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Abstract

We construct a functor from the category of oriented tangle®3ino the category of Hermitian modules and
Lagrangian relations ovef[r, ~1]. This functor extends the Burau representations of the braid groups and its
generalization to string links due to Le Dimet.
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1. Introduction

The aim of this paper is to generalize the classical Burau representation of braid groups to tangles.
The Burau representation is a homomorphism from the group of braigsstrands to the group of
(n x n)-matrices over the ring = Z[z, r—1], wheren is a positive integer. This representation has been
extensively studied by various authors since the foundational work of B2faln the last 15 years, new
important representations of braid groups came to light, specifically those associated with the Jones knot
polynomial,R-matrices, and ribbon categories. These latter representations do extend to tangles, so it is
natural to ask whether the Burau representation has a similar property.

An extension of the Burau representation to a certain class of tangles was first pointed out by Le
Dimet[5]. He considered so-called ‘string links’, which are tangles whose all components are intervals
going from the bottom to the top but not necessarily monotonically. The string linkstrands form a

* Corresponding author.
E-mail addressturaev@math.u-strashg(v. Turaev).
1 Supported by the Swiss National Science Foundation.

0040-9383/$ - see front matt@€r 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.top.2005.01.001


http://www.elsevier.com/locate/top
mailto:turaev@math.u-strasbg.fr

748 D. Cimasoni, V. Turaev Topology 44 (2005) 747—-767

monoid with respect to the usual composition of tangles. Le Dimet's work yields a homomorphism of this
monoid into the group ofn x n)-matrices over the quotient field of. For braids, this gives the Burau
representation. The construction of Le Dimet also applies to colored string links, giving a generalization
of the Gassner representation of the pure braid group. These representations of Le Dimet were studied
by Kirk et al.[4] (see alsg6,9]).

To extend the Burau representation to arbitrary oriented tangles, we first observe that oriented tangles do
not form a group or a monoid but rather a categtapgleswhose objects are finite sequencesdf An
extension of the Burau representatiomémglesshould be a functor frorflanglesto some algebraically
defined category. We show that the relevant algebraic category is the one of Heutritiadules and
Lagrangian relations. Our principal result is a construction of a functor ffanglesto this category.

For braids and string links, our constructions are equivalent to those of Burau and Le Dimet.

The appearance of Lagrangian relations rather than homomorphisms is parallel to the following well-
known observations concerning cobordisms. Generally speaking, a cobanélisi_, /) does not
induce a homomorphism from the homology (with any coefficients) of the bottomMage the homol-
ogy of the top basé/, . However, the kernel of the inclusion homomorphisha(M_) & H.(My) —

H.(W) can be viewed as a morphism frof.(M_) to H,(M,) determined byV. This kernel is La-
grangian with respect to the usual intersection form in homology. These observations suggest a definition
of a Lagrangian category over any integral domain with involution. Applying these ideas to the infinite
cyclic covering of the tangle exterior, we obtain our functor from the category of tangles to the category
of Lagrangian relations ovet. Parallel constructions involving 2-fold coverings are studied]n

Note that recently, a most interesting representation of braid groups due to R. Lawrence was shown
to be faithful by S. Bigelow and D. Krammer. We do not know whether this representation extends to
tangles.

The organization of the paper is as follows. In Section 2, we introduce the categgry of Lagrangian
relations over the ringt. In Section 3, we define our functdangles — Lagr ,. Section 4 deals with
the proof of three technical lemmas stated in the previous section. In Section 5, we discuss the case of
braids and string links. Finally, Section 6 outlines a multivariable generalization of the theory as well as
a high-dimensional version.

2. Category of Lagrangian relations

Fix throughout this section an integral domain(i.e., a commutative ring with unit and without
zero-divisors) with ring involutiom — A, . — 4.
2.1. Hermitian modules

A skew-hermitian fornon a4-moduleH is a formw: H x H — A such that for alk, x’, y € H and
all 4,1 € 4,

() w(ix + Vx’, y/)f/ia)(x, y) + Vo', y),
(”) CI)(.X, )’) = —0)()” X).
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Such a form is calledon-degeneraterhen it satisfies:
(i) If w(x,y)=0forally € H, thenx =0.

A Hermitian4-modules a finitely generated-moduleH endowed with a non-degenerate skew-hermitian
form w. The same modulkl with the opposite form-w will be denoted by- H. Note that a Hermitian
A-module is always torsion-free.

For a submoduld ¢ H, denote by AnnA) the annihilator ofA with respect ta, that is, the module
{x €e H| w(x,a) =0foralla € A}. We say thatA is isotropicif A c Ann(A), andLagrangianif
A =Ann(A).

Given a submodulé of H, set

A={x e H|/x € Aforanon-zero. € A}.
ClearlyA ¢ A andAnn(A) = Ann(A) = Ann(A). Note that for any Lagrangiat ¢ H, we haved = A.
Lemma 2.1. For any submodule A of a Hermitiatrmodule H

Ann(Ann(A)) = A.

Proof. Let Q = Q(4) denote the field of fractions of. Given a4-moduleF, denote byF, the vector
spaceF ® 4 Q. Note that the kernel of the natural homomorphiBms F is theA-torsion Torg F C F.

The forme uniquely extends to a skew-hermitian fofty x Hp — Q. Given a linear subspadéof
Hgp, let Anng (V) be the annihilator 0¥ with respect to the latter form. Observe that AytAnng (V)) =
V.Indeed, one inclusionis trivial and the other one follows from dimension count, sin¢aitg (V))=
dim(Hgp) — dim(V).

The inclusionA — H induces an inclusioly — Hgp. SinceH is torsion-free,H C Hp (and
A C Ap). Clearly,A = Ap N H and AnrA), = Anng(Ap). Replacing in the latter formula with
Ann(A), we obtain

Ann(ANN(A)) o = Anng(Ann(A) o) = Anng(Anng(Ag)) = Ag.
Therefore

A=A N H=AnnANN(A)), N H=Ann(Ann(A)) = Ann(Ann(A)),
and the lemma is proved.O

Lemma 2.2. For any submoduled, B C H,

Ann(A + B) = Ann(A) NAnn(B), Ann(A N B) = Ann(A) + Ann(B).
Proof. The first equality is obvious, and implies

Ann(Ann(A) + Ann(B)) = Ann(Ann(A)) N Ann(Ann(B))
=ANB=ANB.
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Therefore

Ann(A N B) = Ann(A N B) = Ann(Ann(Ann(A) + Ann(B))),

which is equal tAnn(A) + Ann(B) by Lemma 2.1. O
Lemma 2.3. For any submoduled ¢ B ¢ H,we haveB/A = B/A C H/A.

Proof. Consider the canonical projectianH — H/A. Clearly,
n(B)={¢ € H/A | A¢ € B/A for anon-zerai € A} = B/A.

Also ker(n|) =ker(r) N B=ANB = A. HenceB/A=B/A. O
2.2. Lagrangian contractions

The results above in hand, we can develop the theory of Lagrangian contractions and Lagrangian
relations overt by mimicking the well-known theory ovek (see, for instancd10, Section IV.3].

Let (H, w) be a Hermitiart-module as above. Létbe an isotropic submodule bf such thatd = A.
Denote byH | A the quotient module Anf)/A with the skew-hermitian form

(xmodA, ymodA) = w(x, y).
For a submodulé& c H, set
LIA = ((L+ A)NAnNn(A))/A C H|A.

We say thatlL| A is obtained froni by contraction along A

Lemma 2.4. H|A is a Hermitian A-module. If L is a Lagrangian submodule of Hhen L|A is a
Lagrangian submodule dgff | A.

Proof. To check that the form of/ | A is non-degenerate, picke Ann(A) such thato(x, y) = 0 for all
y € Ann(A). Then,x € Ann(Ann(A)) = A = A so thatt modA = 0.

To prove the second claim of the lemma, Bet (L + A) NAnn(A) C H.We claim that AniiB) = B.
Since bothA andL are isotropic, it is easy to check theitc Ann(B) and therefore8 c Ann(B). Let us
verify the opposite inclusion. Lemmas 2.1 and 2.2 imply that

Ann(B) = Ann((L + A) NAnn(A)) = Ann(L + A) + Ann(Ann(A))
CANN(L) + A=L + A.

SinceA C B, we have AniiB) C Ann(A) and therefore

Ann(B) ¢ L + ANAnn(A) = (L + A) N Ann(A) = B.

Thus Ann(B) = B. This implies that AnnB/A) = B/A, which is equal taB/A by Lemma 2.3. SB/A
is Lagrangian. O
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2.3. Category of Lagrangian relations

Let Hy, H» be Hermitian4-modules. ALagrangian relationbetweenH; and H» is a Lagrangian
submodule of —H1) @& H> (the latter is a Hermitiant-module in the obvious way). For a Lagrangian
relationN C (—H1) @ H», we shall use the notatioN: H; = H>.

For a Hermitian1-moduleH, the submodule off & H

diagy, ={h@he (—H)®H | h € H)

is clearly a Lagrangian relatiol = H. It is called thediagonal Lagrangian relationGiven two
Lagrangian relationsv1: H1 = H» and N2: H» = Ha, their composition is defined by, o N1 =
NoN1: H1 = Hj, whereN, N1 denotes the following submodule 6f Hy) & Ha:

NoN1=1{h1® h3 | h1 ® ho € Ny andhy @ h3 € N for a certainio € Ho}.
Lemma 2.5. The composition of two Lagrangian relations is a Lagrangian relation

Proof. Given two Lagrangian relation¥,: H1 = H»2 and N»: H» = Hs3, consider the Hermitiant-
moduleH = (—H1) & H2 @ (—H>) & H3 and its isotropic submodule

A=0@diagy, ®0={(0®rh®h®0|h € Hy}.

Note thatd = A. It follows from the non-degeneracy #b that Ann(A)=(—H1) @diagy, ® H3. Therefore
H|A = (—H1) ® Hs. Observe thaN, N1 = (N1 @ N2)|A. Lemma 2.4 implies thaV, o N1 = NoN7is a
Lagrangian submodule ¢f H1) ® Hz. O

Lemma 2.6. For any submoduled’; ¢ Hy @ Ho and N, C Ho @ Hs, we haveNa Ny = NoN1.

Proof. Consider an element; & h3 of NoN1. By definition, i1 @ ho € N1 andhy @ hs € N» for some
ho € Ho,S0A1(h1 @ ho) € N1 andia(ho @ h3) € No for somels, 2o # 0. Theniqda(hy @ h3) € NaNy,
Soh1®hs € NaN1. Hence NoN1 C N, Nj. Taking the closure on both sides, we ¢etN 1 C NoN1.The
opposite inclusion is obvious.]

Theorem 2.7. Hermitian A-modulesas objectsand Lagrangian relationsas morphismgorm a cate-
gory.

Proof. The composition law is well-defined by Lemma 2.5; let us check that it is associative. Consider
Lagrangian relation®/1: Hy = H», N»: H» = H3, andN3: H3 = Hj4. By Lemma 2.6,

N3 o (N2 0 N1) = N3NoN1 = N3NaNi = N3(NaNg).

Similarly, (N3 o N2) o N1 = (N3N2)Nj. It follows from the definitions thatv3(NoN1) = (N3N2)N1;
this implies the associativity. The role of the identity morphisms is played by the diagonal Lagrangian
relations. Indeed, for any Lagrangian relatdn Hy = Ho,

diagy, o N = diagy, N = N,

which is equal td\ sinceN is Lagrangian. SimilarlyN o diagy, = N. O
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We shall call this category theategory of Lagrangian relations ovet. It will be denoted byLagr 4.
2.4. Lagrangian relations from unitary isomorphisms

By thegraphof a homomorphisny: A — B of abelian groups, we mean the set
I'y={a® f(a)lac A}C A®B.

Let Hy, H> be Hermitian4-modules. Consider the Hermiti@gprmodulesH1 ® Q and H> ® Q, where
0 = Q(A) is the field of fractions oft and® = ® 4. For a unitaryQ-isomorphisnp: H1® Q — H2® Q,
we define itgestricted graphd by

I9="TyN(HL® Hp) = {h® o(h)|h € Hy, p(h) € Hp) C H1 ® Ho.

If ¢ is induced by a unitaryl-isomorphismf: H; — H», then cIearIyF?D =TIy.

Lemma 2.8. Given any unitary isomorphism: H1 ® Q — H2 ® Q, the restricted graphF?o is a
Lagrangian relationH1 = H».

Proof. Denote byw1 (resp.wz, o) the skew-hermitian form oy (resp.H>, (—H1) @ H>2), and pick
h,h' € Hysuchthatp(h), ¢(h’) € H,. Then,

o(h ® o(h), h' & o(h") = —o1(h, k') + w2(e(h), p(h')) =0.

Therefore,rg is isotropic. To check that it is Lagrangian, consider an element; & x2 of Ann(Fg) C
(—Hj1) @ Ho. For allhin Hy such thaip(h) € H»,

O=w(x,h® ¢h)) =—wi(x1, h) + wa(x2, (h))
= — w2(p(x1), @(h)) + w2(x2, p(h)) = w2(x2 — @(x1), p(h)).

Sincegp is an isomorphism, we havé& C {p(h)|h € H1, o(h) € H>}. Thereforews(xo2 — ¢(x1), ho) =0
for all ho € H>. Sincews is non-degenerate, it follows that = ¢(x1) SOx = x1 ® @(x1) € Fg and the
lemma is proved. O

Therefore, Lagrangian relations can be understood as a generalization of unitary isomorphisms. More
precisely, letU, be the category of Hermitian-modules and unitaryl-isomorphisms. Also, IeUR
be the category of Hermitiai-modules, where the morphisms betweln and H> are the unitary
Q-isomorphisms betweeH; ® Q andH> ® Q.

Theorem 2.9. The mapsf — f ® idg, ¢ — F?a and f — Iy define embeddings of categories
Ua C UR C Lagr, andU, C Lagr 4 which fit in the commutative diagram

U U9

N

Lagr,.
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Proof. The first embedding being clear, we check the second one. By LemmEnglﬁ,a Lagrangian
relation. Also, note tharg ® Q =T,. Therefore, given two unitar@-isomorphismsp; ande,,

ngoq,l =F(p20(p1 N(HyL & H3) = F‘P2F<01 N (H1 & Ha)

=), ® Q)(I') ® Q)N (H1® Ha) = (I I') ® Q) N (H1 @ Ha)

_70 0 _ 0 0

=Lyl g=Tg, 01,
It is clear that aQ-isomorphisme is entirely determined by its restricted grapg;. Finally, the graph
I'y of a unitaryA-isomorphisnt is equal to the restricted graph of the induced unit@figomorphism
f ®idg. Therefore, the diagram commutes. The theorem follovis.

3. The Lagrangian representation
3.1. The category of oriented tangles

Let D? be the closed unit disk iR2. Given a positive integert, denote by; the point((2i —n—1)/n, 0)
in D?,fori =1, ...,n. Lete and¢’ be sequences df1 of respective length andn’. An (¢, ¢)-tangleis
the pair consisting of the cylinddd? x [0, 1] and its oriented piecewise linear 1-submanifelthose
oriented boundargr is Z;f/zl s/j (x}, 1) — Y7 ;& (xi, 0). Note that for such a tangle to exist, we must
have) e =3 ;¢

Two (¢, ¢)-tangles(D? x [0, 1], t1) and(D? x [0, 1], t») areisotopicif there exists an auto-homeo-
morphismh of D? x [0, 1], keepingD? x {0, 1} fixed, such thak(z1) =12 andh|,,: 11 =~ 15 is orientation-
preserving. We shall denote liy(e, ¢') the set of isotopy classes 6f ¢')-tangles, and by idthe isotopy
class of the triviale, ¢)-tangle(D?, {x1, . .., x,}) x [0, 1].

Given an(e, ¢')-tangler; and an(¢’, ¢”)-tanglers, theircompositions the(e, £”)-tangler, o 11 obtained
by gluing the two cylinders along the disk corresponding tand shrinking the length of the resulting
cylinder by a factor 2 (sekig. 1). Clearly, the composition of tangles induces a composition

T, ) x T, — T,

on the isotopy classes of tangles.

The category of oriented tanglegnglesis defined as follows: the objects are the finite sequences
of +1, and the morphisms are given by Hom:') = T (e, ¢/). The composition is clearly associative,
and the trivial tangle idplays the role of the identity endomorphismeofThe aim of this section is to
construct a functofangles— Lagr .

3.2. Objects

Denote by /" ({x1, ..., x,}) an open tubular neighborhood ofy, . . ., x,} in D? ¢ R?, and byS? the
2-sphereR? U {oo}. Given a sequence= (¢1, . . ., ¢,) of +1, let¢, be the sund_?_,&. We shall denote
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Fig. 1. A tangle composition.
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Fig. 2. The spac®, for ¢ = (+1, +1, —1, +1).

by D, the compact surface

D — DAN({x1, ..., x,)) if £, #0,
ET SN ({x1, ..., X)) 0f £,=0,

endowed with the counterclockwise orientation, a base poarid the generating family+, ..., e,} of
n1(D;, z), Wheree; is a simple loop turning once aroungd counterclockwise it; = +1, clockwise if
¢ = —1 (seeFig. 2). The same space with the clockwise orientation will be denoted Dy.

The natural epimorphism (D) — Z, ¢; — 1 gives an infinite cyclic coverln@g — D,. Choosing
a generatot of the group of the covering transformations endows the homo&qug) with a structure
of module overd = 7[t,t~1]. If ¢, # 0, thenD, retracts by deformation on the Wedgerolercles

representlngal, ..., ey, and one easily checks thatl(DS) is a freeA-module with basio; = ¢1 —
ez . Un—1 = €y-1 — &,, whereg; is the path |nD I|ft|ng e; startmg at some fixed lift D of z If
£y = 0 thenHl(D )=@D; Av;/A), wherej is aliftof y=ef' - - €' tO D Note that in any caSGHl(DS)

is a freeA-module.
Let{, ): Hl(DS) X Hl(Dg) — Z be the Z-bilinear, skew-symmetric) intersection form induced by
the orientation ofD, lifted to D Consider the pairing: Hl(Ds) X Hl(D ) — A given by

wg(x,y) = Z (th, y)t_k.

k
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D¢

-~
D)+
€

Fig. 3. Computation ofy, for ¢ = (+1, +1).

Note that this form is well-defined since, for any givery € H.(D,), the intersectiorit*x, y) vanishes
for all but a finite number of integels The multiplication byt being an isometry with respect to the
intersection form, it is easy to check that is skew-hermitian with respect to the involutieh— A
induced byr — 1.

Example 3.1. Considet: of length 2. Ife; + ¢, =0, thenD, is contractible s#f1(D,) =0. If &1 +¢2 # O,
thenHy(D,) = Av with v = ¢1 — &2, andw, (v, v) = #(r — 171, cf. Fig. 3.

We shall give a proof of the following result in Section 4.

Lemma 3.2. For anye, the formaw,: Hl(ﬁg) X Hl(ﬁg) — A is non-degenerate

3.3. Morphisms

Given an(e, ¢)-tangler ¢ D? x [0, 1], denote by (r) an open tubular neighborhoodoénd byX,
its exterior

¥ (D? x [0, ID\A"(z) if £, #0,
T (82 x [0, 1D\ (x) if £,=0.

Note that¢, = £,,. We shall orientX,; so that the induced orientation X, extends the orientation on
(—Dy)uD,.If £, # 0, then the exact sequence of the paéif x [0, 1], X,) and the excision isomorphism



756 D. Cimasoni, V. Turaev Topology 44 (2005) 747—-767

give
Hi(X.) = Ho(D? x [0, 1], Xo) = Ho(V (@), /(1) N Xo),
= é Hao(A (z)), /() N Xo),
j=1
wherery, ..., 7, are the connected componentsfoSince(WrJ) Wr,) N X.) is homeomorphic to

(r,xD2 T X Sl) we haveHz(A/(v:,) /V(rj)ﬂxf) Zm ;, wherem ; isameridian ot ; oriented so thatits
linking number withe ; is 1. Hence H1(X,) = @ _1Zm;.If £,=0,thenH1(X,) = @J 1Zm[y 0 qeie;.

The composition of the Hurewicz homomorphlsm and the homomorphis(X,) — Z,m; — 1
gives an epimorphism (X.) — Z which extends the previously defined homomorphisai(®,) — 7
andr1(Dy) — Z. As before, it determines an infinite cyclic coveriig — X, so the homology ok,
is endowed with a natural structure of module odet 7]z, ¢ 1.

Leti.: Hl(D )~ Hl(X ) andi’: Hl(D N — Hl(Xf) be the homomorphisms induced by the obvious
inclusion D, L D C X.. Denote byj. the homomorphlsrﬂ-ll(D ) ® Hl(D N — Hl(X ) given by
Je(x, x") = lr(x/) — i:(x). Finally, set

N(x) =ker(j;) C Hi(D,) & Hi(Dy).
Note that ifr and<’ are two isotopide, ¢')-tangles, themV (z) = N (7).
Lemma 3.3. N(z) is a Lagrangian submodule Of_Hl(ﬁg)) &) Hl(ﬁg/).
Lemma3.4.lf 11 € T(e, &) ando € T(¢, &), thenN (12 0 11) = N(12) o N(11).

We postpone the proof of these lemmas to the next section, and summarize our results in the following
theorem.

Theorem 3.5. Given a sequenceof +1, denote byi(z) the Herm/i:tianA-moduIe(Hl(Z)\ﬁ), w,). Forz e
T (e, &), let F(z) be the Lagrangian relatioV (¢): H1(D,) = Hi(Dy). Then & is a functorTangles—
Lagr .

The usual notions of cobordism ahequivalence for links generalize to tangles in the obvious way.
(The surface inD? x [0, 1] x [0, 1] interpolating between two tangles, 12 ¢ D? x [0, 1] should be
standard orD? x {0, 1} x [0, 1] and homeomorphic tey x [0, 1].) It is easy to see (cf4, Theorem 5.1
and the proof of Proposition 5.)3hat the Lagrangian relatiaN (¢) is anl-equivalence invariant of.

The usual computation of the Alexander module of a lifkom a diagram of. extends to our setting.

This gives a computation dfl(ﬁg) &) Hl(ﬁg/) KIS Hl(f(}) (cf. [4, Proposition 4.4} Hence, itis possible
to computeN (7) from a diagram ot.

Finally, given an(e, ¢)-tangler, one can construct an oriented lilk- S by ‘closing’z in the obvious
way. Although we shall not discuss it here, note that the Lagrangian submidulés closely related
to the Alexander polynomial d.
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3.4. Freeness a¥ (1)

As pointed out in Section 3.2, the funct®rTangles— Lagr , maps the objects to free modules over
the ring A = Z[r, t—1]. What about the morphisms? Given an oriented tamgis the 4-module N (1)
free? The following theorem answers this question.

Theorem 3.6. Given any tangle € T (s, ¢), the A-moduleN (7) is free. Its rank is given by

0 if n=n"=0,
n+n' _ )

kiN@ =15 — L Ml#AOornm'=0and@n) 00,
n+n'

-2 if¢,=0andnn’ >0,

where n and:” denote the length afands’.

In order to prove this result, we shall need several notions of homological algebra, that we recall now.
Let 4 be a commutative ring with unit. Th@ojective dimensiopd(A) of aA-moduleA is the minimum
integern (if it exists) such that there is a projective resolution of lengti A, that is, an exact sequence

O—- P, —---—> P1—> Ph— A— 0,

where all theP;’s are projective modules. It is a well-known fact that if® K, - P,_1 — -+ —
P1 — Pp — A — 0isany resolution oA with pd(A) <n and all theP;’s projective, therk,, is projective
as well (see, for instancf,1, Lemma 4.1.6] Theglobal dimensiorof a ring A is the (possibly infinite)
number sufpd(A) | A is a A-modulg. For example, the global dimension.sfs zero if4 is a field, and
at most one if1 is a principal ideal domain.

Lemma 3.7. Let 4 = Z[t, t~1]. Consider an exact sequence/tmodules
00— K— P —F,
where P and F are fred-modules. Then K is free
Proof. Note that the ring1 has global dimension 2 (see e[fj1, Theorem 4.3.7] We shall also need

the fact that all projectivel-modules are fref8, Chapter 3.3]Let A be the image of the homomorphism
P — F.We claim that the projective dimension Afis at most 1. Indeed, since the global dimension

of A is at most two, there is a projective resolutior0 P, — Py — Py — A — 0 of A. Splicing this
resolution with the exact sequence® A — F — F/A — 0, we get a resolution af /A

0— Py/oPp > Pp—~ F - F/A — 0,

wherePq andF are projective. Since the global dimensiomas 2, we have p@F/A) <2. Hence P1/0 P>
is projective as well. Therefore, the resolutionfof

0— Py/oPp > Pp—> A — 0

is projective, so pdd) <1. Now, the exact sequence® K — P — A — 0 together with the fact that
Pis free and pdA) <1, implies thakK is projective. Therefore, it is free.O
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Proof of Theorem 3.6. Consider the exact sequence
0— N(x) = Hi(D,) ® Hy(Dy) — (Hy(D,) & Hi(Dy))/N(z) — 0.

Clearly, the latter module is finitely generated and torsion free. Sinsa noetherian ring, such a module
embeds in a free-moduleF, giving an exact sequence

0— N(1) = Hi(D,) ® Hi(Dy) — F.

By Lemma 3.7,N (1) is free. SinceN(z) is a Lagrangian submodule (Hl(D ) @ Hl(D ), we have
rk N () = 2rkA(H1(D ) ® Hl(D ). If ¢ has lengtn, we know from Section 3.2 that

R 0 if n=0,
tkyHi(D)) ={n—1 if ¢, #0,
n—2 if £{,=0andn>0.

The result follows. O

4. Proof of the lemmas

The proof of Lemmas 3.2 and 3.3 rely on fBnchfield duality theorenWe recall this fundamental
result referring for a proof and further details[8 Appendix E]

LetM be a piecewise linear compact connected orienteliimensional manifold possibly with bound-
ary. Consider an epimorphism af (M) onto a finitely generated free abelian gro@plt induces a
G- coverm)qM — M, so the homology modules of are modules overt = ZG. For any integenq, let
(, ) Hy (M) x Hy,_ q(M aM) — 7 be thez- b|||near|ntersect|on form mduced by the orientatiorivbf
lifted to M. TheBlanchfield pairingis the forms: H, (M) x Hy_ q(M aM) — A given by

S, y) =) (gx. g

geCG

Note thatSis A-sesquilinear with respect to the involution.efgiven byY" s ngg = Y ,cqne8™ "
The formSinduces a1-sesquilinear form

Hy(M)/TorsgH,(M) x Hy_,(M,0M)/TorsqH,_,(M,3M) — A.
Theorem 4.1(Blanchfield. The latter form is non-degenerate
Let us now prove the lemmas stated in the previous section.
Proof of Lemma 3.2. Consider the Blanchfield pairing
Sy: Hi(D,) x Hy(D,,dD,) — A.

It follows from the definitions that,(x, y) = S.(x, j:(y)), where j: Hl(ﬁ) — Hl(ﬁg, 65) is the
inclusion homomorphism. Note thaD consists of a finite number of coples[msoHl(aDS) =0and
J. is injective. Picky € Hl(Dg) and assume that for atl € Hl(D ), 0= w.(x, y) = S:(x, j:(y)). By
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the Blanchfield duality theorenj,(y) € ToArsA(Hl(ﬁ;, aﬁg)), S0 0= /j.(y) = j:(4y) for some/ € 4,
A # 0. Sinceyj, is injective,iy = 0. As H1(D,) is torsion-freey = 0, sow, is non-degenerate.]

Proof of Lemma 3.3. Let Hl(ﬁg) @ Hl(ﬁg/) 5N Hl(a)A(T) be the inclusion homomorphism, and denote
by
—~ —~ 0 —~ ; —~
Hp(X:, 0X:) — H1(0X:) —> H1(X:)

the homomorphisms appearing in the exact sequence of thé{haﬁf)?r). Also, denote by» the pairing
(—o;) ® wy on(—=Hi(D;)) ® H1(Dy) and by

Sox: H1(0X:) x H1(0X:) — A, Sx: H1(X;) x Ha(X.,0X;) — A

the Blanchfield pairings. Clearly (z) = ((—1)id @ id")(L), whereL =Kker(j oi) and id (resp. if) is the
identity endomorphism off1(D,) (resp.Hl(Dg/)). Then, Anr(N (7)) = ((—D)id @ id")Ann(L) and we
just need to check that Agh) = L

First, we check thak =ker(j) = Im(a) satisfies Anpy (K) = K where Anny denotes the annihilator

with respect to the fornfyy. Observe that for any € Hl(aX yandY € HZ(XT, oX. 2), we have
Sox (x,0(Y)) = Sx(j(x), Y). Therefore

Annoy (K) = {x € H1(0X) | Sox(x, K) = 0}
= {x € H1(8X,) | Sx(j (x), H2(X;, 8X,)) = O}.

By the Blanchfield duality, the latter set is jL;STl(Tors/\l(Hi(f(\T))) =K
Clearly,i(L) C K. The exact sequence of the p&X ., D, LI D) gives

H1(Dy) ® Hy(Dy) —> Hy(0X;) —> T,

whereT is a torsiond-module. This implies thak ¢ i(L) and thereforé(L) = K. Since the forms»
andSsx are compatible undey

Ann(L) =i~ Y(Annox (i(L))) = i " L(Annox (I(L))) = i ~1(Anngx (K))
=i Y (Annox (K)) =i H(K) =

and the lemma is proved.O

Proof of Lemma 3.4. Denote byr the compositionz o 71. Note that it is sufficient to check the equality
ker(j.) = ker(j.,) ker(j;,). Indeed, Lemma 2.6 then implies

N (v) = ker(j;) = ker(j,) ker(j,)
=ker(j,) ker(j,;) = N(t2)N(t1) = N(12) o N(11).

SinceX, = X, U X, and X, N X, = Dy, we get the following Mayer—Vietoris exact sequence of
A-modules:

~ ~ ~ ﬂ ~ ~ ~ ~
Hi(Dy) = Hi(X+;) ® H1(Xc) > H1(X:) — Ho(Dy) = Ho(X+y) & Ho(X-,).
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The homomorphismag is clearly injective, s@ is onto and we get a short exact sequence which fits in
the following commutative diagram

0 —— HE/ % HE@HEI@HEH — HE@HEH — 0

| IG e

0 —— ker(3) —— Hy(X,) & Hy(X,,) —— H(X,) —— 0,

where H, denotesHl(ﬁ.), i is the natural inclusiong the canonical projection, and(x, x’, x”) =
(Jry (x, X)), jop (x', x)). Clearly,

n(ker(p)) = {x ® x” | p(x, x’, x") = 0 for somex” € H,} = ker(j.,) ker(jz,).

Therefore, we just need to check thaker(¢)) = ker(j;), which is an easy diagram chasing exercise
using the surjectivity of: Hy — ker(f). O

5. Examples
5.1. Braids

An (¢, ¢)-tanglec=t, U --- U1, C D? x [0, 1] is called aroriented braidif every component; of
7 is strictly increasing or strictly decreasing with respect to the projectidd, tj. Note that for such an
oriented braid to exist, we must hayg | &; = 1} = {; | s =1}andg{i | & = -1} =14{j | s/ =-1}
The finite sequences afl, as objects, and the isotopy classes of oriented braids, as morphisms, form
a subcategorraids of the category of oriented tangles. We shall now investigate the restriction of the
functor & to this subcategory.

Consider an oriented brajt=, U--- U g, C D? x [0, 1]. Clearly, there exists an isotop#y: D? x
[0, 1] — D2x[0, 1] with Hg(x, 1)=(x, t)for(x 1) € (DZX{O})U(ész[O 1)), suchthat + Hg(x;, )
is a homeomorphism @0, 1] onto the args; fori =1, ..., n. Leth[; D, — D, be the homeomorphism
given byx ~ Hg(x, 1), and by the identity 0|SZ\D2 if &1+ - - + &, = 0. Itis a standard result that the
isotopy clasgrel dD?) of hg only depends on the isotopy cIass,[beonsider the Iiftﬁﬁ D, — 5 of
hg fixing oD? pointwise, and denote bfj; the induced unitary |somorph|sm,;)* Hl(D ) —> Hl(D /).

The isotopyHy provides a deformation retraction qu toD,: Iet us |dent|fyH1(X,;) andHl(D /) via
this deformation. Clearly, the homomorphigin Hl(Db) @ Hl(D ) — H]_(Xﬁ) is given byjg(x, y) =
y — fp(x). Therefore,

N () = ker(jg) = ker(jp) = {x ® f3(x) | x € Hi(Dp)) =Ty,

the graph of the unitary isomorphisyij. We have proved:
Proposition 5.1. The restriction of¥ to the subcategory of oriented braids gives a fun&raids — U,.

Consider arie, ¢)-tanglet =11 U - -- U t, C D? x [0, 1] such that every componentof z is strictly
increasing with respect to the projection@1]. Here,e=¢ = (1, ..., 1). We will simply callt abraid,
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Fig. 4. The action of; on the loopg;_1, ..., ¢j12.

or ann-strand braid As usual, we will denote by, the group of isotopy classes ofstrand braids,
and byosy, ..., 0,_1 its standard set of generators (d€g. 5). Recall that theBurau representation
B, — GL,(A) maps the generatet to the matrix

1—¢t 1t
[i1® ( 1 O) & In-i-1,

wherel; denotes the identitgk x k)-matrix. This representation is reducible: it splits into the direct sum
of an(n — 1)-dimensional representatignand the trivial one-dimensional representation (see[&]}.
Using the Artin presentation a8,, one easily checks that the map+— p(s;)", where T denotes the
transposition, also defines a representapi&an — GL,_1(A).

Proposition 5.2. The restriction of the funct@g to B,, gives alinear anti-representatiad), — GL,,_1(A)
which is the dual op.

Proof. Consider two braids, f € B,. By Proposition 5.1N («) (resp.N (), N(«)) is the graph of
a unitary automorphisny, (resp. fg, fxp) of Hi(D,). Note that the producif € B, represents the
compositionf o o in the category of tangles. Clearly,s = fp o f,. Therefore§ restricted t®, is an
anti-representation. In order to check that it corresponds to the dydl, afe just need to verify that
these anti-representations coincide on the generat@sB,, .

Denote byf; the unitary isomorphism correspondingdo We shall now compute the matrix gf
with respect to the basisg, ..., v,_1 of H1(D,). Consider the homeomorphigimof D, associated with
;. As shown inFig. 4, its action on the loops; is given by

e,~e,~+1ei_l if j=i,
h,‘(ej):{e[ if j=i+1,
ej else

Therefore, the lifts; of h; satisfies

R él’ - t(éi - éi+1) if j =1,
hi(éej) =1 éi if j=i+1,
éj else
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and the matrix off; = (i;), with respect to the basig = é; — &1 is

-t 1 1 0
Mf]_:(o 1)@111—3, Mf,,,]_: )1—3@<t _t)a

1 0 O
M¢=1;_2® (l —t l) ®I,_i_» for2<i<n—2.
0O 0 1

This is exactlyp(a;) (see, forinstancdl, p. 121). O
5.2. String links

An (¢, ¢)-tanglet=t1U--- U1, C D? x [0, 1]is called aroriented string linkif every component;
of 7 joins D? x {0} andD? x {1}. Oriented string links clearly form a categd®jrings which satisfies
Braids C Strings C Tangles

where all the inclusions denote embeddings of categories.

Proposition 5.3. The restriction off to the subcategory of oriented string links gives a fun&toings —
ue.

Proof. Sincer is an oriented string link, the inclusion8, ¢ X, and Dy C X, induce isomor-
phisms in integral homology. Therefore, the induced homomorphiﬁmﬁg; Q)ﬁ> Hl(fff; Q) and
Hl(f)g/; Q) 5 Hl(f(}; Q) are isomorphisms (see eld, Proposition 2.3] SinceQ = Q(4) is a flat
A-module, ketj;) ® Q is the kernel of

Hi(Dy; Q) ® Hi(Dy: 0) " Hi(Xx: Q).
Hence,

(1) = ker(j;) = (ker(j;) ® Q) N (Hy(D,) & Hy(Dy)) = I,
the restricted graph of the unita@risomorphisnmy = (i;)‘1 oi;. O

If all the components of an oriented string linkre oriented from bottom to top, we will simply speak

of r as astring link. By Proposition 5.3, the restriction @fto the category of string links gives a functor
to the categorjug. This functor is due to Le Dimd®] and was studied further id].

5.3. Elementary tangles

Every tangler € T (¢, ¢') can be expressed as a composition ofdleenentary tanglegiven inFig. 5,
where the orientation of the strands is determined by the signd:’. We shall now compute explicitly
the functor on these tangles, assuming thats 0. R

Let us start with the tangle € T (¢, ¢). H(_are,Hl(Dg) = @7;13 Av; andl_il(DS/) = @f’:—ll Av; where
vi=é;—é;r1andv;=e;—é; . MoreoverX, ishomeomorphicto the exterior of the trivial’, ¢”)-tangle,
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€ &1 €41 & Eup & € o &1 & Gy Eup o By

)
|

€ - & & &y & o &y € - &1 &1 & Eyp - &y
g 8 HEH o & & & &
> ey
&g & En-2 €& & &3 & - &

Fig. 5. The elementary tangles.

wheree” = (=&}, e1, ..., &n-2) = (¢h. ..., &,). Hence,H1(X,) = @'—{ Av} with v} = ¢/ — &/, ; and
the homomorphisnj,: Hi(D;) @ Hi(Dy) — Hi(X,) is given by, (v;) = —v/ fori=1,...,n -3,
Ju(wp =0andj,(v) =v/ ;fori=2,...,n— 1. Therefore,
n—3
N (u) =Ker(ji,) = ker(ju) = Avy & €P A & v],).
i=1

Similarly, we easily compute

n—3
N =Av1 & P A@is2 @ v)).
i=1
Now, consider the oriented braid € T'(¢, ¢') given inFig. 5 Then,N (s;) is equal to the graph s, of

a unitary isomorphisny;: Hl(ﬁg) — Hl(/D\S/). As in the proof of Proposition 5.2, we can compute the
matrix Mz, of f; with respect to the bases, . .., v,_1 of H1(D;) andvy, ..., v, _; of Hi(Dy):

—t2 1 1 0
Mg = ( 0 1) ©l—3 M¢y =1, 30 (tgn _tgn’) )

1 0 0
=1i2® <t8f+l —phitl 1) @®I,_i_» for2<i<n-—2.
0 0 1

My,

1
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Finally, consider the tangl@ glven inFig. 5 Since itis an oriented braidy (o, 1) is equal to the graph
of a unitary isomorphisng;: H1(D N — Hl(Dg) Furthermore, we have

diagy, 5, = N(id:) = N(6; P 0 0i) = N(o; ) o N(0)) = I'g o I'f; = g0 ;.

Thereforeg; o f; is the identity endomorphism o‘fl(ﬁg), so the matrix ofg; with respect to the basis
given above is equal tdf,, = M]?

With these elementary tangles, we can sketch an alternative proof of Lemma 3.3 which does not make
use of the Blanchfield duality. Indeed, any tangle 7 (e, ¢') can be written as a composition 6f,
o1, uandy. By Lemmas 2.5 and 3.4, we just need to check tét;), N(s; 1), N(u) and N (y) are
Lagrangian. FOW (a;) andN(ai_l), this follows from Proposition 5.1, Lemma 3.2 and Lemma 2.8. For
N(u) andN (), it can be verified by a direct computationof.

Using the results above, it is possible to computezot1) from N (z1) for any elementary tangke and
a tanglers. This leads to a recursive computation/fr) for (¢, ¢')-tangles with no closed components
and at least one strand joinirg, with D, .

6. Generalizations
6.1. The category of m-colored tangles

Fix throughout this section a positive integarAn m-colored tanglas an oriented tangle together
with a mapc assigning to each componentof « acolor c(j) € {1, ..., m}. The composition of two
m-colored tangles is defined if and only if it is compatible with the coloring of each component. Finally,
we say that amn-colored tangle is anriented m-colored braidresp. aroriented m-colored string link
if the underlying tangle is a braid (resp. a string link).

More formally,m-colored tangles can be understood as morphisms of a category in the following way.
Consider two maps: {1, ...,n} — {£1,...,+m}and¢’: {1,...,n'} — {£1,..., +m}, wheren and
n’ are non-negative integers. We will say thataolored tangléz, ¢) is a(e, ¢')-tangleif the following
conditions hold:

e tisan(e, ¢)-tangle, where = ¢/|¢| ande’ = ¢'/|¢';
o if x; € D?x {0} (respx; € D? x {1}) is an endpoint of a componentof z, then|p(i)| = c(j) (resp.
lo" ()] = c(j))-

Two (¢, ¢')-tangles are isotopic if they are isotopiqas’)-tangles under anisotopy that respects the color
of each component. We denote Byo, ¢’) the set of isotopy classes @f, ¢')-tangles. The composition
of oriented tangles induces a compositibty, ¢') x T (¢, ") — T (e, ¢") for any ¢, ¢’ ande”.

This allows us to define theategory of m-colored tangle$angles,. Its objects are the maps
o:{1,...,n} — {£1,...,+m} with n>0, and its morphisms are given by Hom ¢') = T (¢, ¢').
Clearly, orientedm-colored braids and orienteut-colored string links form categorieBraids,, and
Strings,,, such that

Braidsm C Strings,, C Tangles,.
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6.2. The multivariable Lagrangian representation

We now define a functc,,: Tangles, — Lagr 4, where4,, denotes the ring[7, ..., 4. This
construction generalizes the functor of Theorem 3.5, which corresponds to the edkdt also extends
the works of Gassner for pure braids and Le Dimet for pure string links.

Consider an object ofangles,, thatis, a maw: {1, ...,n} — {£1,..., £m} withn>0. Setl, =
(6(1), .. .,Ef,,m)) e 7™, Whereeﬁpj) = Z{il(p(i):ij}sign((p(i)) for j =1,..., m. Using the notation of
Section 3.2, we define

Do DA N ({x1, ..., xn}) if £, #(O,...,0),
T SN (x, -, x)) 0f €, =(0, ..., 0.

As in the case of oriented tangles, we endbw with the counterclockwise orientation, a base pajnt
and generatorsy, .. ., e, of n1(D,, z). Consider the homomorphism from(D,,) to the free abelian
groupG = 7™ with basisty, .. ., t,, given bye; = 1)) . It defines a regula@-coveringﬁ(p — D, SO
the homologyH1(D,,) is a module oveZG = A,,. Finally, letw,: H1(D,) x Hi(D,) — A, be the
skew-hermitian pairing given by

W, ) =Y (gx, y)gh,

geG

where( , ): Hi(D,) x Hi(D,) — Z is the intersection form induced by the orientationaf lifted
to D,.
Consider now dg, ¢')-tangle(z, ). Note thatt,, = £,,. Let X, be the compact manifold

¥ ={(DZ2 x [0, 1\AN (1) if £y #(O,....0),
T2 X [0, ID\AN(z)  if £,=(O,...,0),

oriented so that the induced orientationda, extends the orientation an-D,,) LI D,. We know from
Sectlon33thaH1(XT)_EB“ 1Zmjif €, # (0, ...,0),andH1(X, )_e]a’* 1Zm,/z 1 Sign(e(i))e;
otherwise. Hence, the colonng ﬁﬂeflnesahomomorphlsml(Xr) — G,m; — tcjy Whichinduces a
homomorphlsmzl(XT) — G extending the homomorphisms(D,) — G andni1(D,) — G. It gives
aG- covermgX — X..

Consider the inclusion homomorphlsmsHl(Dq,) — Hl(X ) andi’: Hl(D N — Hl(X ). Denote
by j. the homomorphlsrﬂi{l(D(p) P Hl(D N — Hl(X ) given by j. (x, x/) =il (x") —i.(x). Set

S (1) = ker(j,) € Hi(D,) ® Hi(D,).

Theorem 6.1. Let §,, assign to each map:{1,...,n} — {£1,. :I:m} the pair (Hl(Dq,) )
and to eacht € T(¢, ¢) the submodul€ey,, (1) of Hl(D(,,) @ Hl(D . Then &, is a functor
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Tangles, — Lagr,  which fits in the diagram
Braids,,~—— Strings,,“— Tangles,,

.

Uy ¢ Ug ¢ Lagry,,

m

where the horizontal arrows denote embeddings of categories

Proof. Lemmas 3.2, 3.3, 3.4, Proposition 5.1, Proposition 5.3 and their proofs extend to our setting with
obvious changes. The only ‘topological’ facts required are the following:

(I) Hl(aD(p)
(ii) the Am moduIeHl(Dq,) is torsion-free,
(iii) Hl(aXT, D(,, |_|D(,,/) is a torsion4,,,-module.

The definition ofﬁ easily implies thaaﬁ consists of copies @&, so the firstclaimis checked SinBe,,
has the homotopy type ofa 1- dlmenS|onaI CW—comprLg)dheA moduIeHl(Dw) = Hl(Yq,) = Zl(Y(p)
is a submodule of the freg,,- moduleCl(Y(p) ThereforeH1(D(,,) is torsion-free. Finally, the third claim
follows easily from the definitions and the excision theoreml

6.3. High-dimensional Lagrangian representations

The Lagrangian representation of Theorem 3.5 can be generalized in another direction by considering
high-dimensional manifolds. We conclude the paper with a brief sketch of this construction.

Fix throughoutthis section aninteger 1. In the sequel, all the manifolds are assumed piecewise linear,
compact and oriented. Consider a homologysphereD. To this manifold, we associate a categehy as
follows. Its objects are codimension-2 submanifdtisf D such that,, (M)=0. The morphisms between
M c D andM'’ c D are given by properly embedded codimension-2 submanifotdsD x [0, 1] such
that the oriented boundady” of T satisfieT N (D x {0}) = —M andoT N (D x {1}) = M’, where— M
denotesvl with the opposite orientation. The composition is defined in the obvious way.

If Dy, is the complement of an open tubular neighborhoolll @fi D, we easily check thatf1(Djy) =~
Ho(M). Therefore, the epimorphisiHo(M) — Z which sends every generator to 1 determings a
coverlngDM — Dy The lift of the orientation oDy, to DM defines &-bilinear intersection form on
H, (DM) This gives at-sesquilinear form oiif,, (DM) which in turn induces a-sesquilinear forna,,
onBH, (DM) whereBH = H/Tors,H for a A-moduleH. (Note thatw,, is skew-hermitian if is odd,
and Hermitian ifn is even.) Using the fact that, (M) = O, the proof of Lemma 3.2 can be applied to
this setting, showing thab,; is non-degenerate. Lgp (M) denote the1-moduleBH, (DM) endowed
with the non-degenerat¢-sesquilinear forna,, .

Given a codimension-2 submanifolcf D x [0, 1], denote byX 7 the complement of an open tubular
neighborhood ofT in D x [0, 1]. Since H1(X7) = Ho(T), we have aZz-covering Xy — Xy given
by the homomorphisnt/o(T) — Z which sends every generator to 1. There are obvious inclusions
DM - XT and DM/ - XT WhICh induce homomorphismsandi’ in n-dimensional homology. Let
j: H, (DM)@H (DM) — H, (XT) be the homomorphism given hy(x, x’) =i’(x") — i(x). It induces
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a homomorphism

BH, (D) ® BH, (D) 25 BH, (X7).

Set&p(T) = ker(jr). The proof of Lemma 3.3 can be applied to check ®a{(T) is a Lagrangian
submodule of —BH,, (D)) @ BH, (D). Lemma 3.4 can also be adapted to our setting to show that
&p(T20T1) =Fp(T2) o §p(T1). ThereforeFp is a functor fromé p to the Lagrangian categobagr ,
amended as follows: the non-degenerate form is Hermitiarnsiieven, skew-hermitian i is odd.
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