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Abstract

The focus of this thesis lies in low dimensional topology and more specifically in knot theory.
It decomposes into three parts. The first deals with invariants of colored links, the second
discusses the Burau representation of the braid group and its generalizations. The third and
final part relies on the previous two and studies the non-additivity of signatures. Let us now
summarize each of these three parts.

A knot consists of an embedded circle in the 3-sphere. Knots are studied via knot invari-
ants: one assigns an algebraic quantity (which is called a knot invariant) to each knot in such
a way that isotopic knots have identical invariants. Classical invariants of knots include the
Alexander polynomial, the Levine-Tristram signature and the Blanchfield pairing. In the case
of links (i.e. disjoint union of knots), similar multivariable invariants are available although
they are often harder to study. The first part of this thesis is concerned with this type of in-
variants and our results can be summarized as follows. We use the multivariable signature of
Cimasoni-Florens in order to produce new lower bounds on the splitting number, we provide
the first explicit computation of the Blanchfield pairing for arbitrary links, we improve the
4-dimensional understanding of the multivariable signature and, in particular, we show that
it is invariant under 1-solvable cobordism.

A braid with n strands roughly consists of n monotonic intervals in the cylinder. The set
of isotopy classes of n-stranded braids forms a group called the braid group. The (reduced)
Burau representation of the braid group is known to be closely related to the Alexander
polynomial. We generalize this relation to the context of twisted Alexander polynomials and
L?-Alexander invariants. Our results are obtained by defining and studying the notions of
twisted Burau maps and L?-Burau maps. Braids can also be understood as particular cases
of tangles, which consist in a type of properly embedded 1-submanifolds of the cylinder.
Tangles no longer form a group but are the morphisms of a category. Nevertheless, the Burau
representation admits a generalization to tangles under the form of the so-called Lagrangian
functor which is due to Cimasoni-Turaev. Using cospans, we show how this functor can be
promoted to a (weak) 2-functor on the bicategory of tangles.

The third and final part of this thesis deals with the non-additivity of signature invariants.
Consider an arbitrary link invariant .# taking values in an abelian group. Precomposing this
invariant with the braid closure o — & defines maps from the braid group to this abelian
group. Therefore, one might try to evaluate the homomorphism defect . (a5) — .7 (@) — # (5).
This program was carried out by Gambaudo and Ghys who expressed the homomorphism
defect of the Levine-Tristram signature in terms of the reduced Burau representation. We
extend this theorem to colored tangles. The result expresses the homomorphism defect of the

multivariable signature using the Lagrangian functor and the Maslov index.
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Chapter 1

Introduction and overview of results

The focus of this thesis lies in low dimensional topology and more specifically in knot theory.
It decomposes into three parts. The first deals with invariants of colored links, the second
discusses the Burau representation of the braid group and its generalizations. The third and
final part relies on the previous two and studies the non-additivity of signatures. The material
exposed here expands on our papers [13, 38, 39, 40, 50, 51, 52, 53]. Let us now outline our
work in more detail and state our main results.

1.1 Part I: Invariants of colored links

A knot is a smoothly embedded circle in the 3-sphere S3. Given a knot K, we denote its
exterior by X = S3\vK, where vK is a tubular neighborhood of K. Since the first homology
group Hy(Xk) is infinite cyclic, the kernel of the abelianization map 71 (Xk) — Z gives rise to
a cover X — X upon which Z acts. Identifying, the group ring Z[Z] with the ring Z[t*1]
of Laurent polynomials, the homology groups of X & become Z[t*1]-modules. Of particular
interest is the Alezander module H1(X ), from which the Alezander polynomial Ak (t) can be
extracted [1]. Additionally, the Alexander module supports a nonsingular Hermitian pairing

BI(K): Hy(Xk) x Hi(Xg) = Q(t)/Z[t*"]

called the Blanchfield pairing [18]. The Alexander polynomial and the Blanchfield pairing can
both be computed via Seifert matrices. These matrices, which arise from compact connected
oriented surfaces whose boundary is K (i.e. Seifert surfaces), also give rise to the Levine-
Tristram signature and nullity

oK, MK: S L 7.

As outlined in Chapter 2, similar considerations for n-component links (a link L is a disjoint
union of knots) lead to analogous one variable invariants. However, since Hi(Xp) = Z",
other covering spaces of X, are available and produce the multivariable invariants which are
the main focus of the first part of this thesis.

As we shall recall in Chapter 3, a u-colored link is an oriented link L in S® whose com-
ponents are partitioned into p sublinks Ly U --- U L,. This way, a 1-colored link is an
oriented link while an n-component n-colored link is an ordered link. Associated to such a
p-colored link L is a regular Z*-cover X . = Xr. The homology of this cover is a module



Figure 1.1: A C-complex for a colored link.

over A, = Z[tlﬂ, .. ,tffl] from which the Alezander polynomial Ar(tq,...,t,) of the col-
ored link can be extracted. For 1-colored links, A, agrees with the (one variable) Alexander
polynomial of L, while for n-colored n-component links, it is the multivariable Alexander
polynomial introduced by Alexander [1], see also [69].

For colored links, the role of Seifert surfaces is played by the C-complexes which were
defined by Cooper [54]. Roughly speaking, a C-complex F for a u-colored link L consists of
Seifert surfaces F1, ..., F), that intersect pairwise in clasp intersections, see Figure 1.1 for an
example. The choice of a C-complex gives rise to 2# generalized Seifert matrices which can
be used to compute the Alexander polynomial [36] and define the multivariable signature and
nullity

or,ny: ™ — 7,

where TH denotes the p-dimensional torus. These latter invariants which, in this form, are
due to Cimasoni and Florens [41], recover the Levine-Tristram signature and nullity in the
case u = 1.

The remainder of the first part of this thesis deals with the study and applications of
invariants of colored links.

1.1.1 Splitting numbers

Any link L can be turned into the split union of its components by a sequence of crossing
changes between different components. Following Batson and Seed [10], the splitting num-
ber sp(L) of L is the minimal number of crossing changes in such a sequence. Since upper
bounds on sp(L) can be found by inspection of diagrams, the difficulty in computing it is to
find lower bounds. The aim of Chapter 4 is to provide such bounds by using the multivariable
signature and nullity.

aw, 1D
J

~
,

Figure 1.2: The Whitehead link L has sp(L) < 2.

Let us first briefly outline the previous work in the field. As observed in [10], the linking
numbers provide an elementary lower bound on the splitting number. However, since this



linking number bound is not always sharp, Batson and Seed used Khovanov homology to
obtain a new lower bound on sp(L) [10]. Testing it on links with up to 12 crossings, they
found only 17 examples where this Batson-Seed bound is strictly stronger than the linking
number bound. This enabled them to compute the splitting number of 7 of these links, while
the remaining ones were left undetermined.

In [32], Cha, Friedl and Powell introduced two new techniques for computing splitting
numbers. The first one is based on covering link calculus, while the second provides an ob-
struction in terms of the multivariable Alexander polynomial. These two techniques together
with the linking number bound allowed these authors to determine the splitting numbers of
the 130 prime links with up to 9 crossings and to compute the splitting numbers of all of the
17 links in the Batson-Seed list.

In a different direction, Borodzik and Gorsky found a Heegaard Floer theoretical criterion
for bounding the splitting number [22]. As an application, they showed that for any positive a,
the 2-bridge link with Conway normal form C'(2a,1,2a) has splitting number 2a, even though
the linking number of the two components vanishes, see Figure 1.3 for an example of a 2-bridge
link.

The main result of Chapter 4 (which was proved together with David Cimasoni and
Kleopatra Zacharova [40]) is a new lower bound on the splitting number of a link in terms of
its multivariable signature and nullity.

Theorem 4.1.1. If L = K; U---U K, is an ordered link, then

n

or(Wi,...,wy) — ZUKi(wi) + ’n —1—np(wi,...,wn) + Zﬁm(wi)
i=1 =1

for all (wy,...,wy) € T™

<sp(L)

As we shall observe in Section 4.3, our bound is sharp for 127 out of the 130 prime links
with up to 9 crossings, and two of the remaining splitting numbers can be determined with
the linking number bound. Also, our method gives the splitting number of all but one of the
17 links in the Batson-Seed list. Our bound also implies the following generalization of [22,
Theorem 7.12]: for any n > 1 and positive ai,...,an,b1,...,b,—1, the splitting number of
the 2-bridge link with Conway normal form C(2aq,b1,2a2,be, ..., 2a,-1,bn—1,2a,) is equal
to a1 + - - - + an, see Figure 1.3 and Theorem 4.3.6.

Chapter 4 concludes with the study of the so-called weak splitting number and includes
some new results, see in particular Propositions 4.4.3 and 4.4.5.

Figure 1.3: The 2-bridge link C'(4,3,2,1,2).




1.1.2 Twisted homology

A major part of this thesis is based on the concept of twisted homology. Chapter 5 collects
several results on the subject which are scattered across the literature. Since these tools
appear in many of our statements, we take the time to introduce some notations.

Let X be a CW complex and let ¥ C X be a possibly empty subcomplex. Denote by
p: X — X the universal cover of X and set Y := p~1(X). The left action of 71(X) on X
endows the chain complex C,(X,Y) with the structure of a left Z[r;(X)]-module. Moreover,
let R be aring and let M be a (R, Z[r1(X)])-bimodule. The twisted homology left R-modules
of the pair (X,Y") are defined as

Ho(X,Y; M) := Ho(M @z, (x) C+(X,Y)).

These modules generalize ordinary cellular homology in the following sense. If R = Z
and M = Z is given the trivial right Z[m (X)]-module structure n - v = n and the left Z-
module structure induced by multiplication, then H,(X;Z) is nothing but the usual cellular
homology of X. More generally, if ¢: m(X) — G is a surjective group homomorphism and
R = M = Z[G], then H,(X;Z|G]) is equal to H,(X), where X is the cover of X corresponding
to ker(¢)). For this reason, the Alexander module of a p-colored link L will often be written
as Hy(Xp;A,), where A, = Z[t7, ... tX1].

We conclude with another key example. Let Ag := Z[t1!, ... ,tffl, (1—t) =L, (=t
denote the localization of the ring A, = Z[t{d, .. ,t/fl] with respect to the multiplicative
system generated by {1 —ty,...,1—t,}. We will frequently consider the localized Alexander
module H1(X1;Ag). Note that since Ag is flat over A, the Ag-module Hy(X;Ag) is in fact
canonically isomorphic to As ®x, H1(Xz;Ay).

1.1.3 The Blanchfield pairing of colored links

As we mentioned above, the Alexander module of a knot supports a nonsingular Hermitian
pairing called the Blanchfield pairing. Denoting the field of fractions Q(t1,...,t,) of A,
by @, the Blanchfield pairing generalizes to a sesquilinear pairing

BI(L): TH1(X1;As) x TH(X1; As) = Qu/As

on the Ag-torsion submodule TH; (X1; Ag) of the localized Alexander module Hy(X; Ag) [87,
133]. Since both the multivariable Alexander polynomial and signatures can be computed
using C'-complexes, one might suspect that the Blanchfield pairing should be computable using
generalized Seifert matrices. This turns out to be true and shall be the focus of Chapter 6.

First, note that if K is a knot, then BI(K) can be computed using Seifert matrices [96].
More precisely, given a Seifert matrix A for K of size 2¢g, the Blanchfield pairing of K is
isometric to the pairing

A% /(tA — AT)A% % A%9/(tA — AT)A? — Q/A (1.1)
(a,b) — al(t—1)(A—tAT) 1.
Implicit in this statement is the fact that the Alexander module of a knot admits a square

presentation matrix. In general however, BI(L) is defined on TH;(X1;Ag) and to the best of
our knowledge, the latter Ag-module has no reason of admitting a square presentation matrix.



Thus a direct generalization of (1.1) seems out of reach. On the other hand, if we consider
links whose Alexander polynomial is nonzero, then TH;(Xy;Ag) is equal to Hi(Xp;Ag)
which does admit a square presentation matrix. Restricting to this setting, a computation
of BI(L) in the spirit of (1.1) once again seems within reach.

In fact, when the Alexander polynomial of L is nonzero, we obtained such a result together
with Stefan Friedl and Enrico Toffoli [52]. In order to give a precise statement, recall that
given a C-complex and a sequence € = (£1,€2, ...,¢,) of £1’s, there are 2# generalized Seifert
matrices A which extend the usual Seifert matrix. The associated C-complexr matriz is the

A -valued Hermitian matrix
o
H =Y JJa-t) a4
=1

£

where the sum is on all sequences ¢ = (€1,¢€9,...,¢,) of £1’s. The main theorem of [52] reads
as follows.

Theorem 6.1.1. Let L be a p-colored link and let H be a C-complexr matrix for L. If
Hi(X1;Ag) is Ag-torsion, then the Blanchfield pairing BI(L) is isometric to the pairing

w/HTAG < A3/HTAL = Qu/As (12)
(a,b) — —al H'b.

Restricting to knots, Theorem 6.1.1 recovers (1.1); however, for arbitrary links, the tor-
sion assumption is somewhat restrictive. Fortunately, in further work (carried out in our
paper [51]), this assumption was removed. Let us describe this improvement.

Let A denote the order of Torpy(A%/HTAR), the Ag-torsion submodule of A%Z/HTAZ.
Note that for any class [z] in Toray(A%Z/HTAR), there exists an zo in A% such that Az =
HTxy. As we shall see in Proposition 6.6.2, the assignment (v, w) + ﬁnguTo induces a
well-defined pairing

Ar: Torpg (AE/HTAQ) X TorAS( E/HTAE) — Qu/As,

which recovers the pairing described in (1.2) when det(H) # 0. The main theorem of Chap-
ter 6 reads as follows.

Theorem 6.1.2. The Blanchfield pairing of a colored link L is isometric to the pairing — g,
where H is any C-complex matrix for L.

Theorem 6.1.2 generalizes Theorem 6.1.1 to links whose Alexander module Hy (X; Ag) is
not torsion and recovers it if H;(X; Ag) is torsion. Furthermore Theorem 6.1.2 also recovers
known computations of BI(L) when L is a boundary link, see Theorem 6.6.7. Finally, note
that to the best of our knowledge, Theorem 6.1.2 was not even known in the case of oriented
links (i.e. pu=1).

While the Blanchfield pairing of a knot is known to be Hermitian and nonsingular, the
corresponding statements for links require some more work [87, 133]. On the other hand,
Theorem 6.1.2 reduces these questions to algebraic considerations on the pairing Ay. Our
results on this issue are summarized in the following corollary, where A" denotes the first
non-vanishing Alexander polynomial of L over Ag.



Corollary 6.1.3. The Blanchfield pairing of a link L is Hermitian and takes values in
Atr A G /A,

Since the definition of the pairing Ay is quite manageable, we also use Theorem 6.1.2 to ob-
tain quick proofs regarding the behavior of BI(L) under connected sums, disjoint unions, band
claspings, mirror images and orientation reversals, see Proposition 6.6.4, Proposition 6.6.5 and
Proposition 6.6.6.

A major part of the proof of Theorem 6.1.2 requires 4-dimensional considerations. Namely,
it involves pushing a C-complex for L into the 4-ball and studying the algebraic topology of the
exterior. Notably, we will describe the fundamental group of this space in Proposition 6.3.3
and its twisted homology Ag-modules in Proposition 6.4.2 and Corollary 6.3.4. Our main
technical result however is the computation of the twisted intersection form of this space.
Since this result (which was obtained with Stefan Friedl and Enrico Toffoli [52]) plays an
important role in this thesis, we state it as follows:

Theorem 6.1.4. Let L be a colored link, let F be a C-complex for L and let W be the
exterior of a push-in of F into the 4-ball D*. Then the intersection pairing on Ho(W;Ag) is
represented by a C-complex matriz H associated to F.

In fact, pushed-in C-complexes are particular types of objects which we shall frequently
encounter in Chapters 7 and 8. Anticipating this, we introduce some terminology. A colored
bounding surface I for a colored link L consists of a union F1 U---UF), C D* of properly
embedded, locally flat, oriented surfaces which only intersect each other transversally in
double points and whose boundary is L.

1.1.4 The multivariable signature via local coefficients

For w in T# of finite order, Cimasoni and Florens showed that the multivariable signa-
ture or(w) can be understood through finite branched covers of the 4-ball [41]. The aim
of Chapter 8 is twofold: firstly we show how twisted homology allows for a 4-dimensional
interpretation at all w in T4 := (S'\ {1})#; secondly we use this framework to study cobor-
disms between links and link concordance. The work described here was carried out with
Matthias Nagel and Enrico Toffoli [53].

Let us start by briefly outlining the 4-dimensional construction of Cimasoni-Florens. In
what follows, F' will be a colored bounding surface whose exterior in the 4-ball will be de-
noted by Wr. Given roots of unity wi,...,w, of respective orders ki, ..., k,, one can form a
covering W of the 4-ball D* branched along F', with group G := Zj, x --- x Zy, . Restrict-
ing the intersection form on Ho(W g, C) to a certain “generalized eigenspace” Ha(W p, C),
produces a Hermitian pairing whose signature we denote by o,,(W ). Cimasoni and Florens
[41, Theorem 6.1] showed that

UL(w) ZUw(WF). (1.3)

The restriction to w’s of finite order has a clear cause: the use of finite branched covers.
Consequently if an equation similar to (1.3) were to hold on the whole of T, different methods
ought to appear. The solution to this issue involves twisted homology, as we now briefly
outline.

Since H(WF) is free abelian on the meridians of F', mapping each meridian of F; to
some w; produces a homomorphism Z[m(Wg)] — €. This leads to the twisted homology



complex vector space Ha(Wp;C*) 1= Ha(C @z, (wp)] C,(Wg)). Furthermore, this latter
vector space is endowed with a twisted intersection form Agw (Wpr). While Viro [153] showed
that sign(Ace (Wr)) does not depend on the choice of a colored bounding surface, our first
result of Chapter 8 (which makes heavy use of Theorem 6.1.4) identifies sign(Agw (Wr)) with
the multivariable signature.

Theorem 8.1.1. Let L be a p-colored link. For every colored bounding surface F and for
all w € TY, we have the equality

o1(w) = sign(Acs (Wr)).

Owing to the restrictions which appear in (1.3), Cimasoni-Florens’ subsequent 4-dimensional
results are proved for a certain subset T% of roots of unity [41, Theorem 7.1 and 7.2]. The-
orem 8.1.1 allows for generalizations of these results whose proofs make no use of branched
covers. Building on work of Nagel-Powell [129], a key step in the process relies on the set ']T!“
of so-called non-concordance roots

Tp C T C T

and on some additional terminology which we now introduce. A colored cobordism between
two p-colored links L and L’ is a collection of properly embedded locally flat surfaces ¥ =
Y1U...UX, in S3 x [0,1] which have the following properties: the surfaces only intersect
each other transversally in double points, each surface ¥; has boundary L; U —L/, and each
connected component of ¥; has at least one boundary component in S x {0} and one in
S3 x {1}. The second main result of Chapter 8 is a bound on the Euler characteristic and
number of double points in such a cobordism.

Theorem 8.1.2. If X = X1 U...UX, is a colored cobordism between two p-colored links L
and L' with ¢ double points, then, for all w € ’]T{‘, we have

I
o (@) = o (W) + Inp@) = @)] < e =Y x(E).
=1

Before describing two corollaries of Theorem 8.1.2, we wish to emphasize that our results
hold in the topological category whereas Cimasoni-Florens worked in the smooth setting.
First, we obtain a generalization of [41, Theorem 7.2] and of [153, Theorem 4.C], both of
which extend the classical Murasugi-Tristram inequality [128, 147].

Corollary 8.1.4. Let F' = FyU---UF}, be a colored bounding surface for a p-colored link L
such that Fy, ..., F, have a total number of m connected components, intersecting in c double
points. Set By = > 1 vk H\(F;). Then, for allw € T}, we have

loL(@)] +[nL(w) —m +1] < fr +c.

Two p-colored links L and L’ are concordant if there exists a p-colored cobordism be-
tween L and L’ which has no intersection points and consists exclusively of annuli. The
following theorem is a generalization of [41, Theorem 7.1].

Corollary 8.1.3. The multivariable signature and nullity are topological concordance invari-
ants at all w € T}



In fact, Corollary 8.1.3 can be vastly generalized. To appreciate this statement, we briefly
recall some notions regarding concordance, referring to [115] for a survey. A knot is (topolog-
ically) slice if it bounds a locally flat 2-disk in the 4-ball, or equivalently if it is concordant
to the unknot. The monoid of all knots modulo concordance gives rise to an abelian group %
called the knot concordance group.

Arguably, the study of " (which goes back to Fox and Milnor [70]) has undergone three
large steps. Firstly, in the sixties, Levine [108] showed that slice knots admit metabolic
Seifert matrices (such knots are called algebraically slice) and computed the resulting algebraic
concordance group. Secondly, in the late seventies, Casson-Gordon [28, 29] produced examples
of algebraically slice knots which are not slice. Thirdly, Cochran-Orr-Teichner [47] vastly
improved the understanding of € by introducing an infinite filtration

. CHFI5CFC FosC FyCC.

Following [47], knots belonging to .%,, are called n-solvable. Cochran-Orr-Teichner also showed
that a knot is 0.5-solvable if and only if it is algebraically slice and that 1.5-solvable knots
have vanishing Casson-Gordon invariants. In particular, 0.5-solvable knots have vanishing
Levine-Tristram signature.

While Cochran-Orr-Teichner’s set-up also filters (strongly) slice links, we shall focus on a
relative version due to Cha [30]. We refer to Section 8.5 for the precise definition of n-solvable
cobordant links, but we note that concordant links are n-solvable cobordant for all n. As in
the knot case, abelian link invariants are not expected to distinguish 1-solvable cobordant
links. For instance, if two links are 1-solvable cobordant, then their first non-zero Alexan-
der polynomials agree up to norms and their Blanchfield pairings are Witt equivalent [99,
Theorems B and C].

The last main result of Chapter 8 is the corresponding statement for the multivariable
signature and nullity.

Theorem 8.1.5. If two p-colored links L and L are 1-solvable cobordant, then, for allw € TY,
we have

nr(w) =np(w) and op(w)=op(w).

Since concordant links are n-solvable cobordant for all n, Theorem 8.1.5 can be viewed as
a vast refinement of Corollary 8.1.3. We also believe that Theorem 8.1.5 would be difficult
to prove using branched coverings. Finally, note that Theorem 8.1.5 relies on a somewhat
technical result (Proposition 7.1.1) which shall be proved in Chapter 7.

1.2 Part II: The Burau representation and its generalizations

The second part of this thesis is concerned with the Burau representation of the braid group
and its generalizations. Roughly speaking, a braid consists of n monotonic disjoint strands
in the cylinder D? x [0,1]. Given two braids 31, 32, one can form their composition (132 by
stacking 81 on top of Bs, see Figure 1.4. Using this operation, isotopy classes of braids form
a group B, which is referred to as the braid group. Among the most studied representations
of the braid group is the reduced Burau representation

By B, — GL,_1(Z[tt)),



which we shall review in Chapter 9. Since the work of Burau [25], it is known that an
important feature of %, lies in its close relation to the Alexander polynomial. Indeed, writing
alink L as the closure & of an n-stranded braid « (this is always possible thanks to Alexander’s
theorem [1], see Figure 1.4), the Alexander polynomial of L satisfies

Ar(t)(t" = 1) = (t — 1) det(By(a) — I,_1).

B

N1 T

B2

Figure 1.4: On the left-hand side: the composition of two braids. On the right-hand side: the
closure of a braid.

An analogous result for the multivariable Alexander polynomial was later obtained by
Birman via the somewhat lesser known reduced Gassner representation of the pure braid
group P, [17]. In order to interpolate between the Gassner representation and the Burau
representation, we consider colored braids.

An n-stranded braid 3 € D? x [0, 1] is p-colored if each of its components is assigned an
element in {1,2,...,u}. A p-colored braid induces a coloring on the punctures of D% x {0,1}.
For emphasis, we shall denote the resulting punctured disks by D, and D, and call a u-colored
braid a (¢, ¢)-braid. Isotopy classes of (¢, ¢)-braids form a subgroup of the braid group, called
the c-colored braid group. We then consider the reduced colored Gassner representation

Be = GLn1(Z[t7, ... £5)),

which interpolates between the reduced Burau representation (for ;1 = 1) and the reduced
Gassner representation (for 4 = n). Note that while the Burau representation has been
studied in depth, there seems to be little literature on the colored Gassner representation.
Consequently, Section 9.4 contains a thorough study of this latter representation and several
new results, some of which might be folklore, see in particular Proposition 9.4.3, Remark 9.4.10
and Section 9.5.

The remainder of Part II deals with several extensions of the Burau and colored Gassner
representations.

1.2.1 Twisted invariants

As outlined above, the multivariable Alexander polynomial Aj of an ordered link L is ex-
tracted from a free abelian cover of the exterior Xj. Reformulating, Ay, is closely related to
the abelianization homomorphism 71(Xp) — Hy(X1). Twisted Alexander polynomials keep



further track of the group 71(X1,) by means of representations p: 71(Xr) — GLk(R) with R a
(Noetherian factorial) integral domain. The aim of Chapter 11 is to show how these invariants
can be computed using braids; the exposition is based on our paper [50].

Let Q(R[tfl, ..., t1]) denote the field of fractions of the integral domain R[tlﬂ, N
In practice, we shall mostly work with the twisted torsion of L:

(L) € Q(R[tF, ..., t5)).

This torsion invariant generalizes the classical Reidemeister torsion (which we review in Chap-
ter 10) and the resulting theory shares many similarities with the classical “abelian” theory;
we refer to [77] for a survey. Consequently it is natural to ask whether twisted Alexander
polynomials (or equivalently twisted torsion invariants) can be computed via braids.

Chapter 11 answers this question positively by introducing twisted Burau maps. More
precisely, given a representation p : F,, — GLi(R) of the free group, we define a twisted
Burau map and a reduced twisted Burau map

Byt Be = GL (R, ... £51)

and study their properties. Although these maps are not representations, they remain com-
putable via Fox calculus, see Propositions 11.3.3 and 11.3.4. The main theorem of Chapter 11
relates the reduced twisted Burau map %, of a braid 3 to the twisted torsion 7’5\ of its closure.

Theorem 11.1.1. Let F, be the free group on x1,...,xn and let § € B. be a p-colored braid
with n strands. If p: F, — GLi(R) is a representation which extends to m1(S>\ B), then

~ J—

Tp<ﬁ)(t1, tg, ce ,t'u) det (p(l’lxg . -.Z‘n)tcltCQ cee tcn — Ik) = det(@p(ﬁ) — I(n—l)k‘)'

In particular, taking p to be the trivial one-dimensional representation, Theorem 11.1.1
recovers the classical theorems of Burau and Birman.

1.2.2 [? invariants

As we just saw, twisted invariants of a space X aim to refine classical invariants via the
additional data of a finite dimensional representation of the fundamental group m(X). In
the infinite dimensional case, one could therefore expect the action of 71(X) on the Hilbert
space £2(m1(X)) to lead to new L2-invariants. Note that L? theory has a rich history which
goes back to Atiyah [6]. However we shall mostly focus on applications to low dimensional
topology and refer to [117] for broader perspectives. Chapter 12 (which is based on joint work
with Fathi Ben Aribi [13]) defines an L?-version of the Burau representation.

Returning to knots, Li and Zhang were the first to define an L?-Alexander “polynomial”
via Fox calculus [111]. Even more recently, Dubois-Friedl-Luck [63] introduced the so-called
L?-Alexander torsion which generalizes the L?-Alexander polynomial in the same way as the
Reidemeister torsion generalizes the classical Alexander polynomial. More precisely, if one
fixes a homomorphism ¢: 71(X) — Z and a second homomorphism 7: 71(X) — G through
which ¢ factors, then the L2-Alexander torsion is a real valued function (defined up to some
indeterminacy):

TA(X,$,7): Reg — R.

10



With this set-up, there are several similarities between L? invariants and classical invari-
ants [62, 63]. Consequently, it is natural to wonder whether some L?-Alexander torsions
can be computed from braids. The aim of Chapter 12 is to develop a theory of L2-Burau
representations and to provide such relations.

Let us briefly outline the data required to define the L?-Burau maps. First denote by F},
the free group on z1,...,z,. Next, fix t > 0 and a homomorphism ~: F,, — G through which
the epimorphism ¢: F,, — Z,z; — 1 factors. Denoting by B(¢2(G)) the algebra of bounded
operators on /2(G), we define an unreduced L?-Burau map and a reduced-L? Burau map

—(2
B, By — My (B(2(Q)))
and study their properties, see for instance Propositions 12.4.3, 12.4.4 and 12.4.7. To state
the relation with the L?-Alexander torsion, we introduce some further notation.

Let 5 be a braid with closure L. Identifying the free group F,, with m1(D,), there is
a canonical epimorphism F, — m1(X) which we denote by ~7. In particular one may

consider the corresponding reduced L?-Burau map @%L. Finally, let ¢: m1(X1) — Z be the
homomorphism which sends each meridian to one. The main result of Chapter 12 reads as

follows.

Theorem 12.1.1. Given an oriented link L obtained as the closure of a braid B € By, one
has

. n - , —(2 e
T i) - max(L, )" = dety 1)) (@” (8) — 1d®( 1))

t,yr

for allt > 0, where det ZV(m(XL)) denotes the regular Fuglede-Kadison determinant associated
to T (XL) .

As an application of Theorem 12.1.1, we provide an example of two braids indistinguish-
able under the Burau representation but which can be told apart by the L? version, see
Corollary 12.5.1.

1.2.3 The Lagrangian functor

In another direction, braids can also be viewed as particular examples of tangles, see Fig-
ure 1.5. Roughly speaking, a tangle is a particular type of properly embedded 1-dimensional
submanifold of the cylinder D? x [0, 1]. Tangles no longer form a group but are the morphisms
of a category Tangles. Consequently, if an extension of the reduced Burau representation
AB,: B, — GL,—1(A) from braid to tangles were to exist, it could take the form of a functor
defined on Tangles. As we shall review in Chapter 13, such a construction was produced by
Cimasoni and Turaev [42], resulting in the Lagrangian functor

# . Tangles — Lagr,,

where Lagr, is a category which we now briefly describe. The objects of Lagr, are pairs
(H,\), where H is a finitely generated A-module and A is a A-valued non-degenerate skew-
Hermitian form on H. A morphism from (Hi, A1) to (Ha, A2) is a Lagrangian submodule of
(H1® Ha, — A1 ® \2). Lagrangian relations can be understood as a generalization of unitary A-
isomorphisms. Namely, if f: (H1, A1) — (H2,A2) is a unitary isomorphism, then its graph
I'y C Hy ® H» is an example of a Lagrangian relation.

11



| |
| i |

Figure 1.5: Only the tangle on the left is a braid.

The Lagrangian functor generalizes the reduced Burau representation in the following
sense. The image of a braid § by .% is the graph F%(/B) of the reduced Burau representa-

tion %;(/3). In this setting, a key observation is that P, is unitary [144]. In other words, for
each braid 3, the automorphism %,(3) preserves a skew-Hermitian form defined on A"~!,

Finally, note that the Lagrangian functor is also defined in the multivariable case. Namely,
there is a Lagrangian functor .7 : Tangles, — Lagr, whose domain is the category of u-
colored tangles and whose target is defined analogously as in the one-variable case [42, Section
6]. This time, the multivariable Lagrangian functor generalizes the reduced colored Gassner
representation.

1.2.4 A Burau-Alexander 2 functor

In fact, the category Tangles comes with additional structure. Indeed, roughly speaking,
oriented surfaces between oriented tangles turn Tangles into a bicategory, i.e. a category in
which there are “morphisms between morphisms”. Thus we are led to the following question:
can the Lagrangian functor .%# be promoted to a (weak) 2-functor? This is in fact possible and
the construction, based on joint work with David Cimasoni [38], is the subject of Chapter 14.

The first roadblock lies in the target category: a priori, the Lagrangian category Lagr,
does not admit the structure of a bicategory. In order to circumvent this issue, the idea is
to consider cospans of A-modules, i.e. diagrams of the form H — T < H’. As we shall see,
there is a category L of Lagrangian cospans which should be understood as a generalization
of the category of Lagrangian relations, in the sense that there is a full (non-faithful) func-
tor F': Ly — Lagr, which is the identity on objects, see Proposition 14.2.4. Naturally, the
point of considering Ly instead of Lagr, lies in the fact that (a slight modification of) the
former is endowed with the structure of a bicategory.

There is, however, a key point which we have been glossing over. A bicategory % roughly
consists of a set of objects and, for each pair of objects (X,Y), a category € (X,Y) whose
objects are called 1-morphisms and whose morphisms are called 2-morphisms. Furthermore,
there is a composition law for 1-morphisms and two composition laws for 2-morphisms. The
subtlety is that on the level of 1-morphisms, the composition is only associative up to isomor-
phism. In particular the objects and 1-morphisms of a bicategory do not provide the data for
a category. The same remark goes for functors: restricting a weak 2-functor to objects and
morphisms does not produce a functor.

For this reason, we will construct our Burau-Alezander 2-functor in two steps. First we
will define a functor Z: Tangles — L, which generalizes the Lagrangian functor. Although
a precise formulation can be found in Section 14.4, an approximate statement goes as follows:

Theorem 14.1.1. There is a functor %: Tangles — Ly which satisfies F o B = F, where
Z is the Lagrangian functor, and F: Ly — Lagr, is a functor described in Section 14.2.

12



Furthermore, if T is an oriented link, then JB(7) is nothing but its Alexander module.

Our Burau-Alexander 2-functor is then built from % by taking into account the subtlety
described above. Namely, slight modifications of the categories Tangles and L, produce
bicategories of tangles and Lagrangian 2-cospans, and additional work gives rise to our weak
2-functor. Once again, we delay a precise formulation to Section 14.4 but a short perusal of
the following statement should give the reader the gist of the main result of Chapter 14.

Theorem 14.1.2. The functor 2 of Theorem 14.1.1 gives rise to a weak 2-functor from the
bicategory of oriented tangles to the bicategory of Lagrangian cospans, whose restriction to
oriented surfaces is given by the Alexander module.

Along the way, we shall discuss the core of the various categories we have introduced, i.e.
their maximal subgroupoid. More precisely, as an additional feature of our theory, we shall
observe that the restriction of % to Braids (the core of Tangle) actually takes value in the
core of Ly. Moreover core(Ly) turns out to be equivalent to the category Up of unitary
morphisms, see Proposition 14.2.5.

1.3 Part III: Non-addivity of classical link invariants

Consider an arbitrary link invariant .# taking values in an abelian group. Precomposing this
invariant with the braid closure defines maps a — #(a) from the braid groups B,, to this
abelian group, and one might wonder whether these maps are group homomorphisms. In
other words, one can ask whether

S (aB) — (@) — 7 (B)

vanishes for all o, 8 € B,. This question has an easy answer: the only invariant with this
property is the trivial one. However, one can ask the more refined question of “evaluating”
the homomorphism defect displayed above. This program was carried out by Gambaudo and
Ghys [78] who expressed the homomorphism defect of the Levine-Tristram signature in terms
the reduced Burau representation %;. The aim of the last part of this thesis is to extend this
result to colored tangles.

We start by giving some more details regarding the result of Gambaudo-Ghys. First, recall
that the reduced Burau representation is unitary. Therefore, given two braids «, 5 € B,, and
a root of unity w, one can consider the Meyer cocycle of the two unitary matrices %, ()
and %, (B). Denoting by sign_ (L) the Levine-Tristram signature of an oriented link L, the
main theorem of [78] is the equality

~

sign,, (a8) — sign, (@) — sign,, (B) = —Meyer(Z.(a), B.,(8)) (1.4)

for all a, 3 € B,, and w € S' of order coprime to n.

Recall that the Levine-Tristram signature admits a generalization, the multivariable sig-
nature which associates to a p-colored link L a map on the p-dimensional torus T# (we now
write sign,, (L) instead of o7 (w)). We also know that the reduced Burau representation has a
multivariable extension, called the reduced colored Gassner representation, which is unitary,
and it is natural to wonder if (15.1) holds in this multivariable setting.
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On the other hand, as outlined above, braids are special kind of tangles. Moreover, the
tangles that are endomorphims of a given object can not only be composed, but also closed
up to give oriented links, just like braids. Therefore, it makes sense to ask the same question
as above, i.e. try to evaluate the defect of additivity of the signature on tangles. Since the
Lagrangian functor

Z : Tangles,, — Lagr A,

generalizes the reduced Burau representation, one might expect it to appear in the signature
defect formula. However, one cannot consider the Meyer cocycle of (pairs of) objects in the
Lagrangian category, but it makes sense to consider the Maslov index of three objects in this
category, evaluated at some t = w € S'. Therefore, one can ask whether the additivity defect
of the signature of tangles is related to the Maslov index of the image by .% of these tangles,
evaluated at ¢t = w.

The last result of this thesis (which is based on joint work with David Cimasoni [39]).
answers both these questions simultaneously. The precise statement will be given in Theo-
rem 16.4.1 and Theorem 17.3.2 below, but in a nutshell, it can be phrased as follows.

Theorem 15.0.1. Given an object ¢ of the category of p-colored tangles and two endomor-
phisms 11, To of this object, the equality

sign,, (T172) — sign,, (71) — sign,, (72) = Maslov(.Z,(T1), Fw(idc), Fu(12))

holds for all w = (w1, ...,wy) in an open dense subset of T*, where T denotes the horizontal
reflection of the tangle T, and %, is the evaluation at t = w of the multivariable extension of
the Lagrangian functor .

In the case of colored braids, this functor gives back the graph of the reduced colored
Gassner representation, the horizontal reflection of a braid is its inverse, and the Maslov
index of the graphs of unitary automorphisms ~; ! id and ~ is one possible definition of
the Meyer cocycle of v; and . Therefore, in the case of p-colored braids, our theorem is
exactly the expected multivariable extension of (15.1), see Corollary 16.4.4. On other hand,
the restriction of Theorem 15.0.1 to oriented tangles is stated in Corollary 16.4.3. Finally
note, that even the intersection of these latter corollaries (i.e. the case of oriented braids and
the Levine-Tristram signature) is slightly more general than the main theorem of Gambaudo
and Ghys, as we allow the strands of the braids to be oriented in different directions.
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Part 1

Invariants of colored links
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Chapter 2

Classical invariants of links

2.1 Introduction

This introductory chapter deals with (single variable) classical invariants of oriented links.
More precisely, we shall review the Alexander polynomial, the Levine-Tristram signature and
the Blanchfield pairing. Let X denote the exterior of an oriented link L = K7 U ... U K,.
A common feature of the aforementioned invariants is their relation to the cover X L — X1,
corresponding to the kernel of the homomorphism (X)) — Z given by v — (k(v, K1) +
..+ lk(~, K,,). Keeping this in mind, let us outline the structure of this chapter.

First of all, Section 2.2 will review the Alexander polynomial. Namely, we shall recall the
definition of the Alezander module H; ()? 1) and orders of modules. However, the Alexander
polynomial, which was first introduced by Alexander [1], can also be understood using other
tools. We will focus on Seifert matrices and Fox calculus, leaving a discussion of Reidemeister
torsion to Chapter 10. Indeed, in the current chapter, we chose to rely on covering spaces
and elementary topological considerations, delaying the use of twisted homology to further
chapters.

The study of Seifert surfaces will lead us to review knot signatures whose birth goes
back to the sixties [66, 124, 128, 148]. As we shall see in Section 2.3, these signatures were
generalized by Levine [108] and Tristram [147] to a function

oy, : Sl—>Z.

Among other properties, this Levine-Tristram signature function provides lower bounds on
the genus of the surfaces that L can bound in the 4-ball. Delaying precise definitions, this
relation to the 4-genus suggest that the Levine-Tristram signatures should admit a four
dimensional interpretation. This step was taken in the early seventies by Viro [153] and
Kauffman-Taylor [94] who reinterpreted o (w) in terms of branched covers over the 4-ball
for w € St of finite order.

The Alexander module H; ()? 1) also supports a pairing which was first discovered by
Blanchfield [18]. Denoting by @ := Q(t) the field of fractions of A = Z[t*!], Section 2.4 will
review this )/A-valued pairing in the case of knots, the link case being treated in Chapter 6.
Apart from being non-singular and Hermitian, this Blanchfield pairing

BI(K): Hi(Xg) x Hi(Xk) = Q/A
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can also be computed using Seifert matrices [76, 97, 110]. Arguably, the main application
of the Blanchfield pairing lies in knot concordance [47], however it has also been used in the
study of the unknotting number [20].

Finally, note that while several textbooks contain material on classical invariants [56, 95,
112, 140], the subjects of this chapter are not all treated equally often. Indeed, while the
Alexander polynomial and the definition of the signature are almost systematically covered,
the 4-dimensional aspects as well as the Blanchfield pairing are usually omitted. For this
reason this chapter will provide slightly more details on these last two subjects.

2.2 The Alexander polynomial

In this section, we shall review the one variable Alexander polynomial Ay (t) of an oriented
link L. Namely, Subsection 2.2.1 will recall the definition of Ay (¢) by using orders of modules,
Subsection 2.2.2 will deal with Fox calculus, while Subsection 2.2.3 is concerned with Seifert
matrices. References include [95, 112, 150].

2.2.1 Definition of the Alexander polynomial

Given an oriented link L = Ky U --- U K,,, the epimorphism v : m(X1) — Z given by v —
Ck(y, K1) + ...+ lk(~, K,) induces the total linking cover X1 — Xr. The homology of X,
is naturally a module over A = Z[t*!], and the A-module Hy(X}) is called the Alezander
module of the oriented link L. Since X is compact and A is Noetherian, the Alexander
module is finitely generated over A [110, Proposition 1.1].

Remark 2.2.1. Note that in several references, the Alexander module refers to the relative
homology group Hl()?L,EE), where Z C X, is the fiber over a point z € X, [57, 95]. For
reasons which shall become apparent in Subsection 2.4.1, we shall sometimes denote the
Alexander module by Hy(Xy;A) instead of Hy(X}).

In order to extract invariants from the Alexander module, we briefly review orders and
presentation matrices. Let A be an m x n matrix with coefficients in a Noetherian factorial
domain R. Let us denote by E,(A) the ideal of R generated by all the (m—r) x (m—r) minors
of A. By convention, E,(A) = (0) if r < 0 and E,(A) = R if r > m. Let A,(A) denote the
greatest common divisor of the elements of E,.(A). Since R is a Noetherian factorial domain,
A, (A) exists and is well-defined up to multiplication by a unit of R. Given A and A’ in R,
let us note A = A’ if A = uA’ for some unit u of R.

Now let M be a module over R. A finite presentation of M is an exact sequence F HE
M — 0, where E¥ and F' are free R-modules with finite basis. A matrix of ¢ is a presentation
matriz of M. The r-th elementary ideal of M is the ideal of R given by E.(M) := E,(A)
where A is any presentation matrix of M. One can check that these ideals do not depend on
the presentation of M. In particular the element A, (M) := A,(A) of R is well defined up to
multiplication by a unit of R. Finally Ag(M) is called the order of M.

Definition 1. The Alezander polynomial Ay (t) of an oriented link L is the order of Hy(X}).

The Alexander polynomial is only well defined up to multiplication by units of A, that is
up to multiplication by +t" for n € Z. More generally, A7 (t) := A,(H1(Xp)) is called the
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r-th Alexander polynomial of L and A'"(t) shall denote the first non-vanishing Alexander
polynomial of L.

Remark 2.2.2. If K is a knot, then multiplication by ¢ — 1 induces an isomorphism on
the Alexander module [110, Proposition 1.2]. It follows that H;(Xg) is a A-torsion module
and consequently Ag(t) is not identically zero [110, Corollary 1.3]. This situation is in
stark contrast with the case of links, where the Alexander polynomial may very well vanish
identically.

The behavior of the Alexander polynomial under mirror image, orientation reversal, band
sums, cabling and various other satellite operations is well understood [112, Chapter 6].

2.2.2 Fox calculus

Consider the free group F,, on z1,...,z, and let aug: Z[F,] — Z,> nsf — > ny be the
augmentation map. An additive homomorphism D: Z[F,| — Z[F,] is called a derivative
if D(ab) = D(a)aug(b) + aD(b) for all a,b € Z[F,]. Since D(k) = 0 for any integer k and

D(a™') = —a~'D(a) for any a € F,,, D is uniquely determined by its values on the generators
of F,,. It then turns out that for all 7 = 1,...,n there exists a unique Foz derivative
o, Z|F,| — Z|F,]
axj . n n
satisfying gij = 0,5 [58, Chapter VII]. Given a link L and a presentation (z1,...,&n | 71,...,7m)

of m(Xr), we denote by pr : Z[F,| — Z[r1(Xr)] the ring homomorphism induced by the

projection. The Fox matriz A whose (i,7) coefficient is w(pr(g;; )) provides a presentation

matrix for the module H; ()A( ,2) which we encountered in Remark 2.2.1, see [95, Theorem
7.1.5 and Exercise 7.3.11].

Remark 2.2.3. Let (x1,...,2,|r1,...,7—1) be a Wirtinger presentation for m1(X) [112,
Chapter 11]. We denote by A; the square matrix obtained from the Fox matrix A by deleting
its i-th column. Since the presentation has deficiency one, it can be checked that for each i, one
has Ap(t) = det(4;) [95, Lemma 7.3.2 and Exercise 7.3.11]. This fact will also be discussed
in Subsection 3.3.2 and in Section 10.3.

Here is a practical application of Remark 2.2.3.

SO QO

Figure 2.1: Performing Fox calculus.

Example 2.2.4. The Wirtinger presentation for the link depicted in Figure 2.1 has genera-
tors x1,x2, x3, x4 and relators x2x1$2_1$1_1, x2x4x2_1x21, x4$2x4x3_1. Performing Fox calculus
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yields the matrix

xo(1 — xlxgla:l_l) 1-— ngla;;l 0 0
0 1-— x2x4$51 0 xa(l — x4x;1x11)
0 T4 —mmﬂf:ﬂgl 1— m4x2x21

Applying Remark 2.2.3 implies that the Alexander polynomial of L is (t — 1)2.

2.2.3 Computation via Seifert matrices

A Seifert surface for an oriented link L is a compact oriented surface F' whose oriented
boundary is L. While a Seifert surface may be disconnected, we require that it has no
closed components. The existence of a Seifert surface can be proved constructively using
Seifert’s algorithm [112, Theorem 2.2]. Since F is orientable, it admits a regular neighborhood
homeomorphic to F' x [—1,1] in which F' is identified with F' x {0}. For ¢ = 41, the push
off maps i€: H1(F) — H1(S®\ F) are defined by sending a (homology class of a) curve z to
i°(z) := = x {e}. The Seifert pairing is the bilinear form

Hl(F) X Hl(F) — 7
(a,b) — k(i (a),b).

A Seifert matriz for an oriented link L is a matrix for a Seifert pairing. Although Seifert
matrices do not provide link invariants, their so-called S-equivalence class does [112, Chapter
8]. The following theorem is due to Seifert [141]; a proof can be found in [112, Chapter 6].

Theorem 2.2.5. Let F' be a connected Seifert surface for an oriented link L. If A is a Seifert
matriz arising from F, then tA — AT presents the Alexander module and in particular

Ap(t) = det(tA — AT).

The Seifert matrix approach has the advantage of providing immediate proofs of several
elementary properties of the Alexander polynomial [112]. For instance, it immediately follows
from Theorem 2.2.5 that Ay () is symmetric (i.e. Ap(t) = AL(¢t7!)) and if K is a knot, then
Ak (1) =1, since A— AT represents the nonsingular intersection pairing on the Seifert surface.

Example 2.2.6. Applying Seifert’s algorithm to the link L depicted in Figure 2.1, we see that
the 2 x 2 identity matrix is a Seifert matrix for L. It immediately follows from Theorem 2.2.5
that A (t) = (t — 1)?, as we already observed in Example 2.2.4.

2.3 Levine-Tristram signatures

In this second introductory section, we briefly review the Levine-Tristram signature and nul-
lity of a link. Subsection 2.3.1 gives a definition using Seifert matrices, while Subsection 2.3.2
outlines a 4-dimensional interpretation which involves signatures of branched covers. Refer-
ences include [28, 93].
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2.3.1 Definition and properties

Recall from Subsection 2.2.3 that a Seifert surface for an oriented link L is a compact oriented
surface whose oriented boundary is L. Moreover, the first homology of F' is endowed with a
bilinear pairing for which a matrix is called a Seifert matrix of L. Given a Seifert matrix A,
observe that the matrix (1 —w)AT + (1 — ©)A is Hermitian for all w lying in S*.

Definition 2. Given w € S', the Levine-Tristram signature of L at w is defined as
or(w) :=sign((1 —w)AT + (1 —©)A),
where A is any Seifert matrix for L.

These signatures are well defined (i.e. independent of the choice of Seifert surface) [112],
and varying w along S!, they give rise to a function o7 : S* — Z. It is easily seen that
or : 8! — 7 is piecewise constant. Moreover, its discontinuities only occur at zeroes of
(t — 1)Aer(¢) [81, Theorem 2.1].

Example 2.3.1. We saw in Example 2.2.4 that the link L depicted in Figure 2.1 admits
the 2 x 2 identity matrix as a Seifert matrix. As an immediate consequence, the signature
function of L is identically equal to 2 on S\ {1}.

Let A be a Seifert matrix for an oriented link L resulting from the choice of a Seifert
surface F' with Bo(F) components. Furthermore, let H(w) denote the matrix (1 — w)AT +
(1 —w)A. The nullity of L is the function n;,: S* — Z whose value at w € S is

ne(w) = null(H (w)) + Bo(F) — 1.

As for the signature function, 7y, is a well defined invariant and Theorem 2.2.5 implies that
given w € S1\ {1}, the nullity 7 (w) vanishes if and only if Ay (w) # 0.

It is well known that the Murasugi signature ox(—1) of a knot K is even [56]. More
generally, given an n-component link L and w € S\ {1}, the integer o7 (w) +np(w) —n+1 is
even [143], see also [41, Lemma 5.6]. In particular, if w is not a root of Ay, (¢) and n is odd (resp.
even), then oy (w) is even (resp. odd). The behavior of the Levine-Tristram signature under
mirror image, orientation reversal, band sums, cabling and various other satellite operations
is also well understood [112, 114]. Moreover local relations for the signature are also known
[41, Section 5], see also [79].

We now deal with properties related to 4-dimensional topology.

Definition 3. Two oriented m-component links L and J are smoothly (resp. topologically)
concordant if there is a smooth (resp. locally flat) embedding into S® x I of a disjoint union
of m annuli A — 83 x I, such that the oriented boundary of A satisfies 04 = —L U J C
—-S31U 8% =0(83 xI).

The integers o (w) and 7z (w) are known to be concordance invariants for any root of
unity w of prime power order [128, 147]. However it is only recently that Nagel and Powell gave
a precise characterization of the w € S at which o, and 7y, are concordance invariants [129].
In a similar spirit, the Levine-Tristram signatures satisfy the following Murasugi- Tristram
inequality [128, 147].

20



Theorem 2.3.2. If an oriented link L bounds an m-component smoothly properly embedded
surface F C D*, then for any root of unity w of prime power order, the following inequality
holds:

oL (W) + [np(w) —m + 1] <tk Hy(F).

Working with the “averaged Levine-Tristram signature” and in the topological locally flat
category, Powell [134] recently gave a Murasugi-Tristram type inequality which holds for each
w € ST\ {1}. We also refer to Corollary 8.4.7 for a generalization of Theorem 2.3.2 which
builds on Powell’s approach.

2.3.2 Signatures and branched covers over the 4-ball

Given a smoothly properly embedded connected surface F' € D*, denote by W the comple-
ment of a tubular neighborhood of F. A short Mayer-Vietoris argument shows that H; (W)
is infinite cyclic and one may consider the covering space W — W obtained by composing
the abelianization homomorphism with the quotient map Hi(Wr) = Z — Zj. The restriction
of this cover to ' x S' consists of a copy of F' x p~1(S'), where the p: S* — S is the k-fold
cover of the circle. Extending p to a cover D? — D? branched along 0, and setting

WE =W, Upyg (F x DQ)

produces a cover W — D* branched along F' = F x {0}. Before moving on, let us recall
some terminology. Given a compact orientable 4-manifold W, there is a symmetric bilinear
pairing on H?(W, OW) obtained by evaluating the cup product of two cohomology classes on
the fundamental class of W. Using duality, this gives rise to the intersection form on Ho(W).
Alternatively, this pairing can be computed by representing homology classes by embedded
surfaces and computing their algebraic intersection number, see [23, Section VI.11] and Sec-
tion 5.6 for more details.

Returning to the matter at hand, denote by t a generator of the finite cyclic group Zg.
The C[Zj]-module structure of Ho(W g, C) gives rise to a complex vector space

HQ(WF, C)w = {.T (S HQ(WF,(D) | tr = wq:}

for each root of unity w of order k. Restricting the intersection form on Ho(W g, C) to
Hy(W g, C), produces a Hermitian pairing whose signature we call the w-signature of W g
and which we denote by o, (W r). These signatures share most of the properties of the usual
signature [93, Chapter XIII]. Although this fact is not altogether surprising (since we are
merely restricting to summands of Ha(W g; C)), it can also be understood in the somewhat
deeper context of G-signatures [28, 93].

The next result, originally due to Viro [153] and Kauffman-Taylor [94], provides a 4-
dimensional interpretation of the Levine-Tristram signature.

Theorem 2.3.3. Assume that an oriented link L bounds a smoothly properly embedded com-
pact oriented surface F C D* and let W be the k-fold of D* branched along F. Then, for
any root of unity w of order k, the following equality holds:

UL(w) = UW(WF).
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A proof of Theorem 2.3.3 can be found in [93, Chapters XII and XIII], see also [41,
Theorem 6.1] for a generalization. Note that there now are 4-dimensional interpretations of
the signature which hold for all w and rely on bordism arguments, see [53, 134, 153] and
Chapter 8.

To conclude this section, let us outline how the Levine-Tristram signature arises as a
particular case of the p-invariant of Atiyah-Patodi-Singer [7].

Remark 2.3.4. Let M be a closed 3-manifold and let a: m(M) — U(k) be a unitary
representation. Using differential geometry, Atiyah, Patodi and Singer associate a real number
p(M, a) to each such pair (M, a)). We shall not give the definition of p(M, ) but instead we
focus on a simpler situation. Namely, assume that r disjoint copies of M bound a 4-manifold
W and that there is a map S: w1 (W) — U(k) which restricts to « on each copy of M. In this
setting, the difference

1

—(signg(W) — k sign(W))

r
between the “twisted signature” signz(W) (see Section 5.6) and the usual signature turns out
to be independent of (W, 3) and coincides with the p-invariant [7].

When k£ = 1 and a: m(W) — U(1l) = C* is a character of finite order, the situation
simplifies drastically. For the sake of concreteness, assume that the image of « is the cyclic
subgroup Z, generated by w = €2™/4, Since the bordism group Q3(BZ,) is finite (see e.g.[49]),
there is an 7 for which r copies of M bound a 4-manifold W, and the character o extends.
Relying on Theorem 2.3.3, one can show that if M is obtained by O-framed surgery along L
and « sends each meridian of L to w, then p(Mpr,a) = or(w) [28]. For further reading on
this point of view, see [71, 72, 109], Remark 3.4.10 and Section 7.3.

2.4 The Blanchfield pairing of a knot

The aim of this section is to review the Blanchfield pairing BI(K) of an oriented knot K.
The organization is as follows: Subsection 2.4.1 begins with some preliminary remarks on
twisted homology, while Subsection 2.4.2 deals with the definition of BI(K'). Note that a more
thorough discussion of twisted homology can be found in Chapter 5 and that the Blanchfield
pairing for links will be treated in Chapter 6. References for this section include [18, 76, 87,
133].

2.4.1 Twisted homology: a first take

Let X be a CW complex and let Y C X be a possibly empty subcomplex. Given an epi-
morphism v¢: m(X) — ZH, denote by p: X — X the regular cover of X corresponding to
the kernel of ¥ and set Y = p~H(Y). The left action of the deck transformation group Z*
on X endows the chain complex C*()? , 17) with the structure of a left A, := Z[Z"]-module.
Moreover, let R be a commutative ring and let M be a (R, A,)-bimodule.

Definition 4. The chain complex C.(X,Y; M) = M ®j, C.(X,Y) of left R-modules will be
called the twisted chain complex of the pair (X,Y") with coefficients in M. The corresponding
homology left R-modules H.(X,Y; M) will be called the twisted homology modules of (X,Y")
with coefficients in M.
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If Y is empty, we write H,(X; M) instead of H.(X,0; M).

Example 2.4.1. If R = A, and M = A, is given its natural (A,, A,)-bimodule structure,
then one can use the canonical A,-module isomorphism of A, ®4, Cx(X,Y) with Ci(X,Y))

to recover the homology of the covering space: H,(X;A,) = H, ()? ). As alluded to in Re-
mark 2.2.1, if L = KjU...UK, is an oriented link and ¢: 71 (X)) — Z is the homomorphism
v lk(vy, Kq) + ...+ Ck(vy, Ky,), then Hi(Xp;A) is the Alexander module of L.

Denote by z + Z the involution on A, induced by t; = ti_l and let @, be the field of
fractions of A,. Given a ring A, C S C @, and a left (resp. right) S-module V', we denote
by V the right (resp. left) S-module that has the same underlying additive group as V, but
for which the action by S on V is precomposed with the involution on S. In our setting,

Ck()A(, 17) and M are now both right A,-modules.

Definition 5. The cochain complex C*(X,Y; M) := HomAM(C*()?, 17'), M) of left R-modules
will be called the twisted cochain complex of the pair (X,Y) with coefficients in M. The
corresponding cohomology left R-modules H*(X,Y; M) will be called the twisted cohomology
modules of the pair (X,Y’) with coefficients in M.

Contrasting with Example 2.4.1, when M = A, the group H*(X;A,) coincides with the
cohomology group H}(X) with compact support, see [60, Section 5.2]. Despite this difference,
one still has Poincaré duality isomorphisms [24, 136, 157], see Section 5.5 for a more thorough

discussion.

Theorem 2.4.2. Let M be a (R, A,)-bimodule and let N be a compact orientable n-manifold.
There are Poincaré duality isomorphisms Hy(N,ON; M) = H"*(N; M) and Hy(N; M) =
H" k(N,0ON; M).

The universal coefficient theorem also requires some additional work since R is not nec-
essarily a principal ideal domain. While Section 5.4 will deal with the general setting, this
section in concerned with a particular case, namely M = @, /A, with its natural (A, A,)-
bimodule structure. The next lemma will be proved in Section 5.4.

Lemma 2.4.3. If ¢¥: m1(X) — Z* induces an involution preserving ring homomorphism
Z[m (X)) = Ay, then the following map is a well defined chain isomorphism of left A,-
modules:

Homa, (Ci(X), Qu/Au) — Homa, (Ay @a, Cu(X), Qu/Ay)
= ((n@a) Hnﬁ)

Furthermore, there is a well defined evaluation homomomorphism of left A, -modules:

~

H;(Homy, (A, ®a, Cu(X),Qu/Ay)) — Homy, (Hi(X5A,), Qu/Ay).

Combining the homomorphisms of Lemma 2.4.3, one obtains an evaluation map

ev: Hi(X;Qu/Au) — Homn (Hi(X;A,), Qu/Ay)

which has no reason of being an isomorphism. For the remainder of this section, we shall only
concern ourselves with the case p = 1.
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2.4.2 The Blanchfield pairing of a knot: definition and properties

Given an oriented knot K, we denote by X its exterior and by ¢: 71 (Xx) — Z the abelian-
ization homomorphism 7 — £k(v, K). As we saw in Section 2.2, this data gives rise to the
Alexander module Hy(Xg;A) = Hi(Xk) of K. We start with a well known fact, see e.g. [83].

Lemma 2.4.4. The inclusion induced map i: Hi(Xg;A) = Hi1(Xk,0XKk;A) is an isomor-
phism.

Proof. The restriction of the cover X k — Xk to the torus 0Xg consists of the infinite
cylinder S! x R: indeed the longitude of K is mapped by 1 to zero while the meridian of K
is mapped by v to one. It follows that the inclusion induced map H;(0Xg;A) — Hi(Xxk; A)
is zero when ¢ = 1 (since lifts of the longitude bound in X k) and an isomorphism when i = 0
(since both spaces are connected). The long exact sequence of the pair (X, 0X ) thus takes
the form Hl(aXK; A) g Hl(XK; A) —Z> Hl(XK, (9XK, A) — H0(8XK, A) i H()(XK; A), and
the result now follows by exactness. O

Observe that a homomorphism f: M — N of (A, A)-bimodules induces both maps H,(X; M) —
H,(X;N)and H*(X; M) — H*(X; N) via the respective chain maps m ® x — f(m)® z and
@ — f op. Moreover, short exact sequences of coefficients induce long exact sequences on
twisted homology and cohomology. The resulting boundary homomorphisms are often called
Bockstein homomorphisms.

Lemma 2.4.5. Consider the short exact sequence 0 — A — Q — Q/A — 0 of (A, A)-
bimodules. The Bockstein homomorphism BS: H'(X;A) — H*(Xk;Q/A) is an isomor-
phism.

Proof. Recall from Remark 2.2.2 that the Alexander module of a knot is A-torsion. Since @
is the field of fractions of A, one has Hy(Xg;Q) = Q @5 H1(Xg;A) = 0, see Section 2.5
for details. Using Lemma 2.4.4 and the Poincaré duality isomorphisms of Theorem 2.4.2, it
follows that H?(Xg;Q) vanishes. Similarly, the universal coefficient theorem implies that
H'Y(X[;Q) = 0. The result now follows from the long exact sequence in cohomology which
arises from the short exact sequence 0 - A — @ — Q/A — 0 of coefficients. O

We delay the proof of the following lemma to Section 2.5.

Lemma 2.4.6. The evaluation map ev: H' (X;Q/A) — Homp (Hy(Xk;A),Q/A) described
at the end of Subsection 2.4.1 is an isomorphism.

Denote by €2 the following composition

i PD .2 BS—! .1
Hy(X§;A) = Hi(Xg,0Xk; A) = H(Xk;A) — H (Xk;Q/A)

AN Homp (H1(Xg;A),Q/A)

of the four left A-linear homomorphisms defined as follows. The first homomorphism is given
by Lemma 2.4.4, the second homomorphism is Poincaré duality, the third homomorphism is
the inverse of the Bockstein isomorphism described in Lemma 2.4.5 and the fourth homomor-
phism is described in Lemma 2.4.6.

The main definition of this section is the following.
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Definition 6. The Blanchfield pairing of an oriented knot K is the map
defined by BI(K)(z,y) = Q(y)(x).

To describe some elementary properties of the Blanchfield pairing, we briefly introduce
some terminology. Given a torsion A-module H, a linking pairing is a pairing b: H x H —
Q/A. Such a pairing is sesquilinear if b(px,qy) = pb(z,y)g and nonsingular if its adjoint
(i.e. the A-linear map H — Homa(H,Q/A)) is an isomorphism. A sesquilinear pairing is
Hermitian if b(y, z) = b(x,y) for all x,y € H. Two linking pairings b, b’ are isometric if there
is a A-linear homomorphism ¢: H — H' satisfying b/(¢(z),1¥(y)) = b(z,y). The following
proposition is well known [18, 76, 133].

Proposition 2.4.7. The Blanchfield pairing of a knot is a nonsingular and Hermitian linking
pairing.

Proof. Combining Lemma 2.4.4, Theorem 5.5.1, Lemma 2.4.5 and Lemma 2.4.6, one observes
that €2 is an isomorphism of left A-modules. Consequently, the pairing is nonsingular. Given
z,y in H1(Xg;A) and p,q in A, since Q(y) is left A-linear, one certainly has BI(K)(px,y) =
Qy)(px) = pQ(y)(z) = pBIK)(z,y). Since Q is left A-linear and using the involuted module
structure on Homy (H1(Xx;A),Q/A), one obtains BI(K)(z, qy) = Q(qy)(z) = (¢- Q)(z) =
Q(y)(z)g = BI(K)(z,y)qg. The proof that BI(K) is Hermitian can be found in [133, Proposition
3.8]. O

The following result was originally observed by Kearton [96] (see also [110]) before being
proved by Friedl-Powell [76]. We will also give a different proof of this fact in Chapter 6.

Theorem 2.4.8. If K is a knot and if A is a Seifert matrixz for K of size 2g, then the
Blanchfield pairing of K is isometric to the linking pairing

AY)(tA — AT)A% x A29)(tA — AT)A?9 — Q/A
(a,b) — al(t—1)(A—tAT)"1.

In particular, Theorem 2.4.8 gives another proof that the Blanchfield pairing is Hermitian,
see [76, Corollary 1.6]. Note that conflicting statements of Theorem 2.4.8 can be found in the
literature. For instance, Kearton [96] writes (¢ — 1)(tA — AT)~! instead of (t —1)(A —tAT)~!
which leads to some trouble, as explained in [76, Section 1.2].

2.5 Reviewing some homological algebra

In this section, we review some homological algebra and prove Lemma 2.4.6. A standard
reference is [158].

Let R be aring and let RMod denote the category of (left) R-modules and R-linear maps.
An R-module is projective if the covariant functor Hompg(P, —): RMod — Ab is exact. Here
ADb denotes the category of abelian groups and group homomorphisms. A projective resolution
for an R-module A is an exact sequence ... - P, — Py — A — 0 of R-modules in which
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each P; is projective. An R-module always possesses a projective resolution [158, Lemma
2.2.5]. Given two R-modules A and B, the Ezt group Ext’y(A, B) is defined as follows. Pick a
projective resolution ... - P; — Py — A — 0 for A and define the abelian group Ext';(A, B)
as the n-th homology group of the chain complex

...« Hompg(P1, B) <~ Homg(Py,B) < 0

of abelian groups. It turns out that Ext;(A, B) is independent of the chosen resolution. Fur-
thermore, Ext,(—, B): RMod — Ab is a contravariant functor while Ext'’s (A4, —): RMod —
Ab is a covariant functor [158, Chapter 3].

Example 2.5.1. For any projective R-module A and any n > 0, one has Ext'z(A, B) = 0

for all B: one can use the projective resolution 0 — A 4450 IfRis field, the same
proof shows that Ext';(A, B) vanishes for all k£ > 0, indeed free modules are projective. If R
is principal, then Ext%(A, B) vanishes for all n > 1 [158, Theorem 4.2.11]. Passing to a
slightly more involved example, take R = A, B = A with the A-module structure induced by
multiplication and A = Z with the A-module structure A - n = £(\)n, where e: A — Z is the

augmentation map. Since Z admits the free resolution A AN 7 0, it follows that
Ext} (Z;A) =0 for n > 2.

The abelian groups Ext%(A, B) can also be computed using resolutions of B. An R-
module I is injective if the contravariant functor Hompg(—, I) is exact. An injective resolution
for an R-module B is an exact sequence 0 — B — Iy — Iy — ... for which each I; is
injective. An R-module always possesses a injective resolution [158, Exercise 2.3.5]. Given
two R-modules A and B, the Ext functor Ext’; (A, B) can be computed by picking an injective
resolution 0 - B — Iy — I} — ... for B and computing the n-th homology group of the
chain complex 0 — Homp(A, Iy) - Hompg(A, ;) — ..., see [158, Theorem 2.7.6].

Example 2.5.2. Reasoning as in Example 2.5.1, Ext’;(—, B) vanishes whenever B is injective
and n > 0. In particular if Q(R) is the field of fractions of an integral domain R, then Q(R)
is injective over R and thus Ext't(—, Q(R)) vanishes for all n > 0. Note also that if R is a
principal ideal domain, then Q(R)/R is injective [158, Section 2.3]. For instance if R = Q[t*!],
one has Ext%, (A, Q(R)/R) = 0 for all A and for all n > 0. On the other hand, this is not the
case for R = A.

Given a right R-module A and a left R-module B, define the Tor group TorZ(A,B)
by considering a right R-module projective resolution ... - P, — Py — A — 0 for A,
applying the functor — ®g B and taking the n-th homology group of the chain complex
...— Pi®r B — Py®pg B — 0 of abelian groups. Once again, Tor?(A, B) is independent of
the chosen projective resolution and yields a bifunctor Torﬁ: ModR x Rmod — Ab.

Remark 2.5.3. Note that Torfj”(A, B) can also be computed by taking a projective resolution
for B instead of a projective resolution for A [158, Theorem 2.7.2]. In particular, arguing as
in Example 2.5.1, Torf(A, B) vanishes if either A or B is projective or if R is a field. More
generally, a left R-module B is flat over R if — ®r B is exact, while a right R-module A is
flat over R if A ®r — is exact. Projective modules are flat but the converse is not true. If
either A or B is flat over R, then Tor®(A, B) = 0 for all n > 1. In particular this conclusion
holds if A or B is Q(R), the field of fractions of an integral domain R, or more generally, for
any localization of R.
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Up to now, the Tor and Ext functors took values in the category of abelian groups.
However, if we work with bimodules, the Tor and Ext groups are naturally endowed with
module structures.

Remark 2.5.4. If B is a (R,T)-bimodule, then Homy. r(—, B) defines a functor from the
category RMod of left R-modules to the category ModT of right T-modules. We shall argue
that the Ext functors then define bifunctors RMod?”” x RModT — ModT. This becomes
apparent by following the construction of Ext step by step. First, one takes a resolution
0 —- B — Iy - I — ..., where each I} is a (R,T)-bimodule which is injective as an
R-module. Given a left R-module A, it then follows that each Homy r(A,I) is a right
T-module and the same goes for Ext’;(A, B). Naturally, the underlying abelian group can
also be computed by taking a projective resolution of A, as previously described. The same
remark applies to the Tor functors which define bifunctors TModR x RMod — TMod.

Next, we collect two universal coefficient spectral sequences (UCSS). We refer to Weibel’s
monograph [158, Chapter 5] regarding background material on spectral sequences. However,
we caution the reader that Weibel’s conventions regarding the degrees of the differentials in
cohomological spectral sequences differ from those used here.

Let R and T be rings, let C be a chain complex of free left R-modules and let S be a (R, T)-
bimodule. This way H,.(Homyeg r(Cy,S)) is a right T-module, as are Homyege g (Hy(Cy), S)
and more generally Ext},(H.(C,),S). We refer to [110, Theorem 2.3] for the proof of the
following theorem.

Theorem 2.5.5. Let R, T be rings, let C be a chain complex of free left R-modules and let S
be a (R, T)-bimodule. There exists a spectral sequence

1. converging to H,(Homjep_r(Cl, S)),
2. with EY? = Exth(Hy(Cy), S),
3. with differentials d? of degree (1 —r,r).
More specifically, there is a filtration
0C Fy C F' C--- C F}} = Hy(Homyeg-r(Cx, 5))

with F]?/Fz?_l ~ EBTP  All objects and isomorphisms are as right T-modules. Furthermore,
the edge homomorphism H,(Homyeg r(Cs, S)) — Homyer g(Hy(Cy),S) is the usual evalua-
tion.

Because of the involuted structures we are dealing with, we need to slightly modify The-
orem 2.5.5. Indeed, we wish to apply this spectral sequence to the case where N is a (R, A)-
bimodule in order to study the homomorphism of left R-modules

H;(Homyeg g(N @4 Cu(X), S)) — Homyeg, r(H.(X; N), S).

Remark 2.5.6. Let A be a left R-module and let B be a (R, T)-bimodule. Because of the
involuted module structures, we need to modify the module structure on Ext;(A, B). Let

us follow the construction of Ext’(A, B) step by step, starting from an injective resolution
0— B — Iy — I; - ... of (R,T)-bimodules for B. We wish to define Ext%(A, B) as the
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left T-module obtained by taking the homology of the chain complex 0 — Homyeg g (A4, Io) —
Homyeg g (A, I1) — ... of left T-modules. In other words, we want to convert Ext(—, B): RMod —
ModT to a functor RMod — TMod. Following the construction, one observes that the
result is nothing but Extr(A, B).

From now on, we will keep Remark 2.5.6 in mind but we will often slightly abuse notations
by simply writing Extr(A, B), omitting the subtleties involving involuted module structures.
Nevertheless, here is the version of Theorem 2.5.5 which fits our set up.

Theorem 2.5.7. Let R,T" be rings, let C be a chain complex of free left R-modules and let S
be a (R,T')-bimodule. There exists a spectral sequence

1. converging to H,(Homyep.r(Cl, S)),
2. with E5Y = Ext%,(Hp(Cy), S),
3. with differentials d" of degree (1 —r,1).

More specifically, there is a filtration

0C EF CF'C-- CF}= H,(Homyesr(Cs, S))

with F'/F) = E"™P. All objects and isomorphisms are as left T-modules. Furthermore,

the edge homomorphism H,(Homyet r(Cs, S)) — Homyer r(Hs(Cy),S) is the usual evalua-
tion.

Using Theorem 2.5.7, we can now prove Lemma 2.4.6, whose statement we recall for the
reader’s convenience.

Lemma 2.4.6. The map ev: H' (X; Q/A) — Homp (Hy(Xg; A),Q/A) is an isomorphism.

Proof. Recall from Lemma 2.4.3 that ev was defined as the composition of the isomorphism
Hl(XK; Q/A) — Hl(Homleft—A(C* (XK)v Q/A)) with the map Hy (Homleft—A(C* (XK)v Q/A)) -
Homyege p (H1(Xk;A), Q/A). Consequently, in order to show that ev is an isomorphism, we
shall use the UCSS of Theorem 2.5.7 and argue that this latter map is an isomorphism.
Since H,(Xk;A) =0 for p > 2 [112, Chapter 11], all the differentials on the second page
will vanish if we manage to show that Ey, = Ext} (Ho(Xg;A),Q/A) = 0 for all ¢ > 2.
Temporarily assuming this fact, the spectral sequence collapses at the second page. Us-

ing the notations of Theorem 2.5.7, we get a filtration of Hy(Homyeg a(Cy(Xx), Q/A)) =
Fl D F} 5 0 with F} = EX' = ES' = BExth(Ho(Xx;A),Q/A) and F}/F} = EY =
Homyegp (H1(X g5 A), Q/A). Consequently, if we prove that Ext} (Ho(Xk;A), Q/A) vanishes
for ¢ > 1, then we are done.

The trivial A-module Hy(Xx;A) = Z admits the length one free resolution A A
Z — 0. One deduces that Ext%(Z;A) = 0 for ¢ > 2, see Example 2.5.1. The short exact
sequence of coefficients 0 - A — @ — @Q/A — 0 induces a long exact sequence of Ext
groups, with ... — Ext}(Z; Q) — Ext}{(Z; Q/A) — Ext?xﬂ(Z;A) — Ext?\H(Z; Q) ... being
the portion of interest. Recall from Example 2.5.2 that @ is injective over A. Thus, assuming
that ¢ > 1 and using the above discussion, the two outer terms of the exact sequence vanish
and the lemma follows. O
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We now recall the corresponding UCSS in homology, see e.g. [87, Chapter 2].

Theorem 2.5.8. Let R, Z be rings, let C be a chain complex of free left Z-modules and let S
be a (R, Z)-bimodule. There exists a spectral sequence

1. converging to H.(S ®z C,),
2. with B2, = Tor/ (Hy(Cy), S),
3. with differentials d, of degree (—r,r —1).
More specifically, there is a filtration
OCF CcFlc..-.c F"=H,(R®zC,)

with FPJFE™! = E,_p- All objects and isomorphisms are as left R-modules.

We conclude with a well known fact whose proof uses the terminology of this section.

Remark 2.5.9. Let R be a Noetherian integral domain, let Q(R) be the field of fractions
of R and let C, be a chain complex of finitely generated free right R-modules. We claim
that H,(Homyight-r(Cs, Q(R))) is canonically isomorphic to Q(R) @ g Hy(Homyight-r(Cx, R)).
Since Q(R) is flat over R (recall Remark 2.5.3), our assumptions ensure that the chain com-
plexes Homyighe-r(Cx, Q(R)) = Homyight-r(Cy, Q(R) ®r R) and Q(R) @ g Hompg(Cy, R) are
canonically chain isomorphic. The claim now follows from the universal coefficient theorem
in homology: indeed, as we mentioned in Example 2.5.2, Q(R) is injective over R.
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Chapter 3

Invariants of colored links

3.1 Introduction

Given an oriented link L, Chapter 2 dealt with invariants which were extracted from the
first homology of the total linking cover of the link exterior Xy. If L is a knot, this cover
corresponds to the kernel of the abelianization homomorphism. On the other hand, for a
link of more than one component, this homomorphism is obtained by first abelianizing and
then mapping each meridian to one. In particular, there are various other abelian covers one
could consider instead of the total linking cover. Of particular interest are the multivariable
invariants which are extracted from the cover corresponding to the kernel of the abelianization
homomorphism 7 (X7) — H1(Xy). However, in order to obtain results which are valid both
in the one variable and in the multivariable case, we shall use colored links.

Definition 7. A p-colored link is an oriented link L in S® whose components are partitioned
into p sublinks Ly U---UL,.

Thus, in the case ;4 = 1, a colored link is just an oriented link, while if L has n components
and u = n, then L is an ordered link. Mimicking the one variable case, the Alexander
polynomial Ar(tq,...,t,) of a p-colored link L can be extracted from the (colored) Alezander
module of L. Thus, when p = 1, one recovers the one variable Alexander polynomial, while
the case u = n is precisely the multivariable Alexander polynomial defined by Alexander [1],
see also [69]. Pursuing the analogy, Ar(t1,...,t,) can be computed both with Fox calculus
and by using a generalization of Seifert surfaces.

We focus on this latter approach and therefore begin by reviewing C-complexes in Sec-
tion 3.2. These objects which were first introduced by Cooper [54] and further studied by
Cimasoni [36] lead to 2" generalized Seifert matrices which generalize the usual Seifert ma-
trix. After giving the definition of the Alexander polynomial in Section 3.3, we shall see
how generalized Seifert matrices yield presentation matrices for the Alexander module of the
colored link L.

Since Seifert matrices also lead to the Levine-Tristram signature, one might expect the
generalized Seifert matries to produce a multivariable signature. This is indeed the case and
the construction, which is due to Cooper [54] for links of two component and to Cimasoni-
Florens [41] in the general case, will be discussed in Section 3.4.
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3.2 (-complexes and generalized Seifert matrices

As we mentioned above, the theory of C-complexes and generalized Seifert matrices should
be viewed as a generalization of the theory of Seifert surfaces which was reviewed in Subsec-
tion 2.2.3. References for this short section include [36, 41, 54].

Definition 8. A C-complex for a p-colored link L = L1U...UL, is a union F' = F1U---UF),
of surfaces in S® such that:

1. for all 4, F; is a Seifert surface for L; (possibly disconnected, but with no closed com-
ponents);

2. for all i # j, F; N Fj is either empty or a union of clasps (see Figure 3.1);

3. for all 7, j, k pairwise distinct, F; N F; N F}, is empty.

Figure 3.1: A clasp intersection.

The existence of a C-complex for an arbitrary colored link was established by Cimasoni [36,
Lemma 1]. Note that in the case u = 1, a C-complex for L is nothing but a Seifert surface
for the oriented link L. Moreover, as in the one variable case, there is a sequence of moves
relating any two C-complexes of a given colored link [36, Lemma 3], see also [41, Lemma 2.2].

Given a sequence € = (1,...,g,) of £1's, let i°: H1(F) — H1(S*\ F) be defined as
follows. Any homology class in H;(F) can be represented by an oriented cycle x which
behaves as illustrated in Figure 3.1 whenever crossing a clasp. Then, define i°([z]) as the
class of the 1-cycle obtained by pushing x in the g;-normal direction off F; for i = 1,... pu.
Finally, consider the bilinear form

o Hl(F) X Hl(F) — 7
(@, y) = Lk("(2), ) ,

where ¢k denotes the linking number. Fix a basis of Hj(F') and denote by A® the resulting
matrix of a®. This produces 2# matrices which are called generalized Seifert matrices for the
colored link L. In fact, since for all €, A=¢ is equal to (A%)7, we only need to compute 2#~! of
these matrices. For instance in the case 4 = 1, the matrix A~ is nothing but a Seifert matrix
for the oriented link, while AT is its transpose.

Example 3.2.1. Consider the 2-colored link L depicted in the left-hand side of Figure 3.2. A
computation involving the C-complex depicted on the right-hand side of Figure 3.2 gives AT+ =
A7 =(-=1)and AT~ = A~ =(0).
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Figure 3.2: The colored link of Example 3.4.1 and a natural C-complex for it.

3.3 The multivariable Alexander polynomial

In this section, we review the Alexander polynomial of a colored link. The organization is the
following: Subsection 3.3.1 deals with the definition of the Alexander polynomial of a colored
link. In Subsection 3.3.2, we shall see that the Alexander polynomial can be computed using
Fox calculus, while Subsection 3.3.3 will explain its relation with generalized Seifert matrices.
References for this section include [36, 41, 95, 150].

3.3.1 Definition and properties

Let L = Ly U---UL, be a colored link and let X; denote its exterior. The epimor-
phism ¢: 7 (X)) — ZF given by v — (¢k(vy,L1),...,lk(y,L,)) induces a regular Z*-
covering X, — Xr. The homology of X, is naturally a module over A, = Z[t{d, . ,til].
The A, -module H; ()? 1) is called the Alexander module of the colored link L.

Remark 3.3.1. In several references, the Alexander module refers to the relative homology
group Hl()?L, x), where & C X, is the fiber over a point z € X1, [57, 95]. As in Chapter 2, we
shall sometimes denote the Alexander module by H1(Xr;A,) instead of H; (X1). Chapter 5.2
will shed more light on this notation although Subsection 2.4.1 already gave several hints.

Since A, is a Noetherian factorial domain, the Alexander module can once again be

studied via its elementary ideals E,(L) = E,(H;(X.)) and in particular via its order, see
Subsection 2.2.1 for the definition of these notions.

Definition 9. The Alexander polynomial Ap(ti,...,t,) of a p-colored link L is the order of
its Alexander module.

As in the one variable case, the Alexander polynomial is only well-defined up to units
of A,, that is, up to multiplication by powers of +t;. More generally, the polynomial
A (ty, .. ty) == A (Hy (X)) is called the r-th Alezander polynomial of the colored link L
and we shall denote by A" the first non-vanishing Alexander polynomial of L.

Remark 3.3.2. Note that A" can also be defined as the order of TH;(X), the torsion
submodule of the Alexander module. This observation is a consequence of the following
algebraic fact. Given an R-module M, for k > 0, let A®)(M) denote the greatest common
divisor of all (m — k) x (m — k) minors of an m X n presentation matrix of M. Denoting by r
the rank of M and by Torg(M) its torsion submodule, it is known that the order of Torg (M)
is equal to A((M), see [150, Lemma 4.9].
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When p = 1, a colored link is nothing but an oriented link, and Definition 9 recovers the
one variable Alexander polynomial discussed in Section 2.2. On the other hand, when y =n
and v is the abelianization map, then Ay is the multivariable Alexander polynomial of the
ordered link L, as defined by Alexander [1], see also [69]. The relationship between these
different polynomials is expressed in the following proposition, see [95, Proposition 7.3.10] for
a proof.

Proposition 3.3.3. Given a (p + 1)-colored link L = Ly U--- UL, U Ly, consider the
p-colored link L' = Ly U --- U L), obtained by setting L; = L; for i < p and L}, = L, U L1,
then

(tl—l)AL(tl,...,tl,tl) quzl,

AL(tl,...,tu,tu). if > 1.

AL,(tl,...,tu);{

As in the one variable case, the Alexander polynomial is known to be symmetric in the
sense that AL(tl_l, e ,t;l) = Ar(ti,...,t,). On the other hand, the Alexander polynomial
of an n-component ordered link L = K7 U ... U K, satisfies the additional Torres formula

l1,2

21 .
Ar(ti,. .. tn1,1) = ﬁAL{(tl) if n =2 3.1)
(tll’H T tnn:ll,n - 1)AL/ (tla s 7tn71) ifn> 2,

where L' is the sublink K; U---U K,,_; and [; j is a shorthand for ¢k(Kj;, K;), see [146]. Fi-
nally, the behavior of the multivariable Alexander polynomial under mirror image, orientation
reversal, band sums, satellites and various other splices is well understood [36, 37, 65, 95, 149].

3.3.2 Computation via Fox calculus

Fox calculus provides a straightforward algorithm to compute the Alexander polynomial of
a colored link. Given a presentation (x1,...,zy, | 71,...,7n) of the group m1(X1), denote
by pr : Z[F,] — Z[r1(Xp)] the ring homomorphism induced by the projection. The Foz

matriz A whose (i, 7) coefficient is w(pr(%)) provides a presentation matrix for the module

Hy (X[, %) which we encountered in Remark 3.3.1, see [95, Theorem 7.1.5 and Exercise 7.3.11].

Remark 3.3.4. If (x1,...,2y, | r1,...,7p—1) is a Wirtinger presentation for m(Xp), we
denote by A; the matrix obtained from the Fox matrix A by deleting its i-th column. Since
the presentation has deficiency one, it can be checked that for each ¢ and each u > 2, one
has (¢(x;) — 1)Ap(ts,...,ty) = det(4;) [95, Lemma 7.3.2 and Exercise 7.3.11]. This fact
will also be discussed in Chapter 10, see in particular Proposition 10.3.2. We also refer to
Remark 2.2.3 for the case p = 1.

Here is a practical application of Remark 3.3.4.

Example 3.3.5. A Wirtinger presentation for the link depicted in Figure 2.1 has generators
xr1,x2,xs3, x4 and relators :U21‘1x2_1331_1, x2m4x2_1x21, x4x2x4x§1. Performing Fox calculus and
applying v yields the matrix

to—1 1—%t; O 0
0 1—t3 0 to—1]1,
0 to -1 1—19
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and consequently Remark 3.3.4 implies that the multivariable Alexander polynomial of L is
Ar(ty,te,t3) =ty — 1. Applying Proposition 3.3.3, one recovers the results of Examples 2.2.4
and 2.2.6, namely that the one variable Alexander polynomial of L is given by Ay (¢) = (t—1)2.

3.3.3 Computation via C-complexes

Recall from Theorem 2.2.5 that a presentation matrix for the Alexander module of an oriented
link can be obtained by means of connected Seifert surfaces. Following [41, Section 3], we
recall the corresponding statement in the multivariable case.

Definition 10. A C-complex F' = Fy U ---U F}, is totally connected if each F; is connected
and F; N F; # () for all i # j.

Using the moves described in [36, Lemma 1], any link admits a totally connected C-
complex. In order to give a presentation matrix of the Alexander module in terms of gen-
eralized Seifert matrices, we begin by describing the first homology of a totally connected
C-complex F. For i = 1,...,u choose some interior point v; of F; \ U#iFi N F;. Given
a clasp in F; N F; with ¢ < j, consider an oriented edge in F; U Fj joining v; and v; and
passing through this single clasp. This leads to a collection of oriented edges {eU, cee efj(-z’j )},
where c(i, j) denotes the number of clasps in F;NF}. Let K;; C F;UF; denote the graph given
by the union of these edges. Finally, let K, be the complete graph with vertices {v;}i<i<y
and edges {e}j}lgkjgu.

The proof of the following lemma can be found in [41, Lemma 3.1].

Lemma 3.3.6. The first homology group of a totally connected C-complex F' = F1U---UF),
can be described as

)= P Hm(FE)e P H(K;) e Hi(K,).
1<i<p 1<i<j<p

4 €+1

i~ Finally,

Furthermore, a basis of H1(K;j) is given by (Bz])1<é<c(1j) 1, where ij =
a basis of Hi(K}) is given by (V1ij)2<i<j<u, where vijr = %j — e+ ejl.k

A presentation matrix for the Alexander module of a colored link can be obtained by
means of totally connected C-complexes [41, Theorem 3.2].

Theorem 3.3.7. Let L = L1 U---U L, be a colored link, and consider a totally connected
C-complex F1U---UF, for L. Let a: Hi(F)®zA\, — Hi(S3\ F)®zA,, be the homomorphism
of Ay-modules given by

+1 ept+l

o = E 61 glltl "'t#2 ia,

where the sum is on all sequences € = (e1,...€,) of £1’s. Now set

H= @Hl(Fi)@ @ Hi(K;;) ® @ ZLryijk

i<i<u 1<i<j<p 1<i<j<k<p

and let a be given by
1 [Tpwi(tn — 1)t on Hi(F) for 1 <i < p,
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2. [z (tn — 1) on Hi(Kyj) for 1 <i < j <p,
3 i je(tn — D alige) for 1 <i <j <k <p.
Then the Alexander module H; ()?L) admits the finite presentation
Heog Ay S H(SP\ F) oz A, — Hy(X) — 0.

For 4 =1, Theorem 3.3.7 recovers Theorem 2.2.5, while the case yu = 2 was first obtained
by Cooper [54]. As mentioned in [41, Corollary 3.3], it also follows that the Alexander
polynomial of a 2-colored link L with a (totally) connected C-complex F' = F} U F; is given
by

AL(tl,tg) = (tl — 1)_292 (tQ — 1)_291 det(tthA__ — tlA_+ — t2A+_ + A++),

where g; denotes the genus of F; for : =1, 2.

Remark 3.3.8. Observe that the statement given in Theorem 3.3.7 involves the linear form
i€: Hy(F) — H1(S?\F) and not the bilinear form o : Hy(F)x H;(F) — Z. Fixing Alexander-
dual bases for Hy(F) and H;(S?\ F) and recalling that of(z, y) = (k(i°(x),y), the generalized

Seifert matrix A€ is the transpose of the matrix representing €.

Next, we show that the condition on the C-complex F is necessary for Theorem 3.3.7 to
hold.

Example 3.3.9. The link L depicted on the left hand side of Figure 3.3 admits a contractible
C-complex depicted on the right hand side of Figure 3.3. If this C-complex could be used to
compute the Alexander module, then Ay (t1,t2,t3) would identically be equal to 1 which is
not the correct result, see Example 3.3.5.

C 9.0 &z S5

Figure 3.3: On the left-hand side: the link L which appears in Example 3.3.5. On the
right-hand side: a connected C-complex for L which is not totally connected.

In order to produce a totally connected C-complex, we artificially add a pair of can-
celing clasps as shown in Figure 3.4. A computation now shows that generalized Seifert
matrices are given by ATt = A=+ = [00] Att- = [ 99 and A=+ = [§ 1], It fol-
lows from Theorem 3.3.7 that a presentation matrix for the Alexander module is given by

0 t1(1—t —1)-1 0 1— .
to(1—t2) ;3(7“:2)} [“2 01) ﬂ = |:t3 ttlg(_tl’%)] and consequently Ay (t1,to,t3) = tit3(1 — ta),

which agrees with Example 3.3.5.

In general, if one only desires to compute the multivariable Alexander polynomial of a
link without obtaining a presentation matrix for the Alexander module (but assuming the
C-complex F' = F; U...U F), to be connected), Cimasoni [36] provides the formula

12 l1—e l—e
Ap(ty,. .. 7tu) - H(l _ ti)X(F\Fi)*l det (Z €1 €u ty 51 ety 2”A5> ’ (3.2)
€

=1
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.

Figure 3.4: A totally connected C-complex for the link depicted in Figure 3.3.

where x(F' \ F;) denotes the Euler characteristic of F'\ F;. In the case at hand, one can
now use the contractible C-complex depicted in Figure 3.4: indeed (3.2) immediately gives
Ap(ty,te,t3) =1 — ty as desired.

Summarizing, Theorem 3.3.7 implies that for p-colored links with p < 3 colors, C-
complexes lead to square presentation matrices for the Alexander module. On the other
hand, observe that for g > 4, Theorem 3.3.7 does not produce a square presentation matrix.
In fact, this is not a surprise:

Remark 3.3.10. Crowell and Strauss proved that if an ordered link has n > 4 components
and if Ay, # 0, then its Alexander module does not admit any square presentation matrix [57],
see also [88, Lemma 2.2] and [95, Proposition 7.3.9]. This result applies to colored links as
well.

Despite Remark 3.3.10, it is possible to use square matrices to compute the Alexander
invariants up to some indeterminacy. More precisely let Ag denote the localization of the
ring A,, with respect to the multiplicative system generated by {t; — 1}1<i<,. The following
result is also due to Cimasoni-Florens [41, Corollary 3.6].

Corollary 3.3.11. Let L be a p-colored link. Consider a totally connected C-complexr F
for L. Then the matrix

1—gq l—ey

Altr, o ty) =D e1oguty 2 -ty ® A
3

is a presentation matriz for the Ag-module As @y, Hi ()?L) In particular, for all r, there are
non-negative integers m; such that the following equality holds in A, :

I
LI = t)™AN(L) = A(Alta, ... 1)),

=1

In fact, Corollary 3.3.11 can even be improved upon, but for that, we first need to introduce
some terminology.

Definition 11. Given a C-complex, the associated C-complex matriz is the A-valued square

matrix i
H =Y JJa-t)a
i=1

)

where the sum is on all sequences € = (e1,¢€2,...,¢,) of £1s.
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For instance in the case 4 = 1, a C-complex is a Seifert surface and a C-complex matrix
is given by (1 —t)AT + (1 —t~1)A, where A is a Seifert matrix. In general, note that up to
multiples of (¢; — 1), the transpose H” of the C-complex matrix H is equal to the matrix
A(ty,...,t,) described in Corollary 3.3.11. We now refine this latter corollary.

Remark 3.3.12. We make two claims whose proofs will be similar: firstly, the torsion sub-
module TH; (X; Ag) of Hy(Xp; Ag) is isomorphic to the torsion submodule of A%/HT A% for
any C-complex matrix H of size n; secondly, Corollary 3.3.11 can be improved by replacing
totally connected C-complex by connected C-complex.

We start by proving the first claim. As explained in [41, p. 1230] (see also [36]), if F'
and F’ are two C-complexes for isotopic links, then the corresponding C-complex matrices H
and H' are related by a finite number of the following two moves:

H ¢ 0
H—H®(@0) and Ho [& A o,
0 @ 0

with a a unit of Ag. In the first case, the Ag-module A%/ H TA@ picks up a free rank 1 factor,
so its torsion submodule is left unchanged. In the second case, since « is a unit in Ag, one
can assume via the appropriate base change that H is transformed into H @ (9 }) and the
module itself is left unchanged. To prove the second assertion, note that the transformation
H — H @ (0) only arises when one wishes to connect two disconnected components of a
C-complex, see [41, page 1230]. Consequently, turning a connected C-complex into a totally
connected one will not change the Ag-Alexander modules presented by the corresponding
C-complex matrices.

We conclude with an application of Remark 3.3.12 which shall be used again in Chapter 6.

Remark 3.3.13. We claim that if a colored link L has non-zero Alexander polynomial Ay,
then det(H) is non-zero for any C-complex matrix H. Arguing as in Remark 3.3.12, it can be
shown that if Ay, # 0, then L cannot admit a disconnected C-complex. Thus, any C-complex
matrix H must come from a connected C-complex. Remark 3.3.12 now implies that H”
presents Hi(Xp;Ag). Since H! and the matrix A(ty,...,t,) coincide up to (¢; — 1) factors,
Corollary 3.3.11 implies that det(H) = det(HT) is equal to Ay, up to units of Ag. Since we
assumed the latter polynomial to be non-zero, the claim follows.

3.4 Multivariable signatures

In this section, we review the multivariable signature and nullity developed by Cooper [54, 55]
and Cimasoni-Florens [41]. In Subsection 3.4.1, we shall recall the definition of the multivari-
able signature and its various properties before moving on to its 4-dimensional interpretation
via branched covers in Subsection 3.4.2. A different 4-dimensional set-up will be studied in
Chapter 8. The main reference for this section is [41].

3.4.1 Definition and properties

Let F' be a C-complex for a colored link L. Denote by fy(F') the number of components of F',
fix a basis of Hy(F') and denote by A® the resulting generalized Seifert matrices. Since for
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all e, A~¢ is equal to (A%)T, one can check that for any w = (wy,...,w,) in the p-dimensional

torus TH, the matrix
o
H(w) =) [ -wi) A
e 1=1
is Hermitian. Observe that when p = 1, H(w) is nothing but the matrix (1 —w)A” + (1 -©)A
which we encountered in Section 2.3. Furthermore, note that H(w) is the evaluation of the
C-complex matrix H of Definition 11 at (t1,...,t,) = (wi,...,wu).

Definition 12. The multivariable signature and nullity of the p-colored link L are the func-
tions
orL,NL: ™ — 7 s

where o7, (w) is the signature of the Hermitian matrix H(w), and ng(w) := nullity(H (w)) +
Bo(F) — 1.

Note that in the case p = 1, one recovers the Levine-Tristram signature and nullity
described in Section 2.3. For arbitrary u, these multivariable generalizations are well-defined
(i.e. independent of the choice of the C-complex) [41, Theorem 2.1], and satisfy all the
properties of the Levine-Tristram signature and nullity, generalized from oriented links to
colored links [41, Section 2.3].

We start with an example involving the now familiar link depicted in Figure 3.2.

Example 3.4.1. Recall from Example 3.2.1 that for the link L and the C-complex depicted in
Figure 3.2, generalized Seifert matrices are given by AT = A=~ = (=1) and AT~ = A~ =
(0). This leads to o (w1,w2) = —sgn (Re[(1 — w1)(1 — wa)]), see Figure 3.5. On the other
hand, the nullity nz, (w1, ws2) is equal to one or zero, according to whether Ay (w1, ws2) = wiwa+1
vanishes or not.

Figure 3.5: The values of oy, for the link L of Example 3.4.1.

As an easier example, we consider the positive Hopf link.

Example 3.4.2. View the positive Hopf link L as a 2-colored link. Since L admits a con-
tractible C'-complex, its multivariable signature vanishes identically. On the other hand, using
Seifert matrices, the Levine-Tristram signature of L, viewed as an oriented link, is —1 at w # 1
and vanishes at w = 1.

The behavior of the multivariable signature and nullity under mirror image, orientation
reversal and band sums is well understood [41, Section 2.3]. We refer to [61] for the behav-
ior of o under various satellite operations. The multivariable signature also satisfies local
relations which are described in [41, Section 5].

The following proposition collects some other properties of the multivariable signature.
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Proposition 3.4.3. Let L be a p-colored link.

1. For allw € S*\{1}, the Levine-Tristram signature and nullity of the underlying oriented
link can be recovered from their multivariable analogue as follows:

op(w) =oL(w,...,w) = Y k(Li,L;) and nr(w)=nL(w,...,w).
i<j

2. The multivariable signature is constant on the connected components of the complement

in T4 == (ST \ {1})¥ of the zeroes of AL(t1,...,tu).

Proof. The first statement is a direct corollary of [41, Proposition 2.5], while the proof of the
second statement can be found in [41, Corollary 4.2]. O

Note that in both assertions of Proposition 3.4.3, the assumption on w is necessary: this is
illustrated by Examples 3.4.2 and 3.4.1 respectively. However, the upshot of Proposition 3.4.3
is that many values of the multivariable signature can be recovered from the knowledge of
the Levine-Tristram signature, the zero locus of the multivariable Alexander polynomial and
the linking matrix. If needed, the remaining unknown values may be computed using C-
complexes.

Example 3.4.4. We return to the oriented link L of Example 3.4.1. Using Section 2.3, it can
be checked that the Levine-Tristram signature of L is given by or(w) = —1 for |Arg(w)| <
m/2 and o (w) = —3 for |Arg(w)| > 7/2. We now view L as a 2-colored link and use
Proposition 3.4.3 to compute several values of o (wi,ws). Since the linking number of the
components of L is equal to 2, the first statement of Proposition 3.4.3 implies that the values
of the multivariable signature on the diagonal are or(w,w) = 1 for |Arg(w)| < m/2 and
or(w,w) = —1 for |Arg(w)| > m/2. Since the multivariable Alexander polynomial of L is
equal to Af(ty,t2) = 1+ t1t9, the second statement of Proposition 3.4.3 implies that these
values actually determine the multivariable signature outside of the intersection of the zero
locus of Ay (t1,ts) with T2, see Figure 3.5.

Conversely, the first point of Proposition 3.4.3 can also be used to efficiently compute
Levine-Tristram signatures.

Example 3.4.5. Since the C-complex for the 3-component link L depicted in Figure 3.3 is
contractible, o (w1, ws,ws) vanishes identically. As the sum of the linking numbers is —2,
it follows from Proposition 3.4.3 that the Levine-Tristram signature of L is identically equal
to 2, which is the result obtained in Example 2.3.1.

As in the one variable case, for appropriate w € T#, the integers o7 (w) and nr(w) are
related to 4-dimensional topology. In order to give precise statements, we introduce some
terminology and notation.

Definition 13. Two colored links L and J with m components are said to be smoothly (resp.
topologically) concordant if there exists a smooth (resp. locally flat) proper embedding of a
collection of disjoint annuli Ay, ..., Ay, in S% x [0,1], such that for all i, A; is a concordance
between the components of L and J of the same color.
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As in the one variable case, the multivariable signatures are not concordance invariants
at every point of T#. Denote by T/ the dense subset of T constituted by the elements
w = (w1,...,w,) which satisfy the following condition: there exists a prime p such that for
all 7, the order of w; is a power of p. The following theorem is due to Cimasoni-Florens [41,
Theorem 7.1].

Theorem 3.4.6. o7 (w) and ng(w) are smooth concordance invariants for all w € T'.

Theorem 3.4.6 will be generalized in Chapter 8, see Corollary 8.4.6. Next, in order to state
the generalized Murasugi-Tristram inequality (recall Theorem 2.3.2), we make the following
definition.

Definition 14. A colored bounding surface F for a p-colored link L consists of a union Fj U
.-+ UF, C D* of properly embedded, locally flat, oriented surfaces which only intersect each
other transversally in double points and whose boundary is L. A colored bounding surface
is smooth (respectively well-connected) if each surface F; is smoothly embedded (respectively
connected). It is also understood that a colored bounding surface has no closed components.

We wish to emphasize that the following theorem, which is due to Cimasoni-Florens [41,
Theorem 7.2}, deals with colored bounding surfaces which are both smooth and well-connected.
In Chapter 8, we shall drop these extra assumptions.

Theorem 3.4.7. Suppose that a p-colored link L admits a smooth well-connected colored
bounding surface F. Set f1 = Y 1"tk H1(F}), and let ¢ be the number of double points of F'.
Then for all w € T',, the following inequality holds:

loL(@)] +[nL(w) —p+1[ < i +e

Setting p = 1, Theorem 3.4.7 resembles the classical Murasugi-Tristram inequality from
Theorem 2.3.2; however the surfaces are now required to be connected. On the other hand,
for links with pairwise vanishing linking numbers, Theorem 3.4.7 recovers a theorem proved
by Florens [68]. Note that Theorem 3.4.7 will be generalized in Chapter 8, see Corollary 8.4.7.

3.4.2 Multivariable signatures and branched covers of the 4-ball

Just as the Levine-Tristram signature, the multivariable signature also admits a 4-dimensional
interpretation, recall Subsection 2.3.2. Following [41, Section 6.1], we outline this construction
which relies on branched covers. We refer to Chapter 8 for a set-up involving twisted homology.

Recall from Definition 14 that a colored bounding surface F' consists of a union Fj U
UF, C D* of properly embedded surfaces which only intersect each other transversally in
double points. Writing v F for the union of some choice of tubular neighborhoods of the Fj,
we refer to W := D* \ VF as the exterior of F in D*.

Although the 4-dimensional interpretation of the multivariable signature involves colored
bounding surfaces, we start out with a well known result in which the coloring is irrelevant.

Lemma 3.4.8. Let F'= FyU...UF,, be a union of properly embedded, locally flat, compact,
connected and oriented surfaces F;y C D* which only intersect each other transversally in
double points. Then the abelian group Hi(Wr) is freely generated by the meridians of the
components F;.
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Proof. Pick a small ball B, around each intersection point x of F. Note that Wrp =
D'\ (U, Bz U U; VF?), where the surface F; is F; with little discs removed around the
intersection points. Consider the Mayer-Vietoris sequence of D*\|J, B, = WpU|J, vF? with
Z-coeflicients:

o HQ(D‘*\UBQC) = H1<UFZ~°><31) = H1<UFi°xD2)@H1(WF) = H1<D4\UBx> e

This simplifies via the Kiinneth theorem to 0 — Hi (U;{pt:} x S%;Z) — H1(Wp) — 0, where
pt; € Fi. O

Let F' be a smooth well-connected colored bounding surface for a p-colored link L. Using
Lemma 3.4.8, given positive integers k1,...,k,, the canonical projection Hy(Wp) = Z* —
G = C, x -+ X (%, induces a finite abelian covering of Wg. Using this G-cover, one can then
form a G-cover W r of D* branched along F, see [41, page 1253] for details. For roots of unity
wi,...,w, of respective orders k1, ..., k,, denote by x : G — C* the character sending each
generator t; of C, to w;. Since Ha(W p; C) is endowed with the structure of a C[G]-module,
we can then form the complex vector space

Hy(Wg)y ={z € Hy(Wp;C) | gz = x(g)z for all g € G}.

Restricting the intersection form on Ho(W g; C) to Ha(W g, C), produces a Hermitian pair-
ing whose signature we call the w-signature of W and which we denote by o, (Wr), see
Subsections 17.1.1 and 17.1.2 for details. Cimasoni and Florens [41, Theorem 6.1] give the
following 4-dimensional interpretation of the multivariable signature.

Theorem 3.4.9. Let ky,...,k, be positive integers and set G := Cy, x ... x C,. Assume
that a p-colored link L bounds a smooth well-connected colored bounding surface F' C D* and
let W be the G-fold cover of D* branched along F. Then, for any w = (w1, ... ,wy) € TY of
orders ki, ..., ky, the following equality holds:

op(w) =o,(Wg).

Setting u = 1, Theorem 3.4.9 reduces to the corresponding statement for the Levine-
Tristram signature which was stated in Theorem 2.3.3. This 4-dimensional interpretation of
the signature will be generalized in Chapter 8, see in particular Theorem 8.1.1.

Remark 3.4.10. Looking back at Remark 2.3.4, it is tempting to view the multivariable
signature as a rho invariant. Given an m-component algebraically split link L (i.e. with
pairwise vanishing linking numbers) and o := ¢>™/4, consider the character y: H; (M) — C
which maps the meridian of the i-th component of L to o™ for some integer n; which is
coprime to ¢q. Viewing L as an m-colored link and setting w = (o]?,...,apm), [41, Theorem
6.7] implies that or(w) = p(Mp,x). For arbitrary links, Enrico Toffoli plans to relate the
multivariable signature to an invariant defined by Kirk and Lesch [100, 101].

3.5 Further remarks

This section is devoted to collecting some results which shall be used in Chapters 4, 6 and 8;
it is organized as follows. Subsection 3.5.1 relates the multivariable nullity to the rank of
the Alexander module, while Subsection 3.5.2 applies the theory of C-complexes to boundary
links.
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3.5.1 Nullities and the rank of the Alexander module

The Alexander nullity B(L) of a colored link L is defined as the rank of the A,-module Hy ()? L)
Clearly, 5(L) vanishes if and only if the Alexander polynomial of L is not identically zero.
It is also known that the nullity of an n-component link is at most n — 1 [95, Corollary
7.3.13]. Furthermore, 5(L) is a concordance invariant [95, Theorem 12.3.12]. The following
proposition which appeared in [40] relates the Alexander nullity to the multivariable nullity,
recall Definition 12.

Proposition 3.5.1. The rank of the Alexander module of a colored link L is the minimal
value of its nullity: B(L) = min{nr(w) | w € T4}.

Proof. Let E,(L) denote the ideal of A,, generated by the (m —r) x (m—1r) minors of an m xn
presentation matrix of H; ()? ). Also, let ¥, denote the set consisting of all w € T4 such
that p(w) = 0 for each p € E,_1(L). Observe that the sets ¥, form a decreasing sequence.
By [41, Theorem 4.1], ¥, \ £,41 consists of all w such that 1 (w) = r. Therefore, if 8 denotes
the minimal value of 7, we have 3, = T¥ for all » < 8 and Yp11 # T4. Hence, 3 is equal
to the maximal r such that E,_;(L) = 0, which is nothing but the rank of the Alexander
module. O

3.5.2 Boundary links

A boundary link is a link whose components bound disjoint Seifert surfaces. These links,
which have their origin in high dimensional link theory, appear frequently in the literature
since their behavior mimicks the one of knots, see for instance [45, 87, 137] and the references
therein. Given an n-component boundary link L = Ky U ... U K,, let Fy,..., F, be disjoint
Seifert surfaces for the K; and set F' = Fy U...U F,. Pushing curves off this boundary Seifert
surface in the negative normal direction produces a homomorphism i~ : Hy(F) — H;(S3\ F).
The assignment 0(x,y) := ¢k(i~(x),y) gives rise to a pairing on H;(F') and to a boundary
Seifert matriz for L, see [105, p.670] for details. Since H;(F') decomposes as the direct sum
of the Hy(Fj), the restriction of § to Hy(F;) x Hi(F}) produces matrices A;;. For i # j, these
matrices satisfy A;; = AjTi, while A;; is nothing but a Seifert matrix for the knot K;.

We now argue that the generalized Seifert matrices for a boundary link L can be read off
from the blocks of any boundary Seifert matrix for L.

Remark 3.5.2. Let F' be a boundary Seifert surface which gives rise to a boundary Seifert
matrix A for L. View F as a C-complex for L, and denote by Afj the restriction of the
generalized Seifert matrix A® to Hy(F;) x H1(F}). If i # j, since L is a boundary link, A% is
independent of ¢ and is equal to the block A;; of the boundary Seifert matrix A. Similarly,
for each € with e; = —1, the restriction of A® to Hy(F;) x Hy(F;) is equal to the block Aj;.

Let FF = FyU...UF, be a boundary Seifert surface for a boundary link L. Let g; denote
the genus of F;, let I be the k x k identity matrix, let 7 be the block diagonal matrix whose
diagonal blocks are t11lag,,t212g,, - .., tnl2g, and set g := g1 + ... 4+ gn. The following result
appears to be known, see for instance [87, 88].

Proposition 3.5.3. Let L = K1 U...UK, be a boundary link. Assume that A is a boundary
Seifert matriz for L of size 2g. Then (AT — AT) presents the torsion submodule TH1(Xp; Asg)
of the Alexander module of L.
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Proof. Recall from Remark 3.3.12 that for any size m C-complex matrix H (see Definition 11),
the torsion submodule of A7'/HT A is isomorphic to TH;(Xp;Ag). Consequently, we start
by using the boundary Seifert matrices to compute such a C-complex matrix. Using Re-
mark 3.5.2, , we observe that H; := (1 — ;)AL + (1 — ;1) A;; is a C-complex matrix for the
knot K. Let u denote []7_, (1 — ;). Combining the definition of a C-complex matrix with
Remark 3.5.2 shows that a C-complex matrix H for L is given by

uﬂ(l —tl)_l(l —tfl)_lﬂl utuAio uuAiy,
I utwAa uﬂ(l — tQ)fl(l — t;l)leg e utAap,
utAp1 utApg coo wm(l —ty) Tt -t H,

Since H; = (1 — t;1)(Ay — t;AL), the diagonal blocks of H can be rewritten as wii(1l —
t;) " (Ay — t;AL). Using the equation Ajj = A]Ti, we see that a C-complex matrix for L is
given by

H = uti(lyy — 7)1 (A — 7AT). (3.3)
It follows that HT = wu(AT — A7)(Isy — 7)71. Since u is a unit of Ag and (I, — 7)7! is an
automorphism of Agg , the module presented by H” is canonically isomorphic to the module
presented by At — AT,

I/ D C )4 I/ :'g_— )4

Figure 3.6: Performing a trivial band clasping of the links L' and L”.

Since we now know that TH; (X 1; Ag) is isomorphic to the torsion submodule of A2 /HT A%,
the proposition will follow once we prove that Aég /H TAZ” is Ag-torsion. Band clasp trivially
Fy with Fy, Fy with F3, F; with F;1; and finally F,,_; with F,, (see Figure 3.6). The result is
a link L’ which bounds a connected C-complex F’ for which the associated C-complex matrix
is also H. Since L has pairwise vanishing linking numbers, L’ does not. Consequently, using
the Torres formula (3.1), the Alexander polynomial of L' is non-zero and thus its Alexander
module is torsion. As we saw in Remark 3.3.12, if a C-complex matrix H arises from a con-
nected C-complex, HT presents the Ag-localized Alexander module. Thus H” presents the
torsion module Hq(X/; Ag) and the claim follows. d

Note that Proposition 3.5.3 and its proof also imply that the first non-vanishing Alexander
polynomial of L is equal to the determinant of A7 — AT up to t; — 1 factors; here we implicitly
used Remark 3.3.2. We conclude this section with another known result which admits a quick
proof using C-complexes.

Proposition 3.5.4. The Alexander nullity of an n-component boundary link is equal to n—1.

Proof. As we mentioned in Subsection 3.5.1 the Alexander nullity of any n-component link
is at most n — 1. Now, pick a boundary Seifert surface F' for the boundary link L and let H
denote the resulting C-complex matrix. Turn F into a connected C-complex F' for L by
adding n — 1 clasps using the move described in Figure 3.7. Using Remark 3.3.12, the Ag-
Alexander module of L is presented by the resulting C-complex matrix H' for F’. Since each
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move adds a (0)-summand to H, the Ag-rank of H' is at least n — 1. Since @, is the field of
fractions of both A, and Ag, we note that (L) is equal to the Ag-rank of H;(X;Ag). The
conclusion follows by combining these observations. O

Figure 3.7: Adding a clasp between two surfaces of different colors.
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Chapter 4

Splitting numbers and signatures

4.1 Introduction and statement of the results

Any link L = K; U--- UK, in S3 can be turned into the split union of its components by a
sequence of crossing changes between different components. Following Batson and Seed [10)]
and Cha, Friedl and Powell [32], we call splitting number of L the minimal number of crossing
changes in such a sequence, and denote it by sp(L). Since upper bounds on sp(L) can be found
by inspection of diagrams, the difficulty in computing it is to find lower bounds. The aim of
this chapter (which is based on joint work with David Cimasoni and Kleopatra Zacharova [40])
is to provide such bounds using the multivariable signature and nullity. Let us first outline
the previous work in the field.

As observed in [10], the linking numbers provide an elementary lower bound on the
splitting number. First note that sp(L) has the same parity as the total linking num-
ber >, lk(K;, Kj). Furthermore, given a two component link K; U Kj, let by (K, Kj) be
equal to 0 if K; U K is split, to 2 if it is non-split but ¢k(K;, K;) vanishes, and to |(k(K;, K;)|
otherwise. Then, one may show that

> be(Ki, K;) < sp(L).

i<j

Since this linking number bound is not always sharp, Batson and Seed used Khovanov homol-
ogy to obtain a new lower bound on sp(L) [10]. Testing it on links with up to 12 crossings,
they found only 17 examples where this Batson-Seed bound is strictly stronger than the link-
ing number bound. This enabled them to compute the splitting number of 7 of these links,
while the remaining ones were left undetermined.

In [32], Cha, Friedl and Powell introduced two new techniques for computing splitting
numbers. The first one is based on covering link calculus, while the second provides an
obstruction in terms of the multivariable Alexander polynomial. This second result, originally
stated as [32, Theorem 4.2], was then strengthened by Borodzik, Friedl and Powell in [21,
Corollary 4.3]. It can be stated as follows: if the multivariable Alexander polynomial Ay, of
an n-component link does not vanish, then sp(L) > n — 1 and if sp(L) = n — 1, then

n

Ap(ty,.ootn) = [[ Ak () -l ta) - p(t 1) - ] - )™
=1 i=1
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for some p € Z[ti, ..., t5'] and s; € Z. These two techniques together with the linking

number bound allowed these authors to determine the splitting numbers of the 130 prime
links with up to 9 crossings and to compute the splitting numbers of all of the 17 links in the

Batson-Seed list.
Raweivs

Figure 4.1: The 2-bridge link C'(4,3,2,1,2).

In a different direction, Borodzik and Gorsky found a Heegaard Floer theoretical criterion
for bounding the splitting number [22]. As an application, they showed that for any positive a,
the 2-bridge link with Conway normal form C(2a, 1, 2a) has splitting number 2a, even though
the linking number of the two components vanishes (see Figure 4.1 for a more complicated
2-bridge link, namely C'(4, 3,2,1,2)).

The main result of this chapter is a new lower bound on the splitting number of a link
in terms of its multivariable signature and nullity. Since these objects are defined for colored
links, we shall say that the splitting number sp(L) of a colored link L = Ly U ---U L, is the
minimal number of crossing changes between sublinks of different colors required to turn L into
the corresponding split colored link Ly L---UL,. If u is equal to the number of components,
which is the case to keep in mind, one recovers the splitting number discussed above.

Our main result, which will be proved in Section 4.2, is the following inequality.

Theorem 4.1.1. If L = Ly U---UL, is a colored link, then

© 7

UL(wla s 7w,u) - ZULZ'(WZ) + ‘N -1- UL(Wl, s 7wu) =+ ZULZ(%)
=1 =1

for all (wy,...,wy,) in T4 = (ST \ {1}~

<sp(L)

As an immediately corollary of Theorem 4.1.1 and the first point of Proposition 3.4.3,
we obtain the following lower bound for sp(L) in terms of the Levine-Tristram signature and
nullity of L.

Corollary 4.1.2. If L= Ly U---UL, is a colored link, then
H Iz
s @) + > (L L) = > or,(@)] + o= 1= muw) + D m,(@)] < sp(L)
i<j i=1 i=1
for allw € ST\ {1}.

As we shall observe in Section 4.3, our bound is sharp for 127 out of the 130 prime links
with up to 9 crossings, and two of the remaining splitting numbers can be determined with
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the linking number bound. Also, our method gives the splitting number of all but one of the
17 links in the Batson-Seed list. Our bound also implies the following generalization of [22,
Theorem 7.12]: for any n > 1 and positive ay,...,an,b1,...,by_1, the splitting number of
the 2-bridge link with Conway normal form C(2aq,b1,2a2,bs,...,2a,-1,bp—1,2a,) is equal
to a; + - -+ 4+ an, see Theorem 4.3.6.

Section 4.4 will deal with some further remarks which we briefly summarize. First, we
show how Theorem 4.1.1 produces a signature obstruction in the spirit of the Alexander
obstruction of Borodzik-Friedl-Powell. Next, we relate the splitting number to immersed
concordances in S? x [0,1], leading to a 4-dimensional proof of Theorem 4.1.1. Finally, we
shall see that our methods are sufficiently robust to provide lower bounds on variations of
the splitting number as well as on the unlinking number. In particular, we will study the
weak splitting number and explain how the existing methods generalize; this latter work is
not contained in [40] and is currently unpublished.

4.2 Proof of Theorem 4.1.1

Let L’ be a colored link obtained from L by a single crossing change involving sublinks of
different colors. Then, a C-complex F’ for L' can be obtained from a C-complex F for L by
adding a clasp intersection, as illustrated in Figure 4.2.

X L;/ Yz

F, P F

|

;

Figure 4.2: A crossing change resulting in the addition of a clasp intersection.

Since F' may be assumed to be connected, it follows that Hy(F') = Hy(F) @ Z[y] for
some loop « passing through the additional clasp. With respect to this choice of bases, the

resulting Hermitian matrices can be written as H'(w) = [Hz (;J) i} for some vector z and real
number \. It follows that

loL(w) — o (W)| + [ (w) —nr (W) =1

for all w € T¥. Consequently if L =L LM L) =L, 1.1 L, is a splitting sequence
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which realizes the splitting number, then

s

sp(L) =Y (lopn (W) — opo )] + [nye-n @) — ny6 W)))
=1

> |op(w) = ope (W) + [np(w) —npe (W) -

The result now follows from the next claim whose proof can be found in [41, Proposition 2.13].
If LUL is a (u+ u)-colored link given by the split union of the p and p'-colored links L

and I/, then, for all w € T and ' € TV
orup(w,w') =op(w) +op (W) and nrup(w,w') =np(w) +np W) +1.

This concludes the proof of Theorem 4.1.1.

4.3 Examples

In this section, we use our bounds on three types of examples: links with at most nine
crossings, links of the Batson-Seed list [10], and a large class of 2-bridge links which generalize
an example of Borodzik-Gorsky [22]. All the diagrams are taken from SnapPy [59].

As stated above, we tested Theorem 4.1.1 on all 130 prime links with fewer than ten
crossings, using the notations and data from LinkInfo [34]. In 127 cases, the Levine-Tristram
bound of Corollary 4.1.2 is enough to recover the splitting number. The three remaining
links are L9a47 and LIn27 (for which the linking number bound is sharp) and L8a9 (whose
splitting number can be recovered by the Alexander polynomial obstruction).

Before illustrating this with an example, note that there are 2* choices of orientations
for the components of L, which give 2#~! lower bounds on sp(L). Using Proposition [41,
Proposition 2.8], these correspond to the value of the multivariable invariants on the 2#~!
diagonals of T4 ~ (0, 2m)*.

-
N

Figure 4.3: The link 1.9a29.

Example 4.3.1. The splitting number of the link L. = L9429 depicted in Figure 4.3 was
shown to be 3 in [32, Section 4.2] by using the Alexander polynomial obstruction. Ori-
enting L so that it consists of a right-handed trefoil L; and a trivial knot Lo with linking
number (k(L1, Ly) = —1, we have

UL<_1) =5, nL(_l) =0, ULl(_l) =2, 77L1(_1> =0.
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It follows that the bound
|loL(=1) + £k(Ly, L) — o, (=) + 2 = 1 = n(=1) —nr, (=1)[ =3
of Corollary 4.1.2 is sharp.

Next, we tested our bound on the 17 links of the Batson-Seed list, using Seifert ma-
trix data kindly provided by J.C. Cha. Among these, there are seven 12-crossing links
(namely, L12n1342, L12n1350, L12n1357, L12n1363, L12n1367, L12n1274 and L12n1404) for
which both components are trefoils, and whose splitting number was shown to be equal
to 3 by Batson and Seed. Cha, Friedl and Powell recovered these results via the Alexan-
der obstruction. Using our techniques, these results are recovered most efficiently by using
Corollary 4.4.1, whose statement can be found in Section 4.4. However, the splitting number
of L12n1342, L12n1350, L12n1367 and L12n1274 can also be recovered by using the Levine-
Tristram signature and Corollary 4.1.2 alone. Let us illustrate this with one example.

Example 4.3.2. Orient the link L = L12n1367 depicted in Figure 4.4 so that ¢k(L1, L2) =1
and set w = €3 . Using
op(w) =0, op,(w) =1, or,(w)=-1, n(w)=nr(w)=nr,w) =1,
it follows that the bound
loL(w) +Ck(Ly, L2) — o, (w) — oL, (w)[ 4+ |2 = 1 = nr(w) = 1L, (W) — N, (w)] = 3

of Corollary 4.1.2 is sharp.
Figure 4.4: The link L.12n1367.

For the remaining 10 links in this list, Batson and Seed could not determine whether the
splitting number is 3 or 5. These links having two or three components, the Alexander polyno-
mial obstruction cannot be applied. However, Cha, Friedl and Powell used various arguments
based on covering link techniques to determine these values. As it turns out, our bound allows
to easily determine these splitting number for all but one of them, namely L12n1321. Here
are several of these examples.

Example 4.3.3. Consider the link L = L11a372 depicted in Figure 4.5, whose splitting
number was shown to be 5 in [32, Section 5.2]. Orient L so that its trivial components Lj, Ly
satisfy €k(L1, L) = —1. Since or,(—1) =5 and nz(—1) = 0, the bound

lop(=1) + Lk(Ly, Lo)| + 12 —1—=np(-1)| =5

given by the classical signature is enough to conclude.
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Figure 4.5: The link L11a372.

Example 4.3.4. It took the whole Section 5.3 of [32] to show that the splitting number of
the 3-component link L = L12a1622 depicted in Figure 4.6 is equal to 5. Orienting L so that
its trivial components Lj, Lo, L3 satisfy ¢k(Lq, Lo) = 0, ¢k(L1,Ls) =0, ¢k(Ls, L3) = 1, and
picking w = e%, we have o1, (w) = —4 and 7 (w) = 0. Hence, the bound

lor(w) + €k(Lo, L3)| + 3 —1—nr(w)| =5

of Corollary 4.1.2 immediately provides the desired splitting number.

1

&

Figure 4.6: The link L12a1622.

Example 4.3.5. Consider the link L = L12n1326 depicted in Figure 4.7. Cha-Friedl-
Powell [32, Section 5.2] used the twisted Alexander polynomial to compute the slice genus of a
covering link, and concluded that sp(L) = 3. Orienting L so that its trivial components L1, Lo

satisfy ¢k(L1, Ly) = 1, and picking w = €5 so that o7 (w) = 1 and 7z (w) = 0, the bound
lop(w) +Ck(L1,La)| + 12 =1 —np(w)| =3

of Corollary 4.1.2 immediately provides the desired splitting number.

Figure 4.7: The link 1.12n1326.
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In [22], Borodzik and Gorsky used Heegaard Floer techniques to compute the splitting
number of the 2-bridge link with Conway normal form C(2a,1,2a) (recall Figure 4.1 for an
explanation of this notation). We conclude this section by showing how we can efficiently
compute the splitting number of a wider class of 2-bridge links.

Theorem 4.3.6. For anyn > 1 and any positive integers ai, . .., an, b1, ..., by—1, the splitting
number of the 2-bridge link C(2a1,b1,2a2,ba,...,2an-1,bn—1,2ay,) is equal to a; + -+ + ay.

Proof. Let us denote this link by L. Inspecting the standard diagram given by Conway’s
normal form, it is clear that sp(L) < a3 + --- + a,, =: s. Furthermore, as examplified in
Figure 4.8, L admits a C-complex F' made of two discs intersecting in s clasps, yielding a
natural basis for H;(S) of cardinality s — 1. Computing the associated generalized Seifert
matrices leads to

[—2d, 1
1 —2dy, 1
H(-1,-1)=4 1 ;
1
1 —2ds_q |

where the diagonal elements are positive integers whose precise value depends on the a;’s
and b;’s, but will play no role here. Indeed, all the eigenvalues of a matrix of the form above
are negative, so or(—1,—1) =1 — s and n(—1,—1) = 0. Since L has p = 2 components,
both unknotted, the result now follows from Theorem 4.1.1. ]

’

\ OO <

Figure 4.8: A C-complex for the 2-bridge link C'(4,3,2,1,2).

Note that this last result was obtained using the ordinary signature alone. Using the full
power of Theorem 4.1.1, it is possible to determine the splitting number of many other 2-
bridge links, such as all C(ay,...,ay) with n < 3. The first example of a 2-bridge link whose
splitting number is unknown to us is L = C'(4,3,1,3): the linking number vanishes and our
bound reads sp(L) > 2, while the “obvious” splitting sequence has length 4.

4.4 Further remarks

This section is organized as follows. Subsection 4.4.1 shows how Theorem 4.1.1 produces a
signature obstruction in the spirit of the Alexander obstruction of Borodzik-Friedl-Powell.

o1



Subsection 4.4.2 provides a 4-dimensional proof of Theorem 4.1.1. Subsection 4.4.3 gives a
bound on the unlinking number in terms of the multivariable signature. Finally, Subsec-
tion 4.4.4 is concerned with the so-called weak splitting number.

4.4.1 A signature obstruction

Let L = K; U---U K, be an ordered link. Borodzik-Friedl-Powell [21, Corollary 4.3] prove
that n—1— (L) is a lower bound for the splitting number, where 5(L) is the Alexander nullity
of L discussed in Subsection 3.5.1. Furthermore, they show that if Ay # 0 and n—1 = sp(L),
then

n n

Ap(ty,. . otn) = [[ Ak () - pltrs - t) - p(E 1) - ] - )™

i=1 i=1
for some p € Z[tF,... t5'] and s; € Z. The next proposition, which appeared in [40,
Corollary 3.5] shows the analogue of this result in our setting. More precisely, we reprove
the first inequality by using the multivariable nullity instead of the Alexander nullity. The
case (L) = 0 of our second statement can then be understood as the signature analog of the
Alexander polynomial obstruction.

Proposition 4.4.1. Let L = Ly U---U L, be a p-colored link and let AP be its first non-
vanishing Alexander polynomial. Then, one has

p—1—p(L) <sp(L).

Furthermore, if p — 1 — B(L) = sp(L), then

I

or(wi, ... ,wy) = ZGLi(wi) and nr,(w) == nLu(wu) =0
=1

for allw = (w1, ...,w,) € T4 such that A%*(w) # 0.

Proof. By Theorem 4.1.1 and Proposition 3.5.1, we have the inequalities

m

sp(L) > ‘UL(W) = on(wi)

i=1

I
> p—1—=np(w)+ Y nr,(wi)
=1

+ )M —1— nL(w) + ZﬂLi(wi)
=1

> p—1-np(w)

>p—1-B(L).
Let us now assume that A% (w) # 0. Using the notations of the proof of Proposition 3.5.1, this
implies that w belongs to X31)\X3(1)+1- By [41, Theorem 4.1}, this means that ny,(w) = B(L).

The second statement now follows by setting equalities for each of the inequalities displayed
above. O

Here is a concrete example of Proposition 4.4.1, see also [40, Example 4.2].
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Example 4.4.2. The splitting number of the link L = L9a24 depicted on the left hand
side of Figure 4.9 was shown to be 3 in [32, Section 6] by using the Alexander polynomial
obstruction. Corollary 4.4.1 shows that the splitting number must be greater than one, and
therefore equal to three due to the parity of the linking number. Indeed, one does not always
have o (wi,w2) = or,(w1) + or,(w2), as shown by the zero locus of Ay illustrated on the

right hand side of Figure 4.9.

0 T T 3n 2

Figure 4.9: The link L9a24 and the intersection of the zero locus of its Alexander polynomial
with T2.

4.4.2 Two 4-dimensional proofs of Theorem 4.1.1

In the case of an ordered link L and for w in the set T% described in Subsection 3.4.2,
Theorem 4.1.1 can be proved by using 4-dimensional considerations. Indeed, a splitting
sequence of length s provides an immersed concordance in S3 x [0,1] between L and the
corresponding split link, with s transverse double points. Removing B3 x [0, 1], where B? is
a 3-ball in S® that meets each component of L in a small unknotted arc untouched by the
crossing changes, we obtain a collection of discs in B* with s double points, bounding the
link L#L{# . .. #fu. The result then follows from Theorem 3.4.7 together with the properties
of the signature and nullity under mirror images and band sums, see [41, Proposition 2.10
and 2.12].

The result also follows in a more straightforward way from the following statement which
is an immediate consequence of Theorem 8.1.2. If C' is an immersed concordance in S3 x I
between L and L’ with ¢ double points, then

oL (w) — o (W) + np(w) — e (W) < c

for all w in a certain subset T} of T which strictly contains T, see Section 8.3. When L'
is the split union of the components of L and C' is the immersed concordance arising from a
minimal splitting sequence, we recover Theorem 4.1.1 albeit for a smaller set of w’s.

4.4.3 Unlinking numbers

The techniques of Section 4.2 can also be used to obtain lower bounds on the unlinking
number u(L) of a link L. Namely, if L = K; U---U K, is an n-component link, then one
obtains

|UL(w17 s 7wn)| + |n —1- 77L(W17 s 7wn)’ + Z wk(KZaK])’ < QU(L)
1<j
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for all (wi,...,w,) € T?. Unfortunately, this bound is not very powerful so we shall not
discuss it any further.

4.4.4 Weak splitting numbers

This subsection is not contained in [40]: it involves subsequent unpublished work.

Following Borodzik-Friedl-Powell [21], the weak splitting number wsp(L) of an n-component
link L is the minimal number of crossing changes needed to turn L into the split union of n
knots. The weak splitting number must not be confused with the splitting number sp(L)
which is the minimal number of crossing changes between different components needed to
turn L into the split union of its components. To illustrate the difference between sp(L)
and wsp(L), consider the Whitehead link W = K; U Ky depicted in Figure 4.10. Since the
splitting number must have the same parity as the linking number ¢k(K7, K3) and L is non-
trivial, inspection shows that sp(W) = 2. On the other hand, changing the central crossing
implies that wsp(W) = 1. In general, one clearly has wsp(L) < sp(L).

p

Figure 4.10: The Whitehead link has splitting number 2 but weak splitting number 1.

The difficulty in estimating wsp(L) lies in the following fact: the isotopy type of the
components of the split link remains unknown. At the present time, to the best of our
knowledge, the only known lower bound on wsp(L) is given by n — 1 — (L), where (L)
is the Alexander nullity of L [21, Corollary 4.4]. Borodzik, Friedl and Powell also have an
Alexander polynomial obstruction similar to the one described in Subsection 4.4.1. Namely,
if Ar, # 0 and n — 1 = wsp(L), then they show that

n

n
Ap(ty,.ootn) = ftr, ) FUTS o f0 - T = D™ - T (k)
i=1 i=1
for some Laurent polynomials p;(¢;) € Z[tz?tl], f € A, and some integers m;.

In this subsection, we shall adapt the other various lower bounds and obstructions from the
setting of splitting numbers to weak splitting numbers. These results can be used to compute
the weak splitting number of links with up to 9 crossings, with 2 exceptions: L9a29, L9a30;
some examples will be given.

We start with a linking number bound inspired by [32, Lemma 2.1] and [10]. Given an
n-component link L, we claim that

> Jk(K;, K;)| < wsp(L). (4.1)
1<J
To prove (4.1), we introduce some terminology. A self crossing change (respectively a mized
crossing change) is a crossing change which occurs within a component of L (respectively
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involves two distinct components of L). To prove (4.1), set N := 3, . [(k(K;, K;)|. A mixed
crossing change alters the value of N by precisely one, while a self crossing change leaves it
unaffected. If we perform a crossing change between two components with non-zero linking
number, then N decreases by at most one. Since N vanishes on split links, the statement
follows.

The following obstruction was suggested to us by Chuck Livingston.

Proposition 4.4.3. Let L = K1 U Ky be a 2-component link with zero linking number. If L
can be split using a single crossing change in Ko, then Ko is nullhomotopic in the exterior X,

Ole.

Proof. Perform a crossing change within Ky which yields a knot K} which is split from Kj.
Since K} is split from K7, it is nullhomotopic in Xg,. Moreover since the crossing change
in Ky does not change its homotopy type, K> itself is nullhomotopic in Xk, . ]

Delaying examples, we move on to covering link calculus. Given a link L = K; U---U K,
where K; is unknotted, one can form the 2-fold cover p: S3 — S3 branched along K;. The
link L = p~ (L \ K;) is called the covering link of L with respect to K; [32, 33, 106]. Note
that a crossing change within K; (with j # ¢) results in two crossing changes in the covering
link, see for instance [32, Section 3|. Here is an immediate corollary of this observation.

Proposition 4.4.4. Letn > 2 and let L = K1 U---UK,, be an n-component link where K; is

unknotted. If L can be split via a single crossing change in K; with j # i, then wsp(L) < 2.

Delaying examples for just a bit longer, we provide a lower bound on the weak splitting
number which involves the multivariable signature and nullity.

Proposition 4.4.5. If L = K1 U---U K, is an oriented n-component link, then

n

oL (w) =) ox,(wi)| +|n = 1= np(w) + > ni, (wi)| + 3D 1k(K;, Kj)| < 4 wsp(L).
i=1 i=1 i<j

for all w e TY.

Proof. Assume an n-component link L can be split using wsp(L) = s + m crossing changes
with s self crossing changes and m mixed crossing changes. We claim that L can be converted
into the split union of its components in 2s + m crossing changes. To prove this claim, start
by using wsp(L) crossing changes in order to convert L = K1 U---U K, into an n-component
split link K U--- U K/, for some knots K1,...,K]. Let s; be the number of crossing changes
needed to pass from Kj; to K while splitting L. To conclude the proof of the claim, perform
s = $1+...+sy additional crossing changes, converting the link K{U- - -U K], into KU - -LUK,.
Next, using the claim and proceeding as in Section 4.2, one obtains

}UL(w) — ZO’KZ. (w,)} + ‘n —1—np(w)+ Zm{i (w,)} < 2(2s) + m = 4wsp(L) — 3m.
i=1 i=1

The result now follows by observing that ). _. [¢k(K;, Kj)| < m. O

i<j

Finally, we provide some examples of Propositions 4.4.3, 4.4.4 and 4.4.5
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Example 4.4.6. Consider the 2-component link I, = L9a4 = K1UK> pictured in Figure 4.11.
Inspecting the diagram shows that the weak splitting number is at most 2. By means of
contradiction, assume that L can be split using a single crossing change. Since ¢k(K7, K2) = 0,
we must show that L cannot be split using a single self crossing change. First, assume that this
undesirable crossing change takes place in the unknotted component Ks. Proposition 4.4.3
implies that K» is nullhomotopic in the exterior X, of the trefoil. Under this assumption, a
short computation involving the Wirtinger presentation shows that 71 (X, ) is infinite cyclic,
contradicting the fact that K is the trefoil.

Figure 4.11: The link L9a4.

Next, assume that the self crossing change occurs in the knotted component K;. Taking
the 2-fold covering branched along the unknotted component K3 produces a 2-component link
L = J, U Jy with ¢k(Jy1, J2) = 3. Combining the linking number bound with Proposition 4.4.3
provides the desired contradiction.

N\ e

Figure 4.12: The link L9a36.

Example 4.4.7. Consider the 2-component link L = L9a36 depicted in Figure 4.12. In-
specting the diagram shows that the weak splitting number is at most 3. In particular, the
Alexander polynomial obstruction cannot decide whether wsp(L) is 2 or 3. Orient L so that
its (trivial) components K; and K3 have linking number 2 (note that whatever the chosen
orientation, the linking number bound is inconclusive). Using Linkinfo [34], or(—1) = =5
and 77, (—1) = 0, and Proposition 4.4.5 now implies that

| —=5+2|+1+3-2=10<4 wsp(L).

Consequently, the weak splitting number must be at least 3. We conclude that wsp(L) = 3.
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Chapter 5

Twisted homology

5.1 Introduction

This chapter introduces a technical tool which shall be used throughout this thesis: twisted
homology, also known as homology with local coefficients. Informally, twisted homology
can be understood as a bridge between the theory of covering spaces and the formalism of
homological algebra. Given a CW-complex X, a ring R and a (R, Z[r(X)])-bimodule M,
the main objects of study are the twisted homology left R-modules

H.(X; M) = Ho(M @, (x)) Ce(X)),

where X denotes the universal cover of X. As we shall see in Section 5.2, varying M recovers
both the cellular homology of X and the homology of the covering spaces of X.

The flexibility of this set-up, which was briefly introduced in Subsection 2.4.1, was already
used in Section 2.4 to give a succint definition of the Blanchfield pairing of a knot. Although
the use of twisted homology is not new, and is contained in some algebraic topology text-
books such as [60, 86], many different conventions seem to occur in the literature. For this
reason, we shall take some time to set up the machinery carefully, especially regarding twisted
cohomology in Section 5.3 and its relation to homology in Section 5.4. The same goes for our
treatment of Poincaré duality in Section 5.5 and of twisted intersection forms in Section 5.6;
note that these tools are used systematically in Chapters 6, 7 and 8.

Finally, in Section 5.7, we shall make several additional observations; here is a brief
summary. While cellular homology is functorial, this is not the case for twisted homology, see
also Chapter 11. We shall also discuss some technicalities related to long exact sequences in
homology. Finally, we conclude with a few words on Ag-twisted homology, where Ag is the

localization Z[t1",. .. ,tffl, (1—t1)71,..., (1 —t,)7!] of the Laurent polynomial ring A,,.

5.2 Twisted homology

In this section, we review the twisted homology of a CW-complex X with coefficients in a
(R,Z[m1(X)])-bimodule M. References include [60, 73, 75, 86, 102].

Let X be a CW complex and let ¥ C X be a possibly empty subcomplex. Denote by
p: X — X the universal cover of X and set Y := p~1(X). The left action of 71(X) on X
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endows the chain complex C,(X,Y) with the structure of a left Z[r; (X)]-module. Moreover,
let R be a ring and let M be a (R, Z[m1(X)])-module.

Definition 15. The chain complex C.(X,Y; M) := M ®zx, (x)] C.(X,Y) of left R-modules
will be called the twisted chain complex of (X,Y") with coefficients in M. The corresponding
homology left R-modules H,(X,Y; M) will be called the twisted homology modules of (X,Y")
with coeflicients in M.

As usual, if Y is empty, we write Hy(X; M) instead of Hy(X,0; M). Note also that
the isomorphism type of H,.(X,Y; M) does not depend on the choice of a basepoint for
the fundamental group; this is why we omitted it from the notation. The next lemma will
show that the twisted homology of X encompasses the homology of its covering spaces.
In particular, this will relate Definition 15 to the definition of twisted homology that we
gave in Subsection 2.4.1. To make this precise, let 1: m(X) — G be a surjective group
homomorphism and let X be the covering space associated to ker(t). Since ¢ extends to a
ring homomorphism ¢: Z[m1(X)] — Z[G], any (R, Z[G])-bimodule M can be also viewed as
a (R, Z[m1(X)])-bimodule by setting m - v := ma(y) for m in M and ~ in Z[m;(X)].

Lemma 5.2.1. Given a CW pair (X,Y), a surjective group homomorphism ¢: m(X) — G
and a (R, Z|G])-bimodule M, there is a canonical chain isomorphism of left R-modules

M ®Z[7r1(X)] C*()}, }7) =M ®Z[G] C*()?, ?)
In particular Hy(X,Y; M) can be computed from the chain compler M Q7 C'*()?,?)

Proof. By associativity of the tensor product, it is enough to show that Z[G] @z, (x)
C.(X,Y) and C,(X,Y) are canonically chain isomorphic as left Z[G]-modules. The iso-
morphism in question is the one induced by the projection X — X. O

Lemma 5.2.1 justifies why we often denote the Alexander module of a knot K by Hy(Xx; A)
or, more generally, the Alexander module of a pi-colored link L by Hq(Xp;A,). It also explains
the definition of twisted homology we gave in Subsection 2.4.1.

Here are some additional examples of Lemma 5.2.1.

Example 5.2.2. If R = Z and M = Z is given the trivial right Z[m (X )]-module structure
n-v = n and the left Z-module structure induced by multiplication, then H,(X;Z) is nothing
but the usual cellular homology of X. On the other hand, if R = Z[m(X)] and M = Z[m (X)]
is given its natural (Z, Z[m1(X)])-bimodule structure, then H,(X;Z[m(X)]) is precisely the
cellular homology of the universal cover of X.

We now review the relationship between the twisted homology of a space and the twisted
homology of its fundamental group. Recall that the homology of a discrete group G with
coefficients in a (R, Z[G])-bimodule M is defined by H.(G; M) := Tor*Z[G}(Z,M). Let BG
denote the classifying space of G. Since its universal cover EG is contractible, the reduced
cellular homology fI*(EG) vanishes identically, and thus its chain complex provides a free
left Z[G]-module resolution for Z. It follows that H.(G; M) = H,.(BG;M). In particular,
if a CW complex X is an Eilenberg-Maclane space K (m1(X),1), it immediately follows that
H.(X;M) = H.(m(X); M). Indeed, since 71 (X) is discrete, Bmi(X) is a K(m(X),1). If X
is not a K (m1(X), 1), the situation remains salvageable:
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Remark 5.2.3. Given a CW complex X and a (R, Z[m(X)])-bimodule M, it is well known
that H;(X; M) = H;(m(X); M) for i = 0,1. Here is an outline of the argument. Attach
cells of dimension k£ > 3 to X in order to Kkill its higher homotopy groups. The result is a
K (m(X),1) space Z. Using the previous discussion H;(Z; M) = H;(m(X); M) for all 4, and
the claim now follows from the long exact sequence of the pair (Z, X).

Using the sphere theorem, the exterior X of a knot K is a K(m1(Xk),1) [112, Chap-
ter 11], so Remark 5.2.3 is not needed to conclude that H,(Xg;A) = Hi(m(Xk);A). On
the other hand, while the exterior X of a p-colored link L might not be aspherical, Re-
mark 5.2.3 nevertheless implies that H;(Xr;A,) = Hi(m(Xp);Ay) for i@ = 0,1. Conse-
quently Ar(tq,...,t,) can be computed by using any CW-complex whose fundamental group
coincides with m1(X7).

Next, we give an example which shall be used systematically in Chapters 7 and 8.

Example 5.2.4. Let ¢: m(X) — ZM = (t1,...,t,) be a homomorphism and let w =
(wi,...,wy) lie in T#. Composing the induced ring homomorphism Z[m (X)] — Z[Z*] with
the ring homomorphism Z[Z"] — C which evaluates ¢; at w;, produces a ring homomor-
phism ¢: Z[r (W)] — C. In turn, ¢ endows C with a (C, Z[r(X)])-bimodule structure. To
emphasize the choice of w, we shall write C¥ instead of C. Since C¥ is a (C,Z[m(W)])-
bimodule, we may consider the complex vector space Hy(X;C¥). For instance, in Chapter 8,
we shall reinterpret the multivariable nullity as the dimension of such a complex vector space,
see Theorem 8.1.1.

We conclude with a well-known remark on the Euler characteristic.

Remark 5.2.5. Let X be a finite CW-complex, let R be a commutative ring and let M
be a (R, Z[m(X)])-bimodule which is free of rank d as a left R-module. We claim that the
Euler characteristic of the twisted homology R-modules H,(X; M) equals d times the Euler
characteristic of X. This is proved promptly since C(X) is a free left Z[r; (X )] module whose
rank is equal to the number ny, of k-cells of X: indeed Cy(X; M) = M ®zx, (x)] C.(X) must

now be a free R-module of rank nid, and the claim follows.

5.3 Twisted cohomology

In this section, we review the twisted cohomology of a CW-complex X with coefficients in a
(R,Z[m1(X)])-bimodule M. References include [60, 73, 75, 86, 102].

Let S be a ring endowed with an involution s +— 3 satisfying 7s = s 7,r +s =7+ 3
and 1 = 1; an example to keep in mind is the group ring Z[G| with the involution induced
by g + g~!. Given a left (resp. right) S-module N, we denote by N the right (resp. left)
S-module that has the same underlying additive group as N, but for which the action by S
on N is precomposed with the involution on S. This way, if M is a (R, Z[m(X)])-bimodule,

then both C,(X,Y) and M are right Z[r (X )]-modules.

Definition 16. The cochain complex C*(X,Y; M) = Homyjeht 7[x, (x)) (Cx ()Z', 57), M) of left
R-modules will be called the twisted cochain complex of (X,Y) with coefficients in M. The
corresponding cohomology left R-modules H*(X,Y; M) will be called the twisted cohomology
modules of (X,Y") with coefficients in M.
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The content of Lemma 5.2.1 also holds for cohomology. Namely, given a surjective group
homomorphism ¢: m;(X) — G and a (R, Z[G])-bimodule M, there are canonical chain iso-
morphisms of left R-modules

Homright—th (X)] (C* (5(:7 }7)7 M) = Homright—an (G)] (C* (5(:7 }/})a M)a

where X is the cover of X corresponding to ker(y). In particular, H*(X,Y; M) can be

computed from the cochain complex Hom,eh 7 (C ()A( , }7)7 M). However, the analogy with
twisted homology cannot be pursued entirely. Indeed, taking R = Z[G] and endowing M =
Z|G| with its natural (Z, Z[G])-bimodule structure, the cohomology groups H*(X;Z[G]) do
not recover the cohomology of X , but only its cohomology with compact support H;} ()? ),
see [60, Section 5.2].

5.4 The evaluation map

In this section, we discuss evaluation maps from twisted cohomology to twisted homol-
ogy. Much of this section owes to discussions with Stefan Friedl, especially the statement
of Lemma 5.4.2. References include [73, 102].

Let R be a ring with involution, let M, N be (R, Z[r(X)])-bimodules and let S be a
(R, R)-bimodule. Furthermore, let (—, —): M x N — S be a nonsingular (X )-invariant
sesquilinear pairing, in the sense that (mvy,nvy) = (m,n) and (rm,sn) = r(m,n)s for all
vem(X),all r,s € Rand all m € M,n € N. Here is an example we wish to keep in mind.

Example 5.4.1. Let 7;(X) — Z* be a group homomorphism which induces an involution
preserving ring homomorphism ¢ : Z[m(X)] — A,. Consider the case where R = A, and
use ¢ to endow both M = Q,/A, and N = A, with a (A, Z[r(X)])-bimodule structure.
Finally, endow S = @Q,/A, with its natural (A, A,)-bimodule structure and consider the
nonsingular sesquilinear (X )-invariant pairing Q,/A, < Ay, = Qu/Au, (p,q) — pg. For
u =1, we already encountered this pairing in Subsection 2.4.1; we will use the multivariable
case in Chapter 6.

Let us keep in mind that the left R-module structure on Homyigpzr, (x(Ci ()? , )7), M) is

given by (r-p)(0) = r¢(o), while the left R-module structure on Homyei-r(N ®zx, (x)) C.(X,Y),5)
is given by (r-¢)(n ® o) = p(n ® o)F. The point of this set-up is to relate twisted homology
and cohomology via an evaluation map.

Lemma 5.4.2. Let (X,Y) be a CW-pair. Set m := m1(X). The following map is chain
isomorphism of left R-modules:

K: Homright—Z[w] (C* (X’ }7)7 M) - Homleft—R(N ®Z[7r} Ci ()}v Y)’ S)
f=((n@o)=(f(o),n)).

Furthermore, there is a well-defined evaluation homomomorphism of left R-modules:

H;i(Homyege. (N @z C.(X,Y),S)) = Homyesg(Hi(X,Y; N), S)
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Proof. We begin by showing that the first map is well-defined. Given f in Homygpzx (Cx ()N( , EN/), M),
we check that x(f) is well-defined. Given v € 7, n € N and ¢ € C(X,Y), we need to check
that k(f)(n ®yo) = k(f)(ny ® o). Using successively the definition of x(f), the definition of

the right action on C,(X,Y), the m-invariance of the inner product and the definition of x(f),
we get

K(f)(n@ryo) = (f(yo),n) = (f(0)y™",n) = (f(0),n7) = 6(f)(ny @ 7),

as desired. Next, we check that x is left R-linear i.e that r - k(f) = k(r - f) for r in R. Using
successively the definition of the module structures, the definition of k, the anti-linearity
of (—, =), the definition of the module structures and the definition of x(f), we get

(r-w())n®ao)=r(f)(n®o)r={f(o),n)r = (rfo),n) =((r-f)o),n) =k f)noa).

Finally, the fact that «(f) is indeed left R-linear follows from the linearity of (—,—) in its
first variable. The second assertion is left to the reader and so our last task is to show that &
is indeed an isomorphism.

Injectivity immediately follows from the non-degeneracy of (—,—). To prove nonsingu-
larity, assume we are given a left R-linear map ®: N @z C. ()~( ,17) — S; our goal is to
produce a right Z[r]-linear map f: C,(X,Y) — M such that ®(n @ o) = (f(o),n) for all
nin N and all o in C,(X,Y). Since (—, —) is nonsingular, M and Homyeg_z (N, S) are iso-
morphic as (R, Z[r(X)])-bimodules. Given ¢ in C4(X,Y), define f(c) as follows: observe
that the map ® determines an element ®(— ® o) of Homyeg (N, S), and define f(o) as the
corresponding element in M. O

Summarizing, if we are given a ring R with involution, (R, Z[m(X)])-bimodules M, N, a
(R, R)-bimodule S, and a nonsingular 71 (X )-invariant sesquilinear pairing (—, —): M x N —
S, Lemma 5.4.2 produces an evaluation map

ev: H(X,Y; M) — Homy g(H;(X,Y; N), S).
The following example is important in the study of the Blanchfield pairing, see Chapter 6.

Example 5.4.3. Returning to the case described in Example 5.4.1, the map Q. /A, x A, —
Qu/Ay, (p, @) — pq induces an evaluation map Hk(X; Qu/Ay) — HomAM(HZ-(X; AL), Qu/Ay)
which we encountered in Section 2.4 for y = 1.

The evaluation map unfortunately has no reason to be an isomorphism. If R is a principal
ideal domain, then the universal coefficient theorem implies that H*(X,Y; N) decomposes as
a direct sum of Homye g(H;(X,Y;N),S) and an Ext term. In general, the evaluation map
can be studied using the universal coefficient spectral sequence of Theorem 2.5.7, as follows.

Theorem 5.4.4. Let R be a ring with involution, let M, N be (R, Z[m1(X)])-bimodules and
let S be a (R, R)-bimodule. Furthermore, let (—,—): M x N — S be a nonsingular w1 (X)-
mvartant sesquilinear pairing. Then there exists a spectral sequence

1. converging to H*(X,Y; M),
2. with BYY = Bxt®, (H,(X,Y; N), S),
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3. with differentials d” of degree (1 —r,r).
More specifically, there is a filtration
OCFYCF'C---CF}!=H"(X,Y; M)
with Fj'/Fy | =2 B All objects and isomorphisms are as left R-modules.

Proof. Use the first assertion of Lemma 5.4.2 to identify H*(X,Y; M) with the homology

of the cochain complex Homjeg. (N @z C.(X,Y),S). The result now follows from the
spectral sequence of Theorem 2.5.7. ]

5.5 Poincaré duality

In this section, we review Poincaré duality with twisted coefficients. This material goes at
the very least back to Wall [157], but we take the time to give some details since there are
many conflicting conventions in the literature. References include [73, 74, 102, 123, 136].

Let N be a compact oriented n-manifold. Endow Z[r; (N)] with its natural (Z[m (N)], Z[m1(V)])-
bimodule structure. Assume N can be triangulated, pick a triangulation for N (which we
also denote by N) and let N’ denote the manifold N equipped with the dual triangulation,
see [150, Section 14] or [74, Section 4.1] for details. By [123, Lemma 1], the left Z[m1(N)]-

module C,,_;(N) is canonically isomorphic to the Z[r; (N)]-module Homyeg,z(r, (7)) (C (N',ON"), Z[m(N)))
and the resulting chain isomorphisms are sometimes called universal Poincaré duality. The

next theorem (which is well-known) shows that Poincaré duality holds with any coeffi-

cients [157].

Theorem 5.5.1. Let N be a compact oriented n-manifold and let M be a (R,Z[r1(N)])-
bimodule. There are Poincaré duality isomorphisms Hy(N,ON; M) = H"*(N;M) and
Hi(N; M) = H" ¥(N,ON; M).

Proof. Set m := m1(N) and let M be a (R, Z[r])-bimodule. If one tensors the universal
Poincaré dualité isomorphisms by M, then one deduces that M ®z Cp—«(N) is chain iso-

morphic to M @z Homleft_Z[ﬂ-}(C*(ﬁ ) ON' ), Z|r]). Consequently, to prove the theorem, it
is enough to show that there is a left Z[n]-module chain isomorphism

M @z Homleft-Z[ﬂ](C*(Rﬁ7é—N,)a Z[r]) = Homright-Z[w](C*(j\\ﬁa ON'), M).

This can be proved in two steps. Firstly, note that there is a canonical isomorphism of left
Z[r]-modules between Homyeg g1 (Co(N”, ON'), Z[r]) and Homyigp.zix (Cx (N7, ON"), Z[x]),
for instance by applying Lemma 5.4.2 with R = N = M = S = Z[r] and the inner product

M®N — S given by (p, q) — pq. Secondly since C, (]V’ ON’ ) is ﬁnitely generated and free as a

right Z[r]-module, we deduce that M ®Z[ﬂ] Homyigh- 7] (C ( ) Z[r]) is canonically left
Zr]-isomorphic to Homygn7(x] (C'*(N ' ON ), M @z Z7]). Combmlng these isomorphisms
concludes the proof. O
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5.6 Twisted intersection pairings

In this section, we review twisted intersection forms. Once again, although there are no
new results, we give some details since many conflicting conventions appear in the literature.
References include [31, 102, 157].

Let W be a compact oriented 2k-manifold. Let R be a ring with involution, let M be
a (R, Z[m1(W)])-bimodule and let S be a (R, R)-bimodule. Furthermore, pick a nonsingular
m1(W)-invariant sesquilinear pairing M x M — S. Compose the homomorphism induced by
the inclusion (W,0) — (W,0W) with the Poincaré duality isomorphism of Theorem 5.5.1
and the evaluation homomorphism described in Section 5.4. The result is the following
homomorphism of left R-modules.

O: Hy(W; M) — Hy(W,0W; M) 22 H*(W; M) < Homyer (Hp(W; M), S).
The main definition of this section is the following.

Definition 17. The twisted intersection pairing
Av(W): H,(W; M) x H,(W; M) — S
is defined by Ay (W)(z,y) = ®(y)(z).

Note that while Ajs(W) is (—1)*-hermitian, it has no reason to be nonsingular. In par-
ticular, the space im(Hy(OW; M) — Hy(W;M)) is annihilated by Ap(W). We start by
unravelling Definition 17 in the untwisted case.

Example 5.6.1. As we saw in Example 5.2.2, if R = Z and M = Z is given the trivial
right Z[m(X)]-module structure n -y = n with the left Z-module structure induced by
multiplication, then H.(W;Z) is nothing but the cellular homology of W. In this case,
assuming W to be connected, we claim that Az(W)(a,b) = (PD(a), b) coincides with the usual
definition (PD(a)UPD(b), [IW]) of the intersection form, where U denotes the cup product, [IV]
is the fundamental class and (—, —) denotes the evaluation of cohomology classes on homology
classes.

To see this, we use three standard facts of algebraic topology. First, under the iden-
tification of Hy(W) with Z, looking at the definition of the cap product N, we see that
capping classes of complementary dimensions corresponds to evaluation. Secondly, the re-
lation (¢ Uy) No = ¢ N (¥ N o) holds, where ¢,1 and o are (co)homology classes of the
approriate dimension [23, Proposition 5.1 (iii)]. Thirdly, the Poincaré duality isomorphism
described in Section 5.5 satisfies the relation PD~(p) = ¢ N [W]. Using successively these
facts, the claim follows:

(PD(a)UPD(b), [W]) = (PD(a)UPD(b))N[W] = PD(a)(PD(b)N[W]) = PD(a)nb = (PD(a),b).

In particular, as we briefly mentioned in Section 2.3.2, in dimension four, Az(W) can be
computed by counting algebraic intersections of embedded surfaces [23, Section 6.11]. Finally,
note that in the untwisted case with rational coefficients, the signature of W is defined as
sign(W) := sign(Aq(W)).
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Most often, we shall be dealing with twisted homology A,-modules. In this case, the
twisted intersection pairing can also be understood geometrically. Before spelling this out,
let us start out in a slightly greater generality which will be useful in Section 8.5.

Example 5.6.2. Let W be a compact connected oriented 4-manifold. Set 7 = (W) and
let 7" = [x(»=D 7(=1)] denote its derived series starting at 7(®) = 7. The projection
7 — /7™ gives rise to the left Z[r/m(™]-modules Hy(W;Z[r/7™]) and we may consider
the Z[r /m(™]-twisted intersection pairing

A (W) := A /mim) (W) : Hy(W;3 Z[m /w™]) x Hy(W3 Z[m /7 ™]) = Zm/n ™),

as in Definition 17. As we mentioned above, of particular interest to us is the case where
n =1 and n/71) = H{(W) is free abelian of rank y. In this situation, Z[r/7(M] is nothing
but the commutative ring A, of Laurent polynomials. We can now be even more explicit: if a
and b belong to Ha(W;A,), then the twisted intersection form is given by

M (W)(a,b) = Z (a,gb)g € Ay,
gELH

where (, ) denotes the algebraic intersection number on the Z*-cover W of W (and not the
evaluation homomorphism) [157]. The same remark holds if we replace A, with the localized
ring Ag = Z[t7, ... 5 (1—t) 7L (1—t,) 7Y

We conclude with an example which shall be used several times both in Chapter 7 and in
Chapter 8.

Example 5.6.3. Let W be a 4-dimensional manifold with (possibly empty) boundary. Let
p:m (W) — Z* = (t1,...,t,) be a homomorphism and let w = (wi,...,w,) lie in T*.
Composing the induced map Z[m (W)] — Z[Z*] with the map Z[Z*] — C which evaluates
t; at w;, produces a morphism ¢: Z[m (W)] — C of rings with involutions. In turn, ¢ en-
dows C with a (C,Z[r1(X)])-bimodule structure. To emphasize the choice of w, we shall
write C* instead of C. Since C¥ is a (C, Z[m1(W)])-bimodule, we consider the complex vector
spaces Hy(W;C¥) which we already encountered in Example 5.2.4. Using Definition 17, we
obtain the twisted intersection form Agw(W): Ho(W;C¥) x Ho(W;C¥) — C. We also set
sign,, (W) := sign(Agw (W)).

5.7 Further remarks

This section is devoted to collecting some results which shall be used in Chapters 6, 8 9 and 11;
it is organized as follows. Subsection 5.7.1 discusses induced maps in twisted homology.
Subsection 5.7.2 deals with some technicalities related to the long exact sequence of the
pair. Finally, Subsection 5.7.3 is concerned with Ag-twisted homology, where Ag denotes the

localization Z[t1',. .. ,tffl, (1—t1)71,..., (1 —t,)7!] of the Laurent polynomial ring A,,.

5.7.1 Induced maps in twisted homology

Let T and S be rings and let M be a right S-module. Given a ring homomorphism f: T — S,
the right T" module f*M obtained by restriction of scalars has the same underlying abelian
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group as M but is endowed with the action m-¢t = mf(t). Note that restriction of scalars pro-
duces a functor ModS — ModT. Let X,Y be CW-complexes and let M be a (R, Z[r1(Y)])-
bimodule. Any continuous map f: X — Y induces a group homomorphism 71 (X) — m1(Y)
and thus a ring homomorphism Z[7; (X)] — Z[m1(Y')]. Consequently, by restriction of scalars,
M naturally becomes a (R, Z[m1(X)])-bimodule which we denote by f*(M).

Lemma 5.7.1. Given a (R, Z[m1(Y)])-bimodule M, any continuous map f: X —Y between
CW complezes induces a left R-module homomorphism fM: H (X; f*M) — H.(Y; M).

Proof. Fix basepoints for X and Y. The map f induces a group homomorphism f,: 71(X) —
m1(Y) and a map f: X — Y on the universal cover. Consequently f gives rise to a Z-linear
map Cy(X) — Cu(Y) which we also denote by f and which satisfies f(yo) = fi(7)f(a) for
v in m(X) and o in Ci(X). We define fyu: f*(M) @zx, (x)) Cx(X) = M Qg vy C«(Y) by
m® o m® f(o). Let us check that f4 is well defined. Given « in 71(X) and o in C, (X),
we must check that m ® yo and mf.(y) ® o have the same image under fz. Since these

elements are respectively sent to m @ f(yo) and mf.(y) ® f(o), the claim now follows from

the equality f(vo) = fi(v)f(0) which was mentioned above. It can then be checked that fu
is a R-linear chain map and thus induces the desired map in homology. O

Let f: R — S and ¢g: S — T be ring homomorphisms and let M be a right T-module.
Observe that (gf)*M and f*(¢g*M) are equal as right R-modules. To see this, first note that
they are equal as abelian groups. Then, notice that the right R-action on (¢f)*M is given by
m -7 =mg(f(r)) while the right R-action on f*(g*(M)) is m-r =m g ap) f(r) = mg(f(r)).
Somewhat pedantically, we are considering the contravariant functor Rng — Cat which
associates to a ring R the category ModR of right R-modules, and to a ring homomorphism
f: R — S the restriction of scalars functor ModS — ModR.

Corollary 5.7.2. If f: X =Y and g: Y — Z are continuous maps, and M is a (R, Z[m1(Z)])-

M g* M
bimodule, then the left R-linear maps H.(X; (gf)*M) (97 H.(Z; M) and H (X; f*(¢g*M)) LN

M
H.(Y;g"M) Ly H.(Z; M) agree.

Proof. We argued in the discussion preceding the lemma that (¢f)*M is equal to f*(g*M),
and we know from Lemma 5.7.1 that there are corresponding well defined maps on homology.
Consequently, we just need to check that these two maps agree. The fist map sends m ® o
to m ® gf(c), while the second sends it to m ® gf(c). By covering space theory (and fixing
basepoints), these two twisted chains are equal. O

5.7.2 The long exact sequence of the pair

Let X be a CW complex and let Y C X be a possibly empty subcomplex. Denote by
p: X — X the universal cover of X and set Y := p~}(Y). The left action of m (X) on X
endows the chain subcomplex C,(Y) of C,(X) with the structure of a left Z[r; (X)]-module.
Given a ring R and a (R, Z[r1(X)])-bimodule M, we define the following left R-module:

H (Y C X; M) i= Ho (M ®z4,(x)) C(Y)).

Since short exact sequences of chain complexes give rise to long exact sequences in homology,
there is a long exact sequence ... - Hp(Y € X; M) — Hp(X;M) — H, (X, Y; M) — ...

65



of left R-modules. From the point of view of “classical” cellular homology, this is slightly
unsatisfactory since one might wish to use H.(Y; M) instead of H. (Y C X; M).

To achieve this, first note that a (R, Z[m(X)])-bimodule M can also be viewed as a
(R, Z[m1(Y)])-bimodule thanks to the inclusion induced map 71 (X) — m1(Y). Next, assume
that Y is connected, let Y be the universal cover of Y and let Y be the inverse image of Y
under the universal covering map p: X — X. It is proved in [73, Lemma 2.1] that there is a
canonical chain isomorphism

M @z, (v Co(Y) = M @z, (x)) Co(Y) (5.1)

of left R-modules and in particular H,(Y C X; M) is canonically isomorphic to H.(Y; M).

Note that [73, Lemma 2.1] actually deals with disconnected subcomplexes. The subtlety
lies in the choice of the basepoint: for instance, note that in (5.7.2), the basepoint for m;(X)
must be taken in Y for the notation H,(Y; M) to make sense. Nevertheless, there is a long
exact sequence

oo Hy (Y M) = Ho(X, Y M) = Hy(X, Y M) = Hy (Y M) — ...

in homology but with the following caveat: if Y = | |,;Y; is disconnected, H.(Y;M) is
defined as @, ; H;(Y;; M), see [73, Section 2.1] for details.

5.7.3 Ag-coefficients

We now restrict to a situation which we have already encountered in Section 3.3 and that will
figure prominently in Chapter 6. Namely, let A, := Z[tlﬂ, .. ,tffl] denote the ring of Laurent
polynomials, let S be the multiplicative subset of A, generated by (1 — t1),...,(1 —t,)
and let Ag be the localization of A, with respect to S. Since localizations are flat, note
that H.(X,Y; Ag) is isomorphic to Ag @, H«(X,Y;A,), see Section 2.5.

Although the usefulness of Ag coefficients should already be apparent from Corollary 3.3.11
and Remark 3.3.12, another reason to use them can be stated informally as follows: “Ag
coeflicients kill the twisted Hy module”. The next lemma contains a more precise statement.

Lemma 5.7.3. Let X be a CW-complez.

1. If the composition m (S') — 71 (X x S1) 55 ZH sends a generator of w1 (SY) to a non-
trivial element z of Z*, then the chain complex Ci(X x SY; Z[ZHF][(z — 1)71]) is acyclic.

2. If z is a non-trivial element in the image of ¥ : m(X) — Z*», then Hy(X;Z[Z'][(z —
1)71]) vanishes.

Proof. A proof of the first statement can be found in [132, Example 2.7]. To prove the
second statement, we first describe Ho(X; M) for an arbitrary (R, Z[m(X)])-bimodule M:
it is isomorphic to the quotient of M by the submodule generated by the my — m, with m
in M an ~ in m1(X). This identification of Ho(X; M) with the coinvariants of M can for
instance be seen using the relationship with group homology, see Remark 5.2.3. The second
statement now follows by taking M = Z[Z*] and using the fact that Z[Z*][(z — 1)7!] is flat
over Z[Z"]. O
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Chapter 6

Blanchfield pairing of colored links

6.1 Introduction and statement of the results

In Section 2.4, we saw that the Alexander module Hi(Xf;Z[t*!]) of a knot K supports
a nonsingular Hermitian Q(t)/Z[t*!]-valued pairing BI(K) called the Blanchfield pairing.
Furthermore, recall that we denote by Ag := Z[ti!,. .. ,tfl, (1 —t)7 ... (1 —t,)71] the
localization of the ring A, = Z[tlﬂ, ..,tffl]. As we shall see in Section 6.2, in the case of
links, the Blanchfield pairing generalizes to a sesquilinear pairing

BI(L): THI(XL;AS) X THl(XL;As) — Qu/AS

on the torsion submodule of the Ag coefficient Alexander module H;(X; Ag) [87, 88]. There
are two main reasons for which Ag coefficients are used instead of the more conventional A,
coefficients. The first is to ensure that the Alexander module H; (X ; Ag) admits a square pre-
sentation matrix: the corresponding statement is false over A, see Remark 3.3.10. The second
is to guarantee that the Blanchfield pairing is non-degenerate after quotienting TH1(Xr; Ag)
by the so-called mazimal pseudonull submodule, see [87]. Note that for knots, the Alexander

module over Ag is the same as the Alexander module over A = Z[t*!]: indeed multiplication
by ¢ — 1 induces an isomorphism on Hi(Xg;A), see Remark 2.2.2.

In the case of links, although BI(L) is used to investigate concordance [30, 44, 45, 99],
unlinking numbers and splitting numbers [21], there is no general formula to compute it.
However, since we saw in Theorem 2.4.8 that the Blanchfield pairing of a knot K can be
computed using Seifert matrices, one could expect generalized Seifert matrices to play a role.
More precisely, given a Seifert matrix A for K of size 2g, Theorem 2.4.8 states that the
Blanchfield pairing of K is isometric to the linking pairing

A29/(tA — ATYA% 5 A29/(tA — AT)A2 — Q/A (6.1)
(a,b) > aT(t—1)(A—tAT)"1D.

Implicit in this statement is the fact that the Alexander module of a knot admits a square
presentation matrix. In general however, BI(L) is defined on TH;(X; Ag) and to the best of
our knowledge, the latter Ag-module has no reason of admitting a square presentation matrix.
Thus a direct generalization of (6.1) seems out of reach. On the other hand, if we restrict to
links whose Alexander polynomial is nonzero, then THy(X;Ag) is equal to H1(X;Ag) and
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consequently admits a square presentation matrix, see Corollary 3.3.11. Restricting to this
setting, a computation of BI(L) in the spirit of Theorem 2.4.8 once again seems within reach.

In fact, when the Alexander polynomial of L is nonzero, we obtained such a result together
with Stefan Friedl and Enrico Toffoli [52]. In order to give a precise statement, recall from
Section 3.2 that a C-complex for a u-colored link L consists of a collection of Seifert surfaces
Fy,...,F, for the sublinks Lq,..., L, that intersect only pairwise along clasps. Given such a
C-complex and a sequence € = (g1, €2,...,¢,) of £1’s, we also saw in Section 3.2 that there
are 2# generalized Seifert matrices A® which extend the usual Seifert matrix. Furthermore,
recall from Definition 11 that the associated C-complex matriz is the A,-valued square matrix

173
H =Y JJa-t) a4
=1

£

where the sum is on all sequences ¢ = (e1,€2,...,¢,) of £1’s. Finally, recall from Re-
mark 3.3.13 that if a colored link L has non-zero Alexander polynomial, then det(H) is
non-zero for any C-complex matrix H. In this situation, H ' shall denote the inverse of H
over Q.

In [52, Theorem 1.1], we proved the following result.

Theorem 6.1.1. Let L be a p-colored link and let H be a C'-complex matriz for L of size n.
If H(X1;Ag) is Ag-torsion, then the Blanchfield pairing BI(L) is isometric to the pairing

BHTAL x AL/HTAS = Qu/As (6.2
(a,b) — —al H'b.

Let us briefly discuss some features of Theorem 6.1.1 even though it will be generalized in
Theorem 6.1.2 below. Firstly, in [52, Theorem 1.1] we actually required the C-complex matrix
to arise from a totally connected C-complex. However, this assumption later turned out not
to be necessary, see Theorem 6.1.2. Secondly, note that Theorem 6.1.1 recovers Theorem 2.4.8
in the knot case, see Theorem 6.6.7 and [52, Section 5]. Finally, as we shall see in Section 6.4,
although Theorem 6.1.1 only holds for links with non-zero Alexander polynomial, its proof in
fact recovers Corollary 3.3.11.

Returning to arbitrary links, since the torsion submodule TH;(Xp;Ag) of Hi(Xp;Ag)
has no reason of admitting a square presentation matrix, a direct generalization of (6.2) once
again seems difficult. In order to circumvent this issue, we adapt the definition of the pairing
described in (6.2) as follows. Let A denote the order of Tory,(A%/HTAZ), the Ag-torsion
submodule of A%%/HTA%. Note that for any class [z] in Tory, (A%/HTA%), there exists an xg
in A% such that Az = H T29. As we shall see in Proposition 6.6.2, the assignment (v, w)
ﬁvg Hwy induces a well-defined pairing

Arr: Torag (A%/HTAL) x Toray (A%/HTAL) — Qu/As,

which recovers the pairing described in (6.2) when det(H) # 0. The main theorem of this
chapter, which appeared in [51], reads as follows.

Theorem 6.1.2. The Blanchfield pairing of a colored link L is isometric to the pairing — g,
where H is any C-complex matrix for L.
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Theorem 6.1.2 generalizes Theorem 6.1.1 to links whose Alexander module H1(Xp;Ag) is
not torsion and recovers it if H;(Xy;Ag) is torsion. As we mentioned above, the statement
of Theorem 6.1.1 which appeared in [52, Theorem 1.1] required H to arise from a totally
connected C-complex, whereas Theorem 6.1.2 gets rid of this extraneous assumption. Fur-
thermore, Theorem 6.1.2 also recovers previous computations (see [87, 88]) of BI(L) when L
is a boundary link, see Theorem 6.6.7. Finally, note that to the best of our knowledge, The-
orem 6.1.2 was not even known in the case of oriented links (i.e. = 1) and the result might
be of independent interest.

While the Blanchfield pairing of a knot is known to be Hermitian and nonsingular, see
Proposition 2.4.7, the corresponding statements for links require some more work. The
Hermitian property of BI(L) was taken care of by Powell [133], whereas Hillman [87] quo-
tients TH1(Xp;Ag) by its mazimal pseudo null submodule in order to turn BI(L) into a
non-degenerate pairing, see also [21, Section 2.5]. Even though we avoid discussing the non-
degeneracy of the Blanchfield pairing, we observe that Theorem 6.1.2 provides a quick proof
that BI(L) is hermitian. Namely, using A" to denote the first non-vanishing Alexander
polynomial of L over Ag, we obtain the following corollary.

Corollary 6.1.3. The Blanchfield pairing of a link L is Hermitian and takes values in
Atr A G /A

Since the definition of the pairing Az is quite manageable, we also use Theorem 6.1.2 to ob-
tain quick proofs regarding the behavior of BI(L) under connected sums, disjoint unions, band
claspings, mirror images and orientation reversals, see Proposition 6.6.4, Proposition 6.6.5 and
Proposition 6.6.6.

In order to prove Theorem 6.1.2, we shall push a C-complex for L in the 4-ball and study
the algebraic topology of the exterior. Notably, we will describe the fundamental group of
this space in Proposition 6.3.3 and its twisted homology Ag-modules in Corollary 6.3.4 and
Proposition 6.4.2. Our main technical result however will be the computation of its twisted
intersection form. Since this result plays an important role in Chapter 8, we state it as follows:

Theorem 6.1.4. Let L be a colored link, let F' be a C-complex for L and let W be the
exterior of a push-in of F into the 4-ball D*. Then the intersection pairing on Ho(W;Ag) is
represented by a C-complex matriz H associated to F.

6.2 The Blanchfield pairing: definition and properties

This section deals with the definition of the Blanchfield pairing of a link. References in-
clude [87, 88, 107, 133].

Let L = L1 U---UL, be a colored link and denote its exterior by Xr. Recall from
Section 3.3 that the epimorphism 71 (Xr) — Z* defined by v — (¢k(v,L1),...,lk(7y, L))
gives rise to the Alezander module Hy(Xp;A,) of L. Since Ag is flat over A, the Ag-Alexander
module H1(Xp;Ag) is canonically isomorphic to Ag @, H1(Xr;A,). Furthermore, the short
exact sequence 0 = Ag — @, — Q./As — 0 of coefficients gives rise to the long exact
sequence

o= HNX,Y;Q,) — HYNX,Y;Qu/As) — HY X, YV Ag) — H"H(X,Y;Q,) — ...
(6.3)
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in cohomology. The boundary homomorphism H*(X,Y;Q,/As) — H(X,Y;Ag) is re-
ferred to as the Bockstein homomorphism and will be denoted by BS. As usual, we denote by
ev the evaluation map from H'(X1;Q,/As) to Homag(H1(X1; As),Qu/As). The following
lemma replaces Lemma 2.4.5 in the case of links:

Lemma 6.2.1. Let L be a link in S3.
1. Poincaré duality restricts to a well-defined isomorphism

THi(Xp;As) — ker(H*(X1; Ag) — H*(X1; Q).

2. The Bockstein homomorphism induces a well-defined isomorphism

Hl(XL§Qu/AS) )
ker(HY(X1;Qu/As) 28 H2(X1; Ag))

ker(H*(Xp; As) — H*(X1;Q,)) —

3. The evaluation map induces a well-defined homomorphism

HI(XL§ Q,u/AS)
ker(HY(X1;Qu/As) 25 H2(X1; Asg))

— Homy ,(TH1(X1; As), Qu/As).

Proof. To prove the first assertion, we first show that the Poincaré duality isomorphism PD
restricts as claimed. Namely, we claim that torsion elements in H?(Xy;Ag) are mapped to
zero in H*(X1;Q,). Given z in H*(Xp;Ag), assume that there is a non-zero A in Ag for
which Az = 0. Since H*(X1;Q,) is a Q,-vector space and X is non-zero, this implies that
x must be zero, proving the claim. Since PD is an isomorphism, the first statement will
immediately follow if we manage to show ker(H?(X;Ag) — H*(X1;Q,)) is isomorphic to
TH?*(Xp;Ag). This is a consequence of the next claim, which was proved in Remark 2.5.9:
H?*(X1;Q,) is isomorphic to Q, ®x, H*(Xp;Asg).

The second statement immediately follows from the long exact sequence displayed in (6.3):
indeed, by exactness ker(H?(X;As) — H?*(X1;Q,)) is equal to im(BS) = %’
where the isomorphism is induced by the Bockstein homomorphism. To prove the third state-
ment, we must show that elements of ker(BS) evaluate to zero on elements of TH;(X;Ag).
Since ker(BS) = im(HY(X1;Q,) = H'(X1;Q.u/As)), elements of ker(BS) are represented
by cocycles which factor through @ ,-valued homomorphisms. Since @, is a field, these latter
cocycles vanish on torsion elements, and thus so do the elements of ker(BS). O

We shall now define the adjoint of the Blanchfield pairing by following the same steps as
in Section 2.4. Namely, we denote by €2 the composition

TH(Xp;As) o, THy(X1,0XL;As)

W, yer(H2(Xp: As) — HA(X1: Q)
(iii) H'(X1;Qu/As)
ker(HY(X1; Qu/As) B H?(Xp;Ag))

@) HOHlAS (THl(XL§ AS)? QN/AS)
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of the four Ag-homomorphisms defined as follows. The inclusion induced homomorphism
Hi(Xr;As) — Hi(X1,0X1;Ag) gives rise to the first homomorphism. The next three ho-
momorphisms are defined in Lemma 6.2.1, namely using Poincaré duality, the Bockstein
homomorphism and the evaluation homomorphism. The main definition of this chapter is
the following.

Definition 18. The Blanchfield pairing of a p-colored link L is the pairing
Bl(L) : THl(XL; As) X THl(XL; As) — Qu/AS
defined by BI(L)(a,b) = Q(b)(a).

It follows from Definition 18 that the Blanchfield pairing is sesquilinear over Ag, in the
sense that BI(L)(pa, ¢b) = pBI(L)(a, b)q for any a,b in THi(Xr;Ag) and any p,q in Ag, see
the proof of Proposition 2.4.7.

Remark 6.2.2. The homomorphisms (i), (74) and (éi7) are in fact isomorphisms: for (i7) and
(7i1), this is contained in Lemma 6.2.1, while for (7), it follows from the long exact sequence of
the pair (X1,0X) with Ag coefficients, see Lemma 5.7.3. Note that (7) is not an isomorphism
with A, coefficients. This is a crucial difference with the knot case, see Lemma 2.4.4.

Despite the observations of Remark 6.2.2, it is a priori not clear from Definition 18 that
BI(L) is nonsingular. Indeed, while (i), (#4) and (zi¢) are isomorphisms, it does not seem
obvious to us that (iv) is an isomorphism. On the other hand, if H;(X;Ags) is Ag-torsion,
then the argument showing that BI(L) is nonsingular is the same as in the knot case, see the
proof of Proposition 2.4.7. We conclude this subsection by observing that if L is a knot, then
Definition 18 reduces to Definition 6.

Remark 6.2.3. If L is a knot, then the Bockstein homomorphism BS is invertible and the map
described in the second point of Lemma 6.2.1 is precisely the inverse BS™! of the Bockstein
homomorphism. Since multiplication by ¢ — 1 induces an isomorphism on the Alexander
module of a knot (recall Remark 2.2.2), Definition 18 does indeed reduce to Definition 6.

6.3 Proof of Theorem 6.1.2, part I: pushed-in C-complexes

In this section, we give more details regarding the “pushed-in C-complexes in the 4-ball D*”
which already appeared in Subsection 3.4.2. Namely, in Subsection 6.3.1, we study the exterior
of such a pushed-in C-complex in order to compute its fundamental group in Subsection 6.3.2.
Note that our approach differs slightly from the existing literature [41, 55]: instead of only
pushing in the interiors of the Seifert surfaces, we also push in radially the corresponding
sublinks. Moreover the different Seifert surfaces end up at different depths of the 4-ball.

Remark 6.3.1. Up to now, we have always used the letter “F” to denote C-complexes
and their push-in. At this stage however, we wish to keep track of the difference between
dimension 3 and dimension 4. Consequently, in this section and in the next, we adopt the
following convention: we shall use the letter “S” for C-complexes and the letter “F” for their
push-in.

Before diving into 4-dimensional considerations, we introduce some terminology and prove
a short technical lemma which we shall need throughout the proof of Theorem 6.1.2.
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Definition 19. A curve on a C-complex S is called nice if the following conditions are
satisfied:

1. it has no self-intersections,

2. the restriction to each component .S; is an embedding,

3. it intersects each clasp at most once,

4. when it intersects a clasp, then it looks locally like in Figure 3.1.

The following lemma ensures that homology classes of curves on a C'-complex can always
be represented by nice curves.

Lemma 6.3.2. Given a C-complex S, there exists a basis of H1(S) for which each element
s represented by a nice curve.

Proof. Up to homotopy equivalence, S can be constructed by taking the disjoint union of the
surfaces S; and adding an arc connecting S; with S; for each clasp. Contracting every surface
to a point produces a graph I' with u vertices V1,...,V, and one edge for each clasp. This
construction yields the short exact sequence

7
0 = EPHi(Si) — Hi(S) & Hy(T) — 0,
=1

where the non-trivial maps are respectively induced by the inclusions of the disjoint F;’s into
F', and the projection to the quotient. The surjectivity of 7 is immediate since any embedding
of I' into S produces a right inverse.

It is clear that each H;(S;) admits a basis given by embedded curves that do not intersect
any of the clasps. Thus it remains to find nice curves on S whose images under 7 form a
basis for Hy(T"). Next, we say that a path on I' is simple if it intersects each vertex and each
edge at most once. Consequently, the lemma will follow from the following two assertions:

1. H;(I") admits a basis consisting of simple closed curves,
2. given any simple closed curve v on I, there exists a nice curve s on S with m(s) = 7.

The first statement is of course well-known. For the reader’s convenience we sketch the
argument. Let T be a maximal tree in ' and let ej,..., e be the edges in '\ T. We can
connect the end points of each e; by a simple path p; in the tree T'. Now, fori =1,...,k, the
curves y; = e; U p; are simple and represent a basis for Hy(T').

In order to prove the second assertion, observe that each vertex V; crossed by a simple
closed curve v is both the initial point of a unique edge crossed by v and the terminal point
of a unique edge crossed by . Next, we pick an embedded curve ~; on the corresponding
surface .S; connecting the end points of the two clasps. Finally, we define s as the curve on S
which is given by the union of the following paths:

1. for each edge crossed by v, we take the corresponding clasp,
2. for each vertex V; crossed by v, we take the simple closed curve ; on 5.

Since s is clearly nice and satisfies m(s) =+, this concludes the proof. O
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6.3.1 The exterior of a pushed-in C-complex

Let S = S;U---US, be a C-complex for a p-colored link L and view S® as the boundary
of D*. Fori=1,...,u, we pick a tubular neighborhood S; x [~2, 2] of S; in S3. Furthermore
for each i, we fix two surfaces with boundary S;, S/ such that S C S; C S/, the complement
S\ int(S]) is a union of small annuli around L; = 05;, and the respective unions S’ and
S” form C-complexes for links isotopic to L. Let us fix once and for all an embedding of
S3 x [0, ] in D* such that S? x {0} agrees with S® = dD*. In order to prevent the different
tubular neighborhoods from getting mixed up, we denote the image of (p,¢) under this map
by pxt. Fori=1,...,u, we write

.1 o1
F, == Lix[0,i— Z] UL afi=1 Si*{z—z}

and refer to F':= Fy U---UF), as the push-in of S. In other words, F'is obtained by pushing
each sublink L; radially (at a different depth) into the 4-ball and then capping it off with
Si. Observe that the F; intersect pairwise in double points and consequently F' is a colored
bounding surface for L, see Definition 14. Since our goal is to study the exterior of F' in D?,
we define

M

vF = | (nt(S) \ 89 x (~L.1) % [0.6) U S x (_1,1)*@—%,@)),

=1

and Wy := D* \ vF. In order to compute the homology of W, we shall now decompose the
latter space into more manageable pieces. First of all, denote by

B := D%\ (O int(S) x (—1,1)*[0,1'))

i=1

the complement of the whole trace of the push-in and observe that B is homeomorphic to a
4-ball. In order to recover W from B, we first set

. 1
Y; = S;\(Uint(sg’)><(—2,2))*[0,z’—1]us;\( U int(sg’)x(—2,2))*[1'—1,z'—§]

i j=i+1

for i = 1,...,pu. Observe that Y; is a closed subset of S/ x [0,i — %] which is homotopy
equivalent to S;. Moreover, making use of the neighborhoods of the S; in S3, it makes sense
to consider the closed sets Y; x [~1,1] € D*. In the definition of the Y;’s, we removed large
enough neighborhoods of the clasps in order to make these sets disjoint. It remains to add
the clasp parts. For i < j, we define the space
o1

Xij = (Sz/ N S;) * [O,Z - 5]
which consists of a disjoint union L]XZ of 2-disks, one for each clasp between S; and 5.
Using the slightly larger neighborhoods of S; and S; in S3, we consider the cross-shaped
subset of [—2,2] x [—2, 2] given by

Ko=[-1,1] x [-2,2] U [-2,2] x [~1,1].
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This way, the space W decomposes as B U Z, where

I
Z = JYix[-1,1] U | X x K.
i=1 i<j
Observe that for each nice curve « in S (recall Definition 19), the push-offs i*([a]) described

in Subsection 3.2 can be represented by curves o which are embedded in the intersection of
S3 with (JIL, Vi x {£1} C 0B.

6.3.2 The fundamental group and the boundary of Wg

Given a C-complex S, denote by J the subset of {1, ..., u}? consisting of pairs (4, 7) for which
¢ < j and there exists at least one clasp between the surfaces .S; and S;.

Proposition 6.3.3. The fundamental group of Wr admits the presentation
(a1,...,au|[as,a5] = e for all (i,5) € J),
where the generators aq,...,a, correspond to meridians for the surfaces Fy,...,F),.

Proof. Recall from Subsection 6.3.1 that Wr = B U Z, where B is contractible and Z =
i1 Yix [=1,1] U |;; Xi; x K. Observe that gluing Y1 x [~1,1] to B is homotopically the
same as identifying Y7 x {—1} with Y7 x {1} so that

7T1(B U (Y1 X [71, 1])) = <CL1 |CL1 -1- afl = 1> = <CL1>.

The generator a; is a meridian for the surface F;. Gluing successively Yo x [—1,1],...,Y), x
[—1,1] and repeating the argument adds one new generator a; for each ¢, namely the meridian
of the surface Fj. As each inclusion induced map m1(Y; x {£1}) — m(Y; x [—1,1]) factors
through the trivial group 71(B), no relations are added and thus

n
7r1<BU v x [-1,1]) = (ay,...,a.).

i=1
In order to recover W, it remains to glue back in the contractible “clasp parts” ij x K
(recall that X;; = ||, ij), which are only non-empty when (i,j) € J. Note that ij x K
and BU| |, Y; x [—1,1] intersect in P := Xl-kj x 0K which is homotopy equivalent to a circle.
Moreover, under the inclusion map of P into BU| |l | ¥; x [~1, 1], a generator of m (P) is sent
(up to inversion) to a commutator of the form [a;,a;]. Hence, by Van Kampen’s theorem,
one gets

o
7r1<BU v x -1, 10Xk x K)> = (ay,...,a,|[ai,a;]).
=1

Repeating the process for each Xz-kj immediately yields the proposition. O

Let p: /WF — Wr be the cover of W corresponding to the kernel of the abelianization
map 71 (Wrp) — Hi(WFp), see Figure 6.2 for a schematic picture. Recall from Definition 10
that a C-complex S is totally connected if each S; is connected and S; N.S; # 0 for all i # j.
Proposition 6.3.3 implies both that the deck transformation group of WF is free abelian of
rank g and the following result.
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Corollary 6.3.4. If the C-complex S is totally connected, then Hi(Wg;Ag) vanishes.

Proof. If each pair of surfaces in S is joined by at least one clasp, then it follows from
Proposition 6.3.3 that 71(Wp) is the free-abelian group on ti,...,t,. This implies that
H{(Wg;A,) =0, which by flatness of Ag also implies that Hy(Wp;Ag) = 0. O

We conclude this subsection by computing the Ag-twisted homology of the boundary
of Wg. The upshot is that while the link exterior X, is strictly contained in 9Wp, both spaces
look the same to Ag-twisted homology. In particular, we shall use this observation in order to
reduce the computation of the Blanchfield pairing to the computation of a “Blanchfield-like”
pairing on Hi(0WFr; Ag).

Lemma 6.3.5. H1(0Wp;Ag) is isomorphic to Hi(Xp;Ag).

Proof. Set My := vFNWp so that the boundary of W decomposes as 0Wp = X, Ur w51 MFp;
here M should be thought of as “the boundary of the tubular neighborhood of F', minus the
link exterior”. The resulting Mayer-Vietoris exact sequence for OWr with Ag-coefficients is
given by

Hy(L x S Ag) — Hi(Xp;Ag) ® Hy(Mp; Ag) — Hi(0Wp; Ag) — Ho(L x S'; Ag).

As the restriction of Hy(Wp) — Z* to Hy(L; x S';Z) sends each meridian to t;, Lemma 5.7.3
ensures that C,(Lx S'; Ag) is acyclic. Consequently, it only remains to show that Hy(Mp; Ag)
vanishes. Away from the ¢ double points of F, the boundary of a tubular neighborhood of
each Fj consists of F; xSt fori =1,..., u. Given a double point C’fj € F;NFj, remove the open
disk ij which consists of the component of v(F; N F;) containing CZ Repeating the process
for each double point produces punctured surfaces Xi,...,X,. The manifold Mr can now
be recovered from the union of the X; x S by gluing each ij x S! along the tori 8ij x ST,
The corresponding Mayer-Vietoris exact sequence yields

(i) " €(i.j)
P P Hi(0Df;xS"; As) — D Hi(XixS'; As) — Hi(Mp; As) — D €D Ho(9Df;xS"; As).
1<j k=1 i=1 i<j k=1

As each S! factor arises as a meridian of the link L, one can apply Lemma 5.7.3 and the claim
immediately follows. ]

6.4 Proof of Theorem 6.1.2, part II: the intersection pairing

This section is organized as follows. In Subsection 6.4.1, we describe an explicit isomorphism
Hy(S)®zAs — Ho(Wp; Ag), while Subsection 6.4.2 computes the corresponding intersection
form, thus proving Theorem 6.1.4.

Remark 6.4.1. Note that since we are dealing with left Ag-modules, we ought to write
As ®z Hi(S) instead of H1(S) ®z Ag. However, we stick with former in order to align with
the notations of [52]. Also, since Ag is commutative, this does not make a big difference.
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6.4.1 A geometric basis for Hy(Wp; Ag)

The goal of this subsection is to provide a convenient basis for the Ag-module Hao(Wp;Ag).
In order to state the main result, we briefly introduce some notation. Given an arbitrary lift
B of B to Wg and a nice curve « on S, lift each push-off of to B, and call it @° C B. Also,
set

o
sgns::Hsie{il}, 1:=(1,...,1) € Z¥,
i=1
and notice that the following equality holds:

m

ngna 5 = H(tz —1). (6.4)

i=1

Next, using Lemma 6.3.2, we fix once and for all a basis Z for H;(S) so that each element
of & is represented by a nice curve, resulting in a set B of representatives. The remainder of
this subsection will be devoted to the proof of the following result.

Proposition 6.4.2. For each nice curve o on S, there is a closed surface ®, embedded in
—~ 14¢
W, which intersects p~(B N Z) in the curve . sgn(e)t%aa. The map

O: H1(S)®z As — Ha(Wp; Ag)

defined on the elements of B as [a] @ 1 — [®,] is an isomorphism of Ag-modules.

The construction of the surfaces 9,

Given a nice cycle a C S, there is a Seifert surface for each o (viewed as an oriented knot)
in OB = S3. Pushing the interior of these surfaces inside B provides properly embedded
surfaces SE in B whose boundary is of. Lifting these surfaces to Wr as subsets S., of the
fixed lift B of B, one has

1+e—

ot = S) =t

1+e
z ac.

In order to build a closed surface from all of these disjoint D ?Z, decompose « as

w = (Ua) v (U(U) ). (6.5)

i=1 i<j k=1

where a; is the (possibly empty) subset of o which lies in S;\ |J;; S; and afj is the (possibly
empty) subset of a corresponding to the clasp indexed by the triple (i, 7, k). One can perform
analogous decompositions for each push-off o° yielding segments af and affs. Given two

sequences ¢, ¢’ which differ only at the index j, say with ¢; = —1 and 6;» = +1, connect the

two surfaces tl#gz and —tHngi by adding a cylinder tl?aj x [-1,1] Cp~L(Y; x [-1,1]).
Repeating this process for all , ¢/ as above, we can now set

S0 = U(sm@r' 50 U s T < 1)),

€ {ilej=-1}
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where the sign sgn(e) = €1 - - ¢, is added for the orientations to be consistent. We see from
its construction that S, is a surface whose boundary lies in the boundary of the union of

(lifts of ) the topological 4-balls Xl-kj x K. Consequently, one can find a surface S°#P whose

components lie in those 4-balls and such that dSS™P = —9S,. We can hence define a closed

surface
Dy := So Uy S,

Using our set B of nice representatives for the basis & of Hy(S), we can now define a Ag-linear
map
(O Hl(S) Rz Ag — HQ(WF; As)

by [a] ® 1 — [®,] for @ € B. From the construction of ®, we get the following formula.
Proposition 6.4.3. Let 0: Hy(Wr;Ag) — Hi(BNZ;Ag) be the boundary map in the Mayer-
Vietoris sequence of Wp = BU Z. Then, for each nice cycle o, we have

0P([a] ®1) = ngn(e)t

14e

5[] (6.6)

Our goal is now to prove that ® is an isomorphism.

Reducing the problem to a commutativity statement

Recall from Subsection 6.3.1 that we decomposed Wy into B U Z, where Z := | |I' | V; x
[-1,1] U |];; Xij x K. We now set

I
Zy = JYix[-1,1), Zy =X xK
i=1 i<j

so that three applications of the Mayer-Vietoris exact sequence (together with the fact that

Y; x [-1,1]

/

NN _;\B
Si

J‘ NI |

Y; x [_L 1]
XFox [-2,2] x [-2,2]

Figure 6.1: A dimensionally reduced sketch of Z; and Zs around a clasp.

77



Z5 is made of contractible components) produce the following commutative diagram:

0 0

| |

H{ (BN Zy;Ag) Hy(Z1;As)

5 |

0— Hy(Wp3 Ag) ——2—— Hy (BN Z; Asg) - H\(Z; Ag)

s |

Ho((BN Z1) N (BN Zo); Ag) —=— Ho(Zy N Zo; Ag)

s [

Ho(B N Zi; As) SV, Ho(B N ZQ;AS) — Ho(Zl;AS) D Ho(ZQ; As).

(6.7)
The next lemma provides a first step towards the understanding of ker(y).
Lemma 6.4.4. The sequence
0 — ker(¢) — ker(yp) — ker(L) Nker(M) — 0 (6.8)

of Ag-modules is exact.

Proof. The previous commutative diagram restricts to

Applying the snake lemma produces the long exact sequence

0 — ker(¢) — ker(¢) — ker(L)Nker(M) — coker(y)) — coker(y) — ker(N)/im(L|ker pr) — 0.

(6.9)
Since Zy = |\, Y; x [-1,1] and BN Z; = | [, Y; x {£1}, ¢ is clearly surjective and the
result follows. ]

Let us describe the strategy we shall use in order to show that the map ®: H;(S)®zAgs —
Hy(Wp; Ag) defined in Subsection 6.4.1 is an isomorphism. Using the short exact sequence

0— éHl(Si) = Hi(S) & Hi(T) — 0, (6.10)
=1
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used in the proof of Lemma 6.3.2, we shall define isomorphisms ¢ and 7 that fit into a
commutative diagram

0 0 (6.11)
| |
P, Hi(Si) @z As Z ker (1))

lb o 8 - la

Hy(S) ®z Ag ———— Hay(Wp; Ag) ——— ker(p)
Im I

Hy(T) @z As 4 ker(L) Nker(M)
| |
0 0.

The 5-lemma will then immediately imply that & is an isomorphism.

i s el e

toB titaB

Figure 6.2: A schematic picture of a small portion of the cover /V[7F, in the simple case of
only two surfaces and one clasp. We represented p~!(B) in white, p~(Z1) in dark gray and
p~1(Z3) in light gray.

The short exact sequence of H;(S5)

We fix some notation and recall the short exact sequence which was used in the proof of
Lemma 6.3.2. Let ¢(i,j) be the number of clasps between surfaces S; and S; in the C-
complex S. The clasps will be denoted by ij for k =1,...,¢c(i,7) resulting in a total number
c of clasps. Up to homotopy equivalence, S can be constructed by taking the disjoint union of
the surfaces S; and adding an arc connecting S; with S for each clasp Cf] Contracting every
surface to a point produces a graph I" with u vertices {V} } and c edges {Ezkj} We shall consider
I' as an oriented graph, where the edge Ef] travels from V; to Vj if i < j. This construction
yields the short exact sequence (6.10), where the non-trivial maps are respectively induced
by the inclusions of the disjoint 5;’s into S, and the projection to the quotient. To get the
left vertical sequence of (6.11), we just tensor (6.10) with Ag, without changing the name of
the maps.
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Constructing the map o

Recall from Subsection 6.4.1 that Wr = B U Z was further decomposed by observing that
Z =7Z1UZy with Zy = | |, Y;x[-1,1) and BNZ; = | !, Y; x {£1}. Consequently, if we lift
BN Z as a subspace of B, then the restriction of ¢ to the k-th summand of Hy(B N Z1;Ag)
is the map (z,y) — z ® t; + y ® 1. Since Sy and Y}, are homotopy equivalent, it follows that

ker(w) = @AS{(—w ®R1l,z® tl‘) |1‘ € Hl(SZ)}
=1

One can now define the map o: @ Hi(S;) ®z As — ker(¢)) by

o(x) = (H (tj — 1)) (—z @1,z ®t)
J#k
for x € Hy(Sk). Using the description of ker(?), the map o is well defined; it is an isomor-
phism since the (t; — 1)’s are invertible in Ag. We conclude this paragraph by proving the
commutativity of the top part of (6.10). Given a primitive element x € H;(Sy), we represent
v € Hy(S) by a nice cycle «, which only belongs to Si. Proposition 6.4.3 hence gives us

0bir = Y sgu(e)t s [a).

Notice that, since « is contained in Sk, the curve of only depends on the value of . We
thus only have two push-offs for it, which we denote by o™ and o™, as one does in the case
when S consists of a single Seifert surface. We will also denote by & the element in {41}#~!
obtained from e by ignoring ;. We can now rewrite the above formula as

1+5 1+5 1+€

OPLr = ngn Ht exty, > [aF] = Z sgn(e Ht 2 (—[a7 ]+ trfa]).

ee{x1}r J#k ele{1}r-1 j#k

Applying (6.4) to the sum over the &/, we get
0 = <H(tj — 1)>(—[a] + ti[at]).
J#k

Commutativity follows, because by definition of ¢ and a, we also have

ao(z) = (tj—1) Ja(-z @ Lz ®t) = (t; = 1) ) (=[a] + te[a™]).
(I00-) 0 = (I )i
Constructing the map 7

First, we describe the space ker(L) N ker(M) by making use of the following portion of the
Mayer-Vietoris diagram (6.7):

Ho((BN Z1) N (BN Zy); As) —2— Hy(Zy N Za; Ag)
J{M:M/@M//

H()(B N Zi; As) D Ho(B N Za; As)
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Figure 6.3: The inclusion induced maps L, M', M".

The spaces BNZs, Z1NZy and BNZ1NZ5 are all of the form |_|i<j X;; x P for some contractible
subset P of 0K. Consequently the restriction of the cover to each of these subspaces is the
trivial Z*-covering, and the inclusion induced maps L, M’ and M" can be understood using
Figure 6.3. It follows that ker(L) N ker(M") is generated by c¢ linearly independent elements
vfj, one for each clasp ij, as illustrated in Figure 6.4:

ker(L) Nker(M") = SpanAS{vfj i <j, 1 <k<c(ij)} (6.12)

Since ker(L)Nker(M) is the subspace of ker(L)Nker(M") which is annihilated by M’, we now
compute the image of vfj under M’. Observing that Ho(B N Z1;Ag) = @, Ho(Y; x {—1} U

Y; x {1}) ®z Ag and denoting by y¥ a positive generator of Hy(Y; x {#1}), a short compu-
tation using Figure 6.3 shows that

Mlvzkj = ti(t]’ — 1)y:r - (tj - 1)y; - tj(ti - 1)y]+ + (ti - 1)y; (613)

Let T: C1(T") — SpanAS{vfj}ijk be the Z-linear map defined on generators by
T(Ef) = [[t - 1) of;.
l#4,5
Note that since I' is a graph, its first homology group H;(I") is a subspace of C(I).

Proposition 6.4.5. The restriction of T' to H1(I') takes values in ker(L) Nker(M).

Figure 6.4: The elements Ufj that span ker(L) Nker(M").
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Proof. Since this proof consists of a straightforward computation which combines (6.13) and
the definition of T', we shall only give the details in a simple case. The general case follows
the exact same steps. Suppose that in our C-complex there are clasps Cl-lj, cl, C;k, with
t < j < k, then the element v := E}] + Ejlk — E}, is in Hy(T). Since

Ty= J] (= 1) ((tr = Dofj + (& — Dojj, — (t; — Dvjy)
I#i,j.k

is contained in ker(L) Nker(M"), it only remains to check that M'T~ = 0. The immediate
computation

M'Ty= T] (= 1) [(ts = V)(tilt; — Dy;" = (t5 — Dy —t5(t = Dy + (6 — Dy; )+

I#i,5,k
(ti = D(t(t — Dy; — (e — Dy; — tr(t; — Dy + (4 — Dyy)
—(t; = D(tiltr — 1)y — (b — Dy; — ta(ti = Vyy + (6 — Dy, )] =0,
which relies on (6.13) concludes the proof. O

We can now define the Ag-linear map
7: Hi(I') ®z As — ker(L) N ker(M)
as the extension to Ag-scalars of the Z-linear map 7': Hi(I') — ker(L) Nker(M).

Proposition 6.4.6. The map 7 is an isomorphism of Ag-modules.

Proof. As earlier in this section, let ¢ be the total number of clasps of the C-complex S. We
will identify the codomain ker(L) Nker(M) with the kernel of a p X ¢ matrix with coefficients
in Ag. During this proof, rows of (u x ¢)-matrices will be indexed by integers { = 1,..., u and
columns by triples (4,7, k) with 1 <i < j <pand 1 <k < ¢(i,7). We start by noticing that,
thanks to (6.12) and (6.13), we have

ker(L) Nker(M) = {Za%vfj IVi=1,..., 4, Zafj(tj -1)— Zafl(ti -1)= O}.
B.3:k gk ik

It follows that ker(L) Nker(M) is the subspace of Span, {vfj}”k given by the null space of
the p x ¢ matrix R with (I, ijk)-coefficient

(R7®) = ((t; — 1)6 — (t; — 1)),

where §;; is the Kronecker delta function. For each , multiplying the {-th row of R by (¢, —1)
yields a (u x ¢)-matrix @ whose kernel is still ker(L) Nker(M ) and whose (I, ijk)-coefficient is

Q") = ((t: — ) (t; — 1)(da — 33)).

Next, multiplying each ijk-column of @ by (t; — 1)7!(¢; — 1)~ results in a matrix P whose
(1,1jk)-coefficient is -
(B7*) = (3 = 81)-
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Since P represents the boundary operator 0: C1(I') — Cy(I"), its kernel over Ag is isomorphic
to H1(I') ®z Ag. Consequently, in order to conclude the proof, it only remains to show that
ker(Q) = ker(P). The operations we performed on the columns of ) give rise to a Ag-module
isomorphism

-1 ~1

= (= 1)t —1)” <Hutl—1> IT & -1k <Hutz—1> T(E})

1#4,j

which restricts to an isomorphism ker(P) — ker(Q). Since the (¢; — 1) are invertible in Ag, 7
is an isomorphism. O

In order to conclude the proof of the reduction discussed in Subsection 6.4.1, it only
remains to prove the next proposition.

Proposition 6.4.7. The bottom square of (6.11) commutes.

Proof. Given a nice cycle a in S and a clasp C’Z, define

1 if o crosses C’fj from ¢ to j,
n;; = < —1 if « crosses C’fj from j to ¢,

0 if o does not cross C’fj at all.

As we will see, the image of [a] ® 1 under both 77 and b0® will only depend on this combi-
natorial data. We start with the computation of 77 ([a] ® 1). From the definitions of 7= and

U, it is clear that
= > i
1<j, k

and consequently the definition of 7 yields

(o) ®1) = Z H(tl —1) nfjvfj
i<, k1,
To conclude, we compute bd®P([a] ® 1). Thanks to Proposition 6.4.3, we have 0®([a] ® 1) =
Yo sgn(a)tl#[ae]. Since the map b is the boundary homomorphism in the Mayer—Vietoris
sequence for BNZ = (BN Z;)U (BN Zz), it only depends on the behavior of « at the clasps.

For e € {£1}*, the part of a° contained in B N Zy will be either empty or a path connecting

S; x {e;} to Sj x {e;}, whose direction depends on the sign of n . Since this data does not

depend on the coordinates of € different from ¢ and j, we will denote such a strand by @ @ 615]

The part of 0®([a] ® 1) which is contained in B N Z3 is hence

1+€ 7]62 1+Sl . _ e .
S s Y = 5 ) [ (e ),

1<j, k i<j, k e l#1,5

—k,++ k4~

where £’ now varies in {+1}#72. We observe now that the boundary of (¢;t; @ oy

tja *k 4 aij ~ ) is given by nf’] fj, see Figure 6.5. So, taking into account a minus sign

commg from the Mayer-Vietoris sequence, we get

bO®([o] ® 1 Z Z sgn(e HtHEl

i<j,k €& l#1,5

83



Figure 6.5: A representation of the curve (tltj antt - tlff;r - t]JC -t +@k’77) in the case
where n = 1. Observe that its boundary g1ves the opposite of the element v . depicted in

Figure 6 4

As a last step, we apply (6.4) to the sum over the &', obtaining

bOD ([ox Z H nyofs.

i<g, k l#1,5

This concludes the proof of the proposition.
O

Combining the reduction of Subsection 6.4.1 with the results of Subsection 6.4.1, we have
now completed the proof of Proposition 6.4.2. Indeed, since we now know that the maps 0, o
and 7 are all isomorphisms, applying the 5-lemma to the diagram in Equation (6.11) implies
that ®: H1(S) ®z As — Ha2(Wp; Ag) is an isomorphism, as desired.

6.4.2 The twisted intersection pairing of Wr

In Subsection 6.3.1, we decomposed the exterior of the push-in as Wy = BU Z, where B was
homeomorphic to the 4-ball. Then, in Subsection 6.4.1, we used this decomposition to build
an isomorphism ®: Hy(S)®zAs — Hay(Wp; Ag). In this subsection, we use the resulting basis
of Hy(Wg;Ag) (recall Proposition 6.4.2) to compute the twisted intersection form Ax ¢ (Wr)
of Wr. More precisely, given o, 8 € H1(S), we relate Ay, (Wr)([®a], [P5]) to the C-complex
matrix H, recall Definition 11.

Recall from Subsection 5.6, that the formula for Ay, (Wr)([®a], [®4]) involves the algebraic
intersection of ®, with t9®3 for each g € Z*. In order to pinpoint where these intersections
take place, we consider the space

I
T = |JSix[-1,11cs®
=1
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so that ®a C [ |.cqy1yn t+°B Up~ YT % 0), where p: Wr — W denotes the covering corre-

sponding to the kernel of the abelianization map m1(Wp) — Hy(Wg) and BN S3 = S3\T'.
Moreover, smoothing the corners, T' becomes a smooth submanifold of S? and, as such, its

oriented boundary admits a neighborhood 0T x [—§, d], where the positive part lives outside
of T.

The next lemma (whose proof can be understood by looking at Figure 6.6) will make it
possible to transfer information from 9B to the standard S3.

Lemma 6.4.8. There exists an orientation preserving homeomorphism between OB and S,
which brings OT x [0,1] C B to 8T x [0,6] C S3. (Notice that OT « {3} is sent to OT x {0},
while OT = {0} is sent to OT x {d}).

orT x [07 5] oT * [O, %]

0B

Figure 6.6: Schematic picture of the statement of Lemma 6.4.8.

We are now ready to prove the main result of this section. This result is precisely Theo-
rem 6.1.4 from the introduction.

Theorem 6.4.9. Let H be the C-complex matriz corresponding to the basis B of H1(S). With
respect to the image of B by the isomorphism ® of Proposition 6.4.2, the twisted intersection
form A g(Wp): Hy(Wp; Ag) x Hy(Wp; As) = Ag is represented by H. More explicitly, if o
and ®g are two of the surfaces constructed above, then we have the formula

o
Ms(We)([@a), [@6]) = D T = ) k(a®, B).
e 1=1
Proof. Fix [a], [B] € A, such that « and 8 are the nice representatives in B we used to define
the map ®. We perform homotopies which push ®, and ®g inside the interior of Wr in such
a way that

B, Cp B UP T L) L By Cp B UP (T D),

and that ®, intersect t9¢g transversally for all g € Z#. Recalling the construction of ®,
and ®g, we see that the algebraic intersection of ®, with tY®3 can now only happen in the
disjoint union of the 4-balls t"B. It follows that
def 14e— 14 —¢/
Ms(We)([Bal, [@5]) = ) (R0, t9®)t9 = > > sgn(e)sgn(e){t 2 S, 19 2 Sp)tf.
gELH gELH e’ e{£1}H

1+¢ 1+e /
Moreover, the two surfaces ta S¢, and 19t Sg only intersect when they belong to the same

lift of B, i.e. when t9¢15 =R

5 =t 2 . This occurs precisely when g = &

2

and, in this case,
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translation invariance gives us

14e—¢ 1+s

t = S,19 55> = (S5, 55).

Homotope §2,§2 C B so that their boundar/ies are respectively a° x {1} and 55 x i%}
Consequently, the algebraic intersection (Sg, S5 ) coincides with the linking number in 9B of
a° {3} and B *{3}, which in turn equals the linking number in B of o x{1} and ﬂal*{%}.
Lemma 6.4.8 now provides the existence of an orientation preserving homeomorphism from
OB to S® that brings a®x {1} to af x {g}, and 3¢ *{3} to B¢ = B x {0}. As a consequence,
we obtain
(85,53 ) = tk(a® x {6/2}, 8% ) = Lk(a®, B).

Putting everything together, we get

75l

Ms(WE)([®a], [Ps) = Y sen(e) sgn(e)lk(as, B)t 7 .

gele{£1}r

We will now algebraically manipulate this last expression in order to get the desired formula.
Factoring out the terms involving ¢’ and using (6.4) (applied to the variables ¢; '), we rewrite
this as

E+1 _
Mg (Wr)([® ngn )k (o = ngn Vk(af, )tz [] " -1).
i=1
Then, from the identity ;¢; > (t;* —1) =1 —t5, we get
Mg (Wr)([® ZH )0k (o, B),
e 1=1
which concludes the proof of the theorem. O

This concludes the more geometrical part of the proof of Theorem 6.1.2. Next, we do
some homological algebra.

6.5 Proof of Theorem 6.1.2, part III: homological algebra

We start by recalling the set-up and fixing some notation. Pushing a C-complex S into the
4-ball D* leads to properly embedded surfaces which only intersect transversally in double
points. Let W be the exterior of such a pushed-in C-complex in D%, i.e. W is the complement
in D* of a tubular neighborhood of the pushed-in C-complex as described in Section 6.3.
The aim is now to relate the Ag-twisted intersection form Ay (W) (which was computed in
Theorem 6.4.9) to the Blanchfield form on Hy(X1;As) = H1(0W;Ag). The first step is to
study the cochain complexes of OW, W and (W,0W) with coefficients in Ag, @, and Q,/As.
These 9 cochain complexes fit in a commutative diagram whose columns and rows are exact.

Keeping this motivating example in mind, we make a short detour which shall only involve
homological algebra. More precisely, given a commutative ring R, we shall consider the
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following commutative diagram of cochain complexes of R-modules whose columns and rows
are assumed to be exact:

0 0 0 (6.14)
Lo,
0 A B C 0
R
Tl el
2 LA AN e
| | |
0 0 0.

We shall write H*(D) — H*(J) for the homomorphism induced by any composition of the
chain maps from D to J. Also, H*(J) — H*'1(C) will denote the composition of the
boundary map from H*(J) to H**1(B) with the homomorphism induced by the chain map
from B to C. Alternatively, the latter map can also be described as the composition of the
homomorphism induced by the chain map from J to K with the boundary homomorphism
§%: H*(K) — H**1(C). Furthermore, 6 will denote the boundary homomorphism from
H*(K) to H**1(H). Note that these boundary maps are of degree +1 since we are working
with cochain complexes.

We now argue that there is a well-defined homomorphism from vp ker(H*(D) — H*(J))
to H*~1(K)/ ker(8%), which we shall denote by (6%)~!. Indeed, if x belongs to ker(H*(D) —
H*(J)), the definition of the latter kernel implies that (hg o vp)(z) = 0. By exactness
of the bottom row of (6.14), there is a k in H*~!(K) which satisfies 6% (k) = vp(x). Set

(6")~L(vp(z)) := k. It can be checked that (6%)~1 is well-defined.

Similarly, we shall argue that there is a well-defined homomorphism from hp ker(H*(D) —
H*(J)) to lg:((vi))’ which we shall denote by v;'. Indeed, if = belongs to ker(H*(D) — H*(J)),
the definition of the latter kernel implies that (vg o hp)(z) = 0. By exactness of the middle
column of (6.14), there is a b in H*(B) which satisfies vp(b) = hp(z). Set vg'(hp(x)) := b.
It can be checked that vgl is well-defined.

H*'(K) H*(C)
ker(d%) im(H*=(J)=H*(C))

To do this, we must show that if k lies in the kernel of 67, then §%(k) belongs to im :=
61}

im(H*~1(J) hy H*Y(K) 5 H*(C)). By exactness of the bottom row of (6.14), we have

ker(6%) = im(hy). Consequently k lies in im(h;) and thus §% (k) belongs to im, proving the

claim.

Finally, we claim that ¢} induces a well-defined map from to

We omit the proof of the following lemma which involves a lengthy but standard diagram
chasing argument. Note that the statement of this lemma was inspired by [9, Lemma 4.4].

Lemma 6.5.1. Given nine cochain complexes as in (6.14), the diagram below anticommutes:
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ker(H*(D) — H*(J)) —2 vp ker(H*(D) — H*(J)) (6.15)

lhD J/(‘;?()_l
hp ker(H*(D) — H*(.J)) H (K)
ker(d%)
[ Lo
H*(B) hp H*(C
ker(vp) im(H*~I(J)—=H*(C))"

This concludes our algebraic detour and we now return to topological matters, namely to
the nine cochain complexes which arose when we considered the exterior W of a pushed-in
C-complex in the 4-ball.

Denote by i/I/\‘/s,QM the homomorphism from H?(W;Ag) to H2(W;Q,) induced by the

inclusion of Ag into Q,. We also denote by iAWS’BW the homomorphism from H?(W;Ag)

to H2(0W;Ag). More generally, we will often implicitly follow this notational scheme: for

instance ig“fﬁg)’w will denote the map from H2(W,0W;Q,/As) to H*(W;Q,/As).

Since BS plays the role of the boundary map 5}} in our algebraic detour, there is a well-

defined BS~! from iV ker(H2(W: A H2(OW ¢ H'(OW;Qu/As) '
efined map rom iy~ ker(H*(W;Ag) — H*(OW;Qy)) Oker(Hl(BW;QM/AS)]iSH?(aW;AS)

Similarly, translating the role of v into this setting, there is a well-defined map (Z.EQH,BW),W)_l

) 2 oW
from ZAW&Q;L ker(H%(W;Ag) — H?*(OW;Q,)) to ker(HZ(Vfaévv;ng’_?g%(W;Qu)). Furthermore, we

shall denote by dg,/a, the boundary map which arises in the long sequence of the pair
(W,0W) with Q,/As coefficients.

Applying Lemma 6.5.1 to the cochain complexes of OW, of W and of (W,0W) with
coefficients in Ag, @, and Q,/Ags immediately yields the following lemma.

Lemma 6.5.2. Let W be the exterior of a pushed-in C-complex in D*. The following diagram
anticommutes:

W,0W
ZAS

ker(H2(W; Ag) — H2(0W; Q) —iy " ker(HA(W; As) — H2(OW;Q,))

JiXVSqu lBS_l

Y ker(H2(W: Ao) — H2(OW: HY (0W;Qu/As)
2., ker(H*(W; As) (OW;Qu)) ker(HL(OW:Q,./As) ES H2(0W ;A g))
(W, 0W), W _1 5
l(ZQN ) J(W.ow) l u/hs
H2(W,0W;Q,) Qu.Qu/Ag H2(W,0W;Q,/As)
ker(H2(W,0W;Q,)—H2(W;Q)) im(HY(OW;Qu)—H2(W,0W;Qu/As))

Recall from Section 5.5 that Poincaré duality provides isomorphisms from Hi(0W; Ag)
to H?(OW; Ag) and from Ho(W,0W;As) to H?(W;Ag). Both these maps shall be denoted
by PD. Furthermore, we denote by 0 the map from Ho(W,0W;Ag) to H1(0W;Ag) which
arises in the long exact sequence of the pair (W, 9W). We shall abbreviate T'H1(0W; Ag) by
T. Finally, we recall that a C-complex S = S;U...U S, is totally connected if each S; is
connected and S; N.Sj # () for all i # j.

Lemma 6.5.3. Let W be the exterior of a pushed-in C-complex in D?.
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1. Poincaré duality restricts to a well-defined map 0~ (T') — ker(H?(W;Ag) — H*(OW;Q,)).

2. If the C-complezx is totally connected, then Poincaré duality restricts to a well-defined
map T — im’aw ker(H2(W; Ag) — H?(OW;Q,.)).

Proof. In order to prove both statements, we shall consider the following commutative dia-
gram:

’iW
Hy(W,0W; Ag) 22— H2(W; Ag) —=2% HA(W:Q,) (6.16)
W,0W W,0W
l@ llAS .aW lQM

Hi(0W; As) — 2 HX0W; As) —2% H2(0W; Q).
We start with the first assertion. Given z in 971(T'), the goal is to show that PD(z) lies in
ker(H%(W;Ag) — H?*(OW;Q,)) or in other words, we wish to show that (zAWQ o zKVéW
PD)(x) vanishes. Since d(x) is a torsion element of Hi(OW; Ag), there exists a non-zero A

in Ag for which A\d(z) = 0. The commutativity of (6.16) now implies that )\(ZA Q. © ZAWSr?W o

PD)(x) = (ZRI;V,QH o PD)(Ad(z)) = 0. Since H*(W;Q,,) is a vector space and A is non-zero,
the first claim is proved.

Next, we deal with the second claim. Given a in T, we must find a d in ker(H?(W;Ag) —
H%(OW;Q,,)) such that zwaw (d) = PD(a). Since we now assume the C-complex to be totally
connected, Corollary 6.3. 4 1mplies that Hi(W; Ag) = 0 and thus 0 is surjective. Consequently,
there exists an x in Ho(W,0W; Ag) for which 0(z) = a. Since a is torsion, z is actually in
O~YT) and so the first claim implies that PD(z) lies in ker(H2(W;Ag) — H2(OW;Q,)).
Thus we set d := PD(x) and observe that the commutativity of (6.16) implies PD(a) =
PD(0(z)) = zxvaw(PD(:x)) Xvaw(d), as desired. O

Next, we deal with the evaluation maps which were described in Section 5.4. More pre-
cisely we shall consider the map from H2(W,0W;Q,) to Homp,(H2(W,0W;As),Q,) and
the map from H?(W,0W;Q,/As) to Homy,(Ha(W,0W; As), Q,./As).

Lemma 6.5.4. Let W be the exterior of a pushed-in C-complex in D*.
1. The evaluation map on H*(W,0W; Qu) induces a well-defined map

H2(W,0W;Q,,)
" ker(H2(W,0W;Q,) — H2(W;Q,.))

ev

- Hom/\s( ( ) QM)

2. The evaluation map on H?*(W,0W; Qu/As) induces a well-defined map

| H2(W, 0W; Qu/As)
(O Q) — HAW.0W;Qyjhg))  omas (@71 (T). Qufhs).

Proof. From now on, we shall write (¢, x) instead of (ev)(p)(x). We start by proving the
first assertion. First of all, by exactness we have ker(H*(W,0W;Q,) — H*(W;Q,)) =

)
m(HY(OW;Q,) 2 H*(W,0W;Q,)), where @, denotes the boundary map in the long
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exact sequence of the pair. Consequently, the goal is to show that for all ¢ in H'(OW; Qu)
and all z in &~ (T), one has (dg, ¢, z) = 0. Consider the following commutative diagram:

HY(OW; Q) = Homy ¢ (H1(0W; Ag), Qu) (6.17)
: f
HQ(M/: 8W7Q,u) = HOH’IAS (H2(W> 8W7AS)>Q}L)

Since Oz is torsion, there exists a non-zero A in Ag for which AJ(x) vanishes. The diagram
in (6.17) now gives A(dq, ¢, ) = MA@, 0z) = (p, A\d(z)) = 0. Since this equation takes place
in the field @, and X is non-zero, we get (dg, ¢, ) = 0, as desired.

To prove the second claim, start with ¢ in HY(0W;Q,) and x in 0~1(T). We denote
by ig‘:LV,Qu/As the homomorphism from H'(OW;Q,,) to HY(0W;Q,/As) and by 0Q,/As the
boundary homomorphism from H'(OW;Q,/As) to H*(W,0W;Q,/As). We wish to show
that ((dg, /as © i%KQH/AS)(go),@ = 0. Since ¢ is Q,-valued and O(x) is torsion, the result
also follows from the commutativity of (6.17). O

Recall that we denote by BS™! the map from imaw ker(H%(W; Ag) — H2(OW;Q,)) to

H' (OW;Q,/As)
ker(H(OW;Qu/As)—H?(OW;Ag)
we obtain the following lemma.

which appeared in Lemma 6.5.2. Combining the previous results,

Lemma 6.5.5. Let L be a p-colored link and let W be the exterior of a pushed-in totally
connected C-complex for L. The squares and triangle in the following diagram commute,
while the top pentagon anticommutes. Furthermore, the map T' := evoBS™! o PD coincides
with the adjoint of the Blanchfield pairing BI(L).

o~(T) 9 T
lBS‘loPD
(G2l ) oPD —Hl(imgg)/AS)
s ev
W) s H%W@ng:;:)
ker(HZ(W,0W:Q,) = HZW,Q,)) (T (0W;Q,)— H2(W,0W;Q, /As)) Homn (T, Qu/As)

evl K J{a*
Homn. (017, Q) Homn, (0-1(T), Q/As).
(6.18)

Proof. We start by arguing that the maps in (6.18) are well-defined. For the upper right eval-
uation map, this follows from the same argument as the one which was used in Lemma 6.2.1.
All the other maps are well-defined thanks to Lemma 6.5.2, Lemma 6.5.3 and Lemma 6.5.4.
The top pentagon anticommutes thanks to Lemma 6.5.3 and Lemma 6.5.2. The remaining
squares and triangle clearly commute. To prove the second assertion, we start by noting
that Lemma 6.3.5 implies that the inclusion induced map H;(Xr;Ag) — H1(OW;Ag) is an
isomorphism. Using this fact, we observe that I' is defined exactly as the adjoint {2 of the
Blanchfield pairing was, see Section 6.2. O
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Looking at the leftmost column of (6.18), we wish to define a pairing on 9~1(T). To do
this, we start by considering the composition

©: 0 NT) B ker(H2(W; Ag) — H2(OW;Q,))

iW

9, ker(HA(W; Ag) — H2(0W; Q)

R HQ(VV, aW;Q,u)
ker(H2(W,0W; Q) — H>(W; Q)

AN Homy ,(01(T), Q)

of Ag-linear homomorphisms, where the third arrow denotes the homomorphism (igraw)’w)*l

which was described in the discussion leading up to Lemma 6.5.2. Note that the first map
is well-defined thanks to Lemma 6.5.3, the second map is obviously well-defined, the discus-
sion prior to Lemma 6.5.2 ensures that the third map is well-defined, and the fourth map is
well-defined thanks to Lemma 6.5.4. We define the desired pairing on 9~(T') by

0(z,y) :== O(y)(z).

Recall from Lemma 6.5.5 and its proof that the pairing defined by I" on T'H;(0W; Ag) coin-
cides with the Blanchfield pairing on T'H;(X1; Ag). Using these identifications, Lemma 6.5.5
implies the following proposition.

Proposition 6.5.6. Let L be a p-colored link and let W be the exterior of a pushed-in totally
connected C-complex for L. The following diagram commutes:

O~ (TH\(OW; Ag)) x 0~N(TH1 (OW; Ag)) ——— Q, (6.19)

laxa l
BI(L)
TH{(OW;Ag) x TH1(OW;Ag) ————— Q#/AS.

As (6.19) suggests, the computation of the Blanchfield pairing now boils down to the
computation of 6. The remainder of the proof is devoted to this task.

From now on, we shall assume that W is the exterior of a pushed-in totally connected
C-complex. Recall from Section 5.6 that the intersection form A, (W) on W is defined as
the adjoint of the composition

O: Hy(WiAg) 5 Hy(W,0W; Ag) 2% H2(W; Ag) < Homa, (Ha(W; Ag), Ag). (6.20)

In other words, Ay (W)(z,y) := ®(y)(x). In particular, we notice that ® vanishes on ker(7)
and descends to a map on Ha(W; Ag)/ker(i) which we also denote by ®.

Since we assumed that W is the exterior of a pushed-in totally connected C-complex,
Corollary 6.3.4 implies that H;(W;Ag) = 0. Thus, there is an exact sequence

Ho(W; Ag) 5 Ho(W,0W; Ag) 2 Hy(OW; Ag) — 0.

Consequently, from now on, we shall identify H1(OW; Ag) with the cokernel of the map 7. In
particular, elements of H;(0W;Ag) will be denoted by [z], where z lies in Ho(W,0W; Ag).
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Furthermore, we shall identify the boundary map 0 with the quotient map of Ho(W,0W; Ag)
onto coker(i). In other words, we allow ourselves to interchangeably write d(z) and [x].

Let A be the order of THy(0W;Ag) and let z,y be in 0~ Y(T). Since [z] and [y] are
torsion, there exists zp and yo in Hao(W; Ag) such that Az = i(xo) and Ay = i(yp). Define a
Q,-valued pairing ¢ on 0~1(T') by setting

¢($ y) = A2 /\AS(W)(l'O?yO)'

Observe that 1 is well-defined: if o and x, both satisfy i(x¢) = Az = i(z(), then zo — z,
lies in ker(i) and thus Ay 4 (W)(zo — z(,y) = 0, as we observed above. The same reasoning
applies to the second variable. In particular, we could have very well taken :co and yo in
Hy(W; Ag)/ ker(i). Summarizing, we have two Q,,-valued pairings defined on 9~1(T") and we
wish to show that they agree:

Proposition 6.5.7. 0 is equal to 1.

Before diving into the proof, let us set up some notation. First, we define a map
j: 07HT) — im(i) as follows. Given z in 0~ 1(T), we set j(x) := i(zo), where g is any
element of Hy(W; Ag) which satisfies i(z9) = Az. The map j is easily seen to be well-defined.
Next, we set
iW,BW 8W
K = ker(H2(W; As) "S5 H2(OW;As) =% H2(0W;Q,)).

Note that K already appeared in Lemma 6.5.2 as well as in the definition of . The discussion

leading up to Lemma 6.5.2 also provided a homomorphism (i g/[/(?W) W)

iV - (K). For the moment however, we shall rename it as
ASvQM

whose domain was

k" ing g, (K) — ker(H2(W, OW; Qu) - Zﬂ(W Qu))

and recall its definition. Given ¢ in K, the definition of K implies that (i E)I;VW o ZK{@ QH)(QZ))

vanishes. Using the exactness of the long exact sequence of the pair (W, 0W) with @, coeffi-

cients, it follows that z(QW(?W) &) = z'/V\VS’QM(qb) for some £ € H?(W,0W;Q,,). The map k* is

defined by k*(zAS 0.(#) =&
Remark 6.5.8. Note that if ¢ = ZAW8W) (o) for some ¢ in H*(W,0W;Ag), then the

description of k* becomes more concrete. The reason is that we can pick £ to be i) Q
Indeed, we have

(W, 0W),W (W,0W (W,0W . W,0W .
i ey = 5 o iV () = (iR g, o ik () =ik 0, (0),

where the second equality follows from the diagram below:

(W,0W)

H2(W,0W; Ag) ~225 H2(W,0W;Q,) (6.21)
l (W,0W),W li(w,aw),w
AS iW Qu
H2(W; Ag) —=2" s HX(W; Q).

Summarizing, we have (k* o Z/V\V Q. © ZX/L/BW) () = E\VZ%‘Z/)(@)
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Let us temporarily write V instead of Ho(W;Ag). Proposition 6.5.7 will follow if we
manage to show that all the maps in (6.22) are well-defined and produce a commutative
diagram. Indeed, in this diagram, there are two routes which lead from the upper right
corner to the lower left corner. Taking the uppermost route produces the pairing ¢, while
the lowermost route produces 6:

] . . J _

- : n() o1 (1)

> PD PD

(W,0
Homy (g ): As) Sy o DY) K
ix‘fngp, iAstH
1
. (W,0W),W x .
Horms (3772 iy g, o5 o DY) A0, )
ﬁj*(i—l)* k* k*
xev . (W,0W),W X H2(W,0W;
Hom, (0-1(T), Q) «————k*0ill o oig. ™" o PD(V) S mriiv kb avony

ev
(6.22)
We begin by arguing that all the maps in (6.22) are well-defined. We already checked that
the rightmost vertical maps are well-defined, see Lemma 6.5.2 and Lemma 6.5.3. The middle
Poincaré duality map is well-defined: this follows immediately from the equality PD oi =

ig\asw’w)’w o PD. Next, we deal with the two horizontal maps on the bottom right. First

iW,aW
observe that Z.E\OSW,W),W o PD(V) is a subspace of K: indeed K = ker(Ha(W;Ag) s,
;OW

(2
Hy(OW; Ag) ikl Hy(0W;Qy)), and iy\[;’aw o Z.SXV;WW),W = 0 by exactness. Consequently

iAWs,Qu o ig\VZ’aw)’W o PD(V) is a subspace of Z'KVS,QH (K). It then follows that £* o Z’/V\‘;Qu o

iE\V:’aw)’W o PD(V) is a subspace of the term in the lower right corner. Since these spaces are

@Q,-vector spaces, multiplication by % makes sense. It also follows from these observations
and Lemma 6.5.4 that the lower two evaluation maps in (6.22) are well-defined. The upper
two evaluation maps are well defined since induced maps commute with evaluations. The
next lemma will conclude the proof of Proposition 6.5.7.

Lemma 6.5.9. All the squares in (6.22) commute.

Proof. The upper left square commutes by definition of ®, see (6.20). The middle left square,
the bottom right square and the bottom triangle all clearly commute. Let us now deal with
the large rectangle on the upper right. Start with x in 9~!(T"). Using the definition of j, we
have j(z) = i(xg), where xq lies in Ho(W; Ag) and satisfies i(xg) = Az. The desired relation
now follows readily:

1. . 1. _ :
K (5,0, 0 PD o j)(@) = < (ing 0, © PD 0 i)(z0) = (i q, © PD)(@)-
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Finally, we deal with the lower left square. Let ¢ be in H2(W,0W; Ag) and let x be in 9~ 1(T).
Using once again the definition of j, we have (i~! o j)(z) = [z0] where xq lies in Ho(W;Ag)
and satisfies i(z9) = Axz. Consequently, we get the relation

S0, i), (17 0 )@ = 35U, oY), ool = 5Tl

1
= Z<907x>7

where in the second equality, we simultaneously used that induced maps commute with eval-
uations and the fact that z'AW&Qu changes the coefficients without affecting the expression
involved. On the other hand, recalling the conclusion of Remark 6.5.8, we can compute the
other term:

1, . . (W,OW), W L (wew 1
K 0l g, 0ife ™M) (0)a) = T(iNLg) (). @) = K (e,).

A

Combining these observations, the lower left square of (6.22) commutes. This concludes the
proof the lemma and thus the proof of Proposition 6.5.7. O

We now use Theorem 6.4.9 and the basis provided by Proposition 6.4.2 in order to show
that the homomorphism i: Ho(W; Ag) — Ho(W,0W; Ag) can be represented by the transpose
HT = H of the C-complex matrix H.

Lemma 6.5.10. If the C-complex S is totally connected, then there are bases with respect to
which the homomorphism i: Hy(W; Ag) — Hao(W,0W; Ag) is represented by H' .

Proof. We first claim that the evaluation map H?(W;Ag) — Homp,(H2(W;Ag), Ag) is an
isomorphism. We use the universal coefficient spectral sequence of Theorem 5.4.4 where the
nonsingular 71 (WW)-invariant sesquilinear pairing is given by the multiplication Ag x Ag —
Ag, (x,y) — xy. This spectral sequence has Egjq = Ext%s (Hp(W;Ag),Ag), has differentials
of degree (1 —r,7) and converges to H*(W; Ag). Since we have Hy(W;Ag) = Hi(W;Ag) =0
by Lemma 5.7.3 and Corollary 6.3.4, it follows that ELT =0 = E% for each q, and EX0 =
Homp (H2(W;Ag),Ag). The claim now follows readily by studying the resulting filtration
of H Q(W; As).

Next, we pick our basis & for H;(S) (recall the beginning of Subsection 6.4.1). This basis
yields generalized Seifert matrices A° for L and it induces a basis € of Hay(W;Ag), recall
Proposition 6.4.2. We endow Homp g (H2(W; Ag), Ag) with the corresponding dual basis €.
Now we consider the following commutative diagram of Ag-homomorphisms

Hy(W; Ag) —"2— H2(W,0W; As) (6.23)

| |

Hy(W,0W; Ag) —22— H2(W; Ag) —=— Homy, (Hz(W; Ag), Asg).

Here the bottom-right map is an isomorphism thanks to the claim. We now assert that with
respect to the bases % and €*, the homomorphism

O : Hy(W;As) — Homp, (Ha(W; Ag), As)
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is represented by the matrix H?. By definition, the intersection pairing is given by A (W) (z,y) =
O(y)(x). In Theorem 6.4.9, we found out that the matrix representing A (W) with respect
to the basis ¢ is H. If € = {z1,...,x,}, we can hence write

n n
DX CCEED R EED WIS v
=1 1=1

which proves the claim. Notice that in the first equality, the bar appears because of the
involuted structure of Homp ,(Ha(W; Ag), Ag), while the last equality is true because H is a
Hermitian matrix. Now we equip Ho(W,0W; Ag) with the basis induced from €* and the
bottom two isomorphisms in the diagram of equation (6.23). Then, by commutativity of the
diagram, the left vertical map is also represented by HT. ]

We are now in position to conclude the proof of Theorem 6.1.2.

proof of Theorem 6.1.2. Let L be a colored link and let W be the exterior of a pushed-in
totally connected C-complex for L. Recall that 7 denotes the inclusion induced map from
Hy(W;Ag) to Hy(W,0W; Ag) and that given torsion elements [z] and [y] in H1(X1;Ag) =
H(0W;Ag) = coker(i), there exists ¢ and yo in Ha(W;Ag) such that i(zg) = Az and
i(yo) = Ay. Using Proposition 6.5.6, we already know that BI(L)([z], [y]) = —60(x,y). Next,
Proposition 6.5.7 implies that 6(z,y) = ¢ (z,y) = é)\/\s (W)(x0,y0). Summarizing, we have

BI(L) (o], [y) = ~0(r,) = ~(x,) = ~ g Mg (W) (0, 30) (6:24)

Note that any choice of zg,yo will do since Apq (W) vanishes on ker(i); this was already
noticed in the definition of 1. Furthermore, note that (6.24) holds independently of the
chosen representatives = and y for the classes [z] and [y]. Indeed if x and 2’ represent [z],
we claim that ¢ (z,y) and ¥(2’,y) coincide in Q,/Ag, i.e. that )(z — 2’,y) lies in Ag; the
same proof will hold for the second variable. Since x and 2’ both represent [z], there is a v
in Hy(W;Ag) for which  — 2’ = i(v). Consequently i(Av) = Ai(v). Picking yo such that
i(yo) = Ay and using the definition of Ay (1), the following equalities prove our claim, since
the rightmost term lies in Ag:

Yo~ 'y) = 0(i0),9) = 33 7Ms(7)(A,50) = 1 ((PD o 9)(30), ) = (PD(y), v).

Using Theorem 6.4.9, we know that there are bases with respect to which the intersection
pairing A (W) on Ho(W;Ag) is represented by the C-complex matrix H described in the
introduction. Furthermore, with respect to the same bases, it was observed in Lemma 6.5.10
that the map i is represented by H = H”. Consequently, Equation (6.24) can be reformulated
as follows. Let n denote the rank of the Ag-module Hy(W; Ag). Given [z],[y] € TH1(X1;Ag),
we have BI(L)([z], [y]) = —azad Hyo for any choice of o, yo € A% such that Hzo = Az and
Hyo = Ay. Using the notations of the introduction, this can be written as

BI(L)([z], [y]) = —Au([], [y])-

Up to now, we always supposed that W arose by pushing in a totally connected C-complex.
Thus, a priori, Theorem 6.1.2 only holds for C-complex matrices which arise from totally
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connected C-complexes. To conclude the proof of Theorem 6.1.2, it therefore only remains
to check that the pairing Ay is independent of the choice of a C-complex for L.

The proof follows closely the reasoning of Remark 3.3.12. As explained in [41, p. 1230], if S
and S’ are two C-complexes for isotopic links, then the corresponding C-complex matrices H
and H' are related by a finite number of the following two moves:

H ¢ 0
H—H®(0) and Hw— | A af,
0 o 0

with « a unit of Ag. In the first case, the Ag-module g/ﬁAg picks up a free rank 1 factor,
so its torsion submodule is left unchanged. It can then be checked that Ay and Ayg ) are
canonically isometric. In the second case, since « is a unit in Ag, one can assume via the
appropriate base change that H is transformed into H® ({ §). One can then once again check
that the forms associated to these two Hermitian matrices are canonically isometric. O

6.6 Applications of Theorem 6.1.2

In this section, we provide several applications of Theorem 6.1.2. First, in Subsection 6.6.1
we give a new proof that the Blanchfield pairing is Hermitian and nonsingular. Then, in
Subsection 6.6.2 we give quick proofs of some elementary properties of the Blanchfield pairing.
Finally, in Subsection 6.6.3 we apply Theorem 6.1.2 to boundary links.

6.6.1 The Blanchfield pairing is Hermitian

In this subsection, we prove Corollary 6.1.3 which states that the Blanchfield pairing is non-
singular, Hermitian and takes value in (A%")"*Ag/Ag, where AY" denotes the first non-
vanishing Alexander polynomial of L over Ag. Using Theorem 6.1.2, this reduces to showing
the corresponding statement for \p;, where H is any C-complex matrix for L. Since this is a
purely algebraic statement, we shall prove it in a somewhat greater generality.

First we recall some terminology. Let R be an integral domain with involution and let Q(R)
be its field of fractions. Given an R-module V', a pairing b: V xV — Q(R)/R is sesquilinear if
it is linear in the first entry and antilinear in the second entry. A sesquilinear pairing b is non-
degenerate (respectively nonsingular) if the adjoint map V' — Hompg(V,Q(R)/R), p— (¢ —
A(p, q)) is a monomorphism (respectively an isomorphism) and Hermitian if A(w,v) = A(v, w)
for any v,w € V.

From now on, we make the additional assumption that R is Noetherian and factorial.
Let H be a Hermitian nxn-matrix over R, and let A denote the order of the R-module Torg(R"/HR™).
Given classes [v] and [w] in Torg(R"/HR™), there exists vg,wp in R"™ such that Av = Huy
and Aw = Hwy. Proposition 6.6.2 will show that setting

Mol [w]) = 508 Heg

gives rise to a well-defined, Hermitian and nonsingular A~! R/ R-valued pairing on Torg(R"/H R").
Before proving this result, we explain its connection to the Blanchfield pairing.
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Remark 6.6.1. Let M be an R-module. For k > 0, let A®)(M) denote the greatest common
divisor of all (m—k) x (m—k) minors of an m x n presentation matrix of M. Denoting by r the
rank of M, it is known that the order of Torg(M) is equal to A (M), see [150, Lemma 4.9].
If M is presented by a Hermitian matrix H, the above discussion and the equality H = H”
guarantee that A = A.

Taking R to be Ag and H to be a C-complex matrix for a link L, we now claim that A
is equal to A'Y*(L), the first non-vanishing Alexander polynomial of L over Ag. First of all,
note that while the Ag-module A%/HA? may not be equal to Hy(Xp; Ag), their torsion parts
agree, see Remark 3.3.12. The claim now follows from the fact that the order of TH;(Xr;Ag)
is equal to the first non-vanishing Alexander polynomial of L, as mentioned above.

Combining Theorem 6.1.2 with Remark 6.6.1, the following proposition will immediately
imply Corollary 6.1.3.

Proposition 6.6.2. The assignment (v, w) — ﬁ’UOTHUTO induces a well-defined pairing
i Torg(R"/HR™) x Torg(R"/HR"™) — A™'R/R

which is Hermitian. Furthermore, if det(H) is non-zero, then this form is induced by (v, w) —
Trr—1-
vt H w.

Proof. Let us first check that this definition is independent of the choice of vg in R™ such
that Av = Hwvg. Any other choice is of the form vy + k& with k& in R™ such that Hk = 0.
Since H is Hermitian, we have the equalities
1 1
A2 A?
which give the result. A similar argument shows that the definition is independent of the
choice of wg such that Aw = Hwg. Next, let us check that it does not depend on the choice
of v representing the class [v]. Any other choice is of the form v + Hu where u lies in R";
since A(v + Hu) = H(vg + Au) and A = A, the element
L(A )TH—_ l TH—_ T—
Az (B wo = xu Hg =w'
belongs to R, so the class in Q(R)/R is indeed well-defined. A similar argument shows that
it does not depend on the choice of w representing the class [w], thus concluding the proof
that A\g is well-defined. The fact that A\g is sesquilinear is clear, and it is Hermitian since H
is and A = A.
To show the second claim, note that if det(H) is non-zero, then H is invertible over Q(R)

k' Huwg = — (Hk)Twg = 0,

so the equation Av = Huy is equivalent to vy = N (and similarly for wg). Replacing vg
and wp by these values and using one last time the fact that H is Hermitian, we obtain the
result. This concludes the proof of the proposition. O

6.6.2 Some properties of the Blanchfield pairing

Let R be a Noetherian factorial integral domain with involution. Before dealing with the
properties of the Blanchfield pairing, we start by investigating the behavior of Ay under
direct sums and multiplication by norms.
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Lemma 6.6.3. Let Hy,..., H, and H be Hermitian matrices over R and let u be a unit of R.
1. Setting B:= H1 ® ... ® H,, one has \p = @, A\, .
2. The pairings Aygg and Ay are isometric.

Proof. We start by proving the first assertion. Assume that each H; is of size k;, set k :=
k1+...+k, and observe that R¥ /BR¥ is equal to R¥' /HRM @& R* /HyRF2 @. . .@ Rk« /H, R*».
Since the torsion of the latter direct sum is equal to the direct sum of the torsion of the
RF JH;RFi | it follows that the order of Torg(R*/BR") is equal to the product of the orders
of the Torg(R¥ /H;R*). We shall write this as A = A;---A,, where A; denotes the order
of Torg(R¥ /H;R*).

Next, we compute the sum of the A\y,. Let z = ' @©2?®.. . @at andy =yl Dy?@... DyH
be torsion elements in R* /BR*. Relying on the previous paragraph, the z* and g are torsion
in RFi/H;R¥, and so there exists x{ and y which satisfy H;z} = A2 and Hyyh = Ayl
Thus, by definition we have

B H
P ru => —2 z0) T Hyl. (6.25)
i=1 =1 Z

In order to compute Ap and conclude the proof we proceed as follows. We define an element
g in Rk/BRk by requiring its i-th component to be equal to AAi_lx%. This way, the i-
th component of Bz is E(AA;%%) = AA;lﬁixg = Az’ and thus Bzg = Az. We can
therefore use xo and yp to compute A\p(z,y) and we get
1T—1n —1¢T7—1¢n1z‘T7
AB(z,y) = Az%0 B = 3 Z(AAi x0)" Hi(AA yp) = Z E(ﬂ«"o) Hiyg,
i=1 i=1 "t
which agrees with (6.25). This concludes the proof of the first statement.

To deal with the second statement, first observe that since u is a unit, so are u and
uti. Consequently R"/HR" is equal to R"/(uuH)R" and thus the corresponding torsion
submodule supports both the pairings A\ and A\yzz. To prove the assertion, we wish to show
that the automorphism ¢ defined by sending = to w ™'z provides the desired isometry. To
see this, start with torsion elements x and y in the cokernel of H and let zg, y9 be such that
Hxo = Az and Hyp = Ay. Since u is a unit, (um) ! lies in R, and thus (vaH )((vi) 'zg) =
Ax and similarly for y. It follows that

Nt (2, Y) = A12(( @)~ o) (wuH ) ((uw) ~1yo) = (uw)” Acholrﬂfyo—(uu) A (z,y)-

On the other hand, the sesquilinearity of Ay immediately implies that Ag(¢o(x), ¢(y)) =
Mg (u™tz,uty) = (ui) Ay (z,y). Consequently Ay and \zy are isometric, which concludes
the proof. O

We can now apply Lemma 6.6.3 to obtain some results on the Blanchfield pairing. Before
that however, we briefly recall some terminology from Section 3.2. Given a C-complex F' =
FiU...UF, and a sequence ¢ = (e1,...,¢,) of +1’s, pushing curves off F; in the ¢;-normal
direction fori = 1,..., u produces amap i¢: Hy(F) — H;(S3\F). The assignment af(z,y) :=
lk(is(x),y) gives rise to a bilinear pairing on H(F') and thus to a generalized Seifert matrix
A® for L. In the next two propositions, we shall denote by BI(L)(t1,...,t,) the Blanchfield
pairing of a p-colored link and similarly for the C-complex matrices.
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Proposition 6.6.4. Let L' = L1U...UL,_1UL,, and L" = L})UL,+1U...UL, be two colored
links. Consider a colored link L = Ly U ...U Ly, where L, is a connected sum of L), and
L) along any of their components. Then BI(L)(t1,...,t,) is isometric to BI(L')(t1,...,t,) ®
BI(L")(ty, ... tu)-

Proof. Denote [[,,(1—t;')(1—#;) by u1 and [];, (1 —t;")(1—;) by us. Given a C-complex
F' for L' and a C-complex F” for L”, a C-complex for L is given by the band sum of F’ and
F" along the corresponding components of F/, and F)/. Consequently, A5, = A%, @ A%, with
e =(e1,...,e,) and €” = (e, ...,€,). It follows that a C-complex matrix H for L is given
by

H=uH'(t1,...,t,) ®usH" (t,, ..., t,).
Denoting these matrices by H' and H”, Theorem 6.1.2 and the first assertion of Lemma 6.6.3

imply that BI(L) is isometric to Ay, g7 @ Ay, . Since u; and ug are of the form vu with u a
unit of Ag, the result follows from the second assertion of Lemma 6.6.3. O

I/ D C 14 I/ :'g_‘ 14

Figure 6.7: Performing a trivial band clasping of the links L' and L”.

Recall that a trivial band clasping of two links is the operation depicted in Figure 6.7. A
proof similar to the one of Proposition 6.6.4 yield the following result.

Proposition 6.6.5. Let L' = Ly U...UL, and L" = L, 1 U... UL, be colored links with
disjoint sets of colors.

1. Consider a colored link L obtained by trivially band clasping L, and L,1 along any of
their components. Then BI(L)(t) is isometric to BI(L')(t") & BI(L")(t").

2. Consider the colored link given by the disjoint sum of L' and L". Then BI(L)(t) is
isometric to BI(L')(t") & BI(L")(t").

We conclude this subsection by studying the effect of orientation reversal and taking the
mirror image.

Proposition 6.6.6. Let L be a colored link.
1. If L denotes the mirror image of L, then BI(L) is isometric to — BI(L).

2. If —L denotes L with the opposite orientation, then Bl(—L) is isometric to BI(L).

Proof. If F is a C-complex for L, then the mirror image F’ of F is a C-complex for L. It
follows that H' = —H. Since these two matrices present the same module, the corresponding
torsion submodule supports both Ay and A_g. We claim that the automorphism which
sends = to —x gives the required isometry. Indeed, if Hxg = Az and Hyy = Ay, then
(—H)zo = A(—z) and (—=H)yo = A(—y). Consequently \_p(—=z,—y) and —Ay(z,y) are
both equal to —:L{H%. The result now follows from Theorem 6.1.2. The second assertion
follows similarly by noting that a C-complex matrix for —L is given by H and by using the

fact that Ay is Hermitian. ]
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6.6.3 Boundary links

Before computing the Blanchfield pairing of a boundary link, we recall the terminology from
Subsection 3.5.2. An m-component boundary link is a link L = Ky U ... U K, whose n
components bound n disjoint Seifert surfaces Fi, ..., F,. Set F' = FiLl...UF,. Pushing curves
off this boundary Seifert surface in the negative normal direction produces a homomorphism
i~ Hi(F) — H1(S®\ F). The assignment (z,y) := ¢k(i~(x),y) gives rise to a pairing on
H,(F) and to a boundary Seifert matriz for L. Since Hi(F') decomposes as the direct sum
of the Hi(F;), the restriction of § to Hy(F;) x Hy(F;) produces matrices A;;. For i # j,
these matrices satisfy A;; = AjTi, while A;; is nothing but a Seifert matrix for the knot K;.
Let g; be the genus of Fj, let I be the k x k identity matrix, let 7 be the block diagonal
matrix whose diagonal blocks are t11lag,,t212g,,...,tnl2g, and set g := g1 + ...+ g,. We use
Theorem 6.1.2 in order to give a new proof of the following result, originally due to Hillman
[88, pages 122-123], see also [46, Theorem 4.2].

Theorem 6.6.7. Let L = K1 U...U K, be a boundary link. Assume that A is a boundary
Seifert matrixz for L of size 2g. The Blanchfield pairing of L s isometric to
A¥J(Ar — ATYAY x AY J(AT — AT)AY — Q,/As
(a,b) = al (A —7ATY "Y1 — Ipy)b.

Proof. Let F be a boundary Seifert surface which gives rise to A. View F as a C-complex
for L. We saw in the proof of Proposition 3.5.3 that a C-complex matrix for L is given by

H = uti(Iyy — 7)1 (A — 7AT). (6.26)

and that the module presented by H = H” is canonically isomorphic to the module presented
by At — AT. As the isomorphism is induced by the identity of A%, we shall slightly abuse
notations and consider these modules as “equal”, see the second left vertical arrow in (6.27).
Furthermore, we also saw in Proposition 3.5.3 that A?gg /ﬁAég is Ag-torsion. Now consider
the following diagram:

BI(L)

THl(XL;AS) X THl(XL;As) Q#/AS (6.27)
A29 A29 (a,b)—»—aTH™ b
AT X AT Qu/hs
Aifl Aég (a,b)~aT (va) "L (A—TAT) Y (T—1I24)b
(Ar—AT)AY 7 (Ar—AT)AY Qu/As
(a,b)—(u"ta,u"1b) =
2 2 a,b)—aT (A—TATY "1 (1—I24)b
AY AY (ab)—a” ( )T H(r—12g) QM/AS~

2 2
(Ar—AT)AZ 7 (AT—AT)AZ

The top square commutes by Theorem 6.1.2. Note that Corollary 6.1.3 ensures that Agr(a,b) =
—a”H~1'b: indeed we argued above that A?gg /FA@Q is torsion. The middle rectangle, com-
mutes thanks to (6.26). Finally, the commutativity of the bottom square follows from a direct
computation. This concludes the proof of the theorem. ]
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In the case of knots, we can actually get the result over A by a similar argument, see [52,
Section 5.3] for details.

6.7 Further remarks

A key idea in the proof of Theorem 6.1.2 is that Hi(OWr;As) = Hi(X1;As), where F is a
pushed-in C-complex, i.e. a particular type of colored bounding surface, see Definition 14.
Looking back at the proof of this fact, see Lemma 6.3.5, we observed that 0Wr decomposes
as the union of X and a 3-manifold Mp. This latter 3-manifold is a particular case of a
so-called plumbed 3-manifold. This section reviews this concept, referring to [90, 131], as
classical references as well as to [21, 82]. These concepts will then be used in Chapters 7
and 8.

6.7.1 Plumbed 3-manifolds

We begin by setting up notation. Let G = (V, E) be an unoriented graph with no loops,
where s: E — V and t: E — V are the source and the target maps and ¢: £ — FE is the
involution of the edges, see e.g. [142, Section 1.2]. We shall sometimes also denote i(e) by e,
and we assume that the edges e € E are labeled by weights e(e) = £1.

Definition 20. For v,w € V denote by E(v,w) = {e € E: s(e) = v,t(e) = w} the set of
all edges between v and w. A graph G = (V, E) is balanced if for each pair (v,w) of distinct

vertices, the sum ) )—, €(e) vanishes.
tle)=w

From now on, we shall assume that the set of vertices V' consists of oriented, connected
and compact surfaces F'. Consider the disjoint union | |pcy F' x S I and pick a collection of
disjoint discs D, C s(e) for each edge e € E. Denote the complement of these discs in F' € V
by

F°P=F\ |J D..

s(e)=F

Furthermore, denote by ~ the equivalence relation on | 5oy £ x S 1 defined by

(—0De) x S* = (=0Dy()) x S* (6.28)
(yhat) ife(e) =1,
(@9) = {(y,:ﬂ) if e(e) = —1.

The main definition of this section is the following.
Definition 21. The plumbed 3-manifold associated to the graph G = (V, E) consists of the
3-manifold
Ph(G) := <|_| F° x 51> / ~

Fev

where for all e in E, the identifications are given by (6.28). Furthermore, we shall say
that Pb(G) is balanced if the graph G is balanced.
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Since the identifications of (6.28) make use of orientation reversing homeomorphisms,
the 3-manifold Pb(G) carries an orientation which extends the orientation of each F° x S?.
Note that the orientation —9D, is the one obtained by considering the circle as a boundary
component of F°. This is the opposite of the one induced by the boundary 9D, of the removed
disk. In the general context of plumbing disk bundles, one trivializes over the removed disks,
which causes the two formulas to flip, see e.g. [90, Chapter 8 p.67].

6.7.2 The boundary of Wy and plumbed manifolds

In the remainder of this chapter and in the next, plumbed 3-manifolds will mostly appear
as boundaries of tubular neighborhoods of collections of surfaces in the 4-ball. To make this
precise, we slightly generalize the notion of a colored bounding surface to the situation where
the coloring of the link is irrelevant.

Definition 22. A bounding surface of a link L is a union F' = Fy U...U F,, of properly
embedded, locally flat, compact, connected and oriented surfaces F; € D* which only intersect
each other transversally in double points, and 9F = L.

Note that we require each F; to be connected. Forgetting about the colors, a colored
bounding surface turns into a bounding surface formed by the union of its connected pieces.
Generalizing the observation we made for pushed-in C-complexes, we note that the exterior
of a bounding surface contains a plumbed 3-manifold in its boundary.

Definition 23. The intersection graph (V, E) of a bounding surface F' = FyU...UF,, has the
vertices set V' = {F1,..., Fi,}. The set of edges E consists of triples e = (x, F}, Fj) where x
is an intersection point between the components F;, F; € V. The maps s, ¢, are defined on e
by

s(e) =F; tle)=1F; ie)=(z, Fj,F).

Moreover, we assign a weight €(e) = %1 to each edge e = (z, Fj, F}j) corresponding to the sign
of the intersection at the point x.

Our interest in plumbed 3-manifolds essentially lies in the next example, which is only
balanced if the link has pairwise vanishing linking numbers.

Example 6.7.1. Let ' C D* be a bounding surface for a link L. Set W := D*\ vF and
Mp = vF N Wpg. This way, the boundary of Wy decomposes into OWr = X1, Uy g1 Mp.
Plumbing the trivialized disk bundles F; x D? by the intersection graph of F describes a
neighborhood vF of F. In this model, the surfaces F; are recovered as the zero sections F; x
{0} [90, Chapter 8]. As a consequence, we see that My is diffeomorphic to Pb(G), where G
is the intersection graph of F.

Let L be a colored link. We conclude this section by a slightly offtopic remark, which
nevertheless makes use of the decomposition OWr = X Uy g1 Mp, for F' a colored bounding
surface. Namely, we observe that the untwisted signature of Wx vanishes. This result shall
be used several times in Chapter 8.

Proposition 6.7.2. If F' is a colored bounding surface for a p-colored link L, then the un-
twisted intersection form of Wg is trivial.
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Proof. Consider the portion Hao(Mp) — Ho(Wp) @ 0 — 0 of the Mayer-Vietoris sequence
associated to the decomposition D* = WrUvF. Tt follows that the map Ho(Mp) — Ho(Wr)
is surjective. Since Mp is contained in the boundary of Wg, the natural map j: Ho(0Wpg) —
Hy(Wp) must also be surjective. The statement follows immediately since elements of im(j)
annihilate the intersection form, see Section 5.6. O
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Chapter 7

Technical results: Twisted
signatures and plumbed 3-manifolds

7.1 Introduction and statement of the results

This chapter has two goals. First, Section 7.2 reviews a coefficient system which plays a
crucial role in Chapter 8. Secondly, Sections 7.3, 7.4 and 7.5 deal with technical results which
will be needed in some proofs of Chapter 8 and especially in Section 8.5. Consequently, we
urge the reader to skim through the short Section 7.2 (or to read Example 5.6.3) but to skip
the remainder of this introduction as well as Sections 7.3, 7.4 and 7.5, and only return to
them if needed, e.g. after having read Chapter 8. Finally, we note that the results described
here were obtained in joint work with Enrico Toffoli and Matthias Nagel [53].

Let G = (V, E) be an unoriented graph with no loops and whose edges e € F are labeled
by weights £(e) = £1. Assume that the set of vertices V' consists of oriented, connected and
compact surfaces F'. Consider the disjoint union | |pcy F xS 1 and pick a collection of disjoint
discs D, C s(e) for each edge e € E. Denote the complement of these discs in F' € V by
F° = F\ Ug(e)=r De. Recall from Subsection 6.7.1 that the plumbed 3-manifold associated
to G consists of the 3-manifold

Pb(G) := <|_| F° x Sl> / ~
FeV

where for all e € E, the identifications were given in (6.28). Recall furthermore that Pb(QG)
is balanced if G is balanced, see Definition 20. From now on, we assume that our plumbed
3-manifold Pb(G) comes with a homomorphism ¢: H1(Pb(G)) — Z*. We call such a ho-
momorphism meridional if, for each constituting piece F° x S' C Pb(G) with F € V, the
restriction of ¢ to Hy(F° x S1) sends the class of {pt} x S! to one of the canonical generators
el,...,e, of ZF.

Now assume that (Pb(G),®) bounds a 4-manifold W over Z*. As in Examples 5.2.4
and 5.6.3, the choice of w in T# gives rise to twisted homology C-vector spaces Hy(W;C%)
and to a twisted intersection form Agw (W) on Ho(W; C*). The signature of this intersection
form is denoted by sign, (7). The main goal of this chapter is to prove the following result.

Proposition 7.1.1. Let G = (V, E) be a balanced graph with vertices closed connected sur-
faces F'. Suppose that ¢: H1(Pb(G);Z) — Z is a meridional homomorphism and that Pb(G)
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bounds a 4-manifold W over Z*. Then, for all w € T,
sign, (W) — sign(W) = 0.

The proof of Proposition 7.1.1 decomposes into two parts. First, in Section 7.3, we shall
use the Atiyah-Patodi-Singer rho invariant to show that if V is a set of closed oriented
connected surfaces and if W is a 4-manifold over Z* with boundary OW = | |y,.,, & x S1,
then sign, (W) — sign(WW) = 0. Then, in Section 7.4, we shall build a cobordism Z from
Pb(G) to [ sy X x S! with vanishing signature defect. The proof of Proposition 7.1.1 will
then follow by using the additivity of signatures.

Finally, in Section 7.5, we conclude this chapter with some further technical results which
we shall need in Chapter 8; here is a brief outline. First, we apply the machinery developed
in Section 7.4 in order to prove a lemma involving plumbed 3-manifolds. Then, the much
more algebraic Subsection 7.5.2 will rely on the universal coefficient spectral sequences of
Section 2.5 to prove some results on twisted homology with C“-coeflicients.

7.2 (CY-twisted intersection forms and signatures

Let W be a 4-dimensional manifold with (possibly empty) boundary. Let ¢: m (W) — Z*
be a homomorphism and let w = (w1,...,w,) lie in T#. Composing the induced ring ho-
momorphism Z[m (W)] — Z[Z*] with the map Z[Z!] — C which evaluates t; at w;, pro-
duces a morphism ¢: Z[m(W)] — C of rings with involutions. In turn, ¢ endows C with a
(C,Z[mr1(X)])-bimodule structure. As in Examples 5.2.4 and 5.6.3, we shall write C¥ instead
of C to emphasize the role of w in the module structure. Since C¥ is a (C, Z[m1(W)])-bimodule,
we may consider the complex vector spaces Hy(W; C*) which we already encountered in Ex-
amples 5.2.4 and 5.6.3. As in this latter example, we then consider the twisted intersection
form
Acw (W) : Hoy(W; C¥) x Ho(W;C¥) — C.

Still following the notation of Example 5.6.3, we write sign (W) for the signature of A\gw (W
and sign(W) for the signature of Aq(WW'). We will also study the signature defect dsign, W :=
sign, (W) — sign(W), see for instance Example 2.3.4 as well as Section 7.3.

z

Figure 7.1: A 2-dimensional sketch of the Novikov-Wall set-up.
We now recall special cases of the Novikov-Wall additivity of signatures [156]. Assume X

is a properly embedded 3-manifold which splits W into two manifolds W7 and Wa, i.e. W =
WhUx, (—W2), where 0Xo = XoNOW. Set X := 90Xy and for ¢ = 1, 2 orient X; = 0W;\Int(Xy)
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so as to obtain the decompositions 0W; = X Us (—Xp) and 0Wa = XoU(—X)), see Figure 7.1.
Furthermore, consider the subspaces ker X; := ker(H;(X;R) — Hi(X;;R)) of Hi(X; R) for
1=0,1,2.

The following result will often be referred to as the Novikov-Wall additivity of signatures.

Theorem 7.2.1. Assume that W is decomposed as above as the union of Wy and —Ws. If
two of the three spaces ker Xy, ker X1, ker Xo coincide, then the additivity of signatures holds:

sign(W) = sign(Wp) — sign(Ws).

In general, Wall proved that the (twisted) signature of W is equal to the sum of the
(twisted) signatures of the W; and Wj plus the so-called Maslov index of ker Xo,ker X
and ker X5 [156]. Since this section does not require the full generality of this statement,
Theorem 7.2.1 imposes a condition for which the additivity of signatures does go through, i.e.
for which the Maslov index vanishes. Section 16.2 will deal with a more general setting.

Passing to twisted coeflicients, we once again avoid the utmost generality. Suppose we
have a map Hy (W) — Z* so that we can construct the local coefficient systems C* for every w
in T#. The following additivity result holds for the twisted signature.

Proposition 7.2.2. Suppose that W is decomposed as above as the union of Wi and —Ws.
Then, for each w € T* such that Hy(3;C¥) = 0, Novikov- Wall additivity holds for the twisted
signature:

sign,, (W) = sign,, (W7) — sign,,(Ws).

We now begin the proof of Proposition 7.1.1.

7.3 Proof of Proposition 7.1.1 part I: the Atiyah-Patodi-Singer
rho invariant of a product ¥ x S!

Given a smooth odd dimensional manifold M and a unitary representation a:: 71 (M) — U(n),
Atiyah, Patodi and Singer use spectral analysis of elliptic differential operators to produce a
real number p(M, «) which is called the rho invariant [7]. Just as in Remark 2.3.4, we do not
attempt to define p(M, o) and focus on the special case where « is a homomorphism H; (M) —
U(1) = St. The next proposition states some well known properties of p(M, ). In particular
the first point can be thought of as a definition of p(M, @), see Remark 2.3.4.

Proposition 7.3.1. 1. If Z is a smooth 2n-manifold together with a homomorphism «: Hy(Z) —
U(1), then p(0Z, ) = —(sign, (Z) — sign(2)).

2. Given a closed surface ¥ and homomorphisms a: Hi1(X) — U(1) and B: H1(S') —
U(1), we have

p(E x S a® f) =signg () - p(S', ) = sign(X) - p(S", B).

Proof. The first result is the specialisation to our setting of the Atiyah-Patodi-Singer index
theorem [7, Theorem 2.4], while the second can be deduced from the definition and the
classical Atiyah-Singer theorem. Both results can be found in [130, Theorem 1.2, (iii) and
(v)], where it has to be observed that the invariant considered by the author is minus the
rho invariant. The fact that sign,(X) = sign(X) follows from (1), or alternatively from the
Hirzebruch signature formula, see [15, Theorem 4.7]. O
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Note that the following convention is implicit both in the previous proposition and in the
next: if b is a skew-Hermitian form, then sign(b) is defined as the signature of the Hermitian
form ¢b [130]. In particular, the (twisted) signature of an odd dimensional manifold is defined
as the signature of its (twisted) skew-Hermitian intersection form.

Next, we restrict to manifolds M endowed with a homomorphism H;(M) — Z*. Since
one-dimensional unitary representations of Hi (M) factoring through Z* are in bijection with
values w in T#, we will denote by p,, (M) the rho invariant corresponding to the representa-
tion a: H{ (M) — Z* 25 S, see also Remark 2.3.4. Using Proposition 7.3.1, we can prove
the following lemma.

Lemma 7.3.2. If ¥ is a closed oriented connected surface and ¢: Hy(X x S') — ZHM is a
homomorphism, then p,(X x S') =0 for all w € TY.

Proof. Since H(X x S') = Hi(X) @ Hi(SY), we may restrict ¢: Hi(X x S') — ZH to each
summand. This produces maps ¢x: Hi(X) — Z* and ¢g1: H1(S') — Z*. Postcomposing
each of these maps with the map Z* < S! produces homomorphisms ¢, ¢s, and pg1. Since
these homomorphisms fit in the commutative diagram

Hy(Z x 1) d st

lprz Dprg1 T

Hi(E) @ Hy(SY) — 22798 g1 g1,
it follows that ¢ = 5 ® @g1. Using point (2) of Proposition 7.3.1, one obtains
pu(Ex S = p(E x S, o5 ® pg1) = —sign(2)p(S, o).

Since the ordinary signature of a closed oriented surface vanishes, we get p, (X x S') = 0 and
the result is established. O

The following corollary is nearly immediate.

Corollary 7.3.3. Let V be a set of closed oriented connected surfaces. If W is a 4-manifold
over Z* with boundary
oW = |_| Y x St
YeVv

then sign,, (W) — sign(W) = 0.

Proof. Thanks to point (1) of Proposition 7.3.1, sign (W) —sign(W) coincides with minus the
rho invariant of 9W. By Lemma 7.3.2 and the additivity of the rho invariant under disjoint
unions [130, Theorem 1.2.1], we get sign (W) — sign(W) = 0. O

Since Proposition 7.3.1 required the cobounding manifold to be smooth, one might worry

about Corollary 7.3.3 only holding when W is a smooth 4-manifold. However [53, Remark
4.4] shows that this is not an issue.
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7.4 Proof of Proposition 7.1.1 part II: building a cobordism

Looking back at Corollary 7.3.3, the idea is now to build a cobordism Z from Pb(G) to some
Lsey X2x S ! with vanishing signature defect, and then to use the additivity of signatures dis-
cussed in Section 7.2. However for the additivity statement of Theorem 7.2.1 to go through, we
need to understand the kernel of the inclusion induced map H; (0 Pb(G); R) — Hi(Pb(G); R).
For this reason, we slightly delay the construction of our cobordism Z.

To understand the aforementioned kernel, first note that the boundary of a plumbed 3-
manifold Pb(G) is toroidal and the components correspond to the boundary components of
the surfaces F' € V. Furthermore, by construction, the boundary components come with the
product structure OPb(G) = | |pcy, OF x S'. In order to describe ker(H;(dPb(G);R) —
H,(Pb(G); R)), we define the following homology class in H; (90 Pb(G)) :

[OF] := [OF x {pt}]

and introduce some more notation: for each surface F' € V with boundary, label its boundary
components K1, ..., K, and accordingly their meridians Mf, . ,,u;TF and longitudes lf, R lf;F
We have the equality [0F] = Y7, [If].

Lemma 7.4.1. The kernel of the inclusion induced map Hi(0Pb(G);R) — Hi(Pb(G); R) is
freely generated by the elements

OF] = > ()t and  pf -l
s(e)=F

for F varying over the elements in V with OF # () and 2 < i < np.

Proof. From the construction of Pb(G), we see that for every edge e € E there is a torus —9D, x
St C s(e) x S' which is identified with —0Dg x S' C t(e) x S'. We denote this torus by
T. C Pb(G). Hence, T, = —T¢.

Now pick an orientation E/ C E on the edges, i.e. for every e € E, exactly one of the
edges e and € is an element of E’. From the construction of Pb(G), we obtain a Mayer-Vietoris
sequence

= @ Hi(T R) == AimiIN P Hi(F° x S R) — Hi(Pb(G)) — ..., (7.1)
ecE’ FeVv

where i;,i5 denote the maps induced by the inclusions of T, into t(e) x S! and s(e) x S?
respectively. For each F, the inclusion OF x S' — Pb(G) factors through the space | | rev FOX
S1. Consequently, we have the commutative diagram of inclusion induced maps

P HU(T:R) =5 @ Hi(F° x S5 R) —"— Hi(Pb(G); R)

SR e

H1(9Pb(G); R),

yielding ker(j) = ker(ho f) = {z € H1(OPb(G);R)| f(z) € im(i; — is)}. We shall now
restrict our attention to those surfaces F with OF # (), and prove that both ,uf — pf" and
[OF] _Zs(e):F s(e)ui(e) belong to this set. As F° is connected, all elements ul” for 1 <k < np
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are equal in Hi(Pb(G);R), so the elements uf” — pf" are in ker(f) and a fortiori in ker().
Next, we check that an element of the form [0F] =3, .\_p E(e)ui(e) is sent by f to the image

of is —i;. Note that Hi(F° x SL;R) = Hy(F°;R) @ R(u!"), so that we have the relation
[OF] + 3 g(¢)=p[~0De] = 0 in Hy(F° x S';R). We thus obtain

f([f?F]— > 8(6)u§(e)>: > ([8De]—€(e),ut1(e)),

s(e)=F s(e)=F

and the claim reduces to checking that this element is in the image of i; — is. Consider the
class —[0D.] € Hi(T.). We have —is[—0D,] = [0D,] and, by the gluing map given in (6.28),
it[~0D.] = —e(e)pye)- As a result, the difference [0D.] — e(e),utl(e) is indeed in the image of
it —is, and so [OF] — Zs(e):FE(e),ui(e) is in ker(j).

Note that the elements in the statement of the lemma span a subspace U, whose di-
mension is the number of boundary components of Pb(G), i.e. it is half the dimension of
the space Hi(OPb(G);R). By the half lives, half dies principle [112, Lemma 8.15], the ker-
nel ker(j) has the same dimension as U and so coincides with U. O

We now return to the initial plan: namely, the next lemma shows that if G is balanced,
then Pb(G) is cobordant to a disjoint union of trivial surface bundles, where the cobordism
has vanishing signature defect. Note that we are dealing with plumbings of closed surfaces.

Lemma 7.4.2. Let G = (V,E) be a balanced graph with vertices closed connected surfaces.
Suppose that ¢: H1(Pb(G)) — ZF is a meridional homomorphism. Then, there ezists a
smooth 4-manifold Z over Z* such that:

1. the boundary of Z is a disjoint union

0Z =-Pb(G)u | | £p xS,
FeV

where Xp is a closed surface obtained from F € V by adding 1-handles;
2. the restriction Hy(||pey SF x S1) — ZF is meridional;

3. dsign, Z = 0 for all w € TY.

Proof. Instead of proving the statement directly, we prove the following: if E is nonempty,
then there exists a balanced graph G’ = (V’, E') whose vertices are surfaces obtained from
the vertices of V' by adding 1-handles; the graph G’ has fewer edges than G; furthermore
there exists a manifold Zg over Z* with 0Z = — Pb(G) UPb(G’), which induces a meridional
homomorphism on Pb(G’). The signature defect of Zg is zero.

The original statement can be recovered as follows: iterate the above to obtain a sequence
of graphs G = Gy, ..., G, such that the set of edges of G,, is empty. Consequently, Pb(G,,) =
Upey Zr xS L'and ¥ is obtained from surfaces of the original graph by adding 1-handles.
We then glue the 4-manifolds together: Z := Zg, U...UZg, . We get 0Z = — Pb(G)UPb(G,,)
as required and by Novikov additivity dsign, Z = ", dsign, Zg, = 0.

Now we proceed with the proof of the modified statement. Recall from Definition 21
and from the beginning of the proof of Lemma 7.4.1 that to each edge e corresponds the
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embedded torus T, = (—dD,) x S'. The complement of all of these tori is diffeomorphic to
Upey F© x ST € Pb(G). In order to produce the desired 4-manifold Z, our aim is to attach
a D? x T? to the trivial bordism Pb(G) x I

Given two vertices F1, Fy € V| we write E(F1, Fy) = {e € E: s(e) = Fy,t(e) = F»} as in
Definition 20. Pick two vertices Fy, Fy € V such that E(Fy, Fy) is nonempty. As the graph
is balanced, this implies we can also pick two edges e, e’ € E(Fy, F») such that e(e) = 1 and
e(e’) = —1. Now set X o := I xIxS'x 1. Consider the corresponding tori 7, = (—9D,)x S?
and T,y = (—0D,) x S', with oriented neighborhoods I x T, I x T.,. We attach Xeer to
Pb(G) x {1} along its vertical boundaries through a homeomorphism f given by the following
formulas:

{0} x I x St x S = I x (—9D,) x S! {1} xI x S* x S' - I x (-0D,) x S*
(07 t’ x? y) H (t7 x’ y)7 (1?t7 x’ y) % (t7 'r_l?y)'

The induced orientations on {0, 1} x I x S x S* are such that the above map is orientation-
reversing. As a consequence, the orientations of Pb(G) x I and X, . extend to the resulting
4-manifold

Z = Xe,e’ Uy Pb(G) x I

Let ay, as € Z* be the images of the meridians of F} and F» under the map H;(Pb(G)) — Z*.
Recalling the construction of Pb(G) given in (6.28), we see that the induced maps to Z* on
T, and T, are given by

H(-0D, x §*) — 7+ H(—0Dy x §Y) — 7+
{p} x S = @ {p} x SY > a1
[—0D, x {p}] — a2 [—0De x {p}] — —ax.

The difference in the sign of the image [-0D. x {p}] is a consequence of the fact that
the edges e, ¢’ had opposite signs. This allows us to define a map ¢x: Hi(X¢ ) — Z* which
glues with the map ¢: H;(Pb(G)) — Z*, i.e. the following diagram commutes:

H1({0,1} x I x St x S1) —>H1 IxT,)® H(IxT)

\/

By making an additional choice of a splitting of the Mayer-Vietoris sequence
Hi(X..) ® Hi(Pb(G) x I) = H1(Z) — Ho({0,1} x I x T?),

we obtain a map H;(Z) — Z/ which extends ¢ and ¢x on Hi(Pb(G) x I) and Hi(X, ).
The boundary of Z has two components. The bottom boundary is — Pb(G). The effect
of adding X . on the top boundary is that of cutting along 7T, and T, and gluing together
the boundary component —D, x S to —D. x S' and on the other surface —Dj(e) X St to
—Dj(ery X S1. This is the same as adding 1-handles to I, and F, and, consequently, the
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PH(G) U X, o

Figure 7.2: The effect of attaching X, . to Pb(G) depicted in reduced dimensions.

top boundary inherits a plumbed structure with modified F; and F and the edges e and ¢
removed from the set of edges.

We have verified that Z fulfills the first statement. To conclude the proof of the proposi-
tion, it remains to prove that dsign, Z = 0. This is a consequence of the following claim.

Claim. The twisted and untwisted signature of Pb(G) x I and X, ¢ vanish and Novikov-Wall
additivity holds when gluing these two pieces together.

To prove that the signatures vanish, note that both spaces are 4-manifolds W with
the property that the inclusions of the boundary He(OW) — Ho(W) and He(OW;C¥) —
Hy(W;C¥) surject. This implies that both the twisted and untwisted intersection forms
vanish. In particular, the twisted and untwisted signatures of Pb(G) x I and X, ./ are zero.

Next, we consider the additivity of the signatures. We are gluing W, = X, to W_ =
Pb(G) x I along Y = vT, UvT, C Pb(G) x {1}. The boundary of the gluing region is given
by the four tori

—0D, x St U —0Dj(e) X S'U—-0D. x St U —0Dj(ery X St

Let hX = I x {0,1} x S' x S? denote the horizontal boundary of X. .. In order to use
Theorem 7.2.1, we now prove that the kernels K = ker(H;(X;R) — Hi(hX;R)) and K’ =
ker H(X;R) — Hi(Pb(G) \ Y; R) agree.

Observing the gluing maps above, we see that the kernel K admits the basis

K3 2

[~0D.] + [~0D., 1S} =[SV, [~0Dy0) + [~0Die). 1S — [Skey): - (72)

In order to compute the other kernel K’ into H;(Pb(G) \ Y;R), observe that Pb(G) \ Y
also inherits a plumbed structure from Pb(G). It has the same surfaces as vertex set with
Fy and F; replaced by Fy \ (De U Der) and Fy \ (Dj(e) U Dj(ery). Its set of edges is obtained
by removing e and €' from the set of edges of G. Note that ¥ = 0Pb(G) \ Y and we can
use Lemma 7.4.1 to obtain a basis of its kernel. The difference of meridians give the basis
elements [S}] — [SY], [Sil(e)] - [Sil(e,)] € K'. The surface F; has boundary —9D, U —0D, and
SO
[_8De] + [_8De’] - Z E(k)ﬂk = [_aDe] + [_aDe’] € Kla
s(k)=v

are further elements of the basis, where the first equality uses that G is balanced. The
analogous statements holds for the other surface F,. Consequently, the kernel K’ admits the
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same basis (7.2) and as a result K’ = K. In particular, applying Theorem 7.2.1, the untwisted
signature is additive.

For the twisted signature, thanks to Proposition 7.2.2, it is enough to prove that the
twisted homology vanishes for . This happens exactly if the induced U(1)-representation is
nontrivial. This is the case, because ¢ is meridional and the coefficients of w are taken to be
different from 1. Consequently, the signature defect is additive and so

dsign,, Z = dsign,, Pb(G) x I 4 dsign, X, =0,
concluding the proof of the lemma. O
Using Lemma 7.4.2, we can prove Proposition 7.1.1.

proof of Proposition 7.1.1. Since the graph G is balanced, Lemma 7.4.2 produces closed sur-
faces X r and a 4-manifold Z over Z* whose signature defect vanishes, with boundary

07 =-Pb(G)U | | £p x S,
FeVv

One can now define P := W Upyg) Z. Since the boundary of P consists of a disjoint
union of Y x S', Corollary 7.3.3 guaranties that dsign, P = 0. As we are gluing along
a boundary component, Theorem 7.2.1 goes through trivially. It follows that dsign,6 P =
dsign, W + dsign,, Z. Since we know that dsign , P and dsign,, Z both vanish, dsign,, W also
vanishes. O

7.5 Further remarks

We conclude this chapter with some further technical results which we shall need in Chapter 8.
Subsection 7.5.1 applies the machinery developed in Section 7.4 in order to prove a lemma
involving plumbed 3-manifolds. Subsection 7.5.2 makes use of the universal coefficient spectral
sequences of Section 2.5 to prove some results on twisted homology with C“-coefficients.

7.5.1 Another lemma involving plumbed 3-manifolds

Let FF = Fy U---UF,;, be a bounding surface for a link L (recall Definition 22), and let L;
be the sublink given by 0F;, for i = 1,...,m. Denote as usual the exterior of F' by Wr and
recall from Example 6.7.1 that OWr = X1 Uy g1 Mp, where Mp is a plumbed 3-manifold.
Enumerate the components of L; and denote their meridians by /ﬂ,;”' for1 <k <npr,, whereng,
is the number of components of L;. The following computation will turn out to be useful when

applying Novikov-Wall additivity. Note that we are using the convention according to which
lk(L;, L;) = 0.

Lemma 7.5.1. Let F = F1 U---U F,, be a bounding surface for a link L. The vector space
ker Mp = ker(Hy(L x SY; R) — H1(Mp;R)) is generated by the elements of the form

& L; . ,
(L] — E Ck(L;, Lj)py?  and uél - ,uf’.
Jj=1
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Proof. Applying Lemma 7.4.1, the component F; gives rise to the basis vectors

Ot(e . .
i~ > eleu? and - pf
s(e)=F;
The result follows by observing that
ot(e = L; — L;
> @ =Y (F-Fwy? =3 k(L Ly
. e}

s(e)=F; Jj=1

7.5.2 Two algebraic lemmas

We briefly recall the now familiar set-up of Example 5.2.4. Let ¢: m1(X) — Z* be a ho-
momorphism and let w = (wi,...,w,) lie in T#. Composing the induced ring homomor-
phism Z[m (X)] — Z[Z*] with the map Z[Z!] — C which evaluates ¢; at w;, produces a
ring homomorphism ¢: Z[m(W)] — C. In turn, ¢ endows C with a (C, Z[r(X)])-bimodule
structure. Since C¥ is a (C, Z[r1(W)])-bimodule, we may consider the complex vector spaces
Hi(X,Y;C¥) and H*(X,Y;C¥).

Observe that since none of the w; is equal to 1, the map ¢: Z[m (W)] — C factors through
a map Ag — C. In particular, the homology C-vector space H(X,Y;C¥) coincides with
the k-th homology vector space of the chain complex C* ®p, Cy(X,Y; Ag). Consequently
Theorem 2.5.8 immediately yields the following result.

Proposition 7.5.2. Given a CW-pair (X,Y) and w € T4, there exists a spectral sequence
1. converging to H.(X,Y;C¥),
2. with E2 = Tor)s (Hy(X,Y;Ag),C*),
3. with differentials d" of degree (—r,r — 1).
More specifically, there is a filtration
0OCE CFE'c..-CE'=H,(X,Y;C¥)

with FY/F™' = B,
Proof. Given rings R, Z, a chain complex C, of free left Z-modules and a (R, Z)-bimodule S,
Theorem 2.5.8 produces a spectral sequence with E;q = Torg (Hq(Cy), S) which converges
to H.(S ®z C.). To prove the proposition, we take R = C,Z = Ag,C, = C(X,Y;Ag) and

S =Cv. O

The following lemma is a useful application of Proposition 7.5.2. Note that the key
ingredient is once again the use of Ag-coefficients which has the effect of killing the zero-th
homology module.

Lemma 7.5.3. Let X be a connected CW-complex together with a homomorphism Hi(X) —
ZF =Zle, . .., e,) whose image contains at least one generator e;. Ifw € TY, then Hy(X; C¥)
vanishes. Furthermore, Hi(X; C¥) is isomorphic to C* @54 H1(X;Ag).
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Proof. Using the assumption on the map H;(X) — Z*, the Ag-module Hy(X;Ag) vanishes
by Lemma 5.7.3. Thus Proposition 7.5.2 immediately implies that Ho(X;C“) = 0. Next,
we prove the statement involving Hi(X;C¥). Using the notations of Proposition 7.5.2, the
differential 0 = Torg\s(Ho(X; Ag),C¥) = By — Ep; is zero. Consequently, ETy = Eio =0
and EG55 = Eg}l = C¥ ®rq H1(X;Ag). It follows that Hy(X;C¥) = C¥ x4 H1(X; Ag), as
desired. O

On the other hand, working with cohomology and applying Theorem 2.5.7 immediately
yields the following result.

Proposition 7.5.4. Given a CW-pair (X,Y) and w € TH, for each k, evaluation provides
the following isomorphism of left C-vector spaces:

H*(X,Y;C¥) =2 Homc(H(X,Y;C), C).

Proof. Given a ring R with involution, (R, Z[m1(X)])-bimodules M, N, a (R, R)-bimodule S,
and a nonsingular 7 (X)-invariant sesquilinear pairing (—, —): M x N — S, Theorem 5.4.4
produces a spectral sequence with E5? = Ext},(H,(X,Y; N), S) which converges to H*(X,Y; M).
To prove the proposition, we take R = C,M = N = C¥, S = C and the pairing (z,w) — 2.
The result now follows: since R = C is a field, the Ext groups vanish. O

Here is an application of Proposition 7.5.4 which we shall frequently use in Chapter 8 and
especially in Section 8.5.

Lemma 7.5.5. Let w € TH and let W be a 4-dimensional manifold whose boundary decom-
poses as OW = M Uy M', where M and M’ are (possibly empty) connected 3-manifolds with
OM = OM'. If W is equipped with a homomorphism Hy(W) — Z*, then B{_;(W,M) =
B (W, M') fori=0,1.

Proof. Using the Poincaré duality isomorphisms of Theorem 5.5.1, we have Hy_;(W, M; C¥) =
H (W, M'; C¥) and Proposition 7.5.4 implies that H*(W, M'; C*) = Homg (H;(W, M’; C¥), C)
for ¢ = 0,1. The result now follows immediately. O
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Chapter 8

The multivariable signature via
twisted coefficients

8.1 Introduction and statement of the results

As reviewed in Section 3.4, the multivariable signature admits both 3 and 4-dimensional
interpretations. More precisely, given a colored link L = L1 U...UL,, we saw in Section 3.4.1
that the multivariable signature and nullity

UL,UL:T“%Z,

were defined using C-complexes, while the 4-dimensional approach of Subsection 3.4.2 in-
volved branched covers of the 4-ball. The latter set-up relies on smooth well-connected
colored bounding surfaces, i.e. on unions F' = Fy U---UF, C D* of smoothly properly
embedded connected oriented surfaces which only intersect each other transversally in double
points. Considering the exterior Wr of a such a collection F of surfaces, the construction
then involves building a finite branched cover W — D* and restricting the intersection form
to the generalized eigenspace Ho(W g; C),. A result of Cimasoni-Florens [41], stated in The-
orem 3.4.9, then shows that the signature of this restriction coincides with the 3-dimensional
definition for all w in T := (S'\ {1})* of finite order.

This restriction on w = (wi,...,w,) has a clear cause: the use of finite branched covers.
On the other hand, recent articles such as [48, 129, 134, 154] indicate that the following con-
struction should produce a natural replacement for the generalized eigenspace Ha(W p; C),
and the subsequent signature. Since Hi(Wp) is freely generated by the meridians of F' (re-
call Lemma 3.4.8), sending the meridians of F; to w; gives rise to a ring homomorphism
Z|m(Wg)] — Z[H;(Wg)] — C and thus to complex vector spaces Hy(Wpg;C¥), see Ex-
ample 5.2.4. As we saw in Section 5.6, Ho(Wp; C¥) is endowed with a twisted intersection
form A\gw (W) and it is very natural to conjecture that its signature coincides with the mul-
tivariable signature:

sign(Acw (Wr)) = or(w).

In fact, Viro showed that sign(Ace (Wr)) does not depend of the choice of a colored bounding
surface, but did not prove that the resulting invariant coincides with the multivariable signa-
ture [154, Section 2.5]. With sufficient care, one should even be able to prove this equality in
the topological category instead of the smooth category. Furthermore, since 71 (Wpg) — ZH*
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restricts to m (Xp) — Z*, vy — Lk(y,L1) + ...+ Lk(v, L,) on the link exterior, one also ought
to relate the multivariable nullity 7z, (w) to the dimension of H;(Xp;C¥).

This is what we achieve in the first main result of this chapter (which is based on joint
work with Enrico Toffoli and Matthias Nagel [53]), see Section 8.2.

Theorem 8.1.1. Let L be a p-colored link. For every colored bounding surface F' and for all
w € T¥, we have the equalities

op(w) =sign,(Wr) and np(w) = dimg H(Xz;C¥).

The restriction to w € T4 of finite order implies that Cimasoni-Florens’ main 4-dimensional
results are proved for a certain subset T#% of roots of unity [41, Theorem 7.1 and 7.2]. Looking
back at Theorem 8.1.1, it seems that these results should hold for a larger set of w € T%, as
well as in the topological category. In order to prove this kind of results, one more technical
tool is needed. More precisely, generalizing work of Nagel-Powell [129], Section 8.3 introduces
a subset

Tp ¢ TY ¢ T
given by those w’s which are not roots of any polynomial p € Z[tlﬂ, .. ,tf] whose evaluation
on (1,...,1)is invertible. With this technical point taken care of, the remainder of the chapter

deals with applications of Theorem 8.1.1.

A colored cobordism between two p-colored links L and L’ is a collection of properly
embedded locally flat surfaces ¥ = ¥; U...UX, in S3 x [0, 1] which have the following prop-
erties: the surfaces only intersect each other transversally in double points, each surface ¥;
has boundary L; U —L, and each connected component of ¥; has at least one boundary com-
ponent in S3 x {0} and one in S x {1}. The second main result of this chapter is a bound
on the FKuler characteristic and number of double points in such a cobordism, see Section 8.4.

Theorem 8.1.2. If ¥ =X U...UX, is a colored cobordism between two p-colored links L
and L' with ¢ double points, then, for all w € ']Tft, we have

oL (w) —op(w)| + Inp(w) = (W) < c— ZX(Ei)-

Recall that two p-colored links L and L" are concordant if there exists a p-colored cobor-
dism between L and L’ which has no intersection points and consists exclusively of annuli.
Note once again that we work in the topological category whereas Cimasoni-Florens work in
the smooth setting. As a first application of Theorem 8.1.2, we obtain the following general-
ization of [41, Theorem 7.1], see Corollary 8.4.6 for a proof.

Corollary 8.1.3. The multivariable signature and nullity are topological concordance invari-
ants at all w € T!“

As a second corollary, we obtain a generalization of [41, Theorem 7.2], see Corollary 8.4.7
for a proof and Remark 8.4.8 for a comparison with a similar but weaker result obtained by
Viro [154, Section 4].

116



Corollary 8.1.4. Let ' = F1U---UF}, be a colored bounding surface for a j-colored link L
such that Fy, ..., F, have a total number of m connected components, intersecting in c double
points. Then, for all w € T!“, we have

Iz
o1(@)] + (@) = m+1] < 3 Bi(F) +e.
=1

Returning to the study of link concordance, Section 8.5 deals with 1-solvable cobordisms.
This notion was defined by Cha [30] giving a relative version of Cochran-Orr-Teichner’s no-
tion of n-solvability [47]. We refer to Section 8.5 for the precise definition of n-solvable
cobordant links, however note that abelian link invariants are not expected to distinguish
1-solvable cobordant links. For instance, if two links are 1-solvable cobordant, then their first
non-zero Alexander polynomials agree up to norms and their Blanchfield pairings are Witt
equivalent [99, Theorems B and C]. Our final result is the corresponding statement for the
multivariable signature and nullity.

Theorem 8.1.5. If two p-colored links L and L' are 1-solvable cobordant, then, for allw € ']TfL,
we have

ne(w) =nu(w) and op(w) = op(w).

Since concordant links are n-solvable cobordant for all n, Theorem 8.1.5 can be viewed as
a vast refinement of Corollary 8.1.3, see Remark 8.5.4. We also believe that Theorem 8.1.5
would be difficult to prove using branched coverings.

Remark 8.1.6. Note that the notion of n-solvable cobordism is related to Whitney tower/grope
concordance, see [30] for the definition of these notions. In particular, using [30, Corollary
2.17], Theorem 8.1.5 implies that the multivariable signature and nullity are invariant under
height 3 Whitney tower/grope concordance.

8.2 Proof of Theorem 8.1.1

We start by recalling our set-up. Let L = Ly U...UL, C S3 be a p-colored link. Recall
from Definition 14 that a colored bounding surface for L is a union F' = Fy U... U F}, of
properly embedded, locally flat, compact oriented surfaces F; C D* with OF; = L; and which
only intersect each other transversally in double points. As the surfaces F; are required to
be locally flat, they admit tubular neighborhoods. Given a colored bounding surface F' of L,
we denote by vF' the union of some choice of tubular neighborhoods for its components. We
then denote the exterior of F' by W := D*\ vF.

Since we saw in Lemma 3.4.8 thats the abelian group H; (W) is freely generated by the
meridians of the components F;, there is a canonical homomorphism 71 (Wg) — Hi(Wpg) —
Z* which restricts to m (X)) — Z*,~y — Lk(, L1)+...+Ck(v, L,) on the link exterior. Indeed
the inclusion X;, C W sends the meridians of L to the meridians of F. As described in the
introduction, mapping the meridians of F; to w; gives rise to a homomorphism Z[m (Wrg)] — C
and thus to complex vector spaces H;(Wpg; C¥) and H;(X;C¥), see Example 5.2.4. As we
mentioned above, Viro [154, Theorem 2.A] shows that the twisted signature sign (Wr) :=
sign(Agw (Wr)) is a link invariant, i.e. it is independent of the choice of a colored bounding
surface.
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We can now prove Theorem 8.1.1 which shows that this invariant coincides with the
multivariable signature and relates the multivariable nullity to the dimension of H;(Xr;C¥).

proof of Theorem 8.1.1. Given a C-complex F', recall that the multivariable nullity is defined
as null H(w) + Bo(F) — 1, where H(w) is the evaluation at t = w of some C-complex matrix
H arising from F'. Picking a connected C-complex ensures that fo(F) = 1 and thus 7z (w) =
null H(w). Since S is connected, Remark 3.3.12 implies that H presents the Alexander module
Hi(Xr;Ag). Tensoring with C¥, we deduce that H(w) presents C* ®@x4 H1(X1;Ag). Using
Lemma 7.5.3, we obtain that H;(Xy; C¥) = C* ®a, H1(X1; Ag), and consequently H(w) also
presents Hy(Xr;C¥). The claim involving the nullity now follows readily.

Since the colored signature is independent of the choice of a colored bounding surface,
we take F' to be a push-in of a C-complex in the 4-ball. By Theorem 6.1.4, the intersection
pairing A\p (W) is represented by the C-complex matrix H. Since we wish to show that the
intersection pairing Ace (W) is represented by H(w), the theorem will follow if we manage
to produce the following commutative diagram

cv RAg HQ(WF;As) x C¥ RAg HQ(WF;AS) — v QAg Ag (8.1)
! !
HQ(WF;CW) X HQ(WF; Cw) C.

Further assuming S to be totally connected implies that H;(Wpg; Ag) vanishes for i # 2, and
is a finitely generated free Ag-module for i = 2, see Corollary 6.3.4 and Proposition 6.4.2.
Consider the diagram below, where homology groups and tensor products without coefficients
are over Ag. Applying the universal coefficient spectral sequences, as described in Proposi-
tions 7.5.4 and 7.5.2, the first three vertical maps in the following commutative diagram are
isomorphisms:

C¥ ® HQ(WF) —CY® HQ(WF, 8WF) —CY ® H2(WF) —CY ® HOInAS (HQ(WF), As)

ig lg lg lg

HQ(WF; Cw) E— HQ(WF, 8WF; (Dw) E— HQ(WF; Cw) _— Hom@(Hg(WF; (Dw), C).

Here note that the horizontal maps are respectively inclusion induced, Poincaré duality and
evaluation. Furthermore, the rightmost vertical map is an isomorphism since Hy(Wr; Ag) is
finitely generated and free. Considering the adjoints, we obtain the diagram of (8.1). O

8.3 Concordance roots and vanishing results

In order to make use of Theorem 8.1.1, we generalize the concept of Knotennullstellen intro-
duced by Nagel-Powell [129]. After applying this concept to a variation of a well-known chain
homotopy argument, we discuss some further properties of these elements.

Let U C Z[t{d, e ,tffl] be the multiplicative subset of Laurent polynomials p(t1,...,t,)
such that p(1,...,1) = £1.

Definition 24. An element w € T4 = (S'\{1})" is a concordance root if there is a polynomial
p € U with p(w) = 0. Define T} to be the subset of all elements w € T4 which are not
concordance roots.
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Definition 24 is a generalization of [129, Definition 1.1] to the multivariable case. The key
property of non concordance roots is that they allow us to use a well-known chain homotopy
argument, see [47, Proposition 2.10]. The result below is an adaptation of [129, Lemma
3.1]. Before we state it, we quickly recall the following property of the localization U_lAM of
A, = Z[tfl, .. ,tffl] and of the augmentation map aug: A, — Z, which sends p(t1,...,t,) to
p(1,...,1): let g: Al’j — Aﬁ be a A -module homomorphism with the property that Z ®aug g
is an isomorphism. Then

UTA,®g: (UTTA)F — (UTTA)*

is also an isomorphism. This can be obtained from considerations of determinants [129,
Section 3].

Lemma 8.3.1. Let k be a non-negative integer. Let (X,Y) be a pair of CW-complexes over
BZM with Hi(X,Y) =0 for 0 <i<k. Ifw is in T{', then H;(X,Y;C¥) =0 for 0 <i <k.

Proof. We make the following abbreviations C% := C,(X,Y;Z) and C* := C,(X,Y; A,) for
the cellular chain complexes of the pairs (X,Y). For the remainder of the proof, i will be
an arbitrary integer 0 < i < k. The chain complex C?% consists of finitely generated free Z-
modules, and as H;(C?%) = 0, it admits a partial contraction, i.e. homomorphisms s;: CZZ —
CZ, with

td; = sj—1 od; + di41 © ;.

Consider the chain map e: C* — C% of chain complexes over A,, which is induced by

m

tensoring with the augmentation map. Pick a lift s? of s; under &, which is a homomor-

phism s?" : CiA — C{i‘l of A-modules such that the following diagram commutes:

Ay S Ay
Ci Ci+1

lz—: le

Z Si Z
CZ L, CZ,.

Such a lift exists because C’Z‘-A * consists of free modules and the map ¢ is surjective. Consider
the partial chain map N N
fi=s;" 0d;+diy108;".
By construction, Z ®,, fi = si—1 0d; + diy1 08; = idg, and so U_lAN ®@p, fi is also an
isomorphism. We obtain that U *IAH QA7 s?“ is a partial chain contraction for U1 AL®y, Chu
and
Hy(X,Y;U'A,) = Hy(U A, @, CM) = 0.
Now we tensor with the right A,-module C¥. As w is not a concordance root, the module C*

is in fact a right U _1Au-module. Note that C* ®,, s?“ is a partial chain contraction for
CY ®y-1a, U~'A, QA CM and so H;(X,Y;C¥) = 0. O

For the remainder of the section, we collect properties of the set ’]I‘fL of non-concordance
roots. For a prime p, define

T := {w € T" : w; is a p"-root of unity for some n}
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and T, := |J, Tp. As we saw in Section 3.4, this is the set for which concordance invariance
properties and genus bounds are proved in [41, Section 7]. The next result shows that the
set ']TfL of non-concordance roots contains T‘I‘D.

Proposition 8.3.2. The set TY, is contained in T!“.

Proof. Let w € T% and q(t1,...,t,) be a polynomial such that g(w) = 0. We have to show
that ¢(1,...,1) # +1. We pick n large enough such that all w; are p"-roots of unity. The
subgroup consisting of the p™-roots of unity is cyclic. Thus we write w = ((™,..., (™) for
a primitive p"-root of unity ¢. Define the one variable polynomial g(t) := q(t™,...,t").
Hence, we have g({) = 0, so q(t) is a multiple of the p"-th cyclotomic polynomial, whose
value at 1 equals p. It follows that p divides ¢(1,...,1) = g(1) and so cannot be equal to
+1. L]

The following example shows that ’]I'{‘ also contains elements which are not in T, but
have algebraic coordinates.

Example 8.3.3. We claim that the algebraic element w = (3‘241 ) is in T?, but not
contained in T%. The algebraic number wy = 3+T4i € S', has minimal polynomial p(t) =
5t2 — 6t + 5 and is not a root of unity [129, Lemma 2.1]. Tt follows that wp is not an element
of TL. To show that w € T?, we prove that any polynomial g(t1,t2) with g(w) = 0 has
q(1,1) # +1. Consider g(t) := q(t, —1) and note that 2t is a root of g(t). As a consequence

4 = p(1) divides g(1) and g(1) = ¢g(1,—1) is even. It follows that ¢(1,1) must also be even.

We conclude this section by showing how to produce elements which do not belong to T,
i.e. for which our main results do not apply.

Remark 8.3.4. Let (wi,...,w,) € T and suppose 3: {1,...,u} — {1,...,n} is any map.
We claim that (wg), .- .,ws(y)) is an element of T}". Now, given w = (wy,...,w,) € T}, this
claim implies that all the coefficients w; belong to Tll. Phrasing it differently, if any of the
coefficients of w is a concordance root, then w itself is a concordance root.

We now prove our claim. Let ¢(t1,...,t,) be a polynomial such that ¢(wg) = 0, where wg
denotes (wﬁ(l), . ,w/g(u)) Define a polynomlal in n-variables by the equality p(x1,...,z,) =
q(Tg(1)s -+ T3(w))- Note that p(wi,...,wn) = q(wa),---,wp() = 0 and as (wi,...,wn) €

TP, we deduce that ¢(1,...,1) =p(1,...,1) # £1. The claim follows.

8.4 The genus bound

For elements w € T%, Cimasoni-Florens [41] prove that the multivariable signature and nullity
give lower bounds on the genus of colored bounding surfaces, see Theorem 3.4.7. In this
section, we prove a more general result for surfaces in S% x [0, 1]. As corollaries, we extend two
results of Cimasoni-Florens: the concordance invariance results mentioned in Theorem 3.4.6
and the aforementioned Theorem 3.4.7.

Definition 25. A colored cobordism between two p-colored links L and L’ is a collection
of properly embedded locally flat surfaces ¥ = ¥ U...UYX, in S x [0,1] which have the
following properties: the surfaces only intersect each other in double points, each surface ¥;
has boundary L;—L/, and each connected component of ¥; has a boundary both in S3 x {0}
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and in S3 x {1}. We say that X has m components if the disjoint union of the surfaces
21,..., %, has m connected components.

The main result of this section was stated in Theorem 8.1.2, but we recall the statement
here for the reader’s convenience.

Theorem 8.1.2. If ¥ = X1 U...UX, is a colored cobordism between two p-colored links L
and L' with ¢ double points, then for all w € ’]T!“, we have

I
o () = on (W) + (@) = np W) < e =Y x(E).
i=1

Remark 8.4.1. The right-hand side of the inequality can equivalently be expressed in terms
of the first Betti number or of the genus of the surfaces. Suppose that L is an n-component
link, L’ is an n/-component link, and that the cobordism X has m components (in the sense
of Definition 25). Then, we have the following equalities:

0

p p
C—ZX(Z,’) :c+Zbl(Zi)—m:c+229¢(2i)+n+n/—2m.
i=1 i=1 i=1

For this reason, we will usually refer to the inequality of Theorem 8.1.2 as a genus bound,
even if the genus does not appear explicitly in the formula.

8.4.1 Proof of Theorem 8.1.2

We proceed towards the proof of Theorem 8.1.2, starting with a series of preliminary results.
First, we describe the Euler characteristic of the exterior Wy, of a colored cobordism ¥ in
S3 x [0, 1] in terms of the Euler characteristic of the surfaces ;.

Lemma 8.4.2. Suppose X is a p-colored cobordism between two colored links L and L'. Then
the Fuler characteristic of Wy is given by

o
X(Wy) =c =Y x(Z).
i=1
Proof. First, we prove that x(Ws) = —x(vX). Consider the decomposition S3 x I = vEUWx
and set My, := v> N Wy. Using the decomposition formula for the Euler characteristic yields
X(S3xI) = x(Ws)+x(vE) —x(Ms). As the Euler characteristic of a 3-manifold with toroidal
boundary vanishes, x(Ms) = 0. Since x(S® x I) also vanishes, the claim follows. Now note
that X is homotopy equivalent to the union A = J;¥; C S3. Recall that the surfaces ¥;
intersect each other in ¢ double points. We apply again the decomposition formula for A and

obtain
M Iz
(A) =)~ (Umins) = Y ) —e.
i=1 i#] i=1
O

Arguing as in Lemma 3.4.8, H;(Wy) is freely generated by the meridians of ¥. Conse-
quently, there is a homomorphism H;(Wy) — Z* which extends the maps on H;(Xz) and
Hi(Xp/). Next, we observe that with C* coefficients, the boundary of Wy, behaves as the
disjoint union of the link exteriors X and X, .
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Lemma 8.4.3. For allw € T%, the inclusion of X1, U X into OWs induces an isomorphism
Hz‘(XL§ Cw) S5 Hi(XL/; Cw> = Hi(aWz; (Dw)

Proof. The boundary of Wy decomposes into the union of X7, Xy, and the plumbed 3-
manifold My. The homology groups H.(Msx;Ag) are zero, see the proof of Lemma 6.3.5.
The universal coefficient spectral sequence of Theorem 2.5.8 implies that H,(Ms;C¥) = 0.
The result now follows from the Mayer-Vietoris exact sequence for OWp. 0

The next lemma provides some information on the twisted homology of Wyx.

Lemma 8.4.4. If ¥ C S® x I is a p-colored cobordism between L and L' and w € T}, then

1. BY(Wx) < np(w) and By (W) < np(w),
2. H,(Wx;C¥) =0 for k=0,3,4.

Proof. As Wy, and X are both connected, there is an isomorphism Hy(Xp) = Hy(Wy).
Since the inclusion X C Wy takes meridians to meridians, H1(Xy) — H1(Wy) is surjective.
Combining these facts, H;(Wx, X) = 0, so that Lemma 8.3.1 gives H;(Wx, X1;C¥) = 0
for i = 0,1. It follows from the long exact sequence of the pair (Wy, X1 ) that the inclusion
induced map H;(Xp;C¥) — Hi(Wx; C¥) is surjective, and thus 8¢ (Wx) < ni(w). Repeating
the argument for X/, the first statement is proved.

Since the inclusion of X into Wy factors through 0Ws, an analogous argument shows
that H;(Wx,0Wx;C¥) = 0 for ¢ = 0,1. Lemma 7.5.5 now implies that H;(Wx;C*) = 0
for i = 3,4. The case i = 0 is immediate. ]

We conclude this section with a dimension count which will prove itself useful to bound
the twisted signature of Wy,.

Lemma 8.4.5. For w € T}' and a p-colored cobordism ¥ C S® x [0, 1], we have

. Hy(Wx; €% w w w
dime <2(E)> = f3(Wx) = B3 (0Ws) = 57 (W),
im(7)
where i: Hy(0Wyx; C¥) — Ho(Wx; C¥) is induced by the inclusion.

Proof. Recall that by Lemma 8.4.4, the vector space H3(Wyx;C¥) vanishes. Consider the
following portion of the long exact sequence of the pair (Wy, 0Wy):

0 — Hs(Ws, 0Ws; C%) 5 Hy(0Ws; C¥) L5 Ho(W; €9).
By exactness, the dimension of im(i) is equal to 85 (0Wx) —im(d). As J is injective, one gets
dimg im(i) = g5 (0Wyx) + 4 (Ws,0Wy). The result now follows since Lemma 7.5.5 implies
that ﬁ:“;(WgﬁWg) = 5‘1")(W2) ]

We are now ready to conclude the proof of Theorem 8.1.2.
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proof of Theorem 8.1.2. We start by proving the following inequality:
|sign,(Ws)| < x(Ws) — [nL(w) — ne(w)]-

Since the twisted intersection form A¢w (Wy) descends to a pairing on Ha(Wy; C¥)/im(i), an
application of Lemma 8.4.5 yields

|sign,(Wy)| < dimg (HZ(VVE’C)
im(1)

Now, thanks to Lemma 8.4.4 and Remark 5.2.5, we have x(Wx) = 85 (Wx) — Y (Wx), and
using Lemma 8.4.3 and Theorem 8.1.1, one gets 5y (0Wx) = nr(w) + nr/(w). Using these last
two identities, (8.2) can be rewritten as

) — B (W) - BEOW) — BE(W).  (82)

| sign, (W) r| < x(Ws) + 267 (Ws) — nr(w) — nw ().

The desired inequality is now obtained by using Lemma 8.4.4 to bound £Y(Wsx) above both
by nr(w) and np/(w). With the inequality above, Theorem 8.1.2 will follow from Lemma 8.4.2
once we have established that

sign, (W) = o1 (w) — o1 (w).

Pick a colored bounding surface ' ¢ D?* for L. Thanks to Proposition 6.7.2 and The-
orem 8.1.1, we have o (w) = sign,(Wr). One can now form the surface with singularities
Fupy € D*Ugs S3x I. Using an orientation-preserving diffeomorphism between D*Ugs S3 x I
and D?, the surface F' Uy, ¥ is sent to a colored bounding surface for L’. Its exterior W
is clearly homeomorphic to Wr Ux, Wx. Once again thanks to Proposition 6.7.2, we have
or/(w) = sign, (Wg). Since Hi(L x S*; C*¥) = 0, Proposition 7.2.2 implies that the additivity
of twisted signature holds, yielding

sign,, (W) = sign,,(Wr) + sign,,(Ws).

Summarizing, we have shown that o/ (w) = o (w) + sign,(Wx). Combining this with the
inequality of Equation (8.2) concludes the proof of Theorem 8.1.2. O

8.4.2 Applications of Theorem 8.1.1

Recall from Definition 13 that two p-colored links L and L’ are concordant if there exists a
p-colored cobordism between L and L’ which has no double points and consists exclusively of
annuli. A first application of Theorem 8.1.2 is the following generalization of Theorem 3.4.6
which is due to Cimasoni-Florens [41].

Corollary 8.4.6. If Ly and Ly are two concordant colored links, then, for all w € T}, we
have

0Ly (w) = 0Ly (w) and NL, (w) =1L, (w)

Proof. We apply Theorem 8.1.2 to the case where each ¥; is a union of annuli and there are
no double points. The result follows as all the terms on the right-hand side of the inequality
are zero. O
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We wish to emphasize once more that Cimasoni-Florens’ result holds in the smooth cat-
egory whereas Corollary 8.4.6 holds in the topological category. The same remark applies
to the following application of Theorem 8.1.2, which is the corresponding generalization of
Theorem 3.4.7, also due to Cimasoni-Florens.

Corollary 8.4.7. Let ' = F1 U---UF, be a colored bounding surface for L, and suppose
that F' has m components and c intersection points. Then, for all w € ’IF{‘, we have

o
lon @)+ np(w) —m+1] <> Bi(F) +e.

i=1
Proof. Remove small 4-balls in the interior of D* on each component of F. With small
enough balls, 3 will intersect the boundary spheres in unknots. Tubing the boundary spheres
together, we have constructed a p-colored cobordism ¥ with m components between L and
a p-colored unlink L’ of m components. Pick a disjoint union of m disks as a C-complex
F for L'. The resulting generalized Seifert matrices are empty, yielding o7/(w) = 0 and
N (w) =04 Bo(F)—1=m —1 for all w € TH. Using Theorem 8.1.2 and Remark 8.4.1, we
get

oL @)+ Inp(w) —m+1] < => x(Ti) +e=Y bi(T)-m+e.
=1 =1

Now, if C' is any of the m components of F, the corresponding component C’ of ¥ is ob-
tained from C by removing a small disk, so that 81(C’) = $1(C) + 1. Summing over all the
components, we get Y 1| B1(3;) = Yt B1(F;) + m, whence the desired formula. O

The next remark compares Corollary 8.4.7 with similar results which appear in the liter-
ature.

Remark 8.4.8. As we mentioned above, Corollary 8.4.7 is a generalization of Theorem 3.4.7,
which is due to Cimasoni-Florens [41]. The latter result is proved in the smooth setting and
requires w to be in the set T, which is strictly smaller as ’]I‘f , see Example 8.3.3. Furthermore,
since these authors assume all the surfaces F; to be connected, a y appears instead of an m
in their formula.

Finally, note that Viro proves inequalities similar to Corollary 8.4.7 in any odd dimension.
In particular, for links in S2, he obtains |op(w)| 4+ nr(w) < B2(F, L) + B1(F) and |op(w)| +
nr(w) < B1(F, L)+ Bo(F') [154, Theorem 4.C]. Reworking his equations leads to the inequality

o
oL (@) +nuw) —m < 3 A(E) +e
i=1
which is slightly weaker than Corollary 8.4.7. The interested reader will note that while Viro

essentially obtains his results for all w € T!“ , his methods are quite different from the chain
homotopy argument we rely on, see [154, Appendix C].

8.5 Invariance by 1-solvable cobordisms

The aim of this section is to prove that the multivariable signature and nullity are invariant
under 1-solvable cobordism. Section 8.5.1 reviews the notion of an m-solvable cobordism.
Section 8.5.2 tackles the invariance of the nullity. Section 8.5.3 proves some technical lemmas
which are needed in Section 8.5.4 to complete the proof of the signature invariance.
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8.5.1 Solvable cobordisms

We review the notion of n-solvable cobordism due to Cha [30]. For simplicity, we content
ourselves with integral solvability and avoid defining the related concept of n.5-solvable cobor-
dism.

A cobordism (W; M, M’', ¢) between two 3-manifolds M, M’ with a preferred orientation-
preserving diffeomorphism ¢: OM — OM’ is a compact 4-manifold W with a decomposi-
tion OW = —M U4 M'. We will often supress ¢ from the notation. A cobordism (W; M, M) is

an Hi-cobordism if additionally the inclusions of M and M’ into W induce isomorphisms Hy (M) =
H{(W) «— Hy(M').
We start by recalling some well-known facts about Hj-cobordisms.

Lemma 8.5.1. If (W; M, M') is an Hy-cobordism, then the following statements hold:
1. H{(W,M)=0= H;(W,M") for all i # 2.
2. The groups Ho(W, M) and Ho(W, M') are isomorphic and free abelian.

3. Denote by k: Ho(OW) — Ho(W) the map induced by the inclusion. There exists a
unique map p: Ho(W, M) — Ho(W)/im(k) such that

Hy(W)/im(k) —— Ha(W,0W)
~
[ e ]
HQ(W) _— HQ(VV, M)
is commutative. The map ¢ is an isomorphism.

Proof. Since the first two assertions can be found in [30, Lemma 2.20], we only prove the
third one. As a first step, we show that the map i: Ho(W, M) — Ha(W,0W) arising from
the long exact sequence of the triple (W,0W, M) is an injection. To prove this, consider the
diagram

Hom(H{(W),Z) — Hom(H;(M'),Z)

>~ ev >~ ev
HW)— L 5
=~ | PD

~|PD Hy(M',0M')
o | exc

H3(W,0W) ——— Hy(OW, M) ——— Ho(W, M) — Ho(W, W),

where exc denotes excision. The upper square clearly commutes, while the pentagon com-
mutes by [23, Section VI.6, Problem 3]. Since (W; M, M’) is an Hi-cobordism, the uppermost
horizontal map is an isomorphism. Consequently, the map f is an isomorphism and there-
fore so is the map Hz(W,0W) — Hy(0W, M). Exactness now implies that i: Ho(W, M) —
Hy(W,0W) is injective.
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As a second step, we show existence and uniqueness of ¢: Ho(W, M) — ?;((%). The
portion

Hy(0W) 5 Hy(W) L Ho(W,0W) & Hy(oW) 5 Hy (W)
of the long exact sequence of the pair (W, 9W) produces the short exact sequence in the top

row of the following commutative diagram:

0 Ml s Hy(W,0W) ———— ker(f) ——————0

RS T

HQ(W) *}HQ(W7 M) %ker(Hl(M) — Hl(W))

Since (W; M, M’) is an Hj-cobordism, the group ker(H;(M) — H;(W)) vanishes. Conse-
quently, given z € Ho(W, M), the composition i(d(z)) is zero and so, by exactness, there
exists [y] € ?51((%) such that j([y]) = i(xz). We therefore define p(z) := [y]. As j is injective,

© is well-defined. By construction ¢j = 1.

Next, we show that ¢ is an isomorphism. Injectivity is immediate from the diagram
above and the fact that ¢ is injective. As ker(H(M) — H1(W)) = 0, we obtain the following
commutative diagram

Hy(W)/im(k) —— Ha(W,0W)
x T
HQ(W) —_—> HQ(VV, M)
which shows the surjectivity of (. O

Let (W; M, M’) be an Hj-cobordism. Recall from Example 5.6.2 that 7™ denotes the
n-th derived subgroup of 7 := (W) and that there is an intersection form

A = Mg o) (W): Ha(W3 Zl 7)) x Ho(W: Zlr/w)) — Zl /")

which coincides with the ordinary intersection form when n = 0. Following Cha [30, Definition
2.8], we recall the following definition, which is inspired by Cochran-Orr-Teichner’s work [47].

Definition 26. An Hj-cobordism (W; M, M’) is an n-solvable cobordism if there exists a
submodule L = (ly,...,1,) C Ho(W;Z[rx/n™]) together with homology classes dy, ..., d, €
Hy(W; Z[r/7™)]) which satisfy the following properties:

1. the intersection form A, vanishes on L and the relation A, (l;,d;) = d;; holds for each
1, J;

2. the image of L under the composition Hy(W;Z[r/x™]) — Ho(W) — Hy(W, M) has
half rank;

3. the restriction of the intersection form A\¢ to the image of L in Hy(WW') vanishes.

We shall sometimes refer to the submodule L as an n-Lagrangian and to the classes
di,...,d, as n-duals. It is worth noting that these notions are defined and studied in much
greater generality in [30, Section 2]. For further reference, we make note of the following
result, whose proof is outlined in [30, proof of Theorem 3.2].
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Proposition 8.5.2. If an Hi-cobordism W admits a 0-Lagrangian, then the ordinary signa-
ture sign(W') vanishes.

Proof. Let ¢: Ho(W, M) — Ho(W)/im(H2(OW)) be the isomorphism of Lemma 8.5.1. Using
the definition of a 1-solvable cobordism, the subspace ¢(L) gives rise to a Lagrangian of the
nonsingular intersection pairing Aq(W) of W. Consequently, sign(WW) vanishes. O

The next definition is an adaptation to the colored framework of the one given by Cha [30].
Recall that the boundary L x S' = 90X, of a link exterior X7, inherits a product structure by
longitudes and meridians. A bijection o of the link components of two links L, L’ induces an
orientation-preserving diffeomorphism ¢, : LxS' — L'x 8! preserving the product structures,
which is unique up to isotopy.

Definition 27. Two colored links L, L’ are n-solvable cobordant if there exists a bijection o
between the components of L and of L which preserves the colors and there is an n-solvable
cobordism (W; X1, X1/, o).

Remark 8.5.3. Suppose that two u-colored links L and L’ with m-components are n-solvable
cobordant, we claim that they have the same pairwise linking numbers. To see this, first recall
that the exterior X, of a colored link L is equipped with a homomorphism 51, : Hy(X1) — Z*.
An n-solvable cobordism between the links now fits into the commutative diagram

Hy(Xp) " Hy(W) " Hy(Xp), (8.3)
Br ZJ(m Brr

M

where Z™ is indexed by the link components and Z* by the colors. The maps H;(Xr) — Z™
and H;(Xp/) — Z™ send each meridian to the corresponding unit vector, and the map
Z™ — 7* is induced by sending a link component to its color. Now let | € H;(X) be
the longitude of some component K of L, and let I’ € H;(Xy/) be the longitude of the
corresponding component K’ = o(K) of L'. Since the longitudes are glued together, we
have i(l) = '(I') in Diagram (8.3). But the linking numbers of K and K’ with the other
components of L and L’ respectively are nothing but the coordinates of the images of [ and
" in Z™. Commutativity of the diagram above now implies the claim.

Remark 8.5.4. If L and L’ are concordant, then they are n-solvable cobordant for each n.
First, note that a concordance gives a bijection o between the link components of L and
the ones of L' by following the annuli. If W¢ is the exterior of the concordance C, we

have OW¢ = X1, Uy, X/, and the inclusion maps give rise to isomorphisms H,(Xr) =N
H.(We) & H,(X/). Since the relative groups Ha(We, X1) and Hao(We, X1) vanish, the

remaining conditions in the definition of an n-solvable cobordism are vacuous.

8.5.2 Nullities and 1-solvability

We now show that 1-solvable cobordant links have the same multivariable nullity. This proves
half of Theorem 8.1.5.
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Given a pair (X,Y") we denote by 3;(X,Y’) the rank of H;(X,Y) and by 5 (X,Y) the di-
mension of H;(X,Y; C¥). Recall that for an n-solvable cobordism (W; M, M'), we abbreviate
w1 (W) by .

Lemma 8.5.5. Let (W; M, M’) be a 1-solvable cobordism equipped with a homomorphism 7 /7)) —
Z#. Then both H;(W, M) and H;(W,M;C¥) vanish for i # 2 and for allw € T}'. In particu-
lar, B8 (W, M) is equal to So(W, M).

Proof. Since W is an Hjp-cobordism, we get H;(W,M) = 0 for ¢ = 0,1. Since w € ']I‘{‘,
Lemma 8.3.1 implies that H;(W, M;C%) = 0 for i = 0,1. In the untwisted case, for i = 3,4,
applying duality and the universal coefficient theorem yields H;(W, M) = H*~{(W,M’) =
Hom(Hy—;(W, M’),7Z) = 0. In the twisted case, the same conclusion follows by combining
Lemma 7.5.5 with the fact that H;(W, M; C¥) = 0 for ¢ = 0, 1. The last claim now follows since
the Euler characteristic of (W, M) may be computed with Z-coefficients or C*-coefficients,
see Remark 5.2.5. [

Next, we use each of the 1-Lagrangian and the 1-duals to produce a subspace of Ha(W; C¥)
on which the intersection form Agw (W) vanishes.

Lemma 8.5.6. Given a 1-solvable cobordism (W; M, M') equipped with a homomorphism = /7(1) —
ZF, there exist subspaces Lo, Do C Ho(W;C¥) such that

1. The intersection form Agw (W) vanishes on L¢.

2. The dimensions of L¢ and D¢ are equal to r := %rank Hy(W, M).

3. Le¢ and D¢ are respectively generated by classes I}, ...,ll. and di,...,d, which sat-
isfy Ace (W)(l;, d}) = 6.

Proof. We first claim that the ly,...,[, freely generate the 1-Lagrangian of W. Since W is a
1-Lagrangian there exist 1-duals dy, ..., d, satisfying \i(l;,d;) = d;5. If >/, a;l; = 0, then
applying A1 (—, d;) proves that a; vanishes for each j, showing the linear independence of the /;.
Next, the composition a: w/71) — ZF 5 € gives rise to a map a,: Ho(W;Z[x/7(N]) —
H,(W;C¥) on homology, and we set L¢ := a,(L). We abbreviate Z[r/7()] by A. Since the
following diagram (in which the horizontal maps are inclusion induced, Poincaré duality and
evaluation) commutes

Hoy(W; A) ——— Ho(W,0W; A) ——— H?(W; A) ——— Homp (Ha(W; A), A)

Ho(W; C¥) —— Hy(W,0W; C¥) —— H?(W; C¥) —— Homg (Ho(W; Cv), C),

we deduce that Age (W) (ax(z), ax(y)) = A (x,y). From this, it follows that the elements I} :=
a.(l;) and d; := aw(d;) are dual for 1 <14 < r, showing the last property. Using the previous
argument, we see that they freely span L¢ and D¢ := . (D) and so both have dimension r.
Since A1 vanishes on L, it also follows that Agw (W) vanishes on L. O

We are now ready to prove the invariance of the nullity under 1-solvable cobordism.
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Proposition 8.5.7. If two p-colored links L and L' are 1-solvable cobordant, then, for all
w € Tf we have

nL(w) = nr(w).

Proof. Recall from Theorem 8.1.1 that the nullity 77, (w) is equal to the dimension of H; (Xp; C¥),
and the same goes for L. To prove the proposition, we shall show that H;(Xp;C¥) =
H{(W;C¥) & Hy(Xp;C¥). Define M to be either X or X/, and let r be the rank of
Hy(W, M). Since we proved in Lemma 8.5.5 that Hy (W, M; C*) = 0, the long exact sequence

of the pair (W, M) gives
HQ(M; (Dw) — HQ(W; Cw) — HQ(VV, M; (Dw> — Hl(M; Cw) — Hl(W; Cw) — 0.

Consequently, to prove the statement, it is enough to show that the map Ho(W;C¥) —
Hy(W, M;C¥) is surjective. Let L¢ and D¢ be the r/2-dimensional vector subspaces of
Hy(W; C¥) provided by Lemma 8.5.6. By the intersection properties of the vectors in L¢ @
D¢, one can check that the space L¢ @ D¢ intersects trivially the image of Hy(M;C¥) —
Hy(W;C¥). By Lemma 8.5.5 the space Ho(W, M;C¥) has dimension r, which is also the
dimension of Lg @ D¢ C Ho(W;C¥). Consequently, the map Hy(W;C*) — Ho(W, M;C¥)
must be surjective. This concludes the proof of the proposition. O

8.5.3 Technical lemmas

We collect some technical lemmas needed to prove the invariance of the signature under 1-
solvable cobordism. More precisely, we use various arguments from homological algebra in
order to estimate the dimension of the space L¢ given by Lemma 8.5.6.

We start by computing some twisted Betti numbers.

Lemma 8.5.8. If two u-colored links L and L' are 1-solvable cobordant via W, then for
i=1,2 and for all w € T}

1. pY(Xp) = B3 (X1),
2. By (OW) = B3 (OW),
3. 5 (W, 0W) = B3 (W, X1) + B85 (W, 0W) = 85 (W, X1/) + 85 (W,0W).

Proof. Set M := X, and M’ := X, and note that since M is a link exterior, its Euler char-
acteristic vanishes. Since 5§ (M) and 4 (M) vanish and since the Euler characteristic can
be computed with any coefficients (recall Remark 5.2.5), the first statement follows immedi-
ately from the equality x“(M) = x(M) = 0. Arguing as in Lemma 8.4.3, one deduces that
BE(OW) = B¥(M)+ ¥ (M'). As the nullity is invariant under 1-solvable cobordism thanks to
Proposition 8.5.7, the second statement now follows from the first. We now turn to the third
statement. As we showed in Lemma 8.5.5 that H3(W, M;C“) = 0, the long exact sequence
of the triple (W, 0W, M) gives

0 — Hy(W,0W;C¥) — Ho(OW, M; C¥) — Ho(W, M; C¥) — Ho(W,0W; C*)
— H(OW, M;C*) — H(W, M;C*) — Hy(W,0W;C*) — 0.
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Lemma 8.5.5 implies that H; (W, M; C¥) vanishes and consequently so does Hy (W, 0W; C¥).
Since the alternating sum of dimensions of an exact sequence vanishes, one gets

B3 (W,0W) = B5(W, M) + 55 (W,0W) + 57 (0W, M) — 35 (0W, M),

and so the third statement reduces to proving the equality 5 (OW, M) = p§(0W, M). To
achieve this, consider the long exact sequence of the pair (OW, M):
0 — Hy(M;C%) — Ho(OW;C¥) — Hy(0OW, M;C*)
— H{(M;C%) — H1(OW;C¥) — H1(OW, M;C*) — 0.
Note that Hs(OW, M;C*) = 0 because of the long exact sequence of (W,0W, M) together

with the fact that Hs(W, M;C¥) = 0, see Lemma 8.5.5. Using the vanishing of the alternate
sum of dimensions, the desired equality now follows by combining the first two statements. [

Next, we prove an inequality on the twisted Betti numbers of a 1-solvable cobordism.

Lemma 8.5.9. If two p-colored links L and L' are 1-solvable concordant via W, then
B3 (W,0W) — By (OW) + BY (W) <0
for all w € T}

Proof. By Lemma 7.5.5, one gets 5 (W,0W) = ¢ (W). Setting M := X, and M’ := X/,
arguing as in the proof of Lemma 8.5.8 and using Proposition 8.5.7, we see that ¢ (0W) =
2pY(M). Since Lemma 8.5.5 implies that Hy(W,M;C¥) = 0, the map H;(M;C¥) —
H,(W;C¥) is surjective, and so ¢ (W) — ¢ (M) < 0. Combining these facts, 85 (W,0W) —
BY(OW) 4 BY (W) is equal to 2(84 (W) — BY(M)) < 0, as desired. O

Finally, we estimate the dimension of the space which supports the twisted intersection
form.

Proposition 8.5.10. Assume two p-colored links L and L' are 1-solvable cobordant via W .
Then, for all w € T}, the subspace L¢ C Ha(W;C¥) of Proposition 8.5.6 satisfies

1 ( Hy(W; Cv)

1, o |
o dme \ S @ €9 = By (W @))> < dimg(Lo)

Proof. Invoking Lemma 8.5.6, the dimension of L¢ is equal to half the rank of Hy(W, M).
Using Lemma 8.5.5, 8(W, M) = S2(W, M), and so the proposition reduces to showing the
inequality

Hy (W5 C¥)
im(Hy(OW; Cv) — Ho(W;CV))
Set V' := im(H2(0W; C¥) — Ho(W;C%)). Since we proved in Lemma 8.5.5 that Hy (W, 0W; C¥)
vanishes, the long exact sequence of the pair (W, 0W) now takes the form

d:= dim@< ) < B (W, M).

0—V — Hy(W;C¥) — Ho(W,0W;C¥) — H1(OW;C¥) — H (W;C¥) — 0.
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Finally, using the fact that the alternating dimensions of an exact sequence sum up to zero,
one gets

d = B3 (W,0W) — BY (W) + 57 (W)
= B3 (W, M) + p5(W,0W) — Bt (OW) + 1 (W)
< B3 (W, M),

where the last two steps use respectively Lemma 8.5.8 and Lemma 8.5.9. ]

8.5.4 Proof of Theorem 8.1.5

We prove that 1-solvable cobordant links have the same multivariable signature, concluding
the proof of Theorem 8.1.5.

Let L and L' be 1-solvable cobordant u-colored links. Let F, F’ C D* be colored bounding
surfaces for L and L’ respectively, with the additional requirement that they have only a single
component per color. We denote by Wr and Wy their respective exteriors. Setting as usual
My := vFNWp, we see that the boundary Wy decomposes into XU g1 M. An analogous
decomposition holds for 0Wgr. Given a 1-solvable cobordism W, we consider the 4-manifold

V.=Wpg Ux, WUXL/ W,

which has boundary Mg Uy, Mg, where X is a disjoint union of tori. By the diagram (8.3),
the coefficient systems on the link exteriors X and X/ extend over W and thus over V.
We shall now compute dsign,, (V') = sign,, (V') — sign(V') using the Novikov-Wall additivity of
signatures.

Claim. dsign, (V') = dsign,(Wp) — dsign,,(Wg) + dsign,, (W).

To prove the claim, the first step is to establish the equality dsign, (V') = dsign,(Wp) +
dsign,, (W Ux,, Wps). For this, consider V' as the union of Wr with W Ux,, Wg along
Xp. Since Hi(L x S';C*) vanishes, the twisted additivity follows immediately from Propo-
sition 7.2.2. To deal with the untwisted signature, we need to consider the kernels

ker Mp = ker(Hy (L x S*) — Hy(Mp)),

ker My = ker(Hy (L x S*) — Hy(Mp)),

ker X7, = ker(Hy(L x S*) — H1(X1)).
As L and L’ are 1-solvable concordant, they have the same pairwise linking numbers between
their components, see Remark 8.5.3. Since we assumed that F' and F’ have exactly one
component for each color they can be seen as bounding surfaces in the uncolored sense, and
applying Lemma 7.5.1 to the two links shows that ker Mp = ker M. As a consequence,
Theorem 7.2.1 yields dsign,, (V') = dsign,,(Wr) + dsign,, (W Ux,, Wg).

To prove the claim, it remains to show that dsign,,(WUx,, W) = dsign,,(W)—dsign,, (Wpr).

Consider the two kernels ker(H;(L' x S') — H1(X1)) and ker(H; (L' x S*) — Hy(Xp/)) in-
volved in Novikov-Wall additivity. We have a commutative diagram

Hy(L' x S1)




where the isomorphism is given by the Hj-cobordism W. It follows that the two kernels agree
and thus the Novikov-Wall additivity of Theorem 7.2.1 goes through. The twisted additivity
follows immediately from Proposition 7.2.2. This completes the proof of the claim.

We now show that dsign, (V) = or(w) — o7/(w). The combination of Proposition 6.7.2
and Theorem 8.1.1 implies that dsign,(Wr) = o (w) and dsign,(Wg) = op/(w), it follows
from the claim that

dsign,, (V) = op(w) — o/ (w) + dsign,, (W)

Next, we argue that the signature defect dsign, (W) vanishes. By Proposition 8.5.2, the
ordinary signature of W vanishes. Combining Propositions 8.5.6 and 8.5.10, there exists a La-
grangian Lg C Hay(W; C¥) for the nonsingular intersection form on Hy(W; C¥)/im(H2(0W; C*) —
Hy(W;C¥)) and thus the twisted signature of W vanishes.

To conclude the proof, it only remains to show that dsign (V') vanishes. Recall that 0V =
Mp Us, Mg, where X is a disjoint union of tori. Gluing the components of F, F/ and ¥ along
their respective boundaries expresses dV as a plumbed 3-manifold. Since L and L’ are 1-
solvable cobordant, their linking numbers match up, see Remark 8.5.3. Thus 9V is balanced.
Proposition 7.1.1 now implies that dsign, (V') = 0, as desired.
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Part 11

The Burau representation and its
generalizations
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Chapter 9

The Burau representation of the
braid group

9.1 Introduction

This introductory chapter deals with the braid group, the Burau representation and the
colored Gassner representation. A braid roughly consists of n monotonic disjoint strands in
the cylinder D? x [0,1]. Given two braids Si, 2, one can form their composition (312 by
stacking (1 on top of 8. Using this operation, isotopy classes of braids form a group B,
which is referred to as the braid group and which was first introduced by Emil Artin [4]. The
braid group also admits various other definitions some of which will be briefly discussed in
Section 9.2.

From the perspective of a knot theorist, the interest in braids comes from the following fact,
due to Alexander [2]: every link can be obtained as the closure of a braid. A natural question
then arises: what link invariants can be recovered from the braid group? In the case of the
Alexander polynomial, the answer is well known and relies on the so-called reduced Burau
representation of the braid group. This representation, which we shall review in Section 9.3
takes the form of a homomorphism

By By, — GL,_1(Z[t*1]),

and its relation to the Alexander polynomial, which is due to Burau [25], can be described as
follows. If one uses Alexander’s theorem to view a link L as the closure & of an n-stranded
braid «, then the Alexander polynomial of L satisfies

Ar(t)(t" —1) = (t — 1) det(By(a) — I,_1). (9.1)

What about the multivariable Alexander polynomial? To explain the answer to this ques-
tion, we introduce some more terminology. A braid is pure if the permutation it induces
is trivial, and the resulting pure braid group P, admits a representation gth...tn: P, —
GLn_l(Z[tfl, ..., t1]) known as the reduced Gassner representation. In Birman’s classical
book [17], it is then shown that for any pure braid « with n strands, one has

Ag(tey .. tn)(tate -ty — 1) = det(Gy, .1, () — Tn—1).
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In order to interpolate between the Gassner representation and the Burau representation,
Section 9.4 deals with the colored braid groups B, and the (algebraic) reduced colored Gassner
representation

@wc : B, — GLn_l(Z[titl, - ,tfl]).

Although this representation is sometimes hinted at (see [42, 103, 126]), it seems that a
thorough study has never been carried out. Both for this reason and to prepare the reader
for Chapter 11, a fair amount of time is devoted to this task. Finally, Section 9.5 will provide
explicit computations of the (un)reduced colored Gassner representation.

Although most of the material presented here is well known, several results and proofs
appear to be somewhat folkore. Moreover, some remarks concerning the colored Gassner rep-
resentation do appear to be novel. Furthermore, note that we have tried to make this chapter
accessible for a reader who has only skimmed through the first part of this thesis. In partic-
ular, we chose to start this chapter with the language of covering spaces, delaying the use of
twisted homology. Exceptions nevertheless occur in some remarks which might require taking
a look at Section 2.5 and Chapter 5. Indeed, our opinion is that the Burau representation
should be understood first and foremost as an induced map on twisted homology.

9.2 The braid group

This section reviews the braid group. The classical reference on the subject is Birman’s
book [17], but we also refer the reader to Turaev and Kassel’s monograph [92].

Let D? be the closed unit disk in R2. Fix a set of n > 1 punctures pi, pa, ..., pn in the
interior of D2. We shall assume that the p; liein (=1,1) = Int(D*>)NR and p; < p2 < ... < pp.
A braid with n strands is an oriented n-component one-dimensional submanifold S of the
cylinder D? x [0,1] whose boundary is | I, (p; x {0}) U (=, (pi x {1})), and where the
projection to [0, 1] maps each component of f homeomorphically onto [0, 1], see Figure 9.2.
Two braids 31 and f3; are isotopic if there is a self-homeomorphism of D? x [0, 1] which keeps
d(D? x [0,1]) fixed, such that h(B1) = B2 and hlg, : B1 ~ B is orientation preserving.

Definition 28. The braid group By, consists of the set of isotopy classes of braids. The identity
element is given by the trivial braid id, := {p1,p2,...,pn} X [0,1] while the composition of
(5182 consists in gluing 81 on top of B2 and shrinking the result by a factor 2 as in Figure 9.1.

By i J
) / :
iy

Figure 9.1: The composition of braids.
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The group B,, admits a presentation with n — 1 generators 01,09, ...,0,-1 subject to the
relations 0;0;410; = 04410041 for each i, and o;0; = oj0; if |i — j| > 2 [17]. Topologically,
the generator o; is the braid whose i-th component passes over the (i + 1)-th component
as in Figure 9.2. The braid group B, can also be seen as the fundamental group of the

|
i

Figure 9.2: The braid o9: an element of the braid group on 4 strands Bjy.

configuration space of n points in the plane [17]. However it is the interpretation of B,
as a mapping class group of D, := D%\ {p1,...,p,} [17] which interests us the most. To
understand this fact, first note that a braid § induces a deformation retract of its exterior
Xg = (D? x [0,1]) \ v8 onto D,, x {0}. Denoting this retract by Hg: Xz x [0,1] — Xz,
it turns out that the isotopy class (rel dD?) of the orientation-preserving homeomorphism
hg: Dy x {1} — D, x {0}, — Hpg(x,1) depends only on the isotopy class of the braid
(see [17] and [42, Section 5.1] for details):

Theorem 9.2.1. The braid group coincides with the set of isotopy classes of orientation-
preserving homeomorphisms of D,, fizing 0D? pointwise.

Figure 9.3: The effect of the homeomorphism h,, on the punctured disk Dj.

Fix a base point z of D, and denote by z; the simple loop based at z turning once
around p; counterclockwise for i = 1,2,...,n as in Figure 9.3. The group m1(D,,) can then
be identified with the free group F), on the z;. Using Theorem 9.2.1, it follows that if hg is
a homeomorphism of D,, representing a braid 3, then the induced automorphism of the free
group F,, only depends on . Slightly abusing notation, this induced automorphism shall
also be denoted by hg. It follows from the way we compose braids that h,g = hgh.,, and the
resulting right action of B, on F,, can be explicitly described (see also Figure 9.3) by

S .
TiTip1T; if j =1,
zihg, = { @ ifj=i+1,

xj otherwise.

For this reason, 01605 denotes the left to right composition of 0,0y € Aut(F,) i.e. if x € F),,
then (x)60102 = ((x)61)02. Moreover, if f : F,, — G is a group homomorphism, then S, f will
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denote the composition of f with the automorphism induced by 8. With these conventions, if
B and v are two braids, then (87).f = By« f. Finally, the closure of a braid j is the oriented
link 3 obtained from 3 by adding parallel strands in S\ (D? x [0,1]) as in Figure 9.4. As
we mentioned in the introduction, every link can be obtained as the closure of a braid [2].

T q
N\ N
)

Figure 9.4: A braid a and its closure a.

Q)

9.3 The Burau representation

The unreduced Burau representation is a homomorphism %;: B, — GLn(Z[til]). If one
uses the previously mentioned generators oy,...,0,-1 of the braid group B,, then %; is
represented by the unreduced Burau matrices

1—t ¢t
Bi(oi) = Ii_1) @ ( 1 0) & I(n_i—1)- (9.2)

This representation is not irreducible and a particularly interesting subrepresentation is given
by the reduced Burau representation %;: B, — GLyn_1(Z[t*"]). Using the same generators
of the braid group as above, %, is represented by the reduced Burau matrices

o 1 0 0
Bi(oi) =TI op® [t —t 1| ®Ln o (9-3)
0 0 1

for 1 <i<n—1, and for o1 and 0,1 it is represented by

L —+ 1 _ 1 0
PBi(o1) = <0 1> D I(n-3); Bi(on-1) = I(n-3)® (t —t) '

The aim of the following subsections is to review a more intrinsic construction of the Burau
representation which involves covering spaces. More precisely, this section is organized as
follows. Subsection 9.3.1 recalls the definition of the unreduced Burau representation. Sub-
section 9.3.2 reviews the definition of the reduced Burau representation. Subsection 9.3.3
recalls why the Burau representation is unitary. References include [17, 92, 151].
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9.3.1 The unreduced Burau representation

Fix a basepoint z of the punctured disk D,,. Consider the map ¢: m(D,) — Z = (t) which
sends each z; to t. Let m: D° — D,, be the regular cover corresponding to ker(1), and let

P = 77 1(2) be the fiber over z. The homology groups of D° are naturally modules over
A = Z[t*1.

Lemma 9.3.1. The homology A-module Hi(DS°, P) is free of rank n.

Proof. The punctured disk D,, is homotopy equivalent to the wedge of the n loops representing
the generators of m;(D)y,) described in Section 9.2. Choose a cellular decomposition of this
latter space consisting of the 0O-cell z (the basepoint of the wedge) and one 1-cell x; for each
loop. For i = 1,2,...,n, let 7; be the lift of z; starting at an (arbitrary) fixed lift z of .
With this cell structure, the A-module C(DS°, P) is freely generated by the z;, see Figure 9.5.
As Co(Dge, P) vanishes, Hi(Dg°, P) = C1(Dg°, P) and the claim follows. O

Figure 9.5: The covering space D3° has the homotopy type of a 1-dimensional complex.

Using Theorem 9.2.1, let h,: D, — D, be a homeomorphism representing a braid a.
Covering space theory implies that the homeomorphism h,, lifts to a unique homeomorphism
ha: DY° — D fixing the fiber over z pointwise. The map induced by h, on Hi(Di°, P) =
C1(Dg°, P) only depends on the braid «. Indeed, two isotopic choices of representatives
for a given braid produce homotopic maps in the cover. As the braid group acts by right
automorphisms on the free group m(Dy,), the left A-module C;(Dg°, P) inherits a right action
of the braid group. As in Section 9.2, the composition of automorphisms on C(D$°, P) will
be read from left to right.

Definition 29. The unreduced Burau representation %y : By, — Auta(Hi (D, P)) is the rep-
resentation obtained by sending a to the A-linear automorphism H;(D;°, P) — Hy(Dy°, P)
induced by h,,.

Note that the unreduced Burau representation is n-dimensional, see Lemma 9.3.1. We now
argue that Definition 29 does indeed produce a representation. If 8, € B,, are two braids,
then the composition Hy(D°, P) 2% 1, (D2, P) 2'Y H,(D®, P) of the maps induced by 4
and ~ coincides with the map induced by . As the braid group acts on homology from the
right, and composition is read from left to right, the claim follows.

Despite the description we gave in Definition 29, we believe that the Burau representation
ought to be understood using twisted homology. The next remark, which elaborates on this
opinion, assumes some familiarity with the material of Chapter 5. It will also play a crucial
role in Chapter 11.

Remark 9.3.2. Using Lemma 5.2.1, the homology A-module H;(Dg°, P) coincides with the
twisted homology A-module H; (D, z; A), where A inherits its right Z[m (D,,)]-module from
the aforementioned map ¢: 71(D,,) — Z. Using this language, the Burau representation of a
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braid f is nothing but the map induced by hg on Hy(D,,, z; A), see Lemma 5.7.1. Furthermore,
the equality B;(af) = ZBi(a)PB:(B) follows immediately from Corollary 5.7.2, see Section 11.3
for further details on this point of view.

Next, we briefly review some Fox calculus. Recall from Subsection 2.2.2 that if F,, de-

notes the free group on the n generators x1,...,x,, there exists a unique Fox derivative
%: Z|F,] — Z|F),] satisfying gﬁ; = ;. Since 8(2‘3- is a derivative, it satisfies 6(.(;;:) =

-1
887”3_ + ua‘% and 8;;3_ = —5Z-jx;1. The next remark explains the well known topological rele-

vance of the Fox derivative. It will also allow us to relate the unreduced Burau representation
to the unreduced Burau matrices given in (9.2).

Remark 9.3.3. Assume a CW complex X admits a cell structure with one O-cell v, n ori-
ented 1-cells labeled z1, o, .. ., z, having all their endpoints identified with v to form n loops,
and m oriented 2-cells ¢, co, . . ., ¢y With each O¢; glued to the 1-cells according to a word 7.
The fundamental group of X then admits a presentation with generators xi1,zo,...,z, and
relators r1, 79, ..., m. Let U, T; and ¢; be corresponding lifts to the universal cover p : X - X.

Let pr: Z[F,] — Z[m1(X)] denote the ring homomorphism induced by the quotient map.
The chain Z[r(X)]-module C1(X,p~!(v)) is freely generated by the 7;, and if w is a word
in the z;, then its lift w (viewed as a 1-chain in the universal cover) can be written as

n

W= ;pr (g;‘;) ;. (9.4)

When the context is clear, we shall often omit the ring homomorphism pr from the notation.
Although (9.4) is all we need for the remainder of this section, we conclude this remark
with a well know fact. Namely if follows from (9.4) that the boundary map da of the chain
complex C,(X,p~*(v)) sends ¢; to the lift of r; beginning at 9. Therefore (9.4) specializes to

0a(ci) =

Consequently, 0o is represented by the (m x n) Fox matrix whose (4, j)-coefficient is g;; . Note
that here we are following a common convention, according to which the elements in the chain
complex C,(X,p~1(v)) of free left Z[m(X)]-modules are row vectors and that the matrices

of the differentials act by right multiplication, see [102, 150].

Proposition 9.3.4. With respect to the basis T1,...,ZT, described in Lemma 9.5.1, the unre-
duced Burau representation is given by the unreduced Burau matrices of (9.2).

Proof. Fix a lift of z to D;°. Given a homeomorphism hg representing a braid 3, let 55 be
the A-linear homomorphism induced by the lift of hg on the chain A-module Cy(D;g°, P).
As Hi1(D;°,P) = C1(Dy°, P), the Burau representation is given by the homomorphism
Bi(B) = hg. Clearly z;hg is the lift of a loop representing z;hg to D;°. Remark 9.3.3
and in particular (9.4) then show that on the chain group level

_~ = O(zihg) \ ~
xihg:ZdJ( (ngﬁ))xj'
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As we view elements of the left A-module C1(DS°, P) as row vectors, ﬁg is represented by the

(n X n) matrix whose (7,j) component is ¥ (a(g;x};ﬁ)

). Since we wish to recover the Burau
matrices, we specialize this computation to the generators of B,,. First, performing Fox
calculus yields

8(.%'Z‘hgi> 8(l‘il‘i+1$;l)

-1
= =1—x;x417; and
8.%- am’z '

8(xih0i) . 3(xixi+11:;1)
Orip1 0xit1

= Z;.
The result now follows by applying . O

Let us make some remarks on the various conventions involved in the definition of the
unreduced Burau representation and in Proposition 9.3.4.

Remark 9.3.5. Since hog = hgh, for any two braids o, 8 € B),, we made the choice to read
the composition from left to right. This led us both to the property %B;(ap) = %Bi(a)%B ()
and to view elements of C1(D:°, P) as row vectors. Fox calculus thus produced the Burau
matrices, and not their transposes. We will keep to these choices in the current chapter and
in Chapter 11, see also [17].

On the other hand if we had chosen to read h,g = hgh from right to left, we would have
gotten an anti-representation (i.e. a map satisfying f(af) = f(5)f(«)). Similarly, we would
have had to view elements of C(Dg°, P) as column vectors and thus Fox calculus would have

produced the transpose of the Burau matrices. We will make this choice in Chapter 12, see
also [42].

9.3.2 The reduced Burau representation

We now follow a similar procedure in order to define the reduced Burau representation.
Namely, given a braid 3, we shall consider the map induced by hg on the absolute homology
group Hi(D:?) instead of the relative group H;(Dg°, P). To obtains matrices, the first step
is to check that H;(Dg®) is a free A-module.

Lemma 9.3.6. The homology A-module Hy(DZ°) is free of rank n — 1.

Proof. Fix a lift z of z to Dy°. Arguing as in Lemma 9.3.1, D,, is homotopy equivalent to
the wedge of n circles. It follows that the boundary map 9: C1(Dg°) — Co(Dg°) is given
by z; — (t — 1)z. As D:° has the homotopy type of a one-dimensional complex, H;(Dg°) is
isomorphic to ker(9) and has a A-basis given by elements v; := ;1 —z; fori =1,...,n—1. O

Let hy: D, — D,, be a homeomorphism representing a braid « and let 7La: Dy° — Die
be the lift fixing the fiber P over z pointwise.

Definition 30. The reduced Burau representation %,: B, — Auty(Hy(D)) is the repre-
sentation obtained by sending « to the A-linear automorphism Hy(Dy°) — H1(Dy°) induced
by he.

Note that the reduced Burau representation is (n — 1)-dimensional, see Lemma 9.3.1. The
fact that %, is a representation follows as in the unreduced case. Furthermore, just as in
Remark 9.3.2, the reduced Burau representation can be viewed as the homomorphism induced
by hs on the twisted homology A-module Hi(D,,;A). The next proposition relates %, to the
reduced Burau matrices.
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Proposition 9.3.7. With respect to the basis vi,...,v,_1 described in Lemma 9.5.6, the
reduced Burau representation is given by the reduced Burau matrices of (9.3).

Proof. The naturality of the long exact sequence of the pair (Dg°, P), implies that the (injec-
tive) inclusion induced map i : H1 (D) — Hy(DS°, P) satisfies i, %;(a) = %Bi(a)i,. Using the
basis 71, ..., Ty for Hi(Dg°, P) (recall Lemma 9.3.1) and the basis v, ...,v,—1 for Hi(D;°)
(recall Lemma 9.3.6), a simple computation involving Proposition 9.3.4 implies the result, see
also Section 9.5. O

Following Birman [17], we shall now define another version of the reduced Burau repre-
sentation. Instead of working with the free generators 1, x2...,z, of m(D,), consider the
elements g1, g2, . . ., gn, Where g; = x1x2 - - - x;. The action of the braid group B,, on this new
set of free generators for 71 (D,,) is given by

9j if j # 14,
9j0i =< giv19; gi ifj=i#1, (9.5)
929" if j=i=1.

Let g; be the lift of g; starting at a fixed lift of z. Using the same argument as in Lemma 9.3.1,
one obtains the splitting H(Dy°, P) = @?;11 Ag; ® Ag,. As g, is always fixed by the action
of the braid group, its lift g, is fixed by the lift hg of a homeomorphism hg representing a
braid .

Definition 31. The alg(imic reduced Burau representation %;: B, — GL,_1(A) sends a
braid £ to the restriction %,(3) of the Burau representation to the free A-module of rank (n—
1) generated by g1, ..., gn—1.

If %2(6) denotes the Burau matrix of a braid § with respect to the basis described above,

then -
B,(B) = <%téﬁ) ‘f)

for some ((n — 1) x 1)-matrix V. In particular, one can check that the algebraic reduced
Burau representation is also represented by the reduced Burau matrices.

Remark 9.3.8. We therefore have two homomorphisms B,, — GL,_1(A) represented by
the reduced Burau matrices of (9.3). These two representations are therefore isomorphic.
Note however that they are not defined on the same module: lifts of the ¢g; do not belong
to H1 (D?LO)

We conclude this subsection by mentioning Burau’s result which relates the reduced Burau
representation to the Alexander polynomial [25].

Theorem 9.3.9. For any braid 5 with n strands, we have

As()(t" ~ 1) = (t — 1) det(By(B) — Ln-1).
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Figure 9.6: The intersection of v; and tv; in DS°.

9.3.3 The reduced Burau representation is unitary

Let H be a A-module and let A\: H x H — A be a skew-Hermitian form. A A-linear endo-
morphism f: H — H is unitary if A(f(z), f(y)) = A(x,y) for all z,y in H. Using a purely
algebraic computation, Squier was the first to observe that the reduced Burau representation
is unitary [144]. This fact was then reinterpreted in more geometrical terms using intersection
pairings [103, 116, 125, 151]. It is this latter viewpoint which we shall now present, first fol-
lowing the exposition of Cimasoni-Turaev [42] before making use of the machinery developed
in Chapter 5.

Let (, ): Hi(Dy?) x Hi(D) — Z be the skew-symmetric algebraic intersection pair-
ing obtained by lifting the orientation of D, to D;°. Consider the skew-Hermitian form
A Hi(DS°) x Hi(Dg°) — A defined by

Az,y) = Z(th, y)t .

keZ

The reader familiar with Section 5.6 might have observed that A is the twisted intersection
pairing on Hy(D,; A). Remark 9.3.12 will expand on this point of view, but first, let us start
by building a concrete understanding of the pairing A.

Example 9.3.10. Consider the case n = 2. The A-module H;(D3°) is freely generated by
vy = &1 — T2 and so the pairing reduces to (tvy, vt~ + ¢~ toy, v1)t = —(t — t~){tvg, vy).
Looking at Figure 9.6, one sees that (tvi,v1) = —1 and so the form is represented by the
1 x 1-matrix (¢t —t~1).

In the general case, we will use a more schematic interpretation of the cover D;° in which

the Z sheets of the cover are more apparent, see Figures 9.7 and 9.8. If z1, ..., Z, are the lifts
of the loops z1, . .., z, starting at some fixed lift Zz of the basepoint z, we saw in Lemma 9.3.6
that a basis of the free A-module H;(DS°) is given by v; = 2; — Zjy; fori=1,...,n— 1.

Example 9.3.11. With respect to the basis vy, ..., v,—1 of H1(Dy°), a matrix for the skew-
Hermitian intersection form A is

t—t1 1—-t 0 0

t7t—1 t—t7! :
0 0o |- (9.6)
: : 1—t
0 0 tt—1 t—¢t!
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For instance, let us compute in full detail A(v;,vit1) = (vi,vir1) + (¢ v, vi01)t. As one
can see from Figures 9.7 and 9.8, (v;,vi11) = 1 while (¢ 1v;,v;11) = (v;,tv;11) = —1, and
consequently A(v;,vi+1) = 1 —t, as desired. The other intersection numbers can be computed
similarly.

Figure 9.7: Computing (v;, v;j4+1).

Since the determinant of the matrix in (9.6) is non-zero, the form A is non-degenerate.
There are also more coordinate-free ways of understanding this fact: for instance, Cimasoni
and Turaev [42, Lemma 3.2] rely on a theorem of Blanchfield. The next remark, which assumes
familiarity with Subsection 2.5 and Chapter 5, gives another proof that X is non-degenerate.
The idea is to rely on the more algebraic definition of the pairing A which we reviewed in
Section 5.6.

Remark 9.3.12. As we observed in Remark 9.3.2; the homology A-module H;(D2°, P) is
nothing but the twisted homology A-module Hy(D,, z; A). Using this viewpoint, as we saw
in Section 5.6, the adjoint of the intersection pairing A is given by the composition

®: Hi(Dp; A) 5 Hi(Dy, 0Dp; A) 28 HY(Dyy; A) S Homp (H1 (Dy; A), A),

where 7 is the inclusion induced homomorphism. In order to show that A is non-degenerate, we
must prove that ® is injective. To achieve this, we first argue that ¢ is injective. To start with,
observe that since the boundary of DS° consists of a disjoint union of spaces homeomorphic
to the real line, H1(0Dy;A) vanishes. The injectivity of ¢ now follows from the long exact
sequence of the pair (D, 0D,,).

To deal with the evaluation map, we first claim that H'(D,;A) is isomorphic to the
A-module Homp (H1(Dy;A),A) @ Z. Since D,, has the homotopy type of a 1-dimensional
complex, H,(D,;A) =0 for p > 2. Next, observe that for ¢ > 0, one has

Extq (Ho(Dp; A), A) = ExtqZ[Z](Z;A) >~ H9(Z; \) = HY(BZ; A) = HY(S'; A) = Hl_q(Sl;A)

tvi1

Figure 9.8: Computing (v;, tv;y1).
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which equals Z for ¢ = 1 and vanishes for ¢ > 2. Consequently the spectral sequence of
Theorem 2.5.7 collapses at the second page and one obtains the short exact sequence

0 — BExt) (Ho(Dp; A),A) — H'(Dy; A) — Homp (Hy(Dy; A), A) — 0.

By Lemma 9.3.6, H1(Dy; A) is free. Thus Homp (H;(Dy; A), A) is also free and so this exact
sequence splits. The claim follows.

Since Hy(Dy;A) is free and the composition Hi(Dy;A) 5 Homp (H1(Dn; A),A) ® Z is
injective, the fact that A is injective will follow from the following algebraic claim. If R is
a domain, F'is a free R-module, M is an arbitrary R-module, T" is a torsion R-module and
U: FF— M & T is injective, then the composition ®: F Y MaeT - M is also injective.
To prove this, assume x € F satisfies ®(z) = 0; the goal is to show that 2 = 0. By definition
of ¥, we have ¥U(z) = (®(x),t) = (0,t) for some ¢t € T. Since T is torsion, there exists a # 0
such that at = 0 and so 0 = a(0,t) = a¥(z) = ¥Y(ax). Since V¥ is injective, az = 0 which
implies that x = 0, since R is a domain and F' is free.

Last but not least, we note that the Burau representation does indeed preserve A, i.e. that
it is unitary, as first observed by Squier [144].

Proposition 9.3.13. The reduced Burau representation preserves A.

Proof. Fix an orientation preserving homeomorphism h,, representing a braid a. Since the lift
he is also an orientation preserving homeomorphism, it preserves the algebraic intersection
pairing ( , ) and thus it also preserves A. O

9.4 A study of the colored Gassner representation

In this section, we review the definition of colored braids and study the colored Gassner
representation. Although some results may be folkore, to the best of our knowledge, the
systematic study of this representation using twisted homology is new. Contrarily to Sec-
tion 9.3, we increasingly assume familiarity with Chapter 5 and gradually introduce the use
of twisted homology. This provides a transition between Section 9.3 and the more technically
demanding Chapter 11. Finally, note that to make the exposition more fluid, several explicit
computations are delayed to Section 9.5.

An n-stranded braid 8 C D? x [0, 1] is p-colored if each of its components is assigned an
element in {1,2,...,u} via a surjective map. A pu-colored braid induces a coloring on the
punctures of D? x {0,1}. For emphasis, we shall denote the resulting punctured disks by D,
and Dy, and call a p-colored braid a (¢, ¢’)-braid, where ¢ = (¢1,...,¢,) and ¢ = (c},...,d,)
are the sequences of 1,2, ..., u induced by the coloring of the braid. Two colored braids are
isotopic if the underlying isotopy is color preserving, and we shall denote by id. the isotopy
class of the trivial (¢, ¢)-braid. The composition of a (¢, ¢)-colored braid 1 with a (¢/,¢”)-
colored braid (3, is the (¢, ¢’)-braid (182, see Figure 9.9. In particular note that isotopy classes

of (¢, ¢)-braids form a subgroup of the braid group:

Definition 32. Given a sequence c of integers, the c-colored braid group is the group B, of
isotopy classes of (¢, ¢)-braids.
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Figure 9.9: The composition of colored braids.

In other words, the colored braid groups are subgroups of the braid group B, which
interpolate between By, = By 1, 1) and the pure braid group P, := B(1 3 .. ). The closure of

a p-colored braid 8 € B, is the u-colored link B obtained from f by adding colored parallel
strands in S%\ (D? x [0,1]).

We now move towards the definition of the unreduced colored Gassner representation. Fix
a basepoint z of the punctured disk D.. Consider the map 9.: m1(D.) = Z* = (t1,...,tu)
which sends each x; to .. Let ﬁc — D, be the regular covering space corresponding to
ker(¢).) and let P be the fiber over z. The homology groups of ]36 are naturally modules
over A, = Z[tlﬂ, e ,tfl]. As in Section 9.3, the first step in defining the unreduced colored

Gassner representation is to ensure that H 1(130, P) is a free A -module.
Lemma 9.4.1. The homology A,-module Hl(ﬁc, P) is free of rank n.

Proof. Arguing word for word as in Lemma 9.3.1, lifts Z1,...,Ty of the loops z1,...,2,
provide a basis for Hi(D,, P). O

Let hy: D. — D, be a homeomorphism representing a colored braid «. One can check
that h, lifts to a homeomorphism ﬁa : ﬁc — ﬁc fixing P pointwise. As the braid group acts by
right automorphisms on the free group (D), the left A,-module C1(D,, P) inherits a right
action of the colored braid group B.. As in Section 9.2, the composition of automorphisms
on Cy (ZA)C, P) will be read from left to right.

Definition 33. The unreduced colored Gassner representation is the representation %y, : B, —
Autp, (H1(De, P)) obtained by sending a to the A -automorphism Hi(D,, P) — Hi(D., P)
induced by hg.

Note that the unreduced colored Gassner representation is n-dimensional thanks to Lemma 9.4.1.
Observe that if u = 1, Definition 33 recovers the unreduced Burau representation of the braid
group By, see Definition 29. On the other hand, it can be shown that if y = n, we get
the unreduced Gassner representation of the pure braid group described in [17]. Finally, the
emphasis on the homomorphism . in Definition 33 should become clear in Remark 9.4.2
below.
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In order to deal with (¢, ’)-braids, it is more convenient to work with twisted homology.
Consequently, from now on, we assume familiarity with Chapter 5. Denote by p: lN)c — D,
the universal cover of D, so that Cy(D., 5 (z)) forms a chain complex of free left Z[r (D,)]-
modules. Since the homomorphism . endows A, with a right Z[m(D,)]-module struc-
ture, one may consider the chain complex A, ®zx (p,)] C*(f)c, p 1(2)) and its homology
left A,-modules Hy (D, z;A,). Recall from Lemma 5.2.1 that H;(De,2;A,) is isomorphic
to H (5C,P). Using this language and generalizing Remark 9.3.2, the unreduced colored
Gassner representation of o € B, is the automorphism induced by h, on twisted homology,
see also Proposition 9.4.3 below.

Remark 9.4.2. The choice of the notation %, for the unreduced colored Gassner represen-
tation reflects that A, inherits its right Z[m(D.)]-module structure from v.. More generally,
an arbitrary homomorphism ¢: m(D.) — Z* induces such a Z[mri(D.)]-module structure
on A, and, given a € B, we shall denote by %, («) the resulting A,-linear homomorphism.
In this setting, we also write H{ (D,, z; A,) for emphasis. For instance, juggling with these
notations, a (¢, ¢)-colored braid « induces a A-linear homomorphism

HY*(De, 2 M) = HYY (Do, 2 M) — HY? (Do, 25 M)

We also refer to Chapter 11, and in particular to Section 11.3 and (11.3), for similar remarks
in a more general setting.

The next proposition immediately follows from Remark 9.4.2 and Corollary 5.7.2 but we
give some details nonetheless.

Proposition 9.4.3. Each (c,c')-braid o induces a well-defined A,-homomorphism %y, ()
which coincides with the unreduced colored Gassner representation on (c,c)-braids. Further-
more, given a (c,c')-braid B and a (¢, ")-braid v, we have

By, (BY) = By, (8) By (7)-

In particular, restricting to (c,c)-braids, Ay, is a representation.

Proof. Let a be a (c,c)-colored braid. Using Remark 9.4.2, hy: D, — Dy induces a well
defined map Hla*wc/(Dc,z;AH) — H;ﬁc/ (D, z;A,,); this is our definition of %, ,. The sec-
ond claim now follows by adapting the notations of Corollary 5.7.2 to those introduced in
Remark 9.4.2. The result is given by

By (BY) = By (B) By, (v) = By, (B) Py ()

for any (¢, ¢’)-colored braid 8 and (¢, ¢’)-colored braid . The lemma follows. O

Adapting the proof of Proposition 9.3.4, the unreduced colored Gassner representation can
be computed using Fox calculus. Namely, with respect to the basis z1,...,Z, described in
Lemma 9.4.1, the unreduced colored Gassner representation of o; (viewed as a (¢, ¢)-colored
braid) is given by

— T t

iy c%) ® Iin_i1)- (9.7)

1
By, (0i) = Li—1) @ ( ) 0

Observe that if 4 = 1, then one recovers Proposition 9.3.4. The following example illustrates

both Proposition 9.4.3 and how colored braids can be useful to make computations involving
pure braids.
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Example 9.4.4. Write ¢ = (1,2), ¢ = (2,1) and decompose the pure braid o? € P, = B,
as o107, where o7 is viewed as a (¢, ¢’)-braid and o] is the braid o; viewed as a (¢, ¢)-braid.
Applying Proposition 9.4.3 and (9.7) yields

11—t ¢ 11—ty ¢ 1 -t +tite t1(1—t¢
'@"l}c(O_%) :%wcl(o-l)'%d’c(ai) = ( 1 ! 02> < 1 2 01> = < 11t21 2 1( tl 1)> N

On the other hand, the action of 0% on the free group F} is given by
xlhgf = (azlxgxfl)hal = (a:lxgxfl)xl(xlxglel) = a:l:tgxl:c;lel,
:thg% =21he, = xlxgxl_l,

and Fox calculus yields

8($1hof) 8(x1x2x1x2_1x1_1) 1 1
= =14+ x120 — T1T27175 T,

8.731 8:751
O(x1hy2) 8(3715623;137_137_1)
o1’ _ 2 1 — 1— -1 .
7 ot z1(1 — zom25 )

Consequently, applying 1., one obtains the same matrix as above, namely the unreduced
Gassner matrix of the pure braid o7.

Note that (9.7) also shows that the unreduced Burau matrices of (9.2) can be recovered
from the unreduced colored Gassner matrices by setting ¢; = t for each 7. This can be
understood on the homological level as follows.

Remark 9.4.5. The map Z" — Z sending each ¢; to t gives rise to a map ev: A, — A which
endows A with a A -module structure. As ev o). coincides with the map 1) whose kernel
produces the cover of D° of Section 9.3, the Burau representation is induced by the map
HYY OWOh“(DC; A®p, Ay) — HYY OW(DC; A ®p, Ay). Since the latter map also has the effect
of evaluating the colored Gassner representation at t, the claim follows.

From now on, we return to our usual notation: we write H;(D.; A,,) instead of H;ﬁc (De; Ay).
Let us move on to the reduced colored Gassner representation. Although most of the con-
struction resembles the one variable case, there is one notable difference: for p > 3, the
A -module Hy(D¢; A,) is not free, see Lemma 9.4.6 below. For this reason, we shall use the
now familiar ring Ag := Z[t%ﬂ, ... ,tffl, (1—t1)" ..., (1 —t,) Y, see for instance Subsec-
tion 5.7.3. In particular, recall that since Ag is flat over A, the left Ag-modules Hy(D.;Ag)

and Ag ®a, Hi(D,) are isomorphic. The next lemma illustrates once more the usefulness of
Ag-coefficients.

Lemma 9.4.6. Given a sequence ¢ = (cy,...,¢p),
1. the Ay-module Hy(D¢; Ay) is of rank n — 1 and is free for i =1,2;
2. the Ag-module Hy(D¢; Ag) is free of rank n — 1 for all u.

Proof. Arguing as in Lemma 9.3.6, the punctured disk D. is homotopy equivalent to the
wedge of n circles and the boundary map C1(D.) — Co(D,) is given by Z; — (te, — 1)z, It
follows that Hi(D.; A,), which coincides with the kernel of this map, has a spanning set given
by the n — 1 elements (1 —t.,)Z;41 — (1 —tc,,)Z;. Some linear algebra shows that if u = 1,2,
then this is indeed a basis over A, while in general, it is only a basis over Ag. O
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Let ho: Dy — Dy be a homeomorphism representing a colored braid o € B and let
h D — D be the lift fixing the fiber P over z pointwise.

Definition 34. The reduced colored Gassner representation is the representation B, —
Auty, (Hl(DC)) obtained by sending a to the automorphism Hl(Dc) — H (Dc) induced
by ﬁa. The localized reduced colored Gassner representation is obtained by using the induced
map on Ag ®y, Hi(D,).

Note that the localized reduced colored Gassner representation is (n — 1)-dimensional and
the same remark holds in the unlocalized case for y = 1,2, see Lemma 9.4.6. The fact that
both of these reduced colored Gassner representations are indeed homomorphisms follows just
as in the unreduced and one variable cases. Furthermore, these representations should once
again be understood as induced maps on twisted homology, see Remarks 9.3.2 and 9.4.2. The
upshot of Definition 34 and of Lemma 9.4.6 is that localized coefficients are necessary for
matrix computations: they ensure that the twisted homology of DC is free. Naturally, using
the first point of Lemma 9.4.6, if u = 1, 2, localizing is altogether unnecessary.

Remark 9.4.7. With respect to the basis v1,...,v,—1 described in Lemma 9.4.6, matrices

for the localized reduced colored Gassner representation @i; can be computed explicitly.
Indeed, following step by step the proof of Proposition 9.3.7, one observes that the inclusion

—loc.

induced map i.: Hi(De;As) — Hi(De, 23 Ag) is injective and satisfies i.%y, (o) = By, ix.
We refer to Section 9.5 for explicit computations.

Before considering the colored analogue of the “algebraic reduced Burau representation”
described in Definition 31, we first observe that the reduced colored Gassner representa-
tion is unitary, generalizing the corresponding statement for the reduced Burau represen-
tation, see Subsection 9.3.3. Let ( , ): Hy(D.) x Hi(D.) — Z be the skew-symmetric al-
gebraic intersection pairing obtained by lifting the orientation of D, to D Consider the
pairing A.: Hl(DC) X Hl(DC) — A, given by Ac(z,y) = dezu@x y)g~!. The pairing is
skew-Hermitian and adapting the proof of Proposition 9.3.13 shows that the reduced colored
Gassner representation preserves A.. Tensoring with Ag, this is also the case for the localized
reduced colored Gassner representation. As in Remark 9.3.12, these forms are perhaps best
understood using the machinery of twisted intersection forms, see Section 5.6. Be that as it
may, we start by forging some intuition with an example.

Example 9.4.8. Consider the case n = u = 2. Hl(D(m)) is freely generated by vy =
(1 —t2)xy — (1 — t1)T2, see Lemma 9.4.6. With respect to this basis, a matrix for the skew-
Hermitian intersection form \. is ((t; —t7 %) 4 (ta —t5 ) — (t1ta — t7 't 1)) . An illustration of
part of this computation is shown in Figure 9.4.8.

In the case of the Burau representation, the pairing A was non-degenerate. The statement
generalizes to the colored case.

Remark 9.4.9. In order to see that the pairing A, is non-degenerate on Hi(D.; Ag), one can
either argue as in Cimasoni-Turaev [42, Lemma 3.2 and Section 6] or adapt Remark 9.3.12 to
the colored case. Note that with Ag coefficients, the latter argument is actually less technical
than its one variable counterpart since Ho(D.; Ag) = 0 by Lemma 5.7.3.

We now deal with the colored generalization of the algebraic reduced Burau representation.
Recall from Subsection 9.3.2 that instead of working with the free generators zi,xo..., 2z,
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Figure 9.10: Computing the algebraic intersection of v; and tjv; in 13(12).

of m(Dy,), one can consider the elements g1, ¢gs, ..., gn, defined by g; = z1xo -+ - x;. Let g; be
the lift of g; to ﬁc starting at a fixed lift of z. Using the same argument as in Lemma 9.4.1,
one obtains the splitting Hy (ﬁc, P) = @?:_11 AuGi ® Nugn. As gy is always fixed by the action
of the braid group, its lift g, is fixed by the lift 715 of a homeomorphism hg representing a
colored braid 5.

Definition 35. The algebraic reduced colored Gassner homomorphism @z}f: Bp, = GLy_1(Ay)

sends a braid f to the restriction @fgf(ﬁ) of the unreduced colored Gassner map to the free A ;-
module of rank (n — 1) generated by g1,..., gn—1-

If %7% (B) denotes the matrix of the unreduced colored Gassner representation of a braid g
with respect to the basis g1, ..., gn, then

_ —al
By.(B) = (ﬁ wg(ﬁ) Y) (9.8)

for some ((n—1) x 1)-matrix V. In particular, the algebraic reduced colored Gassner represen-
tation can be computed via Fox calculus, see (9.7) and Example 9.4.4. Explicit computations
will be performed in Section 9.5.

Remark 9.4.10. As in the one variable case, we have two “reduced colored Gassner repre-
sentations” which are defined on two different modules (the lifts of the g; do not belong to

~

Hy(D.)). This time however, they do not to agree over A.

As in Section 9.3, the reduced colored Gassner representation is also related to the mul-
tivariable Alexander polynomial. In the case of the (localized) reduced colored Gassner rep-
resentation, we refer to [103]. In the case of the algebraic reduced colored Gassner repre-
sentation, the following theorem is a slight generalization of a result of Birman [17], see also
Morton [126].

Theorem 9.4.11. Given a p-colored braid o € B, with n strands, we have

—alg

(= 1) det( BB () — 1) ifp=1,
Aty ... o ote, —1) = . L
alfts- ot lfer e = 1) {det(%;f(a) — I, 1) if > 1.
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Since a much more general result will be proved in Chapter 11, the proof of Theorem 9.4.11
is omitted. Finally, note that Theorem 9.4.11 recovers Burau’s original result in the case p = 1,
recall Theorem 9.3.9.

9.5 Further remarks

This section provides several computations of the objects introduced in Section 9.4. In Sub-
section 9.5.1, we give the matrices for the algebraic reduced colored Gassner representation
of (¢, ')-braids and show how they can be used to efficiently recover the usual Gassner rep-
resentation of the pure braid group. In Subsection 9.5.2, we carry out explicit computations
of the localized reduced colored Gassner representation.

9.5.1 Computations of the algebraic reduced colored Gassner representa-
tion

Recall from Example 9.7 that a matrix for the unreduced colored Gassner representation of o;,
viewed as a (¢, ¢’)-colored braid, is given by

1—t. t

iy c%) ® Iin_i1)- (9.9)

By, (0i) = Li—1) @ ( ) 0

Let %7%, (B) denote the matrix of the unreduced colored Gassner representation of a (¢, ’)-
~ —al
braid # with respect to the basis gi,...,9,. We saw in (9.8), that %y ,(8) = [%’w% (8) V},
e 1

where @Zlf; (B) denotes the algebraic reduced colored Gassner representation and V' is some
((n —1) x 1)-matrix. A short computation involving (9.9), then shows that a matrix for the
algebraic reduced colored Gassner representation of o;, viewed as a (¢, ’)-colored braid, is
given by

1 0 0
—al
By (o) = Lo @ | ter,, —te,, © (n—i-2) (9.10)
0 0 1
for 1 <i<mn—1, and for o1 and o,_1 it is represented by
—al —ts 1 —al 1 0
By (o) = O Iz, By (on-1) =3 ® )
¢ 0 1 ¢ tc{ﬂ tc{ﬂ

Observe that, as expected, setting t; = t recovers the reduced Burau matrices of (9.3). In
general, working in the colored setting adds some extra flexibility. As an illustration, we shall
now use the reduced colored Gassner matrices of (9.10) in order to recover the well known
Gassner matrices of the pure braid group. First of all, it is known (see for instance [17,
Lemma 1.8.2]) that generators of the pure braid group P, are given by

R e (T 2 -1 ;71 -1
Ajj = 01052 0i410;0; 07 90, - (9.11)

Explicit matrices for the unreduced Gassner representation of A;; can then be computed
using Fox calculus [17, Section 3.2]. On the other hand, a combination of Proposition 9.4.3
and (9.10) provides a practical alternate method of computation. However, since inverses of
the o; also appear in (9.11), we first collect a consequence of Proposition 9.4.3.
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Proposition 9.5.1. Given a (c,c)-colored braid § with n strands, the unreduced colored
Gassner representation satisfies the following relation:

By (B71) = By, (B) .
The same equation holds for the algebraic reduced colored Gassner representation.

Proof. Let id. denote the trivial (c, ¢)-braid with n strands. Since I,, = By, (id.) = By, (B571),

Proposition 9.4.3 implies that I,, = 2y, (8) %y, (") and the result follows. O
For convenience, let us introduce some notation. Given a (¢, c’)-braid §, we shall tem-
porarily write [3]S for emphasize. Applying Proposition 9.5.1 to the generators [o;]S, we

obtain: o o o -
By (loileymaiichram) ™ = By (o e madlimam). (9.12)

We now combine these observations in order to show how the algebraic reduced Gassner
. =l . . .
representation %Z%”,tn of the pure braid group can be computed using colored braids.

Example 9.5.2. Consider the pure braid A;3 in P3. Using the notation introduced above,
Ajz can be decomposed as [09]133[01]333[01]333 [0 1132, Using (9.12) and the reduced colored

Gassner matrices of (9.10), we get

—alg —alg —alg —alg alg _
Foio(Ars) = Fo5 (0 BB, (0 SDFE, (BRDTE (1023

(1 0N [—tr 1\ [(—ts 1\[/1 o0\
 \te —to 0 1 0 1)\t —to
_(1—t1+t1t3 t;l(tl—l))

tita(ts — 1) t '

9.5.2 Computations of the localized reduced colored Gassner representa-
tion

We give examples of the computation of the (localized) reduced colored Gassner representa-
tion, expanding on Remark 9.4.7. Instead of burdening the reader with the general case, we
shall carry out the computations in the cases n = 2 and n = 3.

Example 9.5.3. Consider once again the pure braid A;3 in P3 and let %, 4, ¢, denote the
unreduced colored Gassner representation of the pure braid group P;. Using the same rea-
soning as in Example 9.5.2, we obtain

%17t2,t3 (A13) = ’@w(mz) ([02} ﬁ%)ﬁw(m) ([al]ﬁ’%)%w(m) ([01]?}’)%)’%1/1(132) ([02]%53)71

10 0\ /1—t; t3 O\ /1—t5 t; O\ /1 0 0O\ *

=10 1—ty t3 1 0 0 1 0 0 0 11—ty 13
0 1 0 0 0 1 0 0 1 0 1 0
11—t 4+ tts 0 (1 — tl)tl

= (1 —ta)(1—t3) 1 (1—ta)(t1 —1)

1—1t5 0 t1
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We now use this result in order to compute the localized reduced colored Gassner represen-
tation. Using Lemmas 9.4.1 and 9.4.6, we endow H;(Ds, z; Ag) with the basis 71, T, T3 and
Hl(Dg;AS) with the basis v; = .%1(1 — tQ) + 352(151 — 1),02 = .%2(1 — t3) + 353(152 — 1). With
respect to these bases, the matrix for the inclusion induced homomorphism H;(Ds;Ag) —
Hy(Ds, z; Ag) is given by

1=ty -1 0
1nc13—< 0 1t t2—1>' (9.13)

Here, we recall that elements of our modules are row vectors, and multiplication is read from
. . . —l .
left to right. Using (9.13) and Example 9.5.2, we can now solve the equation gt??t%t?) (A13)incly =

. —l . .. . .
incls%, 1,15 (A13) for %t??t%tB(Alg). The result of this explicit computation is

—loc N t3 t] — 1
gt1,t2,t3 (A13) - ((t3 — 1)t3 1—-t3+ t1t3> .

We conclude this chapter with an easier example which we shall use in the third part of
this thesis and more specifically in Chapter 16.

Example 9.5.4. Consider the pure braid Ao in P,. Using the notation above, Aio can
be decomposed as [01]33[o1]35. As we saw in Example 9.4.4, the unreduced colored Gassner

representation of Ajo is given by

L=ty +tity t(1— t1>> (9.14)

Gor12(A12) = < 1—ty t1

We now use (9.14) to compute the reduced colored Gassner representation of Ajs. Note
that since u < 3, we do not need to localize, recall Lemma 9.4.6. Using Lemmas 9.4.1
and 9.4.6, we endow Hj(Da, z; A9) with the basis z1,Z2 and Hj(D3; Ag) with the basis v; =
Z1(1—t2)+x2(t1 —1). Asin Example 9.5.3, a matrix for the inclusion induced homomorphism
Hl(DQ;AQ) — Hl(DQ,Z;AQ) is given by

incly = (1 -t t1—1). (9.15)

Using (9.14) and (9.15), we can now solve the equation &, s, (A12)incly = incly@, ¢, (A12) for
%t,.t.(A12). The result of this explicit computation is %, 4, (A12) = (tth).
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Chapter 10

A short review of Reidemeister
torsion

10.1 Introduction

In Sections 2.2 and 3.3, we reviewed several constructions of the Alexander polynomial using
orders of modules, Fox calculus and (generalized) Seifert surfaces. We purposefully delayed
the connection to the so-called Reidemeister torsion to this short chapter. The reason for this
is the following: although this chapter is fairly introductory and contains no new results, it
assumes some familiarity with twisted homology.

The chapter is organized as follows. Section 10.2 reviews the Reidemeister torsion of
a chain complex, while Section 10.3 presents its relation with the Alexander polynomial.
Note that this organization also reflects the historical development of the subject: while
Reidemeister [139] originally introduced torsion invariants in 1935 in order to classify lens
spaces, the connection with knot theory was only made in 1962 by Milnor [122, 123] before
being further developed by Turaev [149].

10.2 Torsion of chain complexes

This section briefly reviews the torsion of a chain complex. References include [149, 150].

Given two bases ¢, ¢’ of a finite dimensional vector space over a field F, let [c/c/] € F'\ {0}
be the determinant of the matrix expressing the vectors of the basis ¢ as a linear combination of

vectors in ¢/. Furthermore, if 0 — E — D ﬁ) G — 0 is a short exact sequence of vector spaces,
then bases e = (e1,...,ex) of £ and g = (¢g1,...,¢;) of G give rise to a basis of D. Indeed,
since (3 is surjective, we may lift each g; to some g; € D and eg := (e1,...,€k,G1,---,01) IS a
basis of D.

Let C = (0 — Cp, = Cpm1 — -+ — Cp — 0) be a chain complex of vector spaces over F
such that for i = 1,2,...,m each C; has a distinguished basis c;. If C' is not acyclic, then
we set 7(C') = 0. Otherwise, let b; be a sequence of vectors in C; such that 9;_1(b;) forms a
basis of Im(9;_1). Clearly the sequence 0;(b;+1)b; is a basis of C;. The torsion of the based
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chain complex C' is defined as

m

7(C) = [[18:(bix1)bi/ei] "V € F.
1=0

It turns out that 7(C') depends on the choice of basis for C; but does not depend on the choice
of b;. For the proof of the next proposition, see [149, Theorem 0.1.1].

Proposition 10.2.1. Let 0 - C' — C — C” — 0 be a short exact sequence of finite-
dimensional chain complezes over F. Assume that C' or C" is acyclic, and that C;, C},CY
have distinguished bases c;, c;, ¢ such that [c;/cic!] = 1. Then 7(C) = £7(C")7(C").

In order to compute the Reidemeister torsion, one of the most efficient methods relies
on so-called matrix 7-chains [150, Section 2.1]. Let C' be a chain complex and let A; be
the matrix of the boundary map 0; of C. A matriz chain for C is a collection of sets
a = (g, a1,...,qn), where o; C {1,2,...,dim C;}, so that oy = 0. Let S; = S;(«) be the
submatrix of A; formed by the entries aj; with j € a;41 and kK ¢ «;. The matrix chain o
is called a 7-chain if Sy, S, ..., Sm—1 are square matrices. The 7-chain « is said to be non-
degenerate if det(S;) # 0 for all i. The proof of the following proposition can be found in
[150, Theorem 2.2].

Proposition 10.2.2. Any matriz T-chain o = (ag, a1, ..., Q) for C with det S;(«) # 0 for
all even © is non-degenerate and

m—1
7(C) = + [ (det Si(a)) V""",
=0

Here is an example of Proposition 10.2.2 which occurs frequently in practice.

Example 10.2.3. Consider the chain complex complex C' = (0 - Cy — C; — Cyp — 0)
where Cj is one-dimensional, C is n-dimensional and C9 is (n — 1)-dimensional. Consider
the 7-chain a = (0, a1, a2), where a; = {j} and ay consists of the set {1,...,n — 1} with j
removed. It immediately follows that 7(C') = +det(B;)/det(By), where B; denotes the
square matrix A; with its j column removed and By consists of the j-th entry of Ag.

The following result, whose proof relies on Proposition 10.2.2, is also fundamental: indeed
it relates the torsion of a chain complex to its homological invariants. We refer to [150,
Theorem 4.7] for a proof.

Proposition 10.2.4. Let R be a Noetherian unique factorization domain and let C' be a based
free chain complex of finite rank over R such that each homology group H;(C) is torsion as
a R-module. Let Q(R) be the field of fractions of R. Then the based complex Q(R) ®pr C' is

acyclic and
m

T(QR) @r C) = [[(Ord H;(C) V™, (10.1)
1=0
where Ord H;(C') denotes the order of the R-module H;(C).

Observe that if m = 2 and both Hy(C), H2(C) are torsion, then both terms in (10.1)
vanish if and only if H;(C) is not torsion.
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10.3 The Alexander torsion of a colored link

In this section, we review how the Alexander polynomial of a link can be interpreted us-
ing Reidemeister torsion. We purposefully avoid working in a too great generality to make
the connection with the multivariable Alexander polynomial more apparent. More general
considerations can be found in Section 11.2. Once again an excellent reference is [150].

Let L = L1U---UL, be a colored link, let X7, denote its exterior, and let ¢: 71 (Xp) — Z#
be the epimorphism given by v — (¢k(v, L1),...,¢k(7, L,)). Furthermore, we denote by Q,,
the field of fractions of A,. Since 1) endows A, with the structure of a right Z[m (Xy)]-
module, @, naturally becomes a (@, Z[r1(X1)])-bimodule. In order to base the chain com-
plexes, as required by Section 10.2, choose a lift Z7 of each g-cell z! of X}, to the universal

cover X;. This yields a basis for each Qp-vector space Q ®z[x, (x;)] C*()NCL).

Definition 36. The Alezander torsion 7(L) of the colored link L is the torsion of the chain
complex @, ®zr, (x,)] Cx(XL)-

It is known that the Alexander torsion is well-defined up to multiplication by units of A,
see [122, 150]. Arguing as in [150, Section 11.4] and using Proposition 10.2.4, one obtains
the following well known relation between the multivariable Alexander polynomial and the

Reidemeister torsion:
ALt/ (61— 1) ifp=1,
(L) =

, (10.2)
AL(tly--~7tu) if p>1.

Although the indeterminacy of the torsion is the same as the one of the Alexander polyno-
mial, the use of 7(L) often leads to shorter proofs which are more amenable to generalizations,
see [149, 150].

Since we shall be working with braids, note that (10.2) can be combined with Theo-
rem 9.4.11 to produce the following statement:

Proposition 10.3.1. Given a (c,c)-braid 5 with n strands, we have

~

T(/B)(tq “te, — 1) = det(@wc(ﬁ) - In—l)'

We conclude this section by reviewing the well known relation between the Alexander
torsion and Fox calculus. Let P = (x1,...,x,|r1,...,7—1) be a Wirtinger presentation
for L, let F,, be the free group on x1,...,z, and let pr: Z[F,] — Z[m(X)] be the map
induced by the canonical projection. Let A be the (n — 1) x n matrix with coefficients in A,
obtained by applying ¥ opr componentwise to the matrix of Fox derivatives arising from P, see
Subsection 2.2.2 and Remark 9.3.3. Finally, let A; denote the matrix obtained by removing
the j-th column of A. The following result is well known [95, Lemma 7.3.2], but here is a
quick proof.

Proposition 10.3.2. Let P = (x1,...,xu|r1,...,7n—1) be a Wirtinger presentation for a
wu-colored link L. Then, for each j =1,...,n, we have

7(L) = det(A4;)/(ty(z;) — 1)-
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Proof. Consider the 2-dimensional complex Wp arising from the presentation P of (X)),
see Remark 9.3.3. Since m(Wp) = m1(Xr), Remark 5.2.3 implies that Ay (and thus 77,
thanks to (10.2)) can be computed from Wp. The chain complex C,(Wp; A,,) takes the form
0— AZ‘I % A 9 A, — 0, where Remark 9.3.3 implies that J is represented by the Fox
matrix A, while 0; is represented by a column vector of (¢ ,,) —1)’s. The result now follows
from Example 10.2.3. O
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Chapter 11

Twisted Burau maps and twisted
Alexander polynomials

11.1 Introduction and statement of the results

The multivariable Alexander polynomial Ay of an n-component ordered link L is extracted
from an abelian cover of the exterior Xj. Reformulating, Ay, is closely related to the abelian-
ization homomorphism m1(Xy) — Hi(Xz). The idea of twisted Alexander polynomials is
to keep track of the fundamental group m(X) via a representation p: m(Xr) — GLk(R),
where R is an integral domain. As we saw in Sections 3.3 and 10.3, the Alexander polynomial
can be interpreted via orders, Fox calculus, and Reidemeister torsion. Keeping this in mind,
the history of twisted Alexander polynomials followed a somewhat unexpected path. Lin first
defined these objects by combining Fox calculus with the notion of a “regular surface” [113].
Wada simplified this process and introduced like-minded invariants via Fox calculus [155].
Since Wada’s approach is the most practical for computations, let us outline his construction.
Let ¢: m(Xp) — Z™ = (t1,...,1,) denote the abelianization homomorphism and consider
the representation

p@: m(X) = GLL(R[E, ... t51])
7= P()e()-

Given a deficiency one presentation P for 71(Xz), consider the (n — 1) x n matrix AP®Y
obtained by applying p ® 1 to each coefficient of the Fox matrix. For each j, regard the
matrix A§®w obtained by removing the j-th column of A?®¥ as a ((n— 1)k x (n— 1)k) matrix
with coefficients in R[tF!, ..., t+!]. Wada [155] defined the twisted Alexander polynomial as

pRY

det(A;™")
det ((p @ ¢)(z; — 1))
and proved that det ((p ® ¢)(z; — 1)) is non-zero for all j = 1,2,...,n. Additionally, Wada
also showed that (11.1) only depends on the link L and on the representation p. Looking
back to Chapter 10, one might expect this definition to involve Reidemeister torsion. As we

shall see in Section 11.2, this step was taken by Kitano [104] who recast Wada’s invariant by
considering

(11.1)

TP®¢(L) =T (Qk @zl (X1)] C*()?L)) ,
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where @ is the field of fractions of R[tiﬁl, ..., t1]. Independently, a more complete picture was
given by Kirk-Livingston who interpreted Wada’s invariant using both Reidemeister torsion
and orders of twisted Alexander modules [102].

Since then, the activity around twisted Alexander polynomials gradually increased. There-
fore, instead of trying to provide an exhaustive list of the literature, we only mention some
notable results and refer to the survey [77] for details: twisted Alexander polynomials are
closely related to the genus [73], produce sliceness obstructions [102, Section 5] and have a
particular behavior for periodic knots [89]. In other words, twisted Alexander polynomials
satisfy most of the properties of the classical Alexander polynomial. It therefore makes sense
to ask whether they can also be computed using braids.

In this chapter (which is based on our paper [50]), we answer this question affirmatively
by introducing twisted Burau maps. More precisely, given an integral domain R and a rep-
resentation p : F,, — GLg(R) of the free group, Section 11.3 introduces unreduced twisted
Burau maps, reduced twisted Burau maps

Byt Be = GLn 1y (R, ... 651

and studies their properties. Although these maps are not representations, they remain com-
putable via Fox calculus, see Propositions 11.3.3 and 11.3.4. The main theorem of Chapter 11
then relates the reduced Burau map @p of a braid 8 to the twisted torsion TP(B) of its closure,
see Section 11.4 for the proof.

Theorem 11.1.1. Let F), be the free group on x1,...,x, and let § € B, be a p-colored braid
with n strands. If p: F,, — GLg(R) is a representation which extends to w1 (S \ B), then

~ _

TP(B)(t1,ta, .. ty) det (p(z1@a - - @p)teytey - te, — k) = det(By(B) — I(n—l)k)a
where = refers to the indeterminacy of the twisted torsion, as explained in Remark 11.2.1.

Note that when p is the trivial representation, Theorem 11.1.1 recovers the results of Burau
and Birman which were stated in Theorems 9.3.9, 9.4.11 and Proposition 10.3.1. Finally in
Section 11.5, we give an example of Theorem 11.1.1 and discuss some technical issues related
to the reduced twisted Burau map.

11.2 Twisted torsion of links

Following the exposition of Cha-Friedl [31] and Kitano [104], we review twisted torsion in-
variants of links. This section requires some familiarity with Chapters 5 and 10.

Let X be a CW complex and let Y C X be a possibly empty subcomplex. Denote
by p: X — X the universal cover of X and set Y := p~'(X). The left action of m (X)
on X endows the chain complex C,(X,Y") with the structure of a left Z[m (X)]-module. Any
representation p : 71(X) — GLy(R) induces a (R, Z[r1(X)])-bimodule structure on R¥, where
the right action is given by right multiplication on row vectors. Let ¢ : m1(X) — H be an
epimorphism onto a free abelian group H and define

p @ m(Xr) = GLi(R[H])
v = P(7)p(v)-
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Since p®v endows R[H ¥ with the structure of a (R[H], Z[m1(X)])-bimodule, one may consider
the chain complex of left R[H]-modules R[H]" ®z[r1 (X)) C.(X,Y) which was denoted by
C.(X,Y; R[H]*) in Section 5.2. However, in this section, in order to keep further track of the
representations, we shall instead denote the twisted chain complex by

CO¥(X,Y; RIH]¥) == RIH]* @z0r,(x)) C+(X,Y) (11.2)

and the corresponding twisted homology left R[H|F-modules by Hf®Y(X,Y; R[H]®).

From now on, assume that R is an integral domain. Let QQ(H) denote the field of fractions
of the integral domain R[H]. As the representation p®1) extends to a k-dimensional represen-
tation of Q(H), one may also consider the Q(H)-vector spaces HY®Y(X; Q(H)¥). Choose a
lift ig of each ¢-cell :1:;-] of X to the universal cover X and denote by e1, eq, ..., e; the canonical
basis of Q(H)¥. For each ¢, this yields a basis {e; ® !} over Q(H) for C(f@w(X; Q(H)Y).

Definition 37. The twisted torsion of X is defined as
TP(X) = 7 (CL¥Y(X; Q(H)F)) € Q(H).

It is known that the twisted torsion 77®¥(X) is well-defined up to multiplication by an
element in + det(p®1(m1(X))) and is invariant under simple homotopy [31, 74, 102, 104, 122,
150]. Since det(p®1(m1(X))) is contained in det(p(m1(X)))- H, one often considers 7°<% (X))
up to multiplication by +dh for d € det(p(71(X))) and h € H.

Remark 11.2.1. From now on, it will be understood that we write 7°®%(X) = w if there
exists a representative of 7°%¥(X) which equals w. For latter use, we also recall that in
Chapter 10, we adopted the following convention: if a chain complex is not acyclic, then its
torsion is defined to be zero.

By Chapman’s theorem [35], 7°®%(X) only depends on the homeomorphism type of X.
In particular, when M is a manifold, one can define 7°%¥ (M) by picking any C'W-structure
for M. When the context is clear, we shall drop the v both in the notation of twisted
homology and twisted torsion.

In practice, twisted torsion invariants are often computed by using Wada’s set-up, see (11.1).
Let us briefly recall this approach.

Remark 11.2.2. Assume (for the sake of exposition) that m1(X) admits a deficiency one
presentation with n generators. In other words, there are n generators x1,...,x, and n — 1

relators 71,...,7,_1. Let AP®¥ be the ((n — 1) x n) matrix whose (i, ;) coefficient is the
k x k invertible matrix p ® ¥ (g—;z) with coefficients in R[H]. For j = 1,2,...,n, regard the
matrix A§®w, obtained by removing the j-th column of A, as a ((n — 1)k x (n — 1)k) matrix
with coefficients in R[H]. Kitano [104] showed that

_ det(A7%Y)
det ((p @ ¥)(z; — 1))
The proof can also be understood using Example 10.2.3, see [77, Theorem 2].

(X)

We now restrict our attention to links. Let L be a p-colored link and let ¢ be the
epimorphism 71 (Xy) — H mapping v to tik(%Ll) e tﬁk(%L"). The twisted torsion 7% (L) of

the colored link L is defined as the twisted torsion of the exterior of L.
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Remark 11.2.3. Note that if p is the trivial one-dimensional representation, then the twisted
torsion recovers the Alexander torsion of Definition 36. In particular it encompasses both the
classical one-variable Alexander polynomial and the multivariable Alexander polynomial.

We conclude this section with a well known lemma.
Lemma 11.2.4. If the R{H]-module HY(Xp; R[H]*) is torsion, then C%(X1; Q(H)¥) is acyclic.

Proof. As the link exterior X, is homotopy equivalent to a 2-complex, Hf(Xp; R[H]*) van-
ishes. If X 1. denotes the covering of X corresponding to the kernel of ¥, then Lemma 5.2.1
implies that Hf(Xp; R[H]) is isomorphic to Hg()?j;; RF). Since v is surjective, X, is con-
nected and consequently Hf(Xy; R[H|¥) is R[H]-torsion. Using Remark 5.2.5, an Euler char-
acteristic argument then shows that H5(Xy; R[H]¥) is torsion over R[H]. As all the twisted
homology modules of X}, are torsion over R[H], the chain complex CZ(X; Q(H)¥) is acyclic
and the claim follows. O

11.3 Twisted Burau maps

In this section we introduce the (reduced) twisted Burau maps. Namely, Subsection 11.3.1
defines unreduced twisted Burau maps, while Subsection 11.3.2 defines reduced twisted Burau
maps.

11.3.1 The unreduced twisted Burau map

Fix a sequence ¢ = (¢, ¢2,...,¢y) of elementsin {1,2, ..., u} and a representation p: 71 (D.) —
GLy(R). If H denotes the free abelian group on t1,%s,...,t,, then we let ¥ : 7 (D.) = H
be the epimorphism defined by x; — t.,. Given a homeomorphism hg representing a (c, ¢)-
braid £, we saw in Lemma 5.7.1 that there is an induced map

Hy(De, z; hiy(RIH]")) = Hy(De, z; R[H]®), (11.3)

on twisted homology. Here, h;(R[H ]¥) denotes the right Z[r1(D..)]-module whose underlying

abelian group is R[H]*, and whose right Z[r; (D..)]-module structure is obtained by restriction
of scalars, i.e. z -y = x(po hg)(7), where v lies in 71 (D,) and z lies in R[H]*.

Remark 11.3.1. At this stage, we observe a key difference with the untwisted case. If we
wish to mimic Section 9.3, a twisted Burau map of a braid 5 ought to be an automorphism
induced by hg on twisted homology. Unfortunately, (11.3) indicates that this has no chance
of occurring in general: the domain and target of induced maps in twisted homology differ.

Nevertheless, we could simply define the twisted Burau map as the homomorphism dis-
played in (11.3). However, for the sake of concreteness, we choose to pick canonical bases and
express the twisted Burau maps as matrices.

In order to carry out the idea outlined in Remark 11.3.1, we first set-up some conventions:
we wish our notations to match those of [50]. First, as in Section 9.2, z(p o hg)(y) can
be rewritten as z5.(p)(y). Next, given a continuous map f: X — Y and a representation
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p: T (Y) = GLiy(R) we write H'(X; R¥) instead of H,(X; f*R¥). In particular, with these
conventions, the R[H]-linear map of (11.3) can be rewritten as

HP*?(D,, z; RIH)*) — H?(D., z; R[H]"). (11.4)

This notation coincides with [50, Example 2.3]. In order to obtain a matrix out of this
homomorphism, we need to make sure that H**(D,, z; RIH|*) and H?(D,, z; R|H]) are free
R[H]-modules, and pick appropriate bases.

The proof of the next lemma is a generalization of Lemmas 9.3.1 and 9.4.1.

Lemma 11.3.2. Let z € D, let S be a commutative ring, and let M be a (S, Z]m1(Dy)])-
bimodule. If M is free of rank k as a left S-module, then the left S-module Hy(Dy,z; M) is

free of rank nk.

Proof. The punctured disk D,, is homotopy equivalent to the wedge of the n loops representing
the generators of m;(Dy,) described in Section 9.2. Choose a cellular decomposition of this
latter space X consisting of the 0O-cell z (the basepoint of the wedge) and one 1-cell z; for
each loop. For i =1,2,...,n, let z; be the lift of z; starting at an (arbitrary) fixed lift of z.
With this cell structure, the twisted chain complex of (X, z) is

Ci(X, 2 M) = M @z, (x)) C1(X, 2) = M @z, (x)) @D ZIm (X))7: = @D M.
=1 =1

As the chain group C()()A(:, z) vanishes, Hy(Dy,2z; M) = C1(X,z; M). The claim now follows
from the assumption that M is free of rank k. O

Returning to the case M = R[H ]k, Lemma 11.3.2 provides a canonical isomorphism
H{(Dy,z; R[H*) = @ | R[H]*Z; and the resulting basis shall be called the good basis
of H(D,,, z; R[H]*). With respect to the good bases of HY**(D,,, z; R[H]¥) and H?(D,,, z; R[H]*),
the homomorphism of (11.4) gives rise to a kn x kn matrix with coefficients in R[H]. This
matrix will be denoted by %,(3).

Definition 38. The twisted Burau map %B,: B, — GLyi(R[H]) sends a colored braid 3 to
the matrix %,(8) € GLy,(R[H]) defined above.

If R = Z and p is the trivial one-dimensional representation, then one gets a homo-
morphism B, — GLn(Z[t{d, . ,tﬁl]) which coincides with the unreduced colored Gassner
representation described in Section 9.4. In particular, Definition 38 generalizes both the
unreduced Burau representation and the unreduced Gassner representation, see also Exam-
ple 11.3.5 below.

The next proposition shows that while the twisted Burau maps are generally not repre-
sentations, the situation remains quite manageable. Since the result was essentially proved
in Corollary 5.7.2 (see also Proposition 9.4.3), we shall be quite brief.

Proposition 11.3.3. If 3,7 € B, are two pu-colored braids, then B,(8v) = B, p(8)Bs(7)
for each representation p of the free group w1 (D).

Proof. We saw in Remark 11.3.1 that the twisted Burau maps arises as induced homomor-
phisms on twisted homology. The proposition now follows from Corollary 5.7.2. O
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While a result similar to Proposition 11.3.3 was already observed in [19, Equation (12)] by
means of Fox calculus, in our setting it is simply a particular case of the behavior of induced
maps on the twisted homology.

The next proposition provides a formula to compute the twisted Burau maps. The idea
is to adapt the proof of Proposition 9.3.4 and (9.7) to the twisted setting.

Proposition 11.3.4. Let § € B, be a colored braid. Consider the (nxn)-matriz A whose (i, )
component s

(oo (522 < (i,

If one views A as a (nk x nk)-matriz with coefficients in R[H], then %,(B) is equal to A.

Lj

Proof. Fix a lift of z to the universal cover. Given a homeomorphism hg representing a
braid g, let Eg be the map induced by the lift of hg on the chain group Cl(ﬁn,i). As
HY(Dy, 2z R[H]F) = R[H]* @z, (D)) C1(Dy, %), the twisted Burau map is given by the ho-
momorphism %,(3) = id ® %5. Clearly fr?iﬁg is the lift of a loop representing x;hg to the
universal cover. Remark 9.3.3 then shows that on the chain group level

5 N O(wihg) -
xihg = Z al'j Zj.
7j=1

As we view elements of the left Z[r1(D,,)]-module C;(Dy, Z) as row vectors, ?Lﬁ is represented
a(%};ﬂ). The claim now follows from the right
Z[m(D,,)]-module structure of R[H]. O

by the (n x n) matrix whose (7, j) component is

As in Remark 9.4.2 and Proposition 9.4.3, the definitions and propositions of this sub-
section can easily be adapted to include (c, ¢')-braids. Namely, to each (¢, ¢)-braid, one may
associate a (kn x kn)-matrix which coincides with the (n x n)-matrix whose (7, j) coefficient

is (p®vYy) (8(21@3)) € My (R[H]). Proposition 11.3.4 also generalizes to this setting and the

Lj

following example provides a concrete example.

Example 11.3.5. Performing the same Fox calculus computation as in the proof of Propo-
sition 9.3.4, we see that with respect to the good bases, the twisted Burau map of o; (viewed
as a (¢, d)-colored braid) is given by

I — p(zivim; Dty plai)ty
Bp(oi) = Li_1y @ < ( I: i AL 0) P @ i1k

If p is the trivial one-dimensional representation, u = 1 and R = Z, then one recovers the
unreduced colored Gassner matrices of (9.7) and in particular the unreduced Burau matrices
of (9.2).

Combining Proposition 11.3.3 with Example 11.3.5, we see that the twisted Burau maps
of (¢, c)-colored braids can be computed using (¢, c’)-colored braids. This observation is a
generalization both of Example 9.4.4 and of the computations carried out in Section 9.5.
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11.3.2 The reduced twisted Burau map

In the classical case, we saw in Subsection 9.3.2 that the reduced Burau matrices could
be recovered using two distinct constructions: the first involved induced maps on absolute
homology, while the second made use of a different set of generators for the free group.
Surprisingly enough, we saw in Section 9.4 that in the colored case these two constructions do
not coincide. Along the way, we observed that the module Hi(D,;A,) is not free for p > 2.
In the twisted case, these problems only get worse. Therefore we start by generalizing the
“algebraic reduced colored Gassner representation”.

Proposition 11.3.6. Fiz a basepoint z € OD,,. For each n-stranded (c,c)-braid (3, the twisted
Burau map %,(B) fizes a free submodule of Hlﬁ*p(Dc,z; R[H]*) of rank k.

Proof. As in Subsection 9.3.2 and Section 9.4, instead of working with the free genera-
tors x1, 22 ..., oy, of m(Dy,), we consider the elements g1, go, ..., gn, where g; = x129 - - 2;.
Let g; be the lift of g; starting at a fixed lift of z. Using the same argument as in Lemma 11.3.2,
one obtains the splitting Hlﬁ*p(Dn, z; RIHF) = @?:_11 R[H)*§;®R[H)*gp. As g, is always fixed

by the action of the braid group, its lift g, is fixed by the lift hg of a homeomorphism hg
representing a braid 5. This concludes the proof of the proposition. O

The following definition generalizes the definiton of the algebraic reduced colored Gassner
representation and in particular of the reduced Burau representation, see Definition 35.

Definition 39. The reduced twisted Burau map %,: B. — GL(,_1)x(R[H]) sends a braid /8
to the restriction ,(8) € GL,—1)x(R[H]) of the twisted Burau map to the free R[H]-module
of rank k(n — 1) given by the proof of Proposition 11.3.6.

As we mentioned above, we encounter some problems when trying to generalize Defi-
nition 30 to the twisted case. Indeed, the R[H]-module HY(D,;R[H]) need not be free:
recall Lemma 9.4.6 and see Subsection 11.5.2 below. Thus, while the usual “induced map on
absolute homology” approach can be applied, the result seems hard to compute in general.

On the other hand, the reduced twisted Burau maps of Definition 39 remain computable.
Indeed, if %,(0) denotes the twisted Burau matrix of a braid § with respect to the basis
described in the proof of Proposition 11.3.6, then Proposition 11.3.6 implies that

26 = ("0 7) (11.5)

for some (k(n — 1) x k)-matrix V. As in the unreduced case, the definition of the reduced
twisted Burau maps may easily be adapted to include the case of (¢, ’)-braids. We illustrate
this with a concrete example.

Example 11.3.7. Combining Proposition 11.3.4 and (11.5), the reduced twisted Burau map
of oy, viewed as a (¢, c’)-colored braid, is given by

I 0 0
By(07) = Iy & P(gi+1gf1)tcg+1 —P(gi+1g[1)tcg+l In | @ Iiooy
0 0 I
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for 1 <i<n—1, and for o1 and 0,1 it is represented by

—1
— —p(g297 te, I
Bp(o1) = < 01 2 I & L(n-3)k;
_ B I, 0
Po(0n-1) = Lin-gpp @ <p(gn9n11)tc; —p(gngnll)tc) '

If p is the trivial one-dimensional representation and R = Z, then one recovers the reduced
colored Gassner matrices of (9.10) and in particular the reduced Burau matrices of (9.3).

Finally, note that the reduced twisted Burau maps clearly satisfy the same property with
respect to braid composition as in the unreduced case, see Proposition 11.3.3. We conclude
this subsection with a concrete example.

Example 11.3.8. Setting u = 1, we will compute the reduced Burau map of o3 € By for any
representation p. Using Example 11.3.7, %,(01) = —p(gggl_l)t. As (gggl_l)h,,1 = ggglggl, it
follows from Proposition 11.3.3 that

3

Bo(0Y) = By, pPBor,p(01)Bo(01) = —p(929195 1) p(929195 V) p(g297 )P = —p(gagn )P,

and consequently one gets B,(03) = —p(z12921)t3.

11.4 Proof of Theorem 11.1.1

In this section, we relate the reduced twisted Burau maps to twisted torsion invariants of
colored links. This will generalize both Burau and Birman’s results to the twisted setting.

Let R be a Noetherian factorial domain. If 3 is a braid with n strands, then (5% \ 3)
admits a presentation where the n generators zi,s,..., T, are subject to the relations x; =
x;hg for i = 1,2,...,n. Although we will come back to this fact in the proof of the theorem,
we wish to point out that in general, a representation p: Fy, — GLi(R) need do not extend
to a representation of 71 (53 \ 3).

Using this set-up, we can now prove Theorem 11.1.1 whose statement we recall for the

reader’s convenience.

Theorem 11.1.1. Let F), be the free group on 1,2, ..., 2y and let B € B, be a p-colored
braid with n strands. If p: F, — GLi(R) is a representation which extends to m1(S3\ ),
then we have

~

Tp(ﬁ)(tl, to,... at,u) det (P($15U2 te xn)tthQ cr e, — Ik) = det(@p(ﬁ) - I(n—l)k)' (116)

Proof. Let Xg be the exterior of the braid /3 in the cylinder D? x [0, 1]. The manifold obtained
by gluing Xz and X4, along D. U D, is nothing but the exterior of the link 8 U 0D, in
S3.  Consequently the exterior XB of B can be obtained by gluing the solid torus D? x

0D, to XﬁuaDc along 0D? x 0D,. Identify the free group Fj, with 71(D,.) so that the free
generators x; correspond to the loops described in Section 9.2. As in Subsection 11.3.2, the
elements g1, g2, . - ., gn, then also form a free generating set of 71 (D,). If x is a meridian of 9D,

then van Kampen’s theorem implies that 7y (X BuoD ) admits a presentation P’ where the n+1
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generators gi, g2, . . ., gn,® are subject to the n relations = 'g;x = g;3. The representation p

extends to 71 (X ) Dc) by setting p(z) = I. A second application of van Kampen’s theorem

ensures that this extension of p coincides with the representation induced by p on 71(S%\ B)
The same remark goes for 1. by setting ¥.(z) = 1.

Since g, freely generates 1 (D? x 0D, ), the chain complex Cf(D? x dD,; Q(H)*) is acyclic
and the twisted torsion of D? x 9D, is equal to 1/det(p(gn)ve(gn) — Ix). Using excision,
one observes that Hf(Xg, XBU8D53R[H]k) is torsion and H{ (X3, XEU@DC;R[H]k> vanishes.
Consequently, the long exact sequence of the pair (X A XﬁuaDc) with coefficients in Q(H)*
reduces to

0— H{(X (H)") — H{ (X5 Q(H)") — 0. (11.7)

BUOD.’ Q
Therefore, if Hf(XE; R[H]¥) is torsion, then so is Hlp(XBuaDc; R[H]¥). In this case, Lemma 11.2.4

implies that the twisted chain complexes of X 3 and X Guop, are acyclic over Q(H )k. Apply-
ing Proposition 10.2.1 to the short exact sequence of chain complexes resulting from the
decomposition X5 = X5 5, U (D% x OD,) yields

T”®¢C(ﬂ)(t1, ooty det (p(rixe - wp)teytey - te, — Ik) = T”@wc(ﬁ UOD)(t1,. .. tu).

Let us now color the trivial knot 9D, so that B U 0D, becomes a p + 1-colored link via a
sequence ¢. If H' is the free abelian group on t1,...,t,,t,+1 and ¢y is the homomorphism
which coincides with 1. on the g; and sends x to t,,11, then one obtains

TPV (BUAD,)(t, . .., t,) = 772V (BUAD) (b1, . . ., tu, 1).

Let AP®%¢ be the (n x (n + 1)) matrix obtained by performing Fox calculus on the previ-

ously described deficiency one presentation of mq (X 3uoD ). A short computation shows that

. _ 1, .
8(glhﬁagﬂj git) _ a(g;};ﬁ) — 2714;;. Consequently, using (11.5), the (nk x nk) matrix resulting

from the deletion of the (n + 1)-th column of AP®¥¢ is

(f@p(ﬁ) - t;i1l(n—1)k Vv )
)

0 Ik(l—t;}rl

PRV _
An+1 -

for some (k(n — 1) x k)-matrix V. As Aﬁﬁqfd is an upper triangular block matrix, its deter-
minant is the product of the diagonal blocks. Using Wada’s characterization of the twisted
torsion and simplifying the I;(1 — t;_lH) terms, the twisted torsion of U 0D, is equal (up to
the indeterminacy of the twisted torsion) to det (@p(ﬁ) — t;}HI (n—1) k) This concludes the
proof when HY (X3 R[H]¥) is torsion.

Finally, if Hf(XE;R[H]k) is not torsion, then neither is Hf(XBuaDC;R[H]k) by (11.7).
Thus the left hand side of (11.6) vanishes, see Remark 11.2.1. We claim that the right hand
side of (11.6) also vanishes. Note that det(#,(8) — I;,—1)x) is equal to 7°(Wp/), where P’ is
the presentation we chose for 7 (X 3UaD ). Thus to prove the claim, it is enough to show that
7P (Wpr) is equal to TP(BU 0D.): indeed since Hf(XBuaD : R[H]*) is not torsion, TP(BU 0D,)
vanishes. Since the twisted torsion can be computed from orders of modules [102, Section
4], IP(WPI) only depends on Wl(XEUBDC) = m(Wps). Consequently 7°(Wps) is equal to
TP(BUOD,), as desired. O
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While this is the proof which appeared in [50], the first part of the argument can actually
be simplified quite a bit. Namely, as explained in Section 12.5 below, the presentation for
m1(S \ B) actually reduces to a deficiency one presentation P, see (12.2). The result then
follows promptly by using the 2-complex Wp and Example 10.2.3. This idea is exploited at
the begining of the proof of Theorem 12.1.1.

11.5 Further remarks

This section is organized as follows. In Subsection 11.5.1, we give an example of Theo-
rem 11.1.1. In Subsection 11.5.2, we explain why the “induced map” approach to reduced
twisted Burau maps leads to some difficulties.

11.5.1 An example of Theorem 11.1.1

Set 1 = 1 and consider the braid o5 € By whose closure is the trefoil knot T'. The group 7 (S3\
T') admits a presentation with two generators x1,x2 and a unique relation z1zex1 = xoz122.
If r denotes the element x129w1 — 22122 of Z[r1(S3\ T)], then Fox calculus shows that

or or
— =1—a29+x129 and — = —1— 121+ T227.
ory Oz

Let p: Iy — GLo(Z[s%']) be the representation given by

pon= (3 1) et =1 L)

If o : m(S2\T) — Z = (t) is the abelianization homomorphism sending z; to t for i = 1,2,
then a short computation shows that

or 1—1t —St2 2
det (p®w ((%)) = det (—st+st2 1+st—st2> = (1 —=t)(1+ st)(1 — st)

and
det((p © ¥)(1 — 1)) = det (1 JBSt 1__tt> — (1 —)(1+ st).

Therefore, up to the indeterminacy, which in this case is £s™t", where m,n € Z, the twisted

torsion of T is
TP(T)(t) = 1 — st?.

Now let us compute the remaining expressions involved in (11.6). Using Example 11.3.8, the
reduced twisted Burau map of the braid o3 with respect to p is given by

_ s 3
Fylot) = —ptanpteper = (g % ).

Consequently, one obtains

— 0 st 10
det(%#,(c}) — I) = det (<s2t3 0 ) - (0 1>> =1-— 535,
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and

det(p(z1)p(ws)2 — I) = det <<_03 X ) <i _08) 2 <(1) ?)) R

Combining these observations, its follows that

det(Z,(0%)) 1 — 36

— =1-— st
det(pz)p(z)t2 — o) 1+ st® + 5244 y

—

This coincides with our computation of 77(03)(t), as predicted by Theorem 11.1.1.

11.5.2 Freeness issues

Let hg be a homeomorphism representing a (c,c)-braid 3. Inspired by the untwisted case,
it is tempting to define the reduced twisted Burau of S as the map Hf *?(De; RIH]*) —
H{(D.; R[H]¥) induced by hg on twisted homology. Unfortunately, in general, Hf(D,; R[H]*)
has no reason of being free as a left R[H]-module. The next proposition summarizes what we
know about this situation.

Proposition 11.5.1. Let p: F,, — GLg(R) be a representation and let v.: F, — H be the
epimorphism mapping the generator x; of Fy, to t,.

(a) The dimension of the Q(H)-vector space HY(Dy; Q(H)) is k(n — 1).

(b) If u =1 and R is a principal ideal domain, then H{(Dy; R[H|¥) is a free R[H]-module
of rank k(n — 1).

Proof. Fix a basepoint z of D, and consider the portion
0 — HY(Dy; R[H]*) = H{(Dn, z; RIH|*) — H{(z; RIH]") — H{(Dy; R[H]")

of the long exact sequence of the pair (Dy,z). As H{(Dy,z; R[H|¥) and Hf(z; R[H]*) are
free R[H]-modules, and Hf(D,; R[H]*) is torsion, the first assertion follows by taking the
tensor product with Q(H). The second assertion is an immediate consequence of the following

algebraic claim: if R is a principal ideal domain and one has a sequence of R[t*!]-modules

0—-K—-P—F,

where P and F are free and finitely-generated, then K is also free. To prove the claim, first
note that since R is principal, the ring R[t*!] has global dimension 2 [158, Theorem 4.3.7].
Following word for word the proof of [42, Lemma 3.7] (with R instead of Z), it then follows
that K is projective. Since P is finitely-generated over the Noetherian ring R[t*'], K is also
finitely generated. The conclusion now follows from the fact that if R is a principal ideal
domain, then every finitely-generated projective R[t*!]-module is free [145]. O
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Chapter 12

L?-Burau maps and L?-Alexander
torsions

12.1 Introduction and statement of the results

As we saw in Chapter 11, twisted invariants of a space X aim to refine classical invariants via
the additional data of a finite dimensional representation of the fundamental group m(X).
In the infinite dimensional case, one could therefore expect the action of 71 (X) on the Hilbert
space £2(m1(X)) to lead to new link invariants. Historically however, this is not the way L2-
invariants were born. Indeed, it was Atiyah, in his work on the L?-index theorem, who first
defined L2-Betti numbers via analytical methods [6]. A wealth of activity followed, leading to
a vast literature on the subject. Consequently, we refer to [117] for an overview of L?-theory
(some basics are reviewed in Section 12.2) and promptly return to knots.

The notion of L?-Alexander polynomials took some time to crystallize. First, Li and
Zhang defined an L2-Alexander polynomial for a knot via Fox calculus [111]. Further work
on this knot invariant was carried out by Ben Aribi [12] and Dubois-Wegner [64]. Recently,
Dubois-Friedl-Luck [63] introduced the so-called L?-Alexander torsion. As we shall review in
Section 12.3, this invariant generalizes the L?-Alexander polynomial in the same way as the
Reidemeister torsion generalizes the classical Alexander polynomial. More precisely, if one
fixes a homomorphism ¢: m1(X) — Z and a second homomorphism ~: m1(X) — G through
which ¢ factors, then the L2-Alexander torsion is a real valued function (defined up to some
indeterminacy):

T (X, ¢,7): Rsg — R.

The similarities with the classical theory are now striking. For instance the torsion enjoys
symmetry properties [62], is related to the genus [63] and can be computed via Fox calculus.
Taking these similarities into account, it is natural to wonder whether some L2-Alexander
torsions can be computed from braids. The aim of this chapter (which is based on joint work
with Fathi Ben Aribi [13]) is to develop a theory of L?-Burau representations and to provide
such relations.

Let us outline briefly the data required to define the L?-Burau maps, referring to Sec-
tion 12.4 for details. First, recall that F,, denotes the free group on z1,...,z,. Next, fix t >0
and a homomorphism v: F,, — G through which the epimorphism ¢: F,, — Z,x; — 1 factors.
Denoting by B(¢%(G)), the algebra of bounded operators on £?(G), we define an unreduced
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L?-Burau map and a reduced L?-Burau map

—(2
By By — Myu(B(A(G))

and study their properties, see for instance Propositions 12.4.3, 12.4.4 and 12.4.7. The main
theorem of this chapter relates the reduced Burau map 7,527) of a braid § to a certain L?)-
torsion of its closure. To state this result, whose proof can be found in Section 12.5, we

introduce some further notation.

Let 5 be a braid with closure L. Identifying the free group F,, with m1(D,), there is
a canonical epimorphism F,, — m1(X) which we denote by ~. In particular, one may

consider the corresponding reduced L2-Burau map @gL Finally, let ¢: m1(X1) — Z be the
homomorphism which sends each meridian to one. The main result of this chapter reads as
follows.

Theorem 12.1.1. Given an oriented link L obtained as the closure of a braid B € By, one
has

T(Q) (XLy ¢7 Zd)(t) . max(l)t)n = det ZV(GL) <@(2) </3) _ [d@(n_1)>

t,vr

for allt > 0.

In Corollary 12.5.1, we shall apply Theorem 12.1.1 in order to show that our L2-Burau
maps distinguish more braids that the classical Burau representation.

We conclude this introduction with some additional remarks. The definition of the L?-
Burau maps follows closely the definition of the twisted Burau maps of Section 11.3. In
order to avoid repetitions, we shall therefore give slightly less details than in Chapter 11. On
the other hand, despite a similar statement, the proof of Theorem 12.1.1 has a somewhat
different flavor than the proof of Theorem 11.1.1: some additional technical difficulties must
be overcome (e.g. the L?-torsion is only known to be invariant under simple homotopy).
Finally, note that Section 12.2 is not meant to be an introductory text on L? invariants. The
same remark goes for Section 12.3 and we respectively refer to [117] and [11, 63] for detailed
accounts of these subjects.

12.2 Hilbert .4 (G)-modules and the L>-torsion.

In this section, we briefly review some theory of L?-invariants: Subsection 12.2.1 begins with
the von Neumann dimension of a finitely generated Hilbert .4"(G)-module, Subsection 12.2.2
deals with the Fuglede-Kadison determinant and Subsection 12.2.3 discusses the L2-torsion.
We mostly follow [117] and [63].

12.2.1 The von Neumann dimension

Given a countable discrete group G, the completion of the algebra C[G] endowed with the
scalar product <deG g9, deG ugg> = deG Aglg is the Hilbert space

PG =D Xg [ X €C D NP <0

geG geG
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of square-summable complex functions on G. We denoted by B(¢?*(G)) the algebra of opera-
tors on £?(G) that are bounded with respect to the operator norm.

Given h € G, we define the corresponding left- and right-multiplication operators Ly,
and Ry in B(¢*(G)) as extensions of the automorphisms (g — hg) and (g + gh) of G. One
can extend the operators Rj, C-linearly to operators R, : (*(G) — ¢*(G) for any w € C[G].
Moreover, if £2(G)" is endowed with its usual Hilbert space structure and A = (a;;) €
M, 4(C[G)) is a C[G]-valued p x ¢ matrix, then the right multiplication

Ry = (Rai,j ) 1<i<p,1<5<q

provides a bounded operator £2(G)? — (2(G)P. Note that we shall consider elements of £2(G)"
as column vectors and suppose that matrices with coefficients in B(¢?(G)) act on the left (even
though the coefficients may be right-multiplication operators).

The von Neumann algebra .4 (G) of the group G is the sub-algebra of B(¢£2(G)) made up
of G-equivariant operators (i.e. operators that commute with all left multiplications Ljp). A
finitely generated Hilbert A (G)-module consists of a Hilbert space V' together with a left G-
action by isometries such that there exists a positive integer m and an embedding ¢ of V'
into 2(G)™. A morphism of finitely generated Hilbert A (G)-modules f: U — V is a linear
bounded map which is G-equivariant.

Denoting by e the neutral element of GG, the von Neuman algebra of G is endowed with
the trace tr 4 (qy: A (G) = C, ¢ — (¢(e), e) which extends to tr 4 (q): Myn(A(G)) — C by
summing up the traces of the diagonal elements.

Definition 40. The von Neumann dimension of a finitely generated Hilbert .4 (G)-module V'
is defined as

dim_y () (V) = tr_y () (prypvy) € Rxo,
where pr,,yy: £2(G)™ — (2(G)™ is the orthogonal projection onto (V).

The von Neumann dimension does not depend on the embedding of V' into the finite direct
sum of copies of £2(G).
12.2.2 The Fuglede-Kadison determinant

The spectral density F(f): R>g — R>o of a morphism f: U — V of finitely generated
Hilbert .4 (G)-modules maps A € R5g to

F(f)(A) := sup{dim_y () (L)|L € Z(f, N)},

where Z(f,\) is the set of finitely generated Hilbert .4 (G)-submodules of U on which the
restriction of f has a norm smaller or equal to A. Since F'(f)()) is monotonous and right-

continuous, it defines a measure dF(f) on the Borel set of R>( solely determined by the
equation dF'(f)(Ja,b]) = F(f)(b) — F(f)(a) for all a < b.

Definition 41. The Fuglede-Kadison determinant of f is defined by

exp ([ ) dF(H(N) i [N dF(f)(N) > —os,
0 otherwise .

det_y (o) (f) = {
Moreover, when [i7 In(\) dF(f)(X) > —oo, one says that f is of determinant class.
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If U and V have the same von Neumann dimension, we define the regular Fuglede-Kadison
determinant of f, denoted by det”/(G)(f), as det_y () (f) when f is injective, and zero oth-
erwise. For later use, let us mention the following property of the determinant, see [117] for
the proof.

Proposition 12.2.1. Let G be a countable discrete group. If g € G is of infinite order, then
for all t € C the operator Id — tR, is injective and det 4 () (Id — tRy) = max(1, |¢]).

The next subsection reviews the L? analogue of the torsion of a chain complex.

12.2.3 L*-torsion of a finite Hilbert ./ (G)-chain complex

A finite Hilbert A (G)-chain complexr C, is a sequence of morphisms of finitely generated
Hilbert A4 (G)-modules 0 — C,, On, Ch_1 &L;; Ly 4 N Co — 0 such that 9,090,411 =0
for all p. The p-th L?-homology of C, is the finitely generated Hilbert .4 (G)-module

H;

2(C.) = Ker(8,) /Tm(Dpa).

The p-th L?-Betti number of C, is defined as 61(,2)(0*) = dimL,V(G)(Hf)(C*)). A finite
Hilbert .4 (G)-chain complex C, is weakly acyclic if its L?-homology is trivial (i.e. if all
its L2-Betti numbers vanish) and of determinant class if all the operators 9, are of determi-
nant class. The following result is a reformulation of [117, Theorem 1.21 and Theorem 3.35

(W):

Proposition 12.2.2. Let 0 — C, —= D, P E, — 0 be an ezact sequence of finite
Hilbert A (G)-chain complexes. If two of the finite Hilbert A (G)-chain complexes Cy, Dy, E,
are weakly acyclic (respectively weakly acyclic and of determinant class), then the third is as
well.

The main definition of this section is the following.

Definition 42. The L2-torsion of a finite Hilbert .4 (G)-chain complex C, is defined as
73(Cy) =[] det i) (@) € Rao
i=1

when C, is weakly acyclic and of determinant class, and as T?)(C,) := 0 otherwise.

Let C, = (0 — £2(G)* LR 22(G)kH LN 2(G)' — 0) be a finite Hilbert .4 (G)-chain
complex and let J C {1,...,k + [} be a subset of size [. Viewing 0i,J> as matrices with
coefficients in B(¢?(G)), denote by 0;1(J) the operator composed of the columns of d; indexed
by J, and by 02(J) the operator obtained from 0y by deleting the rows indexed by J. We
refer to [63, Lemma 3.1] for the proof of the following proposition.

Proposition 12.2.3. Assume that 01(J) is injective and of determinant class. Then

_ detj;V(G) (0=(J))
 detly () (01(J))
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In particular, 02(J) is injective and of determinant class if and only if Cy is weakly acyclic
and of determinant class, and in this case one can write

det v (6)(92) _ det y(6)(2(]))
det_y(c)(01)  det_y((d1(J]))

The reader might want to compare Proposition 12.2.3 to Example 10.2.3.

T(C,) =

12.3 The L2?-Alexander torsion

In this section, we briefly review the L2-Alexander torsion introduced by Dubois, Friedl
and Luck [63]. Along the way, we recall some notions related to the L2-homology of CW-
complexes.

Let X be a compact connected CW-complex endowed with a basepoint z. Setting m =
m1(X, 2), an admissible triple (m, ¢,7) consists of homomorphisms ¢: 7 — Z and v: 7 — G
such that ¢ factors through ~. Given such a triple and ¢t > 0, if we denote by

k(m, ¢,7,t): Z[n] — R[G]

the ring homomorphism determined by g — t?@)~(g) for g € 7, then there is a right action
of m on 2(G) given by a - g = Ry(r4~.4)g) (@), where a € £*(G) and g € m. This turns (*(G)
into a right Z[r|-module.

Let Y be a connected CW-subcomplex of X, denote by p: X — X the universal cover
of X and write Y = p~(Y). Since the cellular chain complex C,(X,Y) consists of left Z[x]-
modules, we can consider the .4 (G)-cellular chain complex of the pair (X,Y) associated
to (¢,~,t) which is the finite Hilbert .4 (G)-chain complex

CO(X,Y:6,7.1) = (3(G) @y Co(X. V).

The L?-homology of (X,Y) associated to (¢,7,t), denoted H>E2) (X,Y;,7,t), is obtained by

taking the L2-homology of CZEQ) (X,Y;¢,7,t). The next remark deals with induced maps on
L?-homology.

Remark 12.3.1. Given an admissible triple (m1(X',2'),¢,v: m(X’,2') — G), note that a
basepoint-preserving homeomorphism of pairs F: (X,Y) — (X',Y’) induces an isomor-
phism f: m1(X) — m1(X’) and isomorphisms of finitely generated Hilbert .4 (G)-modules

HP(F): HY(X, Y60 fyo f,t) = HP (X, Y; 6,7, 1).

The proof follows from the same considerations as in the twisted case and so we refer to
Subsection 5.7.1 for details.

We now move towards the definition of the L2-Alexander torsion of Dubois-Friedl-Luck [63].
Recall that an admissible triple (m, ¢,~) consists of homomorphisms ¢: 7 — Z and v: 71 — G
such that ¢ factors through ~. The main definition of this section is the following.

Definition 43. The L2-Alexander torsion of (X, ¢,v) at t > 0 is defined as

T (X,6,7)(1) =T (CP(X:6,7,1)) -
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Note that L2-Alexander torsions are only defined up to multiplication by (¢ — t*) with
k € Z. For this reason, we shall write f(¢) = g(¢) if f is equal to g up to multiplication by
(t ~— t*) for k € Z. Moreover the L?-Alexander torsions are invariant by simple homotopy
equivalence [11, 35, 63, 117].

Remark 12.3.2. Looking back at Definition 42, we note that T (X, ¢,)(t) # 0 if and only
if CiQ) (X;¢,7,t) is weakly acyclic and of determinant class.

Next, we briefly review how Fox calculus can be used to compute the L?-Alexander torsion.
Recall that the 2-complex Wp associated to a presentation P = (z1,...,2Zn|r1,...,m) of a
group 7 is constructed as follows: there is one 0-cell v, n oriented 1-cells labeled x1, xo, ..., Ty,
and m oriented 2-cells c1, 2, . . . , ¢, With each dc; glued to the 1-cells according to the word 7;.

Note that m1(Wp) = 7 and that the Z[r]-module Cl(Wp) is freely generated by the z;.

Remark 12.3.3. We shall assume that the elements in the chain complex C*(Wp) of free
left Z[r]-modules are column vectors and that the matrices of the differentials 9; act by left

multiplication. These conventions differ from the ones used up to now, compare in particular
with Chapters 9 and 11.

Denote by pr : Z[F,] — Z[r] the ring homomorphism induced by the quotient map.
Recall from Remark 9.3.3 that 02 is represented by the (n x m) matrix whose (i, j)-coefficient

is pr (g—;ﬁ) . Combining these remarks with Propositions 12.2.1 and 12.2.3, together with the

k—|k|
fact that for any integer k£ and any t > 0, max (1,tk) =t 2 max(1,t)* = max(1,)* the
following result is immediate.

Proposition 12.3.4. Let P = (x1,...,zn|r1,...,m—1) be a deficiency one presentation of a
group 7, fix t > 0 and let (7,¢: 7 — Z,v: ® — G) be an admissible triple. If one denotes
by A the matriz in M, _1 n—1(C[G]) whose (i,j) component is

st (o (2))

and one assumes that y(xy) has infinite order in G, then

det’y () (Ra) . det’y () (Ra)

7@ (W t) = = .
( P7¢77)( ) detZ‘/(G) (t¢(zn)R7(xn) _ [d) max(lﬂf)w’(wn)'

Moreover, if M is an irreducible 3-manifold with non-empty toroidal boundary and infinite
m=m1(M), then

det’y ) (Ra) . det’y ) (Ra)

T (M 1) = .

The second part of the above proposition uses the fact that the L2-Alexander torsions are
invariant under simple homotopy equivalence and the following lemma, see [5, Section 3.2]
for a proof (or [13, Lemma 3.4] for an argument involving L2-Betti numbers).

Lemma 12.3.5. Let M be an irreducible 3-manifold with non-empty toroidal boundary and
infinite fundamental group. If P is a deficiency one presentation of m (M), then M is simple
homotopy equivalent to Wp.
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Next, we apply this machinery to links. Given an oriented link L = K1U...UK, in § 3 de-
note by X, its exterior and by G, = m1 (X)) its group. Since any homomorphism ¢: G, — Z
factors through the abelianization ap: Gy, — H;(Xp) = ZF, it is determined by inte-
gers ni,...,n,. Following the notation of [11], we denote by (ni,...,n,): Hi(Xy) — Z
the map sending the i-th meridian of L to n; (thus ¢ = (n1,...,n,) o ar) and we call

2
T ) = T (X1, 6,7)()
the L2-Alexander torsion associated to the link L and the morphism v: G, — G at the
value t > 0. The next lemma underlines a crucial difference between the L?-Alexander torsion
and the classical Alexander polynomial, and should be compared with Proposition 3.5.4.

Lemma 12.3.6. Let L be a link, t > 0 and n1,...,n, € Z. The following assertions are
equivalent:

1. L is split.
2. C'@)(XL, (n1,...,nu) 0 ar,id,t) is not weakly acyclic.

3. The L2-Alexander torsion T(z)

L,(n1,...np

)(id) (t) vanishes.

Proof. If the y-component link L is not split, then its exterior Xy, is irreducible, and it follows
from [118] that for all integers ni,...,n, and all ¢t > 0, C®)(Xy, (n1,...,n,) o ay,id,t) is
)

(nly"'z

proving that (3) implies (1). The fact that (2) implies (3) is immediate.

weakly acyclic and of determinant class. Thus, in this case Tg n“)(id)(t) is non-zero,
We conclude by proving that (1) implies (2). If L is split, then X, is not irreducible, and

one can write X, = X 1#...#X,, where the X; are irreducible link exteriors in S3. Let us
order the X; so that

r—1
X=X\ B U (U(Xz- \ (B*U B3))> U (X, \ B?),
=2
where the intersection is a disjoint union of »—1 spheres S2. Fix t > 0, integers nq, ... Ny €7
(we denote ¢r, = (n1,...,nyu) o ar) and let j; be the group monomorphism induced by the

inclusion of X; minus one or two balls into X7. An immediate generalization of the proof of
[11, Theorem 3.1] (see also [117]) implies that

1 CP (X1 \ B, 60 i, ji, 1)@
0= ERCP (5%, 1,1,1) - @=L P (X, \ (BPU B, 61, 0 i jint) = O (X1, 6r,id,t) — 0
= SO (X, \ B, 61,0 s, i 1)
is an exact sequence of finite Hilbert .4 (G )-chain complexes.
Now, for alli =1,...,r —1, we add a term ¢2(G)B3 @ (?(G ) B3 to the i-th summand of
the left part of the sequence and to the i-th and (7 4 1)-th summands of the middle part (one
ball for each), where the boundary operators send one B3 to the corresponding S? and the

other to a corresponding —S2. Since this process does not change exactness of the sequence,
it follows that

r—1 T
0— @052)(53, 1’ 17t) — @ Ca(<2)(X’La ¢L Oj’iaj’iat) — C;,(<2)(XL, ¢La Zdvt) —0
i=1 =1
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remains an exact sequence of finite Hilbert .4 (G )-chain complexes. Each j; is an injective
group homomorphism and thus induces an induction functor, as explained in [117, Section
1.1.5]. As weak acyclicity is unaffected by these induction functors, the first part of the proof
applied to the irreducible pieces X; shows that @;_, C£2) (X, &1 0 ji, Ji, t) is weakly acyclic.
Since the left part of the above short exact sequence is not weakly acyclic (see [117, Theorem
1.35 (8)]), neither is C®)(Xp, (n1,...,n,) o ar, id,t) by Proposition 12.2.2. O

12.4 The L?-Burau maps

In this section, we define L?-Burau maps and reduced L?-Burau maps.

Fix a basepoint z € 9D, and let hg : D, — D, be a homeomorphism representing
a braid g € B,. As h[g fixes the boundary of the disk D?, it lifts uniquely to a homeo-
morphism hg D,, — D,, which preserves a fixed lift of z. Denote by ¢: m(D,,) — Z the
epimorphism defined by z; + 1. Fixing ¢ > 0 and a homomorphism 7: 7;(D,,) — G through
which ¢ factors, Remark 12.3.1 implies that hg induces a well-defined isomorphism of finitely
generated Hilbert .4 (G)-modules:

H£2)(h5) : H£2)(Dn, z;¢ohg,yohg,t)— HP) (Dn, 25 0,7, t). (12.1)

Since ¢ o hg = ¢ holds for all braids § € By, from now on we shall write ¢ instead of
¢ o hg. Before moving on the L?-Burau map, let us fix some conventions.

Remark 12.4.1. In contrast with Chapters 9 and 11, compositions of maps shall be read
from right to left. Consequently, the right action of B,, on F}, produces an anti-representation
B, — Aut(F,).

If we wish to define an L2-Burau map as an induced map on homology, then (12.1) shows
that the result cannot be an automorphism: the domain and target of induced maps in L?
homology differ. For this reason, we shall proceed as in Chapter 11: instead of defining
the L?-Burau maps as the homomorphisms of (12.1), we pick canonical bases to make the
situation more concrete. The proof of the following lemma proceeds as in the twisted case,
see Lemma 11.3.2.

Lemma 12.4.2. Given z € D, for all admissible (7, $,7) and allt > 0, the finitely generated
Hilbert A (G)-module Hl(Z)(Dn, z;¢,7,t) has von Neumann dimension n.

Proof. The punctured disk D, is simple homotopy equivalent to X, the wedge of the n loops
representing the generators of m1(D,,) described in Section 9.2. As a consequence, it follows

from [117, Theorem 1.21] and the proof of [11, Theorem 2.12] that HfZ)(X,z;gb,%t) and

H 1(2) (Dy,, z; ¢,7,t) have same von Neumann dimension. Thus it suffices to prove the claim for
X.

Choose a cellular decomposition of this latter space X consisting of the 0-cell z (the base-
point of the wedge) and one 1-cell z; for each loop. For i =1,2,...,n, let ; be the lift of x;
starting at an (arbitrary) fixed lift of z. With this cell structure, the .4 (G)-cellular chain com-

plex of the pair (X, z) associated to (¢,~,t) is 0 — C£2)(X,z;¢,7, t) — C’( )(X z2;0,7,t) —
0, where C’fz)(X,z;d),’y,t) = 1*(G) Qgx) C1(X,3) = D, *(G)z;. Since C’ (X Z) van-
ishes, HfZ) (X, z;0,7,t) = CP (X, z;¢,7,t) and the claim follows. O
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Using the same notations as in the proof of Lemma 12.4.2, we shall call the basis resulting
from the isomorphism HF)(D”, z; 0,7, t) 2 @I, 1%(G)Z; the good basis of Hl(z)(Dn, z;0,7,t).
With respect to the good bases of H1(2) (Dp,2;¢,7v 0 hg,t) and H{2)(Dn,z; ®,7,t), the iso-
morphism of finitely generated .4/ (G)-modules H fz)(hg) gives rise to a n X n matrix %ﬁ?(ﬁ)
with coefficients in B(¢2(G)).

Definition 44. The L?-Burau map %t(zv) associated to the value t > 0 and the homomor-

phism ~ sends a braid 8 € B, to the matrix %’g(ﬁ) € My, (B(*(G))) representing the

isomorphism of finitely generated Hilbert .4"(G)-modules defined above.

The next lemma shows that while the L?-Burau map is generally not an anti-representation,
it is nevertheless determined by the generators of B,,. The proof is omitted since it proceeds
just as in the twisted case, see Proposition 11.3.3 and Corollary 5.7.2.

Proposition 12.4.3. Given two braids o, B € B,,, the equation
2 2 2
B2 () = B2 (B) 0 B ()
holds for all t > 0 and for all v: m1(Dy) — G through which ¢ factors.

In particular, Proposition 11.3.3 shows that if one picks a homomorphism ~ satisfying v o

hg = ~ for each 8 € B, then the L?-Burau maps 93}27) yield anti-representations of the
2)

~ provide anti-

braid group. More generally, fixing v: 71(D,) — G, the L?>-Burau maps %t(
representations of By := {8 € B, | yohg =~}

The next proposition shows that the L?-Burau map can be computed via Fox calculus.

Proposition 12.4.4. Let f € B, be a braid. If one denotes by A the (n X n)-matric
whose (i,j) component is

m(D).ot) (L)) € e,

then e%’t(zv) (B) is equal to Ra.

Proof. The proof follows the same lines as Proposition 11.3.4. Fix a lift of z to the uni-
versal cover p: D, — D,. Given a homeomorphism hg representing a braid 3, let hg

be the map induced by the lift of hg on the chain group C1(Dn, %) (where Z = p~1(2)).
As HF) (Dy, 20,7, 1) = EQ(G)®Z[W1(DTL)]C’1(5W Z), it remains to compute the operator id®ﬁ,3.
Clearly 7L5 (z;) is the lift of a loop representing hg(x;) to the universal cover. Remark 9.3.3
then shows that on the chain level

o) = 3 Atz

ox;
i=1 ¢

As we view elements of the left Z[mi(D,,)]-module C1(D,,Z) as column vectors (recall Re-
mark 12.3.3), hg is represented by the (n x n) matrix whose (7, j) component is a(hgigj)). The

claim now follows from the right Z[r (D, )]-module structures of £2(G). O
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We wish to emphasize once again that Propositions 12.4.3 and 12.4.4 use different con-
ventions than Chapters 9 and 11, see in particular Remarks 9.3.5 and 12.4.1.

Remark 12.4.5. In this section, we compose maps on the L?-chain complexes from right to
left (and not from left to right) and the elements of these chain complexes are viewed as column
vectors (and not row vectors). This explains the differences between Propositions 12.4.3
and 11.3.3 and Propositions 12.4.4 and 11.3.4.

We now illustrate Proposition 12.4.4 and Proposition 12.4.3 with some concrete examples.

Example 12.4.6. A short computation involving Fox calculus shows that with respect to
the good bases, the L?-Burau maps of o; are given by

Id _tR'y( 1 Id

xix¢+1ri_ )

i tRy (@) 0

<%7(2)(01,) _ Id@(i—l) ® < ) ® Id@(n_i_l).

Let us now use these computations together with Proposition 12.4.4 in order to illustrate
Proposition 12.4.3 with an example. For 01,09 € B3, we get the matrices

Id 0 0 Id - tR’Y(Q?lQJQ:EgZ‘;lZ’l_I) Id O

2 _ (2) _
‘%g,'y) (U2> =0 M tR'y(xgzgmgl) ld |, ‘%t,fyohq (01) - tR’y(:m) 0 0
0 tR,y(m) 0 0 0 Id

whose composition is equal to

Id_tR (:E Tox x—lx—l) Id 0
(2) (2) Tap e n
‘%t,'y (02) © ‘@t,'yth <01) = tRV(ivl) —t R’Y(:E1x2.1’3x2_1) 0 I ’
R (2129 0 0

which coincides with ,%)E%Y) (0109).

Let us now relate the L2-Burau maps to the classical Burau representation %r. Note that
contrarily to Chapter 9, we use a capital “T”: in this chapter, “t” already denotes a positive
real number. Given 3 € By, recall that a matrix for Zr(8) € M, ,(Z[T,T~]) can be obtained
9(hp (i)

(9:17]'

x; to the indeterminate 7. For any given ~ and ¢, the L?-Burau map %’gy) holds at least as
much information as the classical Burau representation, in the following sense:

by computing 7% ( ), where the ring homomorphism T : Z[F,] — Z[T,T~!] sends

Proposition 12.4.7. Given 8 € B,, for any t > 0 and ~v: F, — G, there exists a map
O: B(2(G)") = My n(Z[T, T~) such that © (%’E?(ﬁ)) = PBr(B). In particular, if o, €

By, and B (a) = B2(B). then Br(a) = Br(B).

Proof. Using Proposition 12.4.4, %g(ﬁ) is the right-multiplication operator R4 where the
matrix A has k(Fp, ¢,7,t) (E)(%ﬁiggj))) € C[G] as its (i, j)-coefficient. By considering the map

0: B(?(G)") — M, ,(f?(G)) which evaluates an operator S on the n canonical (column)
vectors of £2(G)", one can extract A = 6(Ra) from R4. Thus it only remains to recover
PBr(B) from A.
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Since (m1(Dy), ¢,7) is an admissible triple, there exists a homomorphism ¢: G — Z
such that ¢ = 1 o . Defining the homomorphism TY: G — {T™;m € Z} C Z[T,T~'] by
g — T?9) the (i, j)-coefficient of (G, 1, T, t~1)(A) is

(WGt o n(Fnyrm.0) () o (R,

which is precisely the (j,4)-coefficient of %7 (). The map © = tra o k(G, 1, TY,t~1) 0 § thus
satisfies the assumptions of the proposition; here tra is the transpose operator. O

Remark 12.4.8. Although all L?-Burau maps recover the Burau representation, different
choices of v: F,, — G produce various effects on the injectivity of the resulting maps and their
defect to being anti-representations. On one end of the spectrum, if ~ is the identity, the L2-
Burau maps ,%’g)d B, — B({?(F,)") are injective for all ¢ > 0 (since B, — Aut(F,), 8+ hg
is injective and automorphisms of the free group are determined by their Fox jacobian [26,

Proposition 9.8]). As G becomes smaller, the L2-Burau maps ‘@t@v) lose in injectivity but edge
closer to being actual anti-representations. As the proof of Proposition 12.4.7 demonstrates,
a critical step appears when 7 reaches T?: in this case, f%’t(zj)w (B) is an anti-representation
which is equal to Ry, (#,(5)) up to a change of variable; in particular it is known not to be

faithful for n > 5 [16, 116].
Summarizing, the various L2-Burau maps distinguish at least as many braids as the Burau

representation (as shown in Proposition 12.4.7) but sometimes do better as Corollary 12.5.1
will show.

We now define reduced L?-Burau maps. As in Subsection 11.3.2, instead of working with
the free generators x1,x2...,x, of w1 (D)), consider the elements g1, ¢2,..., gn, where g; =
x1x9 - - - x;. Let g; be the lift of g; starting at a fixed lift of z. Using the same argument as
in Lemma 12.4.2, one obtains the splitting H1(2)(Dn, z;4,7,t) = @?:_11 2(G)g; © 2(G)g,, for
any v: F, — G through which ¢ factors. As g, is always fixed by the action of the braid
group, its lift g, is fixed by the lift hg of a homeomorphism hg representing a braid 3.

Definition 45. The reduced L?-Burau map sends a braid 3 to the restriction @g (B) of

the L2-Burau map to the subspace of Hy(Dy, z; ¢, o hg,t) generated by gi,..., gn—1.

If e@ﬂ) (B) denotes the L2-Burau matrix of a braid 8 € B, with respect to the basis of
the g;, then
~ =2
() — $,4(B) 0 ’
12 (P) ( vV I

where V' € M ,,—1(B(¢*(G))). Furthermore, note that the reduced L?-Burau map also satis-
fies the property of Proposition 11.3.3. Combining these observations, the reduced L2-Burau

maps can be computed by using the same methods as outlined in Example 12.4.6, see [13,
Example 4.8].

12.5 Proof of Theorem 12.1.1

In this section, we show how a particular L?-Alexander torsion associated to a link can be
computed from some reduced L?-Burau maps. As an application, we exhibit two braids
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which are distinguished by the L2-Burau maps but cannot be told apart by the classical
Burau representation.

We start by building the admissible triple involved in the statement of the theorem.
Let X be the exterior of a braid 8 € B, in the cylinder D? x [0, 1]. The manifold obtained
by gluing X3 and X4, along D, U D,, is nothing but the exterior of the link L' := B uaob,
in S3. Identify the free group F), with m1(D,,) so that the free generators x; correspond to
the loops described in Section 9.2. An application of van Kampen’s theorem shows that G,
admits the presentation

1

P ={qg,... Insxlhg(g1) = zgix™ ..., hg(gn) = a:gn:v_1>.

The exterior Xy, of L = E can now be recovered by canonically pasting a solid torus on
the boundary component of X, corresponding to 9D,. Since hg(gn) = gn in the free
group F,,, G, thus admits the following deficiency one presentation:

P={(g1,..-,9nlhg(91) = 91, .-, hg(gn-1) = gn—-1)- (12.2)

Finally, denote by ~r: F,, — G the resulting quotient map. This way, if one sets ¢ =
(1,...,1) oy, then the map ¢: m(D,,) — Z described in Subsection 12.4 factors as ¢, o vyr.

Using this set-up, we can now prove Theorem 12.1.1 whose statement we recall for the
reader’s convenience.

Theorem 12.1.1. Given an oriented link L obtained as the closure of a braid B € By, one
has

2 . n - r —(2) o

TI(,’) )(Zd)(t) -max(1,t)" = det/(GL) <%’ (B) — 1q%( 1)>

1,...,1 tyL

20ty

for allt > 0.

Proof. Fix t > 0 and assume that L is non-split. Performing Fox calculus on the presenta-

ot ,
tion P yields Ok (ag; ) 9 ) _ 6(h§ (9])) —0;5. Since X, is irreducible and the previously described

presentation P of G 1 has deﬁciéncy one, combining Proposition 12.3.4 with the definition of
the reduced Burau representation then gives

r =2 n— T 7 n—
(2) ) . det{A/(GL) (%t»’)’L (B) — Id@( 1)) det/V(GL) (‘@t,’}/L (6) - Id@( 1))
TV Xp, ¢r,1d)(t) = detZV(GL)(tnRgn — Id) - max(1,t)" ’

which proves the theorem in the non-split case.

Next, assume that L is split. Since Lemma 12.3.6 implies that Téz()l 1)(id)(t) =0,

1y, (B) — Id@(”_l)) also vanishes. By Proposi-

it only remains to prove that det ;V(GL) (@(2)
tion 12.3.4, the latter claim reduces to proving that CiQ)(Wp, ¢r,1id,t) is not weakly acyclic.
As Ciz) (XL, ¢r,id,t) is not weakly acyclic by Lemma 12.3.6, the L2-version of the Torres

formula [11, Theorem 3.8] implies that C£2) (X, 0 0Q,Q,t) is not weakly acyclic either,
where Q: Gp» — G is the epimorphism induced by the inclusion X;» € X. Since L’
is non split, X7/ is simply homotopy equivalent to Wp; by Lemma 12.3.5 and it follows

that C,EZ)(WP/, oL o @Q,Q,1) is not weakly acyclic, by [11, Theorem 2.12]. Let v be the 0-cell
of Wp, g1,...,gn be its 1-cells and ry,...,7r,_1 be its 2-cells. Similarly let v" be the O-cell
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of Wpr, g4, ..., g,z beits 1-cells and 7], ..., 7], be its 2-cells. Denote the lifts to the universal
covers and set D1 = (?(G)Z, Dy = (2(G)7,. A straightforward matrix computation involving
Fox calculus now shows that

0— C>£2)(Wpa¢[n id’t) = C>*(<2)(WP’)¢L 0 QaQat) ﬁ> D, —0

is an exact sequence of finite Hilbert .4 (G )-chain complexes, where ¢1(g;) = ¢}, t2(73) = 77,
fori=1,...,n—1 and p1, p2 are the obvious projections. As the boundary operator Do — D1
is given by the injective operator Id — t"R,,, the chain complex D, is weakly acyclic.
Since C(Wpr, ¢1, 0 Q,Q,t) is not weakly acyclic, neither is C®(Wp, ¢p,id,t) by Proposi-
tion 12.2.2. This concludes the proof. O

Note that if L is a knot K, then Theorem 12.1.1 show that Ag) (t)-max(1,¢)"! is equal to
det”y ) <t%’£23K (B) — Id@(”_1)> , where Ag) (t) is the L2-Alexander invariant of K defined
by Li-Zhang [111]. We conclude with an application of Theorem 12.1.1.
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Figure 12.1: The braid g € Bs.

Corollary 12.5.1. There exist two braids which have the same image under the classical
Burau representation but have different images under an L?-Burau map with a non-injective .

Proof. Long and Paton [116] proved that the braid 8 € Bg depicted in Figure 12.1 has the
same image under the classical Burau representation as the trivial braid idg € Bg. Taking any

t > 0, we will prove that %F%(B) # %’?w(zdﬁ). To achieve this, we will show that ?%(5) #
Eish

of the L?-Burau map expressed in the basis of the §;. We claim that the closure L of 3 is a
6-component non-split link. To see this, define I'(L) to be the graph whose vertices are the
components L; of L and such that there is an edge between L; and L; when there exists a
third component L such that L; U L; U Ly, is a non-split link. Since L being split implies
I'(L) being disconnected, it suffices to show that I'(L) is connected. One can observe that all

(idg): this is enough since the reduced L?-Burau map is the upper left matricial part
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sublinks of L with three components are either trivial or the non-split link Lqg4140, and there

are enough of the second type so that I'(L) is connected.
Consequently, as L is non-split, Téz()l 1)(t) is non-zero for all ¢ > 0 by Lemma 12.3.6,

and thus Theorem 12.1.1 implies that the operator @,@L (8) — 1d®™=1 has non-zero regular

Fuglede-Kadison determinant and is thus injective. The result follows immediately. O
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Chapter 13

Colored tangles and the Lagrangian
functor

13.1 Introduction

The aim of this chapter is to review a construction, due to Cimasoni and Turaev [42], which
extends the Burau representation from braids to tangles. Recall from Section 9.2 that an n-
stranded braid consists of sn monotonous intervals in the cylinder D? x [0,1]. Moreover, the
isotopy classes of these braids give rise to the braid group B,. Dropping the monotonicity
condition yields so-called n-stranded string links. Isotopy classes of string links no longer
form a group but a monoid. Even more generally, a tangle consists of a (particular type of)
properly embedded 1-submanifold of the cylinder; examples are depicted in Figure 13.1. This
time, isotopy classes of tangles form the morphisms of a category Tangles as we shall see in

| I
| L LD

Figure 13.1: From left to right: a braid, a string link which is not a braid, and a tangle which
is neither a braid nor a string link.

The reduced Burau representations, which we encountered in Chapter 9, take the form
of homomorphisms B,, — GL,_1(A) with A = Z[t*'], which preserve some non-degenerate
skew-Hermitian form on A”~!'. The construction of these homomorphisms easily extends to
oriented braids, i.e. braids where different strands can be oriented in different directions. In a
slightly pedantic style, one can therefore say that the reduced Burau representations constitute
a reduced Burau functor b from the groupoid Braids, with objects finite sequences of signs +1
and morphisms oriented braids, to the groupoid Uy, with objects A-modules equipped with
a non-degenerate skew-Hermitian form and morphisms unitary A-isomorphisms.

In this context, it is natural to ask whether this reduced Burau functor b extends to the
category Tangles of oriented tangles. Such an extension was constructed by Cimasoni-Turaev
in [42] and takes the form of the Lagrangian functor Tangles — Lagr,. As we shall see in
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Section 13.3, Lagr, is the category of Lagrangian relations in which Uy embeds via the
graph functor: if f is a unitary isomorphism, then its graph I'y is a Lagrangian relation. In
Section 13.4, we shall review the construction of the Lagrangian functor and recall one of
its key features: for any oriented braid g, the Lagrangian relation .7 () coincides with the
graph F@t @) of the reduced Burau representation %;(3). Finally, as outlined in [42, Section
6], we shall see that the Lagrangian functor also admits a multivariable generalization which
extends the (localized) reduced colored Gassner representation.

13.2 The category of colored tangles

In this section, we review the category Tangles,, of u-colored tangles. References include [42,
152].

Let D? be the closed unit disk in R?. Given a positive integer n, let p; be the point ((2j —
n —1)/n,0) in D2, for j = 1,...,n. Let ¢ and ¢’ be sequences of #1’s of respective length n
and n’. An (g,&')-tangle is the pair consisting of the cylinder D? x [0,1] and an oriented

piecewise linear 1-submanifold 7 whose oriented boundary is Z;”,:l g5 (0, 1) = 2201 €i(py, 0).

Example 13.2.1. Observe that tangles encompass both braids and links. Indeed 7 is an
oriented braid if every component of 7 is strictly increasing or strictly decreasing with respect
to the projection onto [0,1]. On the other hand, a (0, )-tangle is nothing but an oriented
link.

An oriented tangle 7 is called p-colored if each of its components is assigned an element
in {1,...,u}. We shall call a u-colored (g,&’)-tangle a (c,')-tangle, where ¢ and ¢ are the
sequences of £1,+2, ..., £ induced by the orientation and coloring of the tangle. Given such
a sequence ¢, we denote by £(c) the element in Z* whose i coordinate is equal to ¢(c); =
Zj;cj:ii g;. Note that for a (¢, ¢’)-tangle to exist, we must have ¢(c) = ¢(c).

Example 13.2.2. A (c,c)-tangle 7 C D? x [0,1] is a colored braid if every component
is strictly increasing or strictly decreasing with respect to the projection to [0,1]. As in
Example 13.2.1, a (0, #)-colored tangle is nothing but a colored link.

Two (c, ¢ )-tangles 71 and 75 are isotopic if there exists an auto-homeomorphism h of D? x
[0, 1], keeping 8 (D? x [0,1]) fixed, such that h(71) = 72 and h|, : 71 ~ 75 is orientation and
color-preserving. We shall denote by T),(c,c) the set of isotopy classes of (c,c’)-tangles,
and by id. the isotopy class of the trivial (c,c)-tangle {p1,...,pn} x [0,1]. Given a (c,c’)-
tangle 71 and a (¢, c”)-tangle 79, their composition is the (c,c”)-tangle 7971 obtained by
gluing the two cylinders along the disk corresponding to ¢’ and shrinking the length of the
resulting cylinder by a factor 2, see Figure 13.2. Clearly, the composition of tangles induces
a composition Ty, (¢, ') x T, (¢, ") = Ty(c, &) on the isotopy classes of p-colored tangles.

Definition 46. The category Tangles,, of u-colored tangles is defined as follows: the objects
are the finite sequences ¢ of elements in {+1,42,...,+u}, and the morphisms are given
by Hom(c, ¢') = T, (c, ).

The composition is clearly associative, and the trivial tangle id. plays the role of the
identity endomorphism of c¢. Finite sequences of elements in {£1,42,...,+u}, as objects, and
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Figure 13.2: A (¢, d)-tangle 7 with ¢ = (—=1,+42) and ¢/ = (+2,—1,+1,—1), a (¢, ¢’)-tangle 7o
with ¢ = (42, —1), and their composition, the (¢, c”)-tangle 7.

isotopy classes of colored braids, as morphisms, form a subcategory Braids, C Tangles,,.
The same remark goes for isotopy classes of colored string links, leading to subcategories
Braids, C String, C Tangles,. In the case p = 1, these are simply the categories of
oriented braids, oriented string links and oriented tangles.

Remark 13.2.3. Note that the conventions adopted in the following chapters differ from
those of Chapters 9, 11 and 12: what we used to call a (¢/, ¢)-braid is now a (¢, ¢)-braid.

Finally, given an endomorphism 7 € T),(c, ¢), one can define its closure as the p-colored
link 7 obtained from 7 by adding oriented colored parallel strands in S®\ (D? x [0, 1]), just
as in the case of braids.

13.3 The category of Lagrangian relations

In this section, we review the category of Lagrangian relations over an integral domain A. We
shall closely follow [42, 43], but we also refer to [152] for the easier case where A is a field.

Fix an integral domain A endowed with a ring involution a — a. A skew-Hermitian form
on a A-module H is a map A\: H x H — A such that for all z,y,z € H and all a,a’ € A,

1. Mazx + d'y, 2) = a\(z, 2) + d' Ay, 2),

2. )\(.’E,y) = _)‘(ya Iﬁ),
3. if AN(z,y) =0 for all y € H, then z = 0.

A Hermitian A-module H is a finitely generated A-module endowed with a skew-Hermitian
form A. The same module H with the opposite form —\ will be denoted by —H. The annihi-
lator of a submodule A C H is the submodule Ann(A) = {x € H | A(v,z) =0 for all v € A}.
The submodule A is called Lagrangian if it is equal to its annihilator. Given a submodule A
of a Hermitian A-module H, set

A={x € H | ax € A for a non-zero a € A}.

Observe that if A is Lagrangian, then A = A. Moreover, if A is a field, then A = A for all A.
If H and H' are Hermitian A-modules, a Lagrangian relation from H to H' is a Lagrangian
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submodule of (—H) @ H'. For instance, given a Hermitian A-module H, the diagonal relation
Agp={h®hec He H}

is a Lagrangian relation from H to H. Given two Lagrangian relations Ny from H to H’
and N from H' to H”, their composition is defined as Noo Ny := NoNy C (—H) @& H”, where

NoNy ={x®z2|x®y e Ny and y ® 2z € Ny for some y € H'}.
The proof of the next theorem can be found in [42, Theorem 2.7].

Theorem 13.3.1. Hermitian A-modules, as objects, and Lagrangian relations, as morphisms,
form a category.

Following [42], we shall denote this category by Lagr, and call it the category of La-
grangian relations over A. Let us now briefly recall why Lagrangian relations can be under-
stood as a generalization of unitary A-isomorphisms and unitary Q-isomorphisms, where Q
is the field of fractions of A.

Given two Hermitian A-modules (Hj, A;) and (Haz, A2), a A-linear map ¢: H; — Hj
is said to be wnitary if it satisfies Ao(p(x),p(y)) = Ai(x,y) for all z,y € H;. Let Uy
be the category of Hermitian A-modules and unitary A-isomorphisms. Also, let U} be the
category of Hermitian A-modules, where the morphisms between H and H' are the unitary Q-
isomorphisms between H ® Q and H' ® Q. The graph of a A-linear map f: H — H’ is
the submodule I'y = {z & f(z)} of H @ H'. Similarly the restricted graph of a Q-linear
map o: HRQ — H' ®Q is Fg =T, N (H ® H'). The proof of the following theorem can be
found in [42, Theorem 2.9].

Theorem 13.3.2. The maps f — [ ®idg, f — Iy and ¢ — I‘?p define faithful functors
which are the identity on objects, and which fit in the commutative diagram

Ux i§Q>U9X —F())Lagr,\.
\_/

r

We shall call such functors embeddings of categories.

13.4 The Lagrangian functor

In this section, we review the Lagrangian functor of Cimasoni-Turaev [42]. Namely, Subsec-
tion 13.4.1 deals with the one-variable case, while Subsection 13.4.2 is concerned with the
multivariable case.

13.4.1 The one variable case

Denote by 4 ({p1,...,pn}) an open tubular neighborhood of {p1,...,p,} in D? C R2, and
let S? be the 2-sphere obtained by the one-point compactification of R?. Given a sequence ¢ =
(€1,...,en) of £1’s, set £c = > | €; and endow the compact surface

D :{ D*\ A ({p1,...,pn}) ifle #0
c SQ\JV({pl’.,,,pn}) itl. =0
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with an orientation (pictured counterclockwise), a base point z, and the generating fam-
ily {z1,...,2,} of m1(Dg, z), where x; is a simple loop turning once around p; counterclock-
wise if ; = +1, clockwise if ¢; = —1. The same space with the opposite orientation will be
denoted by —D..

The natural epimomorphism H;(D;) — Z given by z; — 1 induces an infinite cyclic
covering D, — D, whose homology is endowed with a structure of module over A = 7t
If ¢. # 0, then D, retracts by deformation on the wedge of n circles representing the genera-
tors a1, . .., oy of m (Ds, 2), and Hy(D,) is a free A-module of rank n— 1, see Lemma 9.3.6. (It

~

is free of rank n — 2 if /. vanishes.) Furthermore, given x,y € H;(D.), we saw in Section 9.3.3

that the formula
Ae(z,y) =) (tFa, gyt
keZ

~

endows the A-module H;(D;) with a A-valued skew-Hermitian form. Since we observed in Sec-
tion 9.3.3 that this form is non-degenerate, following the terminology of Section 13.3, (H1(De), A:)
is a free Hermitian A-module for any object € of the category of oriented tangles. As the next

example illustrates, the skew-Hermitian form A, is in fact quite explicit.

~

Example 13.4.1. Endow the A-module H;(D.) with the basis vi,...,v,-1 described in
Lemma 9.3.6. Namely, pick lifts z; of the x; and set v; = Z;41 — 7; fori = 1,...,n — 1.
When all the ¢; are equal to one, we already computed the matrix for . in Example 9.3.11.
Generalizing the computation to arbitrary € produces the following matrix:

erte)(t—th 1 —te2 0 0
t=e2 — 1 F(eates)(t—t7h) :
0 0 . (13.1)
0 . 0 t==n—1 Lepq1+en)(t—t1)

Let us now turn to morphisms. First recall that the existence of an (e,&’)-tangle 7 C
D? x [0,1] implies that £. = £.. Denote by .#(7) an open tubular neighborhood of 7 in
D? x [0,1]. We shall orient the exterior

= [ DX\ A (7) ifle#0
T_{ (S2x [0,1))\ A (r) ifl. =0

of 7 so that the induced orientation on 0X, extends the orientation on (—D.) LU D./. Clearly,
the abelian group H;(X,) is freely generated by the oriented meridians of the connected
components of 7. The homomorphism H;(X,;) — Z mapping these meridians to 1 extends
the previously defined homomorphisms H;(D.;) — Z and Hy(D./) — Z. It determines an
infinite cyclic covering )A(T — X, whose homology is endowed with a structure of module

over A.
Let ir: Hy(D.) — Hi ()A(Tl and i :AHl(lA)a/) — H1 (X)) be the homomorphisms induced

by the inclusions of D, and D, into X,. Denote by j,: Hi(D;) ® Hi(Do) — Hi(X;) the
homomorphism given by j,(z,2’) =i_(2') — i;(z). Finally consider

ker(j;) C Hy(D.) ® Hy(Dy).
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It is proved in [42] that for any tangle 7, the module ker(j;) is Lagrangian. It can also be
checked that ker(j;,-,) = ker(j,, ) ker(jr,) for any tangles 7, 7. This leads to the main result
of [42].

Theorem 13.4.2. Let F assign to each map € the pair (Hy(D.),\e) and to each (g,€)-
tangle T the submodule ker(j;) of Hi(D:) @ Hi(Dy). Then F is a functor which fits in the
commutative diagram

Braids —— String —— Tangles

S

Ux U a Lagr,,
\—/

r

where the left-most vertical arrow is the reduced Burau functor and the horizontal arrows are
the embeddings of categories described in Sections 13.2 and 135.5.

In fact, as in Chapter 12, Cimasoni and Turaev think of the right action of B, on Fj, as
an anti-representation, recall Remark 9.3.5. Consequently, there is slight subtlety involved in
the statement of Theorem 13.4.2.

Remark 13.4.3. Picking the bases which we have been using repeatedly (see Lemmas 9.3.1
and 9.3.6), it can be checked that both o; — %;(0;) and %;(0;)" give rise to representations
of the braid group which we denote by %, and @; Taking the transposes of these matrices
we therefore obtain two anti-representations @f and (@;)T

It is worth noting that while %; and (@;)T are represented by the same matrices, the
former is a representation while the later is an anti-representation. Using all these conventions,
Cimasoni and Turaev in fact show that the restriction of the Lagrangian functor to B, gives

. . —I\NT s
the anti-representation (4,)" [42, Proposition 5.2].

From now on, it shall implicitly be understood that the Lagrangian functor generalizes
the Burau representation in the sense of Remark 13.4.3. We conclude this subsection with a
last remark regarding conventions:

Remark 13.4.4. Cimasoni and Turaev read the composition of tangles from top to bottom
and the composition of braids from bottom to top [42, proof of Proposition 5.2]. On the other
hand, for these authors, the generators o; of B,, corresponds to our o; ' (see [43, Figure 2]),
i.e. following Birman, our o; has a negative crossing, while their o; has a positive crossing.
Finally, we remind the reader that from now on, the conventions regarding colored braids
differ from those of Chapters 9, 11 and 12, see Remark 13.2.3.

13.4.2 The multivariable case

In all this subsection, we shall assume for simplicity that the maps c: {1,...,n} — {£1,...,£u}
are such that ¢(c) is nowhere vanishing. Given such a map ¢, the homomorphism H;(D.) —
Z¥, ej > 1, induces a free abelian covering D. — D, whose homology is endowed with a

~

structure of module over A, = Z[tlﬂ, . ,tljfl]. As we saw in Lemma 9.4.6 Hy(D,) is a module
of rank n — 1 which is free over A, if 4 < 3 and free of rank n — 1 after tensoring with Ag.
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Furthermore, as we recalled in Section 9.4, the pairing

Ae(z,y) =Y (g2, y)g"

geEZH

defines a skew-Hermitian A, -valued pairing on H; (ﬁc) which is non-degenerate. Therefore,
following the terminology of Subsection 13.3, (H1(D.), A¢) is a Hermitian A,-module. The
same statement holds over Ag.

The homomorphism Hi(X;) = Z*, m; — t|c;) extends the previously defined homomor-
phisms Hy(D.) — Z*" and Hi(Dy.) — Z*. It determines a free abelian covering X, = X,

~

whose homology is also endowed with a structure of module over A,. Let ir: Hi(D.) —
Hy(X;) and 47 : Hi(De) — H1(X;) be the homomorphisms induced by the inclusions of D

~ ~ ~

and Dy into X,. Denote by j.: Hi(D.) ® Hi(Dy) — HlA(XT) the homomorphism given
by jr(z,2") =i (2’') —i.(x). Finally consider ker(j.) C Hi(D.) ® Hy (D).

The following theorem is the multivariable analogue of Theorem 13.4.2; note that it also
holds over Ag.
Theorem 13.4.5. Let .7 assign to each coloring map c: {1,...,n} — {£1,...,Epu} the

pair (Hi1(D.), ) and to each (c,c)-tangle T the submodule ker(j;) of Hi(D.) ® H1(D).
Then F is a functor which fits in the commutative diagram

Braids, —— String, —— Tangles ,

LT

—-® 0
U, 4>Q“ U%M — Lagr, ,
\—//

r

where the horizontal arrows are the embeddings of categories described in Sections 13.2 and 13.3.

In particular, note that if o € B, is a colored braid, then Z («) is precisely the graph of
the unitary automorphism of H;(D,) given by the colored Gassner automorphism %;(«).
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Chapter 14

Extending the Burau representation
to a 2-functor

14.1 Introduction and statement of the results

Chapter 13 reviewed the construction of Cimasoni and Turaev’s Lagrangian functor % : Tangles —
Lagr, which extends the Burau representation from braids to tangles [42]. However, the cat-
egory Tangles comes with additional structure. Indeed, roughly speaking, oriented surfaces
between oriented tangles turn Tangles into a bicategory, i.e. a category in which there are
“morphisms between morphisms”. Thus we are led to the following question: can the La-
grangian functor .# be promoted to a (weak) 2-functor? The aim of this chapter (which

is based on joint work with David Cimasoni [38]) is to construct such a Burau-Alezander
2-functor; let us briefly outline its construction.

The first roadblock lies in the target category: a priori, the Lagrangian category Lagr,
does not admit the structure of a bicategory. In order to circumvent this issue, the idea is to
consider cospans [14, 84] of A-modules, i.e. diagrams of the form H — T + H'. As we shall
see in Section 14.2, there is a category La of Lagrangian cospans which should be understood
as a generalization of the category of Lagrangian relations, in the sense that there is a full
(non-faithful) functor F': Ly — Lagr, which is the identity on objects. Naturally, the point
of considering L, instead of Lagr, lies in the fact that (a slight modification of) the former
is endowed with the structure of a bicategory. Apart from dealing with this fact, Section 14.3
will also explain why tangles naturally lead to a bicategory.

There is, however, a key point which we have been glossing over. Informally, a bicate-
gory % consists of a set of objects and, for each pair of objects (X,Y), a category ¢ (X,Y)
whose objects are called 1-morphisms and whose morphisms are called 2-morphisms. Further-
more, there is a composition law for 1-morphisms and two composition laws for 2-morphisms.
The subtlety is that on the level of 1-morphisms the composition is only associative up to
isomorphism. In particular the objects and 1-morphisms of a bicategory do not provide the
data for a category. The same remark goes for functors: restricting a weak 2-functor to
objects and morphisms does not produce a functor.

For this reason, we will construct our Burau-Alexander 2-functor in two steps. First, we
will define a functor #: Tangles — L, which generalizes the Lagrangian functor. Although
a much more precise a detailed statement can be found in Section 14.4, an approximate
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statement goes as follows:

Theorem 14.1.1 (A non-technical statement of Theorem 14.4.1). There is a functor %: Tangles —
L which satisfies F o B = ., where F is the Lagrangian functor described in Section 15.4,

and F: Ly, — Lagr, is a functor described in Section 14.2 below. Furthermore, if T is an
oriented link, then %(t) is nothing but its Alexander module.

Our Burau-Alexander 2-functor is then built from % by taking into account the subtlety
described above. Namely, slight modifications of the categories Tangles and L, produce
bicategories of tangles and Lagrangian 2-cospans, and similar changes give rise to our weak
2-functor. Once again, we delay precise formulations to Section 14.4 but a short perusal of
the following statement should give the reader the gist of our main result.

Theorem 14.1.2 (A non-technical statement of Theorem 14.4.2). The functor % of Theo-
rem 14.1.2 gives rise to a weak 2-functor from the bicategory of oriented tangles to the bicat-
egory of Lagrangian cospans, whose restriction to oriented surfaces is given by the Alexander
module.

Along the way, we shall discuss the core of the various categories we have introduced, i.e.
their maximal subgroupoid. More precisely, as an additional feature of our theory, we shall
observe that the restriction of % to Braids (the core of Tangle) actually takes value in the
core of L. Moreover core(Ly) turns out to be equivalent to the category Uy of unitary
morphisms, see Proposition 14.2.5.

14.2 Lagrangian cospans

The aim of this section is to introduce the various algebraic categories that appear in our
construction. In Subsection 14.2.1, we recall the theory of cospans in a category with pushouts.
In Subsection 14.2.2, we define the category Ly of Lagrangian cospans, and relate it to the
category of Lagrangian relations via a full functor F': Ly — Lagr,. In Subsection 14.2.3,
we show that this functor restricts to an equivalence of categories between the core groupoid
of Ly and U,.

14.2.1 Cospans in a category with pushouts

Among the arguments that will be used in this chapter, some are well-known and of purely
categorical nature. This subsection contains a quick review of these results, see [14, 138] for
further detail.

Let us fix a category C. Throughout this subsection, all objects, morphisms, diagrams,
and the like will be in this fixed category C. Recall that a span is a diagram of the form T3 &
H 2 Ts. A pushout of such a span is an object P together with morphisms 77 j% P & 15
such that ji1i1 = jaio, which satisfies the following universal property: for any 7T ﬁ> Q ﬁ Ts
such that k171 = koig, there exists a unique morphism w: P — @ with uj; = k1 and ujs = ko.
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This is illustrated in the following commutative diagram:
Q
k1 u ko
2N
J1 J2
Ty \ T
21 y
H

If a span admits a pushout, then the latter is unique up to canonical isomorphism. However,
not all spans admit pushouts in general. From now on, we shall assume that C is a category
with pushouts, i.e. that any span admits a pushout. Moreover, we fix for each span a pushout

Let H,H' be two ObJeCtS A cospan from H to H’ is a diagram H LN (PN 1

Two cospans H N T SOH and H 2 Th <— H' are isomorphic if there is an
isomorphism f: T3 —> T5 such that fi; = 22 and fiy = i5. The composition of two

cospans H N ) <— H' and H' l—> Ty <— H" is the cospan from H to H” given by
the (fixed) pushout diagram

/T2OT1\
/ N e N

Finally, the identity cospan of an object H is defined as the cospan Iy := (H Ny L ).

Remark 14.2.1. Given any morphism H’ Ny - , one easily checks that

/\ /\
/

/

\/ \

are pushout diagrams. Therefore, if one makes this choice of pushout for spans of the
form H' <~ H' L>H” and H" < H' =% ud Ly
and H' -7 & H” s given by H AN T & H” and the composition of H —— T Jog

and H' 45 g & HY s given by H o 7 g7, For this reason, cospans should be
understood as generalizing morphisms in the category C.

H’ then the composition of H —) H

Note that the composition of cospans depends on the choice of a pushout for each span;
therefore, it cannot be associative for all such choices. For the same reason, the composition
does not admit Iy as a two-sided unit in general. However, for any fixed choice of pushouts,
the corresponding composition does satisfy these properties up to canonical isomorphisms of
cospans. We refer the reader to [138] for a proof of this standard fact in the dual context of
spans.
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There are two possible strategies at this point. The first one, which we will use in the
remaining part of Section 13.3, is to consider the category given by the objects of C, as objects,
and the isomorphism classes of cospans in C, as morphisms. The second one, which we will
use in the next sections, is to follow the “main principle of category theory ” as stated in [91,
p.179], that is: not to identify isomorphic cospans, but to view these canonical isomorphisms
as part of the (higher) structure. This naturally leads to the concept of a bicategory, that
will be reviewed in Subsection 14.3.1 and used in Subsections 14.3.2 and 14.4.2.

14.2.2 The category L, of Lagrangian cospans

We now take C to be the category of A-modules, with A any integral domain. After observing
that this is a category with pushouts, we impose further conditions on our cospans and work
with isomorphism classes thereof.

We begin with the following standard result, whose easy proof is left to the reader.

Lemma 14.2.2. The square

/\
\/

18 a pushout diagram in the category of A-modules if and only if the sequence

(—11,i2) (]1)
H—T &T 2 P——0

15 exact.

In particular, a pushout is given by the cokernel of the map (—ij,iz): H — 11 & T
sending z to (—i1(z)) @ i2(x), so this is a category with pushouts.

By abuse of notation, we shall sometimes simply denote by T (the isomorphism class

of) a cospan of the form H — T < H'. For a cospan H SN L H', consider the
submodule Ny := ker () of H ® H', where (_Z.,). H @ H' — T maps (z,y) to i'(y) —i(x).
Note that if 77 and T are isomorphic cospans, then Ny, and N7, are equal.

Lemma 14.2.3. For any two composable cospans T1 and Ty, we have N1,o1, = N, N, .

Proof. Consider two cospans H Ty & H and H -2 Ty & HY. By definition, Np,om
is the kernel of the map H @& H” — Ty 0T} given by (z,2) — ja(i5(2)) — j1(i1(z)). Since Ty o
Ty is represented by the cokernel of the map (—i},i,): H — T1 ® Ts, Np,ory, consists of

the elements * @ z € H @ H” for which (—ii(z)) @ i5(z) lies in the image of (—i),15).
Therefore, Nr,o7, is equal to

{x®z€ H® H"| i1(z) =i\ (y) and i,(y) = i5(z) for some y € H'}.

In other words, Np,o7, is equal to ker (_z,l%) ker (72) = Np,Nr,. O
2
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Recall from Section 13.3 that if A is a submodule of a Hermitian A-module H, then A
consists of all z € H such that Az € A for a non-zero A € A. We shall say that a cospan H —
T <— H' is Lagrangian if N7 is a Lagrangian submodule of (—H) @ H’. For instance,
the identity cospan Iy is a Lagrangian cospan, since Ny = Np is equal to the diagonal
relation Ay.

Proposition 14.2.4. Hermitian A-modules, as objects, and isomorphism classes of La-
grangian cospans, as morphisms, form a category Ly. Moreover, the map T +— Np gives
rise to a full functor F: Ly — Lagr,.

Proof. As explained in Subsection 14.2.1, it is a standard fact that the composition of isomor-
phism classes of cospans by pushouts is well-defined (i.e. does not depend on the choice of the
pushouts), is associative, with the identity cospan acting trivially. Therefore, we only need
to check that the composition of two Lagrangian cospans H — T1 <+ H' and H' — Ty + H"
is also Lagrangian, and that F' is a full functor. By Lemma 14.2.3, we have

Nryor, = Ny N1y = Ny, o Ny

Since Np, are Ny, are Lagrangian, N7, = Np,, Ny, = N, and Np, o N, is also Lagrangian by
Theorem 13.3.1. Therefore, the cospan H — T, o T} <+ H" is Lagrangian and F i is a functor

Finally, given a Lagrangian relation N from H to H’, consider the cospan H N % H'
where T'= (H® H')/N and i (resp. ') is the 1nclus10n of H (resp. H') into H & H' composed
with the canonical projection. By construction, it is a Lagrangian cospan with N7 = N = N,
so the functor F' is full. O

Let us conclude this subsectlon by notmg that the functor F': Ly — Lagr, is not faithful.
Indeed, given any cospan H T H and any A-module T consider the cospan given
by H —g TeT (<—) H’. One immediately checks the equality NV, TeT = = Np. Therefore, if

the first cospan is Lagrangian and T is non-trivial, then these two cospans represent different
morphisms in Ly, mapped by F' to the same morphism in Lagr,.

14.2.3 The core of the category L,

Recall that the core of a category € is the maximal sub-groupoid of €. In other words, core(%)
is the subcategory of € consisting of all objects of ¥ and with morphisms all the isomorphisms
of €.

We shall say that a cospan H T <" H' is invertible if i and i are A-isomorphisms.

Proposition 14.2.5. The core of L consists of Hermitian A-modules, as objects, and iso-
morphism classes of invertible Lagmngmn cospans, as morphisms. Furthermore, the map

assigning to such a cospan H — T <— H' the A-isomorphism i~ 'i: H — H' gives rise to
an equivalence of categories core(Ly) —=5 Uy which fits in the commutative diagram

core(Lp) — Ly

~| %

Uy ——— Lagr, .
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Proof. Given a cospan H 7 " H with i an isomorphism, one easily checks that the

diagram
H
i1 i1
RN

satisfies the umversal property for the pushout defining the composition of H BN <— H
with H' Z—> T H. Hence, if both ¢ and " are isomorphisms, then these cospans are inverse
of one another, and therefore isomorphisms in Ly, i.e. morphisms in core(L A). Conversely,
let H -1 Ty <— H' be a morphism in core(Ly), and let H’ l—> T, <2 H be its inverse.
Working with the cokernel representatives of Th o7} and T} oT5, this means that there exist A-
isomorphisms C' := coker(—i}, i) - H and C’ := coker(—is, i1) £ H’ such that the following
diagrams commute:

T ‘\, / Ts
i/ 7 ) ‘/Y
H o
This implies that the following diagram has exact rows, and is commutative:

(-1,1) ()

0O—H —— H@H%H%O

Soljiill J{il@lé ngol

0*>H’(*>)T1@T2*>C—>O
11,22

H H

J2

Using the universal property of the pushouts 75 o 77 and T3 o 15, one can check that the
maps ¢'jli1 = ¢'jhia: H — H' and @13} = @jaih: H — H are inverse of each other, and
therefore isomorphisms. By the five-lemma applied to the diagram above, i; and i are also
isomorphisms. Exchanging the roles of T} and T3 leads to the same conclusion for i} and b,
so both these cospans are invertible.

Now, let G: core(Lp) — Uy be defined by assigning to the invertible cospan H T
H' the A-isomorphism i/~'i: H — H’. First note that isomorphic cospans are mapped to

the same 1som0rphlsm Next, observe that for any two invertible cospans H AN 1 PRI f

and H’ Z—> T +— H", we have
G(Ty 0 Th) = (jaia) "' (rin) = iy 'jy 'rin = iy igiy in = G(T2) 0 G(Th) .

(Here, we used the fact that since jaia and iy are isomorphisms, so is jo.) We now check that

)—1

if a cospan H BN A <— H'’ is Lagrangian, then i'~'4 is unitary. Indeed,

/—1

F(T)= Nr = m = ker (_l,) = ker (_’id ’) =T,

)
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is a Lagrangian subspace of (—H) @ H'. Therefore, for any x € H and y € H’', we have

= (-A@N) (@@ (i(2),y @77 (i(y) = —Alz,y) + N (@ (i(2)), i (i(y))

so i'~%i is indeed unitary. The equality F'(T) = I';—1; displayed above also shows the com-
mutativity of the diagram in the statement.

It only remains to check that G is a fully-faithful and essentially surjective functor. Given
any unitary isomorphism f: H — H’, the cospan H —> H PR s invertible, Lagranglan
and is mapped to f by G Furthermore it H % 1 <— H and H 2 Ty <2 H' are
invertible cospans with zl 21 = 12 22, then the map 2] -l = 221/1 L. Ty — Ty defines an

isomorphism between these two cospans. Finally, since core(Lp) and Up have the same
objects, G is trivially essentially surjective. O

Since A is an 1ntegral domain, we can consider its quotient field @ = Q(A). We shall

call a cospan H — T <— H' rationally invertible if ig = i ® Q and zQ =14 ®Q are Q-
isomorphisms. The next proposition can be checked by the same arguments as Proposi-
tion 14.2.5. We therefore leave the proof to the reader.

Proposition 14.2.6. Hermitian A-modules, as objects, and isomorphism classes of rationally
invertible Lagrangian cospans, as morphzsms form a category core(Lp)?. Furthermore, the
map assigning to such a cospan H — T <— H' the Q-isomorphism zQ zQ gives rise to a
full functor core(Ly)° — U which fits in the following commutative diagram:

core(Lp)? ——— L

| |r

3} P §
A — Lagr, .

Summarizing this section, we have six categories which all have Hermitian A-modules as
objects. They fit in the following commutative diagram

core(Lip) — core(Lp)? ——— Ly (14.1)

Nl -®Q l lF

US{ o Lagr, ,
r

where the horizontal arrows are embeddings of categories, the left-most vertical arrow is an
equivalence of categories, and the two remaining ones are full functors.

14.3 Bicategories

The aim of this section is to explain how cospans and tangles can be endowed with the
structure of bicategories. In Subsection 14.3.1, we begin by recalling the notions of bicategory
and weak 2-functor, before defining the bicategory of Lagrangian cospans in Subsection 14.3.2.
Finally Subsection 14.3.3 explains how the category of tangles can be turned into a bicategory.
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14.3.1 2-categories and 2-functors

Following the original work of Bénabou [14], it is a traditional practice to use the term “2-
category” for what Kapranov and Voevodsky call a “strict 2-category” [91]. As it turns out,
the categories that appear in our work are not of this type, but have a richer structure: that
of some type of weak 2-category known as a bicategory. We now recall the definition of this
structure, following [14].

A bicategory € consists of the following data:

(i) A set Ob% whose elements are called objects.

(ii) For each pair of objects (X,Y), a category € (X,Y) whose objects are called 1-
morphisms and denoted by f: X — Y or by X i) Y, whose morphisms are called

f
2-morphisms and denoted by a: f = g, or by X \Ua/{ Y , and whose composition
g
is called wvertical composition and denoted by
X ¥ga/ Y., X xgﬁ/ Y | —» X \%% Y .

We shall denote the identity morphism for f by Id;: f = f.
(iii) For each object X, an identity 1-morphism Ix: X — X.

(iv) For each triple of objects (X,Y, Z), a functor ¢(X,Y) x €(Y,Z) — € (X, Z) denoted

by
X\ga/y,y\ga/z b—)X\(BZ,
°g

and called the horizontal composition functor.
Note that the functoriality of this composition boils down to the identity
Idjeldy = Idyoy
for any composable 1-morphisms f and g, and to the interchange law
(Gef)x(yea)=(dx7)e(fxa),

for each composable 2-morphisms «, 3, and d. This last condition is best understood by
saying that the following 2-morphism is well-defined, i.e. independent of the order of the
compositions:

S
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If this horizontal composition is associative (both on the l-morphisms and 2-morphisms)
and admits Ix as a two-sided unit, then we are in the presence of a (strict) 2-category. As
mentioned above, a bicategory has a richer structure: the horizontal composition is associative
and unital only up to natural isomorphisms, which are part of the structure. To be more
precise, a bicategory also contains the following data:

(v) For any triple of composable 1-morphisms f, g, h, an invertible 2-morphism

a = afgn: (hog)of=ho(gof)

which is natural in f, g and h, and called the associativity isomorphism.

(vi) For any 1-morphism X EN Y, two invertible 2-morphisms ¢ = ¢;: Iy o f = f and r =
rg: folx = f which are natural in f.

These natural isomorphisms must satisfy the following two coherence axioms. Given four
composable 1-morphisms e, f, g, h, there are two natural ways to pass from ((hog)o f)oe
to ho(go (foe)) using the associativity isomorphisms, one in two steps, the other one
in three. The associativity coherence axiom requires that these two compositions coincide.

Finally, given any l-morphisms X i> Y % Z, the identity coherence axiom requires the

.. a Idg°€f . . .
composition (goly)o f = go(Iy o f) = go f to coincide with r, e Idy.

Let us now recall the definition of a weak 2-functor, also known as a pseudofunctor [85]
and originally called a homomorphism of bicategories by Bénabou [14].

Given two bicategories € and 2, a weak 2-functor % : € — 2 consists of the following
data:

(i) A map .%#: Ob% — ObZ.
(ii) For each pair of objects (X,Y) in ¢, a functor €(X,Y) — 2(%(X),Z#(Y)) denoted

by
/f\) 7@
X Yoy - y(X)\;(y@y(Y) .
g g

Note that this functoriality is equivalent to the identities
F(Bxa)=F(B)xF(a) and F(ldy)=Idgy).

If we also have the identities .7 (Ix) = Iz(x), #(g9o f) = F(g) o F(f) and F (e a) =
F(B) @ 7 (), then we are in the presence of a (strict) 2-functor. Our functor has a finer
structure: once again, these identities hold up to isomorphisms of functors, which are part of
the data as follows.

(iii) For each object X of ¢, an invertible 2-morphism px: I#x) = #(Ix) in 2.

(iv) For each X Loy 4 Z, an invertible 2-morphism ¢ = @gs: F(g) o F(f) = F(go f)
in & such that for any

f g
1 v | 2*
B e il

g
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we have the following equality of 2-morphisms in Z:
opg * (F(B) e F(a)) = F(Bea)xpr: Flg)oF(f)= F(gof).
Finally, these isomorphisms of functors are required to satisfy two coherence axioms.

(1) For any composable 1-morphisms f, g, h of €, the composition
(F(h)o F(g) 0 F(f) % F(h) o (F(9) 0 F(f)) =£ F(h)o F(go ) F(ho(gof)

is equal to the composition

old

(F(h)o F(9)) o F(f) ZE F(hog)o F(f) % F((hog)o /) 22 F(ho (g0 f).

(2) For any X ER Y, the composition

Ly o Z(f) 22 Z(Iy) o Z2(f) & Z(Iy o ) 24 2(p)

coincides with £z, and similarly for r.

14.3.2 A bicategory of cospans

Our goal is now to define a bicategory of Lagrangian cospans. To do so, we will first work
in the more general setting of a category with pushouts. We wish to emphasize that our
resulting bicategory of cospans differs from the usual definition considered in the literature,
where the 2-morphisms are usually taken to be morphisms of cospans, see e.g. [14]. On
the other hand, a notion dual to the 2-morphisms that we consider was already studied by
Morton [127] in another context, see also [138].

Throughout this section, C is a category with pushouts in which we fix a pushout for each
span.

The objects of our bicategory are the objects of C and the 1-morphisms are the cospans
in C, where the horizontal composition is given by our choice of a fixed pushout. It remains to
define the 2-morphisms, the vertical composition, the associativity and identity isomorphisms,

and what is left of the horizontal composition. A 2-cospan in C from H BN Ty LI 5

to H ZHQ T &2 H' consists of a cospan T 2 A <2 T, in C for which the two following
squares comimute

T
N
H A H'.
2

Two such 2-cospans T) —» A <2 T and T} a—l1> Al & T5 are said to be isomorphic if there
is a C-isomorphism f: A — A’ such that fay = o} and fay = of. Abusing notation, we
shall often denote the isomorphism class of such a 2-cospan by A: T7 = T5. These will be
the 2-morphisms in our 2-category.
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Let us now proceed with the definition of the vertical composition of the 2-morphisms A: T; =

Ty and B: 15 = Tj. It is best explained by the diagram

A

H-2 T2 H / m

B*A

* \\) vB B3
13

H*>T2<—H’

N

where B x A and v4,vp are given by the pushout diagram
Bx A
P
i 2T
Ty Ty T
One can easily check that this indeed defines a 2-cospan.

Remark 14.3.1. In the special case where ay = idp, (resp B2 = idr, ), this vertical compo-

sition 71 2% Bx A s T3 is isomorphic to T} By g s & T3 (vesp. Ty oy 4 s T3). This
is a direct consequence of Remark 14.2.1.

On the level 2-morphisms, the horizontal composition of A: Ty = T and B: T3 = Ty is
described by the diagram

T, no Bty Ty o Ty « o
i i 4 i
/%y“wxz/w\

H H//
\ Tﬁ% \ TO“Q/ \) Th42
Uy Uy
Ty joio Tyo T2
where j1,...,j4 are the maps that arise in the compositions 75 o 77 and Ty o T5 (see the

diagrams below), B e A is given by the pushout

Be A
h/ %
A P L
@111 % V 47y
/ ,
H H

"
H7,
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and the maps h3; and hyy are obtained as follows. Since haaiy = haagih = hpBsiy
and haagify = hpfsiy = hpfaily, the pushout diagrams

ha h31T hs ha h42T hs
T3 o T1 T4 o T2
A a: A :
041T Tﬁs QQT T,34
T1 Tg TQ T4

(14.2)

provide maps hg; and hgo which turn 75 o T} % Be A & Ty o Ty into a 2-cospan, as one
easily checks.

The proof of the following theorem can be found in [138] in the dual context of spans. It
applies without change to the present setting.

Theorem 14.3.2. Let C be a category with pushouts in which a choice of pushout is fized for
each span. Objects in C, as objects, cospans in C, as morphisms, and isomorphism classes
of 2-cospans in C, as 2-morphisms, form a bicategory.

Note that strictly speaking, this bicategory depends on the choice of pushouts. However,
another choice would give a bicategory isomorphic in an obvious sense, see e.g. [14, p.22].

The special case where C is the category of A-modules and the morphisms are Lagrangian
cospans yields the following corollary.

Corollary 14.3.3. Fiz a pushout for each span of A-modules. Hermitian A-modules, as
objects, Lagrangian cospans, as morphisms, and isomorphism classes of 2-cospans, as 2-
morphisms, form a bicategory.

We shall call it “the” bicategory of Lagrangian cospans.

14.3.3 The bicategory of tangles

One might think that tangles produce a 2-category in a straightforward way [67]: simply
define the objects and 1-morphisms as in Tangles, and the 2-morphisms as isotopy classes
of oriented surfaces in D? x [0, 1] x [0, 1]. However, the corresponding vertical composition is
not well-defined: indeed, one needs to paste two surfaces along isotopic tangles, and since the
space of tangles isotopic to a fixed one is not necessarily simply-connected, different choices
of isotopies can lead to different surfaces.

There are a couple of ways to circumvent this difficulty. One of them is to restrict the space
of tangles whose isotopy classes form the 1-morphisms, so that the corresponding space of
isotopic tangles has trivial fundamental group. Such a construction was given by Kharlamov
and Turaev in [98] (see also [8]): they considered the class of so-called generic tangles, and
proved that the space of generic tangles isotopic to a fixed one (through generic tangles)
is simply-connected, thus obtaining a strict 2-category. However, it is more natural in our
setting to take the following alternative approach: define 1-morphisms as oriented tangles,
and consider isotopies bewteen tangles as part of the “higher structure”.
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Figure 14.1: A cobordism ¥ C D? x [0,1] x [0,1] between two (g,¢')-tangles 71 and 7o,
with e = (+1,41,—1) and &’ = (+1).

Let us be more precise. The objects of this bicategory are sequences € of +1’s, while
the 1-morphisms from € to &’ are the (g, &’)-tangles in D? x [0, 1] that are trivial near the top
and bottom of the cylinder. (This is to ensure that the composition of two tangles remains a
smooth 1-submanifold.)

Given two (g,&’)-tangles 7 and 79, a (71, 72)-cobordism is a pair consisting of the 4-
ball D2 x [0, 1] x [0, 1] together with a proper oriented smooth 2-submanifold ¥ whose oriented
boundary is given by

0% = (2 x {0}) U (¢ x {1} x [0,1]) U ((=71) x {1}) U ((=¢) x {0} x [0,1]),

as illustrated in Figure 14.1. Note that a (), #)-cobordism is nothing but a closed oriented
surface embedded in the 4-ball. Two (71, 72)-cobordisms ¥ and ¥’ are isotopic if there exists
an isotopy ht of D? x [0, 1] x [0, 1], keeping 9(D? x [0, 1] x [0, 1]) fixed, such that hy|s: X ~ ¥’
is an orientation-preserving homeomorphism and h(X) is a (71, 72)-cobordism for all ¢. We
shall denote by ¥: 71 = 79 the isotopy class of a (71, 72)-cobordism X, and by Id, the isotopy
class of the trivial (7, 7)-cobordism (D? x [0, 1],7) x [0, 1].

Fix a (71,72)-cobordism ¥ and a (72,73)-cobordism ¥'. Their vertical composition is
the (71, 73)-cobordism Y5 x 7 obtained by gluing the two 4-balls along the cylinders con-
taining 79, and shrinking the height of the resulting 4-ball D? x [0,1] x [0,2] by a factor 2
(see Figure 14.2). Finally, fix (e,&)-tangles 71,72 and (¢/,&”)-tangles 73, 74. Given a (71, 72)-
cobordism 31 and a (73, 74)-cobordism X9, their horizontal composition is the (73071, 74072)-
cobordism Y5 @ ¥; obtained by gluing the two 4-balls along the cylinder D? x [0, 1] corre-
sponding to €', and shrinking the length of the resulting 4-ball by a factor 2 (Figure 14.3).

The bicategory of oriented tangles can now be defined as follows: the objects are the finite
sequences of +1’s, the 1-morphisms are given by the tangles, and the 2-morphisms are given
by isotopy classes of cobordisms as described above. Finally, the associativity and identity
isomorphisms

a: (t3om)om =m0 (rpot), Lr:lsoT=71, rr:70l.=T

are given by the trace of the obvious isotopies. It is a routine check to verify that all the
axioms of a bicategory are satisfied.
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T1

22*21

@72 7 v’@‘f
|
L/@L/ﬁ

Figure 14.2: The vertical composition of a (71, 72)-cobordism 37 and a (72, 73)-cobordism s,
the (71, 73)-cobordism Yo * 3.
T3 0T1

R f%/ﬁ ! m/ﬁ
( 2 . 22\/ ) = I V \ IS
c

—|—[] C—\
~|

T1

]
Ty T4 ™~ T4 O To

Figure 14.3: The horizontal composition of a (71,72)-cobordism ¥; and a (73,74)-
cobordism Yy, the (73 o 71,74 0 T9)-cobordism Yo @ 3.

14.4 The Burau Alexander 2-functor

Our goal is to define a weak 2-functor % from the bicategory of oriented tangles to the
bicategory of Lagrangian cospans where A is the ring Z[t*!] of Laurent polynomials in one
variable with integer coefficients. We proceed in two steps: in Subsection 14.4.1, we construct
a functor %: Tangles — Ly, while in Subsection 14.4.2, we modifiy % in order to obtain a
weak 2-functor with values in the bicategory of Lagrangian cospans. In particular, these two
subsections will respectively prove Theorem 14.1.1 and Theorem 14.4.2 from the introduction.

14.4.1 Proof of Theorem 14.1.1

We start by defining a functor Z: Tangles — L, on objects by following the construction
of the Lagrangian functor, see Section 13.4. Denote by A4 ({pi1,...,pn}) an open tubular
neighborhood of {p1,...,p,} in D? C R?, and let S? be the 2-sphere obtained by the one-
point compactification of R?. Given a sequence € = (1,...,¢&,) of £1, recall that /. denotes
" . & and that D, is defined as D*\ A ({p1,...,pn}) if €= # 0 and by S\ A ({p1,...,Pn})
if £ = 0. The natural epimomorphism H;(D.) — Z, given by z; — 1 induces an infinite cyclic
covering lA)g — D. whose homology is endowed with a structure of module over A = Z[t*!].
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As we saw both in Subsection 9.3.3 and in Section 13.4, the formula

Ae(my) =Y (tFa,y)pt*

keZ

defines a skew-Hermitian A-valued pairing on Hi(D.) which is non-degenerate. Therefore,
following the terminology of Section 13.3, %(¢) := (Hy(D¢), \¢) is a free Hermitian A-module
for any object ¢ of the category of oriented tangles. Note that this coincides with the definition
of the Lagrangian functor .% : Tangles — Lagr, at the level of objects.

Turning to morphisms, we start by recalling some notation from Section 13.4. Given
an (g,&')-tangle 7 C D? x [0,1], we denote by .4/ (7) an open tubular neighborhood of 7
in D? x [0,1]. Furthermore, X, is defined as (D? x [0,1])\ A/ (7) if £ # 0 and as (S? x [0,1])\
A (1) if £z = 0. The homomorphism H;(X;) — Z mapping each meridian of X, to 1 extends
the previously defined homomorphisms H; (D.) — Z and Hy(D.) — Z. It determines an
infinite cyclic covering X, — X, whose homology is endowed with a structure of module
over A.

Let ir: Hi(D.) — Hy(X,) and i.: H;(D.) — Hi(X;) be the homomorphisms induced

by the inclusions of lA)g and ﬁer into X’T. Since .7 (1) = ker ( 27) is a Lagrangian submodule

of (—H(D,)) & Hy(D") [42, Lemma 3.3], it follows that Hy(D.) — Hy(X,) +— H,(D.)
is a Lagrangian cospan for any l-morphism 7 in the category of oriented tangles. Note that
the equality above is nothing but the definition of the Lagrangian functor at the level of
morphisms, see Section 13.4.

The following theorem contains the precise formulation of the statement provided in The-
orem 14.1.1.

Theorem 14.4.1. For any sequence € of +1’s, set HB(c) = (Hl(ﬁa), Ae) and for any isotopy

ir

class T of tangles let (1) denote the isomorphism class of the Lagrangian cospan Hy (ﬁg) —

H, (X ) <— H,y (D /). This defines a functor : Tangles — Ly which fits in the commutative
diagram
Braids —— String —— Tangles

| | |7

5( core(Lp) — core(Lp)? ———— Ly F
Zl —®Q i ro lF
Uy U% Lagr,,
r

where the left-most vertical arrow is the reduced Burau functor, the horizontal arrows are the
embeddings of categories described in Sections 13.3 and 13.2, and F is the full functor defined
in Subsection 14.2.2, see diagram (14.1). Furthermore, if T is an oriented link, then B(7) is
nothing but its Alexander module.

Proof. For any object ¢, the cospan associated to the identity tangle id. is canonically isomor-
phic to the identity cospan Iz ). Let us now check that given 7 € T'(e, e)and 7o € T(e',€"),

we have the equahty %(Tg o) = B(r) o B(r1). Let Hy(D.) SN Hi(X.,) a H, (D)
and Hi(D./) 4 Hy(X,,) % Hy(D.+) be the Lagrangian cospans arising from 71 and 7.

203



k222

We must show that Hy(D,) biiy Hy( 73071) &2 Hy(D.») is isomorphic to the composi-

tion Hy(D.) niy Hy(X.,) o Hi(X,,) <]2—2 Hi(D.»), where ki, ky are the inclusion induced
maps and ji, jg are maps resulting from any representative of the pushout Hy (XTS) o H, (X ).
Observe that XTQOT1 decomposes as the union of XT1 and XT2 glued along D . Therefore, the
associated Mayer-Vietoris exact sequence

() o

Hl()?ﬁ) D Hl()?ﬁ) E— Hl(XTonl) —0

(=,i5)

H,y (Ba’)

together with Lemma 14.2.2 imply that H; (X ) LiNyS8 ()/(\'72071) & ()/(\'72) is a represen-
tative of the pushout Hi(X,,) o Hi(X,,). The claim follows.

Then, observe that the Lagrangian functor .# is by definition the composition of the
functors %: Tangles — Lj and F: L, — Lagr,. Also, if 7 is an oriented string link,
then %(7) is a rationally invertible cospan by [103, Lemma 2.1], and thus belongs to core(Ly)°
by definition. If 7 is an oriented braid on the other hand, then Z(7) is obviously an invertible
cospan, and therefore belongs to core(Ly ) by Proposition 14.2.5. Finally, if 7 is a (0, §)-tangle,
that is, an oriented link L, then the associated Lagrangian cospan is given by 0 — H; ()/(\' L) <
0, with X, the complement of L in the 3-ball. A straightforward Mayer-Vietoris argument
shows that considering L in the 3-ball or in the 3-sphere does not change the Alexander
module, and the proof is completed. ]

14.4.2 Proof of Theorem 14.1.2

We are now ready to define our weak 2-functor from the bicategory of oriented tangles to the
bicategory of Lagrangian cospans. Recall from Subsection 14.3.1 that we must associate a
Hermitian A-module %(e) to each object €, a cospan %(7) to each tangle 7 and an isomor-
phism class of 2-cospans to each cobordism Y. Additionally, for each £, we must define an
invertible 2-morphism . : I@( o = @(ide) and for each pair 7, 70 of composable tangles, an
invertible 2-morphism ., ., : B(m) o B(11) = B(r2 0 11).

Let us associate to each object & the Hermitian A-module Z(e) = (Hy(D:),A:) and to

cach (,¢')-tangle 7 the Lagrangian cospan %(7) given by Hi(D.) —= Hy(X,) +— Hi(D.).
(Note that we slightly abuse notations here, as %(7) now no longer stands for the isomorphism
class of this cospan, but for the cospan itself.) As for 2-morphisms, we proceed as follows.
Fix two (g,€’)-tangles 71, 7o. Given a (71, 72)-cobordism ¥ C D? x [0,1] x [0, 1], denote
by .4 (2) an open tubular neighborhood of 3 in D? x [0, 1] x [0, 1]. We shall orient the exterior

e = { (DX [0,1] < [0, 1)\ A (8) if £ # 0
Z_{(52><[0,1]><[0,1])\C/V(z) if 0. =0

of 3 so that the induced orientation on 9Ws,; extends the orientation on the space (—X,, )UX,.
Clearly, Hi(Wsy) is generated by the (oriented) meridians of the connected components of X.
The homomorphism H;(Wy) — Z obtained by mapping these meridians to 1 extends the
previously defined homomorphisms H;(X,) — Z and Hy(X,,) — Z. It determines an
infinite cyclic covering Wg — Wy whose homology is endowed with a structure of module
over A.
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Denote by Hy(D.) % Hy(X,,) <= Hi(D.) and Hy(D.) -2 Hy(X,) <> H(D.,)
the Lagrangian cospans arising from 7 and 79, and let aq: H; ()?7.1) — Hl(WE) and asg:
Hl()?m) — Hl(/Wz) be the homomorphisms induced by the inclusions of )?Tl and )?72
into Wg. Combining all these inclusion induced maps, the following diagram commutes

 Hi(Xn)
Hy(D,) Hy(Wy) Hy(D.).

I

Hl(XTz)

Hence, H; ()?Tl) L 1(W2) & ()2}2) is a 2-cospan, whose isomorphism class we denote
by B(X): B(11) = B(12).

Given any object ¢, let az: Hi(D:) — Hi(X,4.) denote the isomorphism of A-modules
induced by the inclusion of D, in D, x [0, 1] = X4_. This isomorphism fits in the commutative
diagram

~ ~

o mb)
2 lAaE%

Hy(D.) Hi(Xa.) Hy(D.).
Hy(Xiq.)

By Remark 14.3.1, the 2-morphism ¢ : I@(a) = A(id.) defined by this diagram is invertible,
as required in the definition of a weak 2-functor.

Given an (g,&')-tangle 71 and an (¢/,¢”)-tangle 79, the first part of the proof of Theo-

~ ~

rem 14.4.1 actually shows that there is a canonical isomorphism o, ., : Hi(X,)o Hi (X, ) —

~

Hy(X,0r,) which fits in the commutative diagram

k) H,y ()?TZ) o Hi ()?Tl) * (143)

~

o~ A~ -~ T
Hl(DS)AHl(Xn) Hy(X7ry0m,) Hl(X‘rz)éHl(Ds”)»

k1i1 H,y ()?7—207-1) kil

where we follow the notations of the aforementioned proof. Hence, this defines a canonical 2-
morphism ¢, ., : B(11) o B(12) = (12 0 71), which is invertible by Remark 14.3.1.

The following theorem contains the precise formulation of the statement provided in The-
orem 14.1.2.

Theorem 14.4.2. # together with the isomorphisms p. and pr., gives rise to a weak 2-
functor from the bicategory of oriented tangles to the bicategory of Lagrangian cospans, whose
restriction to oriented surfaces is given by the Alexander module.
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Proof. First note that isotopic cobordisms define isomorphic 2-cospans, so A is well-defined
at the level of 2-morphisms. Also, for any tangle 7, % clearly maps the trivial concordance Id .-
to a 2-cospan canonically isomorphic to the identity 2-cospan Id B(r)"

Let us now verify that % preserves the vertical composmon Fix a (7, 7'2) cobordism A
and a (72, 73)-cobordism B. Let Hy (X, ) % Hi(Wy) & Hy(X, ,) and Hi(X,,) et Hl(WB)
H (X, ;) be the 2-cospans arising from A and B. We need to show that Hy (X)) hacy

kB3 vAQ

Hl(WB*A) — Hl(XTS) is isomorphic to the vertical composition Hl(Xn) = Hl(WB) *
Hl(WA) el Hl(Xm) where ky, kp are the inclusion induced maps and va,vp are maps
resulting from any representative of the pushout Hl(WB) * Hl(WA) Observe that Wp.a
decomposes as the union of WB and WA glued along XT2 Therefore, the associated Mayer-
Vietoris exact sequence

ka

—a —~ — (A _
(Z2F) (WA)@H1(WB)£>H1(WB*A)4>O

H1 ()/(:72) —_— H1
together with Lemma 14.2.2 imply that H; (WA) LZN Hl(WB*A) ks Hl(WB) is a represen-

tative for the pushout Hi(Wy) x H1(Wpg). Consequently, these two cospans are canonically
isomorphic and the claim follows.
Given tangles and cobordisms as illustrated below
T1 T3
Yoy

our next goal is to prove the equality
Grars % (PB(B) ¢ B(A)) = B(B o A) % or,r, (14.4)

up to isomorphism of 2-cospans. Since the 2-morphism ¢, ,, is represented by the 2-cospan H; ()A(TS)O

Hy(X,,) Oy o ()?7307.1) iy ()27307.1)7 Remark 14.3.1 implies that the right hand side of
equation (14.4) is represented by the 2-cospan

~ ~ k310 —~ k ~
Hl(X‘rs) o H1(X~) ey H1(Wpea) = H1(Xrj0m,)

where k31 and k4o are induced by the inclusion maps. A similar argument shows that the left
hand side of equation (14.4) is represented by the 2-cospan

42 047'27'4

—~ ~ B o~ o~
Hl(XTs)OHl(Xﬁ) i)Iql(I/VB).fll(I/Vz‘Q Hl(X7-407-2),

where this time, the maps hg; and hgs are the ones which arise from the definition of horizontal
composition. It now remains to find an isomorphism f of A-modules which fits in the following
commutative diagram:

Hy(X,) o Hi(

X
/ w

Hy (W) o Hy(Wy) ! W

Hi(WBea) -
{h\ k/u

«
42Q%&T1o Ty 1(5(:7_407—2)
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In order to construct f, first observe that the following diagram commutes

/7 ’
~

Hl()?m) <Z#I{l(ﬁé’) L>I_Il()(m)

o) = [

Hy(Wy) +—— Hi (Do x [0,1]) — H,(Wg),

where all the maps are induced by inclusions. Hence, identifying H; (136/ x [0, 1]) with Hy (155/),
the first map in the Mayer-Vietoris exact sequence

Hy(Do) —— Hy(Wa) & Hi(Wp) —— Hi(Wpen) —— 0

is given by (—awiy, f3i4). It now follows from Lemma 14.2.2 that the cospan of inclusion in-
duced maps Hl(/WA) k4 Hl(WB.A) pii Hl(/WB) is a representative of the pushout Hl(WA) ha
Hl(WB) o H 1(WA) f<L—B H 1(/12[73). Invoking the corresponding universal property, this produces
a A-module isomorphism f: Hy(Wp)e Hi (W) — Hi(Wpea) with fhy = ks and fhp = kp.
Using successively the definition of o, -, (see diagram (14.3) for the relevant notations), the
commutativity of inclusion induced maps, and the equalities above, one gets

f kg1 rydz = [ karks = fkpBs = hpps.

The equality f~'ksjoarmj1i = haaq is proved similarly. Hence, the universal property of
diagram (14.2) implies that h3; = f~'ks1ar 7. The equality hyz = f~'ksoar,r, can be dealt
with in the same way, and equation (14.4) is proved.

Given an (e, &')-tangle 7, we must now show that the 2-morphism @(TT)*@IET*(I@(T) °p.)
coincides with rz,: B(T) o Iz = #(7). First observe that by Remark 14.2.1, one can
choose representatives of the pushouts so that for any cospan H — T < H’, one has To Iy =
T. In particular, we only need to prove that, for this choice of pushouts,

B(rs) * pr.r * (I@(T) o) = I (14.5)

As a first step, using the definition of the horizontal composition and Remark 14.2.1, we
deduce that I@(T) e . is represented by the 2-cospan

~ ~ ~ ~

id h
Hy(X;) 5 Hi(X;) «— Hi(X;) o Hi(Xia.)

where h is the unique morphism which fits in the following commutative diagram (recall
diagram (14.2)):

Hl(TAE) > Z Hl({?f)

at id

H1(X'z‘d5) /Hl()z})
Hy(D.)



A short computation using Remark 14.2.1 then shows that the left hand side of equation (14.5)
is represented by the 2-cospan

-1 Y

= (e 7] ETh S r—1
Hl(XT) d—> Hl(XTOidE) — Hl(XT)7

where r: H; (Xroidg) — Hy(X,) is the isomorphism induced by the obvious isotopy from Toid.
to 7. We now claim that r induces a 2-cospan isomorphism from I@(T) to this cospan. To
prove this claim, we only need to show the equality ra;...h~! = id Hi(R,) i.e. to check
that royg - satisfies the defining property of h displayed above. Since a4 ,j1 and o4 rj2 are
the inclusion induced homomorphisms (recall diagram (14.3)), this follows from the functori-
ality of homology. The proof of the equality Z({,) % ¢, 1 (per 0I5 (7)> = 6@“) is dealt with
in the same way.

Finally, the axiom involving the associativity isomorphisms is left to the reader: although
the proof is tedious, it involves no other ideas than the ones presented up to now. Therefore
we have proved that Z is a weak 2-functor and we turn to the last statement of the theorem.
If ¥ is a (0, 0)-cobordism, that is, a closed oriented surface in the 4-ball, then the associated 2-

cospan is given by

\HWWE/

with Wy the exterior of ¥ in the 4-ball. This is nothing but the Alexander module of 3. [

14.5 Further remarks

Recall from Chapter 9 that apart from the reduced Burau representation %;: B, — GL,_1(\),
we also have the unreduced Burau %;: B, — GL,(A) as well as the (un)reduced colored
Gassner representations in the multivariable case. It is therefore natural to ask whether these
variations of the Burau representation can also be extended to weak 2-functors. This is indeed
the case, and is the subject of this slightly informal last section.

More precisely, we start in Subsection 14.5.1 by explaining how %; can be extended to
a functor & on tangles. This functor is no longer Lagrangian (4, is not unitary) but it is
monoidal and behaves well with respect to traces. In Subsection 14.5.2, we indicate how to
extend it to a weak 2-functor. Finally, in Subsection 14.5.3, we briefly explain how all of these
constructions can be extended to multivariable versions, defined on the category of colored
tangles.

14.5.1 Extending the unreduced Burau representation to a monoidal func-
tor

Given an integral domain A, let C, denote the category with finitely generated A-modules
as objects, and isomorphism classes of cospans as morphisms, composed by pushouts. Also,
let GL denote the groupoid with the same objects as Cp and A-isomorphisms as morphlsms

As in Section 13.3, one can check that the map assigning to an invertible cospan H — T %
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H' the A-isomorphism '~ 'i: H — H’ defines an equivalence of categories core(Cy) — GLjy.
Note that the direct sum endows these categories with a monoidal structure, with the trivial A-
module H =0 belng the identity object. Given an endomorphism of Cy, i.e. a cospan of the

form H — T <— H, define the trace of T as the coequalizer

1 .
e A

i/

Viewing tr(7T") as the isomorphism class of the cospan 0 — tr(7T") < 0, the trace actually
defines a map tr: End(H) — End(0). It is an amusing exercise to check that it satisfies the
following properties, as it should, see e.g. [152, p. 22].

i. If Ty is a cospan from H to H' and T from H’ to H, then tr(T} o Ty) = tr(Th o T1).
it. If Ty and T3 are two endomorphisms, then tr(7h @ Tz) = tr(71) o tr(72).
iti. If T'is an endomorphism of 0, then tr(7) =T.

These additional structures are also present in the category of tangles. Indeed, the
juxtaposition endows Tangles with a monoidal structure, with the empty set ¢ = ) be-
ing the identity object. Furthermore, the closure of a tangle defines a natural trace func-
tion End(e) — End(0). In this context, the unreduced Burau representation can be under-
stood as a monoidal functor b: Braids — GLy, where A = Z[t*1].

We now sketch the construction of a monoidal functor #Z: Tangles — C, extending b,
and behaving well with respect to traces. We shall follow the notation of Section 14.4,
apart from the fact that all exteriors will be considered in the unit disc D?, and not the
sphere S? even when /. vanishes. Let zo be the point (—1,0) in D2. For any sequence &
of +1’s, set B(e) = Hy(D.,7p) and for any 1sot0py class 7 of tangles let A(1) denote the

isomorphism class of the cospan Hi(D.,7g) Ty H, (Xnm) & Hy(D./,75), where Y
stands for the inverse image of a subspace Y C X by the infinite cyclic covering map )/(\T —
X.. Following almost verbatim the proof of Theorem 14.4.1, one checks that this defines a
functor #: Tangles — C, which fits in the commutative diagram

/ Braids —— Tangles
| =

GL, +— core CA) ——Cpi.

Furthermore, an additional application of Mayer-Vietoris shows that this functor is monoidal.
(The basepoint xg is chosen so that the juxtaposition of tangles can be realized in a natural
way by gluing discs along intervals, with zy a common endpoint of these intervals.) Finally,
if 7 is an (g,¢)-tangle, then tr(Z(7)) is nothing but the relative Alexander module of the
oriented link in D? x I (or equivalently, in S3) obtained by the closure of 7.

14.5.2 % as a monoidal weak 2-functor

One can modify Cp to obtain a bicategory in the exact same way as we did for Ly, with 2-
morphisms given by isomorphism classes of 2-cospans (recall Subsection 14.3.2). Furthermore,
the direct sum endows this bicategory with a monoidal structure.
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Also, the juxtaposition endows the bicategory of tangles with a monoidal structure. Here
again, some care is needed, as different conventions such as the ones in [98] and [8] will lead
to different monoidal bicategories. We will not go into these details, but only mention that
our construction is robust enough to be valid in these different settings.

Let us sketch how the functor % can be extended to a weak 2-functor, following the
notation of Subsection 14.4.2. Given a (7, 72)-cobordism ¥, let us denote by Z(X): ZA(11) =
P(12) the isomorphism class of the 2-cospan

Hy(Xpy, 70 x 1) 2% Hy (W, 20 x I x I) €2 Hy(X,,, 70 x 1)

One can check that this defines a weak 2-functor, that is monoidal in a sense that, once again,
we shall not discuss in detail here.

14.5.3 Multivariable versions

Let p be a positive integer. Recall that a p-colored tangle consists of an oriented tangle 7
together with a surjective map assigning to each component of 7 an integer in {1,...,u}.
As explained in Section 13.2, u-colored tangles naturally form a category Tangles,, with
the p = 1 case being nothing but Tangles. Obviously, assigning a color to the cobordisms
and proceeding as in subsection 14.4.2, one obtains a bicategory of u-colored tangles.

All the results of the present chapter extend to this multivariable setting in a straightfor-
ward way, that we now very briefly summarize. The coloring of points, tangles and cobordisms
induces homomorphisms from the homology of the corresponding exterior onto Z*, thus defin-
ing free abelian covers whose homology is a module over the ring of multivariable Laurent
polynomials Z[Z*] = Z[t{!, ... ,tffl] =: A,. This allows one to construct a weak 2-functor
from the bicategory of u-colored tangles to the bicategory of Lagrangian cospans over A,
which extends the colored Gassner representation of u-colored braids, and whose restriction
to p-colored links and surfaces is nothing but the multivariable Alexander module. The results
of subsections 14.5.1 and 14.5.2 can be extended in the same way.
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Part 111

Non-additivity of classical link
invariants
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Chapter 15

Introduction and statement of the
results

Consider an arbitrary link invariant .# taking values in an abelian group. Precomposing this
invariant with the braid closure defines maps a — .#(a@) from the braid groups B,, to this
abelian group, and one might wonder whether these maps are group homomorphisms. In
other words, one can ask whether
J(apf) — (@) — 7 (P)

vanishes for all o, 8 € B,. This question has an easy answer: the only invariant with this
property is the trivial one. However, one can ask the more refined question of “evaluating”
the homomorphism defect displayed above. This can yield interesting consequences, both
from the theoretical viewpoint, if this defect is expressed in terms of a priori unrelated
objects, and from the practical viewpoint, as it reduces the computation of the invariant to
the computation of this defect (together with the value of .# on the closure of the standard
generators of the braid group, i.e. unlinks).

This program was carried out by Gambaudo and Ghys ([78], recently republished in [80])
in the case of the Levine-Tristram signature

sign(L): S' = Z, w s sign,(L).

The great success of Gambaudo and Ghys was to express the homomorphism defect of this
signature in terms of another classical object, the reduced Burau representation

@tl Bn — GLnfl(Z[til]) .

More precisely, recall from Subsection 9.3.3 that this representation is unitary with respect
to some skew-Hermitian form. Therefore, given two braids «, 8 € B,, and a root of unity w,
one can consider the Meyer cocycle of the two unitary matrices %, (a) and %, (). Denoting
by sign,, (L) the Levine-Tristram signature of an oriented link L, the main theorem of [78] is
the equality

signw(o/zﬁ) — sign,, (@) — signw(B) = —Meyer(%.,(a), B.,(8)) (15.1)

for all a, 3 € B, and w € S of order coprime to n. (These authors actually work with the
braid group on infinitely many strands B, and obtain an equality valid for any w of finite
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order; however, their proof does yield the finer result stated above.) Let us mention that
this equality not only relates two very much studied objects in knot theory, but also gives a
very efficient algorithm for the computation of the signature, as the Meyer cocycle is easy to
calculate (and the signature of unlinks vanishes).

Recall from Section 3.4 that the Levine-Tristram signature admits a generalization, the
multivariable signature which associates to a p-colored link L a map

sign(L): T" = Z, w= (wi,...,wy) > sign, (L)

on the p-dimensional torus T (we now write sign (L) instead of oz (w)). We also know from
Section 9.4 that the reduced Burau representation has a multivariable extension, called the
reduced colored Gassner representation, which is unitary, and it is natural to wonder if (15.1)
holds in this multivariable setting.

Also, braids are but a very special kind of tangles, whose definition was given in Sec-
tion 13.2. Recall that oriented tangles no longer form groups, but are the morphisms of a
category. Furthermore, the tangles that are endomorphims of a given object of this category
can not only be composed, but also closed up to give oriented links, just like braids. Therefore,
it makes sense to ask the same question as above, i.e. try to evaluate the defect of additivity
of the signature on tangles. As we recalled in Chapter 13, the reduced Burau representation
admits an extension to tangles, due to Cimasoni-Turaev [42], in the form of the Lagrangian
functor .#. It extends the reduced Burau representation in the sense that if the tangle is a
braid a, then .Z(a) is the graph of the unitary automorphism %;(a). One cannot consider
the Meyer cocycle of (pairs of) objects in this Lagrangian category, but it makes sense to
consider the Maslov index of three objects in this category, evaluated at some t = w € ST,
see Subsection 16.2. Therefore, one can ask whether the additivity defect of the signature of
tangles is related to the Maslov index of the image by .# of these tangles, evaluated at t = w.

In the third part of this thesis (which is based on joint work with David Cimasoni [39]),
we answer both these questions simultaneously. The precise statement will be given in The-
orem 16.4.1 and Theorem 17.3.2 below, but in a nutshell, it can be phrased as follows.

Theorem 15.0.1. Given an object ¢ of the category of u-colored tangles and two endomor-
phisms 11, T of this object, the equality

sign,(T172) — sign,(71) — sign,(72) = Maslov(F,(T1), Fu,(ide), Fu(12))

holds for all w = (w1, ...,wy) in an open dense subset of TH, where T denotes the horizontal
reflection of the tangle T, and %, is the evaluation at t = w of the multivariable extension of
the Lagrangian functor 7 .

In the case of colored braids, this functor gives back the graph of the reduced colored
Gassner representation, the horizontal reflection of a braid is its inverse, and the Maslov
index of the graphs of unitary automorphisms ~;" ! id and 5 is one possible definition of the
Meyer cocycle of 41 and «o. Therefore, in the case of p-colored braids, our theorem is exactly
the expected multivariable extension of (15.1).

We would like to point out that, although our demonstration roughly follows the same
lines as the original proof of Gambaudo and Ghys, several clarifications are made along the
way. Actually, the paper [78] contains a very detailed proof in the case w = —1, but only
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a brief description of the necessary modifications needed for the case of w a root of unity.
Therefore, it is our hope that this work will be of use not only to those interested in the
full generality of our main result (Theorem 16.4.1), but also to those merely curious about
oriented tangles (Corollary 16.4.3), colored braids (Corollary 16.4.4), or a new algorithm for
the computation of multivariable signatures (Remark 16.4.6).

Note that the final part of this thesis has a somewhat special status for reasons which we
now outline. Firstly, it assumes familiarity with Part I and part II of this thesis, especially
with Sections 3.4 and 13.4. The second reason is more relevant:

Remark 15.0.2. This chapter is based on the paper [39] which was written before the
machinery of Chapters 8 and 11 was developed. A posteriori, we have little doubt that
Theorem 15.0.1 and its proof could be improved upon using the aforementioned technology,
but this shall not be attempted.

Ironically, the awkwardness of some of the arguments presented here may finish convincing
the reader of the usefulness of local coefficients (although the more geometrically minded
reader might enjoy the use of branched covers and the lack of homological algebra). Be that
as it may, these arguments led us to develop the machinery of the previous chapters of this
thesis and so it only seems fair to leave them untouched.

Elaborating on the first pararagraph of this remark, the interested reader might attempt
to generalize Theorem 16.4.1 as follows. Replace the use of the “generalized eigenspaces”
of Subsections 17.1.1 and 17.1.2 by C“-twisted homology, substitute the “w-signatures” of
Subsection 17.1.2 with the twisted signatures of Section 7.2, define the isotropic functor using
C¥-coeflicients instead of branched covers and, finally, adapt the arguments of Section 17.3
by making use of the universal coefficient spectral sequences of Subsection 7.5.2. The proof
would then require the interpretation of the multivariable signature given in Theorem 8.1.1.
In the case of braids, the result could then be understood as relating signatures to reduced
C“-twisted Burau maps, as described in Chapter 11.

Most importantly, the paper [39] is dedicated to the memory of Ruty Ben-Zion and so I
have absolutely no desire to rewrite it.
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Chapter 16

Definitions, statement of the
theorem, and examples

The first aim of this section is to give precise definitions of the objects which appeared in
the introduction: isotropic categories, the Maslov index and Meyer cocycle, and the isotropic
functor are introduced in Sections 16.1, 16.2 and 16.3. Our main result is then stated in
subsection 16.4, where several corollaries and examples are also given.

16.1 The isotropic and Lagrangian categories

In this paragraph, we introduce the category Isotry of isotropic relations over a ring A. This
is a slight modification of the category Lagr, of Lagrangian relations reviewed in Section 13.3.

Fix an integral domain A endowed with a ring involution a — @. In this chapter a Her-
mitian A-module H will be a finitely generated A-module endowed with a possibly degenerate
skew-Hermitian form .

Remark 16.1.1. In Chapters 13 and 14, following [42, 43], skew-Hermitian forms were
assumed to be non-degenerate. In the current chapter, we drop this assumption.

The same module H with the opposite form —A will be denoted by —H. Given a sub-
module V of a Hermitian A-module H, its annihilator is the submodule

Amn(V)={x € H | Av,z) =0 for allv e V}.

A submodule V of a Hermitian module H is isotropic if V. C Ann(V') or, equivalently, if A
vanishes identically on V. A submodule of a Hermitian module is Lagrangian if it is equal to
its annihilator. If H; and Hy are Hermitian A-modules, an isotropic relation N: H; = Ho
is an isotropic submodule of (—H;) @ H2. For instance, given a Hermitian A-module H,
the diagonal relation Ay = {h ® h € H & H} is an isotropic relation H = H. Given two
isotropic relations Ny: Hy = Hs and No: Hy = Hg, their composition is defined as Noo N7 :=
NyN;: Hy = Hs where NoN;j denotes the following submodule of (—Hy) @ Hs:

NoNy = {hl @ hs | hi1 @ hs € N7 and ho & hg € Ny for a certain hg € HQ}

Isotropic relations should be understood as a generalization of unitary isomorphisms: if v is a
unitary isomorphism, then I'y is an isotropic submodule of (—H1) @ H», that is, an isotropic

215



relation Hy; = Hy. We will denote by U, the category of Hermitian A-modules and unitary
isomorphisms. The proof of the following proposition is straightforward.

Proposition 16.1.2. Hermitian A-modules, as objects, and isotropic relations as morphisms,
form a category Isotry. Furthermore the map v — Iy defines an embedding of categoriesI': Uy —
Isotr,.

We now relate the isotropic category to the Lagrangian category Lagr, which was re-
viewed in Section 13.3. First, we recall that the composition in Lagr, is defined slightly
differently than in Isotry. Given of a submodule A of a Hermitian A-module H, we set

A={z € H |ax € A for a non-zero a € A}.

If Hy and Hs are non-degenerate Hermitian A-modules, a Lagrangian relation N: Hy = Ho
is a Lagrangian submodule of (—H;) ® Hs. Given two Lagrangian relations Ni: Hy = Ho
and No: Hy = Hs, their composition is defined as Ny o N := NoNi: Hy = Hj. As we
saw in Theorem 13.3.1, non-degenerate Hermitian A-modules, as objects, and Lagrangian
relations, as morphisms, form a category Lagr,, and the map v — I'y defines an embedding
of categories I': Uy — Lagr,. Here Uy denotes the category of non-degenerate Hermitian A-
modules and unitary isomorphisms.

Summarizing the content of this paragraph. For any integral domain A endowed with a
ring involution, we have the diagram

Uxp L>LagrA

l,

U, _r, Isotr,,

where the horizontal arrows are the embeddings of categories given by the graph, and the
vertical arrows denote the natural embeddings of categories. The right hand side arrow is
dashed because the composition in Lagr, is not always defined in the same way as in Isotry.
However, if A is a field, then A coincides with A for every subspace A C H, and this arrow
does represent a functor.

16.2 The Maslov index and the Meyer cocycle

The Maslov index associates an integer to three isotropic subspaces of a symplectic vector
space, while the Meyer cocycle associates an integer to two symplectic automorphisms. The
aim of this paragraph is to review these constructions in the spirit of [152, Chapter IV.3],
adapting them to the setting of Hermitian complex vector spaces.

Fix a finite dimensional Hermitian complex vector space (H, \), and let L1, Ly and L3 be
three isotropic subspaces of H. Consider the Hermitian form f defined on (L; + L) N L3 as
follows: for a,b € (L1 + Lg) N L3, write a = a1 + ay with a; € L;, and set f(a,b) = A az,b).
One easily checks that f is a well-defined Hermitian form.

Definition 47. The signature of f is called the Maslov index of Ly, Lo and Ls. It will be
denoted by Maslov(Ly, Lo, L3).
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It should be noted that two other definitions occur in the literature. In [156], the Maslov
(L1+L2)0L3

index is defined by considering the same Hermitian form but on the quotient TanLs ) (LanTa)

see also [135]. In [78], the authors consider the space
V = {1)1@1}2@1)3 €L1® Ly ® Ls ‘ V1 + v + v3 :0}

and the Hermitian form defined by sending elements a; @ as ® as, by B ba®bs € V to A(ag, by).
These definitions are equivalent to ours. This can be seen by noting that if f is a Hermitian
form on H and A is a subspace contained in Ann(H), then f descends to a Hermitian form
on H/A whose signature remains unchanged.

We record the following easy lemma for further use.

Lemma 16.2.1. The Maslov index satisfies the following properties.

(1) If Ly, Lo, L3 (resp. LY, L, L) are isotropic subspaces of H (resp. H') then L1 ® LY, Lo®
L, Ly @ Ly are isotropic subspaces of H® H', and

Maslov(Ly @ Ly, Ly ® L}, Ly & L%) = Maslov(Ly, L, L3) + Maslov(L}, L}, L) .

(i) For any isotropic subspaces Ly, Ly C H, Maslov(Ly, Ly, La) vanishes.

(iii) If Ly, Lo, L3 are isotropic subspaces of H and 1 is a unitary automorphism of H,
then ¥(L1),1¥(La), ¥ (Ls) are isotropic subspaces of H, and

Maslov(¢¥(Ly),¢¥(La),¥(Ls3)) = Maslov(Ly, Lo, L3) .

As we briefly mentioned in Section 7.2, the Maslov index plays a crucial role in the
additivity of signatures of 4-manifolds, see Section 17.1.2 for details. Furthermore, note that
the state of the literature is quite confusing with regards to the term “Maslov index”. A
helpful survey can be found in [27]. Regarding this issue, we shall simply mention that the
Maslov index we are studying first appeared in a 1969 paper by Wall [156]; it must not be
confused with the Maslov index used in [3, 119].

Let us now introduce the second object of this paragraph.

Definition 48. The Meyer cocycle of two unitary automorphisms =1, vs of H is the integer

Meyer(y1,v2) = —Maslov(va T, To).

As for the Maslov index, some equivalent definitions appear in the literature. The Meyer
cocyle was originally defined by Meyer in [120, 121] by considering the space

My, o = {(v1,02) | (07" = id)vr = (id — 72)v2}
and taking the signature of the bilinear form B on M,, ,, obtained by setting
B(v,w) = A(v1 + v2,7; (w1) — wy)

for v = (v1,v2) and w = (w1, w2) € M,, 4,. On the other hand, for computational purposes,
the most practical definition of the Meyer cocycle is given in [78]: the authors consider the
space

e = im(’yl_l — id) Nim(id — 72)
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and take the signature of the Hermitian form obtained by setting b(e,e’) = A(x1 + x2,€’)
for e = ;' (21) — 21 = 22 — Y2(2x2) € E,, ~,. It can be checked that these definitions are
equivalent to the one we gave in terms of the Maslov index. Finally, note that despite our
algebraic treatment of this cocycle, Meyer’s original goal was to compute signatures of certain
surface bundles over surfaces.

Let us show how to use the latter definition on a couple of explicit examples.
Example 16.2.2. Let w be any complex number of modulus 1, and consider the one-
dimensional complex vector space H = C endowed with the skew-Hermitian form given by
the matrix

Mw)=(w-—w) .
The automorphism v of H given by multiplication by —w is unitary with respect to the
matrix A(w). Since (y7! —id)(—w) = (id — 7)(1) = 1 + w =: ¢, we get E,, = Ce and
ble,e) =(1—w)(w-w)(1+@) = ||w—u|>
This leads to
1 if w# +1;

16.1
0 ifw==l1. ( )

Meyer(v,v) = {

Example 16.2.3. Let w be a complex number of modulus 1, and consider the two-dimensional
complex vector space H endowed with the skew-Hermitian form given by the matrix

Aw) = <f1_+u:u i:c:;) ‘

The automorphism ~; of H given by the matrix

(w1
71—01

is unitary with respect to A(w), so vo = 4% is unitary as well. If w = 1, A\(w) vanishes.
For w # 1, an immediate computation yields E,, ,, = Ce, with

= (é) =(n' —id) (f,) = (id =) <<w —01)—1>

ble,e) = (0 w+(w—1)"1) <°J_“’ 1‘”) <(1)> =1-2Re(w),

This leads to

-14+w w—w
SO
Meyer(v1,v2) = sgn(1 — 2Re(w)). (16.2)

Example 16.2.4. Fix (w1, ws) € T2, and consider the one-dimensional complex vector space
endowed with the skew-Hermitian form given by the matrix

)\(wl,WQ) = ((w1 — wl) + (wQ — (ATQ) — (wle — wlwg)) .

The automorphism v given by multiplication by wjws is unitary with respect to A(wi,ws2).
Since (7! = id)(wiw2) = (id — 7)(1) = 1 — wiwa =: e, we get E, ., = Ce, and

Meyer(~,v) = sgn(b(e, e)) = sgn((wiwa + 1) A (w1, w2)(1 — w1w2))
=sgn (Re[(1 —w1)(1 —w2)(1 — wiwa)]) .
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Let us conclude this paragraph with one last observation. Note that the definition of the
Meyer cocycle depends on whether one chooses A @ —\ or —A @ A as the skew-Hermitian
form on H @& H. We chose the latter, which explains the presence of the minus sign in our
definition, a sign which does not appear in [78].

16.3 The isotropic functor

In order to state our main result, we need to extend the evaluation of the reduced colored
Gassner representation at t = w € T from braids to tangles. This requires the definition, for
each w, of a modified functor .%#,,, which is constructed in the same manner as the Lagrangian
functor .%, but using finite abelian branched covers instead of free abelian ones. In this section,
we only state the main properties of .%,,, postponing to Subsection 17.1.3 its construction
and the proof of these statements.

We start by recalling some properties of the Lagrangian functor from Section 13.4. The
Lagrangian functor .7 : Tangles, — Lagr A, 1s an extension of the reduced colored Gassner
representations in the following sense. If av is an n-stranded p-colored braid, then .# () is the
graph of the reduced colored Gassner representation. In other words, the Lagrangian functor
fits in the commutative diagram

Braids, —— Tangles,,

L, b

r
Us, —— Lagry,,

where the horizontal arrows are the embeddings of categories described in Sections 13.2
and 13.3. In order to evaluate this functor, for each torsion element w in T#, Theorem 17.1.10
shall provide a functor .7, : Tangles, — Isotrc which fits in the commutative diagram

Braids, ——— Tangles ,

T

I~JC - r . Isotrg .

In general, the object %, (c) of Isotrg associated to a sequence ¢ of +1,...,4u is a complex
vector space endowed with a skew-Hermitian form which can be degenerate. However, let us
assume that each coordinate w; of w is of order k; > 1 with these k;’s pairwise coprime. If the
sequence c is such that for all i = 1,...,u, £(c); := Zj;cj:ii sgn(c;j) does not vanish and is
coprime to k;, then .%,(c) is non-degenerate. To be more precise, let us denote by Tangles‘/j
(resp. Braids);) the full subcategory of Tangles, (resp. Braids,) given by sequences ful-
filling the condition above. Then, Proposition 17.1.12 will show that the restriction of .%,
to Tangles;; defines a functor which fits in the commutative diagram

Braids;, ——— Tangles)

Ug—— Lagr(.
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Finally, one might wonder how the functors .# and .%#, are related. As far as objects are
concerned, the answer is very simple: for any c: {1,...,n} — {£1,...,£u}, a matrix for
the skew-Hermitian form of the complex vector space %, (c) can be obtained by evaluat-
ing at t = w a matrix for the skew-Hermitian form A, of the (localized) module .#(c), see
Proposition 17.3.1. Here are some concrete examples of these statements.

Example 16.3.1. In the case u = 1, a matrix for the skew-Hermitian complex form given
by Z,(c) is obtained by evaluating the matrix described in Example 13.4.1 at ¢ = w. The
result is :

t(e1+e2)(w—w) 1 — w2 0 0
w2 —1 t(ea +e3)(w—w) :
0 0 . (16.3)
: 1 —w
0 e 0 w"—1 3(en-1+en)(w—w)

Example 16.3.2. In the case n = = 2 and ¢ = (1, 2), a matrix for the skew-Hermitian com-
plex form associated to .%,(c) is obtained by evaluating the matrix described in Example 9.4.8
at 1 = wy and t9 = wy. The result is

)\C(W1,OJ2) = ((wl - wl) + (wg —52) - (wlwg —wlwg)) .

For morphisms, the relation between % and .%,, is trickier. Roughly speaking, .%,, is the
evaluation of % at t = w “whenever that makes sense”. The precise statement is slightly
technical, but the following special case will suffice for the purpose of the present discussion,
see Subsection 17.3.1 for details. Let us say that a tangle is topologically trivial if its exterior
is homeomorphic to the exterior of a trivial braid. It turns out that if a (¢, )-tangle 7 is
topologically trivial, then working over the localized ring Ag, one obtains that .7 (7) is a free
submodule of the free Ag-module (—%(c)) & .Z(c’), so this inclusion can be encoded by a
matrix M (t) with coefficients in Ag. In this case, .%,(7) is equal to the complex subspace
of (—=Z,(c)) ® F,() encoded by the matrix M (w).

Remark 16.3.3. From now on, the (localized) reduced colored Gassner representation will

— . — —l . . . . .
be denoted by #; instead of %, and ,@125 This new notation is more convenient regarding
evaluations at roots of unity.

Finally, note that since a braid « is topologically trivial, #,(«) is nothing but the graph
of the unitary automorphism given by the evaluation %, (a) of a matrix %B;(«) of the reduced
colored Gassner representation at ¢t = w.

16.4 Statement of the result and examples

We are finally ready to state our main result in a precise way, and to illustrate it with
examples.

Let T', denote the dense subset of the p-dimensional torus T composed of the ele-
ments w = (w1, ...,w,) such that the orders ki,...,k, of wi,...,w, are greater than 1 and
pairwise coprime (this set must not be confused with the set ']1“1‘D which appears in Section 3.4
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and in Chapter 8). Recall that for a coloring c¢: {1,...,n} — {£1,...,+u}, we defined ¢(c)

as the element in Z* whose i coordinate is given by £(c); = > sgn(c;). Given a col-

j;Cj:ﬂ:i
oring ¢ with £(c); # 0 for all i, let T+ denote the dense subset of T# given by the elements w

such that for all ¢, k; is coprime to ¢(c);.

OE

Figure 16.1: A tangle 7 and its reflexion 7.

Rl

Finally, given a (¢, c')-tangle 7, let us denote by 7 the (¢, ¢)-tangle obtained from 7 by a
reflection with respect to the horizontal disk D? x {1/2}, see Figure 16.1.

Theorem 16.4.1. For any ¢ such that {(c) is nowhere zero and for any (¢, c)-colored tangles 11
and 1o, the equality

sign,(T172) — sign,(71) — sign,,(72) = Maslov(F,(T1), A, F,(12))
holds for all w in the dense subset T: N ']I"CLP of the torus T#.

Remark 16.4.2. Note that the conditions of £(c) being nowhere zero and w belonging to T%
are not restrictive. To see this, first note that the category Tangles, is endowed with a
monoidal structure given by the juxtaposition 7 Ll 7o of colored tangles, see Figure 16.2.
Next, assume that we want to evaluate the integer

5w(7_17 7_2) = Signw (7_/1?2) - Signw (7/—\1) - Signw (7/_\2)

for a given w € Tgp and (¢, c)-tangles 11, 75. Then, one can always find a sequence ¢’ such
that ¢(cU¢’) is nowhere zero and w belongs to T’C‘I_, - Since the signature of any colored unlink
vanishes, we have the equality

5w(7_1,7—2) = 5w(7—1 Ll éd e, 9 L ’idcl)

for any ¢’ and any w; note that here we implicitly used the following easy fact: given any two
closable pi-colored tangles 7, and 7, the equality sign (7 U 72) = sign,(71) + sign,, (%) holds
for all w € TH. Therefore, Theorem 16.4.1 allows us to compute this defect for any pair of
colored tangles and any w € T%.

The special case p = 1, which corresponds to oriented tangles and the Levine-Tristram
signature, takes the following form.

Corollary 16.4.3. For any sequence £ of £1’s whose sum ((g) does not vanish, and for
any (g,€)-tangles 11 and T2, the equality

sign,(T172) — sign,(71) — sign,(72) = Maslov(F,(T1), A, F,(12))

holds for all w € S*\ {1} whose order is coprime to £(g).
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T TU

| [ n‘ U

T2 m

Figure 16.2: On the left, two tangles 71, 79; on the right their disjoint union 71 L 75.

Note that by Remark 16.4.2, this actually allows us to compute the additivity defect of
the Levine-Tristram signature evaluated at any root of unity.

Let us now come back to the general multivariable case, but specialized to colored braids.
As explained in Section 16.3, if « is a colored braid, then %, (a) = 'z, () the graph of the
reduced colored Gassner representation evaluated at w. Moreover, the horizontal reflection @
of « is nothing but its inverse. Finally, as stated in Subsection 16.2, the Meyer cocycle and
Maslov index are related by the equality

Maslov(wal,A, Iy,)= Maslov(F7;1,Fid,F72) = —Meyer(y1,72)-
Consequently, we obtain the following corollary.

Corollary 16.4.4. For any c such that {(c) is nowhere zero and for any two colored braids «, €
B, the equality

~

sign,, (aB) — sign,, (@) — sign, (B) = — Meyer(Z.,(a), Z.,(B))
holds for all w in T¢ N'T,.

Obviously, Remark 16.4.2 applies to this particular case, so we can compute the multi-
variable signature evaluated at any w € Tfj p. However, more can be said in this case.

Remark 16.4.5. Observe that both sides of the equality in Corollary 16.4.4 are defined for
all w € TH. Moreover, it is known that the multivariable signature sign(L) is constant on
the connected components of T \ Vi, where V, denotes the intersection of the torus with
the algebraic variety defined by the “colored” Alexander ideal of L, see Proposition 3.4.3.
Therefore, the left-hand side of this equality is constant on the connected components of TH\V,
where V' is some algebraic variety defined by the Alexander ideals of the closures of af, a,
and (. A similar but so far, less precise statement can be proved for the right-hand side of this
equality: it is constant on the connected components of T# \ V', where V' is some algebraic
variety. Since Corollary 16.4.4 establishes the equality of these functions on a dense subset of
the torus, we can conclude that they coincide on the open dense subset T+ \ (V U V).

Remark 16.4.6. Let a+ € B, be an arbitrary colored braid, and let o € B, be obtained
from a4 by a crossing change. Up to conjugation in the group B., we have as = o} 204 for
some ¢. Therefore, Corollary 16.4.4 gives

—

sign,, (a7) — sign, (GF) = sign,, (07) — Meyer(Z.(ax), Bu(0?)) .

(2

222



—

Note that sign,,(o;" 2) = 41 if both strands involved in the crossing have the same color, and
it vanishes otherwise, see Example 3.4.2. Furthermore, the explicit (sparse) form of 4, (o} B\
implies that this Meyer cocycle is in {—1,0,1}. This gives an explicit formula relating the
multivariable signature of two links related by a crossing change.

As a first consequence, we obtain a new proof of the well-known fact that half of the
signature provides a lower bound for the unlinking number of a link, see e.g. [78, Proposi-
tion 5.3] for the univariate case, and [41, Section 5| for the general case. Furthermore, since
any colored link can be realized as the closure of a colored braid, and any colored braid can
be transformed by crossing changes into a braid whose closure is a trivial link, this provides
a new algorithm for the computation of the multivariable signature of any colored link.

Remark 16.4.7. Recall that given a coloring c¢: {1,...,n} — {£1,..., £u}, the correspond-
ing reduced colored Gassner representation evaluated at ¢t = w is a homomorphism %, from
the associated colored braid group B, to the group of unitary automorphisms of a Hermitian
complex vector space of dimension n — 1. Since the Meyer cocycle evaluated on this group is
the signature of a Hermitian form on a space of dimension at most 2(n — 1), Corollary 16.4.4
implies the inequality

| sign,, (a3) — sign,, (@) — sign,, (B)| < 2(n — 1)

for all o, € B, and w in T¢ N T!,. In particular, for any such w, the map B, — R,
a +— sign (@) is a quasimorphism.

Note that even the intersection of Corollaries 16.4.3 and 16.4.4, i.e. the case of oriented
braids and the Levine-Tristram signature, is slightly more general than the main theorem of
Gambaudo and Ghys stated in the introduction, as we allow the strands of the braids to be
oriented in different directions.

With all these positive results, one might wonder whether the equation of Corollary 16.4.4
does not hold true for all w € T#. This is not the case, even for the classical signature, as
demonstrated by the following simple example.

Example 16.4.8. Consider the classical case p = 1 and ¢ = (1,1), and let « = 8 be the
standard (positive) generator of the braid group Bs. Since af is the positive Hopf link 57
and @ the unknot, Example 3.4.2 leads to

-~

sign,, (a8) — sign,, (@) — sign,,(B) = sign,, () = —1

for all w € S*\ {1}. On the other hand, we know by (9.3) that a matrix for the reduced
Burau representation evaluated at « is equal to %;(a) = (—t), which is unitary with respect
to the form (¢t — ¢~ 1), recall (13.1). By (16.1), we have

_ _ 1 if +1;
Meyer(#.,(o), B,(B)) = {0 ifz i +1.

Therefore, we see that the equality in Corollary 16.4.4 is satisfied for all w € S'\ {—1}, but
not for w = —1, whose order is not coprime to n = 2. This shows that, even in the most

basic case of the classical (Murasugi) signature, one does need n to be odd for this equality
to hold.
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Example 16.4.9. Let us now consider the case p =1, n =2, and ¢ = (+1,—1). By (16.3),
the associated skew-Hermitian form A.(w) vanishes for all w. Hence, all the Meyer cocycles
computed in this setting will vanish as well. On the other hand, one can of course form
oriented links with non-vanishing signature by closing up braids in B.. (The Hopf link is the
simplest example.) This shows that the assumption ¢(c¢) # 0 is necessary for our result to
hold, even in the simple case of oriented braids.

At this point, it is necessary to make a brief remark regarding conventions.

Remark 16.4.10. Since we are heavily using the formalism of Cimasoni-Turaev [42, 43|, we
choose to use their conventions, some of which differ from those of Chapters 9 and 11, see
Remarks 13.4.3 and 13.4.4. In particular, from now on, the generator o; of B, involves a
positive crossing change. Note that this was already implicit in Example 16.4.8: we claimed
that the positive Hopf link could be obtained as the closure of o3.

We conclude this section with some more examples and remind the reader that the reduced
colored Gassner representation is now denoted by %; instead of %, .

Example 16.4.11. Let us compute the Levine-Tristram signature of the positive trefoil
knot T without using any Seifert surface. Since we want to make sure we get the correct value
at w = —1, consider the standard generator o1 in Bs (and not Bs). Applying Corollary 16.4.4
to a = oy and B = 02, and using the fact that o/zB =T, B = J whose signature is —1, and &
is the unknot whose signature vanishes, we get

sign,,(T) + 1 = —Meyer(v,7%), where ~=%,(01) = <—0w 1)

by (9.3). Using (16.3), the relevant form is given by the matrix
w—w l-w
—14+w0 w—-w/’

sign,(T) = —1 + sgn(2Re(w) — 1).

so (16.2) gives

This turns out to be the correct value at all w € S', even at the roots of unity of order
divisible by 3.

Example 16.4.12. Consider the 2-colored link L illustrated in Figure 3.2. Clearly, it is the
closure of the square of the standard generator Ajs of the pure braid group P,. Applying
Corollary 16.4.4 to a = = Ao € P», and using the fact that ZB is the 2-colored Hopf link
whose 2-variable signature vanishes, we get

sign(WLwQ)(L) = —Meyer(vy,7v), where = @(wlm)(zﬁhg) = (wiw2)
by Example 9.5.4. Using Examples 16.3.2 and 16.2.4, we obtain
sign(whwz)(L) = —sgn (Re[(1 —w1)(1 — w2)(1 —wiw2)]) .
Comparing this with Example 3.4.1, it remains to see when

Re[(1 —wi)(l —w2)] and Re[(l —wi)(l—w)(l—wiws)]
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have the same sign. Writing w; = €' and wy = €2, one easily checks that this is the
case if and only if wjws # 1. In particular, this holds when the orders of the roots of
unity wi,ws are coprime, as predicted by Corollary 16.4.4. However, this example shows that

the hypothesis w € T%}, is necessary for this result to hold.
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Chapter 17

Proof of Theorem 16.4.1 and its
corollaries

This chapter is organized as follows. Section 17.1 introduce the tools needed to prove The-
orem 16.4.1, while the core of the proof can be found in Section 17.2. Finally Section 17.3
relates the Lagrangian functor to our isotropic functor.

17.1 Algebraic and topological preliminaries

The aim of this section is to introduce the tools needed to prove our main result. In Sub-
section 17.1.1, we deal with generalized eigenspaces while in Subsection 17.1.2, we review
signatures of 4-manifolds. Then, building on this, we define and study the isotropic functor
in Subsection 17.1.3.

17.1.1 Generalized eigenspaces

Let k1, ..., k, be positive integers, and let G denote the finite abelian group Cg, X -+ x C,.
In all this paragraph, we fix a C-algebra homomorphism

x: C[G] = C.

Note that such a homomorphism is simply given by a character of G, or equivalently, by the
choice for i = 1,..., 4 of an element w; € S' whose order divides k;. In other words, it is
given by an element w = (w1, ...,w,) of T#. Note also that such a y automatically preserves
the involutions given by 3" 2,9 — Y- Z,97! on C[G] and by the complex conjugation on C.

Terminology 17.1.1. Given a C[G|-module H, the generalized eigenspace associated to the
character x: C[G] — C is the complex vector space

H,={zx € H | gv = x(g)r for all g € G}.

Since H, is completely determined by the element w € T# corresponding to , we shall often
write H,, instead of H,.
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Denote by ¢, the element of C[G] defined by

el ZPIRLOL

geG

One can easily check that for any g € G, one has g ¢, = x(g)cy, which implies that ¢, ¢, = ¢,.
The additional equality x(c,) = 1 is also easy to check. These properties are useful to give
an alternative characterization of generalized eigenspaces.

Lemma 17.1.2. For any C[G|-module H, the generalized eigenspace H, is equal to ¢, H.

Proof. If ¢y is an arbitrary element of ¢, H, then gc,x = x(g)cyx so cyx belongs to H,.
Conversely, if x is an element of H,, then

ey = ,G|Zx |(1;|ZX(9)X(9)$=$7

geG

so x = ¢, lies in ¢, H. O

If H and H' are C[G]-modules, then any C[G]-linear map f: H — H' restricts to a
map fy: H, — H;( on generalized eigenspaces, thus defining a functor from the category
of C[G]-modules to the category of complex vector spaces. Let us analyse some further
properties of this functor.

Proposition 17.1.3. 1. The functor H — H, preserves exact sequences.
2. If V is a submodule of H satisfying ¢,V =0, then (H/V), = H,.

3. If X is a non-degenerate form on H and G acts on H by unitary isomorphisms, then
the restriction of X to H, is also non-degenerate.

Proof. For the first assertion, consider C[G]-linear maps f: H — H' and g: H — H" such
that ker(g) = im(f); we must show that ker(gy) = im(fy). One inclusion follows directly
from the functoriality (g o f), = gy © fy. For the other one, fix ¢,z € ker(gy) = H; Nker(g).
By exactness, there exists y € H such that f(y) = c,x. As fy(c\y) = e f(y) = cyer =
¢y, the equality is proved. The second statement follows from the first one together with
Lemma 17.1.2 and the hypothesis ¢,V = 0:

(H/V)y = Hy/Vy=Hy/c,V = Hy.

Finally, let ¢,z be an element of ¢, H = H, such that A(cyz,c,y) = 0 for every ¢,y € H,.
Using the fact that the elements of G act by isometries, together with the equality cyc, = ¢y,
one obtains

0 = Ay, ¢y y) = Aeyey, y) = Meyx, y)

for every y € H. As ) is non-degenerate on H, this forces ¢,z = 0. 0

As the reader might have guessed, another description of these generalized eigenspaces can
be given using tensor products. Indeed, the homomorphism x: C[G] — C endows the field C
with a structure of module over C[G]. To emphasize this action, we shall denote this C[G]-
module by C,. Given a Hermitian C[G]-module (H, \), one can therefore consider the complex
vector space H®¢(g) Cy endowed with the skew-Hermitian form M (z®u, y@v) = uvx(A(z, y)).
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Proposition 17.1.4. Given any Hermitian C[G]-module (H,\), the map ®p: H ®¢(q Cyx —
H, defined by ®p(x ® u) = ucyx is an isomorphism of complex vector spaces, unitary with
respect to the forms \X and xo\. Furthermore, fyo®py = ®go(f®idg,) for any C|G]-linear
map f: H— H'.

Proof. The map ®p is surjective thanks to Lemma 17.1.2, while its injectivity follows from
the equation
r@l=20x(cy) =cz®@1=0(z®1)®1.

The equality x(cy) = 1 easily implies that ®p is unitary. Finally, the last statement follows
from the definitions. O

Note that if H if a free C[G]-module of rank n, then H, = H ®¢|g Cy is a complex
vector space of dimension n. By standard properties of the tensor product, we also have the
following result, that we record here for further use.

Lemma 17.1.5. Let f: H — H' be a C[G]-linear map between free C[G|-modules and let \ be
a skew-Hermitian form on H. Fix bases vi,...,v,, for H and wy,...,w, for H'. Then, the
matriz for f®idg, (resp. \X) with respect to the bases v1®1,...,v,®1 and w1 ®1,...,w,®1
is equal to the componentwise evaluation by x of the matrix for f (resp. \).

By Proposition 17.1.4, the same result holds with f®id¢, , \X and v;®1 replaced by f,,xoA
and c,v;, respectively. Finally, note that all the results of this paragraph still hold if we
consider Hermitian forms instead of skew-Hermitian ones.

17.1.2 Signatures of 4-manifolds

The aim of this paragraph is to review the signatures associated to 4-manifolds endowed with
the action of a finite abelian group. In particular, we shall recall the celebrated Novikov- Wall
theorem on the non-additivity of these signatures.

Let M be a compact oriented 2n-dimensional manifold endowed with the action of a finite
abelian group G. The homology of M with complex coefficients is endowed with a structure
of module over C[G]. In particular, if x: C[G] — C is a C-algebra homomorphism, one may
consider the generalized eigenspace

H,(M)y :={x € Hy,(M;C) | x(g9)x = gz for all g € G} .

This complex vector space comes equipped with a (—1)"-Hermitian form given by the restric-
tion of the intersection form ( , ) of H,(M;C). On the other hand, for any =,y € H,(M;C),

one can define
Az,y) = (gz,y)g ",
geG

and x o A gives another complex valued (—1)"-Hermitian form on H,,(M),. It turns out that
these two forms are closely related.

Proposition 17.1.6. On the space H, (M), the intersection form ( , ) and the pairing x oA
coincide up to a positive multiplicative constant.
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Proof. Fix arbitrary elements ¢y x,c,y € Hp(M)y = ¢, Hp(M;C). Using the fact that x is a
ring homomorphism, the definition of ¢, and the equality c,c, = c,, we get

X(Alexz, eyy)) = Z<gcxxacxy>@ = (Z @9%&’7 cxY)
geG geqG

= [G(exexm, exy) = |Gl{ex, exy)
and the proposition is proved. ]

Proposition 17.1.6, Proposition 17.1.4 and Lemma 17.1.5 immediately yield the following
corollary.

Corollary 17.1.7. Up to a positive multiplicative constant, a matrix of the restriction of the
intersection form to H,(M), is given by a matriz of the form A evaluated componentwise

by x.

Note that when n is even, these two forms are Hermitian and therefore have a well-defined
(identical) signature. It is called the x-signature of M, and will be denoted by o, (M). Since
it is completely determined by an element w of T#, we shall sometimes write o,,(M) instead
of oy (M), and call it the w-signature of M.

The (non-)additivity of this signature is well-understood thanks to a famous theorem
of C.T.C Wall [156]. (Strictly speaking, Wall only stated and proved his result for ordinary
signatures of manifolds; however, he did mention in [156, p.274] that it extends to G-manifolds
and G-signatures.) This result holds for any even n, but we shall restrict ourselves to low-
dimensional manifolds. To state this theorem, we need the following well-known consequence
of Poincaré duality.

Lemma 17.1.8. Let X be a compact oriented 3-dimensional manifold-with-boundary endowed
with the action of a finite abelian group G. Then, its boundary 3 = 0X inherits an orientation
and a G-action from X, and the kernel of the map induced by the inclusion of ¥ in X is a
Lagrangian subspace of Hi(X), with respect to the intersection form.

Let M be an oriented compact 4-manifold endowed with the action of a finite abelian
group G and let X be an oriented compact 3-manifold properly embedded into M, so that X
intersects OM along 0Xy = Xog N OM. Assume that Xy splits M into two manifolds M,
and M. For i = 1,2, denote by X; the compact 3-manifold 0M; \ Int(Xy). Orient X;
and X9 so that OM; = Xo U (—X;) and OMs = (—X) U Xo. Note that the orientations
of Xy, X1 and X5 induce the same orientation on the surface ¥ = 90Xy = 0X; = 0Xo.
By Lemma 17.1.8; we know that given any C-algebra homomorphism x: C[G] — C, the
subspace (L;)y = ker(H1(X), — H1(X;)y) is Lagrangian in Hy(X), for i = 0,1, 2.

Theorem 17.1.9 (Wall [156]). Under the conditions above, the x-signature of M is given by

ox (M) = oy (M) + 0y (Mz) + Maslov((L1)y, (Lo)x, (L2)y)-

As in [78], this result will be one of the main tools in the proof of our result. We will often
refer to it as the Novikov- Wall theorem.
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17.1.3 The isotropic functor

Given a fixed torsion element w in T#, the aim of this subsection is now to define a func-
tor #,: Tangles, — Isotrc using branched coverings. We will then give a sufficient condi-
tion for this functor to take its values in the Lagrangian category Lagr.

Given a positive integer n, recall that p; denotes the point ((2j —n — 1)/n,0) in the
closed unit disk D?, for j =1,...,n. Let .4 ({p1,...,pn}) be an open tubular neighborhood
of {p1,...,pn}. Given a map c: {1,...,n} — {£1,...,£u}, we shall denote by D, the
compact surface

D. = D2 \f/V({plvapn})
endowed with the counterclockwise orientation and a basepoint z. The same space with the
clockwise orientation will be denoted by —D.. The fundamental group 7i(D,, z) is freely
generated by {z1,...,x,}, where z; is a simple loop turning once around p; counterclockwise
if sgn(c;) = 1, clockwise if sgn(c;) = —1.

Fix a torsion element w = (w1, ...,w,) € T, let k; be the order of w; and G be the finite
abelian group Cy, x --- x Cy,. Also, let C% be the (multiplicative) free abelian group with
basis t1,...,t,. Composing the coloring induced homomorphism H;(D.) — Ch, xj — Ue,|
with the canonical projection C% — G yields a regular G-covering D, — D? branched

along the punctures. The homology group H;(D,; C) is endowed with a structure of module
over C[G]. Let (, )e: H1(D.;C) x Hy(D;C) — C be the (skew-Hermitian) intersection
form obtained by lifting the orientation of D, to D.. Restricting this form to the generalized

eigenspace Hi(D,), (recall Subsection 17.1.1) turns the latter into a Hermitian complex vector
space.

Given a colored tangle 7 € T),(c, ¢) with m components, denote by .4"(7) an open tubular
neighborhood of 7, and let
X = (D* < [0,1]) \ A (7)

be the exterior of 7. We shall orient X, so that the induced orientation on 90X, extends the
orientation on (—D.)U D.. The long exact sequence of the pair (D? x [0, 1], X), excision and
duality yield Hy(X,) = @;n:l Zm;, where m; is a meridian linking once the j component
of T.

Composing the coloring induced homomorphism H;(X;) — Ck, m; — tjc,| with the
canonical projection Ck — G yields a regular G-covering p: X, — D? x [0,1] branched

along 7. Let i,: Hi(D¢), — H1(X;), and 2.: Hi(Dy)y, — Hi(X;)w be the homomorphisms
induced by the inclusions of D, and Dy in X,. Finally, let 7, be the homomorphism

jT: Hl(Dc)w @Hl(Dc’)w — Hl(XT)w

given by 7, (x,2’) =i (2') — i (x).

Theorem 17.1.10. Fiz a torsion elementw in T*. Let %, assign to each map c: {1,...,n} —

{£1,...,£u} the pair (Hi(De)w, ( , )e) and to each tangle T € T),(c,c’) the subspace ker(j:)
of Hi(D.)w @ Hi(Dy),. Then Z, is a functor Tangles, — Isotrc which fits in the com-
mutative diagram

Braids, —— Tangles,,

Uc — L Tsotrc,
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where the horizontal arrows are the embeddings of categories described in Sections 13.2 and 16.1.

Proof. By the discussion above, for any object ¢ of Tangles,, Zw(c) is a Hermitian complex
vector space, i.e. an object of Isotrc.

Now, fix a p-colored tangle 7 € Ty, (c,c’) and let us check that %, (7) is an isotropic sub-

space of (—H1(D.),,)®H1(D.),. During this discussion, we shall denote by A (respectively \')
the skew-Hermitian intersection form on Hy(D.), (respectively Hi(Dy)y,). Recall that we
oriented X; so that the orientation of 0X, extends the one of (—D,) U D.. Consequently,
the composition of the form © on H;(0X,), with the homomorphism induced by the inclu-
sion (—D.) U Dy C 0X, is equal to (=) @ ). Observe that the map j, is given by the
composition

H (Do) & Hi(Do)o 2 Hi(De)w & Hy (D)o —— H1(0X )0 2 Hi(X 1),

where 1) = (—id) @ id while ¢ and ¢ are the inclusion induced maps. Writing L := ker(¢ 0 1),
we find ker(j;) = (L) and consequently Ann(ker(j;)) = Ann(¢)(L)) = ¢(Ann(L)). Let us
now check that L is isotropic. Given z,y € L, the elements i(z) and i(y) belong to ker(y)
which is known to be Lagrangian by Lemma 17.1.8. As the form Q “restricts to” (=\) & X
on Hi((=D.) U Dy),, we get

(=) & XN)(z,y) = Qi(z),i(y)) =0
as desired. Combining these observations, it follows that
ker(jr) = ¥(L) € ¥(Ann(L)) = Ann(ker(jr)

which shows that .%,,(7) = ker(j;) is isotropic.

The proof of the functoriality follows by restricting the arguments given in [42, Lemma
3.4] to generalized eigenspaces. (Recall that the first point of Proposition 17.1.3 ensures that
exactness is preserved.) Finally, the restriction of this functor to braids can be analysed by a
straightforward adaptation of the proof of [42, Proposition 5.1]. O

Our next goal is to find a sufficient condition for the functor .%, to take its values in the
Lagrangian category Lagrg. Given w € T#, let Tangles|; be the full subcategory of Tangles,,
whose objects are maps ¢: {1,...,n} — {£1,...,£u} such that ¢(c) is nowhere zero and
such that w belongs to T¢ (recall Subsection 16.4). We shall denote by T} (c,c’) the set of
morphisms between two objects ¢ and ¢’ of this category.

Lemma 17.1.11. Fiz w in T!,. If ¢ is an object of Tangles;j, then the surface D, has one

boundary component, and the restriction of the skew-Hermitian intersection form to Hy(D¢)q
is non-degenerate.

Proof. As the branch set of the covering is contained in the interior of the disk D?, the com-
position 71 (0D?) — (D) — G induces a regular G-covering. Consequently, the boundary
of the total space D, has one component if and only if this homomorphism is surjective. In
other words, the connectedness of 9D, is equivalent to the image of the generator of 71(9D?)
spanning G. The image of the generator of 71(0D?) in m1(D,) goes once around each of the
punctures, so it is sent by the above composition to the class of ¢(¢) in G. Using the Chinese
remainder theorem, this element generates G if and only if the k; > 1’s are pairwise coprime
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(i.e. w belongs to T, ), and £(c); and k; are coprime for each i (i.e. ¢ is an object of Tangles!).
In this case, D, has one boundary component, so the intersection form on Hj(D,; C) is non-
degenerate. The last claim follows from the third part of Proposition 17.1.3. 0

Lemma 17.1.11 gives a sufficient condition for the functor %, to take its values in the
Lagrangian category Lagr.

Proposition 17.1.12. Fiz an element w in ']Tgp (i.e. assume that the component w; of w is
of order k; > 1 with these k;’s pairwise coprime). Then the restriction of #, to Tangles‘l‘j
defines a functor which fits in the commutative diagram

Braids;, ——— Tangles),

T

Uc - Lagre.

Proof. Let T € T} (¢,c') be a colored tangle. Applying the same notation and reasoning as in
the proof of Theorem 17.1.10, we only need to show that ker(ypo4) is Lagrangian. Since ker(y)
is Lagrangian by Lemma 17.1.8, we are left with the proof that ¢ is an isomorphism. To check

this claim, note that
0X, = (D.UDy)Up Y(S* x [0,1]),

where p~1(S! x [0,1]) consists of a certain number of disjoint cylinders. As w belongs to T},
and 7 to T;j(c, ), Lemma 17.1.11 implies that both D. and D. have a single boundary
component. Consequently, p~1(S* x [0, 1]) consists of a single cylinder, so the inclusion D, L
D. — X, induces an isomorphism on the first homology groups, as claimed. O

Remark 17.1.13. Fix an element w in T/, and a tangle 7 € TY(c,¢/). The proof of the
previous proposition shows that

Fu(T) = Y(ker(j)),

where 1) is the unitary automorphism of Hy(D.),, ® H1(Dy)., given by ¢ = (—id) @ id while j
is the inclusion induced homomorphism

j: Hl(ﬁc)w D Hl(ﬁc’)w = Hl(ay‘r)w — Hl(yr)w .
This characterization will help us later on for using the Novikov-Wall theorem.

We conclude this section with one last property of this functor, namely the fact that it
behaves well with respect to juxtaposition of colored tangles.

Proposition 17.1.14. For any w € T,p, 71 € T (c1,¢}) and 72 € T (ca, ¢y), we have

1. Hi(Deyliey)w = Hi(Dey)w ® H1(Dey)o © A as Hermitian complex vector spaces,
2. Fu(mUm) =2 Z,(11) @ Fu(m) @ Ay,

where A is some subspace of Hi(De¢yiey)w and Ay = {x @ x | x € A} the associated diagonal.
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Proof. The space D, ,, can be obtained by gluing D., and D., along an interval I in their
boundary. As intervals are contractible, this decomposition lifts to EclucQ = 501 Urxa 562.
Applying the same line of reasoning to the tangle exteriors X; and X, and using the corre-
sponding Mayer-Vietoris exact sequence leads to the commutative diagram

— — — o .
04>H1(Dcl)w@Hl(ch)w%Hl(DqIch)w lm(a) 0
J('ZTl @'zﬂ'g liTI Uty
I J— _— ) .
0 P Hi (X 7)o © Hi(X 1) P Hi (X7 )w im(9) 0.
Splitting these short exact sequences of vector spaces and writing A = im(09), one gets the
decompositions o B B
HI(DclLlcg)w = Hl(Dcl)w & HI(DCQ)LU > A
and

Hl(Xﬁl_Jm)w = Hl(Xn)w @ HI(X’rg)w @A

At the level of maps, one obtains ir, -, = ir @ iy, @ id 4, so the vector space F, (1 U Ty) is
isomorphic to ker(j-, ) ®ker(j-,) A4 as claimed. To conclude the proof, we still need to check
that the first decomposition displayed above is orthogonal with respect to the intersection
forms. As w belongs to T%, and the tangles are morphisms of Tangles;;, Lemma 17.1.11
implies that D,, and D,, are compact surfaces with one boundary component. It follows that
the section of the exact sequence above can be chosen so that the corresponding decomposition
is orthogonal. ]

17.2 Proof of Theorem 16.4.1

This section is devoted to the proof of our main result, a proof which extends (and hopefully,
at times, also clarifies) the one of [78]. Let us very briefly outline the underlying strategy. We
will build 4-manifolds whose w-signatures are equal to the terms appearing in the theorem.
Gluing these manifolds together yields a manifold whose w-signature is equal to

sign,(7172) — sign,(71) — sign,, (72) — Maslov(%#,(T1), A, Z,(12)) .

It will then only remain to show that this signature vanishes.

Actually, it is sufficient to show all these equalities up to a uniformly bounded constant,
thanks to a reduction of our main theorem to a looser statement. This is the subject of the
first subsection.

17.2.1 A reduction

If n and m are two integers depending on some tangles, we shall write n ~ m if |n — m| is
bounded by a constant that is independent of the tangles. The aim of this paragraph is to
prove the following proposition which will spare us the trouble of keeping track of (most of)
the Novikov-Wall defects.
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Proposition 17.2.1. To prove Theorem 16.4.1, it is enough to show that for any c such
that £(c) is nowhere zero and for any (c,c)-tangles 1 and T2, we have

sign,, (7172) — sign,, (71) — sign,, (72) ~ Maslov(.Z,(T1), A, F,(12))
for all w in TE NTH,.

As we mentioned in Remark 16.4.2, the signature defect (i.e. the left-hand side of the
equation displayed above) is additive with respect to the disjoint union of tangles. Further-
more, Lemma 16.2.1 and Proposition 17.1.14 immediately imply that the right-hand side of
this equation, that we shall denote by M, (11, 72), satisfies

M, (m U, 72 UTy) = My (11, 72) + My(7],75)

if w belongs to ']Tffp and the tangles 71,79, 7], 7% are morphisms of the category Tangles),.
This will be the key ingredient in the proof of the reduction. We will also need the following
easy lemma.

Lemma 17.2.2. Given two coprime integers £ # 0 and k > 0, there exist two positive
integers m and n such that m +n + £, 20 +m and n are positive and coprime to k.

Proof. Set m = Ak—/{ and n = Ak—+/{ for any integer A > 0 such that m and n are positive. [

Proposition 17.2.1 will be an easy consequence of the following statement.

Lemma 17.2.3. Let w be an element of ']T‘c‘P. For any m,m9 € Tl‘f(c, c), there exists a
coloring ¢ that is an object of the category Tangles;, and (c',c’)-colored tangles 11,75 such
that M, (71, 7%) = 2M (11, T2).

w

Proof. Since ¢ is an object of Tangles;, we can apply Lemma 17.2.2 to {; = {(c); # 0
and k; > 0, thus producing positive integers m; and n; for i = 1,..., . Set

ri=nUnUlll,m and 7 :=nUnU|l m,,

where m; denotes the trivial tangle with m; (upward oriented) strands of color i, and let ¢
be the corresponding coloring. The fact that ¢’ is an object of Tangles;; follows from the
second point of Lemma 17.2.2. By the second and third points of this same lemma, we have

M,(1,75) = My, (m U U |_|é‘:1(mi Un;), 7o Ure U |_|f:1(m,- Uny)) ,
which splits as
M, (11, 72) + My, (1 UL (mi Ung), 7o UL (mq Uing))

by the first point of Lemma 17.2.2 and the fact that 7 is a morphism of Tangles);. Fi-
nally, adding the trivial tangle id. and using twice more a combination of the first part of
Lemma 17.2.2 and the fact that 7 is a morphism Tangles‘;;, we obtain

MW(T{,Té) = 2Mw(7'1,’7'2) + M, (|_|f:1(ml L n; I_Iéi),|_|f:1(mi L n; |_|€Z)) = 2Mw(7-1,7—2) ,

which concludes the proof. O
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proof of Proposition 17.2.1. Assume by contradiction that for a fixed map ¢, there are (c, ¢)-
tangles 71, 72 and an element w of T% N T%,, such that

N, (71, 72) :=sign,(7172) — sign,,(71) — sign,,(72) — Maslov(F,(71), A, ., (12))

does not vanish. For any positive integer m, using inductively Lemma 17.2.3, one obtains a
coloring ¢(m) and tangles 71(m), 72(m) such that w belongs to Ty, N Thp and

Nw(Tl (m)7 TQ(m)) =2" Nw(le TQ) .
Since this quantity goes to infinity as m grows, this concludes the proof. O

Remark 17.2.4. The idea of this reduction comes from the paper [78] of Gambaudo and
Ghys. Let us mention however that these authors use a simpler version of this trick, which
turns out to be slightly incorrect. (See the last line of [78, p.559], where it is claimed that the
reduced Burau representation evaluated at t = —1 is always additive under disjoint union.)
To the best of our knowledge, the more involved trick given above seems to be needed even
in the case p = 1.

17.2.2 The manifold Pg(7, 7).

Fix a map c: {1,...,n} — {£1,...,£u} with {(c) nowhere zero, an element w in T# NT4,
and two (c,c)-tangles 71, 72. Denote by G the finite abelian group C, x --- x Cy,,, where k;
is the order of w;.

Let P be the sphere with three holes more commonly known as a “pair of pants”, with a
fixed orientation that will be pictured as counterclockwise. Let I; and I» be closed intervals
joining the inner boundary components of the pair of pants to the outer boundary component.
Thicken these intervals to get rectangles J; = I; x [0, 1] and Jy = Iy x [0,1], as illustrated in
Figure 17.1.

Figure 17.1: The various decompositions of the pair of pants P.

Define R(71,72) as the surface in P x D? which coincides with

1. the surface (P \ (J1 U J2)) x {21,...,2,} on (P\ (J1 U J3)) x D2,
2. the surface I1 x 71, on J; x D? = I1 x ([0,1] x D?), and
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3. the surface Iy X 79, on Jo x D? = I3 x ([0,1] x D?).

Observe that for each point = € I; (i = 1,2), the surface R(71,72) contains a copy of 7;
therefore, its complement P x D?\ R(7,72)) contains one copy of the tangle exterior X,
for each point in I;. Recall from Subsection 17.1.3 that for any (c,c)-tangle 7, there is a
natural map Hi(X;) — G obtained by composing the colored-induced map with the canonical
projection.

Lemma 17.2.5. There exists a homomorphism Hi(P x D?\ R(y, 7)) — G which is trivial
when restricted to loops in P x {z} (with x € D?), and whose composition with the homo-
morphism induced by the inclusion of any copy of X,, into P x D*\ R(71,72) coincides with
the natural map H1(X5,) — G (for i =1,2).

Proof. Decompose the space X = (P x D?)\ R(r1, 72) as the union of A = (P\ (J;UJ3)) x D,
and B = ((J1 x D?)\ (I1 x11))U((J2x D*)\ (I2x 72)). As P\ (J1U.Js) is contractible, A retracts
onto D.. As B is equal to (I x X ) U (l2 x X,), it has the homotopy type of X, L X,,.
Finally, A N B has the homotopy type of four disjoint copies of the punctured disc D..
Therefore the associated Mayer-Vietoris exact sequence has the form

Hy(LJ} De) — Hy(D.) & Hy(Xr,) & H1(Xr,) = Hi(X) = Ho(LJ; D),

which allows us to extend Hi(X.,) ® Hi1(X,,) — G to the desired map H;(X) — G. O

Using the homomorphism of Lemma 17.2.5, one obtains a G-covering Pg(71,72) — P x D?
branched along R(11,72). Let us start by studying its boundary, which is nothing but the lift
of (P x D?) = OP x D? Ugpygp2 P x OD?. By definition, the surface R(71,72) intersects
the three components of 9P x D? in the closure of the three tangles 71, 7o and 717 in solid
tori S x D2, Therefore, Lemma 17.2.5 implies that 0P x D? lifts to

Yﬁ |_|Y,7/:2 |_|Y7-/1?2 C aPG(leTQ)7

where X= denotes the exterior of 7 in S x D? and X the corresponding cover. Since w belongs
to T¢ NT,, Lemma 17.1.11 ensures that the boundary of each of these components is a single
torus. For the same reason, together with the first condition in Lemma 17.2.5, P x 0D? lifts
to a single copy of P x 9D? C OPg(r1, 7). Combining these remarks, we get

8Pg(71,72) = (Yﬁ UY@ UYA) UapxoD2 (P X 8D2) .

T1T2

Before applying the Novikov-Wall theorem, we must slightly modify Pg(71, 72), as follows.
Consider the space Pg(11,72) given by

Pg(r1,72) = Pa(71,72) Upxape (P x D).
By the discussion above, this manifold has boundary
OPg(m1,m) =Y 4 UY 5 U Y.
where Yz is the closed 3-manifold given by Yz = Xz Ug1,gp2 (S' x D?).
Proposition 17.2.6. For any w and 11, as above, we have

0w(Pa(11,72)) ~ 04(Pg(11,m2)) = Maslov(F,(T1), A, Z,(12)) .
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Proof. Let us start by applying Novikov-Wall to Xq = P x 0D? C ﬁg(’i'l,’i'g)) = M. Note
that the other corresponding spaces are given by M; = Pg(m,7), My = P x D? whose
signature vanishes as it has no degree 2 homology, while ¥ consists of a union of three tori.
Therefore, we immediately obtain that the difference between the w-signatures of Pg(71, 72)
and Pg(71,72) is uniformly bounded.

To show the second equality, start by cutting the pair of pants P along the path ~
illustrated in Figure 17.1. This splits P into two cylinders C; = I; x S! and Cy = I x S; let
us analyze the corresponding splitting of the manifold P (11, 72). By construction, v x D? C
P x D% lifts to v X D, = X;9.. In ﬁg(Tl,TQ), the corresponding manifold is Xg := Y4,
whose boundary is given by ¥ := 9X, which consists of two copies of D, Ugp2 D?. Similarly,
the space C; x D? C P x D? lifts to I; x X C Pg(m1,72) (for i = 1,2). In Pg(71,72), the
corresponding manifold is M; := I; x Y~. As these manifolds are of the form [0,1] x N 3,
for some 3-manifold N3, their signature vanishes. Moreover, the manifolds 777. being closed,
we can apply the Novikov-Wall additivity theorem. Writing X; = OM; \ Xy for i = 1,2, we
obtain

0w(Pa(t1,72)) = 00w(M1) 4+ 0w(Ma) + Maslov((L1)w, (Lo)w, (L2)w)
= Maslov((L1)w, (Lo)w, (L2)w) ,
where (L;),, is the kernel of the map induced by the inclusion of ¥ in X; (: = 0,1,2). We
now determine these spaces (L;),,.
First, one can check that

0Xo = 0X; = 0Xy =% = (D.Uyp2 D*) U (D, Ugyp2 D?).

As D, is a compact orientable surface with one boundary component, its first homology is

unaffected by capping off its boundary with a disk. Therefore, the spaces H1(X) and H;(D.)®

Hy(D.) are canonically isomorphic, and so are the corresponding generalized eigenspaces. An
easy Mayer-Vietoris argument shows that the inclusion X4, C X induces an isomorphism
on the first homology. Therefore, the map H;(X), — Hi(Xo)w can be identified with the
inclusion induced map

jo: Hi(D¢)w @ H1(De)w = H1(0X 14, )0 — H1(Xid, )w -
Similarly, the map H;(X), — Hi(X2), can be identified with the inclusion induced map
jo: Hi(De)w ® Hi(De)w = H1(0X 1) — Hi(X7,)w
while H1(X), — H1(X1), is the inclusion induced map
d1: H1(D¢)o @ H1(De)w = H1(0X7,)w — H1(X7,)w -

(The appearance of the reflection of 71 should be clear from Figure 17.1.)

Summarizing, we have shown that
O'w(jj(;(Tl,Tg)) = Maslov(ker(j1), ker(jo), ker(j2)) .

Applying Remark 17.1.13 to each of the three tangles 71, id. and 79, and the last point of
Lemma 16.2.1 to the unitary involution ¢ = (—id) @ id, we have

0u(Pa(T1,72)) = Maslov((Fu(T1)), P(Fou(ide)), (Fu(72)))
= Maslov(Z,(T1), Zw(id.), Fu,(12)),

and the proof is completed. O
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17.2.3 The manifold Cg(7).

Next, we build the manifold that encodes the signature of the tangle closure. This will require
some notations. Let D* denote the (oriented) unit 4-ball, S? = dD* its oriented boundary,
and T = S! x D? C S3 the standardly embedded solid torus.

Closing a colored tangle 7 C [0,1] x D? yields a colored link 7 C T. Consider a collec-
tion S(7) of surfaces that bound 7 C S® and that are “in general position” in D*. In other
words, S(7) consists of a collection of surfaces Fy U- - - U F), smoothly embedded in D*, whose
only intersections are transverse double points (between different surfaces), and such that for
all i, F; meets S® = dD* along the sublink of 7 C T' C S3 of color 4. (Such a surface can be
obtained, for example, by taking any C-complex for 7 and by pushing it inside the 4-ball.)

Let us further assume that S(7) meets the radius one-half sphere %53 along the closure
of the trivial tangle id. (i.e. the n-component unlink) in a way that respects the coloring c.
Finally, we shall assume that the intersection of S(7) with the closure of D*\ %D‘l is contained
in the subspace N of cl(D*\ £D*) 2 [0,1] x S3 given by

N={zeD'|1/2<||z|| <1, =/||z|]| € T} = [0,1] x T.

One easily checks that such a surface can be obtained by pushing a C-complex for 7 inside D*
and isotopying it in the appropriate way.
A standard computation shows that Hy(D*\ S(7)) is free abelian of rank p. Let

Cg(T) — N

be the G-cover branched over S(7) N N induced by the composition of the inclusion induced
homomorphism Hy (N \ (S(7) N N)) — Hy(D*\ S(7)) with the canonical projection Hy(D*\
S(7)) = G. Let us analyse its boundary. Writing C' = [0, 1] x S*, the boundary of N = C x D?
can be written as 9(C x D?) = (9C x D?)Uycxap2 (C x OD?). Thanks to the conditions stated
above, OC x D? lifts to Y?I_IYMAC. On the other hand, as w is in T4 ﬂTffP, the space C' x 0D?

lifts to a single copy of C' x 9D?. Summarizing, we get
9Ca(1) = (X2 U X 3) Uscxap? (C x OD?).
We are now ready to compute the w-signature of Cq(7).

Proposition 17.2.7. For any w and 7 as above, 0,(Cq (7)) ~= sign (7).

Proof. Let Wz — D* be the G-cover of D* branched along S(7) C D* given by the homo-
morphism H; (D*\ S(7)) — G. By Theorem 3.4.9, o,,(Wz) = sign,,(7), so we are left with the
proof that o, (W) ~ 0,(Ca(7)). To do so, we will apply the Novikov-Wall theorem twice.

First, the space cl(D4\%D4) =~ [0, 1] x S3 can be obtained by gluing a copy of [0, 1] x D? x
dD? to N along [0,1] x S* x D?. Lifting this to the covers, one gets a manifold M obtained
by gluing a copy of [0, 1] x D? x dD? to Cg(7) along X := [0,1] x S' x 9D?, with ¥ := 90X
consisting of two disjoint tori. As the boundary of Cg(7) is (X7 U Yz'/d\c ) Us X while the
boundary of [0,1] x D? x 9D? is ({0,1} x D? x dD?) Us, Xg, Novikov-Wall yields

0o (M) =~ 0,(Cq(7)) + 0,([0,1] x D* x dD?) = 6,(Cg (7)) .
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Next, glue the ball %D‘l to cl(D*\ %D‘l) along %53 in order to obtain D*. Lifting this to the
covers, it corresponds to recovering the manifold W7 by gluing W~ to M along the preimage

of %5’3 . As the latter space is closed, Novikov-Wall additivity applies trivially and we get
0u(W3) = 0u(M) + 0,(W) = 0,(M) + sign,, (id,) = 0, (M) .

This concludes the proof. O

17.2.4 The manifold Mg(m, 7).

Figure 17.2: The manifold Mg (11, 72).

Our goal is now to glue several copies of the manifolds Cq(7) and Pg (71, 72) along their
boundary in order to obtain an oriented 4-manifold Mg (71, 72). Recall that these boundaries

are given by -
9CG(1) = (Xz UX 3 ) Upoxape (C x OD?),

with C' = [0,1] x S, while

OPc(11,72) = (X7 U X5 UXam) Usprap? (P x OD?),

T1T2

where P denotes the pair of pants. It therefore makes sense to define the manifold Mg (71, 72)
by gluing Pg(11,72) “on one side” of the disjoint union of Cg(71), Cg(m2) and Cg(1172),
and Pg(id.,id.) “on the other side”, see Figure 17.2. More precisely, set

Ma(r1,m2) = Pa(m1, 12)Ux_ (%1% o, (Ca(1)UCG(12)UCG (Ti72) Uk ik ix P (ide, de)
By construction, this 4-manifold is a covering of

(P x D*) Ugpyp2 (C x D*UC x D*1LUC x D*) Ugpyp2 (P x D?) = 9 x D?,
where X9 is the closed orientable surface of genus 2 (see Figure 17.2), branched over

T(Tl,Tg) = R(Tl,TQ) Uﬁuﬁuﬁ?z (S(Tl) U S(Tg) U S(TlTQ)) U R(’idc, idc) .

ideUid o Lid.

Moreover, its w-signature is precisely what we wish to bound, as shown by the following
proposition.
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Proposition 17.2.8. The 4-manifold Mq(71,72) can be endowed with an orientation, so that
0w(Mg(11,72)) ~ sign(7172) — signy,(71) — signg,(72) — Maslov(F,(T1), Fu(ide), Fu,(12)) -

Proof. We need to be more precise about the orientation of the 4-manifolds in play. First
note that any (arbitrary but fixed) orientation on the cylinder C' = [0, 1] x S* and on the unit
disk D? defines an orientation on their product C' x D?, which lifts to an orientation on the
cover C(7), and induces an orientation on Xz LI YMAC C 0Cq(1). However, note that these
two spaces are now endowed with opposite orientations (with respect to a fixed orientation
of the solid torus S! x D? which lifts to an orientation of Xz for any tangle 7). This can be
written
80(;(7’) D X=U _Xz'd/\c .

By the same arguments, the fixed orientation on the pair of pants P (and on D?) induces an
orientation on Pg(71,72) such that

aP(;(Tl,Tg) D) Yﬁ UY;Q LJ —Y@,

Therefore, for the manifold M¢(71,72) to be oriented, we need to paste positively oriented
copies of Pg(71,12) and Cg(m172) together with negatively oriented copies of C(11), Ca(T2)
and Pg(id.,id.) (or the opposite). It only remains to apply the Novikov-Wall theorem a
couple of times, as follows.

Let M be the manifold obtained by gluing Pg(71,72) to —Cq(m1) U —Cq(m) U Ca(117m2)
along the 3-manifold X := X7 U X5 U —Y@ whose boundary > consists of 3 disjoint tori.

By Novikov-Wall, Proposition 17.2.6 and Proposition 17.2.7, we have

0w(M) = 0,(Pa(t1,72)) + 00(Ca(1172)) — 0w(Ca(T1)) — 0w(Ca(T2))
~ Maslov(F,(T1), A, Fu(12)) + sign(m172) — sign, (71) — sign,, (72).

Applying the exact same line of reasoning to the gluing of Pg(id., id.), the result follows from
Proposition 17.2.6 as
0w(Pq(ide, id.)) ~ Maslov(A, A, A) =0,

by the second point of Lemma 16.2.1. O

To prove Theorem 16.4.1, it only remains to show that the w-signature of Mg(71,72)
vanishes up to an uniformly bounded additive constant. This requires a small lemma.

Lemma 17.2.9. For well-chosen surfaces S(71), S(72) and S(1172) in the construction above,
the branched covering Mq(t1,T2) — Yo x D? satisfies the following property: there exists a
curve y in the genus 2 surface Yo such v x D? intersects the branch set T(1y,72) C Yo x D?
in the n disjoint circles v x {x1,...,zn}.

Proof. Fix C-complexes S(71) and S(72) for the links 73 and 73, and build a C-complex S(7172)
for 7179 by connecting S(71) and S(72) along disjoint bands far from the tangles. Let us use
the same notation for the surfaces obtained by pushing these C-complex inside D* in such a
way that they intersect [0,1] x {s1} x D? along [0,1] x {s1} X {p1,...,pn}, where s1 is some
point on the circle S' far from the tangle.

The strategy is to build the curve « from four intervals vy, v2,¥3, 74 alternatively contained
in the pairs of pants and in the central cylinder, as illustrated in Figure 17.2. For the branch
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set R(71,72) (resp. R(id.,id.)), one can simply pick an interval ; (resp. y3) in the pair of pants
as illustrated in Figure 17.1. For the branch set S(7172), one must find two intervals satisfying
the same property as above. Using the way we pushed the C-complex S(7172) into the 4-ball,
we can set 7o = [0,1] X {s1}. Finally, using the way we built S(m172) from S(71) and S(m2),
there exists a second point sy # s1 such that the C-complex intersects [0,1] x {so} x D?
along [0,1] x {s2} x {p1,...,pn}. Set y3 = [0,1] x {s2}. Gluing these intervals vi,...,v4
together produces the required curve ~. O

We may now conclude.

Proposition 17.2.10. The w-signature of Mg(71,72) vanishes up to an uniformly bounded
constant.

Proof. Cutting the genus 2 surface 35 along the curve v provided by Lemma 17.2.9 yields
a decomposition Yo = X1 Uy X1, where ¥; denotes the genus 1 surface with one boundary
component. The induced decomposition of ¥y x D? lifts to

Mcg(m1,m2) = Qa(n) Ux, Qa(m),

with X = v x D, thanks to the way we chose 7. Applying the Novikov-Wall theorem to this
decomposition, we get

0uw(Ma(m1,72)) ~ 0u(Qa(11)) + 0w (Qa(T2)) -

It remains to show that o,(Qg(7)) ~ 0 for any tangle 7. Using the second point of
Lemma 16.2.1 together with Proposition 17.2.8 and the equation displayed above for (71, 72) =
(1,1id.), we have

0 = 04(7) — 0u(7) — 0ulid.) — Maslov(F,(7), A, A)
~ o,(Mg(t,id.)) ~ 0,(Qc(T)) + 0w(Qa(id.))

independently of the tangle 7. Taking 7 = id. yields the result. O

17.3 The isotropic functor as an evaluation

In this section, we relate the Lagrangian functor to our isotropic functor. In particular, we
will see in Theorem 17.3.2 below why the isotropic functor is, in some sense, an evaluation of
the Lagrangian functor. Recall that these results were used in Chapter 16 to compute several
examples, and to prove Corollary 16.4.4.

17.3.1 Statement of the results

Under some mild assumptions on the colored tangle, we shall show how the Lagrangian functor
is related to the isotropic functor. In particular, it will follow that if v is a braid, then %, («)
can be understood by evaluating a matrix of the reduced colored Gassner representation
at t = w. The proofs of these slightly technical statements will be given in the next paragraph.

Fix an element w in T* and assume that the component w; of w is of finite order k; > 1.
Let G be the finite abelian group Cj, x- - -xCy,,. Fori = 1,..., ulet ¢; be a generator of C, and
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let x,, be the character of G sending the generator t; to the root of unity w; € C\{1}. As usual,
we shall simply denote by H,, the associated generalized eigenspaces (recall Subsection 17.1.1).
Note that x,, induces a ring homomorphism A, — C which endows C with the structure of a
module over A, that will be emphasized by the notation C,,. Note also that since w; # 1, this
homomorphism factors through the localized ring Ag = Z[tfl, e ,tljfl, (tr— 1)t —
1)~1]. As customary, we shall write Hg for the localization H ®a, As of a Ay -module H.
Note the identity H ®A, C, = Hs ®p4 Cy.

Proposition 17.3.1. For any c: {1,...,n} — {£1,...,£u}, there is a natural isomorphism
of complex vector spaces

P.: Hl(ﬁc) XA, Cy, — Hl(bc)w .
Furthermore, if A\c(t) is the matriz for the form of F (c)s with respect to some Ag-basis {v;};
of Hi(D¢)s, then the matriz for the form (, )¢ of Fu(c) with respect to the basis {®c(v;®1)};
of Hi(D¢)w is given by the componentwise evaluation of \.(t) at t = w, up to a positive
multiplicative constant.

Next, we introduce some terminology. A free submodule N of H @ H' is determined by
a matrix of the inclusion N C H @& H' with respect to a basis of N. Following [43], we
will say that N € H & H' is encoded by this matrix. For instance, the graph of a linear
map v: H — H' is encoded by the matrix (I ]\Lp)T7 where M, is a matrix for ¢ and I the
identity matrix.

Theorem 17.3.2. Assume that w is in Thp and let 7 € T (c,c') be such that the Ay-
module ker(j;) is Lagrangian, and its localization is a free Ag-module. Then, with respect to
the isomorphisms ®. and P of Proposition 17.5.1, an encoding matrixz for the complex vector
space F, (1) = ker(j;) can be obtained by evaluating an encoding matrix for F(1)s = ker(j;)s
att = w.

Recall that a tangle is topologically trivial if its exterior is homeomorphic to the exterior
of a trivial braid. It is easy to check that in such a case, the condition in Theorem 17.3.2
above is always satisfied, see [43, Section 4]. In particular, braids are topologically trivial, so
we have the following corollary.

Corollary 17.3.3. For all a € B. with {(c) nowhere zero and w € TeNTp, Fy, (o) = L% (0)

17.3.2 Proofs of Proposition 17.3.1 and Theorem 17.3.2

In order to prove these results, the first step consists of understanding the relation between
free abelian coverings and finite branched coverings. This is the subject of the following two
lemmata. For punctured disks D. and tangle exteriors X,, we shall denote by D} and X*
the respective unbranched finite abelian coverings.

Lemma 17.3.4. For any c and 7 as above, we have natural isomorphisms

Hl(Dc)w = Hl(D:)w and HI(XT>w = Hl(X:)w .

Proof. Recall that the first homology group of the punctured disk D, is freely generated by
the loops 1, ..., 2y, where x; is a simple loop turning once around the puncture p;. Let z;
be a lift of the loop x; to D} for j = 1,...,n. By definition, the branched covering D. — D?
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is obtained from the unbranched covering D} — D. by gluing n disks to D, (in order to
recover D?) and lifting these gluings to the covering. Applying the Mayer-Vietoris exact
sequence to this decomposition of D, shows that the inclusion induced homomorphism defines
an isomorphism H;(D})/V = Hy(D.), where V is the Z[G]-submodule generated by the
loops (1+t;+---+ tfi_l)fj for j =1,...,n and 7 stands for ¢;. Since w; # 1 is a kfh—root of
unity, x(1 4+t +--- + tfifl) vanishes; this implies that ¢,V = 0, and the conclusion follows
from the second point of Proposition 17.1.3. The case of the tangle exterior can be treated

in the same way. O

Lemma 17.3.5. There are natural isomorphisms

~ _— ~

H1<5C)ng1(DC) ®AM Cw and Hl(X7—>ng1<X7—) ®Au (Dw.

Proof. Both statements will be proved by using standard cut and paste arguments. Let I, ..., I,
be disjoint intervals in the disk D? such that for j = 1,...,n the interval I ;j joins the j t punc-
ture z; to the boundary dD?, and let N; = I; x [—1, 1] be a bicollar neighborhood of I; in D?.
Set N = J/_1(N; N D.), Y = D\ Uj_; Int(N;), R = NNY and let p: D, — D, be the
free abelian covering map. The decomposition D, = N UY leads to the Mayer-Vietoris exact
sequence of A, -modules

~ ~ ~ ~ ~ ~ ~

Hl(R) — Hl(N) D Hl(Y) — Hl(DC) — H()(R) — H()(N) ©® H()(Y) ,

where R, N and Y stand for p YR), p~Y(N) and p~1(Y), respectively. Writing p: D} — D,
for the finite abelian covering map and repeating the same argument yields the Mayer-Vietoris
exact sequence of Z[G]-modules

Hl(R*) — H1(N*) D Hl(Y*) — Hl(D:) — Ho(R*) — Ho(N*) ©® H()(Y*) ,

where R*, N* and Y* stand for p~1(R), p~1(IV) and p~1(Y), respectively. In the free abelian
case, the map Ho(R) — Ho(N) @ Ho(Y) is injective while in the finite abelian case, the
kernel V' of the corresponding map Hy(R*) — Ho(N*) ® Ho(Y™) is freely generated by the n
loops {(1+t; 4 --- + tfiil)fj}?zl, where ¢ stands for ¢;. It follows that the first homology

groups of these two coverings are related by
H,(D;) = (Hi(De) @, ZIG)) © V..

Since w; is a k:fh root of unity different from 1, we have V,, = V ®z(q €, = 0. Therefore,
using Lemma 17.3.4, Proposition 17.1.4 and the isomorphism displayed above, one obtains

H(D.)o = Hi(D})o = Hi(D}) ®z/¢) Cuo = Hi(D,) @a, C., .

Let us now deal with the tangle exterior. As ¢(c) = ('), one can always obtain a colored
link L from the tangle 7 by joining the punctures with disjoint colored strands contained
in the boundary of the cylinder D? x [0,1]. Pick a C-complex F for the colored link L,
which can be assumed to be contained in the cylinder. By [41, Section 3], it is possible to
recover the free abelian covering of the link exterior by cutting it along S. Consequently, if we
denote by F1,..., F, the components of F, let N; = F; x [—1,1] be a bicollar neighborhood
of F; C D?* x [0,1], and set N = |J_; (N; N X;), Y = X, \ UL, Int(N;), and R=NNY, we
can then follow the exact same steps as above. O
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Proposition 17.3.1 now follows readily.

proof of Proposition 17.3.1. The isomorphism &, is given by Lemma 17.3.5. Note that this
isomorphism is natural, in the sense that it is given by the composition of several inclu-
sion induced isomorphisms. In particular, it preserves the intersection numbers, so Propo-
sition 17.3.1 follows from gorollary 17.1.7 applied to M = D.. One needs to work over the

ring Ag to ensure that Hy(D,)g is free, but this is not an issue, as the homomorphism A, — C
mapping t; to w; # 1 factors through Ag. O

The proof of Theorem 17.3.2 will rely on one last intermediate statement.

Lemma 17.3.6. Assume that w is in Thp and let T € T (¢, ') be such that the A,-module ker (3, )
is Lagrangian, and its localization is a free Ag-module. Then, via the isomorphisms of
Lemma 17.3.5, we have

Fu(T) =ker(jr) @4, Cy, .

Proof. By definition, the isomorphims of Lemma 17.3.5 allow us to identify %, (7) with the
kernel of the map

~ ~

jr @ide,: (Hi(De) ® Hi(De)) @4, Co — Hi(X,) @4, Co.
To prove the assertion, it is therefore enough to show the equality
ker(jr ® ide,) = ker(jr) ®A, C,.

The inclusion from right to left is straightforward. To get equality, we will argue that both
spaces have the same (complex) dimension.

Assume that D, and D. are punctured n and n/ times, respectively. Then, we know
that Hy(D.) and Hi(Dy) are A, -modules of respective rank (n — 1) and (n’ —1). Since w
belongs to TV, and 7 to T} (¢, ¢), the subspace #,(7) is Lagrangian by Proposition 17.1.12.

As the form on Hi(Dc)w & H1(De)w is non-degenerate (Lemma 17.1.11), the dimension
of ker(j, ® idc,) = Fu,(7) is half that of (H1(D.) ®a, Cu) © (H1(D.) @4, Cy,), that is,

dim(ker(j, ® idg,)) = (n —1) + (n' = 1))/2.

On the other hand, ker(j;) is a Lagrangian submodule of a non-degenerate Hermitian A -
module, and its localization is free over Ag; hence, the dimension of ker(j,) ®A, C, =
ker(j;)s ®@ag Cy is also equal to ((n — 1)+ (n' —1))/2. O

We can finally prove Theorem 17.3.2.

proof of Theorem 17.3.2: By standard properties of the tensor product (recall Lemma 17.1.5),
the componentwise evaluation by x, of a matrix for the inclusion map i of ker(j;)g in-
side Hi(D.)s @ H1(D.)s yields a matrix for

~ ~

1R id@wl ker(jT) ®A‘L C, — (Hl(DC) D Hl(Dc’)) ®Au Cy.

By Lemma 17.3.6, this map can be identified with the inclusion of %, (7) into Hy(D.), ®

Hi(D.),, and the proof is completed. O
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Résumé de la theése en francais

Cette these se concentre sur la topologie de basse dimension et plus spécifiquement sur la
théorie des noeuds. Elle se décompose en trois parties. La premiere est consacrée aux invari-
ants d’entrelacs colorés, la seconde concerne la représentation de Burau du groupe de tresses
et ses généralisations. La troisieme partie s’appuie sur les deux premieres et étudie la non-
additivité des signatures. Résumons brievement ces trois parties en autant de paragraphes.

Un noeud consiste en un cercle plongé dans la sphere de dimension trois. Les noeuds sont
étudiés en assignant une quantité algébrique (appelée “invariant de noeud”) a chaque noeud
de fagon a ce que des noeuds isotopes aient des invariants identiques. Les invariants dits
classiques comprennent le polynome d’Alexander, la signature de Levine-Tristram et la forme
de Blanchfield. Dans le cas des entrelacs (i.e. des unions disjointes de noeuds), des invariants
multivariés similaires existent, mais ils s'averent plus difficiles a étudier. La premiere partie
de cette these étudie ce type d’invariants: nous utilisons la signature multivariée de Cimasoni-
Florens afin de fournir de nouvelles bornes inférieures sur le splitting number, nous donnons
la premiere formule explicite de la forme de Blanchfield d’un entrelacs quelconque, nous
améliorons la compréhension 4-dimensionelle de la signature multivariée et, en particulier,
nous montrons qu’elle est invariante par I-solvable cobordism.

De facon sommaire, une tresse a n brins consiste en n intervalles monotones dans le
cylindre. L’ensemble des classes d’isotopie de tresses a n brins forme un groupe appelé le
groupe de tresses. La représentation de Burau (réduite) du groupe de tresses est connue
pour sa relation avec le polyndme d’Alexander. Nous généralisons cette relation au contexte
des polynomes d’Alexander tordus ainsi qu’aux invariants L?. Nos résultats sont obtenus en
définissant des applications de Burau tordues et L?. Les tresses peuvent aussi étre comprises
comme cas particuliers des enchevétrements, qui sont un type de 1-sous-variétés du cylindre.
Les enchevétrements ne forment plus un groupe mais sont les morphismes d’une catégorie. La
représentation de Burau admet alors une généralisation aux enchevétrements sous la forme du
foncteur Lagrangien de Cimasoni-Turaev. En utilisant la théorie des cospans, nous montrons
comment ce foncteur peut étre promu en un 2-foncteur sur la bicatégorie des enchevétrements.

La derniere partie de cette these concerne la non-additivité des invariants de signature.
Soit .# un invariant d’entrelacs a valeurs dans un groupe abélien. En précomposant cet
invariant avec la cléture « — & de tresses, nous obtenons des applications des groupes de
tresses vers ce groupe abélien. Par conséquent, il est naturel d’essayer d’évaluer le défaut
d’additivité . (ap) — F(a) — F(5). Cette tache a été accomplie par Gambaudo et Ghys
qui ont exprimé le défaut d’additivité de la signature de Levine-Tristram en termes de la
représentation de Burau. Nous étendons ce théoreme aux enchevétrement colorés. Le résultat
relie le défaut d’additivité de la signature multivariée au foncteur Lagrangien et a l'indice de
Maslov.
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