is torsion, the Bockstein homomorphism and Poincaré duality yield H2(Y ;Q/Λ) ∼= H3(Y ; Λ) ∼=
H0(Y ; Λ) ∼= Z. Thus for µ = 3, the exact sequence from (22) takes the form

0→ H1(Y ;Q/Λ)
ev−→ HomΛ(H1(Y ; Λ);Q/Λ)

d2−→ Z→ Z→ Ext2Λ(H1(Y ; Λ),Λ)→ 0 ,

Applying Lemma 7.1 with N = Λ shows that Ext2Λ(H1(Y ; Λ),Λ) ∼= Z/ deg(φ)Z.
We conclude. We have seen that B̂l

φ

Y being nonsingular is equivalent to d2 being the zero map,
to the map Z → Z being multiplication by some n ̸= 0, and to Ext2Λ(H1(ML; Λ),Λ) ∼= Z/nZ
with n ̸= 0. As mentioned above, this is equivalent to deg(φ) ̸= 0. The proposition follows. □

As mentioned in Remark 1.5, the integer deg(φ) sometimes admits an explicit description.

Example 7.5. Let L and L′ be 3-component links with vanishing pairwise linking numbers, and
let ML,L′ = XL ∪ −XL′ be the corresponding closed 3-manifold (recall Construction 4.1). We
claim that for any meridional homomorphism φ : H1(ML,L′)→ Z3, the following equality holds:

(23) deg(φ) = µL′(123)− µL(123) .

Indeed, observe that any such φ restricts to the meridional isomorphism ψ : H1(XL) → Z3 and
to the opposite of the meridional isomorphism ψ′ : H1(XL′) → Z3. By (21), the corresponding

map fφML,L′ : ML,L′ → T3 can be obtained by gluing fψXL
: XL → T3 and −fψ

′

XL′ : XL′ → T3

along ∂XL
∼= ∂XL′ . Since the pairwise linking numbers of L vanish, the inclusion of XL into

the 0-surgery ML = XL ∪ −PL is seen to induce an isomorphism H1(XL) ∼= H1(ML). Using (21)

once again, the map fψXL
: XL → T3 extends uniquely up to homotopy to fψML

: ML → T3, and
similarly for L′. Assuming that these extensions coincide on PL = PL′ , we now have the equality

fφML,L′ (ML,L′) = fψXL
(XL)− fψ

′

XL′ (XL′) = (fψML
(XL)− fψML

(PL))− (fψ
′

ML′ (XL′)− fψ
′

M ′
L
(PL′))

= fψML
(ML)− fψ

′

ML′ (ML′)

in C3(T3), which implies deg(φ) = deg(ψ)−deg(ψ′). By [PP22, Section 4] (with a sign correction,
see [MM03]), we have deg(ψ) = −µL(123) and deg(ψ′) = −µL′(123), concluding the proof of (23).

This result of [PP22] also allows us to give an explicit example of a singular Blanchfield pairing.

Example 7.6. Consider a 3-component link L with vanishing pairwise linking numbers and triple
linking number, but non-vanishing Alexander polynomial (e.g. an element of the infinite family
described in [CFP25, Figure 1]). Let Y = ML denote the 0-surgery on L, and let φ be the
unique meridional homomorphism on L. By [PP22, Section 4], we have deg(φ) = −µL(123) which
vanishes by hypothesis. By Proposition 7.4, the pairing B̂l

φ

Y is singular.

Proof of Theorem 1.3 (3)-(4). Let L,L′ be µ-component links with ∆L,∆L′ ̸= 0, an assumption
which implies that H1(ML,L′ ; Λ) is torsion. For µ ≤ 2, Proposition 6.4 can hence be applied and

yields a square presentation matrix for Bl(L,L′), and therefore for t̂H1(ML,L′ ; Λ). If µ > 3 and
if µ = 3 and deg(φ) ̸= ±1, Proposition 7.2 and Remark 7.3 imply that H1(ML,L′ ; Λ) does not

admit a square presentation matrix. By Proposition 7.4, this module coincides with t̂H1(ML,L′ ; Λ)
for µ ̸= 2, thus completing the proof of the third item. As for the fourth item, it follows readily
from Proposition 7.4 when ∆L,∆L′ ̸= 0, a condition automatically satisfied for µ = 1. □
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8. Intersection form calculations

The aim of this section is to prove the second and third items of Theorem 5.9. More precisely,
we start in Section 8.1 by determining an explicit basis of H2(WF ) and computing the integral
intersection form with respect to this basis, leading to a proof of Theorem 5.9 (2). We then turn
to the Z[Zµ]-intesection form, starting in Section 8.2 by constructing a family of immersed 2-
spheres in WF yielding a collection of elements in π2(WF ) ∼= H2(WF ; Λ). Section 8.3 is devoted
to the computation of the equivariant intersection form on this family. In Section 8.4, we use
an algebraic observation (that we learnt from conversations with Feller and Lewark [FL26]; see
also [JP24, Lemma 2.4]) to show that this family forms a basis, thereby completing the proof of
Theorem 5.9 (3).

We would like to emphasise that part of our set-up and calculations were inspired by arguments
that we learnt from Feller and Lewark [FL26] for µ = 1 (but taking place in a different 4-manifold).

8.1. The integral intersection form. Given a nice C-complex F for a µ-component link L
with µ ≤ 2, we have constructed a 4-manifold WF such that ∂WF =ML (recall Section 5.3). The
aim of the present section is to compute the integral intersection form QWF

on H2(WF ).

We start by exhibiting a basis of H2(WF ), assuming the notation of Section 5.3. In particular,
we use the notation

{α1, . . . , αg, β1, . . . , βg, γ1, . . . , γl, δ1, . . . , δn}
for a good basis of H1(F ) (recall Terminology 5.6, and the fact that l = n = 0 if µ = 1), and we
write

WF = VF ∪
n⋃
k=1

(
Xk ∪ (Y 1

k × S1) ∪ (Y 2
k × S1)

)
∪

g⋃
m=1

(
Ym × S1

)
for the construction of WF (recall the second part of Section 5.3).

We now describe immersed spheres and tori inWF that will later be shown to generateH2(WF ).

• Each oriented simple closed curve β ∈ {β1, . . . , βg} with β ⊂ Fi determines an oriented
torus β × S1 ⊂ PF . (Indeed the discs Di that enter the definition of PF can be as-

sumed to avoid the genus curves). Via the homeomorphism h : PF → ∂ν(F̃ ) \ ν(L) from
Construction 5.13 it is mapped to the oriented embedded torus

Tβ := h(β × S1) ⊂ ∂ν(F̃ ) \ ν(L) .
• Each oriented simple closed curve α ∈ {α1, . . . , αg} with α ⊂ Fi determines a curve

α × {0} ⋆ {i + c} ⊂ ∂ν(F̃ ) contained in the exterior B of the trace of the pushed-in C-
complex. Since B is a topological ball, this curve bounds a properly immersed oriented
disc Dα ⊂ B ⊂ VF . Moreover, writing α = αm, the space Ym × S1 = D2 × [−1, 1]× S1 is
attached to VF with ∂D2×{0}×{∗} glued along this same curve, which therefore bounds
a disc Dm ⊂ Ym × S1 ⊂WF . We then consider the immersed sphere

Tα := Dα ∪Dm

that we orient by extending the orientation of Dα.
• Each clasp c in the C-complex F yields an edge e in the graph ΓF , and an oriented
torus Te = −∂De × S1 ⊂ PF . We then consider the oriented embedded torus

Tc := h(Te) ⊂ ∂ν(F̃ ) \ ν(L)

obtained via the homeomorphism h : PF → ∂ν(F̃ ) \ ν(L) from Construction 5.13.
• Recall from the proof of Lemma 5.18 (e.g. (9)) that each cancelling curve δ ∈ {δ1, . . . , δn}
determines an oriented loop δ̃ ⊂ ∂B. In more detail, the curve δ̃ is obtained from the push
off δ++ by pushing the C-complex intoB4. By construction, the curve δ̃ bounds an oriented
immersed disc Dδ ⊂ B ⊂ VF . Moreover, writing δ = δk, the manifold WF is obtained by
attaching Xk along δ̃ and further attaching (Y 1

k ×S1)∪ (Y 2
k ×S1) to (δ1×S1)∪ (δ2×S1),

where δi are simple closed curves obtained by splitting δ̃ into two curves; recall (10) and
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Figure 7. Since δi × {y} bounds a disc in (Y ik × S1) ⊂ WF , this yields an embedded

disc Dk ⊂WF with boundary ∂Dk = δ̃. We then consider the immersed sphere

Rδ := Dδ ∪Dk ,

and orient it by extending the orientation on Dδ such that ∂Dδ = δ̃.

This family of immersed surfaces inWF represents a family of elements in H2(WF ), which turns
out to be slightly too large for a basis. To describe the correct subset, consider the tori T1, . . . , T|ℓ|
corresponding to the clasps that are not traversed by any of the cancelling curves δk (recall
Terminology 5.6, and the fact that ℓ = ℓk(K1,K2)). There remains 2n clasps, paired by the
cancelling curves δk: we choose a representative of each pair, and denote by Tc1 , . . . , Tcn the
corresponding tori.

Lemma 8.1. The family

D := {Tβ1
, . . . , Tβg

, Tα1
, . . . , Tαg

, T1, . . . , T|ℓ|, Tc1 , . . . , Tcn , Rδ1 , . . . , Rδn}

represents a basis of H2(WF ).

Proof. We first claim that the abelian groupH2(VF ) is freely generated by the classes of the images

under h : PF → ∂ν(F̃ ) \ ν(L) ⊂ ∂VF of the following tori in PF :

{βi × S1, αi × S1}gi=1 ∪ {Te}e ,

where e ranges over all the edges of the graph ΓF (i.e. all the clasps in F ). The long exact

sequences of the pairs (VF , B
4) and (h(PF ), ν(F̃ )) together with excision yield isomorphisms

H2(VF ) ∼= H3(B
4, VF ) ∼= H3(ν(F̃ ), h(PF )) ∼= H2(h(PF )) .

By naturality, the resulting isomorphism H2(h(PF )) ∼= H2(VF ) is induced by the inclusion, and
we are left with the computation of H2(PF ). If µ = 1, then PF = F1 × S1 and the claim follows
from the Künneth formula; we therefore assume µ = 2. The Mayer-Vietoris exact sequence for
the decomposition PF = (F ◦

1 × S1) ∪ (F ◦
2 × S1) yields⊕

e

H2(Te)→ H2(F
◦
1 ×S1)⊕H2(F

◦
2 ×S1)→ H2(PF )→

⊕
e

H1(Te)→ H1(F
◦
1 ×S1)⊕H1(F

◦
2 ×S1),

with the last map injective. The claim now follows from the Künneth formula applied to F ◦
i ×S1.

As a second step, we study the gluing of Xk = I × I × S1 × S1 to VF along two edges e, e′

of ΓF (recall the second part of Section 5.3). A careful use of the Mayer-Vietoris exact sequence
shows that the effect on the second homology is the following: the two classes [Te] and [Te′ ] get
identified, while two new independent classes [δ1k × S1] and [δ2k × S1] appear. Similarly, a Mayer-
Vietoris argument shows that attaching the thickened solid tori Y 1

k × S1 and Y 2
k × S1 cancels the

classes [δ1k × S1] and [δ2k × S1] (recall that Y ik = D2 × [−1, 1] is glued so that ∂D2 = δik), while
creating the new class [Rδk ]. Summarizing the results obtained so far, the second homology of

VF ∪
n⋃
k=1

(
Xk ∪ (Y 1

k × S1) ∪ (Y 2
k × S1)

)
is freely generated by the classes of the tori

{Tβ1
, . . . , Tβg

, h(α1 × S1), . . . , h(αg × S1), T1, . . . , T|ℓ|, Tc1 , . . . , Tcn , Rδ1 , . . . , Rδn} ,

with ℓ = n = 0 if µ = 1. Finally, one last Mayer-Vietoris argument shows that the gluing of Ym×S1

has the effect of replacing the generator h(αm × S1) with Tαm
. This concludes the proof. □

We now compute the intersection form QWF
on the elements of the basis D.
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Lemma 8.2. The intersection form QWF
on H2(WF ) with respect to the basis D is given by a

block matrix of size g + g + |ℓ|+ n+ n of the form
0 QF (β, α) 0 0 ∗

QF (α, β)
T ∗ 0 0 ∗

0 0 0 0 0

0 0 0 0 ĩd

∗ ∗ 0 ĩd ∗

 ,

where QF (ρ, ρ
′)m,m′ denotes the algebraic intersection of ρm and ρ′m′ in F and ĩd is a matrix

with ±1 on the diagonal and zeros elsewhere.

Proof. We first claim that the intersections with the Tβ tori are given by

QWF
(Tβ , Tβ′) = QWF

(Tβ , Tl) = QWF
(Tβ , Tc) = 0 and QWF

(Tβ , Tα) = QF (β, α) ,

where QF denotes the algebraic intersection of curves on F . Indeed, recall that the tori Tβ , Tl
and Tc are all of the form h(ρ × S1) for a curve ρ in F which is either β or the boundary of a
neighborhood of a point in K2∩F1. Since these curves are pairwise disjoint, the corresponding tori
are also pairwise disjoint and therefore have trivial intersection. Furthermore, since each torus is
of the form ρ×S1 with ρ a simple closed curve on an oriented surface, the self intersection of any
of these tori is also trivial and the first triple equality is established. For the remaining equality,
observe that

Tβ = β × ∂(J ⋆ [i− c, i+ c]) = β × ((J ⋆ {i− c, i+ c}) ∪ (∂J ⋆ [i− c, i+ c]))

is contained in ∂ν(F̃ ), and that Tα ∩ ∂ν(F̃ ) is equal to α×{0} ⋆ {i+ c} for α ⊂ Fi. Thus, we have
the equality

Tβ ∩ Tα = (β ∩ α)× {0} ⋆ {i+ c} ,
so intersection points in Tβ ∩ Tα correspond to intersection points in β ∩ α. It can be checked
that the chosen conventions for the orientations are such that the signs coincide, but we do not
provide the detailed proof of this fact as it does not affect the validity of Theorem 5.9 (2). This
establishes the first line and column of the block matrix in the statement.

We now claim that the intersection with the Tα spheres satisfy

QWF
(Tα, Tl) = QWF

(Tα, Tc) = 0 ,

thus establishing the second line and column of the block matrix. Indeed, since the tori Tl and Tc
are contained in ∂ν(F̃ ), their intersection with Tα is contained in α×{0}⋆{i+ c}. As α is disjoint
from a neighborhood of the clasps, there is no such intersection, hence the claimed equalities.

We now check that the intersections with the Tl tori are given by

QWF
(Tl, Tl′) = QWF

(Tl, Tc) = QWF
(Tl, Rδ) = 0 .

Since Tl and Tc are tori around clasps, they are pairwise disjoint and therefore have trivial inter-
section. The diagonal coefficients vanish as well, since Tl is the product of a boundary component
of F ◦

i with a circle and it can be moved to a close parallel copy. Finally, the remaining intersec-

tion Tl ∩ Rδ is also trivial, as Tl is included in ∂ν(F̃ ) and Rδ ∩ ∂ν(F̃ ) = δ̃ crosses precisely two
“cancelled” clasps, while Tl is a torus around a clasp which is not cancelled.

We now conclude the proof with the claim that the intersections with the Tc tori are given by

QWF
(Tc, Tc′) = 0 , QWF

(Tck , Rδk′ ) =

{
±1 if k = k′

0 otherwise.

The first equality follows from the same arguments as above. Furthermore, since Tck is contained

in ∂ν(F̃ ), its only intersections with Rδk′ are the intersections with δ̃k′ . By construction, the clasp
corresponding to Tck is traversed exactly once by δk and not crossed by δk′ for k ̸= k′, hence the
claimed formula. □
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Remark 8.3. It is not difficult to give a more precise description of the matrix for QWF
: it is

actually given by 
0 QF (β, α) 0 0 QF (β, δ)

QF (α, β)
T L(α, α) 0 0 L(α, δ)

0 0 0 0 0

0 0 0 0 ĩd

QF (β, δ)
T L(α, δ)T 0 ĩd L(δ, δ)

 ,

where L(ρ, ρ′)m,m′ stands for ℓk(ρm, (ρ
′
m′)++), see [Sim26b]. However, this additional level of

detail is not needed for our purposes.

Equipped with Lemma 8.2, we now prove the second item of Theorem 5.9.

Proof of Theorem 5.9 (2). If µ = 1, Lemma 8.2 shows that the intersection form QWF
is given by

a block matrix of size g + g of the form(
0 QF (β, α)

QF (α, β)
T ∗

)
,

which is nonsingular (since QF is) and metabolic. If µ = 2, this same Lemma 8.2 shows that
the radical of QWF

contains the subgroup R ⊂ H2(WF ) freely generated by the classes of the
tori T1, . . . , T|ℓ|. Moreover, the form induced on the quotient H2(WF )/R is represented by the
matrix 

0 QF (β, α) 0 ∗
QF (α, β)

T ∗ 0 ∗
0 0 0 ĩd

∗ ∗ ĩd ∗

 ,

which is nonsingular since ĩd and QF are (once restricted to the subgroup generated by the genus
curves). This implies that R coincides with the radical of QWF

. Furthermore, this latter matrix
is congruent to the direct sum(

0 QF (β, α)
QF (α, β)

T ∗

)
⊕
(
0 id
id ∗

)
of (nonsingular) metabolic matrices, hence is itself metabolic. □

8.2. Equivariant intersection form: construction of a basis. The aim of this section is to

construct a family of immersed spheres in W̃F , which will be shown in Section 8.4 to form a basis
of H2(WF ; Λ).

Throughout this section, we assume the notation of Section 5.3 for our construction of the 4-
manifold WF from a nice C-complex F for a 2-component link L. In particular, we write B for
the topological 4-ball given by the exterior of the trace of the pushed-in C-complex, and we use
the notation

{α1, . . . , αg, β1, . . . , βg, γ1, . . . , γl, δ1, . . . , δn}
for a good basis of H1(F ). From such a good basis, we now construct immersed spheres in WF

that will later be shown to determine a basis of H2(WF ; Λ).

Construction 8.4. We construct a family

{Tα1
, . . . , Tαg

, Sβ1
, . . . , Sβg

, Uγ1 , . . . , Uγl , Rδ1 , . . . , Rδn}

of immersed spheres in WF .

• As described in Section 8.1, each oriented simple closed curve α ∈ {α1, . . . , αg} yields an
oriented immersed sphere Tα = Dα ∪ Dm ⊂ WF where Dα ⊂ B and Dm ⊂ Ym have
boundary the pushed-in curve α× {0} ⋆ {i+ c}.
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Figure 9. The four bands B±
i and the saddle Sγ connecting the four pushoffs

near a clasp.

• For each β ∈ {β1, . . . , βg}, the pushoffs β± are contained in S3 \ ν(F ) = ∂B ∩ (S3 ⋆ {0})
and therefore bound immersed discs Dβ± ⊂ B. We define the immersed sphere

Sβ = Dβ− ∪ (β × J) ∪Dβ+ ⊂WF ,

and orient it by extending the orientation of Dβ− such that ∂Dβ− = β−.
• For each linking curve γ ∈ {γ1, . . . , γl}, consider the four push-offs of γ, namely the simple
closed curves {γε | ε ∈ {±1}2} which we can assume to intersect transversally. Since they
lie in S3 \ ν(F ) = ∂B ∩ (S3 ⋆ {0}), each push-off γε bounds an immersed disc Dγε ⊂ B.
We now show that these 4 curves also bound a 4-punctured sphere in XL ⊂ VF . Capping
it off with the aforementioned four discs in B ⊂ VF will produce the desired sphere Uγ
inside VF ⊂WF . The construction has its roots in [CFT18, Section 4.1.1].

Recall that γ crosses exactly two clasps. Away from these clasps, the four push-offs
are connected by four bands embedded in XL: a band B+

1 (resp. B−
1 ) connecting γ++

and γ−+ (resp. γ+− and γ−−) near F1, and a band B+
2 (resp. B−

2 ) connecting γ++

and γ+− (resp. γ−+ and γ−−) near F2, see Figure 9. Moreover, near each of these two
clasps, the four arcs {γε}ε are connected by a saddle-shaped disc embedded in XL, also
illustrated in Figure 9. We write S1

γ , S
2
γ for these two discs corresponding to the two clasps

crossed by γ. Putting all these pieces together, we define the sphere

Uγ :=
⋃

ε∈{±1}2

Dγε ∪
⋃
i=1,2

(
B+
i ∪B

−
i

)
∪ S1

γ ∪ S2
γ

immersed in VF ⊂ WF , and we orient it by extending the orientation on Dγ−− such
that ∂Dγ−− = γ−−.
• As described in Section 8.1, each oriented cancelling curve δ ∈ {δ1, . . . , δn} determines
an immersed oriented sphere Rδ = Dδ ∪ Dk ⊂ WF . Here, recall that Dδ ⊂ B and Dk

have as common boundary the curve δ̃ ⊂ ∂B obtained by pushing the push off δ++ into
the 4-ball. The disc Dk is obtained by attaching to the space illustrated in Figure 7 one
disc in Y 1

k × {y} along δ1 × {y} and one disc in Y 2
k × {y} along δ2 × {y}.

We now wish to pick lifts of these spheres in the universal cover W̃F . We do so using based
immersions (see e.g. [Ran02, Section 7], [BPR21, Section 11.3] or [KPRT24, Section 2.2]), as this
will allow us to compute the equivariant intersection form via Proposition 8.5 below.
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Recall that if (Σ, x) and (W, z) are pointed manifolds, a based immersion consists of an im-

mersion f : Σ → W together with a path b in W from f(x) to z, called a whisker. Let W̃

denote the universal cover of W , and let us fix a basepoint z̃ ∈ W̃ over z ∈ W . If the induced

homomorphism f# : π1(Σ)→ π1(W ) is trivial, we denote by f̃ : Σ→ W̃ the unique lift of f satisfy-

ing f̃(x) = b̃(0), where b̃ is the unique lift of b such that b̃(1) = z̃. In particular, if Σ is a closed ori-

ented sphere, then any based immersion f : Σ→W determines a class [f̃(Σ)] ∈ H2(W ;Z[π1(W )]).

Convention. Coming back to our immersed spheres in WF , we pick our basepoints and whiskers
as follows: a basepoint for Tα in Dα, for Sβ in Dβ− , for Uγ in Dγ−− and for Rδ in Dδ. We also fix

an arbitrary lift z̃ ∈ W̃F of a basepoint z ∈ B ⊂ WF , and we choose all whiskers to lie inside B.
These data uniquely determine lifts of the spheres constructed above, yielding a family

C = {T̃α1
, . . . , T̃αg

, S̃β1
, . . . , S̃βg

, Ũγ1 , . . . , Ũγl , R̃δ1 , . . . , R̃δn}
of classes in H2(WF ;Z[π1(WF )]) = H2(WF ; Λ).

8.3. Computation of the equivariant intersection form. In this section, we compute the
pairwise equivariant intersections of the family C. These computations will be used in Section 8.4
to show that C represents a basis of H2(WF ; Λ), and to prove Theorem 5.9 (3).

To do so, we rely on the following classical result; see e.g. [Ran02, Proposition 7.22] or the
discussions in [BPR21, Section 11.3] or [KPRT24, Remark 2.19].

Proposition 8.5. Let (W, z) be a pointed four-manifold, and let λW denote the equivariant in-
tersection form on H2(W ;Z[π1(W )]). For i = 1, 2, let fi : Σi → W be a based immersion of an
oriented, pointed sphere with whisker bi, such that f1(Σ1) and f2(Σ2) intersect transversely. For
each intersection point p, choose paths ξi ⊂ fi(Σi) from fi(xi) to p such that f−1

i (ξi) is a path

in Σi from xi to f
−1
i (p). The concatenated path

ξp := b−1
1 · ξ1 · ξ

−1
2 · b2

is a loop based at z and thus determines a class [ξp] ∈ π1(W, z). We have the formula

λW ([f̃1(Σ1)], [f̃2(Σ2)]) =
∑

p∈f1(Σ1)∩f2(Σ2)

[ξp] ·Qp(f1(Σ1), f2(Σ2)) ∈ Z[π1(W, z)] ,

where Qp denotes the sign of the intersection point p. □

We will also make systematic use of the following well-known fact.

Lemma 8.6. The algebraic intersection number of two properly immersed discs in a 4-ball B is
equal the linking number of their oriented boundaries in ∂B. □

Since the family C consists of four different types of elements, there are ten distinct types
of intersections to evaluate. None of these computations is conceptually difficult, but they can
become rather technical and somewhat tedious. For clarity, we organise the computations in order
of increasing complexity, starting with the most straightforward cases. Each intersection result is
first presented as a linking number, and then checked to coincide with the corresponding coefficient
of the matrix HF from Construction 5.8.

Lemma 8.7. For each α ∈ {α1, . . . , αg} and δ ∈ {δ1, . . . , δn}, we have the equalities

λWF
(T̃α, R̃δ) = ℓk(α, δ) = HF (α, δ) .

Proof. By construction, we have

Tα ∩Rδ = (Dα ∪Dm) ∩ (Dδ ∪Dk) = Dα ∩Dδ .

Indeed, the discs Dm ⊂ Ym and Dk are disjoint since the curves α and δ are disjoint (by definition
of a good basis), while Dα ∩ Dk (resp. Dδ ∩ Dm) is empty as Dα (resp. Dδ) lies in B. For
each intersection point p ∈ Dα ∩ Dδ, the path ξp appearing in Proposition 8.5 is constructed as
follows: first, it follows the whisker of Tα from z ∈ WF to the basepoint of Tα in Dα, a path
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which by assumption lies within B; from there, ξp follows an arbitrary path within Dα ⊂ B to the
intersection point p, and then an arbitrary path within Dδ ⊂ B to the basepoint of Rδ; finally, it
returns to z along the whisker of Rδ, which we assumed to lies within B. In conclusion, the full
path ξp is contained in the 4-ball B, and therefore represents the trivial element in π1(WF , z). By
Proposition 8.5 and Lemma 8.6, we have the equality

λWF
(T̃α, R̃δ) =

∑
p∈Dα∩Dδ

Qp(Dα, Dδ) = ℓk(∂Dα, ∂Dδ) .

To compute this linking number (of loops that both lie in ∂B ∼= S3), observe that for α ⊂ Fi, the
cycles ∂Dα = α× {0} ⋆ {i+ c} and α− = α× {−c} ⋆ {0} are homologous in ∂B via the cylinder

(α× [−c, 0] ⋆ {i+ c}) ∪ (α× {−c} ⋆ [0, i+ c]) .

Moreover, the cycles ∂Dδ = δ̃ and δ++ are homologous in ∂B because δ̃ was obtained by carefully
pushing δ++ into the the 4-ball. Explicitly, the homology is given by the cylinder

(24) Cδ := ((δ++ ∩ (F1 × {c})) ⋆ [0, 1 + c]) ∪ ((δ++ ∩ (F2 × {c})) ⋆ [0, 2 + c]) ,

recall the proof of Lemma 5.18 and specifically (9). Finally, these two cylinders are disjoint since α
and δ are. This implies that

ℓk(∂Dα, ∂Dδ) = ℓk(α−, δ++) = ℓk(α, δ) ,

using once again the fact that α and δ are disjoint. Together with the definition of HF from
Construction 5.8, this same fact also yields

HF (α, δ) =
t1t2ℓk(α, δ

−−)− t1ℓk(α, δ−+)− t2ℓk(α, δ+−) + ℓk(α, δ++)

(t1 − 1)(t2 − 1)
= ℓk(α, δ) ,

concluding the proof. □

Lemma 8.8. The equalities

λWF
(R̃δ, R̃δ′) = ℓk(δ, δ′++) = HF (δ, δ

′)

hold for all δ, δ′ ∈ {δ1, . . . , δn}.

Proof. The case δ ̸= δ′ can be checked by following the proof of Lemma 8.7 almost verbatim: since
the curves δ and δ′ are disjoint, we have Rδ ∩ Rδ′ = Dδ ∩Dδ′ and for each intersection point p,
the closed loop ξp lies inside B and therefore represents the trivial class in π1(WF , z). This yields

λWF
(R̃δ, R̃δ′) = ℓk(∂Dδ, ∂Dδ′) = ℓk(δ++, δ′++)

since ∂Dδ = δ̃ is homologous to δ++ via the cylinder Cδ from (24), with Cδ ∩ Cδ′ = ∅ for δ ̸= δ′.
Using twice more the fact that δ and δ′ are disjoint together with the definition of HF from
Construction 5.8, we get

ℓk(δ++, δ′++) = ℓk(δ, δ′) = HF (δ, δ
′) ,

settling the case δ ̸= δ′.

In the case δ = δ′, one can isotope the sphere Rδ = Dδ∪Dk to a nearby copy R′
δ = D′

δ∪D′
k such

that Dδ and D′
δ are disjoint: this can be done by translating δi × {y} to a parallel copy δi × {y′}

and constructing D′
k as Dk using y′ instead of y. One can then proceed with the proof as in the

case δ ̸= δ′, noting that since δ crosses two clasps of opposite signs, the linking number ℓk(δ, δε)
does not depend on ε. □

Lemma 8.9. For each α ∈ {α1, . . . , αg} and β ∈ {β1, . . . , βg} with β ⊂ Fi, we have

λWF
(T̃α, S̃β) = ℓk(α, β−)− t−1

i ℓk(α, β+) = HF (α, β) .

Proof. First note that

Tα ∩ Sβ = (Dα ∪Dm) ∩ (Dβ− ∪ (β × J) ∪Dβ+) = (Dα ∩Dβ+) ∪ (Dα ∩Dβ−) ,

as Dm ⊂ Ym × S1 is disjoint from Sβ ⊂ VF and β × J ⊂ Fi × J is disjoint from Dα ⊂ B. If
a point p lies in Dα ∩ Dβ− , then by our conventions for basepoints and whiskers, the path ξp
is entirely contained in B and hence represents the trivial element in π1(WF , z). On the other



ALGEBRAIC CONCORDANCE OF LINKS 47

Figure 10. A schematic picture of the path ξp for p ∈ Dα ∩Dβ+ .

hand, for p ∈ Dα ∩ Dβ+ , the path ξp is constructed as follows: starting at the basepoint z, it
follows the whisker of Tα to Dα, proceeds within Dα to p, then traverses the annulus β × J to
reach the basepoint of Sβ in Dβ− , and finally returns to z along the whisker of Sβ . Hence, this
loop always lies within B except when it crosses the annulus β × J from Dβ+ to Dβ− . Since the
orientation of a meridian of Ki corresponds to the direction from Fi×{−c} ⋆ {0} to Fi×{c} ⋆ {0}
in Fi × J ⊂ S3 ⋆ {0}, we get [ξp] = t−1

i . This is illustrated in Figure 10. In summary, we have

λWF
(T̃α, S̃β) =

∑
p∈Dα∩Dβ−

Qp(Dα, Dβ−) + t−1
i

∑
p∈Dα∩Dβ+

Qp(Dα, Dβ+).

For α ⊂ Fj , Lemma 8.6 together with our convention for the orientation of Sβ yield∑
p∈Dα∩Dβ±

Qp(Dα, Dβ±) = ∓ℓk(∂Dα, ∂Dβ±) = ∓ℓk(α× {0} ⋆ {j + c}, β±) .

Furthermore, the cylinder β × {±c} ⋆ [0, j + c] ensures that the cycles β± and β × {±c} ⋆ {j + c}
are homologous in ∂B \ (α× {0} ⋆ {j + c}), so

ℓk(α× {0} ⋆ {j + c}, β±) = ℓk(α× {0} ⋆ {j + c}, β × {±c} ⋆ {j + c}) = ℓk(α, β±) .

The three equations displayed above imply the first equality in the statement.

The second equality follows from the definition ofHF if µ = 1, together with the fact that ℓk(α, βε)
does not depend on ε1 (resp. ε2) for β ⊂ F2 (resp. β ⊂ F1) if µ = 2. □

Lemma 8.10. For each α, α′ ∈ {α1, . . . , αg}, we have

λWF
(T̃α, T̃α′) = ℓk(α, α′+) = HF (α, α

′) .

Proof. For α ̸= α′, the cycles α and α′ are disjoint, and one shows λWF
(T̃α, T̃α′) = ℓk(∂Dα, ∂Dα′)

as in the proof of Lemma 8.7. For α = α′, since α embeds in an orientable surface, one can
perturb Tα = Dα ∪Dm to T ′

α = D′
α ∪D′

m such that ∂Dα and ∂D′
α are disjoint, and we get the

equality λWF
(T̃α, T̃α) = ℓk(∂Dα, ∂D

′
α).

If α ̸= α′ but α and α′ lie on the same surface Fi, then ∂Dα = α × {0} ⋆ {i + c} and ∂Dα′ =
α′ × {0} ⋆ {i+ c} both lie in S3 ⋆ {i+ c}, yielding

ℓk(∂Dα, ∂Dα′) = ℓk(α, α′) = ℓk(α, α′ε)

for any ε since α and α′ are disjoint. The case α = α′ yields ℓk(∂Dα, ∂D
′
α) = ℓk(α, αε) for all ε.

We are left with the case of α and α′ on different surfaces, say α ⊂ F1 and α′ ⊂ F2. We want to
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compute
ℓk(∂Dα, ∂Dα′) = ℓk(α× {0} ⋆ {1 + c}, α′ × {0} ⋆ {2 + c}) .

Since α and α′ are disjoint, the cylinder

(α′ × [0, c] ⋆ {2 + c}) ∪ (α′ × {c} ⋆ [1 + c, 2 + c]) ⊂ ∂B \ (α× {0} ⋆ {1 + c})
ensures that the cycles α′×{0}⋆{2+c} and α′×{c}⋆{1+c} are homologous in ∂B\(α×{0}⋆{1+c}).
This yields

ℓk(∂Dα, ∂Dα′) = ℓk(α× {0} ⋆ {1 + c}, α′ × {c} ⋆ {1 + c}) = ℓk(α, α′+) ,

completing the proof of the first equality.

The second equality follows from the definition of HF together with the fact that ℓk(α, α′ε)
does not depend on ε. □

Lemma 8.11. For any β, β′ ∈ {β1, . . . , βg} with β ⊂ Fi and β′ ⊂ Fj, we have

λWF
(S̃β , S̃β′) = (ti − 1)(t−1

j ℓk(β, β′+)− ℓk(β, β′−)) = HF (β, β
′) .

Proof. Let us first assume β ̸= β′. Since β and β′ are disjoint, the usual arguments imply

Sβ ∩ Sβ′ = (Dβ− ∪ (β × J) ∪Dβ+) ∩ (Dβ′− ∪ (β′ × J) ∪Dβ′+) =
⋃

ε,ε∈{±}

(Dβε ∩Dβ′ε′ ) ,

so Proposition 8.5 yields

(25) λWF
(S̃β , S̃β′) =

∑
ε,ε′∈{±}

∑
p∈Dβε∩D

β′ε′

[ξp] ·Qp(Dβε , Dβ′ε′ ) .

For all ε, ε′ ∈ {±}, Lemma 8.6 implies

(26)
∑

p∈Dβε∩D
β′ε′

Qp(Dβε , Dβ′ε′ ) = ℓk(∂Dβε , ∂Dβ′ε′ ) = εε′ ℓk(βε, β′ε′) = εε′ ℓk(β, β′ε′) ,

with the sign εε′ coming from our orientation conventions. If β = β′, we can perturb β to β′

disjoint from β and follow the same argument, so equations (25) and (26) still hold.

We now compute the class of ξp for p ∈ Dβε ∩Dβ′ε′ , which turns out only to depend on ε, ε′.

Indeed, if ε = ε′ = −1, then ξp lies inside B and we have [ξp] = 1. By (25) and (26), the cor-
responding contribution to the equivariant intersection form is ℓk(β, β′−). For (ε, ε′) = (−1,+1),
the path ξp winds negatively around Fj , yielding a class [ξp] = t−1

j and a total contribution

of −t−1
j ℓk(β, β′+). Similarly, the contribution of (ε, ε′) = (+1,−1) is equal to −tiℓk(β, β′−), while

the contribution of (ε, ε′) = (+1,+1) is tit
−1
j ℓk(β, β′+). Summing all four contributions shows the

first equality in the statement.

The second equality follows from the definition of HF together with the fact that ℓk(β, β′ε′)
does not depend on ε′. □

Our computations of intersections of Uγ-spheres will make use of the following lemma.

Lemma 8.12. For a linking curve γ ∈ {γ1, . . . , γl} and p ∈ Dγε , consider a path ηp of the
following form: it starts at the basepoint z ∈ B, follows any path in B to reach p, proceeds to
the basepoint of Uγ along a path contained in Uγ , and returns to z inside B. Then, its class is
given by

[ηp] = t
− ε1+1

2
1 t

− ε2+1
2

2 ∈ π1(WF , z) .

Proof. The initial and third portions of ηp lie in B, so we only need to understand the contribution
of its second part. This middle portion connects p ∈ Dγε to the basepoint of Uγ , which by
convention lies in Dγ−− . Therefore, for each i such that εi = +1, the path ηp crosses a band B±

i

from Fi × {c} to Fi × {−c}. This corresponds to winding once around a meridian of Ki in the

negative direction, yielding a factor t−1
i = t

− εi+1

2
i . For indices i with εi = −1, the path ηp does

not wind around Fi, contributing a factor 1 = t
− εi+1

2
i . □
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Lemma 8.13. For each α ∈ {α1, . . . , αg} and γ ∈ {γ1, . . . , γl}, we have

λWF
(T̃α, Ũγ) =

∑
ε

ε1ε2 t
− ε1+1

2
1 t

− ε2+1
2

2 ℓk(α, γε) = HF (α, γ) .

Proof. By construction, we have

Tα ∩ Uγ = (Dα ∪Dm) ∩
( ⋃
ε∈{±1}2

Dγε ∪
⋃
i=1,2

(
B+
i ∪B

−
i

)
∪ S1

γ ∪ S2
γ

)
= Dα ∩

( ⋃
ε∈{±1}2

Dγε

)
,

since Dm ⊂ Ym is disjoint from Uγ while Dα ⊂ B meets neither B±
i nor S1

γ ∪ S2
γ . For each

intersection point p ∈ Dα ∩ Dγε , the path ξp = b−1
1 · ξ1 · ξ−1

2 · b2 from Proposition 8.5 is such

that b−1
1 · ξ1 ⊂ B and b2 ⊂ B. By this proposition together with Lemmas 8.12 and 8.6, the

contribution to λWF
(T̃α, Ũγ) of each ε ∈ {±1}2 is equal to

t
− ε1+1

2
1 t

− ε2+1
2

2

∑
p∈Dα∩Dγε

Qp(Dα, Dγε) = ε1ε2 t
− ε1+1

2
1 t

− ε2+1
2

2 ℓk(∂Dα, γ
ε) ,

with the sign coming from our convention for the orientation of Uγ . In order to calculate these
linking number, recall that for α ⊂ Fi, we have ∂Dα = α× {0} ⋆ {i+ c}.

In the case that εi = +1, the cylinders

(α× [−c, 0] ⋆ {i+ c}) ∪ (α× {−c} ⋆ [0, i+ c]) ⊂ ∂B \ γε

and α× [−c, 0] ⊂ S3 \ γε show that

ℓk(α× {0} ⋆ {i+ c}, γε) = ℓk(α−, γε) = ℓk(α, γε) .

The case εi = −1 is similar and yields ℓk(∂Dα, γ
ε) = ℓk(α, γε). In conclusion, we obtain

λWF
(T̃α, Ũγ) =

∑
ε

ε1ε2 t
− ε1+1

2
1 t

− ε2+1
2

2 ℓk(α, γε) = HF (α, γ) . □

Lemma 8.14. For any β ∈ {β1, . . . , βg} and γ ∈ {γ1, . . . , γl} with β ⊂ Fi, we have

λWF
(S̃β , Ũγ) = (1− ti)

∑
ε∈{±1}2

ε1ε2 t
− ε1+1

2
1 t

− ε2+1
2

2 ℓk(β, γε) = HF (β, γ) .

Proof. Since β and γ are disjoint, the usual arguments lead to

Sβ ∩ Uγ = (Dβ− ∪ (β × J) ∪Dβ+) ∩
( ⋃
ε∈{±}2

Dγε ∪
⋃
i=1,2

(
B+
i ∪B

−
i

)
∪ S1

γ ∪ S2
γ

)
=

⋃
ε′∈{±}

Dβε′ ∩
⋃

ε∈{±}2

Dγε ,

so Proposition 8.5 yields

λWF
(S̃β , Ũγ) =

∑
ε′,ε

∑
p∈D

βε′∩Dγε

[ξp] ·Qp(Dβε′ , Dγε) .

For each p ∈ Dβ− ∩Dγε , the path ξp = b−1
1 · ξ1 · ξ

−1
2 · b2 from Proposition 8.5 satisfies b−1

1 · ξ1 ⊂ B

and b2 ⊂ B. By Lemma 8.12, its class is equal to [ξp] = t
− ε1+1

2
1 t

− ε2+1
2

2 . For p ∈ Dβ+ ∩Dγε , since
the path ξ1 crosses β × J in the positive direction, a similar calculation whose details we omit

gives [ξp] = ti · t
− ε1+1

2
1 t

− ε2+1
2

2 . This leads to

λWF
(S̃β , Ũγ) =

∑
ε′,ε

t
ε′+1

2
i t

− ε1+1
2

1 t
− ε2+1

2
2

∑
p∈D

βε′∩Dγε

Qp(Dβε′ , Dγε) .

Furthermore, Lemma 8.6 together with our orientation conventions imply∑
p∈D

βε′∩Dγε

Qp(Dβε′ , Dγε) = ℓk(∂Dβε′ , ∂Dγε) = −ε′ε1ε2ℓk(βε
′
, γε) = −ε′ε1ε2ℓk(β, γε)
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Figure 11. The cycle δ′ obtained by sliding the arcs contained in Fj×{c}⋆{j+c}
to Fj × {0} ⋆ {j + c}.

for all ε′ ∈ {±} and ε ∈ {±}2, and we get

λWF
(S̃β , Ũγ) = (1− ti)

∑
ε∈{±1}2

ε1ε2 t
− ε1+1

2
1 t

− ε2+1
2

2 ℓk(β, γε) .

The final equality follows from the definition of HF together with the fact that ℓk(β, γε) does not
depend on ε. □

Lemma 8.15. For each β ∈ {β1, . . . , βg} and δ ∈ {δ1, . . . , δn} with β ⊂ Fi, we have

λWF
(S̃β , R̃δ) = ℓk(β−, δ)− tiℓk(β+, δ) = HF (β, δ) .

Proof. Since Sβ ⊂ VF is disjoint from Dk while (β×J) ⊂ Fi×J is disjoint from Dδ ⊂ B, we have

Sβ ∩Rδ = (Dβ− ∪ (β × J) ∪Dβ+) ∩ (Dδ ∪Dk) = (Dβ− ∩Dδ) ∪ (Dβ+ ∩Dδ) .

For p ∈ Dβ− ∩ Dδ, the path ξp lies inside B, yielding [ξp] = 1 ∈ π1(WF , z). For p ∈ Dβ+ ∩ Dδ,
the path ξp crosses once the annulus β × J from β− to β+, yielding [ξp] = ti ∈ π1(WF , z).
Proposition 8.5 and Lemma 8.6 then imply the equality

λWF
(S̃β , R̃δ) = ℓk(β−, δ̃)− tiℓk(β+, δ̃) ,

where the sign comes from our convention for the orientation of Sβ . Hence, it remains to check

the equality ℓk(β±, δ̃) = ℓk(β±, δ), where the first linking number is in ∂B and the second one
in S3 ⋆ {0}. (Recall that β± belongs to the intersection ∂B ∩ (S3 ⋆ {0}) = S3 \ ν(F ).)

To check this fact, we slide the arcs (δ++∩(Fj×{c}))⋆{j+c} of δ̃ to (δ++∩(Fj×{0}))⋆{j+c}
in ∂B for j = 1, 2, as illustrated by the purple curve in Figure 11; in order to still have a loop, we
also move the arcs ∂(δ++ ∩ (F1×{c})) ⋆ [1+ c, 2+ c] to parallel copies in (F1×{0}) ⋆ [1+ c, 2+ c],
and denote the resulting curve by δ′ ⊂ ∂B. Note that this deformation is performed at depth
range [1+ c, 2+ c], and therefore does not cross the cycle β± which lies at depth 0. We then bring
the cycle β± to depth i+ c via the cylinder β × {±c} ⋆ [0, i+ c] ⊂ Fi × {±c} ⋆ [0, i+ c] ⊂ ∂B \ δ′,
yielding

ℓk(β±, δ̃) = ℓk(β × {±c} ⋆ {i+ c}, δ′) .
Finally, the triple (∂B, β × {±c} ⋆ {i + c}, δ′) is homeomorphic to (S3, β±, δ), as illustrated in
Figure 12 (left), and the claim follows.

The second equality follows from the definition of HF together with the fact that ℓk(βε, δ) only
depends on εi for β ⊂ Fi. □
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Figure 12. The triples (∂B, β × {±c} ⋆ {i + c}, δ′) and (S3, β±, δ) are homeo-
morphic, as well as the triples (∂B, γ̃ε, δ′) and (S3, γε, δ).

Lemma 8.16. For all γ ∈ {γ1, . . . , γl} and δ ∈ {δ1, . . . , δn}, we have

λWF
(Ũγ , R̃δ) =

∑
ε∈{±1}2

ε1ε2 t
ε1+1

2
1 t

ε2+1
2

2 ℓk(γε, δ) = HF (γ, δ) .

Proof. By the usual arguments, all the intersection points lie inside

Uγ ∩Rδ =
( ⋃
ε∈{±1}2

Dγε

)
∩Dδ .

Since Dδ is contained in B, Lemma 8.12 applied to ηp = ξ−1
p shows that the loop ξp associated

to p ∈ Dγε ∩Dδ has class [ξp] = t
ε1+1

2
1 t

ε2+1
2

2 ∈ π1(W, z). Thus, Proposition 8.5 yields

λWF
(Ũγ , R̃δ) =

∑
ε∈{±1}2

t
ε1+1

2
1 t

ε2+1
2

2 ℓk(∂Dγε , ∂Dδ) =
∑

ε∈{±1}2

ε1ε2 t
ε1+1

2
1 t

ε2+1
2

2 ℓk(γε, δ̃) ,

and we are left with checking the equality ℓk(γε, δ̃) = ℓk(γε, δ).

We do so in three steps. First, as in the proof of Lemma 8.15, we move δ̃ to δ′ inside ∂B (recall
Figure 11) without crossing γε which lies at depth 0. Second, we bring the curve γε to a curve γ̃ε

at the depth of δ′ via the cylinder(
(γε∩(F1×{ε1c}))⋆[0, 1+c]

)
∪
(
∂(γε∩(F1×{ε1c}))⋆[0, 2+c]

)
∪
(
(γε∩(F2 × {ε2c}) \ (F1 × J))⋆[0, 2+c]

contained in ∂B \ δ′, see the right of Figure 11. Note that the curves γ̃ε and δ′ both decompose
into three parts : an arc in F1 × J ⋆ {1 + c}, two vertical arcs in (F1 ∩ F2) × J2 ⋆ [1 + c, 2 + c],
and an arc in F2 × J ⋆ {2 + c}. Finally, as in the proof of Lemma 8.15, the triple (∂B, γ̃ε, δ′) is
homeomorphic to (S3, γε, δ), see Figure 12 (right). The claim follows. □

The last intersection, between two Uγ spheres, raises a new technical issue. Indeed, two
curves γ, γ′ ∈ {γ1, . . . , γl} might intersect non trivially away from the clasps, and each such
intersection x yields two intersections at the level of pushoffs. As these pushoffs are the bound-
aries of the discs making up the corresponding spheres, these discs do not have disjoint boundaries,
making Lemma 8.6 inapplicable. (Note that even though curves γ and δ can intersect, the relevant

discs are bounding disjoint curves γε and δ̃, so this issue does not occur in Lemma 8.16.)

To circumvent this issue, we isotope the spheres as follows: for every x ∈ γ ∩ γ′ as above, we
first shrink γ × J along the arc x× J , and then push a small neighborhood of the interior of this
arc into B4 (see Figure 13). This deformation slightly perturbs the discs Dγε , whose boundary is
now disjoint from ∂Dγ′ε . Via this move, the intersection x×J between the bands γ×J and γ′×J
is replaced by two intersection points between the boundary of the shrinked band and the interior
of the other one. We will refer to this process as shrinking.

Lemma 8.17. For any γ, γ′ ∈ {γ1, . . . , γl}, we have

λWF
(Ũγ , Ũγ′) =

∑
ε∈{±1}2

(t−ε11 − 1)(t−ε22 − 1)ℓk(γ, γ′ε) = HF (γ, γ
′) .
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Figure 13. The process of shrinking : an intersection arc between two bands
(left) is first shrunk (middle), and a neighborhood of the arc is pushed inside B4

resulting in two intersection points (right).

Proof. By construction, the spheres Uγ and Uγ′ are made of saddles, bands, and discs, and one
readily checks that intersections can only occur between pairs of elements of the same type, and
at their boundary γε, γ′ε

′
.

Claim. The only non-trivial contributions come from intersections of disc interiors.

To prove this claim, first note that since the two saddles (say, of γ) are oriented, they can be
slightly pushed in the direction of their positive normal vector in S3 ⋆ {0}, as shown in Figure 14.
This ensures that the saddles of γ are disjoint from those of γ′.

Figure 14. After a small isotopy, the saddles can be made disjoint.

As for the intersections of bands, they consist of arcs of the form x × J with x ∈ γ ∩ γ′ away
from the clasps. Via shrinking, these can be traded for pairs of intersection points in the interior
of γ′ × J . Note that shrinking also ensures that the boundary curves γε and γ′ε

′
are disjoint.

We now assert that the contribution of such a pair of points to the equivariant intersection is
trivial. As the two points p+, p− clearly contribute with opposite signs, we only need to check
that [ξp+ ] = [ξp− ]. To do so, we assume without loss of generality x ∈ F1, fix arbitrary ε2, ε

′
2 ∈ {±},

and consider

p+ ∈ ∂Dγ+,ε2 ∩ (γ′+,ε
′
2 × J), p− ∈ ∂Dγ−,ε2 ∩ (γ′−,ε

′
2 × J) .

The only portion of the loop ξp± which contributes non-trivially to its homotopy class is the part
linking the basepoint of Uγ (which we can assume to be in γ−−) to the basepoint of Uγ′ (in γ′−−)

via the point p±. This readily yields [ξp± ] = t
ε2−ε′2

2
2 , proving the assertion and therefore the claim.
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Two applications of Lemma 8.12 show that for all p ∈ Dγε ∩Dγ′ε′ , we have [ξp] = t
ε1−ε′1

2
1 t

ε2−ε′2
2

2 .
Proposition 8.5 and Lemma 8.6 then yield

λWF
(Ũγ , Ũγ′) =

∑
ε,ε′

∑
p∈Dγε∩D

γ′ε′

[ξp]Qp(D
ε
γ , Dγ′ε′ ) =

∑
ε,ε′

t
ε1−ε′1

2
1 t

ε2−ε′2
2

2 ℓk(∂Dγε , ∂Dγ′ε′ ) .

Finally, since γ × J is shrunk at each intersection point, half of the resulting portion of the band
gives an isotopy between ∂Dγε and γ in S3 \ γ′ε′ . Together with our orientation conventions, this
yields

ℓk(∂Dγε , ∂Dγ′ε′ ) = ε1ε2ε
′
1ε

′
2 ℓk(γ, γ

′ε′) .

The first equality in the statement now follows from the identity∑
ε

ε1ε2ε
′
1ε

′
2 t

ε1−ε′1
2

1 t
ε2−ε′2

2
2 = (t

−ε′1
1 − 1)(t

−ε′2
2 − 1) ,

and the second equality from the definition of HF . □

8.4. Proof of Theorem 5.9 (3). In this section, we use the computations from Section 8.3 to
check that C forms a basis of H2(WF ; Λ), and to prove the third item of Theorem 5.9. This relies
on the following elementary but crucial result; see e.g.[JP24, Lemma 2.4] or [FL26]. We refer to
the upcoming article [FL26] for the easy proof.

Lemma 8.18. Let R be a commutative ring with involution, and let λ : Rn × Rn → R be a
non-degenerate hermitian form represented by a matrix A. Fix {v1, . . . , vn} ⊂ Rn and define the
matrix H by Hij := λ(vi, vj). If det(H) = u · det(A) for some unit u ∈ R∗, then {v1, . . . , vn}
forms a basis of Rn, in which H represents λ. □

We now prove the third item of Theorem 5.9.

Proof of Theorem 5.9 (3). Let F be a nice C-complex for a µ-component link L with µ ≤ 2
and ∆L ̸= 0, and letWF be the 4-manifold constructed in the proof of the first item. First note that
the ranks of the Λ-module H2(VF ; Λ) and of the Z-module H1(F ) coincide: this can be checked us-
ing an Euler characteristic argument, and is also a direct consequence of [CFT18, Proposition 4.1].
By Lemma 5.22, the cardinality of C hence coincides with the rank of H2(WF ; Λ). By Lem-
mas 8.7–8.17 together with the fact that λWF

is hermitian, the matrix HF satisfies HF (Σ1,Σ2) =

λWF
(Σ̃1, Σ̃2) for all Σ1,Σ2 ∈ C. Thus, by Lemma 8.18, it suffices to verify that det(HF ) equals

the determinant of a matrix representing the equivariant intersection form up to multiplication by
a unit of Λ, a relation which we denote by =̇.

By Proposition 6.4, any matrix representing the equivariant intersection form on H2(WF ; Λ) is
also a presentation matrix for the Λ-module H1(∂WF ; Λ). Therefore, the determinant of such a
matrix is the order of H1(ML; Λ). The result therefore reduces to proving that

OrdH1(ML; Λ)
.
= det(HF ).

If µ = 1, this follows readily (for the first equality, see e.g. [CFP25, Proposition 3.3]):

OrdH1(ML; Λ)
.
= ∆L(t)

.
= det(tA−AT)

.
= det(HF ).

We therefore assume that µ = 2. Combining [CFP25, Proposition 3.3] with [Coo82a, Corollary 2.2]
and a tedious calculation using the definition of HF , we obtain

OrdH1(ML; Λ)
.
= ((t1 − 1)(t2 − 1))

|ℓk(K1,K2)|−1
∆L(t1, t2)

.
= ((t1 − 1)(t2 − 1))

|ℓk(K1,K2)|−1
(t1 − 1)−2g2(t2 − 1)−2g1 det(t1t2A− t1B − t2BT +AT)

.
= ((t1 − 1)(t2 − 1))

l−n
(t1 − 1)−2g2(t2 − 1)−2g1 det(t1t2A− t1B − t2BT +AT)

.
= det(HF ).

In the penultimate equality, we used the equality |ℓk(K1,K2)| − 1 = l − n which follows from
the fact that the total number N of clasps satisfies N − 1 = l + n (the rank of H1(ΓF )) as well
as N = 2n+ |ℓk(K1,K2)|. This completes the proof. □
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We conclude this section with the proof of Corollary 1.9.

Proof of Corollary 1.9. Let L be a µ-component link with µ ≤ 2 and ∆L ̸= 0. For any nice
C-complex F for L, the fact that [HF ] ∈ L4(Q) is invariant by concordance follows from Theo-
rems 5.26, 4.4 and 5.9 (3). Moreover, the extended multivariable signature σL : (S

1)µ → Z evalu-
ated at ω is defined as follows (for µ ≤ 2): it is the signature of the intersection form onH2(W ;Cω),
where (W,Φ) is any 4-manifold bounding (ML, φ) over Zµ with φ meridional, and where the co-
efficient system is defined via the composition of the morphism Z[H1(W )] → Z[Zµ] = Λ induced
by Φ with the evaluation map Λ→ C given by ti 7→ ωi. By Theorem 5.9, the matrix HF represents
the intersection form on H2(WF ; Λ), with (WF ,Φ) bounding (ML, φ) over Zµ. By naturality of
the intersection forms (see e.g. [CMP25, Appendix B]), this implies that σL(ω) is equal to the
signature of the matrix HF evaluated at ti = ωi. □

Appendix A. An exact sequence in L-theory

This section reviews some L-theory as well as an associated exact sequence. We also briefly
mention Cappell and Shaneson’s Γ-groups. There are numerous references on these topics, but we
mostly follow [Kar74, CS74, CM80, Ran81].

Given a ring R with involution, we write L2n(R) for the Witt group of nonsingular (−1)n-
hermitian forms (P, λ), where P is a projective R-module. More explicitly, two hermitian forms
are equivalent if they become isometric after some number of metabolic forms is added to each.
Here, a hermitian form (P, λ) is metabolic if there is a direct summand F ⊂ P with F = F⊥.

Remark A.1. When treating the long exact sequence in L-theory, it is common to work with
projective modules [CM80, Ran81]. In surgery theoretic applications, L-groups are instead typ-
ically defined using stably free modules, and the notation Lnp is used to emphasise the use of
projective modules. Following [Ran81], we will not use this convention. Note that since we will
almost exclusively be using R = Λ and R = Q, these distinctions do not matter: over these rings,
a module is (stably) free if and only if it is projective.

Let S ⊂ R be a multiplicative subset. We write L2n(R,S) for the Witt group of nonsingu-
lar S−1R/R-valued (−1)n-hermitian even linking forms (T, b), where T is an R-module of pro-
jective dimension 1 that is S-torsion, i.e. satisfies S−1R ⊗R T = 0. A linking form is even
if b(x, x) = α mod R for some α ∈ S−1R with α = (−1)nα. In Carlsson-Milgram, all linking forms
are assumed to be even [CM80, Definition 4 (c)] but following [Ran81, page 223], we prefer to
isolate the condition as it plays an important role in the long exact sequence of L-groups. Again,
two even linking forms are equivalent in L2n(R,S) if they become isometric after some number
of even metabolic forms is added to each. Here, a linking form (T, b) is metabolic if there is a
projective dimension one submodule F ⊂ T with F = F⊥.

Remark A.2. In order to relate L2n(S−1R) to L2n(R), it is necessary to work with the sub-
set L2n

S (S−1R) that consists of hermitian forms defined on modules of the form P = P ′ ⊗ S−1R
with P ′ projective, see [Ran81, page 172] and [CM80]. When S−1R is the field of fractions, this
condition is automatic, yielding L4

S(Q) = L4(Q). As we will explain below, L2n
S (S−1R) is isomor-

phic to the Witt group of hermitian forms over R that become nonsingular over S−1R; follow-
ing [Ran81, page 150], we call such forms S-nonsingular. In particular, elements of L2n

S (S−1R) can
be represented by R-valued hermitian forms defined on R-modules. Note that when S = R \ {0},
being S-nonsingular is the same as being nondegenerate.

The main point of this section is to recall the following more or less well known fact; see
e.g. [CM80, Lemma 1] or [Ran81, page 172].

Proposition A.3. There is an exact sequence

L4(R)
i−→ L4

S(S
−1R)

∂−→ L4(R,S) ,

where the map i : L4(R) → L4
S(S

−1R) is induced by the inclusion R → S−1R, and the map
∂ : L4

S(S
−1R)→ L4(R,S) takes an S-nonsingular form to its boundary linking form.
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We now recall the definition of the boundary linking form of an S-nonsingular hermitian form
following [Ran81, page 243], but note that the definition can also be expressed in terms of the
“dual lattice”; see e.g. [Ran81, pages 244-245] and [CM80, Section 4].

Definition A.4. Let (P, λ) be an S-nonsingular hermitian form, and let Adλ : P → HomR(P,R)
be its adjoint. The boundary linking form of (P, λ) is the even linking form

∂λ : coker(Adλ)× coker(Adλ)→ S−1R/R

([x], [y]) 7→ y(z)

s
,

where since coker(Adλ) is S-torsion, there exists s ∈ S and z ∈ P such that sx = Adλ(z).

It is not difficult to show that ∂λ is independent of the choices involved, sesquilinear and
hermitian. We emphasise that the boundary linking form is necessarily even.

The next remark gives a description of the boundary linking form in terms of matrices in the
case R = Λ and S−1R = Q. This is somewhat well known, see e.g. [CP23, Remark 2.4], and is
used in the proof of Theorem 1.6.

Remark A.5. Set S = Λ \ {0} ⊂ Λ = R, and let (P, λ) be an S-nonsingular hermitian form. By
hypothesis, the adjoint

AdλQ
:= Adλ⊗ idQ : P ⊗Λ Q→ HomΛ(P,Λ)⊗Λ Q = HomQ(P ⊗Λ Q,Q)

is an isomorphism, where the identification follows from the fact that P is free (recall that pro-
jective Λ-modules are free). By definition, the boundary linking form of (P, λ) can be described
as ∂λ([x], [y]) = y(Ad−1

λQ
(x)) for [x], [y] ∈ coker(Adλ). Choose a basis (ei)

n
i=1 for the free module P

and endow HomΛ(P,Λ) with the dual basis. If Hij = λ(ei, ej) is a matrix representing λ, then H
is a matrix for Adλ and

∂λ([x], [y]) = y(Ad−1
λQ

(x)) = (H
−1
x)T y = xTH−1y .

We conclude by discussing Γ-groups following [CS74] and [Ran81, page 150], as they provide a
conceptually helpful way of thinking of L2n

S (S−1R) and the long exact sequence in L-theory. The Γ-
group Γ2n(A → B) of a ring homomorphisms f : A → B is the Witt group of (−1)n-hermitian
forms (P, λ) over A such that (P, λ) ⊗ B is nonsingular as a hermitian form over B. Again, we
assume that P is projective. As mentioned on [Ran81, page 209], by “clearing denominators”, the
map (P, λ) 7→ (P, λ)⊗R S−1R gives rise to an isomorphism

Γ2n(R→ S−1R) ∼= L2n
S (S−1R).

With this identification in mind, the long exact sequence in L-theory can be viewed as a special
case of the long exact sequence of a pair for Γ-groups [CS74, Ran81].

Remark A.6. As we mentioned in the introduction, our torsion modules do not always have
projective dimension 1 and our linking forms are sometimes only nondegenerate. For this reason
we write L4

nd(R,S) for the Witt group of nondegenerate linking forms. This group has already
been considered in [Hil12b, BFP16a].

Appendix B. The maximal pseudonull module

In this section, we recall the notion of maximal pseudonull submodule of a given module fol-
lowing [Hil12a], and give a characterisation of its generators. This submodule plays a crucial role
in our work, since it appears as the kernel of the adjoint of the Blanchfield pairing.

Throughout this section,M denotes a finitely generated module over a noetherian ring R which
is assumed to be a unique factorisation domain (or UFD).

Following [Bou65, §4.4] and [Hil81, p.32], such a module M is said to be pseudonull if M℘ = 0
for all prime ideal ℘ of height at most 1. We will neither employ this classical definition nor recall
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the ingredients involved in it, but rather make use of an equivalent definition. To state it, recall
that for any subset S ⊂M , the ideal

Ann(S) = {α ∈ R | αm = 0 for all m ∈ S}
of R is called the annihilator of S.

Remark B.1. A module M is pseudonull if and only if Ann(M) is not contained in a proper
principal ideal of R. Indeed, by [Hil81, p.33] (see also [Bou65, Proposition 9]), an R-module M
is pseudonull if and only if the intersection of the principal ideals of R which contain Ann(M) is
equal to R. The claim follows readily.

Let M be an R-module, and let TM be its torsion submodule. The following terminology can
be found in [Hil12a, Section 2.5].

Terminology B.2 ([Hil12a]). The maximal pseudonull submodule zM of M is the submodule
of TM generated by all elements whose annihilator ideal is not contained in a proper principal
ideal of R.

This terminology is justified by the following fact.

Remark B.3. The maximal pseudonull submodule zM contains every pseudonull submodule
of M . Indeed, if a submodule N of M is pseudonull, then Ann(N) =

⋂
m∈N Ann(m) is not

contained in a proper principal ideal of R by Remark B.1, so the same holds for each Ann(m)
with m ∈ N , leading to the inclusion N ⊂ zM . It is however not clear that zM is pseudonull, but
we do not need this fact.

We now proceed towards an alternative characterisation of zM . Recall that elements in a
UFD R are said to be relatively prime (or coprime) if their common divisors are the units of R.
The following result is probably known, but we have not been able to find it in the literature.

Proposition B.4. Let R be a UFD. Given an ideal I in R, the following are equivalent:

(i) The ideal I is not contained in any proper principal ideal.
(ii) There exist α, β ∈ I which are coprime.

For the proof of Proposition B.4, we will need the following lemma.

Lemma B.5. Let I be an ideal in a GCD domain R. If there exists α, β1, . . . , βn ∈ I that are
relatively prime for some n ≥ 1, then there exists α, β ∈ I that are relatively prime.

Proof of Lemma B.5. We proceed by induction on n ≥ 1. The case n = 1 being trivial, let
us fix n > 1, assume that the statement holds up to n − 1, and consider relatively prime ele-
ments α, β1, . . . , βn ∈ I. The strategy of the proof is to construct an explicit element β∗

n−1 of I
such that α, β1, . . . , βn−2, β

∗
n−1 are relatively prime, and to conclude by induction.

Let γ be a greatest common divisor of α, β1, . . . , βn−1. We write α = γα′ and βi = γβ′
i.

We fix a greatest common divisor δ of α′, β′
1, . . . , β

′
n−2 and decompose it as δ = δ′δ′′, with δ′

a greatest common divisor of δ and γ. By construction, δ′′ and γ are coprime, while δ′ di-
vides γ. Note that β∗

n−1 := βn−1 + βnδ
′′ belongs to the ideal I. It remains to check that the

elements α, β1, . . . , βn−2, β
∗
n−1 of I are relatively prime.

Let us assume by contradiction that some prime p ∈ R divides α, β1, . . . , βn−2, β
∗
n−1. First, we

check that p divides βn−1. If p divides γ, then we are done, as γ divides βn−1, so we can assume
that p does not divide γ. Since the prime p divides α = γα′, β1 = γβ′

1, . . . , βn−2 = γβ′
n−2 but

not γ, it divides α′, β′
1, . . . , β

′
n−2 and their greatest common divisor δ = δ′δ′′. Since p is prime,

it divides δ′ or δ′′. If p divides δ′, then p divides γ, so p divides βn−1. If p divides δ′′, since p
also divides β∗

n−1 = βn−1 + βnδ
′′, it divides βn−1. We have checked that p divides βn−1. Since p

divides βn−1 and βn−1+βnδ
′′, it divides βnδ

′′, so it divides βn or δ′′. If p divides βn, it would divide
the relatively prime elements α, β1, . . . , βn, a contradiction. If p divides δ′′, then it would also
divides δ = δ′δ′′, a (greatest) common divisor of α′, β′

1, . . . , β
′
n−2. Thus, p divides α′, β′

1, . . . , β
′
n−2,
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so it divides their multiples by γ, namely α, β1, . . . , βn−2. Since p also divides βn−1, it divides their
greatest common divisor γ. Thus, p divides the coprime elements γ and δ′′, a contradiction. □

Proof of Proposition B.4. Let us first assume that I contains coprime elements α, β. Let x ∈ R
be such that I ⊂ (x). If r ∈ R divides x, then r divides α and β, so it is a unit. Since x ̸= 0 and R
is a UFD, it follows that x is a unit. Hence, we have (x) = R, showing the first implication.

Let us now assume that I is not contained in any principal ideal (x) ̸= R, and show that I
contains two coprime elements α, β. By assumption, the ideal I is not trivial (recall that a UFD
is nontrivial). If I contains an invertible element, then I = R and we can set α = 0R and β = 1R.
Therefore, we can assume that I contains an element α which is neither 0 nor a unit. Since R is
a UFD, we have a decomposition α =

∏n
i=1 p

mi
i with p1, . . . , pn distinct irreducible elements of R

and mi ≥ 1 for all i. For all i, there exists βi ∈ I such that pi does not divide βi: otherwise, we
would have I ⊂ (pi) ̸= R contradicting the assumption. By construction, no prime that divides α
divides all the βis, so the elements α, β1, . . . , βn of I are relatively prime. By Lemma B.5, there
exists α, β ∈ I coprime. This concludes the proof. □

Proposition B.4 immediately implies the following result, which is used in Section 3.

Corollary B.6. If R is a UFD, then the maximal pseudonull submodule zM of an R-module M
is generated by the elements of TM whose annihilator ideal contains two coprime elements. □

The proof of the following fact is usually assumed in the literature. We include a detailed
argument for the reader’s convenience, and as an illustration of the above corollary.

Example B.7. If R is a UFD, then the R-module R0/R has trivial maximal pseudonull sub-
module. To show this, consider m ∈ R0/R admitting two coprime elements α, β ∈ Ann(m). We
write m ∈ R0/R as the class of a fraction r

s ∈ R0 with r, s ∈ R coprime and s ̸= 0. By assump-

tion, both αr
s and βr

s are elements of R, so s divides αr and βr in R. Hence, any prime factor p
of s divides both αr and βr in R; since r and s are coprime, p divides the coprime elements α
and β, a contradiction. Therefore, the element s ∈ R is a unit, showing that m = 0 ∈ R0/R.
By Corollary B.6, this implies that the maximal pseudonull submodule of the R-module R/R0 is
trivial.

We also record the following example.

Example B.8. Let M be a module over Λ = Z[Zµ] with µ ≥ 2, and let N be a submodule of M
isomorphic to Λ/(t1 − 1, . . . , tµ − 1) ∼= Z. Then, we have the inclusion N ⊂ zM . Indeed, the
annihilator Ann(N) contains the coprime elements t1− 1 and t2− 1 of Λ. By Proposition B.4 and
Remark B.1, it follows that N is pseudonull, and therefore contained in zM by Remark B.3.

For the remainder of this section, we only assume that R is an integral domain. Follow-
ing [Hil12a], we denote the quotient module TM/zM by t̂M . We also need to consider the full
quotient M/zM , which we denote by ŝM . Finally, we write ŝ : M → ŝM for the canonical
projection. The following elementary lemma addresses the functoriality of this construction.

Lemma B.9. Any R-linear map f : M → N satisfies f(zM) ⊂ zN , and therefore induces a

unique R-linear map f̂ : ŝM → ŝN such that f̂(ŝ(x)) = ŝ(f(x)) for x ∈M . Moreover, for any two

composable R-linear map f and g, we have ĝ ◦ f = ĝ ◦ f̂ .

Proof. Observe that for anym ∈M , the linearity of f implies the inclusion Ann(m) ⊂ Ann(f(m)).
It follows that if Ann(m) is not contained in a proper principal ideal ofR, then neither is Ann(f(m)).
This shows that f maps the generators of zM to generators of zN , implying f(zM) ⊂ zN . The
rest of the proof is left to the reader. □

The following two lemmas will be used in Section 3.

Lemma B.10. Let M1
φ→ M2

ψ→ M3 be an exact sequence of R-modules. If the restriction

ψ|zM2 : zM2 → zM3 is surjective, then the sequence ŝM1
φ̂→ ŝM2

ψ̂→ ŝM3 is exact.
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Proof. We need to check the equality ker(ψ̂) = Im(φ̂). By Lemma B.9 and the exactness of the first

sequence, we have ψ̂ ◦ φ̂ = ψ̂ ◦ φ = 0̂ = 0, implying the inclusion Im(φ̂) ⊂ ker(ψ̂). For the other

inclusion, fix an arbitrary element ŝ(x) ∈ ker(ψ̂) ⊂ ŝM2 =M2/zM2 given by the class of x ∈M2.

By assumption, we have ŝ(ψ(x)) = ψ̂(ŝ(x)) = 0, so ψ(x) ∈ zM3. Since ψ|zM2
: zM2 → zM3 is

surjective, there exists y ∈ zM2 such that ψ(y) = ψ(x). Therefore, the difference x − y belongs
to ker(ψ) = Im(φ): there exists w ∈M1 such that φ(w) = x− y. It follows that

φ̂(ŝ(w)) = ŝ(φ(w)) = ŝ(x− y) = ŝ(x)− ŝ(y) = ŝ(x) ,

so ŝ(x) belongs to Im(φ̂) as claimed. □

Here is the last lemma.

Lemma B.11. If M,H are R-modules and N is an (R,R)-bimodule with zN = 0, then:

(i) The module HomR(M,N) has trivial maximal pseudonull submodule.

(ii) Every R-linear map f : H → HomR(M,N) induces an R-linear map f̂ : ŝH → HomR(M,N).

(iii) The projection M → ŝM induces an isomorphism HomR(ŝM,N) ∼= HomR(M,N).

Proof. First note that since R is commutative, we need not worry about left vs right-module
structures. To show the first point, consider g ∈ HomR(M,N) with Ann(g) not contained in any
proper principal ideal of R. For any fixed m ∈ M , we have Ann(g) ⊂ Ann(g(m)), so Ann(g(m))
is not contained in any proper principal ideal of R either. Hence, we have g(m) ∈ zN = 0 for
all m ∈ M , yielding g = 0. The second point is a direct consequence of Lemma B.9 together with
the first point. For the third point, apply the left-exact contravariant functor HomR(−, N) to the

exact sequence 0 → zM → M → ŝM → 0 and note that HomR(zM,N) = HomR(zM, zN) = 0.
□
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