A GENERALIZATION OF SEVERAL CLASSICAL INVARIANTS
OF LINKS
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ABSTRACT. We extend several classical invariants of links in the 3-sphere to
links in so-called quasi-cylinders. These invariants include the linking number,
the Seifert form, the Alexander module, the Alexander-Conway polynomial
and the Murasugi-Tristram-Levine signatures.

INTRODUCTION

The aim of this paper is to introduce a generalization of several classical knot and
link invariants including the linking numbers, the Alexander-Conway polynomial,
and the Murasugi-Tristram-Levine signatures of links in Euclidean 3-space. These
invariants are generalized to links in so-called quasi-cylinders. A quasi-cylinder over
a commutative ring R is an oriented 3-manifold M endowed with a submodule V' of
the R-module H;(0M; R) such that the inclusion homomorphism V' — H;(M; R)
is an isomorphism. The main example is the cylinder M = ¥ x [0, 1] where X is
an oriented surface and V = Hy(X x 0;Z) C H1(0M;Z). (Here, R = Z). For
homologically trivial links in a quasi-cylinder M with Ho(M;Z) = 0, we define a
generalized Seifert form and derive from it several other invariants, namely, a gener-
alized Alexander-Conway polynomial and generalized signatures (see [6] for related
constructions). The most interesting feature of our invariants is the appearance of
additional parameters which are absent in the classical case.

The organization of the paper is as follows. In Section 1 we introduce generalized
linking numbers of links in quasi-cylinders. In Section 2 we define the generalized
Seifert form for links in quasi-cylinders. In Section 3 we study the derived Alexander
invariants. In Section 4 we discuss simple estimates of the link genus. In Section
5 we study the concordance of links. In Section 6 we consider the signatures. In
Section 7 we introduce a multivariable extension of the theory. In Section 8 we
discuss various generalizations of our invariants and in particular an extention to
homologically non-trivial links.

In this paper, all manifolds are smooth. The boundary of an oriented manifold
is oriented wvia the “outward normal vector first” convention.

Throughout the paper, we fix a commutative ring with unity R.

1. LINKING NUMBERS AND QUASI-CYLINDERS

1.1. Knots and links. By a link in an oriented 3-manifold M, we mean a finite
system of disjoint oriented circles embedded in Int(M) = M — dM. Each link L in
M viewed as a geometric 1-cycle represents a homology class [L] € Hi(M; R). A
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link L is R-homologically trivial if [L] = 0. For R = Z, we say simply homologically
trivial.

Two links L and L' in M are said to be ambient isotopic if there is an ambient
isotopy ht (0 <t < 1) of M, keeping OM fixed, such that hg = id, h1(L) = L', and
hi|r: L = L' is orientation-preserving.

A knot is a link consisting of a single circle. Let us stress that all knots and links
in this paper are oriented.

1.2. Linking numbers. The classical linking number of disjoint R-homologically
trivial knots K, L in an oriented 3-manifold M is defined by

Ik(K,L)=K-B=B-KcR

where - = -js is the standard homological intersection in M and B is a 2-chain
in M (with coefficients in R) such that 9B = L. The independence of the choice
of B follows from the fact that given another 2-chain B’ with 9B’ = L, one has
K-B—K-B' =K bwhere b =B — B’ is a 2-cycle in M. The R-homological
triviality of K implies that K -b = [K]-b = 0. One easily checks the symmetry
lk(K,L)=1k(L, K).

We introduce a generalized linking number as follows. Suppose that M # ()
and denote by ¢ the inclusion homomorphism H;(0M;R) — Hyi(M;R). Fix a
submodule V' of the R-module H1(0M; R) such that V NKer(c) = 0. For disjoint
knots K, L in M such that [K], [L] € ¢(V), set

lky(K,L)=K-B=B-K€R

where B is any 2-chain in M (with coefficients in R) such that 0B = L — v for a
1-cycle v on OM representing an element of V. The homological intersection K - B
does not depend on the choice of B. Indeed, consider another 2-chain B’ in M
with 0B’ = L — v where v’ is a 1-cycle on OM representing an element of V. Then
b= B — B’ is a relative 2-cycle in (M,9M) in the sense that its boundary lies on
OM. Let u be a 1-cycle on OM whose homology class [u] € Hy(OM; R) satisfies
¢([u]) = [K] and let @ be a 1-cycle obtained by pushing u slightly inside Int(M).
Then
K-B-K-B =K-b=1-b=u-gu 0b

where -5/ is the homological intersection of 1-cycles in OM. We have u -gp 0b =0
since [0b] = [v —v'] € V NKer(c) = 0.
The linking number [ky satisfies

lkv(L, K) = lkv(K, L) +U-gp 0.

where u,v are 1-cycles on OM representing elements of V' homological to K, L
respectively. Indeed, let @ be a 1-cycle in Int(M) obtained from u as above and let
A be a 2-chain in M with 0A = K — 4. Then A is disjoint from v and therefore
lky(L,K) = L-A=(L—v)-A=90B-A=B-0A
— B-K—B-i=B-K—v-gyu
= lkv(K, L) +UuU-gnm V.
It is clear that lky (K, L) is invariant under deformations of K and L in M keeping

them disjoint. If K, L are R-homologically trivial (in particular, if they lie in a
3-ball inside M), then lky (K, L) = lk(K, L).
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The definition of lky (K, L) extends in the obvious way to the case where K, L
are disjoint 1-cycles in M.

1.3. Quasi-cylinders. By a quasi-cylinder (over R), we mean a pair consisting of a
connected oriented 3-manifold M with non-empty boundary and a submodule V' of
the R-module Hy(0M; R) such that the restriction of the inclusion homomorphism
H,(0M; R) — H1(M; R) to V yields an isomorphism V' — H;(M; R). The inverse
isomorphism is denoted dy .

The constructions of the previous section show that for a quasi-cylinder (M, V)
over R and any disjoint knots K, L in M, we have a well-defined linking number
lkv (K, L) € R satisfying

lkv (L, K) = lky (K, L) + dv([K]) -an dv ([L])-

We say that a quasi-cylinder (M, V') has trivial 2-homology if Ha(M) = 0. Here
and below, the unspecified group of coefficients in homology/cohomology is Z.
Note the following lemma.

Lemma 1.1. Let (M, V) be a quasi-cylinder such that M is compact. The equality
Hy(M) =0 holds if and only if OM is connected.

Proof. The components of OM represent elements of Ho(M) subject to only one
relation: their sum is equal to zero. Therefore the equality Ho(M) = 0 implies that
OM 1is connected. Let us prove the converse. Since the inclusion homomorphism
H,(0M;R) — Hy(M;R) is onto and the inclusion homomorphism Hy(0M; R) —
Hy(M; R) is an isomorphism, the homology sequence of the pair (M, M) gives that
Hy(M,0M;R) = 0. Observe that Hy(M,0M;R) = R ®z Hy1(M,0M). Therefore
the group H;(M,90M) is finite and

Hy(M) = HY(M,0M) = Hom(H,(M,0M),Z) = 0.
O

EXAMPLES. 1. The pair consising of a 3-ball D? and V = H;(0D?) = 0 is a quasi-
cylinder over Z. Clearly, lky (K, L) = lk(K, L) € Z is the usual linking number of
knots in the 3-ball.

2. Let ¥ be a connected oriented surface and M = ¥ x [0,1] with product
orientation. Set V = H1(X x 0; R) C H1(OM; R). Tt is clear that (M, V) is a quasi-
cylinder. The linking number lky (K, L) of knots K, L C M can be computed as
follows. Present the link K UL by a link diagram on 3. Let k,! be the components
of the diagram representing K and L, respectively. Then lky(K,L) = ny —n_
where ny (resp. n_) is the number of positive (resp. negative) crossing points on
the diagram where k passes under [. The quasi-cylinder (X x [0, 1], V) has trivial
2-homology if and only if 9% # .

3. Let N be an R-homology 3-sphere, i.e., a closed oriented 3-manifold with
H.(N;R) = H.(S%;R). Let G be a non-empty finite graph in N and M C N be
its exterior, that is the complement of an open regular neighborhood of G in N.
Let V. C H1(0M;R) be the submodule generated by the homology classes of the
meridians of the edges of G. Then the pair (M, V) is a quasi-cylinder. For any
knots K, L C M, we have lky (K, L) = lk(K,L) € R where the right-hand side is
the linking number of K, L in N. The quasi-cylinder (M, V') has trivial 2-homology
if and only if G is connected.
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REMARK. The constructions above suggest that the definition of the Milnor num-
bers of classical links may be extended to links in quasi-cylinders. We shall not
pursue this line here.

2. GENERALIZED SEIFERT FORMS

2.1. Bilinear forms associated with surfaces. Let (M, V) be a quasi-cylinder
over R. Consider an oriented embedded surface F' C Int(M) (possibly, OF # ().
For a 1-cycle a on F, denote by at (resp. a™) the 1-cycle in Int(M)\F obtained
by pushing a along the positive (resp. negative) normal direction on F in M. For
1-cycles a, b on F representing homology classes [a], [b] € H1(F; R), set

d(la], [0]) = kv (a™, D).
This number only depends on the homology classes of a and b in H1(F; R). Indeed,

if a1, az,b; and by are 1-cycles on F such that a; —as = 0A and by — by = OB for
some 2-chains A and B in F', then

lkyv(af,b1) —lky(af,be) = lky(al —a3,b1) +1kyv(ad, by — bo)
= OA"-Bi+af - B=A"-0By +aj -B
= A+~b1—A+~vl—|—a;r~B,
where AT denotes the 2-chain A pushed along the positive normal direction on F

in M. Since AT, af C Int(M)\ F and by, B C F, vy C OM, these three intersection
number are zero. Hence, we have a well-defined bilinear form

Y =9p: H(F;R) x Hi(F;R) — R.
We call it the generalized Seifert form of F.

Lemma 2.1. Let d: Hi(F;R) — V be the composition of the inclusion homomor-
phism Hy1(F; R) — Hq,(M; R) with the isomorphism dy : Hi(M;R) — V. For all
a,be€ Hi(F; R),

a-pb=179(a,b)—9b,a)—d(a) -an d(b).

Proof. By abuse of notation, we shall denote 1-cycles representing a, b, d(a), d(b)
by the same symbols a,b,d(a),d(b). Consider the bilinear form 9~ : Hy(F; R) x
H,(F;R) — R defined as 91 = ¢ but using a~ instead of a™. We claim that

9t (a,b) =9 (a,b) =a-pb. (2.a)

Indeed, let B be a 2-cycle in M such that 9B = b — d(b), and let a be the 2-cycle
[—1,1] X @ in Int(M) with da = at —a~. We have

9t (a,b) =9 (a,b) = a"-B—-a -B=0a-B
= a-O0B=a-b—a-d@b).

Now, a and d(b) are disjoint, so a - d(b) = 0. Since o - b = a - b, this gives (2.a).
We now verify that

91 (a,b) — 97 (b, a) = d(a) -arr d(b). (2.b)
Indeed,
9 (a,b) = lkyv(at,b) = lky(b,at) + d(a) -oar d(b)
= lky(b™,a)+d(a) -ar d(b) =97 (b,a) + d(a) -oa d(D).

Combining formulas (2.a) and (2.b), we obtain the claim of the lemma. O
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2.2. Algebraic digression. Let W be an arbitrary R-module. A Seifert triple
over W is a triple (H, 9, d), where H is a free R-module of finite rank, ¥ a bilinear
form Hx H — R, and d a homomorphism H — W. Two Seifert triples (H1, Y1, d1),
(Ha,Y2,ds) over W are isomorphic if there is an R-isomorphism f: Hy — Hj such
that 1920(f>< f) :191 and dQOf:dl.

A Seifert triple (H',9',d") is obtained from a Seifert triple (H,¥,d) by an
elementary enlargement (and (H,9,d) from (H’,¥,d") by an elementary reduc-
tion) if the following conditions hold: H' = H @& Ra ® Rb, d'|g = d, d'(b) = 0,
Vg =9, V(H,b) =9 (b, H) = ¥'(b,b) = 0 and either ¥'(a,b) = 1,9'(b,a) =0
or ¥(a,b) =0,9'(b,a) = 1. If h is a basis of H, then h U {a, b} is a basis of H' and
the matrix ©’ of ¥ with respect to h U {a, b} is computed from the matrix © of ¥
with respect to h by

© x 0 ® %« 0
=[x x 0 or =% x 1
0O 1 0 0O 0 O

We say that two Seifert triples over W are equivalent if they can be related by a
finite sequence of isomorphisms and elementary enlargements and reductions.

2.3. Surgeries on surfaces. Given a quasi-cylinder (M, V') over R and a compact
connected oriented surface F' C Int(M), the constructions above yield a Seifert
triple (H1(F; R),9,d) over V. Note that the R-module H;(F; R) is free of rank
2g+m—1, where g is the genus of F' and m is the number of connected components
of OF. Suppose that a surface F' C Int(M) is obtained from F by surgery along
an embedded arc in Int(M) meeting F exactly at its endpoints and approaching
F either from the positive side or from the negative side at both endpoints. The
transformation F' +— F’ and the inverse transformation are called surgeries. It is
easy to see that the Seifert triple of F’ is obtained from the Seifert triple of F' by
an elementary enlargement. Therefore the equivalence class of the Seifert triple of
an embedded surface is invariant under surgeries.

Observe that any given class in Ho(M) can be realized by a closed connected
oriented surface and any two such surfaces are related by a sequence of surgeries
and isotopies. This leads to algebraic invariants of integral 2-homology classes of
quasi-cylinders. We shall however focus on quasi-cylinders with trivial 2-homology.

2.4. Seifert forms of links. A Seifert surface for a link L in a 3-manifold M is a
compact connected oriented surface in Int(M) that has L as its oriented boundary.
Clearly, if L has a Seifert surface, then [L] = 0 in Hy(M). It is well-known that
this is the only obstruction. For completeness, we outline a proof.

Lemma 2.2. Any homologically trivial link in an oriented 3-manifold has a Seifert
surface.

Proof. Let L be a homologically trivial link in an oriented 3-manifold M. Then
L is homologically trivial in a compact 3-dimensional submanifold M’ of M such
that M’ D L. Let N be a closed tubular neighborhood of L in Int(M’). Set
X = M'\Int(N). Since [L] = 0 € H1(M'), an appropriate choice of longitudes of L
gives a link L' € ON C 0X whose class in H;(X) is equal to 0. Then [L'] € H;(0X)
is the boundary of an element of Ho(X,0X) = H'(X). The latter is the pull-back
of a generator of H(S') = Z under a map X — S!. For an appropriate choice of
this map, the preimage of a point of S! is a compact oriented surface bounded by
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L’ in X. Adding if necessary 1-handles to this surface one can make it connected.
The resulting surface extends to a Seifert surface for L in M’. ]

Given two Seifert surfaces F, F’ for a link L in an oriented 3-manifold M, the
union F'U(—F") is a closed oriented surface representing an element of Ho(M). This
element is an obstruction to transforming F' into F’ by surgeries. It is well-known
that this is the only obstruction (see e.g. [7, p. 64]). In particular, if Ho(M) = 0,
then F, F’ can be related by a finite sequence of surgeries and ambient isotopies
in M (which can be chosen to keep OM fixed). Combining this fact with the
observations above, we obtain the following.

Theorem 2.3. Let (M, V) be a quasi-cylinder over R with Hy(M) = 0. For any
homologically trivial link L C M, the equivalence class of the Seifert triple of a
Seifert surface for L does not depend on the choice of the surface and provides an
isotopy invariant of L.

3. ALEXANDER INVARIANTS
Throughout this section, (M, V) is a quasi-cylinder over R with Hy(M) = 0.

3.1. The Alexander module. Fix a commutative unital ring R’ containing R
as a subring. We also fix an R-bilinear pairing ¢: V x V. — R’. Consider a
homologically trivial link L in M. Let (H,¥: H x H — R,d: H — V) be the
Seifert triple associated with a Seifert surface for L. Let © and ¥ be the matrices
of the bilinear forms ¥ and ¢ o (d x d) with respect to a basis of H. The Alezander
module Ay(L) of L is the R'[t,t~!]-module presented by the matrix t© — ©7 + ¥,
where the superscript T' denotes the matrix transposition.

Proposition 3.1. The Alexander module is an isotopy invariant of L.

Proof. Obviously, this module does not depend on the choice of a basis of H. By
Theorem 2.3, we just need to check that if (H’,9’,d") is obtained from (H, 9, d) by
an elementary enlargement, then the corresponding matrices I'' = t@’ — (0")7 + ¥’
and I' = t© — ©T + W present isomorphic R'[t,t~!]-modules. Clearly,

v x 0
=[x % 0
0 00
Therefore,
' = 0 r = 0
I'=|x * -1 or M=% * ¢t
0 t 0 0 -1 0
In both cases, the corresponding modules over R'[t,¢~!] are isomorphic. |

For M = D3,V =0, R = R =7 and ¢ = 0, the module Ay (L) is the usual
Alexander module.

Mimicking the standard definitions, we can introduce the Alexander ideals and
Alexander polynomials of L (provided R’ is a unique factorization domain). In
particular, the first Alexander polynomial of L can be defined as the determinant
of a square presentation matrix of Ay (L). This polynomial is an element of the
ring R'[t,t~!] defined up to multiplication by units of this ring. As in the classical
case, the first Alexander polynomial has a canonical normalization which we now
discuss.
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3.2. The Alexander-Conway polynomial. Using the notation of the previous
subsection, we define the (extended) Alexander-Conway polynomial of L by

Apo(t) = det(t/20 — t71/207 4~ 1/2y),

As in the proof of Proposition 3.1, one checks that this element of R'[tY/2 t1/?] is
a well-defined isotopy invariant of L.

Observe that the size of the matrices ©, W is equal to 2g +m — 1, where g is the
genus of the Seifert surface and m is the number of components of L. Therefore

Ary(t) =t

Thus, Ay, (t) € R'[t,t7}] for odd m and t'/2Ay, 4(t) € R'[t,t71] for even m.
We now establish a skein formula for Az ().

1—

279 det(t0 — OT + ).

Proposition 3.2. Let Ly, L_ and Ly be homologically trivial links in M which
coincide everywhere except in a small 3-ball where they are related as illustrated

X XO(

Then, the corresponding Alexander-Conway polynomials satisfy the following rela-
tion:

Ap, () = Ap_ () = (2=t AL, 4(t, 5).

Proof. Let Fy be a Seifert surface for Ly. Then a Seifert surface Fy for Ly (resp.
F_ for L_) is obtained from Fj by adding a band in the small 3-ball with one
negative (resp. positive) half-twist. Since Fy is connected, a basis for Hy(F}; R)
(resp. for Hi(F_; R)) is obtained from a basis for Hy(Fp; R) by adding a 1-cycle ay
(resp. a_). Clearly, ay and a_ can be chosen to coincide as 1-cycles in M. Let v
be a 1-cycle on OM with coefficients in R such that [v] € V C H1(0M; R) and v is
homologous to a1 = a— in M. Let B be a 2-cycle in M such that 0B = ay — v.
Then

Ip, (ay,a4) —Vp (a_,a_)=al -B—at -B=(af —a’) B=-1.

This leads to the following equalities between the corresponding matrices:

() () v
or= () o= (O ab) e v e = ()

for some o € R, 8 € R’, column v and row w over R, and column z and row y over
R’. The skein formula follows. O

The skein formula implies in particular that Ay (1) € R’ is unchanged when
one replaces an undercrossing by an overcrossing. Hence, it depends only on the
homotopy type of the components of L.

If I’ is a link in an oriented 3-ball D3 and L is the image of L’ under an
orientation preserving embedding D? < M, then Ap ,(t) = Ap(t) is the usual
Conway-normalized Alexander polynomial of L'.
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3.3. A special case. Let R’ = R]s1, ..., s,] be the polynomial ring over R gener-
ated by n commuting variables s1,...,s,. Let ¥1,...,%,: V x V — R be bilinear
forms. We can apply the definitions and results of the previous subsections to the
bilinear form

=811+ +spthp: VXV — R
This gives a polynomial invariant

AL ooipn (t 51,y 80) = Ap () = det(t /20 — 1207 + 7123 " 5,1y),
i=1

where © and ¥; are the matrices of the bilinear forms ¥ and ; o (d x d) with respect
to a basis of H. The polynomial Ay, y, .y, (t,81,...,8,) liesin R[t,t71, s1,..., sp]
for odd m and in t'/2 x R[t,t™%, 51, ..., s,] for even m.

The degree in s; of Az y,, . w., (£, 51, .., Sy) is bounded from above by a number
independent of L. Namely, this degree is smaller than or equal to the rank of the
form ;. Indeed, it follows from the definitions that

deg, Ap g, (t,51,...,5,) < rank (¥;) = rank ;.

For a bilinear form 1: V x V — R’ we denote by 7T its transpose defined by
YT (a,b) = (b, a) for a,be V.

Proposition 3.3.

»»»»»»

Proof. Transposing matrices, we obtain

AL (51t st ™) = det(t7120 — 1207 44123 " sty
1=1
= det(t 20" —1'?0 41712y "5, 0])
1=1

,wz:(t, Slye-ey Sn)

»»»»»»

O
For example, if ¥; is symmetric for ¢ = 1,...,p and skew-symmetric for i =
p+1,...,n, then
Ap oy (st st ) = (D)™ AL i 1seenstbn (B 815+ 5 Sn)
= (=)™ ALy (B =815 oy —Spy Spi1s - -y Sn)-

The polynomial Az, u. (£, 81, .., Sn) leads to other polynomial invariants of
L. First of all, we can expand

ALy on (B, 81,00, 8n) = Z A(Lil """ i")(t)51f~~~si{‘,

where A(L“ """ ) (¢) belongs to R[t,t~1] for odd m and to t*/2 x R[t,t~}] for even
m. The sum on the right-hand side is finite since A(L“ """ (t) = 0 provided iy, >
rankv;, for some k = 1,...,n. For any triple (L4, L_, Lg) as in Proposition 3.2
and for any 41,...,%, >0,
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Another interesting restriction of Ap 4, . 4, is obtained by the substitution
t = 1. By the skein relation, the resulting polynomial depends only on the homotopy
type of the components of L.

If V is a free module, then we can take as 1, ..., %, a basis in the R-module of
bilinear forms V ® V' — R. This results in a link polynomial on 1 4 v? variables,
where v is the rank of V.

ExampLE. Take n = 1 and let ¢ = -gp: V X V — R be the homological in-
tersection on OM restricted to V. This gives a polynomial invariant Ay (¢, s) =
det(t'/2© — t=1/2QT 4 t=1/25W¥) where © and U are the matrices of the bilinear
forms ¥ and -gps o (d x d) with respect to a basis of H. We leave to the reader to
check the following three properties of Ay (t,s), where m denotes the number of
components of L:

- Ap(1,-1)=11ifm=1and Ar(1,—1) = 0 otherwise;

- At st = (=1)™ AL 8);

- A_p(t,s) = Ap(t,—(s+t+1)), where —L is L with opposite orientation.
We can sometimes explicitly compute Aj (¢, s) for links L represented by simple
closed curves on OM. Let ¥ C OM be a compact connected surface of genus g
with boundary, such that the image of the inclusion homomorphism H;(%; R) —
H,(0M; R) is contained in V. We endow ¥ with the orientation induced by the
orientation on M (which in its turn is induced by the one on M). Let ¥ C
Int(M) be the oriented surface obtained by pushing ¥ inside M and reversing its
orientation. Clearly, L = % C M is a homologically trivial link with Seifert surface
¥, It is easy to see that the form v associated with > is identically zero. It follows
from the definitions that Ap(¢,s) = ¢79s%9 if L is a knot, and AL (t,s) = 0 else.

REMARK. Let ¥ be a compact connected oriented surface of genus g with 9% # 0.
Consider the quasi-cylinder M =X x [0,1],V = H{(XZ x 0) over Z. For any knot K
in M, the Laurent polynomial A = A (t,s) € Z[t,t~1, s] introduced in the previous
example satisfies A(t71, st™1) = A(t,s), A(1,—1) = 1 and deg, A <2g. If g =0
(that is, if ¥ is a disc with holes), then these conditions characterize completely
the polynomials A which can be realized as the Alexander-Conway polynomial of
a knot in M. Indeed, in this case A € Z[t,t7 1], A(t™1) = A(t), A(1) = 1 so that
A can be realized as the Alexander-Conway polynomial of a knot in a 3-ball in M.
We do not know whether the conditions above are sufficient for g > 0.

4. THE GENUS
The genus of a homologically trivial link L in a 3-manifold M is defined by
g(L) = min{genus(F) : F is a Seifert surface for L in M}.

If M is a 3-ball, then Seifert proved that g(L) > 1 (span Ay (t)+1—m), where span
is the usual span of a Laurent polynomial in one variable ¢ and m is the number of
components of L. This result extends to our setting as follows.

Proposition 4.1. Let L be a homologically trivial m-component link in a quasi-
cylinder (M, V) with Ho(M) = 0. Let ¢: V x V. — R’ be a pairing as in Section
3.1. Then

(spanAr (t) +1 —m).

N~

9(L) >
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Proof. Let F be a Seifert surface for L realizing the genus g(L), and let ©, ¥ be
corresponding matrices. By definition of Ay, (%),

spanAp y(t) = span [t}/20 — 71207 +¢~1/2y|
= span ’t@—@T—l-\IJ’ <rank Hy(F) = 2¢g(L) +m — 1.
The inequality follows. ]

Consider now a homologically trivial m-component link L in 3 X [0, 1], where ¥
is a compact connected oriented surface of genus g. The following algorithm (due
to Seifert in the case where ¥ is a 2-disc) produces a Seifert surface for L from a
connected diagram of L on X. (A link diagram is connected if it cannot be presented
as a union of disjoint non-empty link diagrams.) Let n be the number of crossings
on the diagram. Smoothing these crossings in the unique way compatible with
the orientation of L, one obtains a closed oriented 1-manifold I' C ¥ consisting
of v > 1 disjoint simple closed curves on ¥. Note that [['] = [L] = 0 € H{(Y).
Therefore, there is a finite collection of oriented connected subsurfaces 31, ..., 3%,
of 3 = ¥ x 0 whose boundaries are disjoint and U;0%; = I'. A Seifert surface F' for
L can be obtained from the ¥; by pushing their interiors into 3 x [0, 1] and adding
a half-twisted band at each crossing.

Proposition 4.2. Let vo be the number of discs among the surfaces ¥1,...,%..
Then vy <7y and

g(L) <1+ 5(n—y—m) + (v~ 20) max{1, g}

Proof. We have

C

2-2g(F) —m=x(F) =Y x(%) —n=2c-23 gi—7-n

i=1
where g; is the genus of ;. Clearly g; < g and g; = 0 if ¥; is a disc. Hence

1

g(L) < g(F) =1+ 5n—y=—m)+(y=c)+3 g

< 1+%(n—7—m)+(7—C)+(C—’YO)9-

The inequalities 79 < ¢ < v now give the result. O

Note that if ¢ = 0, then v = 79 and we obtain Seifert’s inequality g(L) <
1+ 3(n —~ —m) for links in the 3-ball.
Combining Propositions 4.1 and 4.2, we obtain in the case % # () that

span Ay () <n+1—v+2(y —v)max{l, g}.

5. CONCORDANCE INVARIANTS

Two links Lg, Ly in a 3-manifold M are concordant if there is a smooth oriented
surface S C M x [0, 1] such that 0S = (L1 x 1) U (—Lg x 0) and each component
of S is an annulus with one boundary component on M x 0 and the other one on
M x 1. Cobordant links have the same number of components.
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Lemma 5.1. Assume that R is a principal ideal domain. Let (M, V) be a quasi-
cylinder over R such that M is compact and Ho(M) =0. Let): V xV — R’ be a
bilinear pairing with values in an integral domain R’ containing R as a subring. Let
Lo, L1 be concordant homologically trivial links in M and Fy, F be their Seifert sur-
faces with associated Seifert triples (H1(Fo; R), 0o, do), (H1(F1;R),V1,d1). Then
there is a basis x1,. .., T24 of the R-module H = H1(Fy; R) ® H1(F1; R) such that
the bilinear forms

U= (=0o) ®V1 and ¢ =—(Po(doxdo))® (Yo (d1xdi))
satisfy ¥(z;, ;) = {/)v(:cl, x;) =0 foralli,j>g.
Proof. Let S C M x [0, 1] be a surface as in the definition of the link concordance.
Then SU (Fy x 0) U (—Fy x 1) is a closed connected oriented surface in M x [0, 1].

Claim 1: There is a compact oriented 3-manifold N C M x [0,1] such that
8N:SU(F0><O)U(—F1 Xl)

Indeed, let Uy be a closed tubular neighborhood of Ly = 0F} in Fj for k =0, 1.
Let F}, be the closure of Fj \ Ug. Deforming if necessary S, we can assume that S
meets (M x [0,1]) precisely along 9S = (L1 x 1)U (—Lg x 0). Let U = S x D?
be a closed tubular neighborhood of S in M x [0, 1]. Deforming if necessary U,
we can assume that U N (F x k) = Uy x k for & = 0,1. Let Y be the closure
of (M x [0,1])\ U. Then Y is a compact oriented 4-manifold with boundary and
F/ x k CdY for k=0,1.

We define a continuous map f: 9Y — S! as follows. For k = 0,1, let F} x [-1,1]
be a closed tubular neighborhood of F| x k in Y N (M x k) C 90Y. Then, f
restricted to F} x [—1,1] is given by f(z,t) = "™ for x € F|,t € [-1,1]. On
S x OD? C Y, the map f is such that f~1(1) = S x % for some x € dD?. Finally,
flx) = =1 for all z € OM x [0,1] and all x € (M x k)NY)\ (F/ x [-1,1])
where k = 0,1. By elementary obstruction theory, the map f: 0Y — S! extends
to Y if and only if there is a homomorphism ¢: H;(Y) — Z such that ¢ o i, = fi,
where 4 is the inclusion Y < Y. Using the exact homology sequence of the
pair (M x [0,1],Y), the excision theorem, and the assumption Ho(M) = 0, we
obtain that Hs(Y) = 0 and H2(Y) = Z™ where m is the number of components
of Ly (and of Ly1). A basis of Ho(Y) is given by the homology classes of m tori
T1,..., Ty C Y forming d(U N (M x 0)). We have Hy(Y,dY) = H3(Y) = 0 and
Hy(Y,0Y) = H?(Y) = Z™ & G where G is a finite abelian group. The summand
Z™ C Hy(Y,0Y) has a basis y1, ..., ym dual to the basis [T1], ..., [Ty] of Ha(Y).
The homological sequence of the pair (Y, dY) yields

Hy(Y,0Y) -5 Hi(8Y) = Hi(Y) — 0.

Clearly, f.(90(G)) = 0. Using the assumption OM # 0, it is easy to construct for
each j =1,...,m, aloop in f~!(—1) C dY piercing T} once and disjoint from the
other m — 1 tori. This loop represents d(y;) mod 9(G). Therefore, f.(d(y;)) =0
for all j. Thus, the obstruction to the extension of f to Y mentioned above is 0.
Let f: Y — S! be a continuous extension of f. Deform fso that 1 is one of its
regular values. Then the 3-manifold N = f~1(1) satisfies the conditions of Claim
1.

Set H' = Hyi(F§; R) ® H1(F}; R), which we identify with H = H;(Fo; R) @
Hy(Fy; R) via the inclusion homomorphism. Let K (resp. K) be the kernel of the
inclusion homomorphism H;(ON;Q) — H1(N;Q) (resp. H ® Q@ — H1(N;Q)),
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where ® = ®p and @ = Q(R) denotes the field of fractions of R. By the standard
argument using the Poincaré-Lefschetz duality, the dimension of K is half of the
dimension of H1(ON; Q). Furthermore, one easily checks that both the kernel and

the cokernel of the inclusion homomorphism H ® Q — H1(ON; Q) have dimension
m — 1. Therefore,

~ 1 1
dimg K > dimg K = §dimQ H,(ON;Q) = §dimQ(H® Q).

We now use this fact to show a second claim. The proof is adapted from [8; p. 89].

Claim 2: There is an R-basis x1,...,T24 of H such that z; maps to zero in
Hy,(N;Q) for alli > g.

Observe first that H is a free R-module of rang 2¢g where g is the genus of ON.
Then H ® @ is a vector space over  of dimension 2g and dimg K > g. Pick a
g-dimensional subspace E of K. Clearly, E admits a @-basis consisting of elements
in H: just take any (-basis of E and multiply its vectors by non-zero scalars.
Let Ey be the R-span of these elements in H. Since R is a principal ideal domain,
H/Ey = F®T where F is a free R-module of rank g and T a torsion R-module. Let
T be the pre-image of T under the projection H — H/Ejy. Then Eo cTCHNE
and T/ FEy=T. Since R is a principal ideal domain and H is free, T is free as well.
Since the sequence 0 — T — H — F — 0 is exact and F is free, a basis for T can
be completed to an R-basis of H which satisfies the conditions of Claim 2.

The lemma now follows from one last claim. _

Claim 3: If a,b € H map to zero in H1(N;Q), then ¢(a,b) = ¥(a,b) = 0.

Indeed, if a,b € H map to zero in H1(N; Q) = Hi(N; R)®Q, then r-a and 7’ - b
map to zero in H1(N; R) for some non-zero r,r’ € R. By R-bilinearity of {/)v and 9
and the assumption that R’ is an integral domain, it is enough to consider the case
where a,b € H map to zero in H1(ON; R). We have a = agp ® a; and b = by ® by
with ag, by € H1(Fp; R) and a1,b; € Hq(F1; R). Consider the following inclusion
homomorphisms

H — H1(ON;R) — H{(N;R) — Hy(M x [0,1]; R)= Hi(M; R) = V.

Clearly, the composition is given by xo @ x1 — do(z¢) + di(x1). Since a,b are in
the kernel of this composition, do(ag) + d1(a1) = do(bo) + d1(b1) = 0. Hence,

¥(a,b) = —(do(ag), do(bo)) + ¥(di(ar), di(b1)) = 0.

By the assumptions on a, b, there are 2-chains «, 3 in N such that da = ag + a1
and 98 = by + by. Let By be a 2-cycle in M x k such that 0By, = by, — dy(bg) for
k =0,1. Then

9(a,b) = V1(ar, br) — Yo(ao, bo) = af -nmrx1 B1 — ag -mxo Bo.

The equality do(bg) + d1(b1) = 0 implies that there is a 2-chain Z in OM x [0, 1]
such that Z = do(bo) + di1(b1). Since Z is disjoint from af and aj, and a is
disjoint from By for k # £,

19(&, b) = ((IBL + GJIL) “a(Mx[0,1]) (Bo + By + Z).

Here we used the fact that the orientation on (M x [0, 1]) matches the one on
M x 1 and is opposite to the one on M x 0. There is a map N — (M x [0,1])\ N
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extending the push in the positive normal direction F}, — (M x k) \ F}, for k =0, 1.
Let a™ be the image of a under this map. Then

V(a,b) =t yxp1) (Bo+ Bi + Z) = at - arxjoa) B

since Bo+ By +Z — 3 is a 2-cycle, and therefore a 2-boundary, in M x [0, 1]. Finally,
fC N and at C (M x[0,1])\ N are disjoint, so a™ prx[0,1) 6 = 0. This concludes
the proof. ([l

The following theorem generalizes the results of Fox-Milnor [5] for knots in S3.

Theorem 5.2. Let Lo, L; be concordant homologically trivial links in a quasi-
cylinder (M, V') over a principal ideal domain R such that M is compact and
Hy(M) = 0. Let ¥1,...,%,: V XV — R be bilinear forms such that 1, is sym-
metric for u = 1,...,p and skew-symmetric for u = p+1,...,n. Then for some
fERY? s1,...,50],

ALy iy (t7H =51t 72 st st st ) x
Pn (ta Slt1/2a ) Snt1/2)

= f(tila_sla"'7_5;055;D+15"'7Sn)f(t7515"'55n)'

Proof. By Lemma 5.1, the matrices of the bilinear pairings ¥ = (—9¢9) ® 91 and

1’/; = _(Z 5u1/)u © (dO X dO)) D (Z Sudju © (dl X dl))

u u

with respect to a certain basis of H = Hy(Fo; R) ® H1(F1; R) have the form

- *x A I I * ZHSuCu
@_(B 0) and ‘I’_ZU:S“\P“_(Z“S“CL 0 )

where A, B, C,,, C! are square matrices over R of equal size. Note that C/, = CT
foru=1,...,pand C!, = —CI foru=p+1,...,n.
Let m be the number of components of Ly (and of L1). By Proposition 3.3,

ALy iy (t7H =51t 72 st st st )

3

><AL17¢1 ,,,,, PV (t, 51t1/2, ceey Snt1/2)

= (—l)milALowl ,,,,, P (t, 51t1/2, RN Snt1/2) ALI 1
’tl/Q@ — 1297 4 \ff’

Pn (ta Slt1/2a ) Snt1/2)

* t/2A —t712BT + 37 5,0,
2B —¢=1/24T - " 5,C 0
= f(til, =81,y —Spy Sptiy- -5 Sn) f(E, 81, .., 8n),

where f(t,s1,...,8,) = [t'/?A— t=12BT 3, $uCy|- (The sign (—1)™~! disap-

pears because of the minuses in the definition of the forms ¢ and .) ([
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6. SIGNATURES AND DERIVED INVARIANTS

6.1. Signatures. The classical Murasugi-Tristram-Levine signature of a link L in
the 3-ball is the function o : S* — Z whose value on w € S! C C is the signature
of the Hermitian matrix (1 — w)® + (1 — ©)OT, where O is a Seifert matrix of L.
This function is a well-defined invariant of L. It is a concordance invariant away
from the roots of A on S*. We now extend these results to our setting.

Consider a quasi-cylinder (M, V) over R = R. Fix p symmetric bilinear forms
Pi,.. ., Pp: VXV — R and n—p skew-symmetric bilinear forms ¥,11,...,%n: V x
V — R. Let L be a homologically trivial link in M and (H,9,d) be the Seifert
triple associated with a Seifert surface for L. The signature of L is the function

sending a tuple (w € S', A = (A1,...,\n) € R") to the signature of the Hermitian
form

(1-w+ (1 -m)9" + Z)\uwu+z Z Autby) o (d x d)
_pJ,»l

on C ®gr H. Using Theorem 2.3, one easily checks that o does not depend on the
choice of the Seifert surface (see e.g. [8, Chapter 8] for a proof which extends to
our setting). Thus, it is a well-defined isotopy invariant of L.

Theorem 6.1. Let Lo, L; be concordant homologically trivial links in a quasi-
cylinder (M, V') over R such that M is compact and Hy(M) = 0. Then

OLo, 1. tn (wv )‘) = OL1,41,..,%n (w’ )‘)

forallw # 1 and A € R™ such that both Apy ... p, and Ap, 4,
n (W, €N, oy ENpy i1, - - -, TEN,) where € = (1 —w™ 1) 7L,

Proof. We shall use the notation introduced in the proof of Theorem 5.2. Clearly,
OLy s seoestpn (W5 A) = OLg s1tp, (W5 A) = sg0(®), where

¥, do not vanish

.....

P n
= (1-wO+(1-0" +> Ny +i Y AT,
u=1 u=p+1
B * 1-wA+(1-w)BT +C
- \(l-w)B+({1-wAT +’ 0 ’

with A, B, C, C’ square matrices over C of equal size. Therefore, sgn(®) = 0 unless
® is degenerate. We have

det® =4 J] [(1 =w)Ok + (1 =@)OF + 30 MW + 030y AP
k=0,1

where O, and ¥y, ,, are the matrices of the forms ¥y, and v, o (di, X di) on Hy(Fj; R).
For k = 0, 1, the k-th determinant on the right-hand side is equal to

,,,,, o (W, EN, o XD N1, -, BN

where 1, = dim H; (F; R). This proves the theorem. O

w21 = w) A, g,
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6.2. Further invariants. We assume in this subsection that the ground ring R
is a field and W is a vector space over R. More invariants of Seifert triples can
be obtained using the following construction. A Seifert triple (H,d,d) over W
gives a Seifert triple (H’,9’,d’) over any submodule W’ of W by H' = d=Y(W’),
V' =g xm, and d’ = d|g-. The latter triple is said to be a restriction of (H, 9, d).
Note that equivalent Seifert triples may give non-equivalent restrictions. To handle
this, we introduce a notion of stable equivalence for Seifert triples.

We say that a Seifert triple (Ha, Y2, ds) over W is obtained from a Seifert triple
(Hy,91,d1) over W by a trivial enlargement (and (Hq,91,d1) is obtained from
(Ha,Y2,d2) by a trivial reduction) if Ho = Hy; @ Rb, do|g, = di, d2(b) = 0,
192|H1><H1 = 191, 192(H1,b) = 192(b, Hl) = 192(b, b) = 0. ThUS, a matrix of 192 is
obtained from a matrix of ¢; by adding a zero row and a zero column. Two Seifert
triples over W are stably equivalent if they can be related by (a finite sequence of)
isomorphisms, elementary enlargements and reductions, and trivial enlargements
and reductions.

It is easy to check that stably equivalent Seifert triples over W restrict to stably
equivalent Seifert triples over submodules of W. Therefore a stable equivalence
invariant of Seifert triples generates a family of such invariants by applying it to all
possible restrictions of a given Seifert triple.

Given a Seifert triple (H,,d) over W, the associated polynomial det(t'/?© —
t=1/207 4 t=1/2¥) as in Section 3.2 is not preserved under trivial enlargements.
The module presented by the matrix t© — ©7 + W is preserved up to taking direct
sums with free R'[t,t~!]-modules of finite rank. The sequence of elementary ideals
of this module is preserved up to shifts of the index.

The signatures of Seifert triples are easily seen to be invariant under stable
equivalence. This generates a family of stable equivalence invariants obtained by
taking the signatures of the restrictions.

Applying the constructions above to homologically trivial links in a quasi-cylinder
(M, V) over R, we obtain derived signatures indexed by the subspaces of V. They
are isotopy invariants. We do not know whether they are concordance invariants
or not.

7. THE MULTIVARIABLE CASE

The classical theory of Seifert surfaces for oriented links in S® has been extended
to p-colored links in S using ‘C-complexes’ (see [3, 4] for 2-component links and
[1, 2] for the general case). The aim of the present section is to sketch a further
extension of this theory to u-colored links in quasi-cylinders.

7.1. Colored links. Let p be a fixed positive integer. A p-colored link L = L1 U
---UL, in an oriented 3-manifold M is an oriented link in the interior of M together
with a surjective map assigning to each component of L a color in {1,...,u}. The
sublink L; is constituted by the components of L with color ¢ for ¢ = 1,..., pu.
We shall say that two colored links L, L’ in M are isotopic if there is an ambient
isotopy between L and L', fixing OM, and preserving the orientation and color of
every component. A p-colored link L = Ly U---U L, is homologically trivial if
[L;)=0in Hy(M) foralli=1,...,p.

Note that a 1-colored link is an ordinary link, as defined in Section 1. Setting
1 = 1in the present section, we obtain the theory developed in the previous sections.
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FIGURE 1. A clasp intersection.

7.2. C-complexes. A C-complex for a p-colored link L = L; U---U L, in an
oriented 3-manifold M is a union F' = Fy U---U F), of surfaces in M such that F'
is connected, and the following conditions hold:

(i) for all ¢, F; is a Seifert surface for L;;

(%) for all i # j, F; N F; is either empty or a union of clasps (see Figure 1);

(#3) for all 4, j, k pairwise distinct, F; N F; N F}, is empty.

In the case p =1, a C-complex for L is simply a Seifert surface for L.

In order to have a C-complex, a p-colored link clearly needs to be homologically
trivial. One easily checks that it is the only obstruction: every homologically trivial
p-colored link L = L U- - UL, in an oriented 3-manifold has a C-complex. Indeed,
by Proposition 2.2, every sublink L; admits a Seifert surface F;. Then, by [1, Lemma
1], each F; can be isotoped keeping its boundary fixed to give a C-complex for L.

Proposition 7.1. Let F and F’' be C-complexes for isotopic colored links in a
quasi-cylinder (M, V') over R. If Ho(M) = 0, then F and F' can be transformed
into each other by a finite number of the following operations and their inverses:

(T0) Ambient isotopy keeping OM fized;

(T1) surgery on one surface;

(T2) addition of a ribbon intersection, followed by a ‘push along an arc’

through this intersection (see Figure 2);
(T3) the transformation described in Figure 2.

Proof. By the first move, it may be assumed that OF; = F = L; for all 7. Since
Hy(M) = 0, F; and F/ are related by ambient isotopies (keeping L; fixed) and
surgeries. Clearly, a surgery on F; can be performed avoiding F' \ F;, giving move
T1. Now, for every ambient isotopy between F; and F/, we can apply [1, Lemma
3], whose proof extends to our setting: such an ambient isotopy can be induced by
a finite sequence of moves T0, T2, T'3 and their inverses. O

7.3. Seifert forms for colored links. Let us now define the corresponding gen-
eralization of the Seifert form. Let as above R be an arbitrary commutative ring

T2 T3

FIGURE 2. The transformations 72 and 7’3 in Proposition 7.1.
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FIGURE 3. The surface F© near a clasp; the arrow off F; indicates
the e;-normal direction on F; in M.

with unit. Let N; = F; x [—1, 1] be a bicollar neighborhood of F; in the interior of
M. Given a sign ¢; = £1, let F;* be the translated surface F; x {&;} C N;. Also,
let T'(L;) be a tubular neighborhood of L; in Int(M), and let Y be the complement
of UL, Int(N; UT(L;)) in M. Given a sequence € = (g1, ...,¢,) of £1, set

n
Fe=JFny.

i=1
See Figure 3 for an illustration of F' near a clasp. Since all the intersections are
clasps, there is an obvious homotopy equivalence between F' and F¢ inducing an
isomorphism H;(F;R) — H:(F%;R), a — a°. Note also that F¢ is a smooth
surface, endowed with a canonical orientation: the orientation that matches the
one on Fj; if and only if ¢; = 4+1. Hence, we have a well-defined Seifert form o pe
on Hi(F%; R) as in Section 2. Therefore, each choice of signs € = (e1,...,¢,) leads
to a Seifert form ¥° and to an intersection form ¢° on H;(F'; R) defined by

9(a,b) = 9pe(a®,0°) and ¢°(a,b) = a -pe b°
for all a,b in Hy(F; R). These forms are related as follows.
Lemma 7.2. For all a,b in Hi(F; R) and all signs € = (e1,...,€,),
9(a,b) =9 (a,b) = ¢°(a,b) and I°(a,b) — I °(b,a) = d(a) -ar d(b),

where -5 is the intersection pairing on OM and d: H1(F; R) — V the composi-
tion of the inclusion homomorphism Hi(F; R) — H1(M; R) with the isomorphism
dy: HH(M;R) - V.

Proof. Let i*: Hi(F; R) — H;(F¢; R) denote the isomorphism given by a — a°.
As an oriented smooth surface, F'¢ is diffeomorphic to —F ¢, the surface F'~¢ with
the opposite orientation. This leads to a canonical isomorphism h¢: Hy(F¢; R) —
Hi(F~¢; R) such that h® 0i® = i~¢ and ¥}, _. o (h° x h¥) = Jp.. (Recall that the
bilinear form 9. is defined as 9. = dpe but using a~ instead of a*.) Therefore:

=97 = 9foo(iFx i) =0 o ®i )
= U0 (if x i) —9)_. o (h° x h) o (i¥ x i)
= (Ope —Ip)o (i x ).

By formula (2.a) applied to F'¢, this is equal to - p- o (i€ x i¥) giving the result. The
second equality follows from formula (2.b) in a similar way. O
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This result leads to the following definition. A p-colored Seifert triple over an
R-module W is a triple (H, {9°}.,d), where H is a free R-module of finite rank,
{9¥¢}¢ a family of 2#~1 bilinear forms on H indexed by the set

E={(e1,€2,...,€4) : €1 =41, & = %1 for ¢ > 1},

and d a homomorphism H — W. (Note that we don’t consider the forms ¢ with
g1 = —1 since they can be recovered from the other forms via Lemma 7.2.)

A pi-colored Seifert triple (H,{9¢}, d) is obtained from another y-colored Seifert
triple (H, {9}, d) by a type I elementary enlargement if the following conditions
hold: H = H & Ra @ Rb, d| = d, d(b) = 0, and there is some index i and some
sign 0 = %1 such that for all € € E, the matrix ©¢ for ¥ with respect to a basis h
of H is related to the matrix ©° with respect to the basis h U {a, b} of H by

~ (N * 0
O =| % * doe; | s
0 Jd_oe, 0

where 4 is the Kronecker symbol. Similarly, one speaks of type II elementary en-
largement if the following conditions hold: H = H & Ra ® Rb, d|g = d, d(b) = 0,
and there is some indices i # j and some signs o, ¢’ such that

R O° * 0
Of = | % * Oo,e,00 &,
0 570,5,; 570/,5]‘ 0

We shall say that two p-colored Seifert triples over W are equivalent if they can
be related by a finite number of type I and II elementary enlargements (and reduc-
tions).

Theorem 7.3. Let (M, V) be a quasi-cylinder over R with Hyo(M) = 0. For any
homologically trivial p-colored link L in M, the equivalence class of the p-colored
Seifert triple of a C-complex for L does not depend on the choice of the C-complex
and provides an isotopy invariant of the u-colored link L.

Proof. By Proposition 7.1, we are left with the proof that if two C-complexes are
related by transformations 70 to T3, then the corresponding Seifert triples are
equivalent. Obviously, transformation 70 does not change the Seifert triple. It
is an easy exercice to check that if a C-complex F is obtained from a C-complex
F via surgery on Fj, then the corresponding Seifert triples are related by a type
I elementary enlargement with index . (The sign o is determined by the side of
F; along which the surgery is performed.) Also, one verifies that transformation
T2 involving surfaces F; and F}; corresponds to a type II elementary enlargement
with indices ¢, j, and some signs 0,0’ given by the orientations of F; and Fj. Fi-
nally, consider two C-complexes related by a T3 transformation. Then, the two
corresponding Seifert triples can be understood as two distinct type II elementary
enlargements of some fixed Seifert triple. This concludes the proof. O

7.4. The Conway function. Fix a commutative unital ring R’ containing R as
a subring, and an R-bilinear pairing ¢¥: V x V' — R’. Consider a homologically
trivial p-colored link L in M, and let (H, {9%},d) be the p-colored Seifert triple
associated with a C-complex F' for L. Let ©% and ¥ be the matrices of the bilinear
forms 95 and v o (d x d) with respect to a basis of H.
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L 1] with respect to

Let Ags, denote the localization of the ring R'[t]

the multiplicative system generated by {t; —t; '}1<;<,. The (extended) Conway
function of L is the element of Ag/ , defined by

Qpp(ts . t) = (17 [J(t — t; ) EFI det(—Ap + W),

where c¢ is the number of clasps in F', £ = ZK; lkv(L;, Lj), and

Ap = ey-eu [tats? - 54 OF + (1) (tat3? - - £5) "1 (0F)"] .
eck

Proposition 7.4. The extended Conway function is an isotopy invariant of the
wu-colored link L.

Proof. By Proposition 7.1 and the proof of Theorem 7.3, we just need to check that
Qr, remains unchanged if the C-complex F' is transformed via moves T'1 and 7'2.

So, let F be a C-complex obtained from F by a surgery on Fj. Clearly, the number
of clasps ¢ remains the same, while
~ o~ x(F\ F;) ifie =k,
X(F\ Fy) = :
X(F\ F;) —2 otherwise.

Furthermore, the corresponding p-colored Seifert triples are related by a type I
elementary enlargement (with index ¢ = k). Using the equality

Z 2 tlt52 : 'ti“ 5U,€k + (_1)#(tlt§2 o 'tiu)ilisfa,sk] =
e€E

e Z 51...E#til...tiﬂ 50’,5k = O’tz H(tl

E14eney =M i#£k
we get
Ap * B v x 0
Ap=| * * oty [Lati—t;) ], ¥=[% % 0
0 —oty " Tlia(ti —t; 1) 0 0 0 0

Therefore, det(—Az + 0) = [Tisn(ti — t7 12 det(—Ap + ¥). The equality follows.
Now, let F be a C-complex obtained from F' by a move T2 involving Fj and Fy.
The number of clasps ¢ of F' is given by ¢+ 2, and

_ o [x(F\E)  ifi=kt,
X(F\F;) = {X(F \ F;) —2 otherwise.

The corresponding p-colored Seifert triples are related by a type II elementary
enlargement with indices k, ¢. By the equality

Z €2 5# tltsz ’ 'tff Oo,e1.007,e, + (—=1)H(t125° - 'tiu)il(sfayskéfahsz] =
e€eE

- Z E1 et G Bty = oo t7ty’ H (ti —t71),

E1,0€p i#k, L
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we get
Ap * 0
Ap=1| * * a0’ t7t7 [Lisn,o(ti = tit)
0 00"ty 7ty Tligp et —t7") 0
The invariance follows. |

In the case p = 1, F' is a Seifert surface for L, and the unique Seifert matrix
coincides with the matrix © constructed in Section 2. Furthermore, we have ¢ =
=0, x(F\ F1) = x(0) = 0. Hence, the Conway function is given by
1 —147T (=pm! 2
QL7¢(t1) = — 1 det(—h@ +t1 @ + \IJ) = ﬁALyfw(tl),

t1 — 1 1= tl
where m is the number of components of L.

If L/ is a p-colored link in an oriented 3-ball D® and L is the image of L’ under an
orientation preserving embedding D3 < M, then Qp 4 (t1,...,t,) = Qp (1, ..., 1)
is the usual Conway function of L', as constructed in [1].

Let us conclude this paragraph with a list of properties of Qr , generalizing
well-known properties of the Conway function of colored links in $3. We refer to
[1] for the proofs which easily extend to our setting.

Proposition 7.5. (i) Let Ly, L_ and Ly be homologically trivial p-colored links
which coincide everywhere except in a small 3-ball where they are related as illus-
trated below. (Here, i denotes the color of the strands in the 3-ball.)

XL

Then, the corresponding Conway functions satisfy the following relation:

O w(tty e ty) = Qn w(t, o ty) = (i — ) Qrgp(try .oy tp).

(#d) Similarly, if L4+, L—_ and Loo are homologically trivial p-colored links which
differ by the following local operation,

i J i J i
Y X(
)\ /&
Ly L__ Loo

then we have the equality

QL++7¢(tla ety t#) + QL—*J/)(tla RS t#) = (titj + tflt;l) QLOOJ/’(tla ety t#)'
(#it) For any homologically trivial p-colored link L with m components,

Qrp(tr's o ty) = (1) (b, 1),

where Y is the bilinear form given by ¢’ (a,b) = (—=1)*4)(b, a). O
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7.5. Multivariable signatures. As in Section 6, consider a quasi-cylinder (M, V)
over R =R, and fix p symmetric bilinear forms #1,...,%,: V. xV = Randn —p
skew-symmetric bilinear forms ¥p41,...,%n: V x V. — R. Let L be a p-colored
homologically trivial link in M and (H, {9°}.,d) be the p-colored Seifert triple
associated with a C-complex for L. Finally, let T# denote the p-dimensional torus
THF =S x...x 81 C C*. The (extended) signature of L is the function

OLaby,..., ¢n:T‘uXRn—>Z

sending a tuple (w = (w1,...,wu) € T*, A= (A1,...,An) € R™) to the signature of
the Hermitian form

S [a—wn) JTa-wr+ 0 -w) [T -2 09| +v

c€E i>1 i>1
on C®r H, where ¢ = (30 _ Aty +1> 01— —p+1 Muthy) o (d X d).

Proposition 7.6. The extended signature is an isotopy invariant of the p-colored
link L.

Proof. Note that if w; = 1 for some ¢, then the signature is equal to zero. Therefore,
it may be assumed that w; # 1 for all i. By Theorem 7.3, we just need to check
that the signatures corresponding to equivalent p-colored Seifert triples are equal.
So, let us assume that a Seifert triple (H, {0¢}, d) is obtained from another Seifert
triple (H, {9°},d) by a type I elementary enlargement (with index ¢ = k). Using
the equality

> [(1 —w) [T = wi)doe, + (1 —w0) [J(1 - ﬁii)&a,sk} =

e€eFE 1>1 1>1
Z Hl—w Soer = (L—wf) [T 11— wil?,
..... epi=1 i#£k

we see that the corresponding Hermitian matrices M and M are related by

. M * 0
M= * * (1 —wf) [T 11— wil?
0 (1-wy) Hz‘;ﬁk|1_wi|2 0

Since w; # 1 for all 4, the signatures of M and M coincide by the usual argument.
The invariance of the signature under elementary enlargement of type II follows
from the equality

Z [(1 - Wl) H(l - Wfi)émskisoﬂsz + (1 - wl) H(l - wji)(sfa,skisfa/,sz} =

c€E i>1 i>1
E: H borey =1 —w)A—wf) J] 11— wil?
1 Usk olep — Y 1
..... epi=1 i#£k, L
in the same way. |

In the case p = 1, we obviously get back the extended signatures defined in
Section 6. If L’ is a p-colored link in an oriented 3-ball D3 and L is the image of
L’ under an orientation preserving embedding D? < M, then o, 4(w, \) = o/ (w)
is the multivariable signature of the p-colored link L', as constructed in [2].
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We don’t know to which extent the concordance properties of these two special
cases (see Theorem 6.1 and [2, Section 7]) hold in the general case considered here.

8. GENERALIZATIONS

Our invariants of links are defined under rather strong assumptions: the links
are supposed to be homologically trivial; the ambient manifold, M, is supposed to
have trivial 2-homology and the inclusion homomorphism H,(0M; R) — H;(M; R)
is supposed to be surjective and to have a section. We explain how to weaken these
conditions.

8.1. Homologically non-trivial links. Let (M,V) be a quasi-cylinder over R
with Hy(M) = 0. Let h € Hi(M) belong to the image of the inclusion homo-
morphism H;(OM) — H;(M). To construct non-trivial invariants of links in M
representing h, one can proceed as follows. Pick a link L, in a cylinder neighbor-
hood U C M of OM such that [L.] = —h. Any link L C M may be isotopically
deformed into M — U uniquely up to isotopy in M —U. If L C M — U and [L] = h,
then L = LUL, is a homologically trivial link in M. The isotopy type of L is
entirely determined by the isotopy type of L and the isotopy type of L, in U. The
invariants of homologically trivial links in M defined above may be applied to L.
This yields isotopy invariants of L depending on V and L.. In particular, concor-
dance invariants of homologically trivial links yield concordance invariants of L.
Indeed, if two links Ly, Ly in M are concordant, then ZO and L, are concordant.

8.2. Generalized quasi-cylinders. A generalized quasi-cylinder over R is a pair
consisting of an oriented 3-manifold M and a submodule V of Hy(9M; R) such
that the inclusion homomorphism i: V. — H;i(M;R) is injective. The theory
of Seifert triples associated with surfaces in quasi-cylinders extend to generalized
quasi-cylinders as follows. Given an oriented surface F' in the interior of M, set
H = j7Y(i(V)) C Hi(F; R) where j is the inclusion homomorphism H;(F; R) —
Hy(M;R). For 1-cycles a,b on F representing homology classes [a], [b] € H, set
9([a], [b]) = lkv(at,b). This yields a well-defined bilinear form 9: H x H — R.
Applying this construction to the Seifert surface for a link L in M, we obtain the
Seifert triple (H,¥,d: H — V) of L. If Hy(M) = 0 and R is a field, then the
stable equivalence class of (H,,d) does not depend on the choice of F' and yields
an isotopy invariant of L.

8.3. High-dimensional generalizations. The constructions of this paper can be
easily generalized to codimension 1 submanifolds of odd-dimensional manifolds with
boundary and to codimension 2 links in such manifolds.

8.4. The case of non-connected boundary. The definitions of linking numbers
and generalized Seifert forms given in Sections 1 and 2 make perfect sense whether
Hy(M) is trivial or not (that is, whether M is connected or not). However, the
triviality of Ha(M) is needed for Theorem 2.3 to hold. Indeed, this result is based
on the fact that two Seifert surfaces for a link in M can be related by surgeries.
This is clearly not true if Ho(M) # 0. Therefore, the general theory of Sections 3
to 7 does not hold if the boundary of M is non-connected, and it is very unlikely
that any Seifert type invariant can be constructed in this general setting.
Nevertheless, parts of the theory can be developed in the following special case.
Let (M,V) be a quasi-cylinder over R, and let us assume that M has exactly two
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boundary components ¥ and ¥, with V' = H;(X; R). This is a natural class of
quasi-cylinders, as it contains the prototypical example M = ¥ x [0,1] with X
closed. Let F' be a Seifert surface in such a quasi-cylinder (M, V), and let ¥ denote
a parallel copy of ¥ obtained by pushing ¥ in Int(M) \ F. Suppose that there is a
solid cylinder [0, 1] x D? in the interior of M such that ([0,1] x D?*)NF = {0} x D?
and ([0,1] x D?)N'Y = {1} x D2. Then we shall say that the surface

F' = (F\ ({0} x D*)) U ([0, 1] x 8D*) U (Z\ ({1} x D?))

is obtained from F by adding & along the arc [0,1] x {0}. Here, the orientation of
Y is chosen so that the orientation of F' extends to F”.

Proposition 8.1. Let (M, V) be a compact quasi-cylinder over R with OM = LY’
and V = Hi(Z; R). Any two Seifert surfaces F, F’ for isotopic links in a (M,V)
can be related by a finite number of ambient isotopies keeping OM fized, surgeries,
and additions of parallel copies of X along embedded arcs in Int(M).

Proof. Consider a path v: [0,1] — M such that v([0, 1]) NEZ = v(0), v([0,1])N%’ =
~(1), and such that v intersects 3, ¥’ F' and F” transversally. Let us assume that F’
intersects 7 in n points. Let Y be a parallel copy of ¥ pushed into M, disjoint from
F, and which intersects « transversally in (o). Let ¢; be the smallest number such
that v(t1) € F. Consider the surface Fy obtained from F by adding 3 along the
arc Y([to, t1]). Clearly, Fy intersects v in n — 1 points. Iterating this construction,
we obtain a Seifert surface F' for L disjoint from . Similarly, we obtain a Seifert
surface F’ from F' disjoint from . Now, consider the compact manifold M given
by the complement in M of an open tubular neighborhood of . Also, let S be the
surface with boundary given by & = XN M. By excision, H, (M, M) = H,(D?, S),

—

so the homological sequence of (M, M) reads

—

0 — Ho(M) — Hy(M) 2 7.

Since OM has exactly two components, one of which is ¥, the inclusion homomor-
phism Hy (%) RS Hy(M) is an isomorphism, as well as the composition Hz(X) i 7.
Therefore, 0 is an isomorphism, and HQ(]/\Z ) = 0. So, we have two Seifert surfaces
F and F' in M for a fixed link L in (]\//\[, 5)), with HQ(]/\Z) = 0. By the standard
argument, I and F’ are related by surgeries in Int(]\//\[ ) C Int(M) and by isotopies

of M keeping its boundary fixed. Such an isotopy obviously extends to an isotopy
of M fixing OM. This concludes the proof. O

Note that V' = H1(X; R) is endowed with a natural R-bilinear form: the inter-
section form on ¥. This leads to the following definition.

Let W be a free R-module of finite rank equipped with bilinear form ¢ : W x
W — R. Let (H,9¥,d) and (H',¥,d") be two Seifert triples over W. We shall
say that (H',v¢,d’) is obtained from (H,d,d) by a p-enlargement (and (H,9,d)
from (H',9’,d’) by a @-reduction) if the following conditions hold: H' = H @ W,
d/|H = d, d/|W = idw, 19/|H><H = 19, 19/|H><W = 0, 19/|W><H = o (’LdW X d) and
Y|wxw =0 or @. If h is a basis of H and w a basis of W, then h U w is a basis of
H’ and the matrix ©’ for 9" with respect to h U w is computed from the matrix ©
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for ¥ with respect to h by

, (0 0 © 0
=0 b) = (o)

where C' is the matrix of ¢ o (idw X d), and D the matrix of . We shall say that
two Seifert triples over W are p-equivalent if they can be related by a finite number
of isomorphisms, elementary enlargements, elementary reductions, ¢-enlargements
and ¢-reductions.

Theorem 8.2. Let (M,V) be a quasi-cylinder over R and let us assume that M
has ezactly two boundary components ¥ and X', with V = H1(X; R). Finally, let ¢
denote the intersection form on V. For any homologically trivial link L C M, the
p-equivalence class of the Seifert triple of a Seifert surface for L does not depend
on the choice of the surface and provides an isotopy invariant of L.

Proof. By Proposition 8.1, we just need to check that the addition of a parallel copy
of ¥ induces a ¢-enlargement of the corresponding Seifert triple. Let F’ denote the
Seifert surface obtained from F' by the addition of s along an arc, and let ¢’
denote the corresponding form. Clearly, H,(F') = Hi(F) ® Hy(X), d'|g,(r) = d,
d'|p,(z) = idp, sy and ¥’ restricted to H(F) x Hi(F') is equal to 9. Furthermore,
¥(a,b) =a* -9pr B =0 for (a,b) in Hi(F) x Hi(X), since B can be chosen to be a
thin annulus b x [0, 7] disjoint from a™. For a,b in H; (%),

¥ (a,b) =a" o0 (bx [0,n]) =a -ga b
if the orientation of ¥ is induced by the one of ¥ and
9(a,b) = a* onr (b x [0,77]) = 0
if the orientation of ¥ is opposite to the one induced from ¥. Finally, for (a,b) in
Hy(X) x H1(F), Lemma 2.1 and the above computation give
=0 =0
¥ (a,b) =9 (b,a) +d'(a) -opr d' () + a5 b= a-gp d(b).
This concludes the proof. O
Using this theorem, let us now see to which extent the results of Sections 3 to 7
hold true in the case under study.
The R'[t,t~!]-module Ay (L) is no longer an invariant of L in general. However,
it is an invariant in the special case R’ = R and ¢ = —, where ¢ is the intersection

form on V. Indeed, if (H',¢',d’) is obtained from (H,4,d) by a p-enlargement,
then the corresponding matrices IV = t0@' — (0")T + ¥’ and T' = tO — ©T + ¥ are

related by
o T 0 ;. T 0
= ((t—l)C’ tD) or "= ((t—l)C’ —D)'

1
-1 0
L. Now, consider the element of R[t'/?,¢t~1/?] given by

®g
Since D is congruent to the matrix ( ) , A_,(L) is an invariant of the link

AL(t) = AL _y(t) = det(t'/?0 — 171207 +¢71/2¥).
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It is well-defined up to multiplication by t9, where g denotes the genus of ¥.. Indeed,
if (H',9,d") is obtained from (H,,d) by a ¢-enlargement, then
det(t'/20" =t~ V20T +t7120") = det(t*/20 -t~ /20T +t1/2) . det(£t~ /2 D).
Since D is a matrix of the intersection form on ¥, det(+t~'/2D) = t~9, giving
the result. One easily checks the following properties: If m is odd, then AL(t) €
R[t,tY]. If m is even, then t'/2A(t) € R[t,t™']. Finally, Ar(1) = 1if L is a knot,
and Ar(1) =0 else.
Proposition 4.1 translates into the inequality

g(L) > %(span Ar(t) +1—m).

Furthermore, the Seifert algorithm and Proposition 4.2 extend verbatim to our case.
Generally speaking, the signatures introduced in Section 6 are not invariant
under @-enlargements.
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