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Abstract  Given an oriented link in the 3-sphere, the Euler characteristic of its link Floer homology is
known to coincide with its multi-variable Alexander polynomial, an invariant only defined up to a sign and
powers of the variables. In this paper we remove this ambiguity by proving that this Euler characteristic
is equal to the so-called Conway function, the representative of the multi-variable Alexander polynomial
introduced by Conway in 1970 and explicitly constructed by Hartley in 1983. This is achieved by creating
a model of the Conway function adapted to rectangular diagrams, which is then compared to the Euler
characteristic of the combinatorial version of link Floer homology.
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1. Introduction

The Alexander polynomial is probably the most celebrated invariant of knots and links.
Both the single-variable and the multi-variable versions were introduced by Alexander in
his seminal 1928 paper [1]. The latter invariant associates with a pu-component oriented
link L in the standard 3-sphere S® a p-variable Laurent polynomial Af (ti,... t) €
Z[tlﬂ, e ,t/fl] defined up to units of this ring, that is, up to a sign and powers of the
variables. The indetermination in powers of the variables is not problematic. Indeed, this
polynomial is palindromic, i.e.

ALttt ) = Ap(ty, .. ty),

where = denotes equality up to multiplication by units; hence, a natural representative in
the ring Z[tiﬂ/Q7 . ,tflﬂ] can be chosen up to a sign. If L is a knot, then the Alexander
polynomial furthermore satisfies Ar (1) = +1, so it can be normalized by setting this
value to be +1. In the link case, however, this sign issue is far from trivial.

In 1970, Conway [6] suggested a natural representative of the multi-variable Alexander

polynomial, later called the Conway function. Given a py-component oriented link L, its
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Conway function is a rational function V,(ty,...,t,) such that

- HALE) ifp=1,
7tu) =

Vi(ty,...
ety AL(t3,...,t2) if g > 1.

Conway also noticed several properties of this invariant via local transformations of the
link, including the celebrated skein relation. However, a precise definition of this invariant
together with a proof of its various properties only appeared more than a decade later.
In 1983 Hartley [9] gave a model for the Conway function as a well-chosen normalization
of the determinant of a Fox matrix obtained from a Wirtinger presentation of the link
group via Fox free calculus. Other constructions were later given by Turaev [19] using
sign-refined Reidemeister torsion, and by Cimasoni [3] using generalized Seifert surfaces.

In 2004 Ozsvath and Szabd [16] introduced Heegaard—Floer homology as an invari-
ant for closed oriented 3-manifolds. They later extended this theory to give an invariant
for null-homologous oriented knots in such manifolds [15], a construction further gen-
eralized to oriented links [17]. In its most basic form, this link Floer homology is a
finite-dimensional bi-graded vector space over Zs,

HL(L) = @ HLa(L,s),
d,s

the direct sum ranging over all d € Z and s = (s1,...,s,) € (3Z)". All these invariants
were originally defined using Heegaard diagrams and the count of holomorphic discs in the
symmetric product of a Riemann surface. In [11,12] a purely combinatorial description of
these invariants was provided in the case of links in S2, relying on the count of rectangles
in so-called grid diagrams for these links.

One of the most fundamental properties of link Floer homology is that it categorifies
the multi-variable Alexander polynomial. More precisely, its Euler characteristic

XCHL(L);ty, .. t) = Y _(=1)* dim(HLa(L, $))t5* -+ 37
d,s

satisfies the equality

"
[T -6 a0t ) >,
k=1

Apr(t) if p=1.

XCHL(L); ty, . t,) =

Therefore, the Euler characteristic of link Floer homology provides a natural represen-
tative for the multi-variable Alexander polynomial, and it is natural to ask whether it
coincides with the Conway function.

In the present paper we give a positive answer to this question.

Theorem 1.1. Given a p-component oriented link L in S3, the equation
o
T /2 ,-1/2 1/2
XCHL(L); ta, ) = [[ (0 =t )V, 1)
k=1

holds in Z[tflm, e ,tfl/z].
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We also sketch a proof of the fact that Turaev’s model coincides with Cimasoni’s
geometric model, which was shown to agree with Hartley’s model in [3]. Therefore, we
are in the presence of four different constructions of the same invariant. The main interest
in identifying them is that some properties of the Conway function are totally transparent
in one model and quite surprising in others. For example, the geometric model is very well
suited for discovering skein-type relations for the Conway function, whose translation in
terms of link Floer homology is not always obvious. Also, the surgery formula obtained
by Boyer and Lines in [2] using Hartley’s model does not appear to be known in link
Floer homology.

It should be mentioned that even though Hartley’s model and the combinatorial version
of link Floer homology are only defined for links in the standard 3-sphere, the models of
Turaev and of Cimasoni are defined for links in an arbitrary integral homology 3-sphere,
and so is link Floer homology. The question of whether these models coincide for links
in integral homology spheres is addressed in a slightly informal way in the last section of
the present paper.

This paper is organized as follows. In § 2 we briefly recall Hartley’s construction of the
Conway function V, and amend it to define a model I';, adapted to rectangular diagrams.
We then show that I', satisfies Jiang’s five characterizing relations [10] and therefore
coincides with V. In §3 we define grid diagrams, recall their use in the combinatorial
definition of link Floer homology, and identify X(ﬁ(L)) with I'z. Finally, §4 discusses
the identification with other models as well as the extension to homology spheres.

2. A model for the Conway function using rectangular diagrams

This section focuses on adapting Hartley’s construction to a special type of diagrams,
called rectangular diagrams. We first recall Hartley’s definition [9], and introduce rectan-
gular diagrams as well as Neuwirth’s associated presentation of the link group. We then
turn to the definition of our model Iy, show its invariance, and identify it with Hartley’s
model.

2.1. Hartley’s construction of V,

Let L = Ly U---UL, be a u-component oriented link in S3, and let W =
(w1,...,2p|r1,...,ms) be a Wirtinger presentation of 71(S3\L). Recall that the genera-
tors (respectively, the relations) are in one-to-one correspondence with the arcs (respec-
tively, the crossings) of the diagram. Let 0: Z[r (S®\L)] — Z[t{',...,tE!] be the exten-
sion of the abelianization morphism, i.e. the unique morphism of rings mapping x; to t;
if the arc corresponding to x; belongs to L. For all 1 <4 < n, consider a path from a
fixed point outside the diagram to a point lying at the right of both the over-crossing
and under-crossing arcs of the ith crossing; this path intersects some arcs of the diagram
and thus gives a word u; in the z;s. Define

(—1)%+7 det(M )

D(tl,...7tu): G(Uz)(G(x])—l) 9
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where M = (6(9r;/0z;)); ; is the image under 6 of the Jacobian matrix of W with respect
to free differential calculus (see [8]), and M) is M with the ith row and jth column
removed. This function D is a rational function that does not depend on the choice of 7
and j, but still needs to be normalized to give a well-defined invariant. This is done as
follows.

For each component Lj of the link, consider the projection of that component and
resolve every crossing as illustrated by

K=N

Once this process is completed, one obtains a collection of oriented circles. The curvature

Ky, of L is defined as the number of anticlockwise circuits minus the number of clockwise

circuits. Finally, let n; be the number of crossings where the over-crossing arc is Ly.
The Conway function of L is the rational function given by

VL(tla R 7t;4) = D(t?, - 7ti)tfl_n1 .. .t’:bu_'flu_

As checked by Hartley [9], it is a well-defined link invariant. Furthermore, it was recently
established by Jiang [10] that it is characterized by a relatively simple set of five relations
(see §2.4).

2.2. Rectangular diagrams

Definition 2.1. A rectangular diagram is a link diagram D with the conditions that
(i) the diagram is composed of horizontal and vertical line segments only,

(ii) at each crossing the vertical segment is the over-crossing and the horizontal one
the under-crossing,

(iii) no two segments are collinear.

Clearly, any link can be represented by a rectangular diagram. For example, the trans-

formation | I_
T — J:l

can be used to ensure that condition (ii) is satisfied. Note that because of this condition,
there is no need to differentiate the over-crossings and under-crossings in such a diagram.
Also, condition (iii) allows for the diagram to be included in a grid whose rows and
columns contain, respectively, a unique horizontal and vertical segment. We shall call the
turning points of segments corners; there are four types of corners, all of which appear
in the example for the trivial knot given in Figure 1.

Cromwell [7] proved that any two rectangular diagrams describing the same link can be
connected through a finite sequence of the following elementary moves and their inverses.
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(G1) Cyclic permutation of vertical (respectively, horizontal) segments: the leftmost
(respectively, topmost) segment is moved to the rightmost (respectively, bottom-
most) position.

(G2) Commutation of horizontal or vertical segments: two adjacent columns or rows can
be permuted if, when one is projected onto the other, their images are either disjoint
or one is completely contained in the other.

(G3) Stabilization: at a selected corner of the diagram, add a row and a column next to
the corner. There is a choice of adding the new column to the right or left of the
selected column and a choice of over or under the selected row for the new one,
which yields four different stabilizations for each type of corner. Using the previous
moves, it is enough, however, to consider that operation for one type of corner only.

There exists a presentation of the link group suited for rectangular diagrams, introduced
by Neuwirth in [14]. The generators are in one-to-one correspondence with the vertical
segments of the diagram (numbered from left to right). Suppose that there are n vertical
segments, then there are also n horizontal segments. This presentation has n—1 relations,
one for each line in the diagram, i.e. for each position between two consecutive horizontal
segments. Consider a path crossing the diagram at constant height between the ith and
(i41)th horizontal segments (counted from the top). In terms of generators it corresponds
to the product of the vertical segments crossed. This product is the ith relation ;.
This presentation is well behaved under the action of Fox’s free derivatives: indeed,

any relation is of the form r = x;, --- x;, with different js, so

m

or Ljy Ly if j =7, 1 <<,
8xj o

0 otherwise.

Given a rectangular diagram D, define the associated Fox matrix as the (n—1) xn matrix
Fp with (i, j)-coefficient §(0r;/0x;), with 6 the abelianization morphism as above. Note
that the non-zero entries of Fp correspond to the intersections of the vertical segments
of the diagram with the lines of the diagram. Furthermore, such a non-zero coeflicient at
position (i,7) is given by t{' ---t/*, where ¢}, is the algebraic intersection number of Ly,
with the ith line left of the jth vertical segment. (Here, an intersection point is counted
positively if L is oriented upwards.) Note the equality >_,(0r;/0z;)(z; — 1) = r; — 1,
which implies that

J

j (0(x;) — 1)9(32) =0 (2.1)

1
forall 1 <7< n.

Example 2.2. Examples of rectangular diagrams for the unknot K, the Hopf link H
and the trefoil T' are illustrated in Figure 1. The corresponding Fox matrices are given
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Figure 1. Three examples of rectangular diagrams for the trivial knot, the trefoil and the Hopf
link. The corresponding bases are given by the permutations xo = (12), zo = (14)(23) and
zo = (13)(24).

by
Fr=(1 t1,
1 0 o0 t!to
1 0 ¢t 1 ¢t o N 0
Fr=|1 1 1 o o =d Fa=|l a0 6760 &)
0 1 0 ty!
0 1 0 ¢ 2
2.3. Definition and invariance of the model I
From this section onwards we will use the notation t = (t1,...,t,), and ¢5 = []h_, t;*

for s = (s1,...,s,) € (3Z)"*. Additionally, the vector (b,...,b) € (3Z)* will be denoted
by b.
Given an oriented link L given by a rectangular diagram D, let us write

M) = gt den(rg),
0(x;) —1
where F?J, is Fp with the jth column removed. The fact that M(t) is independent of the
choice of j follows from (2.1).

Each corner is either the beginning or the end of a horizontal segment; the former ones
will be emphasized on the diagrams by small circles. These n circles define a permutation
xg € Sy, called the base of the diagram, in the following way. Number the rows top to
bottom and the columns left to right from 1 to n. The rows represent the domain of
the permutation, the columns the co-domain, and the pairs (i, z¢(¢)) are given by the
position of the circles. Examples are given in Figure 1.

Note that if a corner is the intersection of the ith horizontal and jth vertical segments,
then only one of (Fp);—1; or (Fp); ; is non-zero. We will call this coefficient the weight
of that corner. The total weight w of the diagram is defined as the product of the weights
of all the corners of the diagram.
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Definition 2.3. Given an oriented rectangular diagram D, define

sgn(zo)(—1)*

I'p(t) == M(t?),
p(t) = R (a2)
where sgn(zo) € {1} is the signature of the base z¢ € Sy, u is the number of upwards
segments, w is the total weight, x = (k1,...,k,) is the curvature, and M(t) is the above

normalization of the determinant of the Fox matrix associated with D.

Example 2.4. Building on Example 2.2, let us compute the value of I'p for the
diagrams K, H and T of Figure 1. For the trivial knot K, sgn(z¢) = —1. Using Fk, one
computes w = t~2. From the diagram we see that u = x = 1. Removing the first column
of Fy yields M(t) = —t~!/(t~! — 1), and hence

(—1)(~1) —t2 1

Tk =5 1~ e

For the trefoil T, sgn(zg) = 1, w =t~!, u = 3 and k = 0. The determinant of F} equals
—t72 4+ ¢t~ — 1, and therefore

Ip(t)=(t—t"H)7 2 —1+t72).
For the Hopf link H, sgn(zo) =1, w =¢"3, u = 3 and k = t*. The determinant of F} is
given by —t;'t; t(t;t — 1), so
I'y(t) =1.

Proposition 2.5. The function I'p is an invariant of oriented links.

Proof. By Cromwell’s theorem, we only need to check that I'p is left unchanged by the
moves G1, G2 and G3 described above. Throughout the proof, the unprimed quantities
refer to the diagrams on the left (‘before the move’) and the primed ones to those on the
right (‘after the move’). The first pictured line of a diagram is always the ¢th, and the
first column the gth. Set €; = 1 if x; is oriented upwards and €; = —1 otherwise.

(G1) Consider first the case of vertical cyclic permutation, illustrated by

Ty Ty | Ty T | Ty Tq
o VY o V7

& GH :% — (H = )C})
B s ¥ B

Without loss of generality, assume that the moved segment belongs to L; and set € = €7.
If there are m rows of the grid affected by the move, then there are m — 1 relations
that change. (In the illustration above, m = 2.) This leads to the equality §(0r;/0z;) =
t1°0(0r;/0x;) for these m — 1 indices ¢ and for all js. Computing M (t) by removing the
first column of F', and M’(t) by removing the last column of F”’, we obtain

M'(t) = (=1)" 1y DAL ().

Note that the two bases xy and xz{, are related by a cyclic permutation of order n, so
sgn(z)) = (—1)""tsgn(zg). Also, the number of upwards segments is left unchanged by
this move.
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Let us now analyse how the corner weights and curvature are modified. There are 2m
corners whose weight might change. The 2m — 2 ‘interior corners’ will have their weight
multiplied by ¢7°. As for the two remaining ones, the result will depend on the position
of the vertical segment at each of these two corners. There are two possible configurations
for the left one (denoted by « and (), and two for the right one (v and §), which are
indicated in the picture above: o and § as solid lines, 5 and v as dashed lines. In the
configuration « (respectively, §) the weight of the left (respectively, right) corner does not
change, while in the configuration 3 (respectively, v) the weight of the left (respectively,
right) corner is multiplied by a factor ¢; . Note finally that the curvature is multiplied by
t5 (respectively, 1, 2, t5) in the configuration ay (respectively, ad, 3y, 39). It appears
that in every case, the factor wt” changes by a factor tl_(Qm_Q ¢. Therefore, all the changes
cancel out and I'pr = I'p.

Now consider the horizontal cyclic permutation, with m columns of the grid affected,
illustrated in the case m = 2:

el
! B——a«
plte T
-r L -Or s y
éu—- - -‘)/- H T -JN :
G.—

In this case, the Fox matrix only changes between the columns ¢ and g+m — 1. Let A be
the matrix obtained from F' by removing the first line and those two columns. A quick
computation gives det(F?) = (—1)% det(A) and det(F'a+1) = (—1)a+n¢; M2 det(A),
SO

M(t) = (=1)" 7 ™A (h).

Here again we have sgn(z) = (—1)" !sgn(zo) and u’ = u. For the total weight and cur-
vature, one easily checks that in each of the four possible configurations, wt” is multiplied

by a factor tl_(Qm_Q)a. The equality I'ns = I'p follows.

(G2) Let us first consider the case of a vertical commutation with disjoint segments.
The only quantities that change are the signature of the basis, multiplied by —1, and the
determinant, also multiplied by —1, so I'p: = I'p.

Let us now assume that the segments are not disjoint, as in the following illustration:

Lg1 T Y Tgyo Tg—1 T Y Tgq2

Q Q

o OA

P S I~

3 >
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Clearly, the signature of the base is multiplied by —1, while ' = u and k' = k. Let
us denote by Ly (respectively, L;) the component of L to which the vertical segment x
(respectively, y) belongs. The parts of the Fox matrices affected by the move are of the
form

* 0 0 *
o Oéitiz ; Oéitlsy
F = . ~ a,nd FI =
. e,
Qiyp Cviertil Qjtp Oliertl Y
* 0 0 *

Subtracting from the gth column of F' its (¢ 4+ 1)th column multiplied by ¢, °*, and
from the (¢ + 1)th column of F’ its gth column multiplied by tls” leads to the relation
det(F'?) = —t,°" det(F'?). As for the corner weights, only the two corners of the small
segment change their contribution, yielding w’ = wt,;k“. The equality I'ps = I'p follows.
Consider now the horizontal commutation with disjoint segments, pictured as

a b c d a b c d
€ €,

+w

L 3

G

) 4

G

¥

In this case, the signature of the base is multiplied by —1, while v/ = w and ' = k.
Furthermore, one easily sees that

(e (O _y Oria _ 0 Origs
8l‘j 8l‘j 8l‘j 8.73]‘
for all js. This implies that det(F"!) = — det(F!), leading to the expected invariance.
Let us now turn to the case in which the segments are not disjoint, illustrated as

a b c d a b c d
o— o—
—
€, > o~

In this case, only the base and the matrix change. Let a, b, ¢, d be the vertical segments
at the extremities of the horizontal ones as pictured above. We obtain

Ory or) ory_4 o,
—tyef( o— | =0 L) — ;0 A
: (3%) (3%‘) ; ( Oz, Oz,
for all js, where a belongs to L. This leads to the equality det(F"') = —t, @ det(F").

The only corners affected by the change in the matrix are those of the small segment:
they are both multiplied by ¢;*, so all the changes cancel out once again.
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(G3) Consider the first stabilization pictured as

s

Tq T oz
T B ew
] ?
g=-1 g=1
In the ¢, = —1 case the move adds a circle at the (¢ + 1,q) position of the grid, so

sgn(zh) = (—1)*9tD sgn(zp), while the number of upwards segments does not change.
In the e, = 1 case the move adds a circle at the (¢ + 1,¢ + 1) position of the grid,
so sgn(zh) = (—1)+9 sgn(zg), while w' = u + 1. Thus, in both cases the overall sign
changes by a factor (—1)“+9tD. There are two new corners, each with a weight o :=
0(0r*/0x*), where * and r* denote the new generator and relation created by the
stabilization. This implies that w’ = wa?. The matrix F’ is obtained from F by adding
a line and a column; developing the determinant with respect to that column yields
det(F") = (=1)*+atDa det(F1), so all the changes cancel out and I'ps = I'p.
The three remaining types of stabilizations are illustrated as

T3 l-é _"? I—?
i i
g=-1 g =1
e e
IR o | T8
1 T
Eg=— 1 £ = 1
— 13 — 19
—'h > _"Q b
1 T
g=-1 g=1
They can be treated in the same way. O

2.4. Identification of I', and V,

By Proposition 2.5, I'p is an invariant and can therefore be denoted by I'y,. The aim
of this paragraph is to prove the following result.

Proposition 2.6. For any oriented link L, the invariants I'y, and Vi coincide. In
particular, I';, satisfies the equality

Ip(t™) = (=1D)HTL(t). (2.2)
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To verify this statement, we first used Murakami’s characterization theorem [13],
which states that V is determined uniquely by a system of six local relations. How-
ever, Jiang [10] recently showed that Conway’s function is characterized by the following
(simpler) set of five relations, which we will use in our proof:

(R1) Vg =1, where H is the positive Hopf link;
(R2) Viuk =0, where L U K denotes the disjoint union of L and a trivial knot K;

(R3) Vi = (t; —t; })Vy1,, where L' is obtained from Lg by the local operation given by

7 7
|
O
Lo I
(R4) Vo, +Vi__ = (tit; — t;ltjfl)VLO, where Lo, L__ and Ly differ by the local

operation

i J i Jo
X (z x}/
)\ /&
L., L__ Ly
(R5) (tit, ' —t; ') (Vi) + Vi) + (it — t5 't ) (Vi) + Vi)
+ (' = tit;)(Viw + Vi) =0,
where L(0), L(1), L(2), L(3), L(4) and L(5) differ by the local operation

AN /\ }\ A
/ / I I /
L(0) L(1) L(2) L(3) L(4) L(5)

Proof of Proposition 2.6. By Jiang’s theorem, we only need to check that I7,
satisfies the five relations described above. Let us first fix some notation. In the grid
diagrams illustrated below, the first horizontal pictured segment will always be the ¢th
and the first vertical one the gth. Only the ‘local’ Fox matrices will be written, i.e. the
parts where the Fox matrices differ. The simplest diagram will be called Ly and used as
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a reference for the weight, curvature, base, matrices and number of upwards segments,
with the associated quantities indexed by a zero. The quantities for the other diagrams
will be indexed according to their names.

(R1) This property was verified in Example 2.4.

(R2) A possible rectangular diagram for L Ul K is

T
L

The line in the Fox matrix corresponding to the dashed line illustrated above is identically
zero. Therefore, any (n — 1)-minor of the matrix vanishes and so does Iy .

(R3) This relation compares the value of I';, for the following two diagrams:

3 >}

@

4
o

G

Ly e

Fix i = 1 and j = 2. The (local) Fox matrices are of the form

0 0 0
. (0 o ottt 0 atity!
Fy = ) F*= -1 —1,-1
«@ « at, aty "t
0 o 0

This yields the equality det(F'?) = o?t; 5 (1 —t7 1) det(F9). Clearly, v’ = x + (0,1)
and u' = ug 4+ 1, and one easily checks that sgn(z’) = —sgn(xg). The total weights for
L' and L are related by w’ = woa*t;*t; . Combining all these equalities, we obtain

I = ma‘*t;%f(l — 17 = (b, — t7 YT,

The remaining two relations require more care. Given a line of a matrix, consider the
determinant-preserving operation given by subtracting from this line an adjacent line.
The resulting line is zero everywhere except for the entries separated by a horizontal
segment of the diagram. Therefore, one can expand the determinant with respect to that
line and all the information is contained in the local matrix.
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(R4) Fix ¢ = 1 and j = 2. Possible rectangular diagrams for this local operation are

@
l l G
| (O ®» ® Y
&— B @
I I )
L, L., 1T T 1&=TTTT1
L

The corresponding Fox matrices are of the following form:

C1 0 0 C1 0 0
at;t 00 at;yt 0 0
=0 o0 ay'|, Flo=| a at;' 0
0 a aty! 0 a aty!
0 C2 C3 0 C2 C3
and
1 0 0 0 0 0 0
aty? 0 0 0 0 0 0
atit attityt 0 aty!t 0 0 0
0 atiyt a aty! 0 0 0
Fi_=1 0 0 a aty! 0 0o 0 |,
0 0 a aty' aty'tyt 0 at)?
0 0 a 0 at;l a aty!
0 0 0 0 0 a aty?
0 0 0 0 0 C2 C3

where ¢y, ¢ and c3 are column vectors. For 1 < i < 3, let A; be Fg with the third (local)
line and the column containing ¢; removed and set B;(t) = det(4;(t?)). Finally, set

sgn(zg)(—=1)% 1
wotro 2 -1

Po =

The values of the functions I" will be computed by using row operations such that the
last column of each local matrix is zero, except for its two lowest entries.

Clearly, kg, k4++ and k__ coincide, ug, u4+4+ and u__ all have the same parity, while
sgn(zo) = —sgn(xi14) = sgn(x__). Moreover, the corresponding weights satisfy the
equalities wy = w0t1t2_1 and w__ = woastf3t2_5. Finally, for Fy, replace the third
(local) line by its difference with the second (local) line, and expand with respect to the
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third (local) line to yield Iy = (—1)*Boa? B2. The others are obtained similarly as

Iy = (1) Boa’ty Mo (—(1 — 17 %) By + t5° Ba),
I = (=1 Boa’tyta(—(t7* — t72) By + By).

It follows easily that I'\, + I'__ = (tyty +t 't5 ) 1.

(R5) Let us suppose that i =1, j = 2 and k = 3. The diagrams considered are

¥ + 4 +
é ¥ é é
® © ©
) (<) (<)

{ o 1 G 1
I I

L(0) L(1) L(2)

+ é ¥ ) ;; é "

&% ) )
) (<) O
% 6 | '

L(3) L(4) L(5)

defining local Fox matrices of the form

0 C2 C3 Cq 0
0 o ati' ati't;! 0
s _ [0 0 @ aty’ 0
0 0 0 0 a atz' |’
a 0 0 0 aty!
cgc 0 0 0 cs
0 0 C2 C3 Cq 0
0 0 a atyt atittyt 0
0 « aty! 0 aty;'t;t 0
Fito =1 o atz' atz't;? 0 0 0 1.
a aty! 0 0 0 0
a 0 0 0 0 atz?!
c1 0 0 0 0 cs
0 ¢ Co 0 Cc3 0
0 0 « atytaty'ttt 0
ot _ | @ 0 atg Uoaty iyt 0 0
2 a 0 at3! 0 0 0 |’
a 0 0 0 0 aty?
cgc O 0 0 0 Cs
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0 0 Co C3 Cq 0
0 0 o o' atf'ty! 0
0 o at;' 0  aty't;t 0
FIf°=10 a 0 0 aty! 0 |,
0 0 0 0 oY aty*
a 0 0 0 0 aty’
C1 0 0 0 0 Cs
0 0 0 C2 C3 Cq 0
0 0 0 @ atyt atyttyt 0
a 0 aty? o att atttyt 0
porr_ | @ atii aty )t 9f§f4, 0 aty't;! 0 ’
o atg 0 ats "ty 0 0 0
a atz! 0 0 0 0 0
a 0 0 0 0 0 aty?
C1 0 0 0 0 0 Cs
0 C2 C3 Cq 0
0 o aty' ati't;t 0
et _ [0 0 @ aty! 0
5 a 0 aty’ 0 0
a 0 0 0 aty*
C1 0 0 0 Cs

For 1 < i,5 < 5, let A;; be FY™ with the third and fourth (local) lines as well as the
columns containing ¢; and ¢; removed, and set B;;(t) = det(A4;;(t?)). Finally, set

sgn(zo) (~1)™ (~1)7+°
2-1"

Bo = T
The values of the I' functions are computed by using row operations such that the first
column of each local matrix is zero, except for its two lowest entries.

First note that neither the curvature nor the number of upwards segments change,
except for L(4), where uy = ug + 1. Moreover, the sign of the base changes as fol-
lows: sgn(zg) = (—1)sgn(z1) = (—1)"sgn(xy) = (—1)"sgn(x3) = —sgn(wy) =
—sgn(zs). Note that there is an additional sign for L(1), L(2), L(3) due to the fact
that the removed columns do not have the same parity as g + 5. The weights satisfy
w1 = woat] %ty 257, we = woalty 153157, wy = wealty My, wy = woatt ?ty 5 and
ws = woly 'ty . For FIT® replace the fourth (local) line by its difference with the third
(local) line, then the third (local) line by its difference with the second (local) line, leading
to

Iy = Boa*(Bag — (ty% — 1)Bay — t5°Bas — (72 — 1) Bay
+52(t7° = 1)Bas — t5 232 (t7 1 — 1) Bas).
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The others are computed similarly:

I'pay = Boa* tt5 % (t, ? Bag — Bas),
Ip2) = Boatitats ?(Bia — Bas + (t7° — 1)Bss),
Tps) = foatity (87" Bas — t7*(t5 % = 1)Bag — 32 Bos — (67 — 1) B
—t3%(t7° — 1) Bus),
Tpay = Boat3t; M5 (t7* Bas — £ °(t5° — 1) Bas — t5° Bas),
Ips) = Boataty ' (Bas — Bos — t52(t7 > — 1)Bsa + (t72 — 1)Bgs — t5 2(t7 > — 1) Bus).

Letting ¢f; be the coefficient of Bj; in I'z( (divided by Goar*), it suffices to show that
L= (titg ' — tl_ltf’))(cgj + C%j) + (tats — t2_1t3_1)(012j + C?j) + (t7 Mty - tth)(c;‘,lj + C?j)

vanishes for all i,j € {2,3,4,5}. For example, Byy only appears in L(0), L(3) and L(4),
and we compute

Ty = (tatg ' — 17 ) (= (5% — 1) + (tats — 15 5 ) (=t 15 (857 — 1))
+ (t7 Myt = tatg) (—ty g (ty % — 1)) = 0.

The other equations can be verified in the same way through direct computation. (I

3. Link Floer homology and Euler characteristic

This section gives a very quick review of the combinatorial version of link Floer homology
with Zs coefficients following [11,12], and mentions selected properties. We then use these
properties to show that link Floer homology categorifies the function I';, introduced in
the previous section. Theorem 1.1 follows.

3.1. Grid diagrams and gradings

Given an oriented rectangular diagram, consider each corner labelled by an O or an X
with the following convention: for each horizontal segment we travel from an ‘O’ to an
‘X’, whereas for each vertical segment we travel from an ‘X’ to an ‘O’. One obtains a
grid diagram by fitting the data of those X's and Os in a grid. Due to condition (iii), each
row and column of the grid contain exactly one X and one O. From a grid diagram, one
can construct a rectangular diagram by drawing horizontal segments oriented from O to
X, and vertical segments oriented from X to O. Rectangular and grid diagrams are thus
equivalent, and the elementary moves for grid diagrams are the same as for rectangular
ones. Examples are given in Figure 2.

Note that the Os lie in the exact same place as the circles defining the base of a
rectangular diagram. We denote by X the set of all Xs and by O the set of all Os of the
diagram.

Given a grid diagram G of size n, number the horizontal lines from 1 to n, starting
with the second line, and the vertical lines from 1 to n, starting with the leftmost line (see
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1 2 3 5

>< Q 1 2 3 4
O X X O
e O X X 1O
OO X 0 X
OX X1 OO X

5
Figure 2. The three grid diagrams corresponding to the three rectangular diagrams of Figure 1.

1

2 4

Figure 2). Let S(G) (or simply S) be the set of all n-tuples of intersection points between
horizontal and vertical lines, with the property that no intersection point appears on more
than one horizontal or vertical line. There is an element of S(G) that corresponds exactly
to the base xg of the diagram: it is given by the n-tuple that occupies the lower left corner
of each square containing an O (indicated in Figure 2 as a collection of black dots).

The set S is equipped with two gradings. The Maslov grading M : S — Z is defined
as follows. Given two collections A, B of finitely many points in the plane, let I(A, B)
be the number of pairs (a1,as) € A and (b1, b2) € B such that a; < by and as < b, and
set J(A, B) = (I(A,B) + I(B, A))/2. Given an element x € S, we view x as a collection
of points with integer coordinates. Similarly, the sets O = {O;}7_; and X = {X;}]; are
viewed as a collection of points with half-integer coordinates. Define

M(z)=J(x -0,z —0) +1,

where J is extended bilinearly over formal sums and differences of subsets. Note that the
Maslov index of the base equals 1 — n.

For a link of multiplicity u the Alexander grading is the function A: S — (%Z)“ defined
as a p-tuple A(x) = (Ai(z),...,A,(x)) by the formula

Ap(z) = J(z — 3(X +0), Xt — Op) — (”’“2_ 1),

where O C O and X;, C X are the subsets corresponding to the kth component of the
link, ny is the cardinal of O, and J is again extended bilinearly.
Lemma 3.1. For any two elements x,y € S we have
()M @ sgn(a) = (=1)M sgn(y).

Proof. By additivity of the signature, we only need to check that if the permutations
z and y differ by a transposition, then M (x) — M(y) is odd. Using the terminology
of [11], this means that there is an empty rectangle r connecting = and y (or y and z).
By [11, Lemma 2.5], we have

£(M(x) = M(y)) =1-=2#0nr),

and the lemma follows. O
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3.2. Combinatorial link Floer homology

In this paragraph, we recall the main properties of the combinatorial version of link
Floer homology over Zy following [11], displaying the ones that will be needed in what
follows.

Let G be a grid diagram. Let R denote the polynomial algebra over Z, generated by
variables {U;},, which are in one-to-one correspondence with the elements of Q. This
ring is endowed with a Maslov grading, defined such that the constant terms are in Maslov
grading zero and the U;s are in grading —2. It is also endowed with an Alexander multi-
filtration, defined so that the constants are in filtration level zero while the variables
U; corresponding to the 7th component drop the ith multi-filtration level by one and
preserve the others.

Let C~(G) be the free R-module with generating set S. It has a Maslov grading and
an Alexander filtration induced by the ones on S and R. It turns out that one can define
an endomorphism 0~ : C~(G) — C~(G) that is a differential, drops the Maslov grading
by one, and preserves the Alexander filtration level. Furthermore, this complex provides
a link invariant as follows. Let L be an oriented link given by a grid diagram G. Number
the elements of O = {O;}_; so that Oy,...,0,, correspond to the different components
of the link. Then the filtered quasi-isomorphism type of the complex (C~(G),0™) seen
as a module over Zy[Uy,...,U,] is a link invariant [11, Theorem 1.2]. In particular,
the homology of the associated graded object is a link invariant. (We refer the reader
to [11, §2.1] for an explanation of this algebraic terminology.)

There are two variations on this construction. With an ordering of the Os as before,
consider the chain complex C/(G) obtained from C~(G) by setting U; = 0fori =1,...,p
Let C/'E(G) denote the graded object associated with the Alexander filtration and let
Iﬁ(G) be its homology. Also, let C(G) be the chain complex obtained from C~(G) by
setting all the U;s to 0. Let 6’L(G) be the associated graded object and let I;@(G) be
its homology. These two complexes can be related using standard tools of homological
algebra [11, Proposition 2.15].

Proposition 3.2. The homology groups ﬁ(G) determine Iﬁ/(G) as follows:
. . 1
HL(G) = HL(G) @ @ VE Y,

where V}, is the two-dimensional vector space spanned by two generators, one in zero
Maslov and Alexander multi-gradings, and the other in Maslov grading minus 1 and
Alexander multi-grading corresponding to minus the kth basis vector, and ny is the
number of Os corresponding to Ly.

We shall need one last property of link Floer homology [11, Proposition 5.3].

Proposition 3.3. Let HLd(L s) denote the subspace of HL( ) with Maslov grading
d and Alexander grading s. Then, HLd(L s) and HL,_ 5y, s (L, —s) are isomorphic for
all d, s.
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3.3. Euler characteristic and I,

Given a multi-graded vector space C' = @, , Ca(s) with Maslov grading d and Alexan-
der grading s, define its (graded) Euler characteristic as

XUHL(L);t) == > (~1)%* dim Cy(s).

d,s

Propositions 3.2 and 3.3 immediately imply the following corollary.

Corollary 3.4. For any oriented link L, we have the equalities in Z[tﬂ/Q7 .. ,tfl/z]:

Theorem 1.1 now follows from Proposition 2.6 and the following result.

Proposition 3.5. For any oriented link L we have the equality
“w
H 1/2 —1/2 (t1/2).

Before giving the proof, let us define one more matrix, following [11, §6]. Given a
rectangular diagram D of size n (or equivalently, a grid diagram G), define an n x n
matrix W(G) by

W(G)i’j = ta(i’j),

where a(i, j) € Z* is the vector whose kth component is minus the winding number of
Ly, around the point (4, j), counted from the second horizontal line and first vertical line.
Note that this definition implies that W (G), ; = W(G);,1 = 1 for all 4, j, as these points
lie outside the link. An easy example for the trivial knot is given by

1 |¢!

14—

O‘T‘O

0
)
1
|
N
0

oO—O——O

1 1

where the function a(i, j) is shown on the left and the matrix W(G) on the right.

Proof of Proposition 3.5. Let D be a rectangular diagram representing L. Let us
first compare the determinant of W(G) with I'y, = I'p. In W(G), subtract each column
from the next one. In every column but the first of the resulting matrix there is a zero
where the vertical segment does not intervene, and where a vertical segment is present
the coefficient is divisible by 6(z;) — 1. Therefore, for each column but the first, we can
factor out 6(z;) — 1. The last vertical segment, which corresponds to the generator z,,
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does not contribute to these factors as it does not lie in between two columns of the
matrix. Moreover, the last line is identically zero except for the first coefficient, which
is 1. Therefore,

det(W(G)) = (=1)"*! H(G(wj) - Um’

where A is the (n, 1)-minor of the resulting matrix, a minor that is nothing but FJ} (recall
§2.2). Define uy, as the number of upwards segments of Ly, and let d be the total number
of downward segments. Transforming each term 6(z;) — 1 into 1 — t;l by factoring out
a sign if x; is downwards and t;, if it is upwards, we obtain

det(W(G)) _ (_1)1+d thk H(l _tlzl)nk W,

k=1 k=1

Set v € (3Z)" such that t>7 = wt® and 3 = v + (u1,...,u,). Multiplying both sides
by the sign (—1)M(®0) sgn(zy) and using the equalities M (zo) =1 —n =1 —d — u, we
eventually get

"
(—1)ME) sgn (o) det(W(G)) = ¢ T (1 = 1) To(t/2). (3.1)
k=1
Let us now compare the determinant of W (G) with X(P/I\L(L); t). By Corollary 3.4,
w
[T =)™ 'X(HL(L); t) = x(HL(L); t) = x(C(G);1).
k=1

Furthermore, using the definitions of C(G) and of A(z) together with Lemma 3.1, we
have

X(C(G):t) =Y _(—1)" dim(Ca(s))

d,s
= Z(—l)dt‘s#{m €S| M(z)=dand A(z) = s}

(_1)M(x)tA(:C)

zeS
= (1)) sgn(ag) 3 sgn(@)tA)
zeS
I
= (=DM sgn(ao)t /2 Y sgn(a) [T 1",
zeS k=1

where v, = J(f%(X +0), Xk — O) — %nk, v = (v,...,v,) and X and Oy are the
markings corresponding to Lg. It is straightforward to see that J(z, Xy — Q) is minus
the sum of the winding numbers of L; around the points in x. Therefore,

S sen) [T £~ = det(W(G),

z€eS k=1
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and we eventually obtain
“w
(=DM sgn(a) det(W(G)) = ¢ V2 T (1 = )™ !X (HL(L)s ). (3.2)
k=1

Equations (3.1) and (3.2) lead to

"
XHL(L); t) = 7+ T] (/% = 6,1 Tp (8/2).
k=1

The fact that 8+ v vanishes now follows from (2.2) and the second part of Corollary 3.4.
This concludes the proof. O

4. Other models and homology spheres

As mentioned in the introduction, there are four different constructions of a well-defined
representative of the multi-variable Alexander polynomial. In this slightly informal sec-
tion, we discuss the identification of these models and of their extension to integral
homology spheres.

Let us start by recalling these four models.

(1) As explained in §2.1, Hartley’s model V, is based on Fox free differential calculus
and the Wirtinger presentation of the link group [9].

(2) Turaev’s model 7y, is constructed using sign-refined Reidemeister torsion [19].
(3) Cimasoni’s model §2;, is defined via generalized Seifert surfaces [3].

(4) Finally, Ozsvéth and Szabd’s link Floer homology [16] provides one last model in
the form of its renormalized Euler characteristic

xo(t) =[]t =t~ X (HL(L); 12).
k

All these models being symmetric representatives of the Alexander polynomial, they
agree up to sign. Theorem 1.1 states that Vi and xp coincide, while the equality 25, =
V1, is checked in [3]. There is no published proof of the fact that 7 agrees with Vi, so
let us explain one way of verifying this fact. In [19, § 4], Turaev gave a list of six axioms
satisfied by 77, that characterize this invariant for links in S3. It is not difficult to check
that the geometric model 2, satisfies these axioms: the first five follow from [3] (together
with the proof of [5, Proposition 2.5]), while the last one—the so-called doubling axiom—
can be verified using the same elementary homological techniques. Hence, all four models
coincide for links in S®.

Now note that while Hartley’s model V, is only defined for links in the standard
sphere S3, the definition of the other three models can be extended verbatim to links in
arbitrary integral homology spheres. Do they coincide in this more general setting? To
address this question, let us recall two properties of V..
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The Torres formula [9,18]. If L=L,U---UL, and L* = LUL,41U---UL,, then
Vit .t Lo ) = foe n(t, .., t) Vit .. ),

where fL*,L(th cee at/t) = H?:H-t,-l(tli“ cee tﬁ’” — tl_eu . t;é’”) and gij = lk(Lz7 LJ)

Variance under surgery [2]. Let L be a framed link in S* such that the manifold
obtained by surgery along L is again S°. Then
V;(t) =det(B) 'V (t- B,
where L is the link given by the cores of the surgery tori, B is the framing matrix
associated with L, and t - A stands for (71152 -t o 7 ) if A = (ag ).
The following proposition is an easy consequence of the work of Boyer and Lines [2].

Proposition 4.1. Let V and V' be two invariants of links in homology spheres such
that

(1) Vi =V for any link L in S3,
(2) V and V'’ satisfy the Torres formula for any link in a homology sphere, and

(3) V and V' satisfy the variance under surgery formula for any framed link in S such
that the surgery manifold is a homology sphere.

Then V and V' coincide for any link in a homology sphere.

Proof. Let L be a link in a homology sphere Y. By [2, Lemma 2.3], there exists a
link L* C X, containing L as a sublink, such that fr- (¢) does not vanish and X'\ L*
is homeomorphic to S% \ L for some link L in S3. The image of the meridians under
this homeomorphism defines a framing of L° such that the resulting surgery manifold is
X and the resulting link L0 is L*. By the first and third assumption, we have

Vi (t*) = det(B) " 'Vio(t* - B™1) = det(B) Vo (t* - B™1) = V7. (t%).
Using this equality together with the second assumption, we obtain
fren(OV(t) = Vi (t,1) = VL. (t,1) = fr- () VL (D),
and the conclusion follows since fr« 1 (¢) does not vanish. ]

This result can be used to identify (2; and 7. Indeed, we already know that they
coincide for links in S3. The Torres formula for 77, is a special case of [20, Chapter VII,
Theorem 1.4], while it can be checked for {2}, using standard homological computations.
As for the variance of 77, under surgery, we have found no proof in the literature but
several related results are known (see, for example, [20, Chapter VIII] and [4]) and the
same methods apply to give the desired result. Unlike 71, the geometrical model §2;, is
unfortunately not suited for surgery considerations. However, the variance under surgery
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can be deduced from several simpler properties (S. Boyer, personal communication, 2004)
that can be checked for (2;. In conclusion, {25 and 7; coincide for any link in any
homology sphere.

We have not been able to find in the literature a result in link Floer homology that cat-
egorifies the variance of x, under surgery. For this reason, we do not know if this method
applies to identify xz and 7, in the general setting of homology spheres. Alternatively,
one could try to identify these two models working directly from the definition.
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