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Abstract. The Levine-Tristram signature admits a µ-variable extension for µ-component links:
it was first defined as an integer-valued function on (S1 \ {1})µ, and recently extended to the
full torus Tµ. The aim of the present article is to study and use this extended signature. First,
we show that it is constant on the connected components of the complement of the zero-locus
of some renormalized Alexander polynomial. Then, we prove that the extended signature is a
concordance invariant on an explicit dense subset of Tµ. Finally, as an application, we present an
infinite family of 3-component links with the following property: these links are not concordant
to their mirror image, a fact that can be detected neither by the non-exended signatures, nor by
the multivariable Alexander polynomial, nor by the Milnor triple linking number.

1. Introduction

The Levine-Tristram signature [45, 37, 44, 30] of an oriented link L in the three-sphere S3 is
the function

σL : S1 \ {1} −→ Z

defined by σL(ω) = σ(H(ω)), the signature of the Hermitian matrix
(1) H(ω) = (1− ω)A+ (1− ω)AT

with A a Seifert matrix for L. Similarly, the Levine-Tristram nullity is the function ηL : S1\{1} → Z
defined by ηL(ω) = η(H(ω)), where η stands for the nullity.

These invariants enjoy numerous remarkable properties. For example, if −L denotes the mirror
image of L, then σ−L = −σL, so a non-zero signature ensures that the link is not amphicheiral.
Also, the function σL is constant on the connected components of the complement of the roots of
the Alexander polynomial ∆L in S1\{1}. Furthermore, it provides lower bounds on the unknotting
number of L, on its splitting number, and on the minimal genus of an orientable surface S ⊂ S3

with oriented boundary ∂S = L. Finally, if ω ∈ S1 \ {1} is not a root of any polynomial p ∈ Z[t±1]
with p(1) = ±1, then σL(ω) also yields a lower bound on the topological four-genus of L, i.e.
the minimal genus of a locally flat orientable surface F properly embedded in B4 with oriented
boundary ∂F = L. On this (dense) subset of S1 \{1}, the signature and nullity are actually known
to be invariant under topological concordance [38]. We refer to the survey [12] for more detailed
information on these classical invariants, including references for the facts stated above.

Similarly to the Alexander polynomial, the Levine-Tristram signature and nullity admit mul-
tivariable extensions. This story is best told in the setting of colored links, that we now recall.
Given a positive integer µ, a µ-colored link is an oriented link L in S3 each of whose components
is endowed with a color in {1, . . . , µ} in such a way that all colors are used. We denote such
a colored link by L = L1 ∪ · · · ∪ Lµ, where Li is the union of the components of color i. Two
colored links are isotopic is they are related by an ambient isotopy which is consistent with the
orientation and color of each component. For example, a 1-colored link is just an oriented link,
while a µ-component µ-colored link is an oriented ordered link.

The multivariable signature of a µ-colored link L is a function
σL : (S1 \ {1})µ −→ Z , ω = (ω1, . . . , ωµ) 7−→ σ(H(ω)) ,

where H(ω) is a Hermitian matrix defined via generalized Seifert matrices associated with a gener-
alized Seifert surface for L called a C-complex [16, 8, 17]. Similarly, the multivariable nullity of L
is the map ηL : (S1 \ {1})µ → Z defined by ηL(ω) = η(H(ω)). In the µ = 1 case, a C-complex
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is nothing but a Seifert surface for the oriented link L, and H(ω) is given by (1), justifying the
notation and the terminology.

Remarkably, all of the properties of the Levine-Tristram signature mentioned above extend to the
multivariable setting. For example, the signature σL satisfies σ−L = −σL, and it is constant on the
connected components of the complement in (S1\{1})µ of the zeros of the multivariable Alexander
polynomial ∆L(t1, . . . , tµ) [8]. Also, if there is no p ∈ Z[t±1

1 , . . . , t±1
µ ] with p(1, . . . , 1) = ±1

and p(ω1, . . . , ωµ) = 0, then σL(ω1, . . . , ωµ) and ηL(ω1, . . . , ωµ) are invariant under topological
concordance of colored links [14], see Definition 5.1.

The slightly peculiar domain of these functions leads to the following natural question: does
there exist a sensible extension of σL and ηL from (S1 \ {1})µ to the full torus (S1)µ =: Tµ ?
There is no obvious answer, as the standard definition via (generalized) Seifert matrices yields a
zero signature and ill-defined nullity as soon as one coordinate of ω is equal to 1. Similarly, the
alternative definition pioneered in [49] using the twisted homology of the exterior of a bounding
surface in B4 is in general not well-defined on the full torus, see e.g. [19, Section 4,4].

A positive answer was given in the recent paper [9], via a rather technical construction. In a
nutshell, the exterior XL := S3 \ ν(L) of the µ-colored link L can be glued along its boundary
to an appropriate plumbed 3-manifold, yielding a closed oriented 3-manifold ML that admits
a so-called meridional homomorphism φ : H1(ML) → Zµ. Slightly altering L if needed, there
exists a 4-manifold WF with ∂WF = ML, endowed with a homomorphism Φ: H1(WF ) → Zµ

extending φ. The extended signature and nullity are then defined as the signature and nullity
of WF with coefficients twisted via Φ and ω (see Section 2.3 for details). Note that the aim of [9]
was not these extensions per se, but their use to understand the behavior of the non-extended
signature and nullity when some ωi is close to 1. For example, in the µ = 1 case, it was observed
that limω→1 σL(ω) is equal to the signature of the linking matrix of L as long as (t−1)|L| does not
divide ∆L, where |L| stands for the number of components of L. (This result was first obtained
in [4] via completely different methods, see also Corollary 4.2 below.) We refer the reader to [9,
Theorem 1.6] for much broader results obtained in this fashion.

The aim of the present work is to study these extended signature and nullity, and to apply them
to link concordance. We have three main results and one application, that we now summarize.

As a first result, we compute the greatest common divisor ∆̃L ∈ Z[t±1
1 , . . . , t±1

µ ] =: Λ of the
first elementary ideal of the module H1(ML; Λ). This module should be thought of as a natural
renormalised version of the Alexander module H1(XL; Λ), and coincides with it in the case of
knots. Similarly, the polynomial ∆̃L is a renormalized multivariable Alexander polynomial, which
in the µ = 1 case coincides with the Hosokawa polynomial [26]. Therefore, the manifold ML yields
a geometric construction of the Hosokawa polynomial for µ = 1, and allows to define an explicit
multivariable version (see Proposition 3.3, and Theorem 1.1 below).

Our second result is the following: the module H1(ML; Λ) yields a filtration
Tµ \ {(1, . . . , 1)} = Σ0 ⊃ Σ1 ⊃ · · · ⊃ Σℓ−1 ⊃ Σℓ = ∅

of the pointed torus by algebraic subvarieties so that for all r ≥ 0, σL is constant on the con-
nected components of Σr \ Σr+1 (see Theorem 4.1, which also deals with the behavior of ηL).
Together with the explicit determination of ∆̃L from Proposition 3.3, this implies the following
result (Corollaries 4.2 and 4.4).

Theorem 1.1. The extended Levine-Tristram signature σL : S1 → Z of an oriented link L is
constant on the connected components of the complement of the zeros of the Hosokawa polynomial

∆̃L(t) = ∆L(t)
(t− 1)|L|−1 .

The extended signature σL : Tµ \ {(1, . . . , 1)} → Z of a µ-colored link L with µ > 1 is constant on
the connected components of the complement of the zeros of the multivariable Hosokawa polynomial

∆̃L(t1, . . . , tµ) ·=
µ∏

i=1
(ti − 1)νi∆L(t1, . . . , tµ) ,

where νi =
( ∑

K⊂Li

∑
K′⊂L\Li

| lk(K,K ′)|
)
− |Li|.
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Figure 1. The links L(n) for n = 0 (on the left), and n = 1 (in the middle). In the
general case (on the right), the two bands corresponding to K2 and K3 twist n times
inside the grey box.

Our third result will not come as a surprise (see Definition 5.1 and Theorem 5.2).

Theorem 1.2. If L and L′ are topologically concordant µ-colored links, then σL(ω) = σL′(ω)
and ηL(ω) = ηL′(ω) for all ω ∈ Tµ not a root of any p ∈ Z[t±1

1 , . . . , t±1
µ ] with p(1, . . . , 1) = ±1.

Finally, to assess the power of these extended invariants, this result is applied to an explicit
infinite family of examples. For any n ∈ N, consider the 3-colored link L(n) illustrated in Figure 1.
Using extended signatures, we show that for all n ̸= 0, the link L(n) is not concordant to its
mirror image. Moreover, this fact cannot be proved using the following standard obstructions:
non-extended signatures, multivariable Alexander polynomials [27], Blanchfield forms over the
localised ring ΛS [24], linking numbers and Milnor triple linking numbers [35, 41, 6]. However, it
should be noted that this fact can also be detected by the Milnor number µ(1123).

This article is organised as follows. Section 2 recalls the (rather substantial) background mate-
rial. Section 3 deals with the determination of the multivariable Hosokawa polynomial associated
to ML. Section 4 contains the statement of the piecewise-continuity of σL and ηL along strata
of Tµ, together with the corollaries stated as Theorem 1.1 above. In Section 5, we prove Theo-
rem 1.2, i.e. that the extended signature and nullity are invariant under topological concordance.
Finally, Section 6 deals with the aforementioned application to the links L(n) in Figure 1.

Acknowledgments. The authors thank Anthony Conway and Jean-Baptiste Meilhan for useful
discussions. DC and LF are supported by the Swiss NSF grant 200021-212085.

2. Background on extended signatures and nullities

The aim of this first section is to recall the necessary background material on extended signatures
and nullities. It contains no original result, but does gather several easy lemmas that will be needed
in this work. More precisely, we start in Section 2.1 with the definition of twisted (co)homology
and twisted intersection forms. Section 2.2 deals with a closed 3-manifold ML associated to an
arbitrary colored link L. This manifold is necessary for the definition of the extended signature and
nullity of L, which is stated in Section 2.3 following [9]. Finally, Section 2.4 recalls the Novikov-Wall
theorem for the non-additivity of the (twisted) signature.

2.1. Twisted coefficients. In this subsection, we briefly recall the definition of (co)homology
with twisted coefficients and of the corresponding intersection form, referring to [22, Part XXIX]
for details.

Let G be a group and M be a left Z[G]-module. We denote by M the right Z[G]-module with
the same underlying abelian group as M , but with the action of Z[G] induced by m · g := g−1 ·m
for all g ∈ G and m ∈M .

Fix a finite connected pointed CW-complex (X,x0) with a (possibly empty) subcomplex Y ⊂ X,
and let p : X̃ → X be the universal cover of X. Recall that the action of π := π1(X,x0) equips
the cellular chain complex C∗(X̃, p−1(Y )) with the structure of a left Z[π]-module. Fix a ring R
and a homomorphism ϕ : Z[π]→ R. The map ϕ endows R with compatible left module structures
over the rings Z[π] and R (a so-called (R,Z[π])-left left module structure [22]), which we denote
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by M . The associated module M is then an (R,Z[π])-bimodule, and we can consider the chain
and cochain complexes of left R-modules

C∗(X,Y ;M) = M ⊗Z[π] C∗(X̃, p−1(Y )) ,

C∗(X,Y ;M) := Homleft−Z[π](C∗(X̃, p−1(Y )),M) .
The homology (resp. cohomology) of the above chain (resp. cochain) complex is called the twisted
homology (resp. twisted cohomology) of (X,Y ), and is denoted byH∗(X,Y ;M) (resp.H∗(X,Y ;M)).
Note that these groups are left R-modules.

In the present work, we only use rather specific examples of such twisted coefficients, that we
now describe using the notations introduced above.

Examples 2.1. (i) Assume that the CW-complex X is endowed with a group homomorphism

π = π1(X,x0) φ−→ Zµ = ⟨t1, . . . , tµ⟩ .
This induces a ring homomorphism ϕ : Z[π]→ Λ, where

Λ := Z[Zµ] = Z[t±1
1 , . . . , t±1

µ ] .
Using the same symbol Λ for the ring R and for the module M , we can consider the twisted
homology groups H∗(X; Λ), which are Λ-modules.

Assuming that φ : π → Zµ is onto, it defines a regular Zµ cover X̃φ → X, and one can check
that there are natural isomorphisms of Λ-modules between the twisted homology H∗(X; Λ)
and the untwisted homology H∗(X̃φ; Z) (see [22, Proposition 239.2]).

(ii) Assume once again that X admits a homomorphism φ : π → Zµ, and fix ω = (ω1, . . . , ωµ) ∈
Tµ := (S1)µ. Set R = C and consider the ring homomorphism ϕ : Z[π] → C given by the
composition

Z[π]−→Λ−→C ,

where the first map is induced by φ and the second one maps ti to ωi. Writing Cω for the
resulting moduleM , this yields twisted (co)homology groupsH∗(X,Y ; Cω) andH∗(X,Y ; Cω),
which are complex vector spaces. Note that this notation can be slightly misleading, as these
vector spaces depend on ω, but also on φ.

If ω = (1, . . . , 1), then the chain complex of C-vector spaces C∗(X,Y ; Cω) is naturally iso-
morphic to the (untwisted) chain complex C∗(X,Y ; C), yielding H∗(X,Y ; Cω) ≃ H∗(X,Y ; C)
in that case. Similarly, we have natural isomorphisms H∗(X,Y ; Cω) ≃ H∗(X,Y ; C).

We now come to the twisted intersection form, focusing on the setting of Example 2.1(ii) above,
and referring to [22, Chapter 244] for more details and full generality.

Assume that X is a compact oriented 4-manifold, possibly with boundary, endowed with a group
homomorphism φ : π → Zµ, and fix ω = (ω1, . . . , ωµ) ∈ Tµ. Consider the composition

(2) H2(X; Cω) −→ H2(X, ∂X; Cω) PD−→ H2(X; Cω) ev−→ HomC(H2(X; Cω),C) ,
where the first map is induced by the inclusion (X, ∅) ⊂ (X, ∂X), the second is the twisted Poincaré
duality isomorphism, and the last one is an evaluation map which in the present case is also an
isomorphism (see e.g. [14, Proposition 2.3]). This is the adjoint map of a Hermitian form

Qω
X : H2(X; Cω)×H2(X; Cω) −→ C

which is called the Cω-twisted intersection form on X. One can then write
σω(X) := sign(Qω

X) and ηω(X) := null(Qω
X)

for the signature and nullity of the Cω-twisted intersection form on X.

Remarks 2.2. (i) If ω = (1, . . . , 1), then we obtain the untwisted signature and nullity of X,
denoted by σ(X) and η(X): this follows from the discussion in Example 2.1(ii).

(ii) If −X denotes the manifold X endowed with the opposite orientation, then we have the
equality σω(−X) = −σω(X) for all ω ∈ Tµ: this follows from the definition of the Poincaré
duality isomorphism.

(iii) If the 4-manifold is such that the inclusion induced homomorphism H2(∂X; Cω)→ H2(X; Cω)
is onto, then Qω

X vanishes identically: this follows from the definition of Qω
X via (2). In

particular, we then have σω(X) = 0.
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2.2. The generalized Seifert surgery. Given a µ-colored link L = L1 ∪ · · · ∪ Lµ, one can
consider its exterior XL = S3 \ ν(L) equipped with the natural homomorphism φX : π1(XL)→ Zµ

induced by the coloring. The aim of this paragraph is to recall the construction of an oriented
3-manifold PL, which only depends on L and can be glued to XL so that the resulting oriented
closed manifold ML = XL ∪∂ −PL admits a homomorphism φ : π1(ML)→ Zµ extending φX . This
is the mild variation on [42, Construction 4.17] presented in [9], see also [14].

Given a µ-colored link L, consider the decorated graph ΓL defined as follows:
• The vertices of ΓL are indexed by the components of L, and each vertex K is decorated with

an oriented closed disc DK .
• Given any two components K,K ′ of different colors, the corresponding vertices are linked

by | lk(K,K ′)| edges, and every such edge e is decorated with the sign ε(e) = sgn(lk(K,K ′)).
The 3-manifold PL is the so-called plumbed manifold constructed from ΓL in the following

standard manner. For any component K ⊂ L, let D◦
K be obtained from DK by removing disjoint

open 2-discs DK,e indexed by edges e adjacent to K. Set

PL =
⊔

K⊂L

D◦
K × S1/ ∼ ,

where S1 denotes an oriented circle and for each edge e, we have performed the gluing

(3)
(−∂DK,e)× S1 ←→ (−∂DK′,e)× S1

(x, y)←→ (y−ε(e), x−ε(e))

with K and K ′ the two vertices linked by e. Note that the orientations of DK and S1 induce an
orientation of D◦

K × S1. Since the identifications (3) make use of orientation reversing homeomor-
phisms, these orientations extend to an orientation of PL.

The resulting oriented compact 3-manifold PL has boundary ∂PL =
⊔

K⊂L ∂DK × S1. There-
fore, it is possible to glue PL and XL along their boundaries, and we do so as follows. For
each component K ⊂ L, a meridian of K is an oriented simple closed curve mK ⊂ ∂ν(K) such
that [mK ] = 0 ∈ H1(ν(K)) and lk(mK ,K) = 1. Also, a Seifert longitude of K ⊂ Li is an oriented
simple closed curve ℓK ⊂ ∂ν(K) such that [ℓK ] = [K] ∈ H1(ν(K)) and

(4) lk(ℓK , Li) :=
∑

K′⊂Li

lk(ℓK ,K
′) = 0 .

We glue XL and PL along their boundary via the homeomorphism ∂DK × S1 ≃ ∂ν(K) obtained
by mapping ∗K ×S1 (for some ∗K ∈ ∂DK) to a meridian mK and ∂DK ×∗ (for some ∗ ∈ S1) to a
Seifert longitude ℓK . Since the orientations on XL and on PL induce the same orientation on the
boundary tori, we reverse the orientation of PL and define

ML := XL ∪∂ −PL .

This is an oriented closed 3-manifold called the generalized Seifert surgery on the colored link L.
The main point of this construction is the following fact, see [9, Lemma 2.11]: the homomor-

phism φX : π1(XL) → Zµ defined by φX([γ]) = (lk(γ, Li))i extends to φ : π1(ML) → Zµ such
that φ([∗i × S1]) = ti ∈ Zµ for any ∗i ∈ DK with K ⊂ Li. Note however that this extension is in
general not unique. We shall call such a map φ : π1(ML)→ Zµ a meridional homomorphism.

Examples 2.3. (i) If L is a µ-component µ-colored link with all linking numbers vanishing (this
includes the case of knots), then ML is the 0-surgery on L, and φ : H1(ML)→ Zµ the unique
extension of the isomorphism H1(XL) ≃ Zµ. For example, if L is the 3-colored Borromean
rings B, then MB is the 3-dimensional torus and φ : H1(S1×S1×S1)→ Z3 the isomorphism
determined by the orientations and colors of the components of B.

(ii) If L is an oriented link (interpreted as a 1-colored link), then ML is the Seifert sugery on L
as defined in [38, Definition 5.1]. This justifies the terminology.

2.3. Extended signatures and nullities. We now recall the construction of the extended sig-
nature and nullity functions, following [9] and referring to it for details.

Let L be a µ-colored link, and let ML be the associated generalized Seifert surgery defined
in Section 2.2. As recalled above, the natural homomorphism H1(XL) → Zµ defined by the
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Figure 2. Construction of the manifold WF .

orientation and colors of the components of L extends to a (non-canonical) meridional homomor-
phism φ : H1(ML)→ Zµ, thus defining an element (ML, φ) in the bordism group Ω3(Zµ). Via the
well-known isomorphism Ω3(Zµ) ≃ H3(Tµ) = Z(µ

3) (see e.g. [18, Section 3]), we get a family of
integers

µL = {µL(ijk) | 1 ≤ i < j < k ≤ µ} ∈ Z(µ
3)

which depend on L, but also on the choice of the meridional homomorphism φ. For example,
if B(123) denotes the 3-colored Borromean rings appropriately orientated, then µB(123)(123) = 1:
this follows from Example 2.3(i) and the explicit form of the isomorphism Ω3(Zµ) ≃ Z(µ

3).
Now, consider the auxiliary µ-colored link

(5) L# := L ⊔
⊔

i<j<k

−µL(ijk) ·B(ijk) ,

where ⊔ denotes the distant sum of links, B(ijk) is the Borromean rings oriented and colored so
that µB(ijk)(ijk) = 1, and n · B(ijk) stands for the distant sum of |n| copies of B(ijk) (resp.
of B(jik)) if n ≥ 0 (resp. if n ≤ 0). The homomorphism φ : H1(ML) → Zµ extends uniquely
to φ# : H1(ML#)→ Zµ which by construction satisfies (ML# , φ#) = 0 ∈ Ω3(Zµ).

Next, consider a bounding surface F ⊂ B4 for L#, i.e. a collection F1 ∪ · · · ∪ Fµ of locally flat
surfaces properly embedded in B4 that only intersect each other transversally in double points
and such that ∂Fi = L#

i ⊂ S3 = ∂B4 for all i. For a well-chosen F , its exterior VF := B4 \ ν(F )
satisfies π1(VF ) ≃ Zµ. Moreover, its boundary splits as ∂VF = XL# ∪ −PF , with PF a plumbed
manifold associated with F . The restriction H1(PF )→ Zµ of the isomorphism H1(VF ) ≃ Zµ and
the restriction H1(PL#)→ Zµ of φ# define a meridional homomorphism ψ : H1(PF ∪−PL#)→ Zµ.
One of the most technical results of [9], namely its Lemma 2.14, asserts that there exists an oriented
compact 4-manifold YF such that ∂YF = PF ∪−PL# , and an isomorphism Ψ: π1(YF ) ≃→ Zµ which
extends ψ, and such that σω(YF ) vanishes for all ω ∈ Tµ. Hence, one can consider the oriented
compact 4-manifold

WF = VF ∪PF
YF ,

which is endowed with an isomorphism Φ: π1(WF ) ≃→ Zµ. By construction, we have ∂WF = ML# ,
and Φ extends φ#. This is illustrated in Figure 2.

Definition 2.4. The (extended) signature and nullity of the µ-colored link L are the maps

σL, ηL : Tµ −→ Z

defined by σL(ω) = σω(WF ) and ηL(ω) = ηω(WF )−
∑

i<j<k |µL(ijk)| − 2
∑

i<j<k

ωi=ωj=ωk=1
|µL(ijk)|.

In [9, Theorem 4.4], it is checked that the maps σL and ηL are well-defined invariants of L.
Moreover, they extend the multivariable signature and nullity previously defined on the open
torus (S1 \ {1})µ using generalized Seifert surfaces [8].

Remark 2.5. Since the manifold (ML# , φ#) bounds over Zµ, one could have simply considered
the signature defect σω(W ) − σ(W ), with (W,Φ) any oriented compact 4-manifold with bound-
ary (ML# , φ#). This is an invariant, known as the (opposite of the) ρ-invariant of ML# , originally
defined by Atiyah, Patodi and Singer in [1, 2]. Indeed, if W is any oriented compact connected
4-manifold endowed with a map α : π1(W )→ S1, then

(6) ρ(∂W,α ◦ i∗) = σ(W )− σα(W ) ,
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X− X0
X+W− W+

Σ

Figure 3. The decomposition W = W− ∪X0 W+ in the Novikov-Wall theorem.

with i∗ : π1(∂W )→ π1(W ) the inclusion induced homomorphism, and σα(W ) the signature of W
with coefficients twisted by α, see [2, Theorem 2.4]. For all ω ∈ Tµ, standard properties of the
ρ-invariant then lead to the equality

σ(W )− σω(W ) = ρ(ML# , χω ◦ φ#) = ρ(ML, χω ◦ φ) ,

where χω : Zµ → S1 denotes the homomorphism determined by ti 7→ ωi, see the proof of [9,
Theorem 4.4]. The issue is that, in general, this invariant does not extend the usual multivariable
signature. This is the reason why we have to consider the auxiliary link L# together with the
specific 4-manifold WF , and set σL(ω) = σω(WF ). In conclusion, we have the equality

(7) σL(ω) = σω(WF ) = σ(WF )− ρ(ML, χω ◦ φ) .

Note that the difference between these two invariants, namely the untwisted signature σ(WF ),
only depends on the linking numbers and colors of the components of L (see the proof of [9,
Lemma A.6]).

We will need the following easy result, which extends [8, Proposition 2.10].

Proposition 2.6. For any µ-colored link L, the extended signature of the mirror image −L of L
satisfies σ−L = −σL.

Proof. For each K ⊂ L, consider the orientation reversing homeomorphism DK × S1 → DK × S1

defined by (x, y) 7→ (x, y−1). Since the graph Γ−L associated to −L is obtained from ΓL by
reversing the sign ε(e) of all edges e, these homeomorphisms are coherent with the gluing (3) and
define an orientation reversing homeomorphism PL → P−L. By definition of −L, we also have an
orientation reversing homeomorphism XL → X−L. Together, they define an orientation reversing
homeomorphism ML →M−L, the existence of which can be stated by the equality

(8) M−L = −ML .

Chosing the same meridional homomorphism φ on H1(M−L) = H1(ML), and using the fact that
the Borromean rings are amphicheiral, we get µ−L = µL and (−L)# = −(L#). By (8), this
yields M(−L)# = −ML# , endowed with the same homomorphism φ# on H1(M(−L)#) = H1(ML#).
Hence, if WF = VF ∪ YF endowed with Φ: π1(WF ) ≃→ Zµ is an oriented 4-manifold over Zµ that
can be used to define σL, then the oriented manifold −WF = −VF ∪−YF endowed with the same Φ
on π1(−WF ) = π1(WF ) can be used to define σ−L. By Remark 2.2(ii), we now have

σ−L(ω) = σω(−WF ) = −σω(WF ) = −σL(ω)

for all ω ∈ Tµ. □

2.4. The Novikov-Wall theorem. In this final background section, we recall the Novikov-Wall
theorem [50] and present an algebraic lemma, both of which are needed in the proof of Theorem 5.2.

Let W be an oriented compact 4-manifold, and let X0 be an oriented compact 3-manifold
properly embedded in W . Assume that X0 splits W into two manifolds W− and W+, with W−
such that the induced orientation on its boundary restricted to X0 ⊂ ∂W− coincides with the
given orientation of X0. For ε = ±, let Xε denote the 3-manifold ∂Wε \ int(X0) endowed with the
orientation so that ∂W− = (−X−) ∪ X0 and ∂W+ = (−X0) ∪ X+, see Figure 3. Note that the
orientations of X0, X− and X+ induce the same orientation on the surface Σ := ∂X0 = ∂X− =
∂X+. We will use this orientation to define the (twisted) intersection form on this surface.

Assume that W is endowed with a homomorphism ψ : π1(W ) → Zµ. As described in Exam-
ple 2.1(ii), any ω ∈ Tµ induces twisted coefficients Cω on the homology of W . Precomposing ψ
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with inclusion induced homomorphisms, we also get twisted coefficients on the homology of sub-
manifolds of W , coefficients that we denote by Cω as well. Note however that these submanifolds
need not be connected, so one needs to be careful of the meaning of these twisted homology spaces;
in the terminology of [22, Chapter 240], these are so-called internal twisted homology spaces. The
point is that the long exact sequence of the pair (Xε,Σ) holds for any ε ∈ {−, 0,+}. Using this
exact sequence together with Poincaré-Lefschetz duality [22, Theorem 243.1] and the Universal Co-
efficient Theorem in the form of [14, Proposition 2.3], one easily checks that for any ε ∈ {−, 0,+},
the kernel Lε of the inclusion induced homomorphism H1(Σ; Cω) → H1(Xε; Cω) is a Lagrangian
subspace of (H1(Σ; Cω), · ), where (a, b) 7→ a · b denotes the (non-degenerate and skew-Hermitian)
twisted intersection form on H1(Σ; Cω).

Given three Lagrangian subspaces L−,L0,L+ of a finite-dimensional complex vector space H
endowed with a non-degenerate skew-Hermitian form (a, b) 7→ a · b, the associated Maslov index is
the integer

Maslov(L−,L0,L+) = sign(f) ,

where f is the following Hermitian form on (L− + L0) ∩ L+. Given a, b ∈ (L− + L0) ∩ L+,
write a = a− + a0 with a− ∈ L− and a0 ∈ L0 and set f(a, b) := a0 · b.

The Novikov-Wall theorem states that, in the setting above and for any ω ∈ Tµ, we have the
equality

(9) signω(W ) = signω(W−) + signω(W+) + Maslov(L−,L0,L+) .

Note that this theorem was originally stated and proved by Wall [50] in the untwisted case, but
the proof readily extends. Note also that the above version follows the conventions of [48, Chap-
ter IV.3], which slightly differ from the original ones.

In addition to the Novikov-Wall theorem, we shall also need the following algebraic lemma.

Lemma 2.7. Let ϕ : (H, · ) → (H ′, ·′ ) be an isometry between vector spaces endowed with non-
degenerate skew-Hermitian forms, and let V−, V+ ⊂ H be Lagrangians. Then, the three subspaces
of H ⊕H ′ given by

L− := V− ⊕ ϕ(V−) , L0 := {(x,−ϕ(x)) | x ∈ H} , and L+ := V+ ⊕ ϕ(V+)

are Lagrangians with respect to the non-degenerate skew-Hermitian form (x, x′)•(y, y′) = x·y−x′·′y′

on H ⊕H ′. Furthermore, they satisfy Maslov(L−,L0,L+) = 0.

Proof. To show that L− is a Lagrangian subspace of (H ⊕H ′, •), consider elements (x−, ϕ(y−))
and (w−, ϕ(z−)) of L−, with x−, y−, w−, z− ∈ V−. Since ϕ is an isometry and V− is an isotropic
subspace of (H, · ), we have

(x−, ϕ(y−)) • (w−, ϕ(z−)) = x− · w− − ϕ(y−) ·′ ϕ(z−) = x− · w− − y− · z− = 0− 0 = 0 ,

showing that L− is isotropic. Since dim(L−) = 2 dim(V−) = dim(H) = 1
2 dim(H ⊕H ′) and the

form • is non-degenerate, it follows that L− is Lagrangian. The proof for L+ is identical. To
check that L0 is Lagrangian, fix elements (x,−ϕ(x)) and (y,−ϕ(y)) of L0, with x, y ∈ H. Since ϕ
is an isometry, we have

(x,−ϕ(x)) • (y,−ϕ(y)) = x · y − ϕ(x) ·′ ϕ(y) = 0 ,

implying that L0 is Lagrangian since its dimension is half that of H ⊕H ′.
Recall that Maslov(L−,L0,L+) is the signature of the form f on (L− + L0) ∩ L+ defined

by f(a, b) = a0 • b for a = a− + a0 ∈ (L− + L0) ∩ L+ with a− ∈ L− and a0 ∈ L0. We will
now show that this form f is identically zero, implying the statement. An element a = a− + a0 as
above is of the form a = (x+, ϕ(y+)) ∈ L+ with x+, y+ ∈ V+, and there exist x−, y− ∈ V− such
that a− := (x−, ϕ(y−)) ∈ L− satisfies a0 := a− a− ∈ L0. Hence, there exists x ∈ H such that

a0 = a+ − a− = (x+ − x−, ϕ(y+ − y−)) = (x,−ϕ(x)) .

Therefore, we have x = x+−x− = y−−y+, leading to x− +y− = x+ +y+ ∈ V−∩V+. Similarly, an
element b ∈ (L− +L0)∩L+ is given by b = (w+, ϕ(z+)) with w+, z+ ∈ V+ and w+ +z+ ∈ V−∩V+.
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Hence, we have
f(a, b) = a0 • b = (x+ − x−,−ϕ(x+ − x−)) • (w+, ϕ(z+)) = (x+ − x−) · w+ + ϕ(x+ − x−) ·′ ϕ(z+)

= (x+ − x−) · w+ + (x+ − x−) · z+ = x+ · w+︸ ︷︷ ︸
=0

+x+ · z+︸ ︷︷ ︸
=0

− x−︸︷︷︸
∈V−

· (w+ + z+)︸ ︷︷ ︸
∈V−

= 0 ,

where we used the facts that ϕ is an isometry and that V−, V+ are isotropic. □

3. multivariable Hosokawa polynomials

The aim of this section is to show that the manifold ML yields renormalizations of the Alexander
module and polynomial of a colored link, and to compute this renormalized polynomial explicitly.
As we shall see, the result can be understood as a multivariable generalization of the Hosokawa
polynomial defined in [26]. This polynomial will play a crucial role in the understanding of the
extended signatures, see Theorem 4.1.

We start with the definitions of these objects. Let L = L1∪· · ·∪Lµ be a µ-colored link. As usual,
we denote by XL its exterior, and by φX : π1(X) → Zµ the (surjective) homomorphism defined
by φX([γ]) = (lk(γ, Li))i. By Example 2.1(i), one can consider the associated Λ-module H1(XL; Λ),
which is called the Alexander module of the colored link L. Note that, by the discussion in this
same example, this module can also be defined as the untwisted homology of the Zµ-cover of XL

associated to the homomorphism φX . The Alexander polynomial of the colored link L is a greatest
common divisor ∆L ∈ Λ of the first elementary ideal of H1(XL; Λ). Obviously, it is only well-
defined up to multiplication by units of Λ, i.e. a sign and powers of the ti’s. We will write ∆ ·= ∆′

for an equality in Λ up to multiplication by units.
By [9, Lemma 2.11], the homomorphism φX extends to φ : π1(ML) → Zµ, allowing us to play

the same game with the closed 3-manifold ML = XL ∪∂ −PL.

Definition 3.1. The Hosokawa polynomial of L is a greatest common divisor ∆̃L ∈ Λ of the first
elementary ideal of the Λ-module A (L) := H1(ML; Λ).

Several remarks are in order.

Remarks 3.2. (i) In general, the Λ-module A (L) := H1(ML; Λ) might depend on the choice of
the meridional homomorphism φ : H1(ML) → Zµ. However, the Hosokawa polynomial does
not, as we shall see in Proposition 3.3 below.

(ii) If L = K is a knot, then ML is the 0-surgery on K (recall Example 2.3(i)). In that case,
the Mayer-Vietoris associated with the decomposition ML = XL ∪ −PL easily yields an
isomorphism between the classical Alexander module H1(XL; Λ) and the renormalized ver-
sion A (L) = H1(ML; Λ). (This will be a special case of computations performed in detail
below, see Remark 3.4(i).) In particular, we have the equality ∆̃K

·= ∆K for knots, and
nothing new happens in this case.

(iii) Consider the localized ring
ΛS := Z[t±1

1 , . . . , t±1
µ , (t1 − 1)−1, . . . , (tµ − 1)−1] .

Composing the ring homomorphism Z[π]→ Λ from Example 2.1(i) with the inclusion Λ→ ΛS ,
one can consider twisted homology groups H∗(ML; ΛS), and similarly for the spaces PL, XL

and their intersection ∂XL. (This latter space is in general not connected, but this is not an
issue, see the proof of Proposition 3.3 below.) It is not difficult to check that the spaces PL

and ∂XL are ΛS-acyclic, meaning that their homology with twisted coefficients in ΛS vanish.
By the Mayer-Vietoris exact sequence for ML = XL ∪ PL, we get an isomorphism

H1(XL; ΛS) ≃ H1(ML; ΛS) .
Therefore, nothing new happens with coefficients in ΛS either. For the study of extended
signatures however, it is crucial to work over the ring Λ, and not over its localization ΛS .

(iv) The ring ΛS being a localization of Λ, it is a flat Λ-module. Therefore, the isomorphism
displayed above can be expressed as A (L)⊗Λ ΛS ≃ H1(XL; Λ)⊗ ΛS . As a consequence, the
Alexander polynomials ∆̃L and ∆L coincide up to multiplication by units of ΛS , i.e. by units
of Λ and powers of (ti − 1)−1. The main result of this section is an explicit computation of
these powers, that we now present.
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Given a µ-colored link L = L1 ∪ · · · ∪ Lµ, let us denote by |L| the number of components of L,
and similarly by |Li| the number of components of Li.

Proposition 3.3. For any µ-colored link L, we have

∆̃L(t) ·= ∆L(t)
(t− 1)|L|−1

if µ = 1, and

∆̃L(t1, . . . , tµ) ·=
µ∏

i=1
(ti − 1)νi∆L(t1, . . . , tµ) with νi =

( ∑
K⊂Li

K′⊂L\Li

| lk(K,K ′)|
)
− |Li|

if µ > 1.

We give two disclaimers before starting the proof. First, let us point out that we do not claim
much originality here, as this proof uses standard techniques, and variations on parts of it can be
found in the literature (see e.g. the proof of [3, Lemma 3.3]). Also, these standard techniques
being well-known to the experts but rather numerous and sometimes cumbersome, we take the
liberty not to recall them in a comprehensive background section, but to use them directly in the
proof with appropriate references.

Proof of Proposition 3.3. The main idea is to compute the Λ-modules appearing in the Mayer-
Vietoris exact sequence in twisted homology associated to the decomposition ML = XL ∪PL, and
to use Levine’s classical result [29, Lemma 5] which allows to relate the greatest common divisors
of first elementary ideals of modules in an exact sequence.

The first step in this plan yields a subtlety: the spaces PL and XL∩PL = ∂ν(L) are in general not
connected, while the homology with twisted coefficients is only defined for connected spaces. The
idea is to use the fact that these homology modules can also be computed via untwisted homology
of covering spaces (recall Example 2.1(i)), and to apply the Mayer-Vietoris exact sequence with
untwisted coefficients to these covering spaces. More formally, we shall rely on [22, Chapter 240],
but still use the same notation for our twisted homology modules (even though we are actually
dealing with so-called internal twisted homology). So, by Theorem 240.7 of [22], we have a Mayer-
Vietoris exact sequence of Λ-modules

(10)
H2(∂ν(L); Λ) −→ H2(XL; Λ)⊕H2(PL; Λ) −→ H2(ML; Λ)

−→ H1(∂ν(L); Λ) −→ H1(XL; Λ)⊕H1(PL; Λ) −→ A (L)
−→ H0(∂ν(L); Λ) −→ H0(XL; Λ)⊕H0(PL; Λ) −→ H0(ML; Λ) −→ 0 .

We start by computing the Λ-modules H∗(∂ν(L); Λ). Let us point out once again that these
are in general not twisted homology modules stricto sensu, but that they should be understood
as H∗(p−1(∂ν(L)), with p : X̃φ

L → XL the Zµ-cover corresponding to the group homomorphism

φ : π1(XL) −→ ⟨t1, . . . , tµ⟩ , [γ] 7−→
µ∏

i=1
t
lk(γ,Li)
i ,

where Zµ is now denoted multiplicatively. (We could have used the Zµ-cover of ML instead.)
We start with the obvious decomposition H∗(p−1(∂ν(L)) =

⊕
K⊂L H∗(p−1(∂ν(K)). For each

component K of L, the torus ∂ν(K) lifts to p−1(∂ν(K)) which consists in disjoint copies of cylinders
if φ(ℓK) = 1, and of planes otherwise. This implies

(11) H2(∂ν(L); Λ) = 0

and

(12) H1(∂ν(L); Λ) =
⊕
K⊂L

H1(p−1(∂ν(K)) ≃
⊕
K⊂L

φ(ℓK )=1

Λ/(φ(mK)− 1) .

Furthermore, a straightforward computation using the definition of twisted homology yields

(13) H0(∂ν(L); Λ) =
⊕
K⊂L

H0(∂ν(K); Λ) ≃
⊕
K⊂L

Λ/(φ(mK)− 1, φ(ℓK)− 1) .
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Let us go back to the exact sequence (10), and first assume that ∆L vanishes. This implies
that the rank of H1(XL; Λ), i.e. the dimension of H1(XL; Λ) ⊗Λ Q, is positive, where Q = Q(Λ)
stands for the quotient field of Λ. The Λ-module Q being flat, the sequence (10) remains exact
when tensored by Q. From the equalities (11)–(13) above, the Q-vector spaces H∗(∂ν(L); Λ)⊗Λ Q
vanish. Furthermore, one can check that H1(PL; Λ) ⊗ Q ≃ H1(PL;Q) = 0, see the proof of [3,
Lemma 3.3]. (This also follows from computations below.) Therefore, we get an isomorphism

H1(XL; Λ)⊗Λ Q ≃ A (L)⊗Λ Q .

As a consequence, the rank of A (L) is positive, implying ∆̃L = 0, and the proposition holds.
From now on, we assume ∆L ̸= 0, which by the isomorphism above is equivalent to ∆̃L ̸= 0.

Given a finitely presented Λ-module H, let ∆H ∈ Λ denote a greatest common divisor of its first
elementary ideal (see e.g [32, Chapter 6]). Note that by (12) and (13), we have

(14) ∆H1(∂ν(L);Λ)
·=

∏
K⊂L

φ(ℓK)=1

(φ(mK)− 1) ·= ∆H0(∂ν(L);Λ) .

By a recursive use of [29, Lemma 5] (see also [28, Lemma 7.2.7] for a more recent proof) applied
to (10) together with (11) and (14), we have the following equality in Λ:

∆H2(XL;Λ) ∆H2(PL;Λ) ∆̃L ∆H0(XL;Λ) ∆H0(PL;Λ)
·= ∆H2(ML;Λ) ∆L ∆H1(PL;Λ) ∆H0(ML;Λ) .

Since XL and ML are both connected, we have
H0(XL; Λ) ≃ H0(ML; Λ) ≃ Λ/(t1 − 1, . . . , tµ − 1) .

Also, one easily checks the well-known fact that H2(XL; Λ) = 0 if ∆L ̸= 0. Indeed, since XL has
the homotopy type of a 2-dimensional complex, the Λ-module H2(XL; Λ) is torsion free. On the
other hand, as H0(XL; Λ) ≃ Z is torsion and H1(XL; Λ) is torsion since ∆L ̸= 0, we have 0 =
χ(XL) = dimH2(XL;Q) = dimH2(XL; Λ) ⊗Λ Q so H2(XL; Λ) is torsion. This Λ-module being
torsion free and torsion, it is trivial as claimed. We now get

(15) ∆H2(PL;Λ) ∆̃L ∆H0(PL;Λ)
·= ∆H2(ML;Λ) ∆L ∆H1(PL;Λ) .

Since ML is a closed oriented 3-manifold, we can apply Poincaré duality with twisted coefficients
(see [22, Theorem 243.1]), yielding an isomorphism H2(ML; Λ) ≃ H1(ML; Λ). Furthermore, by the
Universal Coefficient Spectral Sequence [31, Theorem 2.3] applied to the cellular chain complex
of Λ-modules C∗(M̃φ

L ), we have an exact sequence
0 −→ Ext1

Λ(H0(ML; Λ),Λ) −→ H1(ML; Λ) −→ HomΛ(H1(ML; Λ),Λ) .
(Here, we used Propositions 239.2 and 239.6 of [22] to compute the twisted homology and coho-
mology of ML via its cover M̃φ

L .) The Λ-module A (L) = H1(ML; Λ) is torsion since ∆̃L ̸= 0,
so HomΛ(H1(ML; Λ),Λ) vanishes, implying

H1(ML; Λ) ≃ Ext1
Λ(H0(ML; Λ),Λ) ≃ Ext1

Λ(Z,Λ)
since ML is connected. The definition of group cohomology and its identification with cohomology
of the Eilenberg-MacLane space (see e.g. [5, Chapter I, Proposition 4.2]) implies

Ext1
Λ(Z,Λ) = Ext1

Z[Zµ](Z,Λ) = H1(Zµ; Λ) = H1(Tµ; Λ) .
Finally, Poincaré duality and the definition of twisted homology yields

H1(Tµ; Λ) ≃ Hµ−1(Tµ; Λ) = Hµ−1(Rµ) ,
and we obtain

(16) H2(ML; Λ) ≃
{

Λ/(t− 1), if µ = 1;
0, else.

We finally come to the computation of the internal twisted homology modules H∗(PL; Λ), i.e.
of the Λ-modules H∗(p−1(PL)), where p : M̃L → ML denotes the Zµ-cover corresponding to the
meridional homomorphism φ : π1(ML)→ ⟨t1, . . . , tµ⟩. (Once again, we denote Zµ multiplicatively.)
Throughout this part of the proof, we will use the notation Ỹ := p−1(Y ) for any subspace Y ⊂ML.
Recall that PL is constructed by gluing together 3-manifolds D◦

K×S1 indexed by components K ⊂
L along tori Te indexed by edges e of the graph ΓL (see Section 2.2). Our main tool is the following
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exact sequence, which appears (in a slightly different form, with twisted Q-coefficients) in the proof
of [3, Lemma 3.3], and (with untwisted real coefficients) in the proof of [14, Lemma 4.7]. Consider
the exact sequence of cellular chain complexes

0 −→
⊕

e

C∗(T̃e) −→
⊕
K⊂L

C∗( ˜D◦
K × S1) −→ C∗(P̃L) −→ 0 ,

where the first map sends a cell in T̃e to the difference of the corresponding cells in ˜D◦
K × S1 and

in ˜D◦
K′ × S1 if e links K and K ′. This induces a long exact sequence of Λ-modules⊕
K⊂L

H2( ˜D◦
K × S1) −→H2(P̃L) −→

⊕
e

H1(T̃e) −→
⊕
K⊂L

H1( ˜D◦
K × S1)

−→H1(P̃L) −→
⊕

e

H0(T̃e) −→
⊕
K⊂L

H0( ˜D◦
K × S1) −→ H0(P̃L) −→ 0 .

Since the homomorphism φ maps [∗i × S1] to ti for any ∗i ∈ DK with K ⊂ Li while D◦
K retracts

to a wedge of circles, we have H2( ˜D◦
K × S1) = 0 for all K. Also, since φ maps the meridian

and longitude of Te to ti and tj if e links components of colors i and j, we have H1(T̃e) = 0
and H0(T̃e) ≃ Λ/(ti − 1, tj − 1) for all e. As a consequence, we obtain

(17) H2(PL; Λ) = H2(P̃L) = 0 .
Applying once again Levine’s [29, Lemma 5] to the resulting exact sequence of Λ-modules

0→
⊕
K⊂L

H1( ˜D◦
K × S1)→ H1(P̃L)→

⊕
e

H0(T̃e)→
⊕
K⊂L

H0( ˜D◦
K × S1)→ H0(P̃L)→ 0 ,

and using the fact that ∆
H0(T̃e)

·= 1 since edges of ΓL link components of different colors, we get

(18) ∆H0(PL;Λ)
∏

K⊂L

∆
H1(D̃◦

K
×S1)

·= ∆H1(PL;Λ)
∏

K⊂L

∆
H0(D̃◦

K
×S1)

Equations (15), (17) and (18) now yield

(19) ∆̃L

∏
K⊂L

∆
H0(D̃◦

K
×S1)

·= ∆H2(ML;Λ) ∆L

∏
K⊂L

∆
H1(D̃◦

K
×S1) .

Note that D◦
K deformation retracts onto a wedge of

∑
K′⊂L | lk(K,K ′)| circles, the sum being over

all K ′ of color different from the color of K. It is not very difficult to compute the corresponding
twisted homology modules. Alternatively, and following [3], one can make a small detour through
Reidemeister torsion and use the existing literature on the topic: by [47, Theorem 4.7] and [39,
Example 2.7], we have

(20)
∆

H1(D̃◦
K

×S1)

∆
H0(D̃◦

K
×S1)

·= (φ(mK)− 1)−χ(D◦
K ) ,

an equality in the field of fractions Q up to multiplication by units of Λ. (Note that this tool could
also have been used to obtain the equality (14).) In the case µ = 1, Equations (16), (19) and (20)
imply

∆̃L = (t− 1)
∏

K⊂L

(φ(mK)− 1)−1∆L = ∆L

(t− 1)|L|−1

while in the case µ > 1, they yield

∆̃L =
∏

K⊂L

(φ(mK)− 1)−χ(D◦
K) ∆L =

µ∏
i=1

(ti − 1)νi ∆L

with

νi =
∑

K⊂Li

−χ(D◦
K) =

∑
K⊂Li

( ∑
K′⊂L\Li

| lk(K,K ′)|
)
− 1

 =
( ∑

K⊂Li

K′⊂L\Li

| lk(K,K ′)|
)
− |Li| .

This concludes the proof. □
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We end this section with a number of remarks: the first one pertains to the Alexander modules,
the remaining four to the Alexander polynomials.

Remarks 3.4. (i) In the µ = 1 case with ∆L ̸= 0, the Mayer-Vietoris exact sequence (10) takes
the simple form

0 −→ Λ/(t− 1) −→
⊕
K⊂L

(Λ/(t− 1)) [ℓK ] −→ H1(XL; Λ) −→ A (L) −→ 0 ,

with the first homomorphism mapping a generator to
∑

K⊂L[ℓK ]. Thus, we have an iso-
morphism A (L) ≃ H1(XL; Λ)/ ⟨[ℓK ] | K ⊂ L⟩ which boils down to the aforementioned iso-
morphism A (L) ≃ H1(XL; Λ) in the case of knots (recall Remark 3.2(ii)). However, in the
general case of µ > 1, there does not seem to be any straightforward relation between the
modules A (L) and H1(XL; Λ).

(ii) Since the (multivariable) Alexander polynomial admits a natural normalisation in the form
of the Conway function ∇L [15, 23], it is possible to give a well-defined representative of ∆̃L

in the ring Z[t±1/2
1 , . . . , t

±1/2
µ ] via

∆̃L(t) := ∇L(t1/2)
(t1/2 − t−1/2)|L|−2

if µ = 1, and

∆̃L(t1, . . . , tµ) :=
µ∏

i=1
(t1/2

i − t−1/2
i )νi ∇L(t1/2

1 , . . . , t1/2
µ )

if µ > 1. Most probably, this renormalized version of ∆̃L can be constructed using Turaev’s
sign-refined Reidemeister torsion [46] of the manifold ML, but we shall not attempt to do so.

(iii) In the case µ = 1, the renormalized Alexander polynomial

∆̃L(t) ·= ∆L(t)
(t− 1)|L|−1

·= ∆L(t, . . . , t)
(t− 1)|L|−2

is nothing but the Hosokawa polynomial defined in [26], hence the terminology. (Hosokawa
used the notation ∇, which we avoid to prevent confusion with the Conway function.)

(iv) In the case µ = 1, Hosokawa showed that ∆̃L ∈ Z[t, t−1] is a symmetric polynomial of even
degree with ±∆̃L(1) equal to the determinant of the reduced linking matrix of L. The sym-
metry property obviously carries over to the case µ > 1. Also, using the Universal Coefficient
Spectral Sequence, it is possible to give a homological interpretation of ∆̃L(1, . . . , 1) in terms
of the renormalized Alexander module A (L). However, it does not seem to admit a simple
formulation. In particular, it is not determined by the linking numbers, since any symmet-
ric polynomial in Z[t±1/2

1 , t
±1/2
2 ] can be realised as the 2-variable Hosokawa polynomial of

a 2-component link with vanishing linking number (see e.g. [40]).
(v) In the case µ = 1, Hosokawa also showed that any symmetric polynomial can be realised as

the Hosokawa polynomial of an oriented link of any given number of components. In general,
the algebraic characterisation of the multivariable Hosokawa polynomial boils down to the
corresponding question for the multivariable Alexander polynomial, aka Problem 2 in Fox’s
list [21], a notoriously difficult question (see e.g. [40] and references therein).

4. Piecewise continuity of the signature

The aim of this section is to show that the behavior of the extended signature and nullity of a
colored link L is strongly related to the renormalized Alexander module A (L). In particular, we
will see that the extended signature is constant on the connected components of the complement
of the zeros of the Hosokawa polynomial.

Let Er(L) ⊂ Λ be the rth-elementary ideal of the renormalized Alexander module A (L), i.e. the
ideal generated by the (m− r+ 1)× (m− r+ 1)-minors of a presentation matrix of A (L) with m
generators and n relations, where we assume n ≥ m. By convention, we set Er(L) = 0 for r ≤ 0
and Er(L) = Λ for r > m.
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Theorem 4.1. The algebraic subsets

Σr(L) := {ω ∈ Tµ \ {(1, . . . , 1)} | p(ω) = 0 for all p ∈ Er(L)}

form a filtration of the pointed torus

Tµ \ {(1, . . . , 1)} = Σ0(L) ⊃ Σ1(L) ⊃ · · · ⊃ Σℓ(L) = ∅

such that for all r, the signature σL is constant on the connected components of Σr(L) \Σr+1(L).
Moreover, the nullity ηL(ω) is equal to r for ω ∈ Σr(L)\Σr+1(L) as long as at most two coordinates
of ω are equal to 1. Finally, if µ = 1, then these facts hold on the full circle T1 = S1.

Of course, an analogous result is known for non-extended signatures, see [8, Theorem 4.1]. Let
us also emphasize that the proof of Theorem 4.1 heavily relies on the homological computations
from [9, Appendix B].

Proof. Let L be an arbitrary µ-colored link. As in Section 2.3, let φ : H1(ML)→ Zµ be a meridional
homomorphism on the generalized Seifert surgery on L, thus defining integers µL ∈ Z(µ

3) and the
auxiliary link L# via (5). The map φ extends to φ# : H1(ML#)→ Zµ, and there exists a compact
oriented 4-manifold W endowed with an isomorphism Φ: π1(W ) ≃→ Zµ such that ∂W = ML#

and Φ extends φ#. By definition, we have σL(ω) = σω(W ) while

ηL(ω) = ηω(W )−
∑

i<j<k

|µL(ijk)| − 2
∑

i<j<k

ωi=ωj=ωk=1

|µL(ijk)| .

Note in particular that as long as at most two coordinates of ω are equal to 1, we have the
equality ηL(ω) = ηω(W )− |µL|, where |µL| stands for

∑
i<j<k |µL(ijk)|.

In order to prove the statement, it will be convenient to work with coefficients in the extended
ring ΛC := Λ ⊗Z C = C[t±1

1 , . . . , t±1
µ ]. Note that this change is irrelevant to the result, since

we are only interested in vanishing sets of polynomials. Moreover, for any j ∈ {1, . . . , µ}, we
set ΛC

j := ΛC[(tj − 1)−1] to be the localized ring obtained by adjoining the inverse of tj − 1 to ΛC.
First note that since W satisfies π1(W ) ≃ Zµ, we have H1(W ; ΛC) = 0. Furthermore, from the

proof of [9, Lemma B.1], we know that the intersection form on H2(W ; ΛC
j ) can be represented by

a matrix which can in turn be used for computing the intersection form on H2(W ; Cω). The main
goal of the proof will thus be to relate a presentation matrix for A (L) with a matrix representing
the intersection form on H2(W ; ΛC

j ). For this purpose, we need the following fact, whose proof is a
standard application of the Universal Coefficient Spectral Sequence (in the following, abbreviated
UCSS) [31, Theorem 2.3]: we claim that H2(W,ML# ; ΛC

j ) is a free ΛC
j -module for all j ∈ {1, . . . , µ}.

Indeed, we have the Poincaré-Lefschetz duality isomorphism H2(W,ML# ; ΛC
j ) ∼= H2(W ; ΛC

j ).
By the UCSS applied to the (cellular) chain complex of the universal cover of W , we have a
spectral sequence

Ep,q
2 = Extq

ΛC(Hp(W ; ΛC),ΛC
j ) =⇒ Hp+q(W ; ΛC

j )
with differentials of bidegree (1− r, r). Morerover, since ΛC

j is a flat ΛC-module (being constructed
by localization), by change of rings for Ext (see e.g. [25, Chapter IV, Proposition 12.2]), we have

Extq
ΛC(Hp(W ; ΛC),ΛC

j ) ∼= Extq

ΛC
j

(Hp(W ; ΛC)⊗ΛC ΛC
j ,ΛC

j ) ∼= Extq

ΛC
j

(Hp(W ; ΛC
j ),ΛC

j ) ,

where in the second isomorphism we use the fact that ΛC
j is flat over ΛC. Now, by [9, Lemma B.8],

the module Hp(W ; ΛC
j ) vanishes if p ̸= 2, so Ep,q

2 = 0 if p ̸= 2. For all n, the UCSS then yields the
isomorphism Hn(W ; ΛC

j ) ∼= Extn−2
ΛC

j

(H2(W ; ΛC
j ),ΛC

j ), and in particular

H2(W ; ΛC
j ) ∼= Ext0

ΛC
j
(H2(W ; ΛC

j ),ΛC
j ) ∼= HomΛC

j
(H2(W ; ΛC

j ),ΛC
j ) .

Since H2(W ; ΛC
j ) is a free ΛC

j -module by [9, Lemma B.7], we can conclude that the ΛC
j -module

H2(W,ML# ; ΛC
j ) ∼= H2(W ; ΛC

j ) is free as well, which proves the claim.
Therefore, since H2(W ; ΛC

j ) and H2(W,ML# ; ΛC
j ) are both free of the same rank and H1(W ; ΛC

j )
vanishes, the long exact sequence of the pair gives a presentation

H2(W ; ΛC
j ) i∗−→ H2(W,ML# ; ΛC

j ) −→ H1(ML# ; ΛC
j ) −→ 0



EXTENDED SIGNATURES AND LINK CONCORDANCE 15

of H1(ML# ; ΛC
j ). Let Aj be a (square) matrix representing i∗ in the above presentation. Recall

also that the intersection form on H2(W ; ΛC
j ) is defined by

H2(W ; ΛC
j ) i∗−→ H2(W,ML# ; ΛC

j ) PD−→ H2(W ; ΛC
j ) ev−→ HomΛC

j
(H2(W ; ΛC

j ),ΛC
j ) ,

where second map is the Poincaré duality isomorphism and the third is the evaluation isomorphism
arising from the UCSS, as explained above. Let Hj be a matrix representing the intersection
form on H2(W ; ΛC

j ). By naturality of the intersection form [9, Lemma B.5], for any ω ∈ Tµ

with ωj ̸= 1, the intersection form on H2(W ; Cω) is represented by Hj(ω), and similarly, the
map i∗ : H2(W ; Cω) −→ H2(W,ML# ; Cω) is represented by Aj(ω).

To conclude, take ω ∈ Tµ \ {1, . . . , 1} and choose a j ∈ {1, . . . , µ} such that ωj ̸= 1. Let n
denote rankC H2(W ; Cω) = rankΛC

j
H2(W ; ΛC

j ): once again, the equality follows from the UCSS,
as explained in the proof of [9, Lemma B.1]. Then, for any r ≥ 0,

ηω(W ) = null(Hj(ω)) ≥ r ⇐⇒ rankHj(ω) ≤ n− r ⇐⇒ rankAj(ω) ≤ n− r
⇐⇒ all (n− r + 1)-minors of Aj(ω) vanish
⇐⇒ p(ω) = 0 for all p ∈ Er(Aj).

Since Aj is a presentation matrix of H1(ML# ; ΛC
j ) ∼= A (L#)⊗Λ ΛC

j , it follows that

(21)
ηω(W ) ≥ r ⇐⇒ p(ω) = 0 for all p ∈ Er(A (L#)⊗Λ ΛC

j )
⇐⇒ p(ω) = 0 for all p ∈ Er(L#) ⇐⇒ ω ∈ Σr(L#) .

Thus, the nullity ηω(W ) = null(Hj(ω)) is constant equal to r on Σr(L#) \ Σr+1(L#). Since the
signature σL(ω) = sign(Hj(ω)) can only change value when the nullity ηω(W ) = null(Hj(ω))
changes value, we deduce that σL is constant on the connected components of Σr(L#)\Σr+1(L#).

To conclude the proof, we now show the equality

(22) Σr(L#) = Σr−|µL|(L) ⊂ Tµ \ {(1, . . . , 1)}

for all r ≥ 0. To do so, we can assume µ ≥ 3, as L# = L and |µL| = 0 otherwise. Clearly, it is
enough check that if L# is given by the distant sum of L with one copy of a 3-colored (and arbitrarily
oriented) Borromean ring B, then we have the equality Σr(L#) = Σr−1(L) in Tµ \ {(1, . . . , 1)}, as
the general case can be recovered inductively. By construction, the manifold ML# is then given
by the connected sum of ML with MB , which by Example 2.3(i) is the 3-torus endowed with
the homomorphism H1(S1 × S1 × S1) → Zµ determined by the orientations and colors of the
components of B. A straighforward Mayer-Vietoris argument (using Theorem 240.7 of [22] as in
the proof of Proposition 3.3) yields the exact sequence

0 −→ A (L) −→ A (L#) −→ Λ ε−→ Z −→ 0 ,

where ε is the augmentation homomorphism defined by ε(p) = p(1, . . . , 1). By [43], we have the
inclusions

Er−1(L) ·K µ−1 ⊂ Er(L#) and Er(L#) ·K (µ−1
2 ) ⊂ Er−1(L) ,

where K stands for the augmentation ideal Ker(ε). Now, assume that ω ∈ Tµ\{(1, . . . , 1)} belongs
to Σr(L#). By definition, we have p#(ω) = 0 for all p# ∈ Er(L#); by the first inclusion displayed
above, we have in particular p(ω)q(ω)µ−1 = 0 for all p ∈ Er−1(L) and all q ∈ K . Fixing an
arbitrary p ∈ Er−1(L), we either have p(ω) = 0, or q(ω) = 0 for all q ∈ K . The latter is excluded,
since any ω ̸= (1, . . . , 1) admits a polynomial q = ti−1 ∈ K such that q(ω) ̸= 0. As we explicitely
excluded the value ω = (1, . . . , 1), we have p(ω) = 0. Therefore, the element ω belongs to Σr−1(L),
and the inclusion Σr(L#) ⊂ Σr−1(L) is checked. The reverse inclusion can be verified in the same
way using the second inclusion diplayed above.

Recall that we have the equality ηL(ω) = ηω(W )− |µL| as long as at most two coordinates of ω
are equal to 1. Therefore, by (21) and (22), the nullity ηL(ω) is constant equal to r on Σr \ Σr+1
as long as this condition is satisfied.

Let us finally assume that µ = 1. Since ΛC = C[t±1
1 ] is a PID, the Universal Coefficient

Theorem directly implies that H2(W ; ΛC) is free. All the arguments above go through directly
without needing to work in the localized rings ΛC

j (compare with the proof of [9, Lemma B.1]).
Therefore, the result holds on the full circle T1. □
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Figure 4. The Hopf link, the Whitehead link, the torus link T (2, 4), and the Borromean
rings. (Images from LinkInfo [33].)

Theorem 4.1 and Proposition 3.3 directly imply the following corollaries, which deal with the
µ = 1 and µ > 1 cases, respectively.
Corollary 4.2. The extended Levine-Tristram signature σL : S1 → Z of an oriented link L is
constant on the connected components of the complement of the zeros of the Hosokawa polyno-
mial ∆̃L(t) = ∆L(t)

(t−1)|L|−1 . □

In particular, if (t − 1)|L| does not divide ∆L in Λ, then limω→1 σL(ω) is equal to σL(1), the
signature of the linking matrix of L. This is the main result of [4] (see also [9]).

Examples 4.3. (i) If L = K is a knot, then ∆̃K
·= ∆K satisfies ∆K(1) = ±1, leading to the

well-known and easy fact that limω→1 σK(ω) = σK(1) = 0.
(ii) The (1-colored, positive) Hopf link has Alexander polynomial ∆L

·= t − 1, hence Hosokawa
polynomial ∆̃L

·= 1 and constant signature σL : S1 → Z (equal to −1).
Corollary 4.4. The extended signature σL : Tµ \{(1, . . . , 1)} → Z of a µ-colored link L with µ > 1
is constant on the connected components of the complement of the zeros of the Hosokawa polynomial
∆̃L(t1, . . . , tµ) ·=

∏µ
i=1(ti − 1)νi∆L(t1, . . . , tµ), where νi =

( ∑
K⊂Li

K′⊂L\Li

| lk(K,K ′)|
)
− |Li|. □

Note the simple form of this polynomial in case of a 2-colored 2-component link L = K1 ∪K2,
namely

∆̃L(t1, t2) ·= [(t1 − 1)(t2 − 1)]| lk(K1,K2)|−1 ∆L(t1, t2) .

Let us illustrate this corollary with several concrete examples of links, all drawn in Figure 4.
Examples 4.5. (i) The (positive or negative) 2-colored Hopf link has linking number ±1 and

Alexander polynomial 1, hence Hosokawa polynomial 1 as well. By Theorem 4.1, its signature
is constant (equal to 0) on T2 \ {(1, 1)}. This is coherent with the easy computations from [8]
and [9, Theorem 4.6].

(ii) The Whitehead link has linking number 0 and Alexander polynomial (t1 − 1)(t2 − 1), hence
Hosokawa polynomial 1. By Theorem 4.1, its signature is constant (equal to 1) on T2\{(1, 1)}.
This explains the results observed in [9, Example 4.9]. Note however that σL(1, 1) = 0
(as σL(1, 1) only depends on the linking numbers and can easily be seen to vanish for the
trivial link). This shows that in general, Theorem 4.1 does not hold on the full torus Tµ

for µ > 1.
(iii) The torus link T (2, 4) illustrated in Figure 4 (right) has linking number 2 and Alexander

polynomial t1t2 + 1, so its signature is constant on the connected components of the comple-
ment of the zeros of its Hosokawa polynomial (t1 − 1)(t2 − 1)(t1t2 + 1). And indeed, one can
show that the extended signature is equal to

σL(ω1, ω2) = − sgn[Re((ω1 − 1)(ω2 − 1))]
for all (ω1, ω2) ∈ T2 \ {(1, 1)}. (This follows from [8, Example 2.4] for ω1, ω2 ∈ S1 \ {1} and
from [9, Theorem 4.6] for ω1 = 1 or ω2 = 1.) The graph of σL is illustrated below, where T2

is pictured as a square, and the thick black lines correspond to the value 0.
(iv) The (3-colored) Borromean rings have vanishing linking numbers and Alexander polynomial

(t1−1)(t2−1)(t3−1), hence Hosokawa polynomial 1 once again. Therefore, their signature is
constant (equal to 0) on T3 \ {(1, 1, 1)}. This is consistent with the fact that the Borromean
rings are amphicheiral.
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Remark 4.6. Note that in general, the fact that ηL is equal to r on Σr(L) \Σr+1(L) does not hold
on the full pointed torus Tµ \ {(1, . . . , 1)}. For example, consider the 4-colored link L given by the
distant sum of a 3-colored Borromean rings B with a trivial knot U of color 4. Then, the associated
manifold ML is the connected sum of MB = S1 × S1 × S1 and MU = S1 × S2. Since both yield
trivial modules H1(MB ; Λ) = H1(MU ; Λ) = 0, a Mayer-Vietoris argument leads to A (L) ≃ Ker(ε),
the augmentation ideal. As in the proof of (22), this yields Σ1(L) = T4\{(1, 1, 1, 1)} and Σr(L) = ∅
for r > 1. By Theorem 4.1, we have ηL(ω) = 1 as long as at most two coordinates of ω are equal
to 1. However, if ω = (1, 1, 1, ω4) with ω4 ̸= 1, then [9, Proposition 4.6] and a Mayer-Vietoris
argument yield ηL(ω) = dimH1(ML; Cω) = dimH1(MB#MU ; Cω) = 3.

5. Invariance by concordance

The aim of this section is to show that the extended signature and nullity are invariant under
concordance of colored links, a result known to hold for the non-extended versions [14, Corol-
lary 3.13] (see also [8, Theorem 7.1]). We first recall the relevant definition.

Definition 5.1. Two µ-colored links L = L1 ∪ · · · ∪ Lµ and L′ = L′
1 ∪ · · · ∪ L′

µ are said to be
concordant if there exists a collection of embedded locally flat disjoint cylinders in S3 × [0, 1] such
that each cylinder has one boundary component in Li ⊂ S3 × {0} and the other in L′

i ⊂ S3 × {1}
for some i.

We can now state the main result of this section.

Theorem 5.2. If L and L′ are concordant colored links, then σL(ω) = σL′(ω) and ηL(ω) = ηL′(ω)
for all ω ∈ Tµ

! := {ω ∈ Tµ | p(ω) ̸= 0 for all p ∈ Λ such that p(1, . . . , 1) = ±1}.

Note that this definition of Tµ
! is a straighforward extension from (S1 \{1})µ to the full torus Tµ

of [14, Definition 2.14], itself generalizing [38] which corresponds to the case µ = 1. Note also
that Tµ

! is dense in Tµ as it contains the elements whose coordinates are all pn-roots of unity for
some integer n and a common but arbitrary prime p [14, Proposition 2.17].

Let us point out that the authors of [14] prove a stronger statement for the non-extended
signature and nullity, namely their invariance under so-called 0.5-solvable cobordisms. Here, we
show a weaker statement (invariance under concordance) for the extended versions, relying on
some technical lemma of [14] (see also [38, 11]). Therefore, we wish to reiterate the remark stated
after Proposition 3.3: even though the result is new and, as far as we can tell, not obvious, we do
not claim much originality for its proof.

Proof of Theorem 5.2. Let us start with the nullity. For any µ-colored link L, Proposition 4.5 of [9]
states that

ηL(ω) =
{

dimH1(ML; Cω) if ω ̸= (1, . . . , 1);
dimH1(ML; C)− µ if ω = (1, . . . , 1).

Now, consider the Mayer-Vietoris exact sequence for ML = XL ∪ PL; it reads

H1(∂ν(L); Cω)
(i1

j1)
−→ H1(XL; Cω)⊕H1(PL; Cω) −→ H1(ML; Cω)

−→ H0(∂ν(L); Cω)
(i0

j0)
−→ H0(XL; Cω)⊕H0(PL; Cω) .

Note that for any fixed ω ∈ Tµ, the vector spaces H∗(∂ν(L); Cω) and H0(XL; Cω) only depend on
the linking numbers and colors of the components of L. The manifold PL is also determined by
this data. A priori, the vector spaces H∗(PL; Cω) could depend on the choice of the homomor-
phism H1(PL) → Zµ used to define the twisted coefficients, but one can easily check that this is
not the case, see e.g. the proof of [9, Lemma A.2]. Observe that the inclusion induced maps i0, j0
are also determined by this data. Finally, one can check that j1 also only depends on the linking
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numbers and colors of the components of L, see the proof of [9, Lemma A.2]. Since linking numbers
and colors are invariant under concordance, the invariance of the nullity now boils down to the
invariance under concordance of the inclusion induced map i1 : H1(∂ν(L); Cω)→ H1(XL; Cω).

To make this statement more precise, fix two concordant colored links L and L′. By definition,
there exists a collection C ⊂ S3 × [0, 1] of locally flat disjoint cylinders such that each cylinder
has one boundary component in Li ⊂ S3 × {0} and the other in L′

i ⊂ S3 × {1} for some i.
Since C is locally flat, we can consider a tubular neighborhood ν(C) of C whose complement
XC := (S3 × [0, 1]) \ ν(C) restricts to XC ∩ (S3 × {0}) = XL and XC ∩ (S3 × {1}) = XL′ . This
concordance defines a homeomorphism ϕ : ∂ν(L) → ∂ν(L′) which maps a meridian (resp. Seifert
longitude) of any component of L to a meridian (resp. Seifert longitude) of the corresponding
component of L′. This homeomorphism ϕ fits in the commutative diagram

∂ν(L) XL

XC

∂ν(L′) XL′

i

ϕ

i′

where the other four maps are inclusions. Our precise claim is that for all ω ∈ Tω
! , the vertical

maps in the induced commutative diagram of vector spaces

(23)

H1(∂ν(L); Cω) H1(XL; Cω)

H1(XC ; Cω)

H1(∂ν(L′); Cω) H1(XL′ ; Cω)

i1

ϕ∗ ≃

≃

i′
1

≃

are isomorphisms. This is obvious for ϕ∗, but not for the two maps on the right-hand side.
To check this fact, note that the inclusion of the pair (S3 × [0, 1], XL) in (S3 × [0, 1], XC)

induces isomorphisms in homology with integer coefficients: this easily follows from excision and the
definition of concordance. As a consequence, the exact sequence of the triple (S3 × [0, 1], XC , XL)
yields Hn(XC , XL; Z) = 0 for all n. By [14, Lemma 2.16], this implies that Hn(XC , XL; Cω)
vanishes for all n and all ω ∈ Tω

! . (Note that this result is stated for ω ∈ Tµ
! ∩ (S1 \ {1})µ, but the

proof extends verbatim, as it never uses the fact that no coordinate of ω is equal to 1.) By the
exact sequence of the pair (XC , XL), the inclusion induced map H1(XL; Cω)→ H1(XC ; Cω) is an
isomorphism. Since this holds for L′ as well, the vertical maps in (23) are indeed isomorphisms.
By the discussion above, this implies the equality ηL(ω) = ηL′(ω) for all ω ∈ Tω

! .

We now turn to the signature. Given two concordant links L and L′, consider the exterior XC

of a concordance C as above. Fix the orientation of XC so that the induced orientation on its
boundary yields XL⊔−XL′ ⊂ ∂XC . Observe that C defines a correspondance between components
of L and of L′ which preserves colors (by definition) and linking numbers. Since the manifold PL

only depends on this data, we have the identity PL = PL′ . This also implies that we have a
homeomorphism ∂ν(C) \ ν(∂C) h≃ C × S1 which restricts to homeomorphisms ∂ν(L) ≃ L × S1

on S3 × {0} and ∂ν(L′) ≃ L′ × S1 on S3 × {1} defining the standard meridians and Seifert
longitudes of L and L′ (recall Section 2.2). Let W be the oriented 4-manifold obtained by gluing XC

and PL×[0, 1] along ∂ν(C) \ ν(∂C) ⊂ ∂XC and ∂PL×[0, 1] ⊂ ∂(PL×[0, 1]) via the homeomorphism
given by the composition

∂ν(C) \ ν(∂C) h≃ C × S1 =
⊔
K

S1 × [0, 1]× S1 −→
⊔
K

∂DK × S1 × [0, 1] = ∂PL × [0, 1]

(x, t, y) 7−→ (x, y, t) .

By construction, this homeomorphism restricts on S3×{0, 1} to the maps used to construct ML =
XL∪∂−PL and ML′ = XL′ ∪∂−PL′ . Therefore, the oriented 4-manifold W has oriented boundary
∂W = ML ⊔ −ML′ . Moreover, and as mentioned above, the inclusions XL, XL′ ⊂ XC induce
isomorphisms H1(XL; Z) ≃ H1(XC ; Z) ≃ H1(XL′ ; Z). Hence, the Mayer-Vietoris argument in
the proof of [9, Lemma 2.11] shows that the homomorphism π1(XC) → Zµ defined by the colors
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yields a homomorphism Φ: π1(W ) → Zµ which simultaneously extends meridional homomor-
phisms φ : π1(ML)→ Zµ and φ′ : π1(ML′)→ Zµ. In other words, the equality ∂W = ML ⊔−ML′

holds over Zµ.
We now show that the theorem follows from checking that σω(W ) = 0 for all ω ∈ Tµ

! . This
can be done using the definition of σL via the auxiliary link L# and 4-manifold WF over Zµ as
in Section 2.3, but we will use Remark 2.5 instead, which connects the extended signature with
the ρ-invariant. Indeed, for all ω ∈ Tµ, we have the equalities

σ(W )− σω(W ) (6)= ρ(∂W,χω ◦ Φ) = ρ(ML, χω ◦ ϕ)− ρ(ML′ , χω ◦ ϕ′)
(7)= (σ(WF )− σL(ω))− (σ(WF ′)− σL′(ω)) = σL′(ω)− σL(ω) .

In the last equality, we used the fact that σ(WF ) is determined by the linking numbers and
colors of the components of L (recall Remark 2.5); since this data coincides for L and L′, the
equality σ(WF ) = σ(WF ′) follows. As the element ω = (1, . . . , 1) belongs to the set Tµ

! , it only
remains to check that σω(W ) = 0 for all ω ∈ Tµ

! .
To do so, let us apply the Novikov-Wall theorem to the decomposition W = XC ∪ (PL × [0, 1]).

First note that σω(PL × [0, 1]) = 0 for all ω ∈ Tµ, as the intersection form vanishes identically: by
Remark 2.2(iii), this follows from the fact that the inclusion ∂(PL × [0, 1]) ⊂ PL × [0, 1] induces
epimomorphisms in homology (with Cω-coefficients). Recall also that since Hn(XC , XL; Z) = 0
for all n, the aforementioned [14, Lemma 2.16] implies that Hn(XC , XL; Cω) vanishes for all n
and all ω ∈ Tω

! ; as a consequence, the inclusion induced map H2(XL; Cω) → H2(XC ; Cω) is
an isomorphism, and H2(∂XC ; Cω) → H2(XC ; Cω) an epimorphism. By Remark 2.2(iii), we
have σω(XC) = 0 for all ω ∈ Tω

! . Hence, the Novikov-Wall theorem (9) yields

σω(W ) = σω(XC) + σω(PL × [0, 1]) + Maslov(L−,L0,L+) = Maslov(L−,L0,L+) ,

and it remains to check that this Maslov index vanishes.
Writing (H, · ) (resp. (H ′, ·′ )) for the complex vector spaceH1(∂ν(L); Cω) (resp.H1(∂ν(L′); Cω))

endowed with the twisted intersection form, we have Lagrangian subspaces given by the kernels of
the inclusion induced maps

V− := ker (H → H1(XL; Cω)) , V ′
− := ker (H ′ → H1(XL′ ; Cω)) ,

V+ := ker (H → H1(PL; Cω)) , V ′
+ := ker (H ′ → H1(PL′ ; Cω)) .

Since the oriented boundary of W is ML ⊔−ML′ , the corresponding intersection form on H ⊕H ′

is given by (x, x′) • (y, y′) = x · y − x′ ·′ y′. With these notations, the Lagrangian subspaces
of (H ⊕H ′, •) are given by

L− = ker (H ⊕H ′ −→ H1(XL; Cω)⊕H1(XL′ ; Cω)) = V− ⊕ V ′
−

L0 = ker
(
H ⊕H ′ −→ H1(∂ν(C) \ ν(∂C); Cω)

)
L+ = ker (H ⊕H ′ −→ H1(PL; Cω)⊕H1(PL′ ; Cω)) = V+ ⊕ V ′

+ .

Since the isomorphism ϕ∗ : H → H ′ from (23) is induced by an orientation-preserving homeo-
morphism ϕ : ∂ν(L) → ∂ν(L′), it is an isometry. Moreover, it maps the Lagrangians V− onto V ′

−
and V+ onto V ′

+, yielding L− = V−⊕ϕ∗(V−) and L+ = V+⊕ϕ∗(V+). Finally, the vector space H
can be explicitly computed as

H =
⊕

K∈K (ω)

C ⟨mK , ℓK⟩ ,

where

K (ω) =
µ⋃

i=1
Ki(ω) and Ki(ω) = {K ⊂ Li | ωi =

∏
j ̸=i ω

lk(K,Lj)
j = 1} ,

and similarly for H ′ with the corresponding index set K ′(ω). For any K ∈ K (ω), the correspond-
ing K ′ ⊂ L′ belongs to K ′(ω) and the elements mK − mK′ and ℓK − ℓK′ belong to L0. By a
dimension count, they freely generate this Lagrangian, which is therefore equal to

L0 = {x⊕−ϕ∗(x) | x ∈ H} .

We can now apply Lemma 2.7 and get Maslov(L−,L0,L+) = 0. □
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α β

Figure 5. The C-complex F (1) and a basis of its first homology.

6. Links not concordant to their mirror image

We now present an infinite family of links that are not concordant to their mirror image, a fact
that is detected by the extended signature, but that cannot be proved using any of the following
concordance invariants:

(i) Non-extended multivariable signatures [8, 14].
(ii) Multivariable Alexander polynomials [27].
(iii) Blanchfield forms over the localised ring ΛS [24, Chapter IX, Theorem 6].
(iv) The linking numbers and Milnor triple linking numbers [35, 41, 6].

However, we shall see that this fact can be detected by the Milnor number µ(1123).
For any n ∈ N, we consider the 3-component link L(n) = K1 ∪K2 ∪K3 illustrated in Figure 1.

Note that this is the unlink if n = 0, and it is a Brunnian link for all n ∈ N. In particular, all the
linking numbers are equal to 0. To compute most of the aforementioned invariants of L(n), we
will use C-complexes, following [7, 8, 13]. Let us refer to [8] for the definition of C-complexes and
the associated generalized Seifert matrices, and simply point out here that L(n) has an evident C-
complex F (n) consisting of three discs and four clasps. This is shown in Figure 5 in the case n = 1,
together with two curves representing a basis of H1(F (n); Z) ∼= Z2.

It is now straightforward to compute that, for any choice of signs ε ∈ {±1}3, the associated

generalized Seifert matrix is Aε =
(

0 n
n 0

)
. Following [8, Section 2], for any ω ∈ (S1 \ {1})3, we

get a matrix

H(ω) :=
∑

ε∈{±1}3

( 3∏
i=1

(1− ωεi
i )

)
Aε =

( 3∏
i=1

(1− ωi)(1− ωi)
) (

0 n
n 0

)
,

and the non-extended multivariable signature is thus

σL(n)(ω) := sign(H(ω)) = ± sign
(

0 n
n 0

)
= 0 .

We therefore see that the non-extended multivariable signature does not allow us to distinguish L(n)
from its mirror image −L(n) (nor L(n) from L(m) for n ̸= m).

As for the multivariable Alexander polynomial, it can easily be computed (in the normalized
version known as Conway potential function) from the generalized Seifert matrices using the main
theorem from [7], and we obtain

∇L(n)(t1, t2, t3) = −n2(t1 − t−1
1 )3(t2 − t−1

2 )(t3 − t−1
3 ) .

We therefore see that, for n ̸= m, L(n) and L(m) are not equivalent, and in fact not concordant [27].
However, since for 3-component links the Conway function is invariant under mirror image, we still
cannot distinguish L(n) from its mirror.

Since ∇L(n) ̸= 0 for n ̸= 0, in order to compute the Blanchfield form of L(n) over ΛS one
can apply [13, Theorem 1.2]. Notice, however, that in this case we need to work with a so-called
totally connected C-complex, a condition which is not satisfyied by the C-complex F (n) introduced
previously. One can easily change F (n) to a totally connected C-complex by introducing two
additional clasps. The computation of the associated matrices being elementary but rather tedious,
we will not carry it out here; let us just observe that, in the end, one obtains that the Blanchfield
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b1

a1 a2

b2

K1

Figure 6. The C-complex F (1)′ and a basis of its first homology.

form of L(n) over ΛS is represented by a metabolic matrix, and can therefore not distinguish L(n)
from −L(n).

Finally, as we have already mentioned, all the linking numbers of L(n) vanish, while Milnor’s
triple linking number µ(123) is invariant under mirror image for links with 3 components [36]. In
fact, it is not hard to show that for L(n) we have µ(123) = 0 (one can for instance apply the results
of [34] to the C-complex F (n)).

We now turn to the computation of the extended signature. By [9, Corollary 4.8], since all the
linking numbers vanish and L(n)′ := K2 ∪K3 is the unlink, for any ω ∈ (S1 \ {1})2 we have

σL(n)(1, ω) = σL(n)′(ω) + sgn((K1/L(n)′)(ω)) = sgn((K1/L(n)′)(ω)) ,
where (K1/L(n)′)(ω) ∈ R ∪ {∞} is the so-called slope of K1 ∪ L(n)′, an invariant of links with
a distinguished component introduced in [19]. The computation of the extended signature thus
reduces to the computation of the slope, which can be performed using C-complexes, following [20].
For that purpose, we need to find a C-complex for L(n)′ disjoint from K1; such a C-complex F (n)′,
consisting of two disjoint tori, is shown in Figure 6 for n = 1, together with a basis of its first
homology.

The associated Seifert matrices can be easily computed to be

A++ =


0 0 n 0
1 0 0 0
n 0 0 0
0 0 1 0

 , A+− =


0 0 n 0
1 0 0 0
n 0 0 1
0 0 0 0

 , A−+ = (A+−)T and A−− = (A++)T ,

so, for ω = (ω1, ω2) ∈ (S1 \ {1})2, using the identity (1− ωi)−1 + (1− ωi)−1 = 1 we obtain

E(ω) :=
∑

ε∈{±1}2

( 2∏
i=1

(1− ωεi
i )−1

)
Aε =


0 (1− ω1)−1 n 0

(1− ω1)−1 0 0 0
n 0 0 (1− ω2)−1

0 0 (1− ω2)−1 0

 .

By Alexander duality, E(ω) can naturally be considered as an operator
E(ω) : H1(F (n)′; C)→ H1(S3 \ F (n)′; C) ∼= H1(F (n)′; C) ∼= Hom(H1(F (n)′; C),C) ,

represented as a matrix in the basis {a1, b1, a2, b2} ofH1(F (n)′; C) and its dual basis ofH1(F (n)′; C).
Similarly, [K1] = b∗

1 + b∗
2 ∈ H1(S3 \ F (n)′; C) ∼= H1(F (n)′; C). Setting

α = (1− ω1)a1 − n(1− ω1)(1− ω2)b2 + (1− ω2)a2 − n(1− ω1)(1− ω2)b1 ∈ H1(F (n)′; C) ,
we obtain E(ω)α = b∗

1 + b∗
2 = [K1], so that [K1] ∈ Im(E(ω)). Since moreover detE(ω) ̸= 0

for ω = (ω1, ω2) ∈ (S1 \ {1})2, we see that Ker(E(ω)) = 0. By [20, Theorem 4.3], we thus obtain
(K1/L(n)′)(ω) = −K1(α) = n(1− ω1)(1− ω2) + n(1− ω1)(1− ω2) = 2nRe((1− ω1)(1− ω2)) .

Therefore,
σL(n)(1, ω) = sgn((K1/L(n)′)(ω)) = sgn[Re((1− ω1)(1− ω2))] ,

which is non-zero for infinitely many ω ∈ T2
! . By Theorem 5.2 and Proposition 2.6, we can finally

conclude that L(n) is not concordant to −L(n).
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Remarks 6.1. (i) Of course, our computations show that the slope as well can distinguish L(n)
from −L(n), being itself a concordance invariant [20]. We thus have infinitely many pairs of
links that can be distinguished by the slope but not by the Conway functions of any of their
sublinks. While the existence of such examples is not surprising, to the best of our knowledge
this is the first explicit family appearing in the literature.

(ii) By Cochran’s theory of derived invariants [10], the surface F (n)′ can also be used to compute
the Milnor number µ(1123) of L(n). Applying [10, Proposition 6.5], one easily gets that L(n)
has µ(1123) = ±n. Since µ(1123) changes sign after mirror image and is a concordant
invariant, we see that this Milnor number is enough to distinguish L(n) from −L(n).
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