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Introduction

A multilink is an oriented link L = Ly U...U L, in an oriented homology 3-sphere X,
together with an integer m; associated with each component L;. The following convention is
used: m;L; = (—m;)(—L;), where —L; represents L; with the opposite orientation. Of course,
a multilink with multiplicities 1 is simply an oriented link.

In a more formal way, a multilink can be defined as an oriented link L with a homology
class m = (my,...,my,) in HiL. Classical theorems of JAMES ALEXANDER and HENRY
WHITEHEAD imply that this Z-module is isomorphic to the group of homotopy classes of
maps X —2+ S', where X denotes the complement ¥ — L of L. A multilink is said to be
fibered if there is a fiber bundle in the homotopy class corresponding to the multiplicities.
If the multilink is an oriented link, this is the usual definition of a fibered link. Moreover,
standard techniques of algebraic topology show that the homotopy classes of maps X 2 8t
are in one-to-one correspondence with the infinite cyclic coverings of X; therefore, the set of
all multilink structures on a given link L is in bijection with the set of infinite cyclic coverings
of the complement X of L. In other words, the choice of multiplicities rn determines a Z-
covering X (m) 2y X, It one denotes by ¢ a generator of the infinite cyclic group of this
covering, the homology H; X (m) is endowed with a natural structure of module over Z[t, ¢ 1],
the ring of Laurent polynomials with integer coefficients. This is the Alexander module of
the multilink. The determinant of a square presentation matrix of this module is called the
Alexander polynomial of the multilink. Of course, if all the multiplicities are +1, these
definitions coincide with the usual definitions of the Alexander module and polynomial of an
oriented link.

In this work, we first give a systematic study of the Alexander module of multilinks, and
an original method to compute this invariant. Then, we analyze the consequences of these
results on the Alexander polynomial. Finally, this technique of computation is implemented
on remarkable classes of multilinks: Seifert multilinks, and several graph multilinks.

The concept of multilink was first introduced in 1985 by DAvID EISENBUD and WALTER
NEUMANN in their book Three-dimensional link theory and invariants of plane curve singu-
larities [11]. Clearly, it is a natural generalization of the notion of oriented link; nevertheless,
the reasons of the introduction of multilinks are far from obvious at first sight. Therefore, we
will now present, in an informal way, three fields where the development of a coherent theory
requires the use of multilinks.
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Complex Plane Curve Singularities

Consider a polynomial application f:C? —s C, and the algebraic curve V given by

V ={(z,y) €C | f(z,y) = 0}.

The object of the study is the topology of V in the neighborhood of a given point a =
(zo,y0) € V. If f'(a) does not vanish, a is called a regular point of f. In this case, V is
a smooth surface in the neighborhood of a, so there is nothing to say from the topological
point of view. On the other hand, if %(a) = %(a) =0, a is a singular point of f, and the
topology of V near a is very interesting.

The fundamental idea of this theory is due to WILHELM WIRTINGER and to his student KARL
BRAUNER [5]: for € > 0 sufficiently small, consider the intersection K, of V and of a 3-sphere
S. = 0D, C C? of radius € and center a. It turns out that K, is a smooth 1-manifold, that
is, a link: it is called the link of the singularity.! Furthermore, the topology of V N D,
is determined by this link; more precisely, JOHN MILNOR [25, Theorem 2.10] shows that
for € > 0 sufficiently small, the pair (D, V N D,) is homeomorphic to the cone on the pair
(Se, K¢). For example, the origin is a singular point of f(z,y) = zy, and the link of this
singularity is the Hopf link; therefore, the algebraic curve V = {(z,y) € C? | zy = 0} near
the origin is homeomorphic to the cone on the Hopf link. Another simple example is given
by the application f(z,y) = 2P + y9, where p and ¢ are coprime integers greater than one:
the origin is a singular point, and the link of this singularity is a torus knot of type (p, q).

Another fundamental result is Milnor’s celebrated fibration theorem [25, Theorem 4.8]: for
€ > 0 sufficiently small, the map ¢ = ‘fﬂ: S. — K. — S' is a smooth fiber bundle. It is called

the Milnor fibration, and F = ¢~!(1) is the Milnor fiber. Considering the examples
given above, this theorem shows that the Hopf link and the torus knots are fibered links. The
Milnor fiber provides a Seifert surface for the corresponding link.

Now, let a be a singular point of a polynomial application f: C? — C; by translation, it may
be assumed that a is the origin. Consider f as an element of C{z,y}, the ring of convergent
power series with complex coefficients. Since this is a factorial ring, f can be written in a
unique way as a product

f:flml. 2m2fTTn

of irreducible elements of C{z, y}, with m; > 1. If all the multiplicities m; are equal to one, f
is said to be reduced; in fact, f: C2> — C is reduced if and only if the singularity is isolated.
For all 4, the space L; = {(z,y) € Se | fi(z,y) = 0} is connected. Since K, is the union
LiULsU...U Ly, the number of components of the link of the singularity is equal to the
number of irreducible factors of f in C{z,y}, or branches of f.

As a set, the link K. does not depend on the integers m; > 1. On the other hand, the Milnor

fibration does depend on these multiplicities: indeed, the smooth fiber bundle S, — K N St
is in the homotopy class given by m = (myq, ..., my). In other words, Milnor’s theorem states
that the multilink K. = m1L1 U...Um,L, is fibered. Equivalently, the Milnor fiber provides
a Seifert surface for the multilink K. = mL; U...UmyL,. Finally, the Alexander module
of the singularity is the Alexander module of this multilink.

' A link that can be realized as the link of a singularity is called an algebraic link.
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To summarize, one can associate a multilink to any complex plane curve singularity. If the
singularity is isolated, this multilink is simply an oriented link.

Additivity of Link Invariants

With the previous paragraph, one might think that multilinks only occur when the singularity
in non-isolated. In fact, multilinks are important for the computation of the Alexander
polynomial of a singularity, even if this singularity is isolated. Let us explain this fact on an
example. Consider the singularity given by the polynomial application

flz,y) =y* — 2%y — 4Py +2° — 2",

One can show that f is irreducible in C{z, y}; in particular, the origin is an isolated singular
point of f. Moreover, the knot K of this singularity is obtained in the following way. Let K’
be an oriented trefoil knot, and let L be the link illustrated below, consisting of a (13, 2)-torus
knot L1 and an unknot Ly linking L, twice.

L OO

Consider tubular neigborhoods N'(Lg) and N (K') with standard parallels and meridiens
P,M C ON(Lg) and P', M’ C ON(K'). Then, K is the image of L; under the map

$% — N(Lg) = (S* — N(Lo)) Up (S® — N(K)),

where h: ON (Lg) — ON(K') is a homeomorphism mapping P onto M’ and M onto P’. We
say that K is obtained by splicing L and K’ along L et K'. In a less formal way, K should
be visualized as a (13, 2)-torus knot on a torus embedded as a trefoil knot.

More generally, every algebraic link is an iterated torus link: it is obtained by splicing a
certain number of torus links. This number is equal to the number of characteristic Puiseux
pairs of the singularity.? The idea is to use this canonical decomposition to compute some
invariants of the singularity, for example, its Alexander polynomial. But in order to have a
multiplicativity formula for the Alexander polynomial via splicing, it is necessary to introduce
multiplicities on the components along which the splicing is performed: the multiplicity on
one of these components is given by the linking number of the other with the rest of the link

2The singularity given above is the simplest with two characteristic Puiseux pairs. This is the reason why
you find this example in almost every textbook.
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it belongs to. The Alexander polynomial of the multilinks obtained is multiplicative under
splicing. In the example above, the Alexander polynomial of K is equal to the product of
the Alexander polynomials of the multilinks L; U 0Ly and 2K’. Hence, the problem of the
computation of the Alexander polynomial of a singularity can be reduced to the (very simple)
corresponding problem for torus multilinks.

The necessity of the introduction of multiplicities in the process of splicing also appeared
in the topological context of knot theory. Indeed, HERBERT SEIFERT [42] proved in 1950
the following assertion: consider K’ a knot in S3, N(K') a closed tubular neighborhood of
K' and f:N(K') — S' x D? an orientation preserving homeomorphism sending K’ onto
S! x {0} and a standard parallel of N'(K') onto S! x {1}; if K is a knot in the interior of
N(K') with K ~ m - K' in H1 (N (K")), their Alexander polynomials satisfy the equality

Ag(t) = Agr (™) - Apey ().

This formula was generalized to the multivariable case by GUILLERMO TORRES [44] in 1953.
The result is known as the Seifert-Torres formula (see corollary 3.2.11).

In short, if we want to compute the Alexander polynomial of a link L obtained by splicing
other links, it is useful to consider them as multilinks: indeed, the Alexander polynomial of L
is simply the product of the Alexander polynomials of the other links, considered as multilinks.
This technique works particularly well for the algebraic multilinks: these multilinks can be
expressed in a canonical way as the splice of torus multilinks.

But splicing is not just a useful trick in the algebraic context. The decomposition theorem of
WILLIAM JACO, PETER SHALEN and KLAUS JOHANSSON [17, 18], and WILLIAM THURSTON’S
hyperbolization theorem imply that any link L in S® can be expressed in a canonical way as
the splice of torus links and hyperbolic links: these links are called the splice components
of L. Furthermore, a multilink structure m on L (for example: an orientation) determines a
structure of multilink on every splice component. It is then possible to prove numerous results
connecting properties of the multilink L(m) with corresponding properties of the multilink
splice components (see [11]). For example, a multilink is fibered if and only if it is irreducible
and all his multilink splice components are fibered. Of course, this result is false if we don’t
consider the splice components as multilinks.

Plane Curves and Links at Infinity

Surprisingly, multilinks also appear in the study of the global topology of algebraic curves in
(2, as explained by WALTER NEUMANN and LEE RUDOLPH [28, 29]. Let us summarize this
very briefly. Consider f:C? — C a polynomial application; a fiber f~!(c) is called regular
if there exists a neighborhood D of ¢ in C such that f|: f (D) — D is a locally trivial
fibration.® One might think that if c is not a singular value of f, then f !(c) is regular; this
is false. For example, Broughton’s famous polynomial g(z,y) = z + z?y has no singular
value, but g 1(0) is not regular. In fact, the following additional condition is required: a fiber
f~(c) is regular at infinity if there exists a neighborhood D of ¢ in C and a compact K in
C? such that f restricted to f~'(D) — K is a locally trivial fibration. HA Huy VUt and L&

3Note that for a fixed f, there are only finite many non-regular fibers.



DUNG TRANG [13] showed that f!(c) is regular if and only if it is non-singular and regular
at infinity.

Given f:C? — C and c in C, the intersection of the fiber f~!(c) with a sufficiently large
sphere S% about the origin defines a link called the link at infinity of f!(c). It turns out
that two fibers f~!(c) and f~!(c¢/) that are regular at infinity determine two isotopic links at
infinity; this link is called the regular link at infinity of f, and it is denoted by L(f,c0). It
is a very special type of link: there exists a fibered multilink L(m) with multiplicities m; > 1,
such that £(f,00) is equal to the boundary of the fiber of L(m).

Let us now mention a first remarkable result: all the fibers f~!(c) are regular at infinity if
and only if all the multiplicities of the multilink L(m) are equal to 1 (that is, L(m) is equal
to L(f,00)). This condition is satisfied if and only if L(f,o0) is fibered. In short, the defect
of regularity at infinity of a polynomial application f is measured by the multiplicities of a
multilink.

Let us conclude with the main theorem of [29]: the topology of a regular algebraic plane
curve V C C?, as an embedded smooth manifold, is determined by the associated multilink
at infinity L(m). In fact, V is properly isotopic to the embedded surface obtained from F,
the fiber of L(m), by attaching a collar out to infinity in C? to the boundary of F.

New Results

We conclude this introduction with a list of the principal new results of our work.

The first chapter is dedicated to a systematic study of the Alexander module of multilinks.
In particular, we prove that this module can be computed using Seifert surfaces, as defined
by Eisenbud and Neumann [11]. But not any Seifert surface: it must have the least possible
number of connected components.

Proposition 1.2.2.

Let L(m) be a multilink, and let d be the greatest common divisor of my, ..., my; then, there
exists a Seifert surface for L(m) with d connected components. Moreover, there is no Seifert
surface for L(m) with less then d connected components.

Such a Seifert surface will be called a good Seifert surface for L(m). Given F C £ — L
a good Seifert surface for L(m), let us denote by F the union F U L. Consider the bilinear

forms .
HlF X HlF — 7

(xay) — Ek(’tiiﬂ,y),
where iy,i_:H{F — H{(X — F) are the morphisms induced by the push in the positive or

negative normal direction off F'. Let us denote by Al"; and A}, matrices of these forms, called
Seifert matrices.

Theorem 1.2.7.
Given F any good Seifert surface for a multilink L(m), A} —tAy is a square presentation
matrix of the Alexander module of L(m).

Corollary 1.2.8.
Let L(m) be a multilink; if F' is a good Seifert surface for L(m), a representative up to sign
of the Alexander polynomial AM™)(t) is given by det(A}, —tAR).
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In chapter 2, we study the consequences of this corollary on the Alexander polynomial of a
multilink L(m). Let us use the notations d = ged(m) > 0, £;; = ¢k(L;, L;) if i # j, i = 0,
and di = gcd(mi, Z] mjéij) Z 0.

Theorem 2.1.6.
There exists a unique polynomial V(™) (t) in Z[t,t'] which satisfies:

_ AL(m) (t) = td%l H?Zl(tdi —1)- v L(m) (t);
- VEm) (1) = VL) (¢), and the leading coefficient of VL) (t) is positive.

Furthermore, we have:

2 . . .
- |VEm (1) = dl"'d(iﬁ’ where D is any (n — 1) X (n — 1)-minor of the matrix
— Zj mlmjélj mlmgélg . mlmnéln
mimalia — Zj momijlo; ... momy o,
mimplin momunfon R Ej MnMjlnj

_ vL(ml,...,mn,hO) (t) — vL(ml,...,mnfl)(t).

Corollary 2.1.7.
For any multilink L(m), AM™) is equal to AM(—m).

Corollary 2.1.9.
Let H be a monodromy matrix for a fibered multilink L(m); then, the determinant of H is
given by det H = (—1)"td+1+2id;

In section 2.2, we explain the consequences of theorem 2.1.6 on the multivariable Alexander
polynomial. Indeed, the Alexander polynomial AX(™) of a multilink is related to the multivari-
able Alexander polynomial Ay, of the underlying oriented ordered link. Therefore, theorem
2.1.6 can be translated into several conditions on Ay. It turns out that these conditions are
equivalent to the well known Torres conditions.

In chapter 4, we give a closed formula for the Alexander module of any Seifert multilink, that
is, any multilink whose exterior admits a Seifert fibration. If the multilink is non-fibered,
theorem 1.2.7 can be applied, yielding the following surprisingly simple result.

Theorem 4.3.1.
Let L(m) be the non-fibered Seifert multilink (3(ay,...,ar),m1 L1 U...Umy,Ly,), withd =
ged(m) # 0. Then, the Alexander module of L(m) is presented by

n—2

(an+1---ak(td—1) (/)_O/\_a)
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Corollary 4.3.2.
The Alexander polynomial of a non-fibered Seifert multilink is given by

AT (3) = {an-}-l ceap(tt—1) ifn=2;
0 otherwise.

On the other hand, if the Seifert multilink is fibered, the method of chapter 1 does not apply

very well. Nevertheless, it is possible to compute its Alexander module using techniques of
Waldhausen.

Theorem 4.4.6.
Let (3, L(m)) = (2(ou,...,ag),m1L1U...Um,Ly,) be a fibered Seifert multilink withn < k.*
Let B1,..., B be integers such that Z?:l Bjou ---aj - - o = 1. Let us note

u=|my)| = |35 mioy - Qi+ ol ;

- Nng = —m('y) Zic n+1 ai 5 and d() = U

Qpp1--0

- ni:%’;ﬂ(),aﬂd d; = ged(n;,u) fori=1,...,n—1;
- di:gcd(do,dl,...,di) fori:(),...,n—l.

Finally, fori =1,...,n—2, let 70,...,7:"" be polynomials in Z[t] satisfying

th T =1
tdz 72 tdi _ -

1

and such that ?,...,~¢ and 4" — 1 don’t have any common factor in Z[t].
Then, the Alexander module of (3, L(m)) is given by the direct sum of

L /(= /e
@ Z[t,t 1]/(tu/&n+1"‘ai—1 _ 1)(tu/a,’ _ 1)

and of the Z[t,t~']-module presented by

y4u!
P21 D22
. b)
Pn-11 Pn-12 --- Pn-1mn-1

where the p;; are defined recursively by

pult) = LD g

(" -1)
1@ 1 tne— 1 j s
- p”(t) = tdj T T ZE ]+1ng(t) tdl % 1(t) fOI' ]. S 7 < 1.
“Since Z(a1,...,a,) = X(ai,...,o0n,1), we can always assume that n < k.

xiii



Therefore, the problem of the computation of the Alexander module of Seifert multilinks is
settled. In chapter 5, we turn to the corresponding question for graph multilinks: these are
the multilinks whose exterior is a graph manifold, that is, a manifold whose splice components
are all Seifert fibered. In other words, a graph multilink is a multilink obtained by splicing
Seifert multilinks. Graph multilinks where classified by Eisenbud and Neumann with the help
of decorated trees named splice diagrams. All our results are expressed in terms of these
combinatorial objects.

The general case seems out of reach, but we obtain closed formulas for several types of graph
multilinks. In particular, we have the following generalization of theorem 4.3.1.

Theorem 5.2.2.

Let L(mq,...,my) be a graph multilink (with some m; # 0) whose splice components are
all non-fibered. Let us consider a splice diagram I" for L(m). If N denotes its set of nodes,
every element v € N corresponds to some non-fibered Seifert multilink; let us note d, the
greatest common divisor of its multiplicities, y, its generic Seifert fiber and «, the product
of the weights on the arrowhead edges of I' adjacent to v.

Then, an Alexander matrix of L(m) is given by

weN n—1—#N
- = ~ ——

er{ Glei)  (gdo 1) 0

It is possible to simplify the problem by considering rings “bigger” then Z[t,t~!], in other
words, by scalar extension. For example, we give a closed formula for the rank of the Alexander
module of any graph multilink L(m). In order to state this result, let us introduce several
notations. Let I" be a minimal splice diagram of L(m). Each node of I" corresponds to a
Seifert multilink, fibered or non-fibered; we will speak of fibered nodes and non-fibered
nodes. Also, a node is a 0-node if all the multiplicities of the corresponding Seifert multilink
are zero. Decompose I" along the edges connecting a fibered node with a non-fibered one, and
delete all the connected components that correspond to fibered multilinks. Let us denote the
result by I'NVF,

Theorem 5.3.1.
The rank over Z[t,t~1] of the Alexander module of a graph multilink L(m) is given by

Lm) _ Jn ifm = 0;
rk My _{n—r—k-l—c—l else,

where ¢ denotes the number of connected components of T' (that is, the number of irre-
ducible components of L), r the number of connected components of T'N¥'| n the number of
arrowheads in TN¥' and k the number of non-fibered nodes that are not 0-nodes.

Another natural scalar extension is given by the Novikov ring A = Z[¢][t~']. The module
Hr(m) = Hi X (m) ®gp,-y L[]

is called the Novikov homology of L(m). With the notations introduced previously, we
have the following result.
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Theorem 5.4.2.
Let L(m) be a graph multilink (with m # 0) given by a splice diagram I'. Then, its Novikov
homology is equal to

ﬁL(m) =T & Kn—r—k—{—c—l’

where T is the A-module presented by the (k x k)-matrix P = (pyy,), where py, = W if

v and w are in the same connected component of T'N¥ | and py., = 0 otherwise.
Furthermore, if T' is minimal, then T is the torsion submodule of Hy(m), andn—r—k+c—1
its rank.

Corollary 5.4.3.

Let L be a graph link with n components. Then, there exists a finite number of hyperplanes
in Z", defined by homogeneous linear equations over the integers, such that the Novikov
homology Hy, (m) only depends on which hyperplanes m belongs.

Corollary 5.4.4.

Let L be a graph link with c irreducible components and b splice components. Then, the
number of non-isomorphic Novikov modules (corresponding to the different multiplicities) is
bounded above by 3* — 2(b — c).

Finally, we compute the Alexander module over C[t,¢~!] of a wide class of graph multilinks.
Namely, we make the following assumption: if one decomposes T', a splice diagram for L(m),
along the set &’ of edges connecting a fibered node and a non-fibered one, then the subdiagram
'Y gathering all the fibered nodes is connected.

The multilink corresponding to I'F" is fibered, so its Alexander module can be computed using
results of Eisenbud and Neumann. Let us note £ the number of components of this multilink,
d the greatest common divisor of its multiplicities, A(¢) the characteristic polynomial of its
monodromy h,, and A’(t) the polynomial whose roots are the eigenvalues of h, corresponding
to the 2 x 2 Jordan blocks. Given E € &', let dg be the greatest common divisor of the
multiplicities involved in the corresponding splicing. Also, let N1 be the set of non-fibered
nodes that are not 0-nodes, and let r (as above) denote the number of connected components
of I'NF | Finally, let us note

tdv —1

e(t) = ged (td -1, {tdE*l}(v,E) ; E € & is adjacent to v € N ) if #&' =14
1 if 48 < 4.

Theorem 5.5.2.
The Alexander module Mé(m) is determined by the following properties.

- The rank of ME™ is equal to n — #Ny —r.

- The order ideal of the torsion submodule T = Tor Mé(@ is generated by

AW - elt) Ty, (1)
) = = @ - D

- The Jordan normal form of t restricted to T has blocks of dimension at most 2; the
eigenvalues corresponding to the 2 x 2 blocks are the roots of A'(t).
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Given f:C? — C a polynomial application, its regular link at infinity £(f, 00) is in the class
of graph multilinks defined above. Therefore, we can compute its Alexander module over
Clt,t71].

Theorem 5.6.1.

Let L(my,...,m,) be the multilink associated with L(f,o0), and let us note d = ged(m),
di = ged(m;, Y2, milk(Ls, Lj)), A(t) the characteristic polynomial of the monodromy of
L(m), and A’(t) the polynomial corresponding to the 2x2 Jordan blocks. Then, the Alexander
module Mé is given by the following properties.

Sk ME = Y0 (d—1) .
- The order ideal of the torsion of Mé is generated by
A(t)

A(t) = :
t—1 tdi—1
td—1 Hinzl t—1

- The Jordan normal form of the monodromy restricted to the torsion of Mé has blocks
of dimension at most two; the 2 x 2 blocks correspond to the roots of A'(t).

Finally, chapter 6 is dedicated to the computation of the Conway potential function of graph
links.

Theorem 6.2.7.
Let L be a graph link with n components given by a splice diagram I'. Then, its Conway
potential function is equal to

Vi(t,eeootn) = (DR Tt — 78t )22,
v

where the product is over all non-arrowhead vertices v of T', §, is the valency of the vertex v,
£, denotes the linking number of L; with the component corresponding to v, and k_ is equal
to the number of (—1)-weighted arrowheads.

xvi



Chapter 1

The Alexander Module of
Multilinks

Multilinks appear naturally in the study of complex plane curve singularities. They can be
considered as a generalization of oriented links. Many classical invariants of oriented links,
such as the Alexander module, the Alexander polynomial and the torsion numbers can be
extended to multilinks. Also, the notion of “fibered multilink” can be defined, that generalizes
the usual concept of fibered link.

In this chapter, we give an algorithm to compute the Alexander module of any multilink
in a homology sphere. Generalized Seifert surfaces and Seifert forms are introduced for
this purpose. Then, we apply Fox free differential calculus to obtain a presentation of the
Alexander module of a multilink in S? from a given projection. Finally, the computation of
torsion numbers for multilinks is discussed.

1.1 Basic Facts about Multilinks

A multilink is an oriented link L = L, U...UL,, in an oriented homology 3-sphere ¥, together
with an integer m,; associated with each component L;. The following notations will be used
for multilinks:

miLyU...Umy,L, = L(mq,...,my,) = L(m) .

We also need the convention that m;L; = (—m;)(—L;), where —L; represents L; with the
opposite orientation.

Of course, a set of multiplicities m = (mq,...,m,) can be interpreted as an element of
HiL = @], ZL;. If X denotes the complement ¥ — L of L, the Alexander duality and the
universal coefficient theorem give the isomorphisms

H,L ~ H'X ~ Hom(H, X, Z).

Hence, m also represents the morphism H; X — Z given by

n
i=1
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Furthermore, using Hurewicz theorem and a theorem of Whitehead, we get
Hom(H; X, Z) ~ Hom(m X, Z) ~ [X, S"].

So a set of multiplicities defines a homotopy class m € [X, S']; this class is determined by the
following criterion:

¢ €m < deg(d|n,) =m; forall i=1,...,n,

where M; is an oriented meridian of L; such that ¢k(M;, L;) = +1.

As a consequence, assigning a set of multiplicities to an oriented link is a way to specify a
preferred infinite cyclic covering X (m) 24 X: it is the unique regular covering of X given by

the morphism m X — Z. Equivalently, it can be defined as the pullback Z-bundle ¢* exp,
where R =% S! ig the universal Z-bundle and X i) S any map in the homotopy class m :

X(m) — R

pl lexp

x %5 g

Note that X (m) is not connected in general.

Choosing a generator t of the infinite cyclic group of the covering endows H, X (m) with a
structure of module over Z < t >= Z[t,t"!]. Most of these modules are not interesting: we
will prove that HoX (m) ~ Z|[t, t71/(t? — 1), where d is the greatest common divisor of the
multiplicities m;, and that Hy X (m) is a free module with the same rank as H; X (m) (see
corollary 1.1.2 and proposition 1.1.4). Of course, H; X (m) = 0 for all i > 3. Therefore, the
only interesting module is Hy X (m): it is called the Alexander module of the multilink

L(m). This is a (cumbersome) invariant of the multilink.

To extract handy information from a given module, the standard trick is to consider its
elementary ideals. Although these objects are widely used, their definitions vary according
to the authors (see e.g. [7, 10]). Therefore, let us now clarify the meaning of these concepts

in the present work. Let M be a module over a ring R. A finite presentation of M is an

exact sequence F' —¢—> E — M — 0, where E and F' are free R-modules with finite basis.

If A is a matrix of ¢, then its transposed AT is a presentation matrix of M. Each column
of AT corresponds to a generator of M, and each line to a relation.! If M has an m x n
presentation matrix P, the r* elementary ideal of M, denoted by E, M, is the ideal of R
generated by the (n —7) X (n — r) minors of P. It is easy to check that these ideals do not
depend on the presentation of M. Note that if n = m, P is a square matrix and FyoM is
the principal ideal of R generated by the determinant of P. Now, let us denote by A, M a
generator of the smallest principal ideal that contains E,.M; if R is factorial, A, M is simply
the greatest common divisor of the (n — 7) X (n — r) minors of a presentation matrix. Note
that this element A, M of R is only defined up to multiplication by a unit of R. Given A and
A’ in a ring R, let us note A=A’ if A =u-A’ for some unit u of R.

Let us now turn back to multilinks. Given a multilink L(m), we just defined the Alexander

module of L(m) as some module H; X (m) over the ring Z[t,¢ !]. A presentation matrix of

'Here, we follow the convention of Rolfsen [35]. Many authors consider A as the presentation matrix.
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this module is an Alexander matrix of L(m). The r'? elementary ideal E,(H;X (m)) is
the r*® Alexander ideal of L(m). The Laurent polynomial A,(H; X (m)) is called the rth
Alexander polynomial of L(m); A¢(H;X (m)) is called the Alexander polynomial of
L(m), and is denoted by AX(™) Again, note that AL(™) is only defined up to multiplication
by a unit of Z[t,¢71], that is, by +¢°.

Of course, if a multilink has weights m; = ... = m,, = £1, all these Alexander invariants
correspond to the usual Alexander invariants of the corresponding oriented link. We will
speak of this special case as the usual case.

Let us start with several basic properties of the Alexander invariants of multilinks.

1.1.1 Proposition.
Let d be a positive integer; then, there is an isomorphism

H.X(d-m) = H.X(m) Qg LT, T,

where Z[T, T~ "] is endowed with the structure of Z[t,t ']-algebra given by t — T,

Proof. Let X i) S' be a map in the homotopy class m. Then, ¢¢ is in the homotopy class
d - m. By definition of the pullback,

X(d-m) = {(w,A) €EX xR| (¢(x))d:e2zﬂ}

d—1
= | { (z,)) € X X R | ¢(z) = e2inO+k)/d }

k=0

d—1
|| X (m).
k=0

1R

Therefore, X (d -m) is given by d copies of X (m). Furthermore, a generator T of the group
of the covering X (d-m) — X permutes these copies cyclically, and T% acts on each copy as
a generator ¢ of the group of the covering X(m) — X. This gives the isomorphism stated
in the proposition. O

1.1.2 Corollary.
HoX(m) ~ Z[t, t71]/(t? — 1), where d = ged(my, ..., my).

Proof. If d = 1, then m X 25 Zis onto, so X (m) is connected and the result holds. The
general case in settled by proposition 1.1.1. O

1.1.3 Corollary.

Let P(t) be an Alexander matrix of L(m), and let d be a positive integer. Then, P(t%) is an
Alexander matrix of L(d - m). In particular, for the computation of the Alexander module of
a multilink, it may be assumed that ged(ma,...,m,) = 1.

Proof. Let @7, Z[t,t™"e; 2+ @7, Z[t,t™"] f; — HiX(m) —> 0 be the presentation of
H; X (m) corresponding to P(#); this means that the coefficients pi;(t) of P(t) are defined
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by ¢(e;) = Zj".zlpij(t) fj- Tensoring this exact sequence by ®g;;-Z[T, T-1], and using
proposition 1.1.1, it follows that

EBZ[TTl] (ei ®1) "”@ZTT £i®1) — HX(d-m) — 0
=1

is a presentation of H; X (d-m). Finally, the equalities

(pI)(ei®l)=¢(ei) ®1 = ( me fg ®1—sz] ®1)

|

show that this presentation corresponds to the matrix P(T'%).

1.1.4 Proposition. B

Hy X (m) is a free Z[t,t~']-module. If the multiplicities are not all zero, then rk Hy X (m) =
rkHi X (m). In particular, if Hy X (m) is non trivial, then the Alexander polynomial A"(™)
vanishes.

Proof. Let us choose an equivariant cellular decomposition of X=X (m); this gives free
chain modules Ci)? . The exterior X of the link is a 3-manifold with boundary, so it has the
homotopy type of a finite connected complex of dimension 2. Therefore, Hg)? = Zg)? . Hence,
there is an exact sequence of Z[t,¢ !]-modules

O—>H2)?—>6252i)B1f—>0,

which means that Hy X is the first syzygy module of B X (with respect to the set of generators
given by the cellular chains). Now, B; X is a submodule of the free module C1X. The global
dimension of the ring Z[t, ¢~ 1] being equal to 2 (use [48, Proposition 3.3.10 and Theorem
4.3.7]), B1 X has projective dimension less or equal to 1. This means that in any projective
resolution

Py P — Py - B X —0,

the image of P, — Fy is projective. In partlcular this holds for any first syzygy module of
BiX, so HyX is projective. Since Ko(Z[t,tY]) is trivial (see [36, Chapter 3.3]), HoX is free.2

Tt remains to check that tk HoX = rkH;X. Since X has the homotopy type of a finite 2-
complex, and x(X) = 1—n+(n—1) = 0, there exists a cellular decomposition of this complex
(also denoted by X) with a single vertex X, u 1-cells, (u — 1) 2-cells and no cell of higher
dimension (for some p > 1). Choosing an equivariant cellular decomposition of X, we obtain
chain modules C; X that are free Z[t,t~'-modules of rank b;, with by = 1, by = p, by = pp — 1
and b; =0 if 7+ > 3. Hence,

rkHoX — tkH; X + tkHo X = by — by + by = 0.

By corollary 1.1.2, HOXNiS a torsion module unless d = 0. So if the multiplicities are not all
zero, the equality rk Hy X = 0 follows, as well as the proposition. O

21 wish to thank Professor Eisenbud for suggesting this argument.
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1.1.5 Proposition.

For any multilink, there exists a square Alexander matrix. In particular, EO(Hl)Z' (m)) is a
principal ideal, and the Alexander polynomial of a multilink can be defined as the determinant
of a square Alexander matrix.

Proof. As described in the proof of proposition 1.1.4 above, there exists an equivariant cellular
decomposition of the 2-complex X, so that the chain modules C; X are free Z[t, 1~ !-modules
of rank b;, withbg =1, b1 = p, bp =p—1and b; =0if 7 > 3. Let X" denotes the r-skeleton
of X the exact sequence of the trlple X0cX'cX2=X gives

Hp(X2, X') —— H;(X', X% —— H;(X2, X% —— Hi (X2, XY

J l | !

CQX — Cl)? E— Hl()?,)zo) e 0

where all the vertical arrows are canonical isomorphisms. This is a presentation of H (X' , X )
with 4 generators and p — 1 relations. The exact sequence of the pair (X, X?) gives

0— Hljf — Hl(j‘(;,)?o) — H()()?O) —6) H())A(: — 0.

It it is easy to see that Ker (¢) is free of rank one. Thus, the sequence splits, and a presentation
matrix of H; X can be obtained from a presentation matrix of H;(X,X?) by adding one
relation. This gives a square Alexander matrix of the multilink. O

We will give two other proofs of this fact in the next chapter, one via Seifert surfaces, the
other using free differential calculus.

1.1.6 Proposition.
Let L(m) be a multilink with n components and some non-zero multiplicity. Then, the rank

ole)’(v'(m) is at most n — 1.

Proof. It follows from the presentation
025(: — Cl)? — Hl(i,)’fo) —0

that Hy(X,X%) ® Z ~ Hy (X, X 9) = H; X, which by Alexander duality is free of rank n.
Therefore, the rank of Hy (X, X0) as a Z[t,t~']-module is at most n. The exact sequence of
the pair (X XO) implies that rk Hl(X XO) =1k H; X + 1, and the proposition is proved. O

Let us now define a very interesting class of multilinks, that generalizes the concept of fibered
link: a fibered multilink is a multilink L(m) such that there exists a locally trivial fibration
X % S' in the homotopy class m € [X,S']. Let us note F := ¢~'(1), the fiber of L(m).
The diagram

X(m) ——

p leXP

X 2,4t
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can now be understood as defining the pullback fibration ® = exp* ¢. Since R is contractible,
there exists a homeomorphism F' x R — X (m) such that the following diagram commutes:

FxR — X(m)

rl—lcp

Hence, the generator X (mn) X (m) of the infinite cyclic group of the covering p can be

seen as the transformation
FxR — FxR

(z,2) +— (h(z),z+1),

where h: F —» F is some homeomorphism, unique up to isotopy, called the geometric
monodromy. In our context, it is called the monodromy of the multilink L(m). The
induced homomorphism h,: H{F — H; F' is the algebraic monodromy of the multilink.

Let us give several easy properties of fibered multilinks with fiber ' C % — L and monodromy
h:F — F.

1.1.7 Proposition.
The fiber of a multilink has d = ged(my, ..., m,) connected components.

Proof. The exact homotopy sequence of the fibration takes the form

0—mF —mX 57 s nF —0,

where @y (v) =Y, m; £k(v, L;). Hence, moF' = Coker pu ~ 7 /dZ. O

1.1.8 Proposition. B ~ B
Let us note F = F U L. Then, the Betti numbers b; = rk H;F and b; = rk H;F satisfy the
relation b; = by_; for all i.

Proof. The fibration ¥ — L — S! yields a fibration > — F — (0,1). Therefore, 3 — F is
homeomorphic to F x (0,1). Using this homeomorphism and Alexander duality, it follows
that )

HF = H(F x (0,1) c H(S—F) =~ B 'FeH i F,

which gives the result. O

1.1.9 Proposition.

An Alexander matrix of a fibered multilink is given by H' —tI, where H is any matrix of the
algebraic monodromy h,: HHF — HyF. In particular, the Alexander polynomial of a fibered
multilink is the characteristic polynomial of the monodromy.

Proof. By the above discussion, there is an isomorphism of Z-modules f:HiF —s H; X (m)
such that t- f(z) = f(h«(z)). Choosing a Z-basis e1, ..., e, of H{ F, there is an exact sequence
of Z[t,t '-modules

B B
B zit,t e S @Pzlt,t e 25 HiX (m) — 0,
i=1 =1
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Figure 1.1: A Seifert surface near the multilink.

where f, denotes the Z[t,¢~!]-linear extension of f. This is a finite presentation of H; X (m);
therefore, (H —tI)T is a presentation matrix of this module. O

1.2 Seifert Surfaces and Seifert Forms

The aim of this paragraph is to give an algorithm for the computation of the Alexander module
of a multilink in a homology sphere. Our method will be to mimic as much as possible the
fibered case. In particular, the fiber will be replaced by a “good Seifert surface”, that we
define now.

The concept of Seifert surface for multilinks was introduced by Eisenbud and Neumann [11];
it is the obvious generalization of Seifert surfaces for oriented links. More precisely: a Seifert
surface for a multilink L(m) = m1L; U ... U my,L, is an open embedded oriented surface
F C X — L, such that, if N(L;) denotes a closed tubular neighborhood of L; and F, the
closure of F — (F N |J; N(L;)), then for all 4:

- If m; # 0, F N N(L;) consists of |m;| sheets meeting along L; ; F is oriented such that
OFy = m;L; in Hy (N (L;)).

- If m; = 0, F N N(L;) consists of discs transverse to L;; F is oriented such that the
intersection number of L; with each of these discs is the same (either always +1 or
always —1).

This is illustrated by figure 1.1.

Note that FF C ¥ — L and Fy C ¥ — N(L) determine each other up to isotopy; to simplify
the notation, we will consider both of them as Seifert surfaces, and denote both by F. We
will denote by F the union of F C ¥ — L and L; if no multiplicity is zero, this is simply the
closure of F' in 3 — L.

The following proposition can be considered as an alternative definition of a Seifert surface.
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Figure 1.2: Surgery.

1.2.1 Proposition. (Eisenbud-Neumann [11])
An oriented surface F properly embedded in ¥ — N (L) is a Seifert surface for L(m) =
m1L1 U...UmyL, if and only if, for all i,

FNON(L;) = d;Li(pi, i),

a d;(pi, qi)-cable on L;, where d; is the greatest common divisor of m} := — " ki mjlk(L;, L;)
and m;, sgn(d;)=sgn(m;)*, p; = 3+ and ¢; = Z*. O

If L(m) is a fibered multilink, its fiber F' is a Seifert surface for L(m) with d = ged(m, ..., my,)
connected components (recall proposition 1.1.7). The following statement generalizes this fact
to any multilink.

1.2.2 Proposition.

Let L(m) be a multilink, and let d be the greatest common divisor of my, ..., my; then, there
exists a Seifert surface for L(m) with d connected components. Moreover, there is no Seifert
surface for L(m) with less then d connected components.

Such a Seifert surface will be called a good Seifert surface for L(m).

Proof. Let F C X — L be any Seifert surface for L(m) without closed component, and let us
note F = FU L. Also, let i, ,i_:HoF — Hy(Z — F) be the epimorphisms induced by the
push in the positive or negative normal direction off F.

If iy or i_ is not an isomorphism, there are two distinct connected components F; and F; of
F that can be connected by a tube as in figure 1.2 to give a new Seifert surface F’ with less
connected components than F. This operation is called surgery. Let us suppose that all the
possible surgeries have been made, yielding F = F; U ... U F, with HoF ~ Ho(X — F). We
have to see that r = d.

Let us consider F as the union F U M, where M = N(L) N F; the Mayer-Vietoris exact
sequence gives

31f m; = 0, set d; = m}, that can be chosen positive.
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In particular, the natural homomorphism HyF 9, H; M is zero. Since F is good, it follows
that HoF ~ Ho(X — F), giving an isomorphism 1: HyF — HoF equal to the composition

HyF ~ H?F ~ Hy(S — F) ~ HyF.

Furthermore, M has the homotopy type of N'(L), giving a natural isomorphism ¢: Hi M —
H; (N (L)) such that the following diagram commutes

HyF —2 H, M

o] l¢
HoF —2— Hy (V(L)),

where 0 is induced by the morphism that sends a connected component F; of FF C 3 —
N (L) to the homology class of its boundary 0F; in Hy (N (L)). Since 0 is zero and ¢, 1) are
isomorphisms, 0 is also zero. This means that for all 4,5 = 1,...,r, 0F; = 0F; € Hi(N(L));
it gives the equality

zn:miLi =0F = i:aFJ =r.-0F € Hl(N(L)) = éHl(N(Lz))

i=1 j=1

Hence, r divides m; for all 7, that is, r divides d. This concludes the proof for d = 1; if d > 1,

a good Seifert surface is obtained by d copies of a connected surface for L(Zt,..., %),

It remains to show that if d > 1, there is no surface with less then d connected components.
Consider a Seifert surface F' with r < d components; by the argument above, one component
of F' would provide a connected Seifert surface for L(%), with ged(%£) = g > 1. Therefore,
it is sufficient to check that there is no connected surface for a multilink with d > 1. So,
let F be a connected Seifert surface for L(m) with d > 1. Since i :HoF — Ho(X — F) is
surjective, ¥ — F is connected. Take P in F, and 7 a path in ¥ — F joining i, P and i_ P.
This gives a cycle 7y such that m(vy) = k(L(m),y) = v-F = 1. But Im (m) = dZ, with d > 1:
a contradiction. O

1.2.3 Corollary.
F is good <= HyF ~ Hy(X — F), where F = F U L. O

If L(m) is a fibered multilink with fiber F, the (reduced) Betti numbers b; of F' and b; of F
are related by b; = by_; for all i (proposition 1.1.8). The following corollary generalizes this
fact to any multilink with good Seifert surface F.

1.2.4 Corollary.

Let F be a Seifert surface for L(mq,...,my); let b; be the rank of H;F and b; the rank of
ITIZ-F. Then F is good <= by = by, by = by + r and by = by + r, where r is the number of
indices i such that m; = m) = 0.

Proof. 1t is clear that all the Z-modules considered here are free. In general, there is an
epimorphism B B
HoF —» Hy(X — F) ~ H’F ~ H, F;



10 CHAPTER 1. THE ALEXANDER MODULE OF MULTILINKS

by corollary 1.2.3, the first arrow is an isomorphism if and only if F' is good. In that case, it is
easy to see that F has r+ 1 connected components. Furthermore, F is the union F UM, with
M = N(L)NF (L and FNM , OF. Therefore, x(F) = x(F)+x(M)—x(FNM) = x(F).
This equality and the fact that Ho F" = 0 give the result. O

This concludes our study of the Seifert surfaces of multilinks. We now turn to the natural
generalization of the Seifert form to multilinks. Let F' be a good Seifert surface for L(m); the
Seifert forms associated with F' are the bilinear forms

af,ap: HiF xliF — 7

(x,y) — gk(iix,y)a

where iy ,i_:Hy{F — H{(¥ — F) are the morphisms induced by the push in the positive or
negative normal direction off F'. We will use the notation Aii for matrices of these forms,
called Seifert matrices.

In the usual case, the inclusion of F in F is a homotopy equivalence, giving a canonical
isomorphism H{ F' = H,F. The bilinear form a;;: H.F x HiF — Z is the usual Seifert form,
and A}, is a usual Seifert matrix. Furthermore, A7 = (A};)T since lk(i_z,y) = lk(z,i1y) =
lk(iyy,z). In the general case of a multilink however, there is no canonical isomorphism
between H; F and H;F. Therefore, both Seifert matrices A}L,w and Az need to be considered.

1.2.5 Proposition.
If the multilink is fibered with fiber F', the matrices Ai? are unimodular. Furthermore, a
matrix of the monodromy is given by (A} - (Az) )T.

Proof. The bilinear form a;:Hlﬁ X HiFF — 7Z can be understood as a homomorphism
ap:HiF — Hom(H, F,Z) ~ H'F. The composition of this morphism with the Alexander
duality isomorphism H'F ~ H;(X — F) is nothing but the natural morphism i, :H;F —
H,(X — F). The same holds for a and i . As a consequence, the Seifert matrices A%
with respect to basis A of HiF and A of H{F are equal to the transposed matrices of
iy,i_:HiF — Hy(Z — F) with respect to the basis A and A", where A" is the dual ba-
sis of A via Alexander duality HiF ~ H'(X — F). If the multilink is fibered with fiber F,
iy,i :F — ¥ — F are homotopy equivalences, so i,,i :H;F — H;(X — F) are isomor-
phisms. Hence the associated matrices are unimodular.

The monodromy of a fibered multilink can be defined as the composition (i_) 'o (i, ). Hence,

a matrix of the monodromy is given by H = ((47)T)™1- (45)T = (A% - (A7)~ HT. O

1.2.6 Proposition.
If the multilink is fibered with fiber F', a monodromy matrix and the Seifert matrices Afi?
yield the same information.

Proof. We have already shown that a monodromy matrix can be recovered from Seifert ma-
trices. Now, let us fix a basis A of H1 F, and let H be the matrix of the monodromy with
respect to A. Let us note A the basis of H; F obtained from A via the isomorphisms

H,F 5 Hy(Z — F) ~ H'F ~ Hom(H, F, Z) ~ H,F.
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The Seifert matrices with respect to A and A are given by Ap =1 and A;; =HT. O

This proposition is very important to understand that the matrices AI{E are no proper gener-
alization of the usual Seifert matrix (for oriented links). In the usual case, the Seifert matrix
of a fibered link yield much more information than the monodromy. This is lost in the case
of multilinks because two basis (for H; F and H; F) have to be chosen. These two Z-modules
are most of the time isomorphic (that is, when r=0); nevertheless there is no canonical iso-
morphism between them that gives the identity on Hi F' when all the multiplicities are +1.
In particular, AI{E cannot be considered as authentic bilinear forms, nor as a generalization of

the usual Seifert form.

Still, there is one essential property of the usual Seifert matrix that is preserved: it is very
helpful to compute the Alexander module. Recall that in the fibered case, an Alexander matrix
is given by H” — tI (proposition 1.1.9); by proposition 1.2.5, this matrix is A} - (Ap) ™! —¢I
which is equivalent to AI’; —tAp. It turns out that this is always an Alexander matrix.

1.2.7 Theorem.
An Alexander matrix of L(m) is given by A} — tAy, where F is any good Seifert surface for
L(m).

Proof. The demonstration relies on the possibility of constructing X=X (m) with a good
Seifert surface, and the study of the associated Mayer-Vietoris exact sequence.

Let F be a good Seifert surface for L(m), and let us note Y = ¥ — F; by proposition 1.2.2,
F exists and it is possible to number the connected components FF = F; U... U Fy and
Y =Y1U... UY, such that i, Fy, =Y} and i_F} = Yj_; (with the indices modulo d). Let us
set N = F x (—1;1) an open bicollar of F, Ny = F x (0;1), N_ = F x (—1;0) and {Y"}cz
(resp. {N'}icz) copies of Y (resp. N). Define

E:|_|Yiu|_|Ni/~,
€L €L

where Y* D N, ~ N, C N* and Y? D N_ ~ N_ C N**!'. The obvious projection E 2y x
is the infinite cyclic covering X (m) — X determined by m. Indeed, a loop «y in X lifts to a
loop in F if and only if the intersection number of v with F' is zero, that is, if

0=17F =tk(L(m),7) = m(y).

Therefore, E -2+ X is the Z-regular covering determined by m. Of course, a generator ¢ of
the group of the covering is given by the obvious homeomorphism sending Y* to Y**! and N*
to N*+L,

Consider the Mayer-Vietoris exact sequence of Z[t,t Y-modules associated with the decom-
position X = (|J,Y*) U (U, N'); it gives

0 — Hy(X—F)QZ[t,t7'] — HyX — (H,F o H F) @ Z[t, 1Y
¢

2 (M (E-F) @ HiF)QZ[tt Y] -5 I X — (HoF @ HoF) ® Z[t, t7Y]
By (Hy(Z —F) @ HoF) @ Z[t, t7 ] — Ho X — 0.
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The homomorphism ¢q is given by ¢o(a,3) = (iya+t-i_f,a+ (). Since F' is good, the

homomorphisms iy : HgF' — Hy(X — F)) are injective, and so is ¢y. Therefore, 9 is surjective
and there is an exact sequence

(L FOHF) Lt ]2 (I (S - F) o 0 F) @ Z[t,t 1] — H; X — 0,

with ¢1(,8) = (iya+1t-i_f,a+ [). This can be transformed into

0 F @ Z[tt Y] -2 Hy(E — F) ® Z[t, Y] — H, X (m) — 0,

where ¢(a) =i a —t-i_a. Since A}, (resp. A}) is the transposed matrix of i, (resp. i_),
this concludes the proof. O

In the usual case, it is Seifert’s famous result: given any Seifert matrix V for an oriented link
L,V —tVT is a presentation matrix of the Alexander module of L.

1.2.8 Corollary.
Let L(m) be a multilink with no index i such that m; = m} = 0; if F' is good, a representative

up to sign of the Alexander polynomial AY(™)(t) is given by
AP (t) = det(A} — tAR).

If there is an index i such that m; = m! = 0, then AM™)(t) is equal to zero. O

Let us now give several consequences of this theorem. Note that the main application is
to be found in section 4.3, where the Alexander module of non-fibered Seifert multilinks is
computed.

1.2.9 Proposition.

Let M' (resp. M") be the Alexander module of L'(m') (resp. L"(m")); if m' # 0 and m" # 0,
the Alexander module M of the disjoint sum L'(m') + L"(m") is equal to M' & M" &
Zit,t Y. If m' =0 or m" =0, then M =M" & M".

Proof. Let F' (resp. F") be a good Seifert surface for L(m') (resp. L"(m")); then, a good
Seifert surface F for L(m) = L'(m’) + L"(m") is obtained from Fy = F'UF" viad +d" —d
surgeries, where d’ = ged(m'), d’ = ged(m”) and d = ged(d’, d”). The effect of a surgery on
H; F} is very simple; if the result of the operation is F1, its homology is given by

HiFy ~ HiFy ® Zcy

with ¢; the 1-cycle represented in figure 1.3.

On _the other hand, the effect of the surgery on H,Fy depends on whether it reduces by =
rk HyFy and/or by = rk HyFy. Using the notations o; and ¢; as in figure 1.3 it is not hard to
prove the following assertions.

(i) If the surgery reduces by and b, then H; F; ~ H; F.
(ii) If the surgery reduces by, not by, then Hi F1 ~ H; Fy @ Zo.
(iii) If the surgery reduces by, not by, then HiF; ~ H{Fy @ Zc,.
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Figure 1.3: The new cycles appearing via surgery.

(iv) If it does not reduce any rank, then H1 F; ~ H1Fo @ Zc1 @ Zo1.

If d =0 or d" = 0, there is no surgery to do: F = Fy = F' U F" is good. The proposition
then follows trivially from theorem 1.2.7. Let us now suppose that d’ > 0 and d” > 0; there
will be one surgery of the first type, d’ + d” — d — 2 of the second type, and a last one of the
fourth type (unless d = d” = 1, in which case there will be a unique surgery of the third
type). The Seifert forms of L(m) relatively to the good Seifert surface F' are given by

d'+d’—d—1 d'+d"—d—1

—— ——
AL 0 * 0 Az 0 x 0
0 A;,, * 0 0 Ap, * 0
A; - 0 0 1 I * 0 Ap = 0 0 0 I * 0
0 0 .ox 0 0 0 -.o%x 0
1 0

By theorem 1.2.7, we have the Alexander matrix

Al —tAf, 0 * 0
0 A}—w _tA;v[/ * O :PI 0 0
P = 0 0 T PN R
0 0 e 0 0 0 0

1
with P’ (resp. P”) Alexander matrices of L'(m') (resp. L'(m')). This concludes the proof. O

1.2.10 Proposition.
Let F be a good Seifert surface for L(m) with m # 0. Then, the matrix A}, — A presents
the free Z-module of rank n — 1.

Proof. Similarly to the proof of theorem 1.2.7, consider the Mayer-Vietoris exact sequence of
abelian groups associated with ¥ — L = F' x (—1;1) U (2 — F); it it given by

HFoWF SN FOH(E-F) — 2" —Z 0,



14 CHAPTER 1. THE ALEXANDER MODULE OF MULTILINKS

with ¢(a, 8) = (a+ B,ira+i_B). This leads to the exact sequence

I F -2 H (8- F) — 2" — 0,
where ¢(c) = iya —i_a. Since A}, (resp. Ap) is the transposed matrix of 4, (resp. i_), this

concludes the proof. O

1.2.11 Corollary.
Let P(t) be any Alexander matrix for a multilink with m # 0; then, P(1) presents the abelian
group 7" L. a

1.3 Fox Free Differential Calculus

In this paragraph, we intend to apply Fox differential calculus to multilinks. This will enable
us to compute an Alexander matrix of a multilink in S3 from a given projection.

Let L(m) = miL; U...UmyL, be a multilink with ged(my,...,m,) = d. Let us note X°
a base point in X = ¥ — N (L), 7 := m(X,X?), o:m —s< ¢t > the morphism defined by
the multiplicities (that is: v — #2(), where m(y) = S\, milk(y,L;)), and X 25 X
the associated infinite cyclic covering of X. Let us also note ¢ the linear extension Znw —
Z[t,t~1Y; finally, let X0 = p~1(X0) be the fiber of the covering.

If a presentation of « is given by = = ( G1,...,G, | Ri,...,Rp ), let us note F :=
(G1,...,Gy ), ¥: F —> m the natural projection and also 9: ZF — Zm its extension. Recall
that the Fox derivatives %: ZF — ZLF are characterized by the following properties:

J

- Z-linearity;

- aiGj(Gi) = 0ij;

- aiGj(ﬁ-n) = aiGj(f) e(n)+E&- aiGj(n), where e: ZF — Z is the augmentation morphism.
The following proposition is due to R. Fox. For the proof, see [8, Proposition 9.9].

1.3.1 Proposition. (Fox) o
The matrix ((pw(%)) presents Hy (X, XY). O
t g

Let us consider the exact sequence of the pair ()A(: , X 0):
0 — H X — H (X, X%) -4 Ho(X°) -5 HoX — 0.

Clearly, Ho(X°) ~ Z[t,t 1] P, and HoX ~ Z[t,t1]/(t* — 1) - P, where P is any element of
XY, Thus, Keri ~ Z[t,t~'] (t* — 1) - P and the short exact sequence

0 — H X — Hy (X, X% -% Keri — 0
splits, giving the isomorphism

Hi(X,X%) ~ HiX & Z[t,t ] -w
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where w is any element of H; (X, X°) such that d(w) = (t* — 1) - P. Hence, a presentation
matrix of H; X is obtained via one of H;(X,X") by adding the relation w = 0, where w
satisfies O(w) = (14 — 1) - P.

Let us now suppose that L(m) is a multilink in S? given by a diagram with multiplicities.
Proposition 1.3.1 applied to the Wirtinger presentation of the group 7 leads to the following
algorithm.

1.3.2 Proposition.
Let L(m) be a multilink in S® given by a diagram with multiplicities.

Number the bridges of the projection G1,...,G,. To each double point
(except one), assign the relation

’

(™ —1)-Gs — ™G + Gy = 0.
~ o~ G/
The (r — 1) x r matrix obtained presents the module H;(X, X°). O ;

In the usual case, there is a well known trick to compute an Alexander matrix from this
presentation matrix of Hy (X, X%): just delete any column. It is a little more complicated in
the case of multilinks.

1.3.3 Proposition.

Let us number the bridges of the projection in such a way that pip(G;) =t™ fori=1,...,n
and let us choose integers fi1, ..., [, € Z such that y . usm; = d. Then, an Alexander
matrix is given by the matrix of proposition 1.3.2 together with the relation Y, p;G; = 0,
where

1

py = 4 Py Bl i my 2 0;
T .
0 ifm; = 0.

Proof. By the previous discussion, we just need to check that 9(} ;| piGi) = td—1;

n n n
8(ZpZGZ) = sz,(tmi _ 1) — Ztltlm1+...+ui_1m,—_1 . (t#imi _ 1)
i=1 i=1

=1
Mt pamn 1 — td _1. 0

1.3.4 Example. Consider the Hopf link with multiplicities m1,ms and ged(mq,mg) = d.

my m;

If p1mq + pame = d, proposition 1.3.3 gives the Alexander matrix

P tm2 —1 1—tm™
= | gp1mi_1 pamy 221 ) -
P —1 21
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By Euclid’s algorithm, the presentation matrix (#™2 — 1 1 — ™) is equivalent to the matrix
(t4—1 0). Transforming P with the same moves, we get

7= ("0 )

But since t¢ — 1 = det P = det P’ = s(¢)(t? — 1), s(t) is a unit. Therefore, P is equivalent to
(t? — 1), and the Alexander module of this Hopf multilink is given by Z[t,t~1]/(¢t¢ — 1).

1.4 Torsion Numbers

Let L(m) be a multilink in 3 with exterior X, and let us fix an integer £ > 1. To avoid
unnecessary complications, let us assume for the rest of the section that ged(m) = 1. The
kP cyclic covering of the multilink L(m) is the regular covering X; — X determined by
the epiomorphism ¢, defined as the composition

mX =75 Z/k,
where 7 is the canonical projection 7(a) = [a]g.

1.4.1 Proposition. B _
H> X, is a free Z-module of rank equal to rk H1 X}, — 1, and H; X}, = 0 for all ¢ > 3.

Proof. Since )Ng k 18 a 3-manifold with boundary, it has the homotopy type of a 2-complex.
Therefore, Hy X, = 0 for all ¢ > 3 and Hy X}, is free. Finally, the equality x(Xj) = k-x(X) =0
concludes the proof. O

By this proposition, all the homological information of X, is contained in the first homology
group. It is a finitely generated abelian group, so it can be written uniquely

H X, =Z2%X 0 Z/meZ/ne...0Z/n,

with n; dividing nj4q for j = 1,...,5 — 1. These n; are the kt? torsion numbers of the
multilink L(m). In the usual case, this definition coincides with the definition of the torsion
numbers of an oriented link.

1.4.2 Lemma.

Two sets of multiplicities my,...,my and m),...,m! on a given link L yield multilinks with
the same k' torsion numbers if m! = m; (mod k) for all i = 1,...,n. In particular, one can
choose multiplicities m) such that 0 <m!, <k —1foralli=1,...,n.

Proof. The homomorphism ¢y, can be written as

= [Z mik(Ls, 7)]

as soon as m} = m; (mod k) for all 7. Since ¢, determines the covering, we are done. O

er([v]) = [Z milk(Ls, 7)]

k k

The next theorem asserts that the torsion numbers can be computed using Seifert matrices.
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1.4.3 Theorem.

Let L(my,...,m,) be a multilink with d = 1 and k** cyclic covering space )?k, let F be a
connected surface for L(m!,...,m},), where m! is any integer such that m, = m; (mod k)
and let AT be associated Seifert matrices. Then, a presentation matrix of H X  is given by

n k—1 blocs
—~ - N~ ~
AT A~
{ —A~ At A~
k—1 blocs 0 . .. .
—A= AT+A-

Proof. By the above lemma, H; X}, isomorphic to H; X ©» Where X 1 is the k' cyclic covering
space of the multilink L(m/, ..., m/). As in the proof of theorem 1.2.7, X ;. can be constructed
using a connected Seifert surface F' for L(m'). If Y* denotes copies of ¥ — F' and N* copies of
an open bicollar of F, the Mayer-Vietoris sequence associated with X! = (YOu...uY*hu
(N°U...UN*1) easily gives the fact that H, X ;. is presented as a Z-module by the following
matrix made of k£ X k blocs

0 A" —A-
0 —A AT
0 —A- At
It is equivalent to
0 At — A~ —A-
0 0 At A~
0 0 —-A- At A~
0 0 —AT AT+ A”
By proposition 1.2.10, At — A~ presents the free Z-module of rank n — 1. Therefore, this
matrix is equivalent to the one stated in the theorem. O
1.4.4 Example. The second torsion numbers of a multilink L(my,..., my) are given by the
matrix A + A}, were F is a Seifert surface for L(m/,...,m!) with m} € {0;1} such that

m; = m) (mod 2).

1.4.5 Remark. (Branched cyclic coverings) In the usual case, it is interesting to extend
X r — X to X » — %, the kt? cyclic covering of ¥ branched over L. Indeed, the n border
tori of X lift to n border tori in X} whose meridiens form a basis of the free submodule in
H, X k- Therefore, X & is a 3-manifold (without boundary) whose first homology is presented
as a Z-module by

1% VT
VT v VT
. . VT 7

vt v+vt
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where V' is a Seifert matrix. In particular, one can prove that the order ideal of Hl)A(: L 1S
generated by H;:ll ALY

2im
, where { =e® .

In the case of multilinks, fk has B := )., ged(d;, k) boundary components. We can con-

struct a branched cyclic covering X RISy by pasting 3 solid tori along 0X k- The resulting
space Xj is a 3-manifold, and the projection p; satisfies

k ifzeX—L;
—1 o ’
#Pk (x)_{gcd(di,k) ifrel;,i=1,...,n.

However, this process kills 8 > n cycles in the space )?k, that is, more than just the free
submodule of rank n (unless 8 = n). Therefore, the homology of this manifold can not be
described using Seifert matrices.

Another possibility is to paste n solid tori along 80X}, identifying the ged(d;, k) boundary
components above N (L;). But the space X}, obtained is not a manifold in general.

1.4.6 Remark. (Signature) In the case of an oriented link L, an invariant is given by
the signature of the symmetric matrix V + V7, where V is a Seifert matrix for L. This
invariant, called the signature of L, is denoted by o(L). Equivalently, o(L) can be defined as
the signature of the intersection form HoD* ® HyD* — Z, where D* — D* is the double
covering of D* branched along a surface F C D* such that F = L C S = dD* (see [20]).

Unfortunately, none of these definitions can be generalized to multilinks. On one hand,
the matrix AI’; + Ay is not symmetric in general. On the other hand, the double covering

D* — D* branched along F is not a manifold in general; indeed its boundary is oD% = fg,
which is not a 3-manifold as noted in remark 1.4.5.



Chapter 2

The Alexander Polynomial

It was in his 1934 paper [41] that HERBERT SEIFERT introduced the notions of Seifert sufaces
and Seifert forms associated to an oriented link L. His aim was not really to give an algorithm
for the computation of the Alexander polynomial Ay: JAMES ALEXANDER himself had sug-
gested a satisfactory method in 1928 (see [2]). The true goal of Seifert was to derive general
properties of Ay, from the study of the associated surfaces and forms. In particular, he was
able to characterize among polynomials in Z[t,t~1], those which are Alexander polynomials
of knots. This same method was used by FusiiTsuGu HOSOKAWA [16] to characterize the
one-variable Alexander polynomials of oriented links.

In this chapter, we try to walk along the same path. Since the Alexander polynomial of a
multilink is given by
AL (1) = det(AF — tA4}),

general properties of AX™ will follow from a carefull study of Hi F and H;F. A complete
characterization of the Alexander polynomials of multilinks seems out of reach. Nevertheless,
the necessary conditions found in this chapter are very interesting. There is a dictionary
between the Alexander polynomial of a given multilink and the multivariable Alexander of the
underlying oriented ordered link. And it turns out that these conditions translate exactly into
the celebrated “Torres conditions”, that generalize Seifert’s conditions to the multivariable
case. The hope is, of course, to find new conditions by this mean.

2.1 The Alexander Polynomial of a Multilink

Let us fix the notations once and for all: given a multilink L(my, . .. ,m,,), let us note AL(m)(¢)
its Alexander polynomial, d = gcd(my,...,my) >0, €ij = Lk(L;, L;) if i # j, £;; =0, m] =
-> j m;l;; and d; = ged(m;, m;) > 0. A Seifert surface is always assumed to be good.

2.1.1 Proposition.
We have the following Torres formula for multilinks:

AL(ml,...,mnfl,O) (t) - (tzl.":_ll milin 1) . AL(ml,...,mn,l)(t)_

19
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F / L"% Fooyn
Y
TP S
. f
I
Y
Tp .

| |

Figure 2.1: Cycles T; and +; in proposition 2.1.1.

Proof. Since ALm)(t) iAL(%)(td), it may be assumed that d = 1. Let us note L(m) =
L(my,...,my 1,0) and Lo(m) = L(mq,...,m,_1). A Seifert surface Fy for Ly(m) is ob-
tained from a Seifert surface F' for L(m) by filling up the holes in F' near L,,. By proposition
1.2.1, there are d,, = ged(0,m)) = Z?;ll m;il;n such holes. Furthermore, F = FyUL,,. Hence,
we get the isomorphisms

dn dn
oF=HRe@zr, , O,F=HF,ozy,
7=1 7=1

where the T are the border of the holes, and the ; are the transverse cycles depicted in
figure 2.1. Computing the Seifert matrices, an Alexander matrix of L(m) is given by

Af —tAg 0
1 —t
AL —tA; 0
+ _ ppe— _t 1 ~ Fo Fo .
AF tAF % ) ) ( * tin — 1)
—t 1
Hence
AMmmn10) () = det(Af — tAR) = (t% — 1) - det(Af, — tAR,)
- (td" _ 1) . AL(ml""’m”_l)(t),
and we are done. O

To simplify the exposition of the next lemmas, we will only consider the case where d =
ged(my,...,m,) = 1. Let F be a connected Seifert surface for a multilink L(mq,...,my).
For i =1,...,n, let us note M; = F N N(L;) and T, ... ,Téi the components of OM;. If F' is
of genus g, its homology is clearly given as follows.
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2.1.2 Lemma.

The computation of H F is a little more tricky. Since M; has an “open book” structure with
d; sheets, d; — 1 independent new cycles appear in F', as illustrated in figure 2.2. We will
denote them by ~i,...,75 ;-

Figure 2.2: New cycles in F.

2.1.3 Lemma.

Ifdi=...=d,=0andd; #0 fori > r, then
29 n d;—1 n
0T = B o O Do o Dre Y ml,
j=1 i=r+1 j=1 =1 i

Proof. Consider the Mayer-Vietoris exact sequence associated with F = F U M:
0—H(FNM) -5 HLFemM — LF -5 HyF n M) -5 HyM.
Clearly, FN M retracts by deformation on 0F = | |, |_|;?":1 TJZ and M retracts by deformation

on L =| |, L;. Since Keri is free, we get the isomorphism

H,F ~ s(Keri) ® <H1F@@ZLZ~> /Im b,
=1

where s:Keri —s HF is any section of 9. Clearly, a basis of s(Keri) is given by the
> ieri1(di — 1) cycles ~; introduced above. Now, the homomorphism

i=r+1
n d; 29 n d;—1 n
D Pzt % Pza; 0 P @ZT;’/ZT; e PzL;
j=1 i,j i=1

i=r+1 j=1 i=r+1 j=1
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is given by T; — (O,T;, piL;), where p; = 73—; Therefore,

n 29 n
(HlF@@ZLi) Jim g = @zs; 0 @rL/ Y dpils,
=1 j=1 =1 1

proving the lemma. O
Since ged(my, ..., my) = 1, H{F is free of rank
n n
rkHiF =29+ Y (di—1)+n—1=29+» di+r—1=1kHF +r.
i=r+1 i=1

We check that the equality of corollary 1.2.4 is satisfied. Nevertheless, there is no way to
exhibit a canonical base of HF. We can only use the following algebraic lemma.

2.1.4 Lemma.
Given integers myq, ..., my with gcd(mq,...,my) = 1, there is an isomorphism

n n—1
PzLi/ (L +...+ maLn) = Pe;,
=1 j=1

where e; = Y 1 | e;;L; with any integer coeflicients e;; such that the matrix

€11 €12 ... €elp—1 M

€21 €2 ... €ap—1 M2

€nl €n2 ... €Eppn-1 Mp
is unimodular.
Proof. Using Euclid’s algorithm, we see that the presentation matrix (m; --- m, ) can be
transformed into (d 0 --- 0), where d = ged(my,...,my), by a base change. Therefore,
there exists a unimodular matrix @ such that (m; -+ my)-Q@=(d 0 --- 0). Since
we assumed that d = 1, the matrix stated in the lemma is simply (Q~1!)7. |

Given M a (m x n)-matrix (with coefficients in a factorial ring) with m >n and 0 <k <n
an integer, let us denote by AxM the greatest common divisor of the (n— k) X (n — k)-minors
of M. This is defined up to multiplication by a unit of the ring.

In the next lemma, the notations are the ones used in the previous lemmas.

2.1.5 Lemma.
Let F be a connected Seifert surface for a multilink L(m) with r = 0. Let V be the free

Z-module with base <{xz}lzil AT, ... ,Téi}?:1>, and let V be the free Z-module with base
<{xi}?il, T RRURR N LI ,{Li};;1>. Finally, let A} (resp. Ap) be the matrix of the
bilinear form V x V — 7Z given by (z,y) — ¢k(iyx,y) (resp. (z,y) — Lk(i_z,y)). Then,

AMm) (1) = A (Af, — A7),
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Proof. By corollary 1.2.8, we just need to check that det(A} —tAL) = AI(Z}; - tZ;) Since
>_i; Tj vanishes in Hi F', we clearly have det(AfL —tA7) =AgM, where M is a matrix of the
bilinear form V x HyF — Z[t,t~!] given by (z,y) — lk(iyz,y) — t - Lk(i_z,y). Trivially,
AgM =A;1 (M |0), where (M | 0) denotes the matrix M with an additional column of zeros.
Let us denote by @ the (n x n)-matrix given in lemma 2.1.4. Since @ is unimodular, it follows

that
Al(M|O)£A1<(M|O)-(é g—1>>-

By construction, and using the fact that ) |, m;L; vanishes in H,F, we have

(-t (g o) =(M10).

Therefore, A; (M |0) = Al(gﬁ - tﬁ;), and the lemma is proved. O

We are now ready to state the main result of this section.

Let L(m) = L(ma,...,m;) be a multilink with Alexander polynomial AL(®)(¢). If there
is an index i such that d; = 0, we know (by corollary 1.2.8) that A(™)(¢) vanishes. So
let us suppose that d; > 0 for all i (that is: r = 0). In the fibered case, AM™)(¢) is just
the characteristic polynomial of the monodromy h: F — F'. Clearly, h permutes cyclically
the d; boundary components of F' near L;; hence AL™ () will have a factor of the form
1 [ 111 (t% — 1). Once again, this is true for any multilink.

2.1.6 Theorem.
There exists a unique polynomial VE(™ () in Z[t,t~'] which satisfies the following proper-
ties:

- AMI(8) = s T (8% - 1) - VHm(3) 5

- VH®) (41 = V™) (1), and the leading coefficient of V2™ (t) is positive.t

Furthermore, we have:

2 . . .
- | VEHm) (1) = dl"'d‘:.ﬁ’ where D is any (n — 1) X (n — 1)-minor of the matrix
— Zj mim;ly; mimalio ... m1mplin
mlmgélg - Z] mgmj€2j . m2mn€2n 9
mimplin momplon, cee — Zj MnMjlnj

_ VL(ml,...,mn_l,O) (t) — VL(ml’""mn_l)(t).

Proof. By corollary 1.1.3, AMm) () = AL(%)(td); therefore, it may be assumed for the whole
proof that d = 1. Let F be a connected Seifert surface for L(m). By lemma 2.1.5, the

!There is no way to define an intrinsic sign for V) (¢); see remark 2.2.10.

2Here, an expression of the form Z—: should be formally simplified before replacing m; by its value.
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Alexander polynomial is given by AL(m)(¢) iAl(g;; - tZI_,) Using the notations of this
lemma, we see with the help of figure 2.2 that forall:=1,...,nand j =1,...,d;

k(i T}, y;) = Ch(i Tj1,7})

Ch(i T}, ) = Ch(iyTh,,v)) = Lh(ixTf,~}) forallk#j, j+ 1.

Furthermore, Ek(iiT;,y) does not depend on j for all element y of the basis of V, y #

... "72i—1' Let us fix an index 7, and focus on the d; X (d; — 1)-submatrix of Av} — tﬁ;
given by T},...,Ti and 7},...,7} ;. Using the facts just mentioned, this matrix is of the
form
Mm% M Yan
R *
le ’Uz'(l — t) a; — 1 a2 as ‘e Qq,—1
TZZ vi(l—1t) a1+t ay—1 as . ad; 1
A _tAF_ TZ Uz'(l—t) a1 as +1 CL3—1 ad;,—1 ’
Téi vi(1 —1t) ai as as cee g1+t
which is equivalent to
R *
vi(l—t) -1+ Y95 a;(1-#)
0 1-t%
—

Hence, AY(™)(t) = A M, where M is the matrix

T1,...,T2g Li,...Ln
—N—
.’171,...,:!329{ G — tGT W(]. - t) *
Tl,...,T“{ V(1—-t) L(1-1t) *
1—th
1-t
0 0

1—tdn
)
Since ZZ m;L; vanishes in Hi F, as well as ZZ d;T* in H,F, all the minors of dimension

2g + 2n — 1 of M vanish, except the ones corresponding to a row 7" and a column L;. Since
every such minor is a multiple of

nlﬁtd_l 1 ﬁ(tdi—l)
t—1 —1ti:1 ’
so is A;M. We get
1 1.4 G—-tG" W
L(m) - d; . ! 1 _
AL (1) —1_tH(t 1)-AiM', where M (V(l—t) L>
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Let us note AF(t) = det(A} — tA7) and V¥ (t) = (tgl)(.tAdf—(?)'
i=1

We will now prove that V¥(t7!) = #¥ . V¥ (t) for some even integer v. Renumbering the
components, it may be assumed that m; # 0. Working over Q, it is easy to see that the
polynomial V(S(t) is given by the determinant of the matrix

T1,--,L2g T2,.., 1™
—f— —

:1:1,...,.2129{ G - tGT VT

T2,..,T" V(l—t) ¢=1(T

Hence, we have the equalities

1T T
vHE ) = det(G G V)

Vl—tt ¢
= t29.det (‘Cj?l__tg VZT)
T YT(1—
_ 2 get (C VtG v (elT t))
R (s
= t29.V{(t).

Of course, VI'(t) = a - V(g(t) for some integer a; hence,
VPt ) =a-VEE ) =t 2 a- VE{H) =t % - VF(@).
As a consequence, we can define
VH™) () = . 179 . VI (1),

where € = +1 is chosen such that the leading coefficient of V(™) is positive. This gives the
unique polynomial satisfying the first points of the theorem.

Let us now compute |VZ()(1)|. By the beginning of the proof, | V(@) (1)| is equal to A M",
where M” is the following matrix:

T1,..5T2g Ly,....Ln
——

ml,...,EQQ{ G — GT *

Tl,...,T“{ 0 L

But G — G7 is the intersection matrix of a closed surface of genus g, so it is unimodular.
Therefore, |[V*™)(1)| = A;L. Recall that L is the (n x n)-matrix given by L; ; = £k(T", L;);
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by proposition 1.2.1, it is equal to

1 i/ my my
—d E mjélj di £12 P 41 Eln
ma 1 iy ma
Eﬂm ~ds Z m]€2] . ds £2n
m m 1
Let us now consider the (n x n)-matrix (m;;) given by
“ — 2 mimgliy ifi=7,

and let D be any (n — 1) x (n — 1)-minor of this matrix. If L¥ denotes the (4, j)—minor of L,
then

VE®(1)] = ged (LY 5 4,5 =1,...,n)
d;m;D
= gcd ] cii=1,...
gc (dl"'dnml"'mn,z,] b 7n>

D
di-dpmi- Mg,

= ged(dimj; i,5=1,...,n)

Since ged(d; ; i = 1,...,n ) = ged(m; ; § = 1,...,n ) = 1, it follows that |VL(@®)(1)| =
D

di-dpmy "

Finally, let us note L(m) = L(my,...,m,_1,0) and Lo(m) = L(m1,...,m,_1). By the proof

of proposition 2.1.1, AF(t) = (% —1). AFo(¢) with F and Fy of the same genus g. Therefore,

_ . (t=1)-AF(1)
VL(E)(t) = e-t79-VI(t)=e€-t 9.(71—
Hi:l (tdl - 1)
—1). Afo
=1 (t i 1)
= yko(m) (t).
This concludes the proof of the theorem. O

This theorem has an important consequence: for any multilink L(m) in a homology sphere,
there exists a unique preferred representative of the Alexander polynomial. If d = 1, it is
given by

AL (1) = €. 479 - det(A], — tAR),

where F' is any connected Seifert surface of genus g, and € = +1 is chosen such that the
d

leading coefficient of the polynomial is positive. For d > 1, AL™)(¢) is given by AL(T) (1),
This polynomial is a multiple of td%l [T, (t% — 1), and the quotient

(t7 — 1) AMm) (3)

[T (% - 1)
satisfies VZ(™) (¢71) = VL) (£). From now on, AL(™)(¢) will denote this preferred polynomial.
Of course, the sign of AX™) is not intrinsic: the polynomial AX™) = ¢—9 det(A}—tA}) is only
defined up to sign. Indeed, replacing any element of the basis of Hy F' by its opposite (without

changing the basis of H{ F) turns AX™) into —AX™). On the question of the impossibility
to define an intrinsic sign for the Alexander polynomial of a multilink, see remark 2.2.10.

v L(m) (t) =
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2.1.7 Corollary.
For any multilink L(m), AM™) is equal to AM(-m),

Proof. It may be assumed that d = 1. If F' is a good Seifert surface for L(m), then —F is a
good Seifert surface for L(—m). Hence,
ALE™ () = det(AT, —tAZ,) = det(A5 — tAT)
= det(Af —t714,) = AT (=) = ALm) ),
(t—1)AL(m) () d (t—1)AL(=m)(})

T ) B y R )
and AY(-™) are equal. O

Since are symmetric with positive leading coefficient, AL(m)

2.1.8 Corollary.
For any connected Seifert surface F, det A}, = (—1)*-det A, , where p =n+ Y -, d;.

Proof. Let us fix a connected Seifert surface F of genus g. Since the polynomial VX () =

t79(t — 1)% satisfies V2™ (¢=1) = VL) (), it follows

det(Ay —tAf) = (—t)W+2idl. det(Af —t71A7)

n

— (1) et S ﬁ [T — 1) vE@ @)
=1
n
= (—1)vtEidi g9 % H(tdi —1) - VEHm) (4)

=1
= (=1)"FXidi . det(Af — tAL).

Hence, the following equality holds:
det Az +ayt + ...+ a,t” = (—1)" 2% . det AL + byt + ...+ byt” .

In particular, det A}, = (—1)"T2: % . det A,. O

2.1.9 Corollary.
Let H be a monodromy matrix for a fibered multilink L(m); then, the determinant of H is

given by det H = (—1)"td+1+2:d;

Proof. If F denotes the fiber, we know by proposition 1.2.5 that H” = AL - (A7)™'; if d = 1,
corollary 2.1.8 leads to

det H = det HT = det A}, - (det A7) 7! = (—1)"+Xi=m i,
Now, if d is greater then 1, a monodromy matrix H for L(m) is given by the (d x d)-blocks

matrix

I
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where H is any monodromy matrix for L(%). Each block being of size 2g + 3, % —1, it
follows

det H = (=)@ D@D . get ;

H
= (L)) DG L (L) F o (L),

2.2 The Multivariable Alexander Polynomial

Let L = Ly U...U Ly, be an oriented link in a homology 3-sphere X, and let X be its
complement. The Hurewicz homomorphism 7 X — H; X is given by

mX — Z"

This homomorphism defines a regular Z™-covering of X called the universal abelian cov-

ering of X; let us denote this covering by X 2 x , and its fiber by X0, The Z[7Z"] =
Zt1, 1Y, ... tn, t]-module Hy (X, X0) is the Alexander module of the link L. The mul-
tivariable Alexander polynomial of L is equal to

Ap(ty,... tn) = A H (X, X0),

the greatest common divisor of EiH; (X, X?), the first elementary ideal of the Alexander
module.®> Note that Af(¢y,...,%,) is only defined up to multiplication by +#}* - .- 4n.

Let us recall the relation between the Alexander polynomial AX™) ¢ Z[t, t=1] of a multilink
and the Alexander polynomial Ay, € Z[t, tfl, .o+, tn,t-1] of the underlying oriented link. For

nyin

a proof, see [11, Proposition 5.1] or [46, Theorem 1.1.3].

2.2.1 Proposition.

L(m) (4) ~ (t—1)- Ap(t™,... . t"™) ifn>1;
A {AL(t”“) ifn = 1.

Using theorem 2.1.6 and proposition 2.2.1, it is now very easy to prove several classical results.

2.2.2 Corollary. (Hosokawa [16])
Given an oriented link L = L1 U...U L, with £;; = £k(L;, L;), the polynomial V, defined by

L (E)" AL, ..t >
Vilt)= {AL(t) ifn =1

3Levine [23] showed that A (t1,...,t,) is also equal to AoHl)?.
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satisfies V,(t 1) = # -V (t) with v even. Furthermore, |V, (1)| is equal to any (n —1)-minor
of the matrix

— Z Elj 612 ... gln
£12 - Z 62‘7 ... £2n
Lin Lo, cee =2l

Proof. By proposition 2.2.1, the Hosakawa polynomial V7, is equal to VZ(1»1) The second
and third points of theorem 2.1.6 give the formulas. O

2.2.3 Corollary. (Kidwell [21])

Let L =L1U...ULy, be an oriented link with n > 2 and ¢k(L;, L;) =0 for all i # j.
- If n is even, (t — 1)?"2 divides AL(t,...,1).
- Ifn is odd, (t — 1)?" 3 divides AL(t,...,1).

Proof. By proposition 2.2.1, AX0-1) () = (£ —1)- AL (t,...,t). We also know by the proof of

theorem 2.1.6 that VL1 (¢) = (Z)m L ALL-1)(#) is given by the determinant of

By hypothesis, L= 0, so
_ 4T yT
VL(l,...,l)(t) _ (t o 1)”—1 - det (G ‘}G ‘g ) = (t — 1)"_1 - det P(t).

Hence, Ar(t,...,t) = (t —1)>® 3. det P(¢). Furthermore,
det P(1) = (=1)" ! - det(—P(1)) = (=1)" ! - det P(1)T = (—=1)" ! - det P(1).
So if n is even, det P(1) = 0 and we have one more factor (¢t —1). O

To derive the classical results of Torres on the multivariable Alexander polynomial, we also
need the following lemma.

2.2.4 Lemma.
Let A and A' be two elements of Z[t1, 17", ... tu, t, ]
(i) If A(t™, ... t™) = A/(t™,...,t™) in Z[t,t™1] for all integers my,...,m,, then
A=A inZ[t, 7.t t ]

(i) If A@™, ..., ¢™) = A/(#™ ... #™) in Z[t,t7!] for all integers my,...,m,, then
A=A inZ[t,t .t t]
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(iii) If A(t™, ... t"n) = /moma) Nl(gm g™ in ZU[t, )] for all (ma, ..., my) €
Z™ (where v denotes a function Z"™ —+ 7Z), then A(ty, ..., t,) = 5" -t Al(t1, ..., t,)
in Z[tq, tl_l, stn,t, 1] for some integers v, ..., vy.

Proof. Let us note A = 3 aj .. t2 ---#n and A = Ebjl...jntjil .-}, Choose a positive
integer N such that

tiyoiy, 7 0= i) <N Vk,and bj..;, #0= |jg| <N Vk.
Taking m; = 1, mg = 2N, ..., m, = (2N)""!, it follows

2N (2N)™ (2N) 2N
Zailn%tzﬁ-( Jiz 4.+ ( Z v 12N g2+ +(2N)" " Lin (%)

with |ix| < N and |ji| < N for all k. But 4 + (2N)ig +...+ (2N)""Yi, = j1 + (2N)ja +... +
(2N)"~14, with |ix| < N and |j| < N for all k implies that (i1,---,i,) = (j1,- -, Jn)- So for
all multi-index I = (41, ,1,), ar = by. Hence, A = A’, and the first point is proved.

If A is zero, the second point holds; so let us suppose that A # 0. Without loss of generality, it
may be assumed that A has the form A = Zail...int’f ‘.- tfl" with ag..o > 0 and a;,...;, =0 as
soon as some index iy is negative. Similarly, it may be assumed that A’ =) bjl...jnt{I ot
with b0 > 0 and bj,...;, = 0 if j; < 0 for some k. By hypothesis, the equality

AE™ ™) =Y g 22 Sy by 12 = A )

holds for all integers (my, ..., m,) € Z™ This means that there exists functions Z™ — {£1}
and Z" — 7 such that the equality

Z ail...z’ntzmkik = e(ml, c ,mn) . tU(ml,...,mn) . Z bjl...jntzmkjk

holds for all integers (mi,...,m,) € Z™ Let us choose m; = 1, my = 2N, ...,m, =
(2N )”_1 as above. Since these integers are positive, as well as ag_ ¢ and bg_g, it follows that
€(1,...,(2N)" 1) = +1 and v(1,...,(2N)" 1) = 0. So we get back the equation (*), and we
can conclude as for the first point.

For the third point, it may be assumed that A and A’ have a non-zero constant term and
only positive powers of ¢;. The argument then follows the proof of the second point. O

2.2.5 Corollary. (The Torres formula [44])
Let L =Ly U...UL, be an oriented link with n > 2, Ly be the sublink L1 U...U L, 1, and
e,' = Ek(LZ, Ln),‘ then,

(tzl . ten_l — 1) . ALg(tla e atn—l) ifn > 2;

AL(tl,...,tnfl,l)i tll 1 n-1 ]
T ALg(tl) ifn=2.

Proof. Let us denote by A’ the right-hand side of Torres formula. By the second point
of lemma 2.2.4, we just need to show that A'(¢™1,... t™M»-1)=Ap(t™,...,t"-1 1) for all
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integers mq,...,mp_1.

(thi& _ 1) . ALO(tml,. .. ,tm"_l) ifn > 2;

Alm™, .. g = m
( ’ ) ) { ttﬁllfl__ll . ALo(tml) if n=2,

(% —1) - A, (t™, ..., t"™-1) ifn > 2;
= td2—1

=t - ALe(t™) ifn=2,
1
(by proposition 2.2.1) = i (td — 1) - ALo(mL,mn—1) (3
1
(by proposition 2.1.1) = pr . ALo(m1,....mn_1,0) (1)
= Ap(™,...,t"m 1), 0

2.2.6 Corollary. (Seifert [41], Torres-Fox [45])
Let L =Ly U...UL, be a link with Alexander polynomial Ay .

- Ifn =1, Ay, satisfies Ap(t™1) =tV - Ar(t) withv =0 (mod 2) and A (1) = 1.
- If n > 1, Ay, satisfies

Ap(trl, oty ) = ()" a7ty Aty t)

with integers v; such that v; =1+ 3, 4;; (mod 2) if Ay, # 0.

Proof. In the case of a knot, VX(™1) () = AL(™) (1) = A (#™); in particular, Ap(t) = VL (¢)
and Seifert’s result is given by the second and third points of theorem 2.1.6.

Let us now suppose that n > 2, and denote by Ay # 0 some fixed representative of the
multivariable Alexander polynomial of L. Let us fixe some integers my,...,m,, and define

V(t) = (tdill)'i"AL((:Zl_’i')"tmn). By proposition 2.2.1, V = VL) By the second point of theorem
i=1

2.1.6, it follows that V(¢~!) = #” - V(t) for some even integer v. Therefore,

n —d; _
Apt™,. ..t = %-V(t_l)

(_1)n . t2d+u—z d; | Hzg_tcli(idzl)—Q 1) . V(t)

= (=) grmNd A (™ ),

Hence, for all integers my, ..., m,, the equality
Ap(E™™, . 7MY = (=1)" g Meema) LA (g ),
holds, for some function Z" - Z. By the third point of lemma, 2.2.4, it follows that

Ap(trty ooy ty?) = (C1)" - 800 Aphr, . ). (%)

r'n

It is a well known (and easy) fact that the Torres formula, together with (x), imply that
vi=14>] ;i (mod 2); see Hillman [15, pp.85-86] or Torres-Fox [45] for the proof. O
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These two last results provide very strong necessary conditions for a polynomial A € A, =
Zty, tl_l, .o+, tn, t=1] to be the Alexander polynomial of a link. They are known as the Torres
conditions. The obvious question is now to ask which of the polynomials satisfying these
conditions can be realized as an Alexander polynomial. Let us state this problem in a more
precise way.

Let n > 1 be an integer; according to Levine, an n-form is an integral symmetric (n X n)-
matrix with zero diagonal entries. Let £ = (4;;) be any n-form; we define a subset 7; of A,
by induction on 7.

e If n =1, let T; be the set of polynomials A in A; satisfying

AT =A(t) and A1) =1.

o Ifn > 2, let £’ be the (n— 1)-form obtained from £ by deleting the i-th row and column;
then, 7, is the set of polynomials satisfying

Aty ) = (D) 8t At .. )

'n
with Vv, = Z] Eij - 1, and for all ’i,
(Lt —1) - Aglt, .. Ty ta) i1 > 2;

A(tl,. .. ,ti_l,l,tﬂ_l,... ,tn) = t‘f_lz_l
LA 4 9) itn =2,

with A; some element of 7.

If A € A, is the Alexander polynomial of an /-link, there exists some representative of A in
T¢. In other words,

{AeA,; A=Ay for some ¢-link L} C A} - Ty

It is known since Seifert [41] that the converse is true when n = 1: every element of 7(q) is the
Alexander polynomial of a knot. For n = 2, let us note b the 2-form given by #15 = b. Levine
[23] proved that the Torres conditions are also sufficiant when b = 0 or £1. But Hillman [15]
gave an example of a polynomial in 75 that cannot be realized as an Alexander polynomial.

Theorem 2.1.6 and proposition 2.2.1 provide a new set of necessary conditions for A in A, to
be the Alexander polynomial of a link.

2.2.7 Corollary.

Let L =L U...UL, be alink, n > 2, with ¢k(L;, L;) = ¢;; and ¢;; = 0; then, its Alexander
polynomial Ay, satisfies the following conditions.

For all integers m = (ma, ..., my) withd = ged(m, ..., my) and d; = ged(mi, 3 ; m;li;) > 0,
there exists some polynomial V(™) (t) in Z[t% t 9] which satisfies:

L(m - (td_l)QA (tml’___’tmn).
- VHm) ) = DB ),

- VHm) (1) = £vHm) (1),
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- |VEm (1) = dl---d(fﬁ? where D is any minor of the matrix given in theorem 2.1.6;
_ VL(ml,...,mnfl,O) (t) — ivL(ml,...,mnfl)(t)' O

Given an n-form £, let us denote by C; the set of polynomials in A,, which satisfie the above
conditions. The proof of corollaries 2.2.5 and 2.2.6 show that these conditions are as strong
as the Torres conditions, that is,

{A € A,; A=Ay for some ¢-link L} C Cp C A - Tp.

Unfortunately, it turns out that these conditions on the multivariable Alexander polynomial
are equivalent to the Torres conditions. In other “words”:

2.2.8 Proposition.
Co=A;, - T

Proof. Let A in Ty, and let us fix integers my, ..., m,. Without loss of generality, it may be

assumed that d = 1. Let us note d; = ged(m;, m)), where m} = Zj mlsj.
e We have to show that [],(t% —1) divides (t—1)2A(t™,...,#™"); since the greatest common

divisor of t# —1,...,¢% —1 is equal to ¢ — 1, we just need to prove the two following facts:

(i) (t—1)" divides (t — 1)2A(t™, ..., #™), that is, (t — 1) 2 divides A(t™!, ..., #™n);
(i) (t% — 1) divides A(t™,...,t™n) for all 4.

It is a well known fact that 7, C I""2, where I = (¢; — 1,...,t, — 1) is the augmentation
ideal (see [15, p. 88]). Hence, A € T; implies A(t™,...,t™n) € J" 2 where J = (™ —
1,...,t™» —1) = (¢t — 1) and the first point is proved.

To show the second point, we just need to check that A(¢™,...,{™») = 0 for all { d;-th root
of the unity. Indeed, this would show that t% — 1 divides A(t™,...,#™») in C[t,¢!], which
implies that it divides it in Z[t,# '] . Now, since d; divides m;, we have (™ = 1. Using Torres
formula, this gives

AC™, ..\ 1,.., (™) = { Gmzh Q) (i #9) ifn=2
(¢ =1) - Ai(¢) ifn>2,

which is equal to zero because d; divides m), and the second point is proved. So, there exists
a polynomial V(¢) which satisfies the first point of corollary 2.2.7.

e Using the definition of V and Torres condition on the symmetry of A, we find that V(t71) =
t-V(t), withv=>.di—2+) myyyand v; =1 — Zj 2;; (mod 2). So computing modulo

2, we get
v o= Zd +Zmz 1+Z£zg Zd + m;) +ZmZZ£”
= Zd +m;) +sz, i = Zd +m;) —f—Zm
= Z(QCd(mia ')+mi+m')52mzm —Zmzng ij
= szzmﬂ i =2Y  mimgli; =0.

1<j
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Hence, we can choose V(t) such that V(¢ 1) = £V ().

e The fact that VLmmn-10)(4) = £ VEMmn-1) (1) is the exact translation for V(t) of
the Torres formula for A(tq,...,t,)-

e Finally, the expression of |[VE()(1)| is a direct consequence of the following lemma.

2.2.9 Lemma.
Let ¢ = (4;;) be an n-form with n > 2, and let us define @y, 1;: 2" — 7 by

A, ™) D

(t—].)n_Z =1’ pr(mla"-,mn):mln.mna

we(my,...,my) =

where A € T; and D is the determinant of

Z mlmjélj —mlmgﬁlg . —mlmn€1 n—1
—m1m2g12 Z mgmj@j . —mgmnfg n—1
—mimp_1lin—1 —momp_1lap_1 ... Y Mp_1mily_1;

Then, ¢y = . In particular, py does not depend on the choice of A € Ty.

Proof. Let us prove the lemma by induction on n, starting with the case n = 2:

det ?
belmy,my) = Setlmumzbie) o,
mi1mso
@e(my,mg) = A(™,1™) |, = A(1,1) = liz;

indeed, A € T; implies that A(f,1) = F2=LA/(f) with A/(1) = 1.

Let us now suppose that ¢y = 1y for all k-form ¢ with £ < n — 1; consider an n-form £ with
n > 3. We have

0 ) AL, t™2, ... 17" ‘ i mil 1 Al(gm2 L )
PLTh M2y e oy Tim t—1)n2 =1 t—1 t—1)n3 =1’

with A" € Ty, ¢ being the (n — 1)-form obtained from £ by deleting the first line and the first
column. By induction, it follows

(pg(O,mQ,. .. ,mn) = Zm,éh . ’ngl(’m,g, . ,mn).

Using the definition of 1y, it is very easy to see that
’l,b[(o,mg, e ,mn) = Z mieli . ’l,bgl (’m,g, ce ,mn).
i

Hence, the equality ¢y(0,ma,...,my,) = 1¢(0,ma,...,my) holds. Similarly, ¢, and ¢, coin-
cide on every hyperplane of the form m; =0, fori =1,...,n — 1.

Note that both ¢y and 1), are either homogeneous polynomial applications of degree n — 2, or
identically zero. (This is clear for 1)y, and easy for ¢, once you recall that T, C I"~2, where
I=(t;—1,...,t, —1).) Therefore, their difference Y, = ¢, — 1)y is a polynomial of degree
at most n — 2. Since it vanishes on every hyperplan m; =0 fori=1,...,n—1, t1fo---t,_1
divides Yy(t1,...,t,). As degY¥y < n — 2, T, is identically zero. This proves the lemma, as
well as the proposition. O
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2.2.10 Remark. (Conway multivariable potential function) Following ideas of Con-
way [9], Hartley [14] constructed an isotopy invariant Vp, for oriented links with n components.
This invariant is characterized up to sign by the properties

— L CAL(?) ifn=1,;
VL(tl, - ,tn) { t1—t L( 1)

Ap(#2,...,12) ifn>2,

Vot oth) = (1) Vit ... t).
Furthermore, Murakami [27] gave an axiomatic characterization of this invariant via a certain
number of skein-type formulas.

The obvious question for us is: does the polynomial V (¢™, ... ¢"") provide an invariant
for multilinks? Such a result would have two interesting offshoots:

i) Using proposition 2.2.1 and the proof of corollary 2.1.8, it is easy to show that the
€ prop
polynomial VZ(m) (t) == td—lt—d det(t_lA; — tA%), which is only defined up to sign,
satisfies the equalities
Ap(t?™ . 12m) ifn > 1,

vim 1) = (=1 . vi@m)(y),

1
¢

Therefore, we have the equality V(t™,...,t™") = i%L(m)(t). In other words, the
existence of an invariant of multilinks V7 (¢, ...,¢™") would provide an intrinsic sign
for the polynomial # det(ttAL — tAR).

(ii) This polynomial invariant would be easy to compute from a given projection of the
multilink using skein-type relations.

Unfortunately, this is not the case. Indeed, let us consider the following multilinks.

D Q2

As multilinks, they are equivalent: recall that m;L; = (—m;)(—L;). Nevertheless, the un-
derlying oriented links are not equivalent: one is a positive clasp, with V = 1, the other a
negative clasp, with V» = —1. This trivial observation shows that there is no way to define
an intrinsic sign for the Alexander polynomial of a multilink.
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Chapter 3

The Alexander Module via Splicing

In this chapter, we begin by introducing the notion of splicing, as defined by LARRY SIEBEN-
MANN [43], DAvID E1SENBUD and WALTER NEUMANN [11]. From a classical link theoretical
point of view, it is an interesting construction as it generalizes the operations of connected
sum, disjoint sum, and cabling. But the main point of this operation is to be found in three-
dimensional topology. Indeed, we will see in the next chapter that any link (resp. multilink)
can be expressed in a canonical way as the splicing of “elementary” links (resp. multilinks)
which are endowed with some geometric structure. Moreover, the Alexander polynomial of
multilinks turns out to be multiplicative under splicing.

Our aim in this chapter is to understand the behaviour of the Alexander module under
splicing. It turns out to be very tricky: no general closed formula is derived. Nevertheless,
several partial results are obtained.

3.1 Definitions and Fundamental Results

In the sequel, we will denote by a bold letter L the topological pair (X, L) consisting of a link
L in a homology 3-sphere X.. The term “link” can designate L itself, or the pair L = (X, L).

Consider two links L' = (X', LyUL U...UL;,) and L” = (X", LyUL{U...UL,). Choose tubu-

lar neighborhoods N (L)) and N (Lj) together with standard oriented parallels and meridians
P', M' C ON(Ly), P", M" C ON(L{), and set

D= (2= N(Lp)) Un (" = N(Lg))

where h: ON (L) — ON (L) is a homeomorphism sending P’ onto M"” and M’ onto P”. It
is easy to check that X is a homology sphere. The link L = (X,L}U... UL ,UL{U...ULl,)
is called the splice of L' and L” along L{, and L{ and is denoted by
L — Ll LII
n,

Conversely, let us consider L = (3, L1 U...UL,) alinkand T2 C ¥ — (L; U... U L,) an
embedded torus; then LL is the result of a splicing operation L = L' 7—,L" along this torus,

0 0
uniquely determined up to reversing the orientations of both Ly and L{ [11, Proposition 2.1].
We will say that L is despliced along T2.
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Now, suppose that an unoriented link L is the result of the splicing of two unoriented links
L’ and L”, and let us denote by X, X’ and X" the respective link exteriors. By definition of
splicing, X is the union of X’ and X" pasted along some torus. Hence, any multilink structure
m on L (for example, an orientation of L) induces multilink structures m/ on L' and m"” on L";
indeed, a multilink structure on L is nothing but a cohomology class m € H!X = HY(X'UX")
which restricts to classes m’ € H! X’ and m” € H'X”. The important thing is that even if
you start with an oriented link with multiplicities £1, wou may well end up with multilink
splice components having multiplicities greater than one.

Conversely, consider two multilinks (X, L'(m/)) and (X", L"(m")) with exteriors X’ and X".
When is the splice (X, L) = (X', L) W(E” , L") a multilink with the same multiplicities on
the remaining components? We have homomorphisms m': H; X’ — Z and m":H; X" — Z,
and we are looking for a homomorphism m: H1 X — Z, where X = X — N (L) = X' U2 X".
Consider the diagram

H,T? —— H X '@ H X" sy Hi X > 0
| oo [
Z p— Z p— Z’

where the first line is an exact sequence; m is defined if and only if m' and m” agree on
H\T? = ZP' @ ZM' = ZM" @ ZP". Since m/(M') = m{ and m"(M") = m{], the condition is
given by the equations

{my = e = Zgmy I 1)
mf = m(P) = Sgml k(L L)

Note that, by proposition 1.2.1, this is equivalent to asking that any Seifert surfaces F' for
L'(m') and F" for L"(m") can be pasted along T? = ON(L}) = ON(L}), giving a Seifert
surface for the multilink L(m).

3.2 Mayer-Vietoris for Splicing

Let us consider the splicing (3, L(m)) of two multilinks (X/, L'(m)) and (X", L"(m")) along
myLy and m{Ly. Let us note d = ged(m'), d' = ged(m"), d = ged(m) = ged(d',d") and
m = ged(mg, mg). The case d = 0 being trivial, we will assume that d > 0. Also, let us
denote by X (resp. X' X" ) the total space of the infinite cyclic covering of X (resp. X', X")
given by the multiplicities m (resp. m', m').

Of course, the main tool is the Mayer-Vietoris exact sequence of the union X = X’ U X".
Here, two cases need to be considered.

CASE I: m=0

In this case, the meridien M’ and the parallel P’ lift to an infinite number of loops {t*. M Yiez
and {t* - P'};cz. The same holds for M" and P". Therefore, X' N X" is the disjoint union of
an infinite number of tori, and

H(X'nX") = Z[tt]-M & Z[t,t7]- P
= Zt,t -P" @ Z[t,t ] M".
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Hence, the Mayer-Vietoris exact sequence takes the form
0 — Z[t,t7] — Ho X' @ Ho X" — Ho X — Z[t, 4" @ Z[t, ¢

2 mX e X" — WX -5zt 2%zt )/ — 1) @ zft e/ — 1)
— Z[, 7/ -1) — 0,

where j;(1,0) = (M’,—P") and j1(0,1) = (P',—M"). Since jq is the obvious projection, the
image of 0 is given by

Imd = Ker jo = (td’ - 1) N (td” - 1) - (“dl _(t(li)itdl) - 1)> .

If d' and d" are non-zero, then Im 9 is free of rank one, leading to the following result.

3.2.1 Proposition.
If (X, L(m)) is the splice of (X', L'(m/)) and (X", L"(m")) along 0- L}, and 0 - L{, with d' # 0
and d" # 0, the Alexander modules are related by

X ~ Zitt ] @ (HlX @HX”) /M’ P P ~M" 0

On the other hand, let us suppose that d” (for example) is equal to 0, that is, the n weights
of the multilink L"(m") are null. Here, H; X" is simply a free Z[t,t~']-module of rank n with
a natural basis given by the lifts J\A/_fz-” of the meridians of the link. In this case, Im 9 is equal
to zero, leading to the following formula.

3.2.2 Proposition. m
If (X, L(m)) is the splice of (X', L'(m')) and (X", L"(0,...,0)) along 0 - L and 0 - L{j, the
Alexander modules are related by

X ~ (HlX’ea@Z[tt M”) / M ~ Zek (L, L") - M. O

3.2.3 Remark. If H; X' is interpretated as a quotient of Hy (X' —F ) QL[t,t~ 1], where F' is a
good Seifert surface for L/(m/) (recall theorem 1.2.7), then the element M’ (resp. P') of H; X'
corresponds to the class of the meridien M’ C &/ — F (resp. of the parallel P! C X' — F).
The same holds for M" and P" in H, X"

CASE II: m>0

This time, the intersection X' N )E: " consists of m disjoint copies of S* x R. This is fairly easy
to see using the construction of X' (for example) by mean of a Seifert surface for L'(m'). So
the Mayer-Vietoris sequence takes the form

0 — HoX'@HoX" — HoX — Z[t, t7/(t™ — 1) 25 H X' & H, X"
— WX Lz e —1) 2z e/ — 1) ezt t Y/ - 1)
—  Z[t, 7Y/ - 1) — 0.
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3.2.4 Proposition.
If L(m) is the splice of L'(m') and L"(m") along myLy and m{Lj with (mg, mgj) # (0,0),
then rk Hy X = rk Hy X' + rk Hy X".

Proof. The exact sequence above gives 0 — Hp X' @ Ho X" — Hy X — M — 0, with M
a torsion Z[t,t~ 1l module. Tensoring with the quotient field Q(Z[t,t 1)), it follows tk Ho X =
rk Ho X' + rk HsX". The proof is completed via proposition 1.1.4. O

Consider the natural projections

Zlt,t™] Izt - 1)
Zitt Izt —1)
Zit,t Y I Z /™ - 1).

Since d’ and d" divide m, there is a unique homomorphism ) such that the composition
Zit Y 5 2t — 1) - 2,/ — 1) @ Z[E 7Y/ - 1)

is equal to (7', —«"). This unique morphism is the morphism 7. Therefore, Im 9 is equal to

d _ d _ i
ortn = er (o) = <(t (t?f ) D) =2t/ ( - )(ifw _11))) '

On the other hand, interpretating Hy X’ and H; X" as in remark 3.2.3, j; sends a generator
z of Z[t,t71]/(t™ — 1) to

J1 (',L‘) = (i+Tla i+T”)a
where T' (resp. T") is (the class of) any component of F' NN(Ly) (resp. F”" NN (Ly)). Note

that we could have chosen (i_T",i_T"), since ¢t -1_T' =i, T".
This gives the following result.

3.2.5 Proposition.

If L(m) = L’(m’)WL”(m”) with ged(m(,my) = m > 0, there is a short exact
0~-0

sequence

0— (X' ® HiX")/(isT' + i T") - I X -2 Z[t,t71/(p(t)) — 0,

m__ d__
where p(t) = %.

Since d’ and d” divide m, the case m = 1 is settled.

3.2.6 Corollary.

If L(m) = L'(m/ L"(m") with ged(m{, m{) = 1, there is an isomorphism

) 777 T
moLy  mg Ly

HX ~ (X & HX")/(i, T +i.T") . O
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Unfortunately, the sequence given in proposition 3.2.5 does not split in general. Therefore,
we don’t have any general formula giving the module H; X from H; X’ and H; X"

Nevertheless, it is possible to restate proposition 3.2.5 in a handy way using the interpretation
of H1 X as a quotient of Hy(X — F) ® Z[t,t71]. If P’ (resp. P") is a presentation matrix of
H; X' (resp. Hi X") with respect to a basis of 0 (resp. Hlf”), then a presentation matrix

of (M1 X' @ HX")/(iyT' +i,T") is given by
P! 0
0 :PII

k(i T =) th(iyT",—)

To continue this study, we need an easy algebraic lemma.

3.2.7 Lemma. 5
Let 0 — N - M -% R/(r) — 0 be an exact sequence of R-modules, where N is
presented by ( z1,...,z4 | T1,...,75 ). Choose m € M such that 0(m) is a generator of

R/(r), and n € N such that i(n) =7-m. If n = >_j Aj - j, then M is presented by

MZ(ml,...,mg,m|r1,...,rs,r-m—2j)\j-zj). 0

Before applying this lemma to our problem, let us try to understand geometrically the ele-
ments involved.

A good Seifert surface F for L(m) is obtained by pasting good Seifert surfaces F’ for L'(m')
and F" for L"(m") (and making some surgeries). On F', several new cycles, called big cycles,
can appear. Since F' N F” has m connected components, there is no such cycle if m = 1,
or if m = d' or m = d”. In fact, these big cycles correspond exactly to the torsion module

Z[t,t 1/ (p(t)) where p(t) = %. More precisely: let A be a big cycle in Hy F’; con-

sider iy A € Hy (X — F) @ Z[t,t '] and its class [i, )] € H,X. Then, 0([i4+A]) is a generator of
Z[t,t71/(p(t)). By exactness, there exists a unique element in (H; X' ®@H; X") /(i T' +i, T")
sent by i on p(t)- A. Hence, there exists A in Hy (X' —F ) and A in Hy (3" —F"), not uniquely
defined, that satisfy ([[\], [\]]) = p(¢) - A. Putting all this together, we get the following
formula.

3.2.8 Proposition.
If L(m) = L'(m)

presentation matrix of H; X' (resp. H X ") with respect to a basis of onLF (resp. mFE ), then
a presentation matrix of H1 X is given by

L"(m") with ged(mgy, mj) = m > 0, and if ' (resp. P”) is a

7 7 1yl
moLy  my Ly

P 0 0
0 P 0
b= Ch(iy T —)  Lh(iyT",—) 0 ’

~Oh(V,-) k(Y-
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Of course, this cannot be considered as a closed formula unless we understand A" and \”.

In conclusion, the behaviour of the Alexander module via splicing is very tricky, especially
compared with the behaviour of the Alexander polynomial. Indeed, Eisenbud and Neumann
proved the following theorem, which is one of the motivations of the introduction of multi-
links.

3.2.9 Theorem. (Eisenbud-Neumann [11])
Suppose that L(m) = (X,m1L; U...Um,L,) is obtained by splicing

L'(m') = (Z’,m6L6 UmiLiU... U kak)

and
L"(m") = (2", miL{ Umgy1Lgy1 U...UmyLy,)

along Ly and Ly, with 0 < k < n. Let us also note d = gcd(mf, mq,...,my), d' =
ged(my, mg41,...,my) and d = ged(my, ..., my) = ged(d',d"). Then, the Alexander polyno-
mials are related by the formula

AL(m)(t) . AL’(m’)(t) AL”(m”)(t)

td 1 @1 @1

unless m{ = mj = 0 and k = 0, in which case

AL (1) = AL =L5)m) (4

Proof. Let us first suppose that m{, = m{ = 0. In this case, AV ) = AL"(m") = o by
corollary 1.2.8. If d’ # 0 and d” # 0, then AL( m) also vanishes by proposition 3.2.1. If ' =0
or d’" =0, then AL(m) = 0 by corollary 1.2.8, unless k£ = 0. In this case, proposition 3.2.2 gives
the isomorphism Hy X ~ H; X" /M M", that is, the Alexander module of L(m) is isomorphic to
the Alexander module of (L" — Lj )( ). In particular, their Alexander polynomials are equal.

Let us now suppose that m > 0. If HQX is not_trivial, then AL™) vanishes (by proposition
1.1.4). Furthermore, since H2X Ho X' and Hy X" are free (proposition 1.1.4) and rkHo X =
rk Hy X’ 4+ rk Ho X" (proposition 3.2.4), it follows that Ho X’ or Ho X" is non trivial. Therefore,
the product AL (™). AL"(m") yanishes. Hence, we can assume that Ho X = 0, giving the exact
sequence

0 — Z[t,t /™ -1) - X e H X" — H X — Z[t, ¢t 1]/(t™ — 1)
— Zt7Y) 0 =) @zl 7Y/ —1) — Z[t, 171/ (t¢ — 1) — 0.

The formula then follows from an algebraic lemma of Levine [23, Lemma 5] on the order
ideals of modules in an exact sequence. O

Here is an analogous result for the multivariable Alexander polynomial of oriented links.

1Our demonstration of this theorem is by no mean original: it is basically Eisenbud and Neumann’s argu-
ment. Nevertheless, it is worth giving the proof in some details, to show that this important theorem is an
easy consequence of several results of the present work.
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3.2.10 Theorem.

Suppose that L = Ly U...U L, is obtained by splicing L' = LyULy U...U L and L" =
LyULg 1 U...UL, a]ong Ly and Ly, with 0 < k < n. Then the Alexander polynomials are
related by the formula

o Y Y .
AL/(tin:_ll R A A P ,tk) . ALH(tll .- 'tkk,tk—|—17 - ,tn) if k> 0;

AL(tla"';tn) :{ o .
AL’(tl ---tn")'ALII,Lg(tl,...,tn) Isz(],

where €, = 0k(L}, L;) and £/ = 0k(L}, Lj).

Proof. Let us denote by A’ the right hand side of the formula. By the second point of
lemma 2.2.4, we just need to check that A’(t™1, ... t™n)=Ap(t™,...,t™") for all integers
™M1, ..., My. Let us first assume that mf := Y7 | mlf, mg = Zle m;f; and k are not all
zero. In this case, we get

Al(tml tmn) B AL/(tmO . _’tmk).AL,,(tmg’tmk+1’_._’tmn) lfk>0,
v a Aps(t™0) - ALH Lg(tml,...,tm") if k=0,
b tion 2.1.1) Apy(tmo, tmr .O,t:k) -$L,,(tm3,tmk+1,...,tmn) if k> 0;
y proposition 2.1. Ap (tmO) . ALu(tt:zsl,l_..,t n) k= 0,
AV @D ATEDEG g o,
(by proposition 2.2.1) = Lt,d e b ) ,
AL Moy ALT(m7) () ifk=0
tmb—l . @ _1 1 =0,
ALm) (¢
(by theorem 3.2.9) = tdi—i)
(by proposition 2.2.1) = Apg(t™,...,t"").
On the other hand, if m{y = m{j = k = 0, then
=1
Al(g™ ") = Ap(1)-A ™ ¢
( IERER ) L’() L”ng( IRRER )

(by proposition 2.2.1) =
AT =Im) (1) ifp =1,

AL =LY m) )
{ A ey,

AL(m)(4) . ]
(by theorem 3.2.9) = ] ifn>1;
AMm)(3) ifn =1,

(by proposition 2.2.1) = AL(tml, o ’tMn). _

Of course, Eisenbud and Neumann already had a result of this kind (see [11, theorem 5.3]).
But they did not state it under this form, since they did not use Torres formula.

3.2.11 Corollary. (The Seifert-Torres formula [42], [44])
Let K be a knot in S, and let N(K) be a closed tubular neiborhood of K. Consider an

orientation preserving homeomorphism N (K) 1, s x D? sending K to the core of the solid
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torus and a standard parallel of K to S' x {1}. If L = Ly U...U L, is a link in the interior
of N(K) with L; ~ p; - K in Hi(N(K)), then

AL(t1,... ,tn) iAK(tlfl .- tﬁ") . Af(L)(t1,... ,tn).

Proof. The link L is obtained by splicing f(L) UM and K along M and K, where M is a
meridian of f(N(K)). The case k = 0 of theorem 3.2.10 gives the formula. O

3.3 Splicing a Knot with a Multilink

As an immediate application of the previous section, let us mention the following result.

3.3.1 Theorem.
Let L'(m') = (X/,m'L") be a “multiknot”, and L"(m") = (X", mgLy UmiL; U...Um,Ly,)
a multilink with n > 1; the splicing L(m) = L'(m/) 74 L"(m") is defined if and only if
m' = 3% milk(Lg, L;) and mg = 0; let us suppose so. Then, the Alexander module of
L(m) is given by

MLm) — J ME ) @ MELG)m)jfm! £ 0;
MEL=Lg)(m) ifm! = 0.

Proof. Let us suppose that m’ # 0. With the notations of proposition 3.2.5, we have m = d'
m d
and d = d"; hence, p(t) = % = 1 and there is an isomorphism

HiX ~ (X oHX")/(i,.T +i T") .

Now, T" is the unique border component of a compact surface, so 7" = 0 in Hi F” and i, T" = 0
in H; X’. Hence, N N N
X ~ IX @ H,X"/6,.T").

To kill i7" in Hy X" means to fill up the |m/| holes in a Seifert surface F” near L!! (recall
figure 2.1). The result is a Seifert surface Fj' for (L — Lj)(m); therefore,

Hl)? ~ Hl)?l D Hlj\(/g,

where H; X!/ denotes the Alexander module of (L — L!)(m). On the other hand, if m' = 0,
proposition 3.2.2 gives the result. O

3.3.2 Remark. In fact, we have the following stronger result:

+ + : / .

o [ AR Ay im0,

F=1 Az, if m' =0.
0

Eisenbud and Neumann stated and proved the isomorphism A = A’ @ Aj between the usual
Seifert forms associated with a knot and a multilink. Since these forms do not give an
Alexander matrix in general, they could not deduce theorem 3.3.1.



Chapter 4

The Alexander Module of Seifert
Multilinks

The celebrated splitting theorem of WILLIAM JACO, PETER SHALEN and KLAUS JOHANSSON
implies that the exterior of an irreducible link can be canonically expressed as the splicing of
elementary links, each of which is either Seifert fibered, or simple (see section 4.1 below for
precise definitions and statements). Furthermore, all the multilinks appearing in algebraic
geometry turn out to have only Seifert fibered components: they are graph multilinks. This
remarkable class of multilinks was studied extensively by DAvVID EISENBUD and WALTER
NEUMANN. We recall some of their fundamental results in section 4.2.

An ideal achievement would be to give a closed formula for the Alexander module of any graph
multilink. This seems a little too ambitious, but the computation of the Alexander module
of the elementary pieces, that is: of Seifert multilinks, is completely settled in this chapter.
The methods are completely different, according to if the Seifert multilink is fibered or not.
The main tool in the study of the fibered case is a theorem of FRIEDHELM WALDHAUSEN.
On the other hand, the non-fibered case is treated with the methods of chapter 1. Therefore,
the discussion is divided into two distinct sections.

4.1 A Review of Three-Dimensional Topology

In order to state the Jaco-Shalen-Johansson splitting theorem, let us recall several basic
definitions. In three-dimensional topology, the terminology has evolved a lot along these
last 25 years (see e.g [17, 22, 33, 3]). We will mainly follow M. Boileau’s definitions [3].
Throughout this section, M denotes a connected, compact, orientable 3-manifold and F a
compact, orientable surface properly embedded in M.

M is irreducible if every embedding S® = 0B? < M extends to an embedding B? — M.
An important class of irreducible manifolds is given by the exterior of knots in S3. More
generally, given L a link in a homology 3-sphere, its exterior is irreducible if and only if L
cannot be expressed as a non-trivial disjoint sum of links.

F' is incompressible in M if, for all connected component F; of F, the inclusion F; C M
induces a monomorphism 71 ¥ — 7w M, and F; does not bound a 3-ball in M. F' is boundary-
parallel in M if there exists an embedding h: F x I — M with h(z,0) = z, h(z,1) € OM
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for all z in F, and h(OF x I) C OM. Finally, F is essential in M if it is incompressible and
not boundary-parallel in M.

M is simple if it contains no essential torus. For example, the exterior of a torus knot is
simple. More generally, it follows from works of H. Shubert [39] that the exterior of a prime
knot that is not a satellite knot is simple.

We now turn to the definition of Seifert fibered manifolds. Let («,3) be a pair of relatively
prime integers, with @ > 0, and let D? = {(r,9) : 0 <7 <1, 0 <9 < 27} be the unit disc
in R2. A fibered solid torus of type («,(3) is the quotient of the cylinder D? x I via the
identification ((r,9),1) = ((r,9 + 275/a),0). A fiber is the image of an arc {z} x I. It is
easy to see that up to fiber preserving homeomorphism, it may be assumed that § > 8 > 0.
Note that the core of the fibered solid torus (that is, the image of {0} x I) meets the disc
D?% x {0} once, but every other fiber meets it exactly o times. The number « is called the
index of the fiber {0} x I.

A Seifert fibered 3-manifold is a 3-manifold M which is the union of circles, called Seifert
fibers, such that each circle has a closed neighborhood in M which is homeomorphic to a
fibered solid torus via a fiber-preserving homeomorphism. A fiber is called a regular fiber
(or generic fiber) if it has a fibered solid torus neighborhood of type (1,0). Otherwise, it
is a singular fiber (or exceptional fiber). By compactness of M, the number of singular
fibers is finite.

The quotient space of M obtained by identifying each fiber to a point is a 2-manifold B,
called the orbit manifold. The natural projection M — B is the Seifert fibration. Note
that a Seifert fibration is not a circle bundle in general, not even a fibration is the homotopy
theoretical sense (unless there is no singular fiber).

We are finally ready to present the Jaco-Shalen-Johansson decomposition theorem. We state
it here for 3-manifolds with boundary, but the theorem is valid for a wider class a 3-manifolds,
namely “Haken manifolds” or “sufficiently large manifolds”.

4.1.1 Theorem. (Jaco-Shalen [17], Johansson [18])

Let M be an irreducible oriented compact 3-manifold with boundary. Then, there exists a
finite family of disjoint embedded essential tori {T;}, unique up to ambient isotopy, such that
each component of M cut along {T;} is Seifert fibered or simple, and such that {T;} is minimal
with this property. O

Note that the statement “Seifert fibered or simple” is not exclusiv. For example, the exterior
of a torus knot is Seifert fibered and simple. It is known that if M is an irreducible simple
3-manifold with M consisting of incompressible tori, and if M is not Seifert fibered, then
it is atoroidal (that is: every subgroup Z + Z of w1 M is conjugate to the fundamental group
of a component of dM). On the other hand, since M is simple and not Seifert fibered, the
Jaco-Shalen mapping theorem [17, Chapter III] implies that M does not contain any essential
annulus. Therefore, we can use Thurston’s hyperbolization theorem to conclude that the
interior of M has a complete hyperbolic structure of finite volume.

Hence, we have the following geometrization theorem for irreducible 3-manifolds with bound-
ary (again, this theorem is valid for Haken manifolds).
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4.1.2 Theorem. (Thurston)

Let M be an irreducible oriented compact 3-manifold with boundary. Then, there exists a
finite family of disjoint embedded essential tori {T;}, such that each component of M cut
along {T;} is either Seifert fibered or hyperbolic. Moreover, there exists a minimal such
family, which is unique up to ambient isotopy. O

Of course, one of the most interesting class of oriented compact 3-manifolds with boundary is
given by the exterior of a link. We say that a link L in a homology sphere ¥ is an irreducible
link (resp. a simple link, a Seifert link, a hyperbolic link) if its exterior M, = ¥ —N (L)
is irreducible (resp. simple, Seifert fibered, admits a complete hyperbolic structure). Note
that a link in S is a Seifert link if and only if it is a torus link.

The core of the work of Eisenbud and Neumann lies in the following reformulation of theorem
4.1.2.

4.1.3 Theorem. (Eisenbud-Neumann)

Let L be an irreducible link in a homology 3-sphere Y. Then, there exists a finite family of
disjoint essential tori {T;} embedded in the link exterior, such that if one desplices L along
all these tori, each resulting link is either a Seifert link or a hyperbolic link. Moreover, there
exists a minimal collection with this property, unique up to ambient isotopy. O

These “elementary pieces” of a link are called its splice components; they form a splice
decomposition of the link. Furthermore, the choice of multiplicities m for L endows each
splice component with a natural structure of multilink (even if L had only multiplicities +1).
Therefore, we can restate the previous theorem as follows.

4.1.4 Corollary. (Eisenbud-Neumann)
Let L(m) be an irreducible multilink. Then there exists a unique minimal splice decomposition
of L(m) into hyperbolic and Seifert multilinks.

Moreover, the problem of telling whether a multilink is fibered can be reduced to the same
question concerning its splice components. Indeed, Eisenbud and Neumann showed that a
theorem of Roussarie [37] implies the following striking result.

4.1.5 Theorem. (Eisenbud-Neumann)
A multilink is fibered if and only if it is irreducible and each of its multilink splice component
is fibered. O

Note that this result would not be true if we replace multilinks by links.

4.2 Eisenbud and Neumann’s Work on Graph Multilinks

Eisenbud and Neumann are particularly interested in multilinks arising in algebraic geometry.
Of course, they form a very special class of multilinks: every multilink cannot be realized as the
multilink of a complex plane curve singularity, or as the multilink at infinity of a polynomial
application. Indeed, such multilinks have the property (inter alia) that each of their splice
component is Seifert fibered. This motivates the following definition: a graph multilink is a
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multilink whose splice components are all Seifert fibered. A link in the standard sphere S? is
a graph link if and only if it is an iterated torus link. Graph links (and more generally, graph
multilinks) were studied extensively by Eisenbud and Neumann. Let us mention, among their
numerous results, those that we will need in the sequel.

Recall that a Seifert link is a link (3, L) whose exterior is a Seifert fibered manifold. It turns
out that the whole of ¥ is Seifert fibered, and L is a collection of fibers, unless L is the
following link in S3.

Seifert fibered homology spheres were classified by Seifert himself in his 1933 founding article
[40]. Let us recall his construction. Let ((a1,51),-- ., (o, Bk)) be integers with ged(a, 5;) = 1.
Set F =52 — (intD? U...UintD?). Note that

7T1(F><Sl)=7T1FX7T151=<.’131,...,$k|$1---$k=1>><<h>,

where z; is a loop representing dD? x {1}, oriented as the boundary of F x {1}.

Set
M ((e1,51),-- -, (e, Be)) = (S' x DIU...US' x D}) Uy (F x S*) ,

where f:S' x 0D?U...US' x D — 9D? x S'U...UdD? x S' is a homeomorphism such
that
f+({1} x dD?) = a; - x; + B; - b in H(0D? x S*)

forall:=1,...,k.

4.2.1 Example. If k < 2, we obtain lens spaces. Indeed, it is clear that M ((«, 8)) = L(8, a)
and it can be shown that M ((a1,61), (a2, 82)) = L(a1f2 + asf, a1az) (see e.g. [38, Chap.

6)).

Using the van Kampen theorem, we get the following presentation of the fundamental group

OfM((al,ﬂl),'“ ) (O‘kaﬂk)):
7T1M= <.’131,...,.77k,h xihzhmi, .T,L-aihﬂi =1, Il Tk =1>.1

Hence, a presentation matrix of Hy M = (w1 M)y is given by

o1 B

P = :
ar P

1 ... 1 0

'Note that the center of this group is non-trivial. In fact, this is a characteristic property of irreducible
Seifert fibered manifold with infinite fundamental group.
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Therefore, M is a homology sphere if and only if det P = +1, that is:

k
Zﬂial---ai---ak:il. (*)
1=1

In particular, the «;; must be pairwise coprime. It can be shown that the manifold M does not
depend on the choice of the f;, as long as they satisfy equality (*). Let us denote this Seifert
fibered homology sphere by X(aq,...,ax). Moreover, the foliation being orientable, there is
a canonical orientation on this manifold: the orientation such that the linking number of two
generic fibers (oriented in a coherent way) is equal to g -+ a. X(aq, ..., ax) will denote the
manifold with the canonical orientation, and —%(ay,. .., ax) the manifold with the opposite
orientation.

This notation is not unique; for example, the manifolds X(ay,...,ax, 1) and X(aq,..., )
are clearly homeomorphic. Also, ¥(a,a2) is simply S2 foliated by (a1, as)-torus knots, for
any choice of coprime (a1, as).

Here is Seifert’s classification theorem.
4.2.2 Theorem. (Seifert [40])
Let ¥ be a Seifert fibered homology 3-sphere, 3 # S3. Then, there exists a unique unordered

k-uple {a1,...,ar} of pairwise coprime integers, with k > 2 and «; > 2 for all i, such that
Y = +¥(ay,...,q) via an orientation preserving homeomorphism. O

In particular, the “simplest” non-trivial Seifert fibered homology sphere is ¥(2,3,5). This is
nothing but the famous Poincaré manifold.

As a consequence of this theorem, every Seifert link can be written
(:I:E(al, e ,Oé]c), :f:Ll u...u :|:Ln),

with o; > 0 pairwise coprime and k > n, where the component L; is the Seifert fiber corre-
sponding to the index a; (with the same orientation). Here, we need to consider indices equal
to 1 in case a component of the Seifert link is a generic fiber. Also, some index can be zero:
the exotic Seifert link illustrated above is denoted by

(%(0,1,...,1),£L1 U...U=£Ly,).

n

——
Another important example of Seifert link in S is (X(1,...,1,p,q),L1 U... U L,); this is
simply n parallel copies of a (p, ¢)-torus knot.

It is easy to check that
(—E(al,ag, e ,Oék),Ll UL, U...U Ln) = (2(—0{1,@2, cen ,Oék), —LLtULyuU...U Ln).
Therefore, every Seifert link can be written

(E(a1y.--yax), £L1 U...U=xLy,),
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Figure 4.1: Splice diagram of a Seifert multilink.

with «; pairwise coprime integers and k > n.2 Of course, the classification can be extended
to multilinks: every Seifert multilink can be written

(2(@1, cen ,ozk),mlLl U...uU ann),

with o; pairwise coprime integers and k& > n. It is symbolized by the diagram of figure 4.1;
in this diagram, the arrowhead vertices correspond to the components of the link, while the
node corresponds to the generic Seifert fiber.

Now, to represent every graph multilink by a diagram, we just need to define the splicing
operation for diagrams: the splice of two multilinks

Ll(ml) 7Lll(mll)

] ] nrn
moLy  mgLg

is represented by the diagrams of L'(m') and L”(m") linked along their arrowhead edges
corresponding to Lj and L, as illustrated below.

The disjoint union of diagrams represents the disjoint sum of multilinks.

Therefore, every graph multilink can be represented by such a diagram, called the splice
diagram of the multilink. Of course, different splice diagrams may represent the same graph
multilink; we speak of equivalent splice diagrams. For example, Eisenbud and Neumann
show the following result.

4.2.3 Lemma. (Eisenbud-Neumann [11])
The transformation (i) of figure 4.2 always yield equivalent splice diagrams. The transforma-
tion (i) yield equivalent splice diagrams if and only if apoy = o1 -+ 00y - - - .. |

2This has the advantage of simplifying a little the notation, at the expense of allowing negativ indices.
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Figure 4.2: Transformations of a splice diagram.

The integer apoy — a1 -+~ apa} - - ) is called the determinant of the splicing. A splice
diagram will be called minimal if it cannot be reduced via transformations (i) and (i7).3

Splice diagrams are very convenient for many purposes. For example, to compute linking
numbers.

4.2.4 Proposition. (Eisenbud-Neumann [11])

Given two vertices v and w, the linking number £(v,w) of their corresponding components
(generic fiber or component of the link) is given by the following formula: let o(v,w) be the
simple path in the diagram joining v and w, including v and w; then, ¢(v,w) is the product
of the weights on the edges adjacent to o(v,w) but not in o(v,w).

4.2.5 Example. Consider the Seifert multilink (X(aq,...,0),m1L; U ... U m,L,) with
generic Seifert fiber y. Then,

Lk(L;,Lj) = ai---;---0;---op foralli#j;
Lk(v,L;) = oap---@;---ap foralli.

Also, it is very easy to read on a splice diagram whether a graph multilink is fibered or not.
We saw that an irreducible graph multilink is fibered if and only if each of its (Seifert) splice
component is fibered. Furthermore:

4.2.6 Proposition. (Eisenbud-Neumann [11])
Suppose that L(m) is a Seifert multilink (different from the Hopf multilinks) given by a
minimal splice diagram as in figure 4.1; then, L(m) is fibered if and only if

n
m(ry):zmial...ai...ak#()_ O
=1

In other words, a Seifert multilink is fibered if and only if its linking number with a generic
Seifert fiber does not vanish. It is worth mentioning that this result follows very easily from
the wertical-horizontal lemma of Waldhausen (see [47]).

3This is not the definition of Eisenbud and Neumann; indeed, there are other possible ways to minimise a
splice diagram. Nevertheless, they are not important for our computations.
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4.3 The Non-Fibered Case

In this section, the algorithm described in chapter 1 is used to give a closed formula for the
Alexander module of any non-fibered Seifert multilink, that is, of any multilink as in figure 4.1
with > mjoq---@; o = 0. In all this section, d denotes the greatest common divisor
of the multiplicities of the multilink.

4.3.1 Theorem.
Let L(m) be the non-fibered Seifert multilink (X(a1, ..., ), miL1U...UmyLy), withd # 0.
An Alexander matrix for L(m) is given by

?:(an+1---ak(td—1) 0 0 ... 0

Before starting the proof, let us give several consequences of this result .

4.3.2 Corollary.
The Alexander polynomial of a non-fibered Seifert multilink is given by

AL(M)(t) - {Otn_H cee ak(td — 1) ifn=2;
0 otherwise. 0

It is well known that the Alexander polynomial of a fibered graph multilink is a product of
cyclotomic polynomials. This is false in general.

4.3.3 Corollary.
The Alexander polynomial of a graph multilink is not always a product of cyclotomic poly-
nomials.

Proof. The Alexander polynomial of (¥(1,3,2),—L; U3Ls) is equal to 2(¢ —1). O

4.3.4 Corollary.
The Alexander module over Q (Mg) of a Seifert multilink does not determine the Alexander
module over Z (Mgz,).

Proof. Consider the following Seifert multilinks in S3.

-1 2 -1 2

Both have Mg ~ Q[t,t7!]/(t — 1) ~ Q, but Mz ~ Z[t,t71]/3(t — 1) for the first one and
My ~ Z[t,t=Y/5(t — 1) for the second. O
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4.3.5 Corollary.
A Seifert multilink L(m) is fibered if and only if there exists a good Seifert surface F for
L(m) such that the Seifert matrices AI{E are unimodular.*

Proof. The Seifert matrices of a fibered multilink with respect to a fiber F' are always uni-
modular (proposition 1.2.5). Let us now suppose that L(m) is a non-fibered Seifert multilink.
Using corollary 4.3.2 together with the fact that the lowest coefficient of AX™) is equal to
det A;E, (up to sign), we see that its Seifert forms are unimodular if and only if n =2, m # 0
and ap41 = ... = o = 1. This means that L(m) is a Hopf multilink with m # 0, which is
always fibered. O

Let us begin the proof of the theorem. Using Fox calculus or proposition 1.2.9, it is easy
to show that the theorem holds for the case of a trivial n-component multilink, illustrated

below.
my Mp
. > ml
= Mgy

From now on, we will assume that we are not in this case.

Let L(m) = (¥(au,...,a;),miL1 U... Um,L,) be a non-fibered Seifert multilink. For
i=1,...,n, let us note d; = ged(m;, m}), where m, = — > i Mitk(Ls, Lj), with sgn(d;) =
sgn(m;) - sgn(ey) if m; # 0, and sgn(d;) = sgn(m}) if m; = 0. Note that if a; > 0, this
corresponds to the definition of d; given in proposition 1.2.1; in any case |d;| is equal to the

number of components of F N ON(L;), where F' denotes a Seifert surface for L(m).

4.3.6 Lemma.
(i) i1di=0
(ﬁ) Ifai 75 O, then di = ZL—Z

(iii) If a; = 0 for some i, then m; = 0.

Proof. Let us first assume that o; # 0 for all 5. We have

n n
! ~ —
mi = — Y mitk(Li,Lj) = =Y mjar -G @5
j=1 j=1

J#i J#i

By proposition 4.2.6, it follows
n

0=m(y) = Zmial"'ai"'ak =miay Qe o — .
=1

Since o; # 0 and the «; are coprime, o; divides m;, and

m; ~ m;
d; = ged(m;, —ay - Q- ap) = — .
a; 187

*We will see in example 5.4.7 that this is false for graph multilinks.
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Dividing the equation m(y) = 0 by a; --- oy # 0, it follows > ; d; = 0.
We are left with the case of (2(0,1,...,1),m1L; UmgaLy U ... UmyLy,). Since m(y) = myq,

L(m) is non-fibered if and only if n; = 0. In this case, we have d; = —(mg + ... + m,,) and
di = m; for all i > 1. Therefore, the equality Y ., d; = 0 still holds, as well as d; = ZL—Z for
1 > 1. O

Theorem 4.3.1 is a direct consequence of the following result.

4.3.7 Proposition.
Let (2(a,...,ar),m1 Ly U...Umy,L,) be a non-fibered multilink. Suppose that

no ns n
Yodi= Y di=..= ) =0,
i=1 i=no+1 i=ny+1
each sum being minimal with this property. Choose integers 31, ..., 3, such that:
n2 n
Zﬂial"'az’"'anQZ---: Z Biupyy1 - Q- = 1.
i=1 i=np+1

Then, the Alexander module is given by

sk (1 1) 6]+ (10 1) 5 = 0)

ay-ang any+1°ran

* *
<61,...,6b,Cb+1,...,Cn_1

where

no n
5122@'1@,,---,&: Z BiL; ,
i1

i:'nb—f—l
d = ged(my,...,my) = ged(dy,...,d,) and * denotes the image via HiF ~ H(X — F) ~

H(S-F).

It is not so hard to prove the general case directly; nevertheless, we will use several results
obtained earlier to restrict ourselves to a special case. The proof will then be a little less
technical.

e REDUCTION 1: Since an Alexander matrix of L(d - m) is given by an Alexander matrix
of L(m) with ¢t — ¢ (corollary 1.1.3), it is sufficient to give the proof when d = 1.

e REDUCTION 2: The multilink (X(aq,...,ar),mLi U...Um,L,) can be seen as the splice
illustrated below.

By theorem 3.3.1, the Alexander module of this multilink is equal to the Alexander module
of (X(a1,...,an,apt1 - ag),mLiU...UmyL,). Hence, it may be assumed that £ = n + 1.
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e REDUCTION 3: Consider a non fibered Seifert multilink with r > 1 weights equal to zero.
It can be seen as a (non-minimal) splice of two Seifert multilinks, one having r + 1 compo-
nents with all weights zero, the other having one single zero weight. This is illustrated below.
Using proposition 3.2.2, it is easy to check that if proposition 4.3.7 holds for the second splice

m, ,q 0 my 4

component, it also holds for the splice. So it may be assumed that the multilink has at most
one zero weight.

e REDUCTION 4: Let us consider

L = (Zo,...,on,a),mLiU...Um,Ly,)

L' = Z(1,a,...,a4,0),00oUmiL U...Umy,Ly,),
with m; # 0 for all 5. Clearly, a good Seifert surface F' for L' is given by a good Seifert
surface F' for L. Furthermore, F =FU Ly giving H1F H,F @ ZLy. Using theorem 1.2.7,
it follows

HiX ~ H(S-F)®Ztt ")/(iy(HF)=t-i_(HF))

Hy (2 - F) @ Ztt '/(Ly , iy (HF') =t i (HF))
~ H,X'/L§.

1

Using this equality, we see that if proposition 4.3.7 holds for L', then it also holds for L.
Hence, it may be assumed that there is exactly one weight equal to zero.

e REDUCTION 5: Finally, suppose that
(E(ap,a1y---,0n,a),0Lo UmiLi U...UmyLy,)

satisfies m; # 0 and Y], d; = Y7
decomposed as follows.

d; = 0, with 0 < s < n. Then, it can be splice-

1=s+1

Mgyq

o .
ag ... 0(50(/5*1
L

Using proposition 3.2.1, it is easy to show that if proposition 4.3.7 holds for the splice com-
ponents, it also holds for the splice. Using this argument inductively, it can be assumed that
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Figure 4.3: Construction of a vertical Seifert surface.

b = 2, that is, that there is no way to write > . ; ™ = 0 with I a proper subset of {1,...,n}.

iel a; —

So, we are left with the proof of the following proposition.

4.3.8 Proposition.

Let (X(ag, @14+, Qn,a),0Lo Umy Ly U...UmyLy,) be a non-fibered multilink, with m; # 0
and ged(ma, ..., my) = 1. Furthermore, suppose that there is no way to write 3 ;. 3> =0
with I a proper subset of {1,...,n}. Then, the Alexander module is given by

( Mo, 6%, c1y...ycpna |1+ apa(t—1) - My + apa(t—1)-6*=0),
where My is a meridian of Lo, 6 = )", BiL; and the (; satisfy Y ;| ficq -+~ @; -~ oy = 1.

Proof. The method of the proof is the following. We start with a Seifert surface F’ for L(m)
saturated with Seifert fibers (a vertical Seifert surface). Such a Seifert surface exists
because L(m) is non-fibered. Since F' in the union of Seifert fibers, the linking numbers are
easy to compute and we can determine the AI{E, explicitly. But F’ is not good in general,
so these matrices don’t present the Alexander module. Nevertheless, it is always possible to
obtain a good Seifert surface F' from F” via surgeries (proposition 1.2.2); hence, we just have
to understand how the AI%E, are transformed via surgeries. The final matrices Af, give the
requested presentation by theorem 1.2.7.

SEIFERT FORMS ASSOCIATED WITH A VERTICAL SEIFERT SURFACE

Consider the orbit space S? of the Seifert fibration X (ayg,a, ..., an, @) — S2. Each com-
ponent L; of the link is a Seifert fiber, so m(L;) is a point v; in S3. Let us note P =
5?2 —(D2uU...UD2), where D? is an open neighborhood of v; in $3. Since } 7, d; = 0 (lemma
4.3.6), it is possible to construct an oriented graph I' C S? with vertices {vg,v1,-..,v,}, such
that the degree of v; (computed with respect to the orientation of the edges) is equal to d;
for all . Furthermore, since dyp = 0 and since there is no way to write ), ;d; = 0 other
than I = {1,...,n}, I" will have two connected components: one consists of the vertex vy,
the other gathers all the other vertices v1,...,v, (see figure 4.3 for an example). A vertical
Seifert surface F' is given by
F'=a YI'nP).

It is oriented via the orientation of I'. Let us also note F' = a1(T).
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Our aim is now to compute the Seifert matrices A;E, associated with this vertical Seifert

surface F'. The first step is to compute the homology of F' and F'. Let b; be the rank of
H;F' and b;(T") the rank of H;I'. The homology of F' is very simple: F is a union F/U.. UF),
with p = %ZZ |d;|, where each F] is a ring saturated by generic Seifert fibers. Therefore,

Hi\F' =Zy®...0Zy,, (%)

where +; is a generic fiber of the Seifert fibration.

To compute Hlfl, let us consider the Mayer-Vietoris exact sequence associated with F =
F'UM (where M = N(L)NF):

0 — H,F — H(0F) 25 I F e M — H,F -2 Hy(0F") 2% HoF' @ HoM. .
Since L is a deformation retract of M, there is an isomorphism

HF ~ ((HlF' ®H1L)/Im<,01) ® s(Keryo),

where s: Ker pg — H,F is any section of 0.

4.3.9 Lemma.
(f) p=n+b0(T)—1;
(i) s(Keryy) is naturally isomorphic to H1T';

(iii) (HiF' @ HHM)/Im @, ~ ZLo®ZJ, where § = > - | 5;L; and the integers (; satisfy
Yo Bioq -0y an = 1. (Such fB; exist because the o; are coprime.)

Proof. By the Euler-Poincaré formula, by(I') — b1(T) = (n + 1) — p; since bo(I") = 2, the first
point is proved. The Mayer-Vietoris exact sequence given above implies the equality

0 = by—2u+(p+n+1)—b +rkKeryg
=0
=7}
= x(F)—2—-p+n+1+rkKerg

= rkKerypy — b1 (T),

by the equality (i). Therefore, s(Ker ) and Hi;I' have the same rank. Furthermore, the
choice of a basis of H1I" gives a basis of s(Kerg) C Hlfl in the following way: a cycle in
H:I' corresponds to a sequence of F; that form an abstract torus in F'. A meridian of this
torus will give the corresponding cycle in Hlﬁl.

To prove the last point, let us note M; = M N N(L;) for all 4 = 1,...,n. The inclusion
OF' N M; <> M; induces the morphism @) ZT! — ZL; with T} +— ™ L; = o;L; (lemma
4.3.6). This gives

n
(0 F' @ HyL)/Im ¢y ~ ZLo® (P ZLi/ (oL = o Ly) -

=1

The result then follows from the fact that the a; are coprime (and a little bit of algebra). O
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As a consequence, the homology of Fis given by
H\F ~ ZLy®Zs®H,T, (k)

where 6 = Y7 ;| B;L; and the integers §; satisfy Y . Bicq -+ @;---ap = 1.
With () and (%), we are now in position to describe the AL,: we just need to compute
lk(itz,y), with z element of a basis of Hi F’, y of H,F. Proposition 4.2.4 gives

Ck(isyi, Lo) = Lk(y,Lo) = a1 apa

lk(isyi,8) = Lk(v,6) = Y Bitk(v, L)
=1
i (2
= Zﬂiaoal-..&i...ana
=1

n
= aoaz /Bial"'&\i"'an = qpo.
=1

>

~~

1

Using the proof of lemma 4.3.9, it is easy to compute £k(i17y;,y), for all y in a basis of
HiI' ~ s(Keryg) C H,F. Of course, this will depend on I' and on the choice of a basis of
HqT.

Before proceeding with the next step, let us recall the ranks of the Z-modules involved; note
that these numbers are completely determined by the multilink. In particular, they don’t
depend on the choice of I'. Let us denote by a the rank b;(I"); we have

- tkHoF' =k Hi F' = 300 [®i| =n+a—1.
- tkHyF' = 0.

- tkHyF =k Hol' = 2.

- rkHlﬁl =2+a.

- tkHyF' = a, since X(F’) =0.

HOMOLOGY AND SURGERY

Recall that in our context, a surgery on F' =: Fy consists of taking away two open disks
on two distinct connected components of Fjy and joining their boundaries with a cylinder (as
described in figure 1.2). The effect of a surgery on H;Fy and HqFy has already been studied
in the proof of proposition 1.2.9. Using the notations of figure 1.3, and denoting by F} the
result of the surgery ®, we have the following results.

-Hi W ~ HiFy® Zc -
- If the surgery reduces by, then Hi F; ~ H; Fo @ Zo: let us speak of surgery of type (I).

5Note that if F} is planar (as is our vertical surface F'), then F; remains planar.
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- If it does not reduce bo, then H{ Fy ~ H{Fy ® Zc; ® Zoy: surgery of type (II).

Since d = 1, a Seifert surface is good if and only if it is connected. Hence, we need to make
i — 1 surgeries to obtain F' := F),_; good.

4.3.10 Lemma.
It is possible to make the surgeries in the following order: at first, a surgeries of type (I), so
that HoF, = 0; then, n — 2 of type (II), giving F := F,,_1 connected.

Proof. Once HoF = 0, the Alexander duality implies that ¥ — F is connected; then, every
surgery is possible. Hence, we only need to show that it is always possible to reduce by (if
by > 0) with a surgery. Let us suppose that it is impossible to diminish b, > 0. By the
proof of proposition 1.2.2, it is possible to obtain a good surface F'; thus, we must be able
to “unlock the situation” with a surgery. “Unlock the situation” means: allow two points in
¥ — F to be linked, that were not in the same connected component of X — F before; that is:
diminish tk Hy(3 — F) = rk HoF = b. O

Before proceeding, let us check that we get the right dimensions for H{ F and H, F:
tkHiF = p+p—1=2u—-1

tkHiF = a+2+ 1-a + 2-(n—2)
= 2-(n+a—-1) = 2u.

Since F' is a connected planar surface with 2 boundary components, we had to find tk H{ F' =
241 — 1. Furthermore, F being good implies that tk H; F = rk H; F +r by corollary 1.2.4; since
r =1 in our case, we get the right result.

COMPUTING THE ALEXANDER MATRIX

Now, we know that the matrices AI{E, = AI%EO are of the form

(o] <))

where
a0 O
Q _ aq - - (877X 8 a(')a
a1 -0 OopgQ
and L% is a (u X a)-matrix that only depends on T' and on the choice of a basis {y1,..., .}

of HiI". Also, remember that the first column represents Ly and the second § in Hlfl.

Performing the surgeries, we can choose the cycles ¢; and ¢; such that

Lk = 0.

Lk(ivci, L) Lk(ivci,ye) = 0 forall 7,4,
lk(itci,05) = 0 forall j <4,
Lk(itci,o5) = +1,

)

(
(

1-Cj, 0
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In general, we can say nothing about £k(iLyg, 0;). This gives the following Seifert matrices.

2 a a n—2 n—2
—t— —N— —N— —— ——

u{ Q Lt * % % 0 * k%

Computing P = A; —tAL , we get
Q(1—t) LT —tL™ * x *x 0 * x =*

1 * %
0 0 oox 00 % %
P= 1
1 * %
0 0 0 0 %
1
which, as a presentation matrix, is equivalent to
a n—2
—— ——
ay---apa(l —t)  opa(l —1) 0
: : LT —tL~
ay---apa(l —t)  opa(l —1) 0

Proposition 4.3.8 now follows from the next lemma.

4.3.11 Lemma.
For all ¢/, € Z, for all di,...,d, € Z with ged(dy,...,dy,) =1 and Y. ,d; =0, and for
all T realizing these integers dy, ... ,d,, the matrix
d(1-1t) '(1-1)
: : Lt —tL~
od(1-1t) '(1-1)
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Figure 4.4: Construction of T for d; = (0,2,—2,3, —1,-2).

presents the Z[t,t Y-module { z,y | o'(t = 1) -z +a"(t—=1)-y=0).

Proof. Since the module presented does not depend on the choice of I', we just need to prove
the lemma for one I'. The only problem now is to find a systematic way of constructing I';
the rest will be simple computation. Here is one way (perhaps not the best): order the d;
so that dy = 0, dy,...,ds; < 0 and ds41,...,d, > 0; then, place di,...,ds on one column,
ds41,...,d, on another, and link them with edges oriented from left to right (see figure 4.4
for an example).

The graph obtained is a sequence of subgraphs I'y consisting of two vertices joined by k edges
oriented in the same direction. With this convention, our sequence dj,...,d, determines
a sequence of integers ki,...,k,—1. The example illustrated above gives: (ki,ko,ks, ks) =
(2,1,1,1). It is easy to prove by induction that ged(k1,...,k,—1) = ged(dy, . .., dy), which is
assumed to be equal to one.

Using the proof of lemma 4.3.9, we obtain the matrix
od(1—t) o"(1—-1t) Py,

P= : : 0 . 0 ;
d(1—t) o"(1-1) Pry_s

where Py is empty if £ = 0 and

j)k: - )

-t
1

a k x (k — 1)-matrix, if £ > 1. With the appropriate transformations (keeping the basis of
H, F fixed), we can see that

o (1—th) o1 —th)

o (1 —thn-1) /(1 — thn-1)
~ (a'(l _ tgcd(kl,...,kn_l)) a"(l _ tgcd(kl,...,kn_l)) )

= (d(1-1t) o"(1-1)).

This concludes the proof of this lemma, of propositions 4.3.8, 4.3.7 and of theorem 4.3.1. O



62 CHAPTER 4. THE ALEXANDER MODULE OF SEIFERT MULTILINKS

4.4 The Fibered Case

The aim of the present section is to give an Alexander matrix over Z[t,t~!] of any fibered
Seifert multilink. The method is not original: we use techniques developped by C. Weber and
F. Michel in [26]. Therefore, we will skip the tedious proofs.

Let
(EaL(m)) = (E(ala .- -aak)amlLl U...u ann)

be a Seifert multilink with d = ged(my,...,my,), let X =3 — N (L) be its exterior, ¥ — §2
the associated Seifert fibration and v a generic fiber. Also, let us denote by b; the element of

the orbit space S? corresponding to the Seifert fiber of index a; (for i = 1,...,k). Clearly,

the restriction to X of the Seifert fibration yields X L‘) P,, where P, is the n-punctured

sphere S — (D? U...U D2), D? being an open neighborhood of b;.
We know by proposition 4.2.6 that if the number

n
m(’Y):ZmiOtl"'az'"'ak
i=1

is not equal to zero, there exists a locally trivial fibration X i> S with fiber F in the
homotopy class of m. In this context, a theorem of Waldhausen [47] can be stated in the
following way. (See also [11, Lemma 11.4].)

4.4.1 Theorem. (Waldhausen)

It is possible to choose a topological monodromy F Iy Fanda homeomorphism T'(h) Ay x ,
where T'(h) = F x [0,1]/(z,0) ~ (h(z),1) is the mapping torus of h, satisfying the following
conditions:

T(h) 5 X
the diagram N\, ¢ commutes up to homotopy;
Sl

h is of finite order u = |m(vy)|;

T(h) L X
the diagram  ~\, / n| commutes, where the arrow T'(h) — P, is the natural
Py,
projection corresponding to the equivalence relation: ¢ ~y <= z,y are in the same
trajectory parallel to [0, 1];

the action of Z/u = (h | h* = 1) on F gives an u-fold branched cyclic covering F -+ P,,
branched over by1,...,b; with branch indices a1, ..., 0. O

As a consequence, we obviously have an unbranched u-fold cyclic covering Fj 2o, P, where
Fy=F—-p (D, U...UD}), po = p|lp, and P, = S — (D? U... U D?). The group of

po is cyclic of order u, generated by hg = h|g,. Clearly, Fj Lo, Fy is the monodromy of the
multilink

(EaLO(@)) = (E(ala ce - aak)amlLl U...Um,L, U mn+1Ln+1 u...u kak)a
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with mp41 = ... = mg = 0. This covering Fy Po, P, is determined by a morphism
H P, %5 Z/u, that is, by @(v1),...,(vx) € Z/u where v; is the boundary component
of P, corresponding to D?.

The first step is to compute these ¢(v;). Using proposition 1.2.1 and proposition 4.2.4 together
with the third point of Waldhausen’s theorem, we get the following result.

4.4.2 Lemma.
Let (¥,L(m)) = (X(a1,...,0k),m1Ly U... UmygLy) be a Seifert multilink with m(vy) # 0,
v1, ...,V the boundary components of P, corresponding to o, ..., o, and [y, ..., B integers

such that Zle Bjou ---@;j--- o = 1. Then, the morphism H P TN Z/u is given by

_ m; — Bim(7)

o) = ————=, forall i=1,... k. O
Q;
Now, we have
F, C F
m b
Pk C Pn

where pg is the u-fold cyclic covering determined by the morphism H; Py 57 /u. The action
of (hg | h¢ = 1) on Fy endows H; Fy with a structure of Z[t,#7!]-module; the same holds for
(h| h* =1) on HF as well. The problem is now to compute a presentation matrix of the
Z[t,t~1]-module H F; it will be an Alexander matrix of L(m).

Via homotopy equivalence, it may be assumed that Py is the wedge of k—1 circles vy, ..., v% 1
with base point *, and that Fj is a one-dimensional complex with 0-skeleton p, Y(x) ~ Z /u.
For alli = 1,...,k—1, let us note n; = p(v;) as in lemma 4.4.2, and d; = ged(n;, u).% Finally,
let us denote by z; the homology class in Hy(Fy,py ' (%)) of the lifting of v; that starts at
0€Z/uxpy(+)

The exact sequence of the pair (Fy,py ' (*)) takes the form

_ o _
0 — HFy — Hy(Fo,py ' () — Ho(pg ' (¥)) — HoFy — 0,

where HoFy ~ Z[t,t71]/(t — 1), Ho(p, *(*)) =~ Z[t,t~1]/(#* — 1) and

k—1
Hy (Fo,py () =~ @ Z[t, t71/ (¢ — 1) - s .
=1

Furthermore, the morphism 0 is given by d(z;) = t" — 1. Hence, the given problem boils
down to the following;:

TECHNICAL PROBLEM: Give a presentation of the Z[t,t~!]-module Kert, where v is the

morphism

@zl e Y 1) m Dzl Y/ - 1)

T, +— th—1.

5Note that d; is also equal to gcd(mi,m;); therefore, this notation is consistent (up to sign) with the
notations of proposition 1.2.1 and of lemma 4.3.6.
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The result applied to 0 will give a presentation of H; Fjp.
Furthermore, p, 1(vi) consists of d; connected components, whose homology classes are given

by {tj . f;’_ll cx; | g=0,1,...,d; —1 } Therefore, a presentation of H; F' will be obtained

via the presentation of Hi Fy by adding the relations f:iill cx;=0fore=n+1,... k.

It is not very hard to give an answer to this technical problem in full generality; nevertheless,
we can save a lot of work by considering non-minimal splicing operations, as in the non-fibered
case.

e REDUCTION 1: It is sufficiant to give a formula for the case of a knot, and the case k = n+1.
The following splicing gives the general case via theorem 3.3.1.

e REDUCTION 2: Using inductively the splicing

and theorem 3.3.1, the general case of a knot can be reduced to the special case (X(p, q,7), K).

Hence, a general formula can be derived from a formula for the two multilinks
(2(051’ <oy Qp, a)amlLl U...u ann) and (E(Oéaﬁa 7)a K) .
Let us turn back to our technical problem. We need the following lemmas.

4.4.3 Lemma.
Let n1,...,n, be positive integers with gcd(ni,...,n,) = d. Then, there exists polynomials
U1, -, ly € Z[t] such that

1 e —1

— +... ) ——=1
td—1+ +:ur() 41 )

pa(t) -

and such that p1(t),...,pur1(t) and t* — 1 don’t have any common factor in Z[t]. O
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4.4.4 Lemma.
Let @ Z[t,t71]/(#* — 1) - z; N Z[t,t=']/(t* — 1) be the morphism given by z; —s t" — 1.
Fori=1,...,k —1, let us note d; = gcd(n;,u) and d' = ged(na,...,n;,u) = ged(dy, ..., d;).

Fori=1,...,k—2, consider polynomials 7} ,... ,'yzzﬂ € Z[t] satisfying

=1 -1
27] td1 ’Yz (t)tdl_l _]"

and such that ~},...,~! and 4" _1 don’t have any common factor in Z[t]. Then, the Z[t,t]-
module Ker1) is presented by

Ker@b=<X1,...,Xk_1‘ S pis(t) - X; =0, j:l,...,k—1>,
7=1

where the generators X1,...,Xy_1 are given by
| tni — 1
R Rt = R

=1
and the coefficients p;; are defined recursively by

(t — 1) (4" — 1)

pi(t) = (tdi’l — 1) , and
- e — 1 _
pij(t) = 7_1 Z Pie(t) - tdil 73 1(t) for 1 <5 <. O
=j+1

With this lemma, it is possible to compute a presentation matrix of H;Fy. To obtain an
Alexander matrix for L(m), one has to add the relations % cz;=0fori=n+1,...,k.
4.4.5 Lemma.

The equality 4= ;= Yt 2. X, holds for all i. O

Therefore, an Alexander matrix is given via the matrix (p;;) by dividing the i*" ligne by t% —1
fori=n+1,...,k.
Using reductions 1 and 2, together with lemmas 4.4.4 and 4.4.5, it is easy to compute an

Alexander matrix of L(m). Here is the final result.

4.4.6 Theorem.
Let (3, L(m)) = ((ou,...,a;),m1L1U...Um,Ly,) be a fibered Seifert multilink withn < k.7

Let B1,..., B be integers such that Z?Zl Bjai---aj--- oy = 1. Let us note

-u=m(y)| =2, miar “ol 5

"Since Z(a1,...,a,) = X(a,...,0n, 1), it may be assumed that n < k.
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k i _ .
- ng = _m(r)/) Zi:n+1 g_, ’ and d() - Otn+:l/"'ak ’
- n; = %Zﬂm , and d; = ged(ng,u) fori=1,...,n—1;

- di = ged(dy, dy,...,d;) fori =0,...,n—1.5

Finally, fori =1,...,n—2, let 70,...,7:"" be polynomials in Z[t] satisfying

£ =1 gy 1
Z% g PR g =1

and such that 7?,...,~! and 4" — 1 don’t have any common factor in Z[t].
Then, the Alexander module of (3, L(m)) is given by the direct sum of

N g gy [ (D@ - 1)
P zft, 7]

o (v/onsa s = 1)l — 1)

and of the Z[t,t~']-module presented by

pb11

p21 D22

. b
Pn-11 Pn-1,2 --- Pn—-1,n-1

where the p;; are defined recursively by

 palt) = CEED g

d]_l

- pij(t) = 1di— T Zé ]_szg(t) %_ 'Yg 1(t) for 1 S] <. o

4.4.7 Corollary.
The Alexander polynomial of a fibered Seifert multilink is given by

(tu o 1)k72

; : a
H?:n—kl(tu/m - 1)

AMm () = (44— 1)

Eisenbud and Neumann had already this result.

4.4.8 Corollary.
The Alexander module of a Seifert knot (X(ag, @1, ...,a), Lg) is given by

SRy Ut [ Guiatt)
@ [ taz oy, 1)(t0€15¢70¢k _ 1) . m

8Note that d*~! = d.
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It is known since Burau [6] that the Alexander module associated with an irreducible plane
curve singularity determines its topology. No such phenomenon for Seifert knots, as shown
by the following example.

4.4.9 Example. The knots (3(1,2,3),L;) and (%(5,2,3), L), although topologically dis-
tinct, have the same Alexander module My ~ Z[t, t~!]/(t? —t + 1).

Let us conclude this chapter with a couple more examples.

4.4.10 Example. Let L be the (p, g)-torus link with n components in §2. Theorem 4.4.6
gives the following (n X n)-matrix:
(t"Pe—1)(t"—1)

(t"P1—-1)(¢—1)

1)
t"Pe—1)(t—1 n
( (t"—)§) ) g
t"m—:1 t—1 n : o
R g1 e

Hence, the Alexander module of L is simply

Z[t,t~ 1]/ ::Zq ) — 3 @ Zlt, t—l]/(tnpq(; 1_)(f)_ DS (Z[t,t_l]/(tnpq _ 1))n_2 ;

» 1)(t — 1)
Z[t, ¢ ]/ D=1

4.4.11 Example. Let us consider the Hopf link (2(1,1),m1 L1 UmaoLy) with ged(mq,mo) =
d; we get the Alexander matrix (#¢ — 1) as seen in example 1.3.4.

if n > 2, and

ifn=1.
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Chapter 5

On the Alexander Module of Graph
Multilinks

Our first aim was to give a closed formula for the Alexander module over Z[t,t 1] of any
graph multilink. Because of our difficulty in analyzing this invariant via splicing, we are
forced to lower our ambitions. This is done in two different ways. The first one consists of
restricting the class of multilinks studied: in sections 5.1 and 5.2, we give a closed formula for
graph knots and “purely non-fibered” graph multilinks. The second one is scalar extension:
working over bigger coefficient rings allows to tackle some difficulties. This method is used
in section 5.3 where we give the rank of the Alexander module, and in section 5.4, where
the Alexander module over the Novikov ring Z[[t]][t !] is computed for any graph multilink.
These two strategies are mixed in section 5.5: we compute the Alexander module over the
complex numbers of a very wide class of graph multilinks. In particular, the regular link at
infinity of any f:C? — C is in this class.

5.1 Graph Knots

Let us present a closed formula for the Alexander module over Z[t,t~!] of a graph knot. In
[11, Chapter 15], Eisenbud and Neumann give an algorithm to compute the Seifert form of a
graph knot; in particular, it is possible to compute the Alexander module using this method.
Therefore, the result of the present section is not really new. Nevertheless, the techniques
involved here are more direct, and the final formula is quite simple; it deserves to be written
down.

Consider a graph knot K given by a splice diagram I'. Using inductively the following
transformation, we can replace I' by an equivalent splice diagram I whose nodes are all of

degree 3.
U n+2
a
n+1

69
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Then, desplice I along every edge joining two nodes and replace every arrowhead vertex
with multiplicity zero by a boundary vertex. The connected components of the resulting
splice diagram are of the following form: either splice diagrams without any arrowhead, or
splice diagrams as below.

Delete every connected component without arrowheads. By theorem 3.3.1, the Alexander
module of K is equal to the direct sum of the Alexander modules of the multiknots given by
the splice diagrams I';. By corollary 4.4.8, the Alexander module of the multiknot given by

Pi is
mipigi _ 1) (¢ — 1
Z[t,t_l] (t — )(t : )
(tmml — 1)(tm1q1 — 1)

Therefore, we have the following theorem.

5.1.1 Theorem.
Using the notations described above, the Alexander module of a graph knot K is given by

Mg = Dzt t] / Etmiw — ™ - 1) 0

tmiPi — 1)(¢mi%i — 1)'

It is well known that the Alexander module of an algebraic knot (that is: the knot of an
irreducible plane curve singularity) is the sum of cyclic modules (see [1]). By theorem 5.1.1,
this remains true for graph knots.

5.2 The Purely Non-Fibered Case

Let us now compute the Alexander module of the purely non-fibered graph multilinks,
that is, the graph multilinks whose splice components are all non-fibered. We start with an
easy and very important lemma.

5.2.1 Lemma.

Two non-fibered Seifert multilinks appear side by side in the minimal splice decomposition
of a graph multilink if and only if both weights myj, and my that intervene in the splicing are
Zero.

Proof. Consider (X(oy), ..., a}), myLyU...Um, L) and (S(og,...,0f),miLyU...Um, L)
two Seifert multilinks spliced along L{ and L{j. The weights m{, and m{ must satisfy

T n
; N i " no_ N - /
mO—E mjoy ---of---oy  and mO—E M0 - 0 -+ O
7=1 =1
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Hence, we have

/ / — / / ! ! n
{m(’)’) = aproapmg+agmg
n /) _ " ! 1/ " n

m"(y") = agmy+af---aymyg .

Since the splicing is minimal, the determinant ajof — o ---ajof --- &} of the splicing is
not equal to zero. Therefore, the matrix of this linear system is invertible over @, and
my = my = 0 if and only if m/(7') = m"(v") = 0. By proposition 4.2.6, this is the case if and
only if both Seifert multilinks are non-fibered. O

5.2.2 Theorem.

Let L(my,...,m,) be a graph multilink (with some m; # 0) whose splice components are
all non-fibered. Let us consider a splice diagram I" for L(m). If N denotes its set of nodes,
every element v € N corresponds to some non-fibered Seifert multilink; let us note d, the
greatest common divisor of its multiplicities, 7y, its generic Seifert fiber and «, the product
of the weights on the arrowhead edges of T' adjacent to v.

Then, an Alexander matrix of L(m) is given by

weN n—1—#N
le -~ N ——

uE.’N{ Blpnw) g — 1) 0

5.2.3 Remark. If a node v € N satisfies d, = 0, we will say that it is a 0-node. Let us
denote by Ny the set of 0-nodes, and by N the set N — Ny. Then, the Alexander matrix
given above is equivalent to

weN] n—1—#N1
7 -~ ~N ——

UEN1{ Zik(fz:fyw) . (td” — 1) 0

This alternative Alexander matrix is perhaps more natural, since the integer n — 1 — #N7 is
in fact equal to the rank of the Alexander module (see corollary 5.2.7 below).

5.2.4 Example. Consider the general graph link with two splice components,

and assume that both components are non-fibered. Then, an Alexander matrix is given by

n+r—3
—

( Qi1 - o (14— 1) o1 oy - ag(td — 1) O...O)
Qi1 - apady -yt — 1) a6a'r+1---a2(td’ —-1) 0...0
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where
d = ged(my,.. mn,Zmal---aj---ae)
d = ged(m,.. mT,Zmzal---ai---ak).

If the splice is not minimal, that is, if agafy = a1 - - - @] - - - &, then this matrix is equivalent
to

n+r—2
—

(an+1 gl - o (t8ddd) 1) L. O)’

and we get back theorem 4.3.1.

Proof. First of all, let us show that we can restrict ourselves to connected splice diagrams.
Indeed, let us suppose that I' =TV + T'"'; if d’ > 0 and d” > 0, we know by proposition 1.2.9

/
f(P; 3?// 8), where P’ (resp. P”) is the

presentation matrix associated with IV (resp. I'’). The number of columns of zeros is equal

that an Alexander matrix of L(m) is given by P = (

to
(' —1—#N)Y+ (0" —1-#N")+1=(n"+n") -1+ #N UN") =n —1 — #N,

and we get the Alexander matrix predicted by the theorem. If d' = 0 and d” > 0, P will be
given by the direct sum of P” with a free module of rank n’ (recall proposition 1.2.9). The
theorem gives this result.

The second step is to show that we can restrict ourselves to minimal (connected) splice
diagrams. It is an easy exercice to check that, if two splice diagrams are related by a reduction
of type (i) (recall figure 4.2), then the matrices determined by these diagrams are identical.
For the reduction of type (i7), we need to check that the matrices determined by the two
following diagrams, where ¢ = +1, are equivalent as presentation matrices.

Let us denote by z and z’ the nodes appearing in the first diagram, and note N = N U
{z,2'} UN3. Also, let us abbreviate £k(vy,7vy) by £(v,w). For the first diagram, the theorem
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gives the matrix

weN1 wEN? n—1—#N
—— —— ~
Yow) g LK Hv,x) g Lv,w) a
UENl{ o (tdv —1) 1o (tdv —1) ol ol (tdv —1) o (tdv —1) 0
E(g;w) (tdz—1)  ea} OO 41O (tdz 1) o ---aka’r+1---a'l(tdz -1) 5(2;:}”) (t%z —1) 0
/
f(z,w) (t%—1) ol --ajasr1-ag(thel —1)  earagal -l (td —1) Z—(z;“’) (t%’ 1) 0
L(v,w v,z (v,x’ L(v,w
veNz{ —(aw )(tdv—l) ﬁ(td”—l) ﬁ(t‘i”—l) g—w)(tdv—l) 0
which is equivalent to
weN1 weN? n—1—(#N-1)
Y e Y e —N—
L(v,w v,z L(v,w
veNl{ L povry 08 oy L)y 0
Yz, o',
)41y ol yyafanron(ti-n) A ) 0 ,
£(v,w) do Y(v,z') dy £(v,w) doy
vENz{ oy (tdv —1) Prp— (tdv —1) o (tdv —1) 0

where d = ged(dy,d,r). This is the matrix associated to the second diagram.

We are left with the proof of the theorem for minimal, connected splice diagrams. So, let us
suppose that L(m,...,m,) is given by such a diagram.

Recall that given a component L; of a Seifert multilink (X(ay,...,ar),mL; U...UmyLy,),
we note d; = sgn(d;) ged(mi, m;), where m; = — 3., m;lk(L;, L;) and sgn(d;) = sgn(m;) -
sgn(a;) if m; # 0, and sgn(d;) = sgn(m}) if m; = 0.

7

5.2.5 Lemma.
For allv € N, one has ), d; =0, where

I, ={i| L; corresponds to an arrowhead edge adjacent to v }.

Proof. Let us fix a node v, that is, a non-fibered Seifert multilink. By lemma 4.3.6, we know
that the sum of all the d; of this multilink is zero. Since the diagram is minimal, lemma 5.2.1
implies that all the d; involved in splicing (that is, all the d; of this multilink with ¢ not in
I,) are zero; this proves the lemma. O

Theorem 5.2.2 is a direct consequence of the following proposition.

5.2.6 Proposition.
Let L(my,...,my,) be a purely non-fibered graph multilink (with d # 0) given by a connected
minimal splice diagram I'; let us note «; the weight of the edge corresponding to m;L;. Let

us suppose that
no n3
Yodi= > di=..= ) di=0,
=1 1=ng+1 i:nb+1
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each sum being minimal with this property and involving only components of the same Seifert

multilink !; let us say that Ly, 1,... s Ln,,, are components of vj;), fori =1,...,b. Choose
integers [3; such that

ng n

Zﬂml---az’---an2=---= E Bi upyy1 v Qe gy = 1.

=1 t=np+1

Then, the Alexander module of L(m) is given by

(8ss bt n | ZM(tdv—1)-5;=o,ueN>,

i—1 n;+1 Oé'nH_l

where

na n
6122131'-["&'37"'761): Z BZLZ;
=1

i:nb—f—l

and * denotes the image via HF ~ H'(X — F) ~ H| (X — F).

Proof. We will proceed by induction on k = #N > 1. The case k = 1 is given by proposition
4.3.7. Let us suppose that proposition 5.2.6 holds for any purely non-fibered graph multilink
with less than & splice components, and let us consider L(m) whose connected, minimal splice
diagram I has k nodes. Pick a node v" at the border of I and consider L(m) as the splice of
L'(m') and L"(m") as depicted below.

mg

Mg

L'(m) L (m”)

Let us note N’ =N — {v"}. Since the splice diagram is minimal, it fo]lows from lemma 5.2.1
that both multiplicities appearing via desplicing vanish: m{ = m{ = 0. By induction, the
Alexander module of L'(m') is given by

Hi X'~ (&,...,8 M},c\,....c. | Ry=0,veN),

wherer=(s+1)—(a+1)—1=s—a—1, and

° lk(v,vi) Ck(v,v")
R, » Y5(9) tdv_l,(;;ﬁ_,_itdv_l.M’_
Z P anm( ) o ( ) - My

 This is always poss1b1e by lemma 5.2.5.
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We have to distinguish two cases, whether dy» = 0 or d,» # 0.

o Ifdy» =0, we have mg11 =...=m, =0,s0b=a+n—s and r =n — b — 1. Proposition
3.2.2 asserts that the Alexander module of L(m) is given by

n
H X o <H1X’ea EB Z[t,tY - >/M0 3 k(LY Li) - M;
1=s+1 1=s+1
It is thus given by the set of generators

* / /
{51,. "50,’M+1""’Mn’cl7""cﬂfbfl}

with the relations

a Ek . n n
M(tdv 15+ Y M(td” —1)-M; =0
imy Fnitl " Qnggy i=s+1 Qi

for all v € N'; this gives the desired presentation.

e On the other hand, if d,» # 0, we know by the case £ = 1 (that is, by proposition 4.3.7)
that

HIX\TI:<M a—l—la' 5bacla"'7p ‘RU”_())
wherep=(n—s+1)—(b—a+1)—1=n—s—b+a—1and

b
k(" v
B tor — 1) g +

0 1=a+1

Ek‘(’u",’u")

Op;4+1 7" Cnyyy

Rv” = (td”” — 1) . (5:(

By proposition 3.2.1, we have
HX = Z[tt e (H X @H X" / (M}, ~ P!, P} ~ MY).
Thus, H; X has the set of generators

* * / U nm _ * *
{51,...,5b,co,cl,...,cT,cl,...,cp} ={6],---,00,Co1,---,Cn—1},

sincel+r+p=1+(s—a—1)+(n—s—b+a—1) =n—>b—1. It is an easy (but tedious)
exercise to check that we get the right relations. O

5.2.7 Corollary.

Let L(m) be a purely non-fibered graph multilink with minimal splice diagram I" (and d # 0).
For every node v € N, let us note d, the greatest common divisor of its multiplicities and -y,
its generic Seifert fiber. Let us also note N = No LIN1, with Ng = {v € N | d, = 0}.

Then, the Alexander module of L(m) over Q is equal to:

ME™ = m(FQ = @ Ut Y~ 1)y @ Ot
vEN1
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Proof. Using proposition 1.2.9, we can easily restrict ourselves to connected (minimal) splice
diagrams. In this case, proposition 5.2.6 asserts that for some z1,...,z, 1 € H1 F, we have

n—1

Hi X ~ <$’1‘,...,z;_1 ‘ Zﬂk('yv,:ci)(td”—l)-zfzo, vEN>.
i=1

We have the exact sequence of Z[t,t ]-modules

0— @zt t7Y/(t% —1) -y 5 Hi X — M —0,
veEN

where i is the natural inclusion v, — Z?;ll Ck(7yy,zi) - 7 and M is presented by

n—1
(otesmin | Ytk mi) i =0, vEN ).
=1

Now, the presentation matrix Prq = (£k(yy,x;)) of M is equivalent to

weN n—1—#N
7 - N —N—
er{ el ) 0 | =(Pm 0).

For v € N, let us denote by a(v) the product of the weights of all the edges around v that are
not components of the Seifert multilink corresponding to v. Finally, for all connecting edge
E € & (that is, for all edge corresponding to a splicing operation), let us denote by Ag the
determinant of the splicing.

CLAIM: det Py = [Mece AeTyen @(v).

Let us prove this claim by induction on k = #N > 1. It is clearly true for k£ = 1; let us suppose
that it is true up to k¥ — 1. With the notations of the figure in the proof of proposition 5.2.6,
and setting

k—2
:PM’ — k2{ * v ,
! /!
W Qpyq e Qy
we know that P, is given by
* ap - v - aza") v
! /! ! !/ / "
1 v n “0° aH—//l o (/Ik ! are 05505714_1 // OékOf(’U )
o Q17 ana(v") W agpr - apa(v”) a0 aga(v”)

Computing the determinant by the last column, we get

detPhy = ala(v”) o -detPry —ap--- Q50+ oga(V") - agpr - apa(v”) - det Pan

@
= a@") - (agag — oy apal g - oga(v”)) - det Pag
= a(W")-Ag-det P,
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and we are done by induction.

Using the claim and the fact that the splice diagram is minimal, we see that P M is invertible
over Q. (In fact, P4 is invertible over Q if and only if the splice diagram is minimal.) Hence,
M@ Q ~ Q[t,t~1] " 1=#N, Tensoring our exact sequence by Q, we get

0— Pt t71/t* — 1)y — Hi(X;Q) — Qt,t 1" N — 0.

veEN
Hence,
Hl()z,(@) ~ @Q[t,t_l]/(tdv 1)y, @ Qlt, 71N
veN
= @ Q[t,t_l]/(tdv —1)-y @ Q[t,t_l] n—1—#N; -
vEN]

5.3 The Rank of the Alexander Module

(m)

We are now ready to give a formula for the rank over Z[t,t '] of the Alexander module Mé
of a graph multilink L(m).

Let T" be a minimal splice diagram of L(m). Each node of I" corresponds to a Seifert multilink,
fibered or non-fibered; we will speak of fibered nodes and non-fibered nodes. Also, recall
that a node is a 0-node if all the multiplicities of the corresponding Seifert multilink are zero.
Consider the sub-diagram I'V¥ of T generated by the non-fibered nodes, that is, desplice T
along the edges connecting a fibered node with a non-fibered one, and delete all the connected
components that correspond to fibered multilinks.

5.3.1 Theorem.
The rank over Z[t,t '] of the Alexander module of a graph multilink L(m) is given by

Lim) _ ) N ifm = 0;
rk My _{n—r—k—i—c—l else,

where ¢ denotes the number of connected components of T' (that is, the number of irre-
ducible components of L), r the number of connected components of TN n the number of
arrowheads in TV and k the number of non-fibered nodes that are not 0-nodes.

Proof. If m = 0, Mé(m) is free of rank n, the number of components of L. So, let us assume
that m # 0. We will proceed by double induction on ¢ and 7.

e Let us suppose that L(m) is irreducible (that is, ¢ = 1). If r = 1, L(m) is obtained by
splicing a purely non-fibered irreducible graph multilink L'(m') (with m' # 0) with several
fibered multilinks. Since the rank of the Alexander module of a fibered multilink is zero, it

follows from corollary 5.2.7 and proposition 3.2.4 that rk Mé(m) =n—1—k.

Let us now fix an irreducible graph multilink L(m) with r > 2, and let us assume that the
formula holds for any irreducible graph multilink with ' < r. Then, L(m) is the result of a
splicing of the form illustrated below, with ' =r — 1, 7" =1, m' # 0 and m" # 0.
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fibered
multilink

Using proposition 3.2.4, the case 7 = 1 and the induction hypothesis, we get the formula

e Mz® =k Mp ™) p e my 0 = (0 — (r—1) = K) + (" — 1 — ")
= @+n)—r—-K+K)Y=n—-r—k

This proves the case ¢ = 1.

e Let us now fix some ¢ > 2 and assume that the formula holds for any graph multilink with
strictly less then ¢ irreducible components. Then, L(m) is the disjoint sum of L'(m') and
L"(m"), where L'(m') has ¢ — 1 irreducible components, L"(m") is irreducible, and m' # 0.
If m"” = 0, the second part of proposition 1.2.9 and the induction hypothesis give

e ME™ = kM) LMy = (0 — o — K 4 (e~ 1) = 1) + 0"

= (n+0")-@C"+1) K +c—1=n—r—k+c—1.
If m" # 0, the first part of proposition 1.2.9, the induction hypothesis and the case ¢ = 1 give

rk ME® = e mE ) e pET ) g
= (n—r"—-K+@Cc-1)-D+@"-7""-K")+1
(
= (0+n")—(F"+7r") - k'+k" +c—1l=n—-r—k+c—1.
(

This concludes the proof. O

5.4 Novikov Homology

In 1981, S. P. Novikov [32] introduced Novikov homology in order to construct a generalization
of Morse theory valid not only for exact 1-forms on a smooth manifold X, but also for
closed ones. In the case of a non-exact integral 1-form, its cohomology class p € EIl (X,7Z)
determines an infinite cyclic covering X, — X, and thus, Z[t,t"!]-modules H,X,. The

Novikov homology of X with respect to u is given by H, X ®ztt-1 L[EI[E 1.
If X is the exterior of a link in a homology sphere, we get the followmg definition: the
Novikov homology of a multilink L(m) is the Z[t][t~!]-module

Hi(m) = 01 X (m) ®zp,-y Z[[E)-

The ring Z[t][t !] is called the Novikov ring; we will denote it by A. Recall that A is a
principal ring, and that an element of A is a unit if and only if its lowest coefficient is +1.

5.4.1 Example. Let L(m) be a fibered multilink. Then, the lowest coefficient of ALm) g
equal to det A, = £1 , so the Alexander polynomial is a unit of the ring A. Hence, any
Alexander matrix is invertible over A, giving Hy,(m) = 0.



5.4. NOVIKOV HOMOLOGY 79

In this section, we compute the Novikov homology of a graph multilink via a splice diagram.

As a corollary, we give a majoration for the number of Novikov modules on a given graph
link.

Let L(m) be a graph multilink given by a splice diagram I'. Let us recall the notations
and terminology of the previous section. Each node of I' corresponds to a Seifert multilink,
fibered or non-fibered; we speak of fibered and non-fibered nodes. Also, we say that a node is
a 0-node if all the multiplicities of the corresponding Seifert multilink are zero. Consider the
sub-diagram I'V¥ of T generated by the non-fibered nodes, that is, desplice I" along the edges
connecting a fibered node with a non-fibered one, and delete all the connected components
that correspond to fibered multilinks. We note ¢ the number of connected components of I, r
the number of connected components of I'V¥ n the number of arrowheads in T'V¥ and k the
number of its nodes that are not 0-nodes. For every such node v, let us note a, the product
of the weights on the arrowhead edges in 'V adjacent to v.

5.4.2 Theorem.
Let L(m) be a graph multilink (with m # 0) given by a splice diagram I'. Then, its Novikov
homology is equal to

Hy(m) =T & Anrorret,

where T is the A-module presented by the (k X k)-matrix P = (pyy), Where py, = W if
v and w are in the same connected component of TN¥ | and py, = 0 otherwise.
Furthermore, if T is minimal, then T is the torsion submodule of Hy, (m), andn—r—k+c—1
is the rank.

Proof. First of all, it may be assumed that I' is minimal: this is done by checking that if I" and
I are related by a reduction of type (7) or (i7) (recall figure 4.2), then the Novikov homology
predicted by the theorem are equal. This argument is very similar to the beginning of the
proof of theorem 5.2.2, and thus omitted. Then, we can assume that I is connected (that is,
¢ = 1), using proposition 1.2.9; here, the computation is exactly the same as at the end of
the proof of theorem 5.3.1.

So, let us suppose that I is a connected, minimal splice diagram. We will proceed by induction
on 7 > 0, the number of connected components of I'N¥. Of course, r is zero if and only if
L(m) is fibered; in this case, the Novikov homology is trivial and the theorem is true. Now, let
us suppose that » = 1; this means that L(m) is made of one purely non-fibered multilink LV¥
spliced with fibered multilinks. Proposition 5.2.6 gives the Alexander module of LN over
Z[t,t™Y; let us denote by PNV¥ the matrix described in this theorem. We need to understand
the effect on the Novikov homology of splicing with fibered multilinks.

By lemma 5.2.1, and since I' is minimal, these splicings will be of the type m > 0. Recall
that, by proposition 3.2.8, if L(m) = L'(m/) —7r——p# L"(m") with ged(m/,m") = m > 0,
and if P (resp. P") is a presentation matrix of H, X' (resp. H X"), a presentation matrix of
H; X is given by

P 0 0

0 P 0
Ck(iyT' =) Lh(iyT",-) 0

X X (tm—1)(t¢-1)

(" —1)(td" —1)
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Working over Z[t,t 1], this is not a very satisfactory formula; but now, we are working over
(tm-1)(t¢-1)

@ D@ 1) S 2 unit. Hence, the above matrix

the Novikov ring K, so the polynomial p(t) =
is equivalent to
P 0
P= 0 P
Ch(ipT' =) LGy T",—)

Let us apply this formula to the case we are interested in, that is: L'(m') = LV and L"(m")
fibered. If the splicing corresponds to an edge linking v to some fibered node, a presentation
matrix is given by

g)NF 0 NF
o0 1) ().
lk(’yu,—) * (fY’U’_)

Now, the ligne of PVF' corresponding to v is equal to £k(7y,, —)-(t% —1). Since v is not a 0-node,
this is equivalent (over K) to Lk(-yy, —). Therefore, the operation of splicing a given purely
non-fibered multilink with a fibered multilink does not change the Novikov homology. In other
words, the Novikov homology of L(m) (with r = 1) is equal to the Novikov homology of L.
By remark 5.2.3, the Alexander module over Z[t,t1] of LN is equal to T @ Z[t,t~ " ~*—1

where T is presented by the (k x k)-matrix (W - (# — 1)). Since d, # 0, the Novikov

homology is given by 7 & K"‘k_l, where 7 is presented by (W) This settles the case
r=1.

Let us now suppose that the theorem holds for any graph multilink with TV¥ having at most
r — 1 connected components, and let us consider L(m) with I'V* having r > 2 connected
components and k non-0-nodes. Since I' = I'(L(m)) is a connected tree, it is always possible
to desplice it as illustrated below, where v/ and v" are non-fibered non-0-nodes, I'™* has
r — 1 connected components and &' non-0-nodes, and IV is connected with k" = k — &’

By induction and by the case r = 1, we know the Novikov homology of L'(m') and L"(m");
let us denote presentation matrices by P’ and P”. Applying the same method as in the case
r =1, we get the presentation matrix

non-0-nodes.

\V& v

Pp! 0 0 P 0 0 ,
t (’Yul 7_) * 0 ~ ék(’)/v/ !_) * O ~ 76’ ’ :])” 9
0 0 P 0 0 Ppit . B
Z-Ek(’)’v/,f) * Zk:(’yvu,f) 0 * gk(’)’vu,*) (%}”,,)

which is equivalent to P’ @ P”. Since the set of non-0-nodes of T" is equal to the disjoint union
of the sets of non-0-nodes of IV and of I'”, and since

n—r-1)-)+0"-1-Y=@"+2")—r— (K +k")Y=n—r—k,
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we are done by induction.

Finally, we know by theorem 5.3.1 that if I is minimal, the rank of the Alexander module
over Z[t,t 1] is equal to n — r — k + ¢ — 1. This implies that the rank of Hy(m) is also equal
ton —r—k+ c— 1. Since the ring Ais principal, it follows that 7 is the torsion submodule
of Hy(m). O

5.4.3 Corollary.

Let L be a graph link with n components. Then, there exists a finite number of hyperplanes
in Z™, defined by homogeneous linear equations over the integers, such that the Novikov
homology Hj, (m) only depends on which hyperplanes m belongs.

Proof. Given a graph link L, its Novikov homology depends only on whether the nodes are
fibered, non-fibered or 0-nodes. These conditions correspond to hyperplanes (or intersections
of hyperplanes for 0-nodes) in Z™. O

See [34, Theorem 3] for an analogous result in another context.

5.4.4 Corollary.
Let L be a graph link with c irreducible components and b splice components. Then, the

number of non-isomorphic Novikov modules (corresponding to the different multiplicities) is
bounded above by 3* — 2(b — c).

Proof. Consider a minimal splice diagram I' for L; this splice diagram has ¢ connected com-
ponents and b nodes. The module H 1(m) only depends on whether the nodes are fibered,
non-fibered or 0-nodes: this gives 3° possibilities. But a node adjacent to a 0-node cannot be
fibered: this takes away 2 - #{ splicing } = 2(b — ¢) possible cases. O

5.4.5 Example. The general Seifert multilink, as given in figure 4.1, has the following
Novikov homology

R Q R ifmezZ"-V;
Hi((m)) = § AM(ans1---a) @ A" 2 ifm eV —{0};
A" ifm=20,

where V = {(m1,...,m,) € Z"™| Y1 miay---@; - a = 0}.

5.4.6 Example. Let us study the general graph link with two Seifert splice components, as
already described.
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Consider the following hyperplanes in Z"*":

H (Z m; Qo - -oy + Z m' o e agal - a;- e aQ)

H = V(Zmial-- @;-agpal -l + Zm gyl - @---a%).
Also, let us note

,
E = V(ml)ﬂ...ﬂV(mn)ﬂV(Zm;a'l---a;----aQ) CH

n
E = V(m'l)ﬂ...ﬂV(m'T)ﬂV(Zmial---é}---ak) C H'.

Then, the Novikov homology is given by

(0 A if m € Z"" — (H U H');
AM(opsr--a) & An! ifme H— (HNH;
R Aoy %)@A“l ifme H — (HNH");
HW@=<P@A”T3 ifme HNH' — (EUE'");

A(ehyy--ap-a) @ AT ifm e E - {0};
A(ans1--a-a') & A"T72 ifm € B’ —{0};
Wi if m =0,

where a = ged(ag, ant1 - o), @/ = ged(apar. -+ - o) and P is the A-module presented by

! !
QpOp 41 O Qp Qg 1Oy
/ / AN / -

Qpi1-" Qo+ Q (oYY SIRERN o'y}

5.4.7 Example. It is false to believe that a graph multilink L(m) is fibered exactly when
H r(m) is trivial. Indeed, the following splice diagram represents a non-fibered link in S3
whose Alexander module is equal to the Alexander module of the Hopf link; in particular, its
Novikov homology vanishes. This example also shows that a non-fibered graph link in S3 can
have unimodular Seifert forms (compare with corollary 4.3.5).

5.5 On the Alexander Module over C[t,t!]

One of the main goals of Eisenbud and Neumann was to “find the Jordan normal form of
the monodromy from the characteristic pairs” [11, p. 9]. Equivalently, the problem is to
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compute the Alexander module over C[t,# '] of an algebraic multilink from a splice diagram.
This question is “completely settled for algebraic links, though the obvious generalizations to
iterated torus links and graph links are much less satisfactorily resolved” [11, p. 10]. In this
section, we give a closed formula for the Alexander module over C[t, '] of a very large class
of graph multilinks (see the restriction below). In particular, the regular link at infinity of
any f:C?> — C is in this class.

Let us first recall Eisenbud and Neumann'’s result in the fibered case. Let L(m) be a fibered
graph multilink with monodromy A given by a minimal splice diagram I". Let us denote by
N the set of nodes of ', by € the set of edges connecting two nodes, and by V the set of non-
arrowhead vertices of I". For every node v € N, let us note d, the greatest common divisor of
the multiplicities of the corresponding Seifert multilink. Finally, for every edge E € &, let dg
be the greatest common divisor of the multiplicities involved in the corresponding splicing.

5.5.1 Theorem. (Eisenbud-Neumann)
The Alexander module Mé(m) is determined by the following properties.

- The Jordan normal form of h, consists of 1 x 1 and 2 x 2 Jordan blocks.
- The characteristic polynomial of h, is equal to

A(t) = (4 — 1) [ (el — 1)%=2,

veEV

- The eigenvalues corresponding to the 2 x 2 Jordan blocks are the roots of A'(t), where
A'(t) is equal to

[pee®® —1)

l_lveff\f(tdqJ - 1)

if L(m) has “uniform twists”, and A’(t) is a quotient of q(t) in general.? O

q(t) = (t* - 1)

Now, let L(m) be a graph multilink (with m # 0) given by a minimal splice diagram I'. Via
proposition 1.2.9, it may be assumed that I' is connected (that is, L(m) is irreducible). Let
us desplice I" along &’, the set of edges connecting a fibered node and a non-fibered one. This
defines I'VF = | |I_ TN purely non-fibered with n arrowhead edges, and I'"" corresponding
to fibered multilinks.

RESTRICTION: We will assume that T'F is connected.

Let us note d the greatest common divisor of the multiplicities in T'F', £ the number of
arrowhead edges in I'Y, V the set of non-arrowhead vertices of I'f', and N; the set of non-
fibered nodes that are not 0-nodes. Finally, let us note

tdv —1

e(t) = ged (td -1, {tdE_l}(v,E) ; E € & is adjacent to v € N ) if #& =1¢;
1 if #8&" < 4.

5.5.2 Theorem.
The Alexander module Mé(m) is determined by the following properties.

2Every algebraic multilink has uniform twists, as well as every multilink at infinity.
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- The rank of Mé(m) is equal ton — #N1 —r.

- The order ideal of the torsion submodule T = Tor Mé(m) is generated by

Moev(t ™) — 1) T, (% — 1)
e (97 — 1)

- The Jordan normal form of t restricted to T has blocks of dimension at most 2; the
eigenvalues corresponding to the 2 x 2 blocks are the roots of A'(t).

Alt) = (4 —1) - €t) -

Before starting the proof of the theorem, let us recall an important fact of chapter 1. The
Alexander module H; X of a multilink L(m) can be understood as the quotient of H; (¥ —
F) ® Z[t,t~!] by the relation i, a =t-i_a for « € H1 F, where F is any good Seifert surface
for L(m). In particular, an element 7" € H1 F gives an element i, T € H; X via the morphism

HF 5 H (8- F) o H (8- F) @Z[t,t ] —» H, X.

Furthermore, if L(m) is fibered with monodromy F N F, i, is an isomorphism and the
sequence of morphisms given above fits into the commutative diagram

HF —— WFRZttY] — (HiF @ Z[t,t™Y))/(t - z = ha(x))

i | E 0|~

H(E-F) — HE-F)QZtt] —— (I (E—-F)@Z[Lt)/(ira=1t i a),

where ¢ is an isomorphism of Z[t, #~!]-modules.

The main tool for the proof of the theorem is the following lemma.
5.5.3 Lemma.

Let L(m) be the splice L’(m’)m

multilink and (m/,m") # (0,0). If X (resp. X', X") denotes the total space of the infinite
cyclic covering associated with L(m) (resp. L'(m'), L"(m")), then

L"(m) where L" (m") is a purely non-fibered graph

H(X;Q) =~ (Hl()?';@)@ﬂl()?";@)) / i T i T"

where T' (resp. T") is a boundary component of a Seifert surface for L'(m') near Ly (resp.
for L"(m") near Lj).

Proof. Using lemma 5.2.1 and proposition 3.2.1, the general case can be reduced to the case
where L"” (m") is a non-fibered Seifert multilink L" (m") = (£"(of, ..., a}), m{L{U.. .Um]L}).
By proposition 3.2.2, we can further assume that £ = n. Finally, using proposition 3.2.1 and
the fact that the present lemma, is true when splicing two non-fibered Seifert multilinks, we
just need to prove the lemma for £k = n = 3, that is, for the splice illustrated below, where
dy # 0 and dy + d1 + do = 0.

Let us note d' = ged(m/),...,m.), d = ged(do, d1,dz); without loss of generality, it may be
assumed that ged(d’',d) = 1. We have to consider three cases:

1. d1 :O(ord2:0)
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aq
dot g 2o
a2

2. sgn(dy) = sgn(dy) (or sgn(dz))

dia,

3. sgn(dp) = —sgn(di) = —sgn(ds)

The corresponding vertical Seifert surfaces in the orbit space are as follows.

1. 2.
b F ad % b

Idl

The first case is trivial: we just need to use proposition 3.2.5, and to check that in this case,
the polynomial p(t) is equal to 1. Here, the result is even true over Z[t,# !]. For the second
case, the proof is quite tedious; let us give a brief sketch. Given a Seifert surface F' (with d’
connected components) for L'(m'), one can construct a good Seifert surface F' for L(m) as
follows:

(i) paste a vertical Seifert surface for L"(m') (made of |d3| rings) with F' along the |d|
obvious boundary components;

(ii) make d’' + dy — 1 surgeries, in order to get a connected Seifert surface.

It is not difficult to find a natural basis of Hy (F; Q) (resp. H1(F;Q)) from a basis of H; (F'; Q)
(resp. Hl(F'; Q)). The crucial point here is that we don’t create any big cycle by pasting
rings with F’.3 Then, one can compute the Seifert matrices associated with these surfaces;
using theorem 1.2.7, it is an easy (but long) exercice to check that the lemma is true. The
third case is very similar. O

Proof of the theorem. If T' = I'F| the multilink is fibered and the result is given by theorem
5.5.1. Let us now suppose that the /-component multilink given by I'F' is spliced along
r components (for some 1 < r < /) to purely non-fibered multilinks. Let us note & =
{E1,...,E;} the edges of " corresponding to these splicings, and v; the non-fibered node
adjacent to F;. By lemma 5.2.1, dg, is not equal to zero, so we can apply lemma 5.5.3 r
times. This leads to the isomorphism

Mg = MEBMED...0ME) /isTj+v,; (=1,...,7),

3Unfortunately, such big cycle appear when splicing a non-fibered Seifert multilink with several fibered
ones; this is the reason of the restriction in the statement of theorem 5.5.2.
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where Mc (resp. ME, M%) denotes the Alexander module of the multilink given by I' (resp.
rf, I‘ZN F), and where vy,, denotes the generic Seifert fiber of the Seifert fibration corresponding
to the node v;.

Since I'F" is fibered, its Alexander module is given by H; F, with ¢ acting as the monodromy
h.. Furthermore, the monodromy permutes cyclically the dg; border components of the fiber
near L;, for i = 1,...,4. If d = 1, we know by lemma 2.1.2 that H; F' factors into H & B,

where B = @le EB?Z ZT]? / Do T; This leads to a factorization of the Alexander module
ML = Mg ® BY, where

V4 V4 dEi
B = (Pztt /s -1)-1) /33 4T
i=1 i=1 j=1

. dg. . d i . . . T
Since Zji’l ¥ = tf_—ll, and using corollary 1.1.3, we get the factorization M} = M @ BY,

where
F ; 17 /(4d e — 1
BZ:(G?Z[tat I/t — 1) - T;) zﬁT
= 1=

Finally, working over C[t,t~!], and interpretating the Alexander module as a quotient of
H (X — F) ® C[t,t71], this leads to ME = ME & BE, where

. ¢ ; ¢ gds;
BE = (@O0 —1)-isT) /3 S i Ty
j=1 j=1

Therefore, a presentation matrix of B(g is given by

A |
ey 1

)

|

4B 1 4By _1 4B _1

i 1 a1
which is equivalent to
e 1
e |
4B
4B 4By 1 P B

td—1 td—1 td—1 td—1

This leads to the factorization A(t) = AF(¢) - tdl—l H?Zl(tdEi —1). Also, it is an exercise to

check that in fact, Bg is given by

Bt ~ :@ut, (o),

1)
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where d’/ denotes the greatest common divisor of dg,, ..., dg,. Since ged(d’,dg,,,) = dit1, the

(1% DB 1)
(t%+1-1)

only to the one-dimensional blocks of the Jordan normal form of the monodromy.

has only simple roots. Therefore, the submodule Bf contributes

polynomial

On the other hand, we know by corollary 5.2.7 that for j =1,...,r,

My~ @ CtT/(R 1)y @ Cltt O
veN1(7)
where N1(j) is the set of non-0-nodes of I‘;-V Fand n(j) the number of its arrowhead edges.

Putting all this together, we have the isomorphism

Mc = MEBMED...dME) [ isTj+

~ O T e ME e (BE e @ Citt /(0 = 1) ) [ i T+,
’UEN]_

~ Ctt ' PN e MEe P Ct)/(% —1) -y & B,
’UEle{’Ul,...,’UT}

where B¢ is presented by

tdm — 1
tlEy — 1
|
4B 1 ey t“Be 1
T T T
v — 1
v — 1
tdor — 1
\ 0
Since d,; divides dg; for all j = 1...,r, it is equivalent to the matrix
v — 1 \
vy — 1
tdor — 1
91 1
4B — 1
thB1 1 *By g T N T | B }

td—1 td—1 td—1 td—1 td—1
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If r < £, this matrix is equivalent to the square matrix

v — 1 \
tdvy — 1
tdor — 1
4 — 1
4B
4B1 1 %By 4 P e T R
@1 o1 e 1 1

Therefore, the determinant of a presentation matrix of the torsion submodule 7 = /T/Tg @
Boeni—(or,.ny Clts 711/ (% — 1) -7, @ Be is given by

r 0
A A 1
NCRS-CURENS | QNI ) (O gy | )
’UENl—{’Ul,...,Ur} ]:]_ ]:T+1

Since A(t) = AF(t) - 5 [T5o, (t%5 — 1), we get

AW Tl (% 1)
A== e

The result is then obtained via Eisenbud and Neumann’s formula (theorem 5.5.1).

On the other hand, if r = £, B¢ is presented by

o — 1
tdv2 — 1
P = ,
v — 1
“B 1 By 4B
Py W_1 @1

and A(t) = AF(t) - H’UENl—{’Ul,---,’UT}(tdv —1) - ApP. It is an easy computation to check that

V4
1 dv, d
2oP = — - [T —1)-gcd(t

J=1

. tim — 1 198 — 1
B ’tdvl—l""’tdvz_l)

and we get

¢
At) = AF(@)- I e*=n-JJe™ -1- ! - e(t)
7=1

vEN1—{v1,...,0r }
At) - e(t)  Tlyen, (t* = 1)
[gee (t? 1)

This concludes the proof of the theorem. O
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5.6 The Monodromy of the Link at Infinity

Given a reduced polynomial application f: C2 — C, let us denote by L(f, o) its regular link
at infinity. In [29], Neumann proved that £(f,00) can be seen as the border of the fiber of
some multilink L(my,...,m,), with m; > 1 for all . This means that a splice diagram of
L(f,00) can be obtained from a splice diagram of L(m) by making the following operation
for each component of the multilink, where m) = — > j2i Mitk(Li, Lj), di = ged(m;, m;) > 0,

!
m. A

) m
pi=d—zand(h‘=d—

Neumann also showed how to construct a splice diagram for L(m); this multilink being fibered,

it is possible to compute M(L:(ﬂ), its Alexander module over C[¢,#~!] using theorem 5.5.1.
By theorem 5.5.2, it is now easy to compute Mé, the Alexander module of L(f,00) over
C[t,t71].

5.6.1 Theorem.

Let L(my,...,my,) be the multilink associated with L(f,oc0); let us note d; = ged(m;, m}),
d = ged(ma,...,my), A(t) the characteristic polynomial of the monodromy of L(m), and
A'(t) the polynomial corresponding to the 2 x 2 Jordan blocks. Then, the Alexander module
ME is given by the following properties:

Stk ME = S (di — 1) ;
- the order ideal of the torsion of Mé is generated by

ﬁ(t) _ A(t)

t—1 n tdi-1"
a1 Hi:l —1

- the Jordan normal form of the monodromy restricted to the torsion of Mé has blocks
of dimension at most two; the 2 x 2-blocks correspond to the roots of A'(t). O

If all the fibers f~!(c) are regular at infinity, this theorem says nothing. In such a case indeed,
all the multiplicities m; are equal to one, and L(f,00) is nothing but L(m). On the other
hand, if some fiber f~!(c) is not regular at infinity, then some multiplicity m; is greater then
one, and the result is interesting.

5.6.2 Example. Consider the polynomial
flz,y) =z + 2Py with p>2, ¢>1, ged(p,q) =ged(p—1,¢) = 1.

This polynomial has no singular value, and the only irregular fiber is f~'(0). Here are the
splice diagrams of the multilink at infinity and of the regular link at infinity of f (see [29,
p.451)).
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L(m) L(f.0)

The multilink L(m) is a fibered Seifert multilink: its Alexander module over Z[t,t!] equal
to Z[t,t71]/(t?—1) (for example, use theorem 4.4.6). In particular, its monodromy is of finite
order g. Now, we can compute the Alexander module over C[t, 1] of L(f,00); the result is

ME = C[t, t71] /(7 —1).

So in this class of examples, the Alexander module over C[t,!] of L(m) and L(f,cc) are

isomorphic.

If ¢ = 1, the regular link at infinity is the non-fibered Seifert link (3(1,—1,p), L; U Ly). By
theorem 1.2.7, the Alexander module over Z[t,t~!] of this link is

ME =Z[t,t7Y/p(t —1).

In particular, the Alexander module of the regular link at infinity of the Broughton polynomial
f(z,y) =z + 2%y is given by Z[t, t71]/2(t — 1).



Chapter 6

The Conway Potential Function of a
Graph Link

6.1 The Conway Potential Function

In 1970, Conway [9] introduced a new invariant of links called the potential function. Given
an oriented ordered link L = L;U...UL, in §3, its potential function is a well defined rational
function V(t1,...,t,) which satisfies

—L ALt ifn=1,;
Viltn,. - oty) = 4 aoi oo
AL(t%,...,t%) ifn>1.

Thus, this invariant is basically the multivariable Alexander polynomial without the ambiguity
concerning multiplication by units of A,. This might seem a minor improvement. However,
the potential function has a very remarkable new property: it can be computed directly from
a link diagram using “skein-type” formulas. For example, if L, L__ and Lgo differ by the
following local operation,

QX

then we have the equality
Vig, + Vo=t +1t;'t") Vi

(For a characterization of V| using skein-type relations, see [27].) Thus, Conway pointed
out a preferred representative of the Alexander polynomial, and gave a very easy method to
compute it. Unfortunately, his paper contains neither a precise definition of the potential
function, nor a proof of its unicity.

As a particular case of the potential function, Conway defined what he called the reduced
polynomial Dy, (t) of a non-ordered oriented link L. (This was later called the Conway

91



92 CHAPTER 6. THE CONWAY POTENTIAL FUNCTION OF A GRAPH LINK

polynomial Qr,(t) by Kauffmann, and the reduced potential function V(t) by Hartley;
we will follow Kauffman’s terminology and notation.) It is given by

Qrt)=({t—t7Y) - Vi(t,...,1).

In 1981, Kauffman [20] found a very simple geometric construction of the Conway polynomial,
namely

Qp(t) = det (t1A4 —tAT),

where A is any Seifert matrix of the link L and A7 its transposed. Finally, in 1983, Hartley
[14] gave a definition of the multivariable potential function V, for any ordered oriented link
in S3. This definition was later extended by Turaev [46] to links in a Z-homology 3-sphere,
and by Boyer and Lines [4] to links in a Q-homology 3-sphere.

Let us summarize the results that we need in the following theorem. We refer to [4] for the
proofs.

6.1.1 Theorem.
Given an oriented ordered link L = L1 U...UL, in a Z-homology sphere ¥, there exists a well
defined invariant Vi, related to the multivariable Alexander polynomial of L by the equality

L AL(?) ifn=1;
Vi(tyy.. . tn) = { tl’tI; g 12) . (6.1)
Ap(ty,...,t7) ifn>1.
Furthermore, V|, satisfies the symmetry formula
Vil 7 = (C) Vil t): (6:2)
Also, if L' = (—L1) ULy U...U Ly, then
Vit e, o sty) = =Vi(tT ta, ... tn). (6.3)

Finally, if L' = Lo U...U Ly, we have the following analogue of the Torres formula (compare
proposition 2.1.1 and corollary 2.2.5):

Vit ... ty) = (52 thn — 4502 4—bn) T L (ty, ... ty), (6.4)

where /;; stands for the linking number ¢k(L;, L;). O

6.2 The Formula for Graph Links

In 1999, Neumann [31] succeeded in computing the Conway polynomial 7, of any fibered
graph link in S3 (that is: of any fibered solvable link). Let us recall his argument very briefly.

Let L be an oriented graph link given by a splice diagram I". The Alexander polynomial of L
(viewed as a multilink with multiplicities +1) is computed in [11]:

At =t -1 ][> -1™2

v
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where the product is over all non-arrowhead vertices of ', §, is the valency of the vertex v,
and £, denotes the linking number of L with the virtual component corresponding to v.! By

the equalities
Qp(t) = £t’A?), and Q) = (-1)"'QL(0),

it follows

Qu(t) = e(L)(t — =) [ J ¢ —t75)%

v

where €(L) = £1, and the only issue is to determine the sign €(L).

If L is a fibered link, its Seifert matrix A is unimodular. Therefore, the leading coefficient of
Qr(t) = det (t 1A —tAT) is given by det(—A). For fibered links in S*, Lee Rudolph defined
an integer invariant A called the enhanced Milnor number, which is known to satisfie the

following formula (see [30]):
(—1)* = det(—A). (%)

Neumann proves that A = k_ +j_ (mod 2), where k_ is the number of (—1)-weighted arrow-
heads and j_ the number of non-arrowhead vertices v for which 4, is negativ and 4§, is odd.
This leads to

det(—A4) = (=1)F-+7-, (%)

giving the sign €(L) = (—1)*-. So the formula is

Q(t) = (D)@ — ) T — %)% (% * %)

v

These results lead Neumann to the following questions:

o Is the formula (% * %) true for any graph link in a homology sphere ?
e Does the equality (%) hold for fibered graph links in a homology sphere ?

e Is the equation (x) still valid for fibered graph links in a homology sphere 7

The aim of this chapter is to present a formula for the multivariable potential function of
any (fibered or non-fibered) graph link in a homology sphere. As a consequence, we give a
positive answer to all three of Neumann’s questions (see corollaries 6.2.8, 6.2.9 and 6.2.11).

First of all, we need a formula for the multivariable Alexander polynomial of a graph link L.
This is given by [11, Theorem 12.1].

6.2.1 Theorem. (Eisenbud-Neumann)
If L is a graph link with n components given by a splice diagram I, its multivariable Alexander
polynomial is equal to

) t—1 tho —1)0v=2  jfp =1;
Ap(ty, ... ty) = {( ' elv) _1__[_0(1:1, _ ()5,,—2 :
11, by 1) ifn 22,

where the product is over all non-arrowhead vertices v of T, §, is the valency of the vertex v,
and £;;, denotes the linking number of L; with the virtual component corresponding to v. O

!This formula follows easily from theorem 3.2.9 and corollaries 4.3.2 and 4.4.7.
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In proving this theorem, Eisenbud and Neumann also show the following remarkable result.

6.2.2 Theorem. (Eisenbud-Neumann)

If L is a graph link, then Ay (t1,...,t,) = 0 if and only if L is algebraically split, that
is: after reindexing if necessary, there is an index 1 < q < n such that /;; = 0 whenever
I1<i<g<j<n.

6.2.3 Remark. This is a very striking property of graph links. For example, it implies that
the Alexander polynomial Ay, of a 2-component graph link is zero if and only if the linking
number ¢ of the components is zero. For general 2-component links L, if Ay vanishes, then
¢ = 0 (by the Torres formula). But the converse is false: the Whitehead link (illustrated
below) has Alexander polynomial (¢; — 1)(t2 — 1), although £ = 0. As a matter of fact, it
is still an open question how to characterize geometrically 2-component links with vanishing
Alexander polynomial (see [12, Problem 16]).

N

Using theorem 6.2.1 along with the equations (6.1) and (6.2), it is easy to compute the Conway
potential function up to sign.

6.2.4 Proposition.
The potential function of a graph link L in a homology sphere is given by

VL(tla s ,tn) = 6(L) ' H(tflv e tf;mj - tl_hu e t;&w)(s”_Qa

v

where €(L) is equal to +1 or —1.

Proof. By theorem 6.2.1 and equation (6.1), we have

L -1 1y —015\6y — . _ 1.
Vi(t tn) %'tlljl'(tl_tl ) - I1, (0 =t )2 ifn=1
yenesln
(L) A et TL (0 o tle — 4700 te)o2 i > 2,
= (L)t H(tlilv ---tf{“’ _ tl—elv e t#nv)‘sv*?,
v

for some integers v1,...,v, and some sign €(L) = £1. The symmetry formula (6.2) implies
that vy = ... = v, = 0, giving the proposition. O

Therefore, the only problem is to determine the sign e(L).

6.2.5 Lemma.
Let K be a graph knot with (41)-weighted arrowhead. Then e¢(K) = +1, that is:

Vic(t) = [t =t~y 2

v
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Proof. Using Kauffman’s construction of the Conway polynomial
Q)= (t—t1) Vi(t) =det (t 14 —tAT),

it is easy to show the following statement: if K, K’ and K" are knots related by the splicing
operation illustrated below,

0%)
- @

+1
then their Conway polynomials satisfy

Qxc(t) = Qe (t™) - Qe (2).

(The argument is very similar to the methods of section 3.3; see also [24, p.62]). Therefore,
if the lemma, holds for K’ and K", it also holds for K. Indeed, if m # 0, we have

QK(t) _ (tm _ t—m) H (tmé’v _ t—mlg)JU—Q . (t _ t—l) H (teg _ t—[ﬁ)du—Z’

veV veV!

where V' (resp. V") denotes the set of non-arrowhead vertices of K’ (resp. K"), and £, (resp.
27 the linking number of K’ (resp. K") with the vertex v. Clearly, ¢, = £, for all v € V",
Ly =mt, for allv € V', and VUV’ = VU {w} with £}, = m and é,, = 1. Therefore, we get
Qr(t) = (¢t -t [, —t%)%~2 On the other hand, if m = 0, we have

QK(t) = QKI(]_) . QK”(t) =1- (t _ t_l) H (ta;l _ t—%')f%—?_
veV!

Now,

H(tev _ t—ZU)Jv—2 — (tO _ tO)ZUEV’(JU_2)+1 . H (tlg o t—ﬁ,’)ﬁv—Ql

vEV veEV!

Since the splice diagram of K’ is a tree and the sum is on every vertex of this tree except one
vertex of degree 1, we have

Z(év—2)+1=2+ Z (6y —2) =242 - #{edges} — 2 - #{ vertices } =0,

veV’ v vertex

and the lemma holds for K.

Via splicing, we can therefore restrict ourselves to the case of a Seifert knot K’ = (X(r, p, q), L).
Let us also note K = (X(1,p, q), L); this knot K is simply a (p, g)-torus knot in S3. It is well
known that

(tpq — t*PCI)

Quclt) = (1 =17 (P —t P)(t — ¢ 9)
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(As a matter of fact, even the Seifert matrix of K is well known, see e.g. [11, p. 119]). Hence,
the lemma holds for K, and we are left with the proof that Qg (t) = Qk(¢). By proposition
6.2.4, we know that they are equal up to sign. By Kauffman’s construction (and using the fact
that K and K' are fibered), we just need to check that det(A) = det(A’), where A (resp. A’)
is a Seifert matrix for K (resp. K'). If the monodromy of K is given by H, the monodromy
of K' is H" (see [11, p. 118]). It follows

A= (A— ATY(I —H") ' = A(I - H)(I — H") . (%)

Now, the characteristic polynomials of H and H" are equal up to sign. Furthermore, H and
H" are diagonalizable over C. Therefore, H and H" are conjugate; in particular det(I — H) =
det(I — H"). By the equation ({), we have det(A) = det(A’) and the lemma is proved. O

6.2.6 Lemma.
Consider L = Ly U ... U L,. If L — L; is algebraically split for all i, then L is algebraically
split.

Proof. Let us associate to L a graph Gy, as follows: the vertices of Gj, correspond to the
components of L, and two vertices are linked with an edge if the linking number of the
corresponding components is not equal to zero. Clearly, L is algebraically split if and only if
G, is not connected. Given a vertex v of a graph G, let us denote by G — v the subgraph
obtained by deleting the vertex v and every edge adjacent to v. We are left with the proof
of the following assertion: given a graph G, if G — v is not connected for any vertex v of G,
then G is not connected. In other words: if G is a connected graph, there exists a vertex v
such that G — v is connected. This last statement is very easy to prove: given G a connected
graph, let T' be a maximal subtree of G. Since T is a tree, it has at least one vertex v of
degree one (in fact: it has at least two such vertices). Then, T — v is connected, as well as
G —w. O

We are now ready to state and prove our main result.

6.2.7 Theorem.
Let L be a graph link with n components given by a splice diagram I". Then, its Conway
potential function is equal to

- L1y nv —L1y —£nvy 0y —
Vit ooota) = (CDF [0 -ty — 4700 g7 )72,

v

where the product is over all non-arrowhead vertices v of T', §, is the valency of the vertex
v, £y denotes the linking number of L; with the virtual component corresponding to v, and
k_ is equal to the number of (—1)-weighted arrowheads.

Proof. By formula (6.3), it may be assumed that all the arrowheads have weight (41). Using
the notation of proposition 6.2.4, we have to check that if k- = 0, then e(L) = +1. Let us
give a proof by induction on n > 1.

The case n = 1 is settled by lemma 6.2.5. Let us fix n > 2, and assume that ¢(L') = +1 for
all graph link L' with < n — 1 arrowheads, all (+1)-weighted. Let L = Ly U... U L, be a
graph link with k&_ = 0. If V_z, = 0 for all ¢, then (by formula (6.1) and theorem 6.2.2)
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L — L; is algebraically split for all . By lemma 6.2.6, it follows that L is algebraically split,
so that Vz = 0. In this case, there is nothing to prove. Therefore, it may be assumed (after
possible renumbering) that V1, # 0. Let us note L' = L — Ly. If f13 = ... = 41, = 0, then
L = L, UL is algebraically split, so Vy = 0. Without loss of generality, it may be assumed
that £19--- #1, # 0. To summarize, it may be assumed that

(tgl2.__tf;ln _t2_é12... él") VL’(t27 ..,t )750

The key ingredient of the induction step is the Torres formula (6.4). By proposition 6.2.4, we
have
VL(]'a t2a s at’n) = E(L) ' H (tSZv e tf;nv - t2_£2v e t;env)6U72'
veV

On the other hand, by the Torres formula,
VL(]-at2a cee 7tn) = (tglz e tflln - 752_&2 T _eln) VL’(tZa 7t ) )
which, by induction, is equal to

V4 V4 n —£ —L n 12 v enu —£ v _env 61)_2
(52 - thn — ¢ 12...tn1).H(t22 g gt gy .
veV!

Now, the set of vertices V' of L’ is equal to VU {v;}, where v; is the vertex corresponding to
the component L;. Therefore, d,, =1, £,,, = £1,, and we have the equality

e v en'f) _Z v 7£TL’U 61} - p— l v env _Z v 7‘67141) 67)7
6(L)'I_I(t22 sl =ty ) 2_H(t22 R 7 PR ) 2.
veV veV

Since

LIt =ttt o) 2 = (152t — 15928, 50%) - Vi (b, ),
veV

which is assumed to be non-zero, €(L) is equal to +1. O

6.2.8 Corollary.
The Conway polynomial of a graph link L is given by

Qr(t)

(—1)k_(t — t_l) H(#v _ t—éu)dv—g

v
Proof. Use the fact that Qp(t) = (t —t 1) - V(¢,...,1). O

6.2.9 Corollary.
Let A be a Seifert matrix for a fibered graph link L; then

det(—4) = (~1)¥+-,

with j_ the number of non-arrowhead vertices v for which £, is negativ and ¢, is odd.
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Proof. If L is fibered, A is unimodular, so det(—A) is the leading coefficient of Q(t) =
det(t~*A—tAT). By corollary 6.2.8, this is the leading coefficient of (—1)F~ [, (t% —t~%)%~2
which is clearly (—1)k-+i-, 0

6.2.10 Corollary.
Let A be a Seifert matrix for a graph knot; then det(A) = +1.

Proof. Tt is easy to check that a Seifert matrix for a graph knot K is equal to a Seifert matrix
for the knot K’ obtained from K by deleting every non-fibered splice component. Therefore,
it may be assumed that K is fibered. Using corollary 6.2.9 and the fact that K is a knot, we
have

det(A) = det(—A) = sgn(K) - (—1)7-,

where sgn(K) is the sign of the arrowhead-vertex corresponding to K. We can prove that
sgn(K)-(—1)7- is multiplicative under splicing, that is: sgn(K)- (—1)/- = sgn(K") -sgn(K")-
(_1)j’_+jﬁ, where K, K’ and K" are as in the proof of lemma 6.2.5. Therefore, we just need
to check that sgn(K) - (—1)/- = +1 if K is the Seifert knot (X(p,q,7), sgn(K) - K). If Ais a
Seifert matrix for K, then A7 is a Seifert matrix for —K; therefore, it may also be assumed
that sgn(K) = +1. We then get

:{O if p,g > 0;
B 2 else.

This concludes the proof. O

6.2.11 Corollary.
Let A be a Seifert matrix for a fibered graph link L; then

det(—4) = (-1)*,
where X\ is the enhanced Milnor number of L.
Proof. By [30, Theorem 6.1. and §10], we have the equality
A=tk(PUL ,NUL_),
where the notations are as in [31]. By corollary 6.2.9, it remains to show that
lk(PUL,,NUL_)=k_+j_ (mod 2).

The argument is exactly as in [31]. O

6.2.12 Remark. Of course, corollaries 6.2.9 and 6.2.11 are false for non-fibered graph links.
For example, a Seifert matrix A for the trivial 2-component link satisfies det(—A) = 0.



Appendix A

Résumé de la these en francais

A.1 Introduction

Un multi-entrelacs est un entrelacs orienté L. = L1 U...U L, dans une 3-sphére d’homologie
orientée Y, dont chaque composante L; est munie d’un entier m; appelé poids. On utilisera la
convention naturelle suivante: m;L; = (—m;)(—L;), ou —L; représente L; avec I'orientation
opposée. Bien entendu, un multi-entrelacs dont tous les poids sont &1 est simplement un
entrelacs orienté.

D’une fagon plus formelle, on peut définir un multi-entrelacs comme la donnée d’un entrelacs
orienté L et d’une classe d’homologie m = (mq,...,m,) dans HiL. Or, des théorémes
classiques de JAMES ALEXANDER et de HENRY WHITEHEAD impliquent que ce Z-module
est isomorphe au groupe des classes d’homotopie d’applications X N S1, ot X désigne
le complémentaire de L. On dira que le multi-entrelacs est fibré s’il existe une fibration
localement triviale dans la classe d’homotopie correspondant aux poids. Dans le cas d’un en-
trelacs orienté, on retombe évidemment sur la définition usuelle d’un entrelacs fibré. En outre,
certaines techniques standards de topologie algébrique montrent que les classes d’homotopie
d’applications de X dans le cercle sont en bijection avec les revétements infinis cycliques
de X; ainsi, ’ensemble des structures de multi-entrelacs sur un entrelacs L est en bijection
avec I'ensemble des revétements infinis cycliques du complémentaire X de L. Le choix d'un
systéme de poids m détermine donc un revétement X (m) -+ X. Si ¢ désigne un générateur
du groupe (infini cyclique) des transformations du revétement, ’homologie H1 X (m) est mu-
nie d'une structure naturelle de module sur Z[t,#~!], Panneau des polynémes de Laurent &
coefficients entiers. Il s’agit du module d’Alexander du multi-entrelacs. Le déterminant
d’une matrice de présentation carrée de ce module est appelé le polynéme d’Alexander du
multi-entrelacs. Lorsque tous les poids sont £1, ces définitions coincident avec les définitions
du module et du polynéme d’Alexander d’un entrelacs orienté.

Dans cette theése, nous proposons tout d’abord une étude systématique du module d’Alexander
des multi-entrelacs et une méthode de calcul originale de cet invariant. Dans un second temps,
nous analysons les implications de ces premiers résultats pour le polynéme d’Alexander. En-
fin, cette technique de calcul est implémentée sur certaines classes de multi-entrelacs partic-
ulierement intéressants: les multi-entrelacs seifertiques, et certains multi-entrelacs de Wald-
hausen.

99
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Le concept de multi-entrelacs a été dégagé en 1985 par DAVID EISENBUD et WALTER NEU-
MANN dans leur livre Three-dimensional link theory and invariants of plane curve singularities
[11]. 11 s’agit certes d’une généralisation naturelle de la notion d’entrelacs orienté; cependant,
les raisons qui ont motivé l'introduction des multi-entrelacs ne sont pas évidentes au pre-
mier abord. Nous allons donc présenter, de facon relativement informelle, trois domaines ou
I’élaboration d’une théorie cohérente nécessite I'utilisation des multi-entrelacs.

Singularités de courbes planes complexes

Considérons f: C?2 — C une application polynomiale, et V la courbe algébrique plane donnée
par

V ={(z,y) €C | f(z,y) = 0}.

Le but est d’étudier la topologie de V' au voisinage d’un point donné a = (zg,y0) € V. Sile

gradient de f ne s’annule pas en a, on dit que a est un point régulier de f. Dans ce cas,

le théoréme des fonctions implicites implique que V' est une surface lisse au voisinage de a; il
of

n’y a donc rien & étudier du point de vue topologique. En revanche, si 31 (a) = g—g(a) =0, on

parle de point singulier de f, et la topologie de V' au voisinage de a est trés intéressante.

L’idée fondamentale de cette théorie est due & WILHELM WIRTINGER et & son étudiant
de these KARL BRAUNER [5]: il s’agit de considérer, pour un e > 0 suffisamment petit,
lintersection K, de V et d’une 3-sphére S, = 0D, C C? de rayon e centrée en a. Il s’avére
que K, est une variété lisse de dimension 1, en d’autres termes un entrelacs: on parle de
I’entrelacs de la singularité.! De plus, la topologie de V N D, est déterminée par cet
entrelacs; plus précisément, JOHN MILNOR [25, Theorem 2.10] démontre que pour tout e
suffisamment petit, la paire (D, V N D,) est homéomorphe au cone sur la paire (Se, K,). Par
exemple, l'origine est un point singulier de f(z,y) = zy, et 'on voit facilement que I’entrelacs
de cette singularité est I'entrelacs de Hopf; ainsi, au voisinage de l'origine, le sous-ensemble
algébrique V = {(z,y) € C? | zy = 0} est homéomorphe au cone sur I'entrelacs de Hopf. Un
autre exemple simple est donné par I’application f(z,y) = zP +y?, ol p et ¢ sont deux entiers
premiers entre eux strictement supérieurs & 1: 1’origine est un point singulier, et ’entrelacs
associé est le noeud torique de type (p,q).

Un autre résultat fondamental est donné par le fameux théoréme de fibration de Milnor [25,
Theorem 4.8]. Dans notre contexte, il s’énonce comme suit: pour tout e suffisamment petit,
Papplication ¢ = IfT\: S, — K. —» S est une fibration différentiable localement triviale. On
appelle ¢ la fibration de Milnor et F' = ¢~!(1) la fibre de Milnor. A partir des exemples
ci-dessus, on voit que ’entrelacs de Hopf et les noeuds toriques fibrent sur le cercle. La fibre
de Milnor fournit une surface de Seifert pour I’entrelacs correspondant.

Soit & présent a un point singulier d’une application f:C? — C; via translation, on peut
ramener a & l'origine. Considérons f comme élément de 'anneau C{z,y} des séries conver-
gentes a coefficients complexes; comme cet anneau est factoriel, f se décompose de facon
unique en produit de facteurs irréductibles dans C{z, y}

f:flml. 2m2f;”n’

1Un entrelacs qui se réalise comme l’entrelacs d'une singularité et un entrelacs algébrique.




A.1. INTRODUCTION 101

avec m; > 1. On dit que f est réduite si toutes les multiplicités m,; sont égales a 1; cela corre-
spond au fait que la singularité est isolée. Pour tout i, Pespace L; = {(z,y) € S, | fi(z,y) = 0}
est connexe. Comme K, est égal & 'union L; U L U ... U Ly, le nombre de composantes de
lentrelacs de la singularité est donc égal au nombre de facteurs irréductibles de f dans C{z, y},
ou branches de f.

En tant qu’ensemble, I'entrelacs K. ne dépend certes pas des entiers m;. En revanche, la
fibration de Milnor en dépend: la classe d’homotopie de ¢: S — K, — S' est la classe donnée
par m = (mq,...,my). En d’autres termes, le théoréeme de fibration de Milnor nous dit que
le multi-entrelacs K, = miLi U...Umy,L, est fibré. De facon équivalente, la fibre de Milnor
est une surface de Seifert pour le multi-entrelacs K, = miLi U...Umy,L,.2 Enfin, le module
d’Alexander associé & la singularité est le module d’Alexander de ce méme multi-entrelacs.

D’une fagon générale, on peut donc associer naturellement un multi-entrelacs & une singularité
de courbe plane. Si cette singularité est isolée, le multi-entrelacs est simplement un entrelacs
orienté.

Additivité d’invariants d’entrelacs

Le paragraphe précédent laisse penser que les multi-entrelacs n’apparaissent que lorsque la
singularité est non isolée. En vérité, ils entrent en ligne de compte pour le calcul du polynéme
d’Alexander d’une singularité méme si cette derniére est isolée. Pour commencer, nous allons
tenter d’expliquer ce fait sur un exemple. Considérons la singularité donnée par I’application
polynomiale
flz,y) =y* —22%y° — 42y + 2% — 2",

On peut montrer que f est irréductible dans C{z,y}; en particulier, l'origine est un point
singulier isolé de f. De plus, le noeud K de cette singularité est obtenu de la fagon suivante.
Soient K’ un noeud de tréfle orienté, et L 1'entrelacs orienté illustré ci-dessous formé d’un
noeud torique L; de type (13,2) et d’une composante triviale Ly enlacant deux fois la premiére.

o \12
SN

Considérons des voisinages tubulaires N'(Lg) et N (K') munis de paralleles et de méridiens
standards P, M C ON(Ly), et P',M' C ON(K'). Alors, K est I'image de L; par application

S% — N'(Lo) = (S® — N'(Lg)) Uy (52 — N(K")),

2La définition d’une surface de Seifert pour un multi-entrelacs est donnée en section 1.2.
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ou h: N (Ly) — ON(K') est un homéomorphisme envoyant P sur M’ et M sur P'. On dit
que K est obtenu par épissure (ou satellisation) de L et K’ le long des composantes de
recollement Lj et K'. Il faut imaginer K comme un noeud torique de type (13,2) construit
sur un tore noué en un noeud de tréfle.

D’une fagon plus générale, tout entrelacs algébrique est un entrelacs torique itéré: il
s’obtient par épissure & partir d’un certain nombre d’entrelacs toriques, le nombre de ces
entrelacs toriques étant donné par le nombre de paires caractéristiques de Puiseux de la
singularité.? L’idée est alors d’utiliser cette décomposition canonique pour calculer certains
invariants de la singularité, comme son polynéme d’Alexander (c’est-a-dire, le polynéme car-
actéristique de la monodromie).

Or, pour avoir une formule d’additivité du polynéme d’Alexander via épissure, il est nécessaire
d’introduire des poids sur les composantes de recollement: le poids d’une composante de
recollement est égal au coefficient d’enlacement de I’autre composante de recollement avec le
reste de ’entrelacs dont elle fait partie. Le polynome d’Alexander (convenablement normalisé)
des multi-entrelacs ainsi obtenus est multiplicatif via épissure. Dans ’exemple précédent, le
polynoéme d’Alexander de K est égal au produit des polynémes d’Alexander du multi-entrelacs
L; UOLg et du multi-entrelacs 2K’. De cette maniére, on raméne le probléme du calcul du
polynéme d’Alexander d’une singularité quelconque au cas trés simple d’un multi-entrelacs
torique.

La nécessité de l'introduction de poids lors du processus d’épissure est aussi apparue dans
le contexte plus topologique de la théorie des noeuds. En effet, HERBERT SEIFERT [42]
a démontré en 1950 ’assertion suivante: soient K’ un noeud dans S3, N (K') un voisinage
tubulaire fermé de K', et f: N'(K') — S x D? un homéomorphisme préservant I’orientation,
qui envoie K’ sur S! x {0} et un paralléle standard de N'(K') sur S* x {1}; si K est un noeud
dans lintérieur de N (K') avec K ~ m - K' dans Hy (N (K")), leurs polynomes d’Alexander
satisfont 1’égalité
Ag(t) = Brr(t™) - Ay (B)-

Cette formule fut généralisée au cas multivarié par GUILLERMO TORRES [44] en 1953. On

désigne habituellement ce résultat sous le nom de formule de Seifert-Torres (voir le corollaire
3.2.11).

En résumé, si 'on désire calculer le polynéme d’Alexander d’un entrelacs obtenu par épissure
d’autres entrelacs, il est utile de les considérer comme des multi-entrelacs: on a alors une
formule trés simple reliant le polynéme d’Alexander des différents multi-entrelacs considérés.
Cette technique de calcul est particuliérement indiquée pour les multi-entrelacs algébriques:
ces derniers s’expriment canoniquement comme 1’épissure de multi-entrelacs toriques.

Cependant, 1’épissure ne se limite pas a un artifice utile dans le cadre algébrique. Les
théorémes de décomposition de WILLIAM JACO, PETER SHALEN et KLAUS JOHANSSON
[17, 18] et d’hyperbolisation de WILLIAM THURSTON impliquent que tout entrelacs L dans
S3 s’exprime de facon canonique comme épissure d’entrelacs toriques et d’entrelacs hyper-
boliques: ce sont les composantes d’épissure de L. De plus, la donnée d’une structure
de multi-entrelacs sur L (par exemple: une orientation) détermine une structure de multi-
entrelacs sur chaque composante d’épissure. Il est ensuite possible de démontrer toute une

3Si 'exemple présenté ci-dessus se retrouve partout, c’est qu’il s’agit de I’exemple le plus simple avec deux
paires caractéristiques de Puiseux.
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série de résultats reliant certaines propriétés du multi-entrelacs aux propriétés correspondantes
des composantes d’épissure, vues comme multi-entrelacs (voir [11]). Par exemple, un multi-
entrelacs est fibré si et seulement si il est irréductible et toutes ses composantes d’épissure
sont des multi-entrelacs fibrés. Bien entendu, ce résultat est faux si I’on ne considére pas les
composantes d’épissure comme des multi-entrelacs.

Courbes planes et entrelacs a I’infini

Les travaux de WALTER NEUMANN et LEE RUDOLPH [28, 29] ont montré que les multi-
entrelacs apparaissent aussi dans 1’étude topologique globale des courbes algébriques dans
C2. Soit f:C? — C une application polynomiale; une fibre f~!(c) est dite réguliére s’il
existe un voisinage D de ¢ dans C tel que f|: f~}(D) — D est une fibration localement
triviale. On pourrait croire qu’il suffit pour cela que f~!(c) soit non singuliere; il n’en est
rien. Le fameux polynome de Broughton g(z,y) = z + 22y est le premier contre-exemple:
g n’a aucune valeur singuliére et pourtant, g !(0) n’est pas réguliere. En fait, la condition
additionelle suivante est requise: une fibre f~!(c) est dite régulieére a l’infini s’il existe un
voisinage D de ¢ dans C et un compact K dans C? tels que f restreinte & f!(D) — K est
une fibration localement triviale. HA HUuy VUl et LE DUNG TRANG [13] ont démontré que
f7(c) est réguliere si et seulement si elle est non singuliére et réguliére  I'infini.

Etant donnée f:C?> — C et ¢ dans C, Dintersection de la fibre f~!(c) avec une spheére S
suffisamment grande centrée en 'origine définit un entrelacs appelé ’entrelacs a ’infini de
f~1(c). Il s’avere que pour deux fibres réguliéres & 'infini f~!(c) et f~!(c), les deux entrelacs
a l’infini correspondants sont isotopes: ils définissent ’entrelacs régulier a 1’infini de f,
noté L(f,00). Cet entrelacs est d’un type bien particulier: il existe un multi-entrelacs fibré
L(m) avec poids m; > 1, appelé multi-entrelacs a ’infini de f, tel que L(f, 00) est égal &
Iintersection de la fibre du multi-entrelacs avec un voisinage tubulaire de L.

Voici un premier résultat remarquable. Toutes les fibres f~!(c) sont régulieres & linfini si
et seulement si tous les poids du multi-entrelacs sont 1 (ce qui est équivalent & demander
que le multi-entrelacs L(m) soit simplement 'entrelacs orienté L(f,00)). Notons que cette
condition est satisfaite si et seulement si L(f, 00) est un entrelacs fibré. En résumé, le défaut
de régularité a l'infini d’une application polynémiale f est mesuré par les poids d’un multi-
entrelacs.

Citons encore le théoréme principal de [29]. La topologie d’une courbe algébrique réguliere
V C 2, vue comme variété plongée, est determinée par le multi-entrelacs 3 I’infini associé
L(m) . Plus précisément, V est proprement isotope & la surface plongée obtenue en attachant
un col au bord de F, la fibre de L(m).

A.2 Résumé des résultats

Chapitre 1: Le module d’Alexander des multi-entrelacs

Rappelons qu’'un multi-entrelacs est un entrelacs orienté L = Ly U ... U L, dans une 3-
sphere d’homologie orientée Y., dont chaque composante L; est munie d’un entier m; appelé

*Notons que pour une application polynomiale f fixée, il n’existe qu’un nombre fini de valeurs complexes ¢
telles que f~'(c) n’est pas réguliére.



104 APPENDIX A. RESUME DE LA THESE EN FRANCAIS

poids. On utilisera la notation
L(m)=L(my,...,my) =miL1U...Umy,L,,

et la convention que m;L; = (—m;)(—L;), ou —L; représente L; avec l'orientation opposée.
Lorsque tous les poids sont +1, on obtient simplement un entrelacs orienté: on parle alors
du cas usuel. Si 'on note X l'extérieur d’un entrelacs L, une suite de poids m peut étre
considérée comme un élément des Z-modules isomorphes suivants:

HiL ~ H'X ~ Hom(H; X, Z) ~ Hom(m X, Z) ~ [X, S%].

Ainsi, munir un entrelacs d’une structure de multi-entrelacs m revient a choisir un revétement
infini cyclique X (m) 2y X: c’est le revétement induit ¢* exp, ou ¢: X — S est une applica-
tion quelconque dans la classe d’homotopie m € [X, S'], et exp: R — S est 'exponentielle.

Comme nous ’avons déja mentionné en introduction, le choix d’'un générateur ¢ du groupe
infini cyclique des transformations du revétement munit~H*)A(: (m) d’une structure de mod-
ule sur Z < t >= Z[t,t7!]. Clairement, les modules H; X (m) sont triviaux pour i > 3; de
plus, on vérifie que Hy X (m) est libre de rang égal au rank de H; X (m) (proposition 1.1.4),
et que HoX (m) est donné par Z[t,t7']/(t — 1), ou d est le plus grand commun diviseur
des poids (corollaire 1.1.2). Ainsi, le seul module intéressant est H; X (m): cest le mod-
ule d’Alexander de L(m). Une matrice de présentation de ce module est une matrice
d’Alexander de L(m). Comme il existe toujours une matrice d’Alexander carrée (propo-
sition 1.1.5), on peut définir le polyndme d’Alexander de L(m) comme le déterminant
d’une telle matrice. Cet invariant, noté AL est défini modulo les unités de Z[t, 1], c’est-
a-dire, a multiplication par +¢” pres. Dorénavant, on notera = I’égalité modulo les unités de
I’anneau.

Une classe intéressante de multi-entrelacs est donnée par les multi-entrelacs fibrés: il s’agit
des multi-entrelacs L(m) tels qu’il existe une fibration localement triviale ¢: X — S* dans
la classe d’homotopie m. Dans ce cas, ’espace X (m) est homéomorphe au produit F x R, ou
F := ¢71(1) est la fibre de L(m). De plus, un générateur ¢ du groupe du revétement agit
sur ce produit comme (z,z) — (h(z),z+1), ou h: F — F' est un homéomorphisme défini &
isotopie prés. Il s’agit de la monodromie géométrique de L(m); le terme de monodromie
algébrique désigne ’homomorphisme induit h,: H{F — H; F.5

Soit L(m) un multi-entrelacs fibré de fibre F, et soit F 'union F U L (o1 'on considere F
comme surface ouverte dans ¥ — L). Il est facile de prouver les assertions suivantes:

- le nombre de composantes connexes de F' est égal & d, le plus grand commun diviseur
des poids (proposition 1.1.7);

- les Z-modules Hi F' et H1 F sont libres de méme rang (proposition 1.1.8);

- une matrice d’Alexander est donnée par HT — tI, ou H désigne une matrice de la
monodromie algébrique (proposition 1.1.9).

Dans la section 1.2, on montre que ces résultats demeurent vrais dans le cas général si 'on
remplace la fibre F' par une surface de Seifert pour L(m), c’est & dire, une surface orientée
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F — 3 — L qui, au voisinage d’une composante L; de poids m;, se comporte selon l'illustration
ci-dessus.

Les résultats précis sont les suivants. Pour tout multi-entrelacs L(m), il existe une surface de
Seifert F' avec d = pged(m) composantes connexes (proposition 1.2.2): on parle de bonne
surface de Seifert. De plus, si 'on note F I'union F U L, les Z-modules H, F et H; F sont
libres de méme rang (corollaire 1.2.4)%. Pour la troisiéme assertion, I'idée est de définir une
généralisation de la forme de Seifert associée & un entrelacs orienté. Etant donnée F' une
bonne surface de Seifert pour L(m), on appelle matrices de Seifert de L(m) associées a F'
des matrices A}“, A} des formes bilinéaires

HiF xH,F — Z

données par (z,y) — Clk(itz,y) et (z,y) — Lk(i_z,y) , ou Lk désigne le coefficient
d’enlacement et i,z (resp. i_z) le cycle z poussé dans la direction positive (resp. négative)
normale & F. Dans le cas usuel, I'inclusion F C F est une équivalence d’homotopie; on a
donc un isomorphisme canonique H; F = H{ F et I'on vérifie facilement que A; = (AI;)T. Ce
n’est pas le cas en général: malgré le fait que H; F et H, F soient libres de méme rang, il n’y a
pas d’isomorphisme canonique entre ces deux modules. Ainsi, on a la liberté de choisir deux

bases (I'une pour H; F', Pautre pour H1 F') et il est nécessaire de considérer les deux matrices
de Seifert AL et Ag.

Dans le cas fibré, on démontre que ces matrices sont unimodulaires, et qu’'une matrice de
la monodromie est donnée par H = (A}, - (4;)™")" (proposition 1.2.5). En particulier, une
matrice d’Alexander est donnée par

HT —tI = AL - (Ap)"! —tI, matrice équivalente & A}, —tAL.

C’est ce dernier résultat qui s’avere toujours correct: étant donnée une bonne surface de Seifert
F pour un multi-entrelacs L(m), A} —tA} est une matrice d’Alexander de L(m) (théoréme
1.2.7). En particulier, le polynome d’Alexander est donné par AX™) (¢) = det(AL — tAL).

Dans la section 1.3, le “free differential calculus” de Fox est appliqué aux multi-entrelacs. On
en tire un algorithme pour calculer une matrice d’Alexander d’un multi-entrelacs L(m) dans

5Notons que cette définition n’est pas communément admise: nous utilisons la convention des “topologues”
(z,z) — (h(x),z + 1). La monodromie des “géometres” est définie par (x,z) — (h(z),z — 1).
5Sauf dans certains cas dégénérés.
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S3 & partir d’une projection de L(m) (proposition 1.3.3). Dans le cas usuel, cet algorithme
n’est autre que le marquage d’Alexander.

Finalement, la section 1.4 est consacrée a ’étude des invariants de torsion des multi-entrelacs.
Etant donné un multi-entrelacs L(m) d’extérieur X, et k un entier supérieur ou égal a 1, le k®
revétement cyclique de L(m) est le revétement X; — X déterminé par ’homomorphisme
m X =757 /k. Comme pour le cas k = 0, le seul module intéressant est Hl)zk; son
écriture comme produit de Z-modules cycliques fournit une suite d’entiers appelés les k®
nombres de torsion de L(m). Sans surprise, les matrices de Seifert Aljé permettent de
calculer ces invariants; plus précisément, la matrice

n k—1 blocs
N Ve -~ ~
At A~
{ —A- At A
k—1 blocs 0 .. .. .
—A- At4+A-

est une matrice de présentation du Z-module H; X} (théoréme 1.4.3).

Chapitre 2: Le polynéme d’Alexander

A Taide des surfaces qui portent son nom, H. Seifert [41] a caractérisé, parmi tous les
polynémes de Laurent & coefficients entiers, ceux qui sont polynémes d’Alexander d’un noeud.
Dans le chapitre 2, nous tentons de marcher sur ses pas: il s’agit d’étudier en détail les modules
d’homologie H, F et H{ F ainsi que les formes de Seifert associées pour en tirer des propriétés
générales des polynémes AL(™)  Te résultat principal est le suivant.

Soient L(my,...,m,) un multi-entrelacs, AX™)(¢) son polynéme d’Alexander et d le plus
grand commun diviseur de ses poids (que l'on supposera non nul); notons encore {;; =
Ck(Li, Lj) sit # j, £y =0, m}, = 2o milij et di = pged(m;, m)). Alors, il existe un unique
polynéme V(™) (¢) dans Z[t,t '] qui satisfait les propriétés suivantes (théoréme 2.1.6):

- A4 = e T, (#% - 1) - VR (1)

- VEm) (+-1) = L@ (1), et le coefficient dominant de V(™) (2) est positif.

De plus, ce polynoéme satisfait:

2 Ay . .
- |VEm(1)] = Mﬁ’ ou D est un (n — 1)-mineur quelconque de la matrice
— Zj mlm][lj mlmgélg . mlmnfln
m1molio — Zj momjla; ... momy o,
)
mlmnéln mgmn€2n cee Z] mnmjﬁnj

- VL(ml,...,mn_l,O) (t) — VL(ml’""m"_l)(t).
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En particulier, il existe un représentant canonique (au signe preés) du polynome d’Alexander,
lequel n’était a priori défini que modulo +¢¥. On démontre également que pour tout multi-
entrelacs L(m), ce représentant satisfait AL™ = AL(-m) (corollaire 2.1.7). Néanmoins, la
caractérisation compléte des polynémes d’Alexander de multi-entrelacs semble hors d’atteinte.

A présent, considérons un entrelacs orienté L = L1U...UL, dans une 3-sphére d’homologie, et
notons X son extérieur. L’homomorphisme de Hurewicz m X — H; X induit un revétement

X — X , appelé le revétement universel abélien de X. Les méridiens t1,...,%, de L
forment une Z-base de H1 X, ce qui munit Hi X d’une structure naturelle de module sur
Zlt1,t7", ... ta,t, Y], On définit le polynéme d’Alexander multivarié de L comme le

plus grand commun diviseur Ay, des éléments de 1'idéal d’ordre de Hlf . Le probléme de
la caractérisation de ces polynomes a été posé par Ralph Fox en 1962 [12, Problem 2]. A
I’époque, les seules conditions connues étaient les fameuses conditions de Torres (voir [44, 45]).
Ces derniéres sont définies récursivement & partir des conditions de Seifert via une propriété
de symétrie et la formule de Torres que voici:

ln—1 .
(e = 1) Ap(try e tee1) sin > 2

Ap(tyy... ty 1,1)= {tzl_l " _
tll—l - Ap(t) sin =2,

on L =L U...ULyp, 4 =Lk(L;,Ly,), et L' = L U...UL, ;. Force est de constater que
trés peu de progrés ont été réalisés depuis: les conditions de Torres demeurent (presque) les
seules conditions nécessaires connues.

Or, le polynéme d’Alexander d’un multi-entrelacs L(m) est relié au polynéme d’Alexander
multivarié de I’entrelacs orienté sous-jacent L par la formule

Ag(m) sin =l
Lm) g = | 2L ’
A (t) {(td—l)AL(tmlaatmn) sin> 1.

En utilisant ce “dictionnaire”, on peut traduire le théoréme principal du chapitre 2 en un
certain nombre de résultats portant sur le polynéme multivarié. En particulier, on obtient
immédiatement des théorémes d’Hosokawa [16] (corollaire 2.2.2), de Kidwell [21] (corollaire
2.2.3), ainsi que les conditions de Torres (corollaires 2.2.5 et 2.2.6). Malheureusement, il
s'avére que les conditions données sur A(™) gont exactement équivalentes aux conditions de
Torres sur Ay, (proposition 2.2.8). Néanmoins, il s’agit d’une preuve entiérement nouvelle
(et géométrique) de ces formules, qui fournit un angle d’attaque original pour le probléme de
Fox.

Rétrospectivement, il n’est pas surprenant que la caractérisation des polynémes d’Alexander
de multi-entrelacs soit si ardue: une réponse & cette question fournirait une solution au
deuxieme probleme de Fox, qui constitue certainement une des interrogations majeures dans
ce domaine.

Chapitre 3: Module d’Alexander et épissure

Rappelons la définition de 1’épissure, déja mentionnée en introduction. Soient L' = Lj U
Liu...UL, et L' = LU LY U...UL! deux entrelacs dans des sphéres d’homologie ¥’ et
¥". Choisissons des voisinages tubulaires N'(Ly) et N'(L{j) munis de paralléles et de méridiens
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standards P', M' C ON(Ly), et P",M" C ON(L{); posons 3 = (X' =N (Ly))Up (" =N (LY)),
ou h: ON (L) — ON (L) est un homéomorphisme envoyant P’ sur M" et M’ sur P”. 1l est
facile de vérifier que ¥ est une spheére d’homologie. L’entrelacs L = L{U.. . UL, UL{U...UL/
dans ¥ est appelé ’épissure de L' et L” le long de L, et Ljj [43, 11]; il est noté

L=L'——1".

T, Ll

Réciproquement, considérons un entrelacs L dans une sphere d’homologie ¥, et T' un tore
plongé dans ¥ — L; alors, L est le résultat d’une unique épissure L’ WL” le long de T.
On dit que L a été décomposé le long de T'.
Supposons & présent qu'un entrelacs non orienté L d’extérieur X soit le résultat de I’épissure
de deux entrelacs non orientés L' et L”, d’extérieurs X’ et X”. Par définition, X est égal &
l'union X’UX" le long d’un certain tore. Ainsi, toute structure de multi-entrelacs m sur L (par
exemple, une orientation de L ) induit des structures de multi-entrelacs m' sur L’ et m/” sur L":
ce sont tout simplement les restrictions de la classe de cohomologie m € H' X = H} (X’ U X")
a Hi X' et H{X"”. Un des points cruciaux (et 1'une des raisons d’étre des multi-entrelacs) est
que méme si 'on part avec des poids 1, on peut parfaitement aboutir & des multi-entrelacs
avec poids supérieurs a un.

Notons encore que I'épissure L'(m/') L"(m") de deux multi-entrelacs est définie si

| YT
et seulement si

mpy =Y miek(LY, LY) et mf =Y mitk(Lh,L).
g i

Géométriquement, cela correspond au fait que deux surfaces de Seifert F' pour L'(m') et F”
pour L"(m'") peuvent se recoller le long du tore d’épissure pour former une surface de Seifert
F = F'"UF" pour L(m).

Le but du chapitre 3 est de trouver une formule qui relie le module d’Alexander de deux multi-
entrelacs L'(m’) et L"(m”) au module d’Alexander du multi-entrelacs donné par I’épissure
L) g L (m"). Notons d' = pged(m), d” = pged(m”), d = pged(m) (qui est
égal au pged(d',d")), et m = pged(my, m{)). Le probléme est parfaitement résolu si m = 0
(propositions 3.2.1 et 3.2.2), m = 1 (corollaire 3.2.6), et si m = d’ ou m = d”. En revanche,
le cas général n’est pas réglé: si I'on note M, M’ et M" les modules d’Alexander respectifs
des multi-entrelacs L(m), L'(m') et L"(m"), on obtient par Mayer-Vietoris une suite exacte
de la forme
0— MoM" ~— M—2Z[t,t /(p(t) — 0,

ou p(t) = % (proposition 3.2.5). En général, la suite n’est pas scindée, et il est

extrémement ardu d’en tirer une formule donnant M en fonction de M’ et M". La grande
difficulté de ce probléme (ou sa grande richesse) peut étre interprétée géométriquement de la
fagon suivante: si F' et F" sont des surfaces de Seifert respectives pour L'(m') et L"(m"),
I’entier m représente le nombre de composantes connexes de l'intersection F' N F”. Lorsque
m est plus petit que 2, ’homologie de F' = F'UF" s’obtient facilement & partir de ’homologie
de F' et F". En revanche, si m est supérieur ou égal & 2, certains “grands cycles” peuvent
apparaitre sur F; il est tres difficile de les décrire. En fait, le polynome p(t) est nul si et
seulement si il n’y a pas de grands cycles sur F.
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Néanmoins, on obtient la multiplicativité de AL via épissure (théoréme 3.2.9, déja bien
connu d’Eisenbud et Neumann), ainsi qu’un résultat analogue pour le polynoéme d’Alexander
multivarié Az, (théoréme 3.2.10). En corollaire, on retombe sur la formule de Seifert-Torres
pour les entrelacs satellites (corollaire 3.2.11).

Dans la section 3.3, 1'épissure d’un (multi-)noeud m/L’ et d’un multi-entrelacs L”(m") est
considérée. Ce cas ne présente pas de grande difficulté: le module d’Alexander M du résultat
de I’épissure est donné par

M= M eM{ sim' £0;
Mg sim/ =0,

ou M’ désigne le module d’Alexander du multi-noeud et Mg le module d’Alexander du multi-

entrelacs auquel on a 6té la composante le long de laquelle est effectuée I’épissure (théoreme
3.3.1).

Chapitre 4: Le module d’Alexander des entrelacs seifertiques

Le théoréme de décomposition de Jaco-Shalen-Johansson [17, 18] et le théoréme d’hyper-
bolisation de Thurston (voir [3]) sont deux des résultats les plus remarquables en topologie de
dimension trois. Depuis I’avénement de ces théories, on sait que les 3-variétés “suffisamment
grandes” se décomposent de facon canonique en morceaux munis de structures géométriques.
Plus précisément: si M est une 3-variété a bord, irréductible, connexe, orientable et compacte,
il existe une famille finie de tores essentiels dans M telle que chaque composante connexe de
la variété M découpée le long de ces tores est soit seifertique, soit hyperbolique; de plus, il
existe une famille minimale avec cette propriété, unique a isotopie pres.

Lorsque M est lextérieur d’un entrelacs irréductible L dans une sphere d’homologie, la
notion d’épissure permet de traduire ce théoréme comme suit: il existe une unique famille
minimale de tores essentiels dans M telle que si I'on décompose L le long de ces tores,
chaque entrelacs obtenu est soit seifertique, soit hyperbolique. Ces entrelacs sont appelés les
composantes d’épissure de L. Comme on I’a vu, chaque composante d’épissure hérite d’une
structure naturelle de multi-entrelacs. On obtient donc: tout multi-entrelacs irréductible se
décompose de fagon canonique en multi-entrelacs seifertiques ou hyperboliques. Dans ce
contexte, I'introduction de la structure de multi-entrelacs est motivée par ’additivité d’une
foule d’invariants via cette décomposition canonique: le polynéme d’Alexander, on I'a vu,
mais aussi la “fibrabilité”. En effet, un multi-entrelacs est fibré si et seulement si il est
irréductible et chacune de ses composantes d’épissure est fibrée.

Il s’avere que les multi-entrelacs algébriques sont ce qu'on appelle des multi-entrelacs de
Waldhausen (ou multi-entrelacs graphés): toutes leurs composantes d’épissure sont
seifertiques. Ces multi-entrelacs forment une classe trés intéressante: en se basant sur des
résultats de Seifert, Eisenbud et Neumann en ont donné une classification au moyen d’arbres
décorés appelés diagrammes d’épissure. Ces diagrammes sont extrémement pratiques a
plusieurs égards: ils permettent entre autres de calculer des coefficients d’enlacement, et de
déterminer si le multi-entrelacs est fibré. Ces résultats sont rappelés en section 4.2.

La question & laquelle est consacré 1’essentiel du reste de cette thése est la suivante: com-
ment calculer le module d’Alexander d’un multi-entrelacs de Waldhausen & partir de son di-
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agramme d’épissure 7 Le premier pas consiste a tenter d’y répondre pour les multi-entrelacs
“élémentaires”, c’est-a-dire, les multi-entrelacs seifertiques. Ce probleme est complétement
résolu dans le chapitre 4. Les techniques de calcul different cependant du tout au tout, selon
que le multi-entrelacs fibre ou non.

La section 4.3 est consacrée au cas non fibré. Ici, le résultat s’aveére étonnement simple: si
L(m) est un multi-entrelacs seifertique non fibré & n composantes, avec d = pged(m), le
module d’Alexander est donné par

Zlt,t ) a(t? —1) @ Zt,t "2,

avec « un certain entier (théoréme 4.3.1). Ce résultat est d’autant plus intéressant que le
polynéme d’Alexander d’un tel multi-entrelacs est presque toujours nul, et ne donne donc
que trés peu d’information. L’idée de la démonstration est la suivante. Le fait que L(m) ne
fibre pas implique qu’il existe une surface de Seifert F' en anneaux pour L(m). Il est facile de
calculer H, F et H; F, ainsi que des matrices de Seifert associées. Néanmoins, cette surface de
Seifert n’est pas bonne en général: il faut encore procéder a des chirurgies pour en réduire le
nombre de composantes connexes. En utilisant les résultats du chapitre 1, on en déduit une
matrice d’Alexander pour L(m).

Dans le cas fibré en revanche (section 4.4), le module d’Alexander est un invariant trés
riche. Il est possible de donner une matrice d’Alexander, mais celle-ci s’avére trés compliquée
(théoréme 4.4.6). La technique de la démonstration n’est pas aussi originale que dans le cas
non fibré: il s’agit d’une généralisation naturelle d’un calcul de F. Michel et C. Weber [26] basé
sur un théoréme de F. Waldhausen [47]. En corollaire, on obtient quelques résultats (connus),
comme le polyndme d’Alexander d’un multi-entrelacs seifertique fibré (corollaire 4.4.7), et la
décomposition en modules cycliques du module d’Alexander d’un noeud seifertique (corollaire
4.4.8).

Chapitre 5: Sur le module d’Alexander des entrelacs de Waldhausen

Le probléme posé au chapitre 4 était de calculer le module d’Alexander d’un multi-entrelacs
de Waldhausen & partir de son diagramme d’épissure. On I’a vu, la question est réglée dans
le cas seifertique. En revanche, le cas général se révéle hors d’atteinte, et ce pour une raison
tres simple: au chapitre 3, nous n’avons pas réussi a fournir une formule close décrivant le
comportement du module d’Alexander via épissure. Ce probléme n’ayant été résolu que dans
certains cas favorables, la question initiale ne trouve ici de réponse que pour certains multi-
entrelacs bien particuliers: les noeuds de Waldhausen (théoréme 5.1.1) et les multi-entrelacs
de Waldhausen dont aucune composante d’épissure ne fibre (théoréme 5.2.2). En outre, une
formule générale est donnée pour le rang du module d’Alexander (théoréme 5.3.1).

Cependant, il existe un moyen de simplifier ce probleme: il s’agit de travailler sur un anneau
plus grand, en d’autres termes: d’étendre les scalaires. Une facon naturelle de le faire a été
proposée par S.P. Novikov [32] (dans un contexte complétement différent): 1’homologie de
Novikov d’un multi-entrelacs L(m) est le Z[t][t~!]-module

fIL(m) = H@'(m) Qz[t,t-1] 741 |

L’anneau principal Z[t][t~!] est appelé ’anneau de Novikov. Ses unités sont exactement
les éléments dont le premier coefficient non nul est égal & +1; en particulier, le polynéme
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d’Alexander d’un multi-entrelacs fibré est une unité de I'anneau de Novikov, si bien que

I’homologie de Novikov d’un multi-entrelacs fibré est triviale. De méme, le polynéme p(t) =
m_1)(t¢-1
(E:i' —1))((;" —1)) ’
possible (& I’aide des chapitres précédents) de trouver une formule pour I’homologie de Novikov
de n’importe quel multi-entrelacs de Waldhausen (théoréme 5.4.2). En corollaire, on obtient
le résultat suivant: soit L un entrelacs de Waldhausen avec ¢ composantes irréductibles
et k composantes d’épissure; alors, le nombre de modules de Novikov (correspondants aux

différents poids m) est borné par 3¥ — 2(k — ¢).

qui est & 'origine de tous nos soucis, est une unité de Z[t][t]. Ainsi, il est

Dans I'introduction de leur livre, Eisenbud et Neumann avaient formulé quatre problémes liés
aux multi-entrelacs de Waldhausen. Le second peut s’énoncer de la facon suivante: calculer
le module d’Alexander sur C[t,# '] d’un multi-entrelacs de Waldhausen & partir de son di-
agramme d’épissure. L’anneau C[t,t!] fournit une autre extension des scalaires naturelle,
qui simplifie sensiblement le probléme. En effet, un module de type fini sur C[t,#7!] est
entierement déterminé par son rang et par la forme normale de Jordan de ’endomorphisme
donné par la multiplication par ¢ restreinte au sous-module de torsion. Ce probléme est résolu
par Eisenbud et Neumann dans le cas fibré, ou le rang est nul et la multiplication par ¢ n’est
autre que la monodromie algébrique. En revanche, le cas non fibré n’est pas considéré par
ces deux auteurs. En section 5.5, nous calculons le module d’Alexander sur C[t,¢ '] d’une
vaste classe de multi-entrelacs de Waldhausen (théoréme 5.5.2). En deux mots, il s’agit de
tous les multi-entrelacs de Waldhausen tels que le sous-diagramme d’épissure constitué des
composantes fibrées soit connexe. Cette classe est suffisamment générale pour contenir tous
les entrelacs apparaissant comme entrelacs réguliers & I'infini d’une application polynomiale
f:C?> — C. En particulier, on obtient donc le module d’Alexander sur C[t,¢~!] de tout
entrelacs régulier & 'infini (théoréme 5.6.1).

Chapitre 6: La fonction potentiel d’un entrelacs de Waldhausen

En 1970, Conway [9] a introduit un nouvel invariant d’entrelacs orientés appelé la fonction
potentiel. Etant donné un entrelacs orienté L = L1 U...U L, sa fonction potentiel est une
fonction rationnelle Vi (t1,...,%,) reliée au polynéme d’Alexander multivarié par la formule
suivante:

r Ap(t]) sin=1;

VL(tl ..t )i t1—1; (*)
o Ap(#,...,82) sin>1.
Ainsi, cet invariant permet de choisir un représentant canonique du polynéme d’Alexander
multivarié (défini quant & lui modulo £¢7" - - - ¢/7). La fonction potentiel possede certaines pro-
priétés remarquables. Entre autres, on peut la calculer & partir d’une projection de ’entrelacs
via des “relations d’échange”. De plus, la formule de Torres pour Ay, se traduit en la for-
mule suivante, beaucoup plus naturelle: soit L = L; U...U L, un entrelacs orienté, et L' le
sous-entrelacs L1 U...U Ly,_1; alors leurs fonctions potentiel respectives satisfont 1’égalité
Z Zn— —e _an
Vit tn, ) = (0t = 70 ) Vit tan), (+9)

n—1
ou ¢; désigne le coefficient d’enlacement £k(L;, Ly,).

Notons encore que ce que 'on appelle communément le polynéme de Conway est défini
par la formule
Qrt)=({t—t1)-Vi(t,...,1).
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Ce fameux invariant n’est donc qu’un cas trés particulier de la fonction potentiel de Conway.

I1 serait trés intéressant de savoir calculer la fonction potentiel d’un entrelacs de Waldhausen
a partir de son diagramme d’épissure. En 1999, W. Neumann [31] a réussi a calculer le
polynéme de Conway €27, de tout entrelacs de Waldhausen fibré dans S2; et il pose la question
de la validité des formules obtenues si I’on considére des entrelacs de Waldhausen quelconques
(fibrés ou non) dans des sphéres d’homologie quelconques.

Dans le chapitre 6, nous apportons une réponse affirmative aux interrogations de Neumann
concernant ;. Mieux: nous calculons la fonction potentiel de n’importe quel entrelacs de
Waldhausen dans une sphére d’homologie (théoréme 6.2.7). En fait, le polynéme d’Alexander
multivarié d'un entrelacs de Waldhausen est connu depuis Eisenbud-Neumann. Via la formule
() et une propriété de symétrie de Vp, il est facile de calculer la fonction potentiel d’un
entrelacs de Waldhausen au signe pres. Toute la difficulté est de déterminer ce signe. L’idée
est alors de procéder par induction sur le nombre de composantes de ’entrelacs, en utilisant
la formule de Torres (**) pour le pas de récurrence. La formule finale est extrémement simple.
En corollaires immédiats, on obtient les réponses aux questions de Neumann (corollaires 6.2.8,
6.2.9 et 6.2.11), ainsi que le résultat amusant suivant: toute matrice de Seifert d’un noeud de
Waldhausen est de déterminant +1 (corollaire 6.2.10).
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0-node, xiv, 71

A, xi, 10

T%, 20

X, vii, 1

Y(ag,y ..., 0r), 49
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035, xii, 19

F, 7

v, 21

r*? Alexander ideal, 3
r*? Alexander polynomial, 3
r*h elementary ideal, 2
vHm) | xii, 23

m, vii, 1

d, xi, 8

d;, xii, 19, 53

ix, xi, 10

n-form, 32

Alexander matrix, 3

Alexander module, vii, 2, 28
Alexander polynomial, vii, 3, 28
algebraic link, viii

algebraically split, 94

big cycles, 41
boundary-parallel, 45
branche, viii

Conway polynomial, 91
cyclic covering, 16

desplice, 37
determinant of the splicing, 51

enhanced Milnor number, 93
equivalent splice diagrams, 50
essential, 46

fiber, 5
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fibered multilink, vii, 5
fibered node, xiv, 77
fibered solid torus, 46

good Seifert surface, xi, 8
graph multilink, 47

hyperbolic link, 47

incompressible, 45
index, 46

irreducible, 45
irreducible link, 47
iterated torus link, ix

JSJ splitting theorem, 46

link at infinity, xi
link of a singularity, viii

Milnor fiber, viii

Milnor fibration, viii
minimal splice diagram, 51
monodromy, 6

multilink, vii, 1

non-fibered node, xiv, 77
Novikov homology, xiv, 78
Novikov ring, xiv, 78

potential function, 35, 91
presentation matrix, 2
purely non-fibered multilink, 70

reduced, viii

regular, x

regular at infinity, x
regular fiber, 46

regular link at infinity, xi
regular point, viii

Seifert fiber, 46



Seifert fibered, 46

Seifert fibration, 46

Seifert forms, 10

Seifert link, 47

Seifert matrices, xi, 10
Seifert surface, 7
Seifert-Torres formula, x, 43
simple, 46

simple link, 47

singular fiber, 46

singular point, viii
skein-type formulas, 35, 91
splice, ix, 37

splice components, x, 47
splice decomposition, 47
splice diagram, xiv, 50
surgery, 8

Torres conditions, xii, 32
Torres formula, 30
torsion numbers, 16

universal abelian covering, 28
usual case, 3

vertical Seifert surface, 56
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