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ABsTrACT. In 2018, Stanton proved two types of generalisations of the celebrated Andrews—Gordon and Bressoud identities (in their
g-series version): one with a similar shape to the original identities, and one involving binomial coefficients. In this paper, we give
new proofs of these identities. For the non-binomial identities, we give bijective proofs using the original Andrews—Gordon and
Bressoud identities as key ingredients. These proofs are based on particle motion introduced by Warnaar and extended by the first
and third authors and Konan. For the binomial identities, we use the Bailey lemma and key lemmas of McLaughlin and Lovejoy,
and the order in which we apply the different lemmas plays a central role in the result. We also give an alternative proof of the
non-binomial identities using the Bailey lattice. With each of these proofs, new Stanton-type generalisations of classical identities
arise naturally, such as generalisations of Kursungoz’s analogue of Bressoud’s identity with opposite parity conditions, and of the
Bressoud-Gollnitz—Gordon identities.

1. INTRODUCTION

A partition \ of a positive integer n is a weakly decreasing sequence of positive integers Ay > Ay > -+ > Ay > 0 such
that Zle Ai = n. For each partition )\, we associate the frequency sequence f = (f1, f2,- - ), where f; denotes the number
of times the part j appears in A\. Whenever convenient, we identify a partition with its corresponding frequency sequence.

Many classical partition identities are elegantly expressed using g-series. Throughout this paper, we use standard g-series
notation which can be found in [GRO04]:

(@ = @) o= JT0 g it (o) = esah = e,
where k£ € Z, and
(a1, yam)e = (a1, am; Ok = (a1)k -+ (am )k,

where k is an integer or infinity, and as usual |¢| < 1 to ensure convergence of infinite products.
One of the most famous results in the theory of partitions is the Rogers—Ramanujan identities [RR19]: for a € {0, 1},

n?4+(1—a)n 1

q
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n>0

The Rogers—Ramanujan identities have elegant interpretations in terms of partitions. For a € {0,1}, they state that the
number of partitions A of n with the difference condition A; — ;1.1 > 2 for all 4, where the part 1 appears at most a times,
is equal to the number of partitions of n into parts congruent to +(2 — a) modulo 5.

Gordon later extended the Rogers—Ramanujan identities and proved what is known as Gordon’s partition theorem [Gor61].
For integers £ > 1 and 0 < r < £, it states that the number of partitions A of n with the difference condition \; — A\;1; > 2
for all 4, and where the part 1 appears at most (k —r) times, is equal to the number of partitions of n into parts not congruent to
0, +(k —r+ 1) modulo 2k + 3. The partitions satisfying the difference condition in Gordon’s theorem can also be described
easily in terms of frequency sequences as:

(1.2) frequency sequences (f;);>1 of n such that f; + f;41 < kforall4,and f1 <k —r.

Throughout this paper, we describe such partitions with difference conditions in terms of frequency sequences.
Andrews [And74] subsequently proved the following analytic analogue of Gordon’s theorem, now referred to as the
Andrews—Gordon identities.

Theorem 1.1 (Andrews—Gordon identities [And74]). Let k > 1 and 0 < r < k be two integers. We have

2 sy, 2k+3 k+1— k4+2+r. 2k+3
q81+ +siptsk—ry1t+tsk (q + ,q + T7q + +r’q + )Oo

(1.3) > -

51> >8>0 (@Ds1—s5 - (Dsp_1 -5, (D) sy, (@)oo
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The case k = 1 of (1.3) corresponds to the Rogers—Ramanujan identities (1.1). The Andrews—Gordon identities (1.3) are
also proved in [Bre80] in pair with a similar formula [Bre80, (3.3)], valid for all integers £ > 1 and 0 < j < k (we changed
notation compared to Bressoud’s paper):

J
(1.4) Z Z ,q

51> S5 >0 (@s1—s5 -+ (D sy -5 (s =0 (@)oo

2 2 ) _ i
q51+"'+3k*51*"'* 21€+3 k:+2 j+2s k+1+7 25;q2k+3)00

Note that there is a small typo in Bressoud’s paper: in his formula [Bre80, (3.3)], ==(k — r + ) (in his notation) has to be
changed to +(k—7+14+1). The identity (1.4) is derived combinatorially from (1.3) in [DJK24], while it is used in [ADIM23]
to solve a combinatorial conjecture of Afsharijoo arising from commutative algebra.

Bressoud also proved an even moduli counterpart of the Andrews—Gordon identities.

Theorem 1.2 (Bressoud’s identities, [Bre80, (3.4)]). Let r and k be integers with k > 1 and 0 < r < k. Then

STt SE A Sp— 1S (qszrz7 qk+17r7 qk+1+r; 2k+2)oo

. B q
(1.5) > (@s1-ss - (@ -5, (0% 6%, (@)
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From the form of the identities (1.5), the partitions with a congruence condition are readily obtained from the product
side. In [Bre79], Bressoud introduced the corresponding partitions satisfying a difference condition along with an additional
restriction. In terms of frequency sequences, the partition identity corresponding to (1.5) can be formulated as follows. The
number of partitions of n into parts not congruent to 0, =(k — 7 + 1) modulo 2k + 2, is equal to the number of frequency
sequences (f;);>1 of n such that f; + f;11 < kforall 4, f{ < k — r, and whenever f; + f;41 = k for some ¢, the parity
condition i f; + (i + 1) fi+1 = k — r (mod 2) holds.

Bressoud [Bre80, (3.5)] also proved a similar formula, which was recently derived combinatorially from (1.5) in [DJK24]:

(1.6) >
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Kursung6z [Kurl6] considered partitions with the same frequency conditions as in Bressoud’s identity, but with the op-
posite parity condition if; + (¢ + 1) f;11 = k —r + 1 (mod 2). He showed that their generating function is equal to

1

(1+9)(9)o

In [DJK24], a multisum formula was given for the same generating function, and the identity of Kursungdz was proved
combinatorially using this multisum and Bressoud’s identity, leading to the following identities:

(<q2k+27qk+2—r k+r. 2k+2)oo 4 q(q2k+27qk—r’qk+2+r,
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Theorem 1.3 (Kursungoz identities, [Kur16] and [DIK24]). Let r and k be integers with k > 1 and 0 < r < k. Then

quJr---+Si+8k_r+1+“'+81«—1+25k

A7 (1+q

§1> >85>0 (@)s1-s2 - (Dsp_1—5, (€71 6)s,

1 _ _
_ ((q2k+2 k+r _k—r+2, 2k+2)oo+q(q2k+27qk+2+r’qk r;q2k+2)oo).

N 761 7q 7q
(@)oo
Let r and k be integers with k > 1 and 0 < j < k. Then
qsf—&-mﬂ—si—sl—---—sjv-&-sk J 2k:+2 /C j+257qk7+2+j—25;q2k+2)00
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Stanton [Stan18] recently generalised both the Andrews—Gordon identities (1.3) and the related identities (1.4) in two
ways.

Theorem 1.4. [Stan18, Theorem 3.1] Let 5,7 > 0 and k > 1 be integers such that j +r < k. Then

Z q83+--4+5i+sk7T+1+---+sk . qulf-u*S]‘(l 4 qs1+sz)(1 + qs2+83) L (1 + qu—1+s_7')
51> >8>0 (Q)81*S2 e (q)sk—I*Sk (Q)Sk

J
s=0

Moreover, the j factors ¢~ and q~* (1 + ¢%-*7%), 2 < i < j may be replaced by any j-element subset of {q~ '} U
{75 (1 +g¥i1T):2<i<k—r}

2k+3)oo
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Theorem 1.5. [Stan18, Theorem 3.2] Let 5,7 > 0 and k > 1 be integers such that j + r < k. Then

qsf+---+si7517--~7sj+sk_r+1+--~+sk J (q2+3, gh+1-r+i=2s gh+24r—j+2s,

(1.9) 3 =y 1 1 1

51> >8p>0 (@s1—s2 - (D spor—s0 (Do =0 (@)oo

2k+3)00

We refer to Theorem 1.4 and 1.5 as the binomial extension and non-binomial extension of the Andrews—Gordon identities,
respectively. As remarked by Stanton, for j = 0 both identities reduce to (1.3), while for » = 0 Theorem 1.5 yields (1.4).

Furthermore, he also presented even moduli versions, generalising both of Bressoud’s identities (1.5) and (1.6) in a bino-
mial and a non-binomial extension as well.

Theorem 1.6. [Stan18, Theorem 4.1] Let 5,7 > 0 and k > 1 be integers such that j + r < k. Then

Z q5?+"‘+si+5k77ﬂ+1+"'+sk . qfslf-u*Sj(l 4 q51+sz)(1 + qs2+33) . (1 4 qu—1+s_7')
§1>- >8>0 (q)s1752 e (q)sxc_lfsk (q2; q2)5k

_ XJ: (]) (g2h+2, ghtl=r+i=2s ghtltr—j+2s, o
i \s (@)
Moreover, the j factors ¢~ and q=% (1 + ¢*—1%%1), 2 < 4 < j may be replaced by any j-element subset of {q~*'} U
{aes(Q+g¢ %) 2<i<k—r}
Theorem 1.7. [Stan18, Theorem 4.2] Let 5,7 > 0 and k > 1 be integers such that j +r < k. Then

2k+2)o<>

qs?+~~+si—81—~~~—5j+sk,r+1+~~+sk J (q2k+2 k+l—r+j—2s ,k+1+r—;j+2s.
) b )
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Again, for j = 0 these two identities give (1.5), while for » = 0 Theorem 1.7 yields Bressoud’s formula (1.6). Stanton
proved his results by using some (new properties of) Laurent polynomials Hs, (z, a|g) and some iterative process.

In the first part of this paper, we give alternative proofs of Stanton’s results using the Bailey pair machinery.

The Bailey lemma [Bai49], whose iterative nature was highlighted by Andrews [And84, And86, AAR99] through the
Bailey chain, provides an efficient framework to prove g-series identities. For more details on the Bailey lemma and its exten-
sions, see Section 2. Using Bailey-type techniques, we prove a binomial and a non-binomial generalisation of Theorem 1.3,
in the same style as Stanton’s results.

Theorem 1.8 (Binomial extension of the Kursungéz identities). Let 5,7 > 0 and k > 1 be integers such that j +r < k.
Then

Z q‘s?"!""+Si+5k—r+1+"'+5k—1+2Sk . q—51—-"—sj (1 + q81+82)(1 + q82+83) . (1 + qu—1+8j)

51> >8>0 (Q)sl—82 (q)sk—l_sk(q2;q2)sk
_ 1 zj: <]> <((]2k+27 qur2frJrj7257 qurrfjJrQS; q2k+2)oo y (q2k+2’ qkrfr+j72s’ qk+2+rfj+2s; q2k+2)oo)
1+q \“\s (@) (@)oo

Moreover, the j factors q—51 and q=%i(1 + q*-17%), 2 < i < j may be replaced by any j-element subset of {qg~*'} U
{5 +g¥75):2<i<k-—r}

Theorem 1.9 (Non-binomial extension of the Kursung6z identities). Let j,r > 0 and k > 1 be integers such that j +r < k.
Then

(1.11) Z

513 >85>0 (Q)31—82 "'(Q)sk,l—sk(q2;q2)sk

q3§+"'+si_sl_"'_$j+3k—r+1+"'+3k—1+23k

J 2k+2 k+2—r+j—2s k+r—j+2s. 2k+2 2k+2 k—r+j—2 k+2+r—j+2s. 2k+2
1 ((q +,q+ r+j 5.q +r—j+ 37q +)Oc (q +’q r+j s’q++r J+ é,q +)oo>

TR (@) e (@)

Again, for j = 0 both theorems give (1.7), while for »r = 0 Theorem 1.9 yields (1.8).

Furthermore, we explore analogues of these constructions for the Bressoud—Gollnitz—Gordon identities. In [Bre80, (3.6)—
(3.9)], Bressoud proved four extensions of the famous Gollnitz—Gordon identities, introduced in [Gor65] and [Gol67] inde-
pendently,

n? .42 7l2+2n .42
— 1 — 1
(1.12) v (2 44 )n L YO 2( Qq,q)n ML
= (6% (0:4% 4" ¢%)e = (@5 (4,44, 4% %) o
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which are modulo 8 Rogers—Ramanujan-type identities. Among them, the identities [Bre80, (3.6)] state the following.

Theorem 1.10 (Bressoud—Gollnitz—Gordon). For all integers k > 1 and 0 < j < k,

(1.13) >

8120 >85>0

q2(sf+»--+si—51—---—5j)(_q1+25k : (]2)00

(g% q2)81—52 (g% q2)5k—1_3k (a% qz)sk

2 J
_ (—49°) o Z Ak+4 q2k+1 2j+2s  2k+3+25—2s. 4k+4)

= 4 34
(6% ¢*) =
Note that taking £ = 1 and 5 = 0, this formula becomes
3 q251 %) (q2§q4)oo(q8 &, %)
)61 (Q)oo ’

s1>0

therefore the product side is the same as in the first Gollnitz—Gordon identity in (1.12). Using the infinite g-binomial theo-
rem [AAR99, Theorem 10.2.1], the left-hand side is

> =

wiso (@) m(a% ¢%)e

2

7 Z q(m+2)2 L {m Jrq B Z q" i 2 [n}
= 2. 2 q m | (@2 ¢%) T, "
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which, by using the finite g-binomial theorem [AAR99, Corollary 10.2.2. (c)], is the left-hand side of the first identity in (1.12).
Similarly, when k = j = 1, Formula (1.13) is equivalent to the sum of both Gollnitz—Gordon identities in (1.12).

In [DJK25], m-versions of the formulas [Bre80, (3.6)—(3.9)] are proved using the Bailey lattice, and two more identities
of the same kind are discovered in passing. A natural question is whether it is possible to prove “Stanton type” formulas
generalising these Bressoud—Gollnitz—Gordon identities. We answer positively this question by providing binomial and non-
binomial extensions of the Bresssoud—Gollnitz—Gordon identities.

Theorem 1.11 (Binomial extension of the Bresssoud—Gollnitz—Gordon identities). Let j,r > 0 and k > 1 be integers such
that j +r < k. Then

>

s> >8>0 (q2; q2)81*32 U (q2; q2)8k—178k (q2; q2)5k

q2(5§+...+si+sk_r+1+m+sk)q72sl (q2sl + q7252) . (q2s]>,1 + q725j)(7q1+25k,; qz)oo

o0

(*q3'112)oojj Ak+4  2k+3—2r4+2j—4s 2k+14+2r—2j+4s, 4k+4
== Z()((q+,q+”Js7q++rﬁs;q+)

4k+4  2k+1—2r+42j—4:
+q(q + .q + r+2j—4s

2k+34+2r—2j5+4s, 4k+4
R AT +)oo>.

Moreover, q=2%1(g* + q=252) - (¢®%-1 + q=2%1) can be replaced by any product of j factors taken from {q=2*1} U
{(@® =+ ) :2<i<k-r}

Theorem 1.12 (Non-binomial extension of the Bresssoud—Gollnitz—Gordon identities). Let j,r > 0 and k > 1 be integers
such that j +r < k. Then

(1.14) >

§120 >85>0
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7( ¢*;q )oo Z( Ak+4 q2k+3 2r42j—4s q2k+1+2r 2j+4s. q4k+4)
7% 4% o
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T q(q4k+47q2k+l—2r+2j—4s,q

23420 —2j+4ds, q4k+4)oo> .
If we take » = 0 in (1.14), some elementary manipulation yields (1.13): it is clear for the left-hand sides, while splitting

the right-hand side of (1.14) (with » = 0) into two sums and replacing s by j — s in the second one, we see that both sums

are the same, therefore one can factorise by 1+ ¢. The remaining sum is the one on the left-hand side of (1.13) in which even
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and odd values of s have been split. On the other hand, setting 7 = 0 in (1.14) gives

q2(s§+-~+si+sk,r+1+---+sk)(_q1+25k : q2) (_q3; q2)00

(1.15) Z o _

0o Thso @0)si—so - (@5 P)si - (6%0%)s (0%56%)os

4k+4  2k+3—2r 2k+14+2r 4k+4 4k+4  2k+1—-2r 2k+34+2r _4k+4
><((q . q . q 0 oo +a(@™ T, ; .q )oo)a

q q

which seems to be new. Note that taking £k = 1 in (1.14), we have three possible choices for our integral parameters r, 7,
namely (0,0), (1,0) and (0,1). As explained below (1.13), the cases » = 0 and j = 0, j = 1 yield the Gollnitz—Gordon
identities (1.12). For » = 1 and j = 0, the formula is the one obtained by taking k = r = 1 in (1.15), and we see similarly
that it is equivalent to the first Gollnitz—Gordon identity plus ¢ times the second one, divided by 1 + q.

Moreover, we prove two additional general identities similar to Theorem 1.12 (see Theorems 4.3 and 4.4), which extend
Slater’s identities [S152, (8), (12), (13)].

In the second part of this paper, we turn to a combinatorial perspective on Stanton’s identities. While Bailey pairs are a
remarkably powerful and flexible tool for proving partition identities, they do not provide a combinatorial interpretation of
these identities. Combinatorial approaches to partition identities are generally more difficult. A famous example is the lack
of a simple bijection for the combinatorial version of the Rogers—Ramanujan identities. Several efforts have been made to
understand there identities from a combinatorial perspective, including work on bijective proofs (see, e.g., [BP06], [BZ82],
[Corl7], [GMSI]).

It is always simple to interpret the product side of the identities as partitions with congruence conditions. In the case of
Rogers—Ramanujan, it is also relatively simple to see that the sum side is the generating function for partitions where parts
differ by at least two, or equivalently f; + f;+1 < 1. However, in the Andrews—Gordon identities and the other identities we
consider here, it is not at all obvious combinatorially that the sum side is the generating function for partitions with difference
conditions. In the case of Andrews—Gordon, a more natural interpretation has been given by Andrews in terms of Durfee
squares [And79].

To prove combinatorially that the sum side of the Andrews—Gordon identities is the generating function for partitions with
difference conditions, Warnaar [War97] introduced a bijection based on particle motions. He used it to derive a finitisation
of the Andrews—Gordon identities. It was formulated as a one-dimensional lattice-gas of fermionic particles using slightly
different notation. He then used this finisation to prove the identities. Inspired by Warnaar’s work, the authors of [DIK24],
including the first and third authors, generalised his approach by adding parts equal to O to the reasoning and introducing
an explicit bijection A and its inverse I', which provided a combinatorial framework for proving several partition identities.
Rather than using a finitisation, they took a different approach: by combining the infinite version with the classical Andrews—
Gordon and Bressoud identities, they established several identities, among which (1.4), (1.6), (1.7), and (1.8).

Although Stanton proved Theorems 1.4—1.7 in [Stan18], his proofs did not provide combinatorial interpretations for the
sum sides. After reading [DJK24], he asked the authors the following problem, hoping that their techniques could be applied
to his identities.

Problem 1.13 (Stanton). Give partition-theoretic interpretations and combinatorial proofs of Theorems 1.4-1.7.

Indeed, the ideas of [War97] and [DJK24] can also be used to give combinatorial interpretations and proofs of the identities
in Theorems 1.5, 1.7, and 1.9. We give a suitable interpretation of the sum sides of the identities using particle motion and a
combinatorial reasoning on parts equal to 0. Then we give combinatorial proofs of these identities, using this interpretation
and the Andrews—Gordon and Bressoud identities.

Following [DJK24], we allow partitions to have non-negative parts, not just positive ones. That is, a partition \ of n is a
weakly decreasing sequence of non-negative integers Ay > Ay > --- > Ay > 0 whose sum is n. The difference from the
previous definition is that 0 is now allowed as a part, and is taken into account in the length of the partition. Accordingly,
the associated frequency sequence becomes f = (fo, f1,- - ), rather than (f1, fo,---). With this extension, the authors in
[DJK24] provided combinatorial proofs of (1.4), (1.6), and (1.8), and gave combinatorial interpretations in terms of partitions
with difference conditions. For example, they proved that the combinatorial model for (1.4) is given by

(1.16) frequency sequences ( f;);>o of n such that f; + fiy1 < k forall 4, and fy < j.
Following this framework, we use particle motion and Theorems 1.1 and 1.2 to give combinatorial proofs of Theo-

rems 1.5, 1.7, and 1.9, and we also provide their following partition-theoretic interpretations.

Theorem 1.14. The left-hand side of (1.9) in Theorem 1.5 is the generating function for the frequency sequences (f;)i>o
such that

o fi+ fix1 <kforalli, and

o fo<j—max{fo+ f1 —(k—r),0}



6 JEHANNE DOUSSE, JIHYEUG JANG, AND FREDERIC JOUHET

Theorem 1.15. The left-hand side of (1.10) in Theorem 1.7 is the generating function for the frequency sequences (f;)i>o
such that

o fi+ fix1 < kforalli,
o fo<j—max{fo+ fi —(k—r),0}, and
o if fi + fix1 = k forsome i, thenif; + (i+ 1)fix1 =k +7r—j (mod 2).

In addition, we obtain new identities of Kursungdz type using the combinatorial model. Interestingly, these formulas
coincide with those previously obtained using the Bailey pairs, thus offering a purely combinatorial approach.

Theorem 1.16. The left-hand side of (1.11) in Theorem 1.9 is the generating function for the frequency sequences (f;)i>o
such that

o fi+ fix1 < kforalli,
o fo<j—max{fo+ fi —(k—r),0}, and
o if fi + fix1 = k forsome i, thenif; + (i+ 1)fixq1 =k+7r—7+1 (mod 2).

The combinatorial interpretation in Theorem 1.14 is new. When j = 0, the second condition becomes f; = 0 and
f1 < k—r, which yields the interpretation (1.2), and when r = 0, it satisfies fy < j, yielding (1.16). Furthermore, the same
model extends naturally to the Bressoud (Theorem 1.15) and Kursung6z (Theorem 1.16) cases, which shows its flexibility
and confirms that it provides a natural combinatorial interpretation.

This paper is organised as follows. In Section 2, we recall some basic results and tools from the Bailey machinery that
we will use later in our proofs. In Section 3, we use combinations of the simplest of these tools (the Bailey lemma and key
lemmas of Lovejoy and McLaughlin) to prove all the binomial extensions in Theorems 1.4, 1.6, 1.8 and 1.11. In Section 4,
some combinations of the Bailey lemma and lattice are used to provide proofs of all the non-binomial extensions in Theo-
rems 1.5, 1.7, 1.9, 1.12, 4.3 and 4.4. In Section 5, we recall the particle motion bijection to prepare the combinatorial proofs
of the theorems in the next sections. In Section 6, using this bijection and the Andrews—Gordon identities, a combinatorial
proof of Theorem 1.5 is provided. In Section 7, we use the bijection and the Bressoud identities to give combinatorial proofs
for Theorems 1.7 and 1.9. In Section 8, we conclude the paper by a list of remarks and questions.

2. BAILEY PAIRS

Fix complex numbers a and ¢. Recall [Bai49] that a Bailey pair ((a)n>0, (Bn)n>0) (o, Br) for short) relative to a is
a pair of sequences satisfying:

2.0 Bpn=) —F—— Vnel
" 22:(:) (Q)n,g(GQ)n+g
By convention, we set ay = 0 for all £ < 0.
Given a Bailey pair, the Bailey lemma [Bai49] allows one to produce infinitely new Bailey pairs. Bailey [Bai49] originally
applied it without iterating it, and Andrews [And84] generalised Bailey’s approach to exhibit its iterative nature with the
concept of Bailey chain.

Theorem 2.1 (Bailey lemma, Andrews’ version). If (a,, 8y) is a Bailey pair relative to a, then so is (o), [3),), where

o — (p;o)nlag/po)” o
(aq/p,ag/o)n "

n ?

and

,_ x (py0)elag/po)n—i(ag/po)’
”8”7;:(: @n—eladlpraao)n "

In this paper, we use the following two particular cases.

Lemma 2.2 (Bailey lemma with p, 0 — 00). If (a,, B8,) is a Bailey pair relative to a, then so is (o), 31,), where

n

o :a”qnza , and ﬂ’ —
" " BN iy

2
aé qé

Be.

Lemma 2.3 (Bailey lemma with o — 00). If (s, 5y) is a Bailey pair relative to a, then so is (o, Bl,), where

, _ U alag/p)"a ) S (<D (p)ilag/p) g
T (aa/p)n woad 5= ) e
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Despite its simple form and quite elementary proof (see [GR04, Appendix (II.12)]), the Bailey lemma can be used to
prove many g¢-series identities. One of the most widely used Bailey pairs is the unit Bailey pair, defined in [And84, (2.12)
and (2.13)].

Definition 2.4 ([And84]). The unit Bailey pair relative to a is the pair (., 8,) defined by

1—ag® (a),
I-a (q)n ’
The Rogers—Ramanujan identities can be proved easily by applying Theorem 2.1 twice to the unit Bailey pair (2.2), and
the » = 0 and r = k special instances of the Andrews—Gordon identities in Theorem 1.1 follow by iterating £ + 1 > 2 times
this process.
But the Bailey chain is not sufficient to prove the cases 0 < r < k of the Andrews—Gordon identities, and the Bailey lattice
was developed in [AAB87] to remedy this problem by switching the parameter a to a/q at some point before iterating the
Bailey lemma.

2.2) an = (—=1)"q()

and S, = dp0.

Theorem 2.5 (Bailey lattice). If (an, 5n) is a Bailey pair relative to a, then (o, B),) is a Bailey pair relative to a/q, where

o p.0alalpo) ( o qa) |

~ (a/p,a/o)n 1—ag? 1—aqg2n—2

and
n

Ve(a)po)n_e(a/po)’
Z; W dalp.afa)n

We use the particular case when p, o — oo.

Lemma 2.6 (Bailey lattice with p, 0 — 00). If (aup, Br) is a Bailey pair relative to a, then (o, (1) is a Bailey pair relative

to a/q, where
2n—2 no¢ 024
/ n n?—-n Qn aq Qp—1 / a q
o, =a 1—a — and = E — By
n q ( ) (1 — aqgn 1— aq2"—2 ) ) /Bn — (q)n—[ ﬁf

Authors have been interested in ways to avoid using the Bailey lattice. For example, Andrews, Schilling and Warnaar
[ASW99, Section 3] proved (1.3) using the Bailey lemma and bypassing the Bailey lattice, Bressoud, Ismail and Stan-
ton [BISOO0] used a change of base to avoid the lattice, and McLaughlin [McL18] showed that (1.3) can be proved easily
by combining the Bailey Lemma with a simple lemma, which gives a Bailey pair relative to a/q given a Bailey pair relative
to a.

Lemma 2.7 (McLaughlin, Key lemma 1). If («,,, 8,) is a Bailey pair relative to a, then (o, 3}) is a Bailey pair relative
to a/q, where
78 aq2n72an—1

1—ag® 1—ag?2

a;:(l—a)( ), and ), = By.

In [DJK25], the first and third authors, together with Konan, showed that the Bailey lattice follows directly from this key
lemma and the Bailey lemma. They also extended it to a bilateral version and deduced a bilateral Bailey lattice which they
used to prove m-versions of the Andrews—Gordon and Bressoud identities. The following lemma, also due to McLaugh-
lin [McL18], is similar to Lemma 2.7 (as it also transforms « into a/q) and led in [DJK25] to a different bilateral Bailey
lattice.

Lemma 2.8 (McLaughlin, Key lemma 2). If (a,, By) is a Bailey pair relative to a, then (a,, 5.,) is a Bailey pair relative

to a/q, where
n—1

a;(la)(lq Qp . q an—_l), and B;,:qnﬂn

_ aq2n 1— ann 2

On the other hand, Lovejoy [Lov04, (2.4) and (2.5)] proved a lemma which transforms a Bailey pair relative to a into a
Bailey pair relative to aq.

Lemma 2.9 (Lovejoy). If (a,, Br) is a Bailey pair relative to a, then (o, B1,) is a Bailey pair relative to aq, where

1= ad® ) (a b)p(—b)" n(n—1)/2 ™ b P
o = (L—ag™)(ag/b)n(-b)"q Z(()e (—b)~q =112,

" (1 — aq)(ba)n < (aq/b);
and 1—b
;1
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Again, we will mostly need in our calculations a particular case of this lemma (namely b = 0), which can be seen as the
inverse of Lemma 2.7.

Lemma 2.10 (Lovejoy’s lemma with b = 0). If («v,, By,) is a Bailey pair relative to a, then (o, B.,) is a Bailey pair relative
to aq, where

2 n
(1 _ aq2n+1)anqn e
oy, = Za ‘% ay, and B, = .
=0

1—aq

In [AABS87], the following result is obtained (in a more general form) by iterating » + 1 times Theorem 2.1, using Theo-
rem 2.5, and concluding with k& — r — 1 times Theorem 2.1 with a replaced by a/q.

Theorem 2.11 (Agarwal-Andrews—Bressoud, new notation). If («,, 5,) is a Bailey pair relative to a, then for all integers
k>1and —1 <r <k, we have:

23 Z a51+"'+3k+1q5?+"‘+52+1*517“'75k—r/B
. S
§12>>85K412>0 (q)81782 T (q)skfsk-%—l o
k— 0(k—
_ 1 Za(k+1)eq(k+1)z2—(k—r)zl — akr g2 TH)OQ.
(aq) oo = 1—ag?t

In [AAB87], Agarwal, Andrews and Bressoud prove the Andrews—Gordon identities (1.3) by applying Theorem 2.11 to
the unit Bailey pair (2.2) with a = ¢ and factorising the right-hand side using the Jacobi triple product identity [GR04,
Appendix, (I1.28)]

2.4) D (=12 = (g, 2,4/2 )oo-
LEL

Moreover, it is explained in [DJK25] how (1.4) is simply a consequence of (2.3) with a = 1 and (2.4). In the same
paper, (1.3) and (1.4) are embedded through a bilateral version of the Bailey lattice in a single generalisation, which is called
“m-version of the Andrews—Gordon identities”’, where the parameter m is a non-negative integer. Interestingly, Stanton’s
non-binomial formula (1.9) provides another embedding of (1.3) and (1.4).

The structure of our proofs of Theorems 1.4—1.12 using Bailey pairs is the following. We take a well-chosen Bailey pair
and apply k + 1 times either the Bailey lemma or Bailey lattice or one of the key lemmas to obtain a new Bailey pair, and then
we let n tend to infinity in the relation (2.1) corresponding to that new Bailey pair. We then simplify the right-hand side and
apply the Jacobi triple product identity (2.4) to obtain the corresponding product expression. This type of techniques allows
us to obtain both the binomial and non-binomial extensions of the identities under consideration.

We conclude this section by introducing two Bailey pairs, which will be used later in our proofs in addition to the unit
Bailey pair. The first one is obtained from the change of base given in [BIS00, (D4)], which asserts that if («,, £,) is a
Bailey pair relative to a, then so is (a,, 37, where

1+a " (—a)y
oy = —————q"an(a®¢*) and B, =Y ———q"Bu(a? ¢*).
" T+ag? (@ q) P ; (@56 ns" Bela’, )
Applying this to the unit Bailey pair (2.2) gives the following Bailey pair.
Definition 2.12 ([BIS00]). The Bailey pair (D’4) relative to a is (cu,, 8, ) where
1— 2n 2.2 n 1
e (a2, q2) , and B = .
l—a (¢%¢*)n (4 ¢*)n

Similarly, the change of base from [BIS00, (D1)] states that if (c,, 3,,) is a Bailey pair relative to a, then so is (a,, £1,),
where

(2.5) an, = (—1)"q

n

(—aq)ae _
o), = an(a®,¢>) and B, = WQ” Be(a®, ¢).
=0 979" )n—2t

Applying this to the unit Bailey pair (2.2) gives the following Bailey pair.
Definition 2.13 ([BIS00]). The Bailey pair (D’1) relative to a is (v, 8,) where

21— a2q" (a®¢)n
2.6 n=(=1)"g" " 4 n

n

_
(4% 4%)n

and (3, =
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3. PROOFS OF BINOMIAL EXTENSIONS

3.1. Preliminary results. In this section, we prove preliminary results that will be useful in the proofs of Theorems 1.4, 1.6,
1.8, and 1.11. We first combine several simple lemmas mentioned in Section 2 to prove a slightly more involved one.

Lemma 3.1. If (a,, By) is a Bailey pair relative to a, then so is (o, 81,), where

al, = a"q"” " ((1 +¢*ay, + (1 —ag®™)(1 —a” Z a4>

and

[ aq n —L
B = ; Dt (@" +q )P

Proof. Let (a,, B,) be a Bailey pair relative to a. By Lemma 2.7, (%(11)’ &(Ll)) is a Bailey pair relative to a/g, where
2n—2

(1) _ - Qp _ aq Qp—1 (1) _
) = (- ) ({2 - S} B =

Then by Lemma 2.2 with a replaced by a/q, (aﬁf ), 67(12)) is a Bailey pair relative to a/q, where
2n—2 0, 02—y

2, o a Oy " a
o® = g (1—a>< o ) B =3 T4 ",

l—ag> 1—ag? = (@)n—t

Finally, by Lemma 2.10 with a replaced by a/q, (ang), ,({9’)) isa Bailey pair relative to a, where

2y

(3.1 (3) n . n?—n + 1 § : En: afq[ 6
. Q,’ =a q (7% — aq Qy |, n = B
=0 (Q)nfl

Now start again with («,, (3, ) Bailey pair relative to a. By Lemma 2.2, so is (a;”, ~7(L1)), where

n

~(1) _ n _n? (1) _ a
Q) =a"q" an, B, = E

5e~

By Lemma 2.8, (a% ), ~,(L2)) is a Bailey pair relative to a/q, where

n n2+n n—1.n’>—n

~(2) _ (1 _ a’q Qn a g Qp—1 5(2) _ aq

R < 1 — ag?" 1 —ag?n—2 A= Pe.
E_

S
~
~

N

Finally, by Lemma 2.10 with « replaced by a/q, (&S’), 57({3)) is a Bailey pair relative to a, where

n—1
(32) ¥ = angm <q2"an —a (1= ag®) Y af) C B =Y S
= =0

Adding (3.1) and (3.2) gives the desired result, by linearity of the Bailey pair relation (2.1). ]

When ¢ = 1, Lemma 3.1 simplifies and gives the following, which we will use in our proofs.

Lemma 3.2. If (a,, By) is a Bailey pair relative to 1, then so is (o, (L), where
n 02

o, =¢" "1+ ¢)an, and B, = Z

——(¢"+ a7 B
=0 (Q)n—é ‘

Remark 3.3. If (o, (,) is a Bailey pair relative to 1, and we apply first Lemma 2.2 and then Lemma 3.2 to it, we obtain
the Bailey pair (aSP, Bﬁbl)) where
22 +m

o) = " (14 ¢, B = Z Z ———(q" +47") B

éOmO -m

If we apply first Lemma 3.2 and then Lemma 2.2 to it, we obtain the Bailey pair (ag), T(L2)), where

€2+m

(2) _ q2n —n(l +q2n Qs ﬂ(2) _ Z Z (qé + q—m)ﬁm.

ZOmO nfqem
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(1) M) (2) 52 (2)

Given that ag) = a%) and that (an , Br’) and (o, ’, By ) are Bailey pairs, we know that B
obvious from the expressions for Bn Y and 5712) given above.

, even if it is less

This remark plays a key role in proving the “Moreover, the j factors ¢~5! and ¢~% (1 4 ¢*-1%%), 2 < 4 < j may be
replaced by any j-element subset of {¢g~*} U {g™% (1 + ¢®%-*7%) : 2 < i < k — r}" part of the four main theorems.

Now we use Lemma 3.2 to prove two propositions.

Proposition 3.4. If («v,, B,,) is a Bailey pair relative to q, then, for all integers j,r > 0 and k > 1 such that r + j < k,

(a%k+1)7 7(lk+1)) is a Bailey pair relative to 1, where

QD) — (1 = g)(1 + g2 )i g+ D +(r+1=5)n an g g
no q 1— g2ntl 1—g2n1 )7
(3.3) ST+ Fshp g F Sk rp1tetSkp (0 =51 (451 —s2 sj-1 —s;
{U+D) Z q + (" +q ") (g +q7%2) - (¢¥* +q%)
n - Sk41°

n>s1>>sp41>0 (Q)nfén (q)51*52 T (q)sk*5k+1

Moreover, (¢"+q 1) (¢°* +q~°2) - - (¢% = +q~57) can be replaced by any product of j factors taken from {(¢" +q°*)}U
(g +a ™) 2<i<k—r)

Proof. Let (cv,, B,,) be a Bailey pair relative to ¢. First apply Lemma 2.2 to it  + 1 times with a = ¢. This gives a Bailey
(r+1)  p(r+1)

pair (ap, ', Bn ) relative to g, where
2
O[7(1T+1) — q(r+1)n Jr(rjtl)noén7
and
(r+1) _ g(r+1) qsi’7‘+1+m+si“+Sk7”+1+m+sk“
Bn ﬁsk I Z Sky1-

g > > 814120 (q)skfr_skfr«#l e (q)sk—SkJrl

Next apply Lemma 2.7 with a = ¢ once. This yields a Bailey pair (&, A+ BT(LTH)) relative to 1, where

—2rn—1
~ 2 (&% q Ap_1
altt = (1 - g)grtimHrn (1 - qgnﬂ - qznjll ) ’

and
q3i77~+1+"'+3i+1 +Sk—rt1t Tt Skt1

B+ = 5§;+3 = Z Bsrir-

Skp—r> 28,4120 (q)sk’”‘_sk”'*l o (q)sk_s"'*l

Now apply Lemma 2.2 k — r — j times with @ = 1. This gives a Bailey pair (s, (k= j+1), ﬂ,(lk_jﬂ)) relative to 1, where
—2rn—1
(k=3+1) _ (1 _ g)g(k—d+Dn*+(r+1)n On _ 4 On—1
ap ( Q)q (1 _ q2n+1 1— q2n71 ’

and
qs?H +'"+Si+1+8k—r+1+"'+3k+1

By(lkfjJrl) _ Bgl_c—jﬂ) _ Z

! 85> >8K412>0 (q)sj*SjJrl T (q)Sk*SM—l e

Finally, apply j times Lemma 3.2. This results in a Bailey pair (c, (k+1) ﬂ,(LkH)) relative to 1, where

—2rn—1
(k+1) _ (k+1)n?+(r—j+1)n Qn _9q Qp—1
aff ) = (1-q)(1+¢*)q ! (1 —g2nl 1_gn—1 )°
5(1«—&-1) _ q ST+ FshpFSh_rp1t +Sk+1(q +q—91)(qs1 +q—€2)...(qu71 +q_sf) 5
n Sk41°

n>s1> > 854120 (Q)n—s1 (Q)S1—32 T (q)sk_SkJrl

By Remark 3.3, the £ — r — j applications of Lemma 2.2 and the j applications of Lemma 3.2 can be done in any order.
Hence, the product (¢ + ¢~ *1)(¢®* 4+ ¢~ *2)---(¢%-* 4+ ¢~ %) can be replaced by any product of j factors taken from
{(@"+a =)ol +¢ ) :2<i<k—r} a

We can now take a limit and obtain the following.
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Proposition 3.5. Let (o, 3,) be a Bailey pair relative to q. Then, for all integers j,v > 0 and k > 1 such that v + j < k,
we have

qsi+"'+3i+1+Sk—r+1+"'+5k+1q*sl (q81 + q*52) - (qu—l + q*Sj)

Bs

81>"'>Zsk+1>0 (@)s1-s2 " ( )Sk*Sk-*—l o
o0 2 T _ . 77‘ .
Z (k+1)62+ j+1)€1(]72é+1 <(1+q )= (14 22y gemr D) J> .
=0

Moreover q—51(q°*+q—*2) - - - (¢%-14q~ 57 ) can be replaced by any product of j factors taken from { g~ }U{(q* -1 +q~%) :
2<i<k-—r}h

Proof. Letting n — oo in (2.1) gives that if (cv,, £8,,) is a Bailey pair relative to 1, then

(3.4) = Z .

OCZO

Let (v, 8,) be a Bailey pair relative to g. Keeping the notation of Proposition 3.4, (as, (k1) , Bn (k+1))

relative to 1. Thus we combine (3.4) and (3.3) with n — oo to obtain

is a Bailey pair

quJr---+Si+1+sk—r+1+---+sk+1q—s1 (qsl + q—S2) S (qu—l + q—SJ)

(3.5) ﬁg’g“) = B,
Sl>'“§c+1>0 (q)oo(q)slf‘” Y (q)sk*b’kﬁ-l o

_1-4q - 20N (k+1)E24(r—j+1)0 o gy

0% ;(1 +a ) 1_ g2l 1t )7
where we recall that o, = 0 for £ > 0. Rearranging the last expression gives

24 (r— —q j i —r i
(3.6) ﬂéléﬂ) _ ( )2 Zq (k+1)621( J+1)5m ((1 Jrqzz)] (1 +qzzw)gq(k +1)(2¢+1) ]) ar.
> ¢=0

Equating (3.5) and (3.6) gives the desired result. O

3.2. Proofs of Theorems 1.4, 1.6, 1.8, and 1.11. The proofs of all four of our main theorems will use Proposition 3.5, but
applied to different Bailey pairs (and some modifications in k and 7). We start by proving Theorem 1.4.

Proof of Theorem 1.4. Apply Proposition 3.5 to the unit Bailey pair for a = ¢ (see Definition 2.4):

an = ( 1)“0(;)1_1(127;&, Brn = 6n,0-
This yields
37) Z qs§+~»-+si+s,€_r+1+-~+skq—sl(qsl Fgs2) e (g%t 4 )
@ (@),

oo

Zq(k+%)£2+(r—j+%)£(_1)£ ((1 + q2£)j —(1+ q2£+2)jq(k—r+1)(2Z+l)—j) .

Split the sum on the right-hand side into two parts. In the second sum, apply the change of variables ¢ — —¢ — 1. This
transforms the expression into

Z (k+3)2+(r—j+3)¢ (=11 + g2

q LEZ

Now apply the binomial theorem to expand (1 + ¢%¢):

_] .
Z ( ) Z q(2k+3)(§)+<k+7-—j+2s+2)l_

* s=0 LEZ

Finally, apply the Jacobi triple product identity (2.4) with ¢ — ¢?**3 and z = ¢*+2T7=7%25 yielding

1 J
e 2

. 2k+3 k+1— | —2 k+24+r—j+2s. ,2k+3
(J)(q 3 ghtlmrti3s gh At as, g2k

(@)oo
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Note that, in the first sum in (3.7), ¢~ (¢°* + ¢~°2)--- (g%~ 4+ ¢~*%) can be replaced by any product of j factors taken
from {¢~**} U {(¢*~* + ¢ %) : 2 < i < k — r}. This completes the proof. O

We also prove Theorems 1.6, 1.8, and 1.11 in a similar way. We prove Theorem 1.6 by applying our procedure not to the
unit Bailey pair, but to the Bailey pair (D’4) in Definition 2.12.

Proof of Theorem 1.6. Consider the Bailey pair (D’4) in (2.5) with a = ¢:
21 — q2n+1 B 1
- "T@Eas
and apply Proposition 3.5 withr — r — 1,k — k — 1 to it. (Note that, as (D’4) is obtained from the unit Bailey pair by one
instance of (D4), the ranges for k, r, j are still valid.) This yields

>

(3.3) a, = (—=1)"¢"

q° 1+ +9k+5k r1te +5kq—51( S1 +q—52),,,(q5j—1 _;'_q—SJ)

s127 25,20 (@)s1-52 " (D sp_1—ss (q2§q2)sk
 — 2y ‘ o -
= W Zq(kﬂ)e +( J)f(_l)é ((1 + q%)g _ (1 + q2l+2)Jq(k +1)(20+1) J)
® ¢=0
1 j .
= o I gy
> ez
J .
= L Z J Z(_1)£q(2k+2)<§)+(k+r_j+2s+1)£
(q [e'e] 0 S
5= LET
_ 1 ZJ: (]) (ght1mrHi=2s ght2Hhr—it2s 242, (2h+2)
(q > 5 (Q)oo ’

s=0
where again the penultimate equality follows from the binomial theorem, and the last one from the Jacobi triple product (2.4).
As before, in the first line, the product ¢~ °* (¢° +¢~%2) - - - (¢°3-' +¢ %) may be replaced by any product of j factors chosen
from {¢~**} U{(¢°*+q¢ %):2<i<k—r} O

Now we give a proof of Theorem 1.8 which comes from the Bailey pair (D’1) in Definition 2.13.

Proof of Theorem 1.8. Consider the Bailey pair (D’1) in (2.6) with a = ¢:

5 1— q4n+2

_ q
(3.9 o = (=1)"¢" TN ————, Bn= 75—
(=1 1-¢? (4% ¢*)n

and apply Proposition 3.5 with  — r — 1,k — k — 1 to it (again the ranges for r, j, k are valid). This gives

>

513 >85>0 (Q)s1—52 T (Q)sk,l—sk (q 7 q )Sk

> 2 . . . .
L Zq(kJrl)@ +Hr—i=De(_ 1)t <(1 P -1+ q2€+2)jq(k7r+1)(22+1)7j>
£=0

q)oo

n

q STt shtsppy1t +2‘3kq—31(q91 +q 82)...(q31—1 +q_3j)

14 g2+
1+y¢

—_

2 (i ) " )
_ (1 +q)(q) Zq(k—‘rl)E +(r—j 1)2(_1)F(1 +q2/)](1 _|_q2ﬁ+1)
°° ez

1 ! ] ‘ —j+2s £ r—j+2s
Z (i) Z [(_1)€q(2k+2)(2)+(k+7 j+2s)e +q<_1)eq(2k+2)(2)+(k+ j+2 +2)€}

T+ 9)@)w = \s) &

J .
k+2—r+j—23 k4+r—j+2s 2k+2. 2k+2
REDIOS Z (s) 1q T )

S=

k—r+7—2s _k+2+r—j5+2s 2k+2,
+q(qg" " q T g

: q2k+2)oo] .

As before, in the first line, the product ¢~°*(¢°* + ¢~%2)--- (¢®~* + ¢~®) may be replaced by any product of j factors
chosen from {¢ *'} U {(¢®-* 4+ ¢ %) :2<i<k—r} O

We conclude with the proof of Theorem 1.11.
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Proof of Theorem 1.11. Let (av,, B,,) be a Bailey pair relative to g. Apply Proposition 3.5 with r — r — 1,k — k — 1 to the
Bailey pair (o, 8),) obtained from Lemma 2.3 with a replaced by ¢:

2 2
_1)» o432 (1) L +3%
o = 5D 2Ep)nq 7 ey and 52:2( 2) (P)eg ’ 5.
(¢*/p)np = (¢®/P)n(@n—ep
This gives
52 s
Z q3§+"'+5i+3k—r+l+"'+3kq*sl (q81 + qfsz) Ce (qu,l + qfsj) (_1)Sk+1 (p>5k+1q%+3% ﬂ
Sk
513 >sp>sps1>0 (Q)S1—82 T (q)sk—l_sk (Q)Sk_3k+1 (qQ/p)Sk okt e

kL +(T gL 7(] ( 20\j _ 204+2yj (k—r4+1)(20+1)—j | \L)A—2) 97 7
q (I+¢7) —(1+q¢")q ) a,
gzg — ! (@®/p)ep”

with the usual ranges for r, j, k. Now take (a,, 8,) to be the unit Bailey pair (2.2) with a = g¢:

OO

Inserting this in the above equation yields

Z q 1+ +9k+9k r41te +9kq—91 (q91 +gq 92) .. (qu71 + q—Sj)
51> >8, >0 (Q)S1—S2 e (q)sk—l_sk( )Sk (q /p)sk

S k02 ¢ 20\ j 20+2\j (k 1)(20+1)—j (P)L’qeuz
Zq = J)(1+q ) — (14 ¢ F2)T gtk +)‘J)7(2/) .
£=0 a/p)ep

OO

Now set p = —¢>/2, and then replace ¢ by ¢2. This gives

by

51> >85>0 (q2;q2)81*82 "'(qg;q )Sk 1= Sk (q 4 ) ( q;q )

q2(sl+---+sk+s;€_r+1+---+s;€)q72sl( 2s1 +q7232) . ( 2851 +q72s]')

_ Z (2k+2)62+(2r—2j—1)¢ ((1+q4e) (1+q4e+4) 2(k—r+1)(20+1)— 23) (_1)gl+q2é+1
(q 1q%) 1+¢q

1

2 ) .
_ (1 — q)(qg,qg) Zq(2k+2)l +(2’l"*2j*1)£(1 + q42)g(71)2(1 + q2£+1)

ez

i,

_ = )(12 5 Z (]) Z [(_l)eq(4k+4)(§)+(2k+2r—2j+4s+1)e +q(_l)eq(4k+4)(§)+(2k+2r—2j+4s+3)z]
EAVIRE L Qi ez

J .
Z( ){ Ahtd | 2h+20—2)+4s+1 q2k—2r+2j—4s+3,q4k+4)
) b

T 1+ 0@ e & =
4 (gt 2R 2i s 2k—2rt2j—ast 1, (dkidy ]
Multiplying both sides by (—¢; ¢%)o completes the proof. Here, the product g=251 (g5t 4 ¢=252) ... (¢%%-1 + ¢~2%) may
be replaced by any product of j factors chosen from {g=251} U {(¢®*i-' + ¢72%): 2 <i <k —r}. O

4. PROOFS OF NON-BINOMIAL EXTENSIONS

4.1. Proofs of Theorems 1.5, 1.7, and 1.9. Recall that to get Theorem 2.11, one uses once the Bailey lattice after a few
iterations of the Bailey lemma (actually the special instances given in Lemmas 2.2 and 2.6). The clue here is to use twice the
Bailey lattice instead of once. More precisely, iterate r 4+ 1 times Lemma 2.2, then use Lemma 2.6. Next, iterate k —r — 5 — 1
times Lemma 2.2 with a replaced by a/q and use once again Lemma 2.6. Finally, iterate j — 1 times Lemma 2.2 with a
replaced by a/q?. (If j = 0, the two last steps have to be omitted. If  + j = k, the second and third steps have to be omitted,
and a needs to be replaced by aq in the remaining steps.) Letting n — oo in the relation (2.1) for the resulting Bailey pair
(aun, Br) relative to a/q? gives the following.
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Proposition 4.1 (New consequence of the Bailey lattice). Let (cv,, 8,) be a Bailey pair relative to a. Then, for all integers
J,r > 0and k > 1 such that r + j < k, we have

4.1) Z

51> >epi1>0 (@)sy—s - - (q)sk*SkJrl

2 2
a81+“'+5k+1q51+"'+8k+1*281*"'*2%*Sj+1*"'*5k7r

BSkJrl

_ 1 Za(kﬂ)e (k+ D)4 (r—j—kye L 1— (ag*t)ytt ghr1org(@ka—are—; 1~ (ag® 1)/ N
~ (a9)so = q 1 — ag? 1 — ag?—1 q —1 — a1 ¢

We now prove Theorems 1.5, 1.7, and 1.9 using Proposition 4.1.

Proof of Theorem 1.5. We apply Proposition 4.1. Inserting the unit Bailey pair (2.2) in (4.1) gives

14t Sp S 82 =28 — =28, — S 41— —Sk_p
“2) Z gsit+ kg 1t tsp—281 285~ si+1 k _ 1 Z(—1)ea(’”1)€q(k+1)52+(§)+(“j*""‘)€
51> >85>0 (@s1-55 - (@ 1—5, (@), (@)oo >0
% (a)e (1= (ag*~ l)jH k1= rq(2k:+2 arye—j L — (ag®t1)it!
(@) 1 — ag?l—1 1 — ag?t+t :
Now take a = ¢. Then the left-hand side corresponds to that of (1.9), while the right-hand side becomes
26(j 2042
1 Z(il)zq(k+%)52+(r7j+%)é 1— U+ L @Rt 1 — g2+2)0+D)
(@)oo & 1—g? 1—g2t+2

Split the sum into two parts, and apply the change of variables £ — —¢ — 1 in the second sum. This yields

LZ( 1) g+ HE+—i+1)

Y]
(@)oo L€z 1-q

e]_ — q £(3+1)

Expanding the quotient yields

Z Z 2k+3)(5)q(k+7-—j+2s+2)é.

s=0(€Z

Finally, applying the Jacobi triple product identity (2.4) with ¢ + ¢?**3 and z = ¢F*"=7¥25%2 we obtain the right-hand
side of (1.9). O

We give a similar proof of Theorem 1.7, starting this time from the Bailey pair (D’4).

Proof of Theorem 1.7. We now apply Proposition 4.1 witha = ¢, kK — k — 1 and r — r — 1 to the Bailey pair (3.8). Note
that the ranges » > 0, k > 1 and r + j < k are still valid, as the above Bailey pair is obtained by using one instance of the
change of base [BIS00, (D4)] to the unit Bailey pair. This gives

S34 b sp—S1— =8 +FSk_ 1Sk 1

3 4 ' : _ Z(_l)eq(kﬂ)z%(rﬂ-)e
51> >85>0 (@)sy—s5 - -- (Q)Sk_lf&c (q2§ q2)5k (Q)oc >0
% 1- q%(jﬂ) _ (2k+2-27)0+k+1—r—j 1- q(2e+2)(j+1)
1— g2 4 1 — g2t+2

The left-hand side is the one of (1.10). On the right-hand side, split the sum over ¢ into two sums, and shift { — —¢ — 1 in

the second one to get

: Z( 1)fqHDE+(r= jel =g Uty

— 2t
(@)oo = 1—gq
which by expanding the quotient yields

i:z 2k+2) 5) (k+r+17j+2s)é’

s=0LeZ
2k+2 k4+r+1—3j4+2s

O

We get the right-hand side of (1.9) by applying the Jacobi triple product identity (2.4) with g — ¢ andz =g¢q

We finally prove Theorem 1.9, starting this time from the Bailey pair (D’1).
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Proof of Theorem 1.9. We now apply Proposition 4.1 witha = ¢, K — k — 1 and » — r — 1 to the Bailey pair (3.9). Again
the ranges » > 0, kK > 1 and r 4 j < k are still valid, and this gives

Z q STt tsp—S1— =8+ Sk—rp1totSk_1428k 1 Z( )/ (k1) 2+ (r—j— 1)/1 +q2/+1
s1>>5,>0 (Q)51*82 te (q)sk,lfsk (q )q )Sk B (Q)oo KZO 1 + q
o (1= g*tuty g(kF2=20) k1) 1 — ¢H2E+)
1— q2€ 1— q22+2

The left-hand side becomes the one of (1.11). The right-hand side can be written as

v Z( 1) gh+DE +Hr—i=1)t (1(1““) g(2RHA=2) k2= J1q<2€+2><a+1>>
_ q2¢ —i73
1+ a) (@) 3 - —
+ - Z(*1)5q(k+1)e2+(r7j+1)é+1 <1q%(j+1) _ q(2k2r)€+krj].q(2€+2)(j+1)>
1+ ) (@) = T o

Split each sum and shift £ — —¢ — 1 in the second and fourth parts. This gives

2£(5+1)

1 2 1- q kD)2 (r—j1)e L — q%(jH)
S (1)t m0e LT S e .
(1+9)(@)o (ZEZ =~ 1— g%

Expanding the quotients gives

( (ZZ 2k+2 )q(kJrr J+2s)e+qzz e (2k+2 )q(k+rj+25+2)£>.

s=0 (€Z s=0 (eZ

Applying the Jacobi triple product identity (2.4) with ¢ +— ¢?*72 and z = ¢*+" 725 or z = ¢F+7—7+25%2 yields the
right-hand side of (1.9).
(|

4.2. Non-binomial extension of the Bresssoud-Gollnitz—-Gordon identities. Inspired by the methods in [DJK25], we see
that an extension of Proposition 4.1 is needed, through the following process (the method is the same as for Proposition 4.1,
except that at two appropriate steps we keep one finite parameter p) (therefore using Lemma 2.3 instead of Lemma 2.2).

First use Lemma 2.3 with p = b and iterate r times Lemma 2.2. Then use Lemma 2.6. Next iterate & — r — j — 1 times
Lemma 2.2 with a replaced by a/q and use once again Lemma 2.6. Iterate j — 2 times Lemma 2.2 with a replaced by a/q?,
and finally once Lemma 2.3 with a replaced by a/q? and p = c. As for Proposition 4.1, one has to examine what we should
do when the number of steps described above is negative: If j = 0 and r = k, we do not use any lattice in the k£ + 1 steps of
the process. If 7 = 0 and r < k or if 5 = 1, we only use one lattice. Note that for some extremal cases, one has to replace
Lemma 2.3 in the first or last step by the use of the Bailey lattice in Theorem 2.5 in which ¢ — oo while we keep p. Again,
letting n — oo in the relation (2.1) for the resulting Bailey pair (cv,,, 3,,) relative to a/q? gives the following.

Proposition 4.2 (Another new consequence of the Bailey lattice). If («,, 5n) is a Bailey pair relative to a, then for all
integers k > 1and 0 < r,j < kwithr + j < k, we have

“4.3)
s2 52 s s
$ DT oy @t B e
s§12-2>8K+1>0 bfacoka (aq/c)sk (q)51*32 T (q)sk*SMl e
(a/bq) > alk+1e IR (b, c)e 1
G COR (a/bg,aq/c)e 1 — ag?

. 1—pgltl
1—bgt 1+ a3+1q(2j+1)eﬂﬁ

b— aq£—1 1— aq2£+1

1, (2j+1)0—j—1_1=bg’
1+a?mq b—aq’~1 4 ght1mr o (2ht1-2r)0—j

X 20—1 q

Qy.
1—aq ¢
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Applying (4.3) to the unit Bailey pair (2.2), we get

(1)1 (B),, qor o g B odt 4ol b o o128y g1k
“h 2 o @oron @@
51> >85>0 Sk S1—82 * " Sk—1—Sk Sk
k
“/ bq =y (1 a( P e e (@bc)e
OO >0 (Q7 a’/bQ7 CI,Q/C)[
i+1(2j+1)6—j—1_1—bq" j+1 (25 +1)¢+5 1=bg"t*
X 1+ a’ q( e b—ag’~?! + ak‘i’l*’r‘ (2k+1—-2r)0—j 1- qu L+ a’ ( AR b—agq’
1 — ag2t-1 q b—ag’1 1 — ag2tt1

As for (4.2), the appropriate choice for a to derive Stanton type formulas is a = ¢ (this is clear by inspecting the powers
of a and ¢ on the left-hand side of (4.4)). Note that the alternative classical choice is usually a = 1, which creates problems
of convergence here. When a = ¢, we get

2
1462 2451 ;
( 1)81(b)51 q7+52+"'+5k+77517"'7S]+5k—1‘+1+ +5k

4.5) Z b1 (q2/c)5k (q)slfs2 e (q)sk,lfsk (Q)sk

s12-2>5,20

_ (1/0)s (*1)2 (k+3)0P+(r—j+2)e (b, c)e
T (@ Z by ! (1/b,¢2/c)e

(2 +1)el bq (2j+1)(£41) 1=bg"™?
L+q™ b—q* tq (2k4+1—2r)b+k+1—r— ]1_bq€1+q ’ [ i

x 1—q2t h— 1 — g2t+2

As mentioned in the introduction, m-versions of Bressoud’s extensions [Bre80, (3.6)—(3.9)] of the Gollnitz—Gordon iden-
tities are derived in [DJK25]. The method uses a bilateral version of a simpler case of Proposition 4.2 (in which only one
instance of the Bailey lattice is used instead of two). As a result, it is shown that, as for the cases of the Andrews—Gordon
and Bressoud identities, all results come in pairs, arising from the two choices a = 1 and @ = ¢. Surprisingly, it is for
instance noticed that [Bre80, (3.6)] (which extends one of the Gollnitz—Gordon identities) arises in pair with Bressoud’s
identity (1.5), while [Bre80, (3.7)] (which extends another of the Gollnitz—Gordon identities) arises in pair with Bressoud’s
identity (1.6). Similarly, [Bre80, (3.8)] (resp. [Bre80, (3.9)] arises in pair with a new formula expressed in [DJK25, Corollary
2.10] (resp. [DIK25, Corollary 2.12].

As can be seen in the cases of the Andrews—Gordon and Bressoud formulas, their extensions discovered by Stanton now
embed both choices @ = 1 and @ = ¢ in formulas involving two integral parameters j and r, instead of only one parameter
as usual. As seen in the previous sections, these formulas can be derived from the Bailey lattice with only one choice a = g,
but one needs to use twice the Bailey lattice instead of once.

Our goal is to do the same here for Bressoud’s extensions of the Gollnitz—Gordon identities, by using Proposition 4.2.
Nevertheless, as explained above, the only reasonable choice for a is ¢, resulting in formula (4.5).

The first specialisation used in [DJK25], namely b — oo, ¢ = —g, applied to (4.5), yields Stanton’s formula (1.10). The
second specialisation in [DJK25] is b — 00, ¢ = —¢*/2, which does not seem to yield interesting formulas. Alternatively,
we are able to prove Theorem 1.12.

Proof of Theorem 1.12. Take b — oo, c = —q3/? in (4.5), replace ¢ by ¢> and multiply both sides by (—¢; ¢*)so. Then the
left-hand side becomes the desired expression. On the right-hand side, we obtain

q q ) Z 2k+2)£2+(2r72j—1)é(1 F gy 1— gMG+D 11— q(2j+1)(£+1)q
1— q4£ 1— q2€+2

(2k+127‘)[+k+17‘j>

Split the sum and apply the change of variables ¢ — —/¢ — 1 in the second sum. This gives
— MG+
q q ) 2k42)£2+(2r—2j—1)¢ 2041y1 — ¢
E 4 1 +( j—1) (1+¢ ) T

Expanding the quotient yields
q q o0 ZZ / (4k+4) )+(2k~+2r—2j+4s+1)é(1+q2Z+1).

s=0 LEL

Splitting the sum over £ into two sums and applying twice the Jacobi triple product identity (2.4) gives the desired result. [J
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Now we turn to the two last specialisations used in [DJK25] to extend [Bre80, (3.8)—(3.9)], namely b = —q'% ¢ >
and b = —q'/2, ¢ = —q, respectively. In view of (4.5), it seems hopeless to handle the right-hand side nicely with these
specialisations. Alternatively, the choice b = —1 gives the next two results.

Theorem 4.3. Let j,r > 0 and k > 1 be integers such that j +r < k. Then

2
%+s§+-~+s’z‘,+‘%7517---fsj+s;€7r+1+---+s;c(_1)
CEONEED
$1> >85>0 (@s1—s - (D sy —si (Q)Sk
2r
_ )oo 2k+2 k+1—r—j+s+t k+14r+j—s—t. 2k+2
q 507 oo
)oc s=0 t= 0

Proof. Take b = —1,c — oo in (4.5). We get the desired left-hand side, while the right-hand side becomes
1 —q@the 1 o@D+
1— g2t 11— g2t

oo e (k+1)é2+(r—j+1)€ ( (2k+1—2r)€+k+1—r—j) )

( > 1’>0

Split the sum into two parts, and in the second one, apply the change of variables £ — —¢ — 1. This transforms the sum into
11— g2i+1e

1_q2€

)oo e (k+1)£2+(r—j+l)

OO

FeZ
Now apply the substitution £ — —/ to this expression, obtaining

—(2r41)¢
1 — q2€ '

oo Z e (k+1)ez +(r—j+1)
)oc ez
Adding the two above expressions and dividing by 2 gives

1 . q(2j+1)€ 1+ q(2r+1)6

)oo e (2k+2) 5)+H(k+1—r—j)¢
oo ZeZ L—qf L+ 4f
Expanding the quotients and applying the Jacobi triple product identitiy (2.4) completes the proof. ]

For r = 0, Formula (4.6) is [DJK25, Corollary 2.10] with (r,4) — (k + 1,j). When k = 1, the three possible cases
(4,7) = (0,0), (1,0) and (0, 1) are equivalent to Slater’s identities [S152, (8), (12), (13)].

Theorem 4.4. Let j,r > 0 and k > 1 be integers such that j +r < k. If r > 1, then we have

92 s
qF TS TS G s sy st sk (=1)s,

47 (1+¢"%
512...22%20 (Q)S1—82 et (q)sk—l_sk (q7 _ql/Q)Sk

(7q) 25 2r—2 K ‘ |
= = <Z Z (—1)t(g2h 1, ght3/2-r—itstt gh=1/24r4j=s=t, 2kl

] 2r

1/2 2k1 k12——'(+t k+1/2 j—s—t., 2k+1

BT S () (e e ),
s=0 t=0

and if r = 0, then we get [DIK25, Corollary 2.12] with (r,i) — (k + 1, j).

Proof. Take b = —1,¢ = —¢*/? in (4.5) and multiply both sides by 1 + ¢'/2, then we get the desired left-hand side, while
the right-hand side is

o 1)0qEH1/DEH=DE(] 4 4172 (1 — g gD

. (2k+1—27)+k+1—r—j
1— q2€ 1— q2€+2 q .

°° e>o

Split the sum into two parts, and in the second sum apply the substitution ¢ — —¢ — 1. This yields

(=Dee Z(—1)4q(k+1/2)152+(r 3)1’1_‘1( e _|_q1/2z 1)fq(b+1/2)6 +(r— y+1)z¢2j;)é .
LeZ 1= 1S/ l—gq
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Now replace ¢ — —/{ in each sum, add to the original expressions, and divide by 2. We obtain

(—9) <Z(l)eq(2k+1)(§)+(krj+3/2)z 1 — g+t 4 g@r=1¢

(@) \ 7 1—¢* 1+¢*

+ q1/2 Z(_1)zq(2k+1)(§)+(k:7r—j+1/2)

Z]' _ q(2j+l)€ 14+ q(2r+1)6>
LET

1_qé 1+q€

If r = 0, the two sums are the same, so one can extract a factor 1 4 ¢'/2. Expanding both quotients and applying the Jacobi
triple product identity (2.4) yields [DJK25, Corollary 2.12] with (r,4) — (k + 1, 7). If » > 1, expanding the four quotients
and applying (2.4) twice gives the result. (]

5. INSERTION MAP FOR MULTIPARTITIONS REVISITED

In this section we revisit the particle motion bijection, which was first used in [War97], and generalised recently in [DJK24],
to make it more systematic and easier to apply. Warnaar’s approach had a simpler combinatorial description but was less
general, while the approach of [DIK24] was more general and gave rise to useful explicit formulas but was less intuitive to
understand. Our goal here is to keep the best of both worlds by reformulating the approach of [DJK24] in the style of Warnaar,
which leads both to a simple combinatorial description and explicit formulas.

In the next sections, we will use this bijection to give partition-theoretic interpretations of Stanton’s non-binomial identities
and prove Theorems 1.5, 1.7 and 1.9 by combining it with the Andrews—Gordon and Bressoud identities.

Recall from the introduction that a partition A = (A1,...,\¢) is a weakly decreasing finite sequence of non-negative
integers, that is, A\ > Ay > --- > Ay > 0. Each non-negative integer \; is called a part of A and ¢(\) = ¢ is called the
length of . A frequency sequence (f;);>o is a sequence of non-negative integers. Given a partition, its frequency sequence
is defined by setting f; to be the number of parts of size ¢ for all ¢ > 0. This yields a one-to-one correspondence between
frequency sequences and partitions. The size and length of a frequency sequence (f;);>o are defined as |f| := Y. if; and
U(f) == ", fi> respectively, which coincide with the size and length of the corresponding partition. -

From now on, we use the notation of a multipartition, which simply refers to a finite sequence of partitions. For an integer
k > 1, a k-multipartition X = (AP X2 \*)) is a tuple of partitions A(?), and each of them may be empty. The size
IA| of A is defined by 3% [A(®)|, and the length £(X) of A is defined by 25, £(A(®).

A frame sequence is a frequency sequence (f;);>o such that fo; > fo; 12 and fo;41 = 0 for all ¢ > 0. We can associate a
frame sequence to each multipartition as follows. For a k-multipartition A = ()\(1), e A(k)), let sq, ..., si be integers with
$1 > - -+ > s > 0such that the length of A s g, — $;41 for all 4, where we set si41 := 0. Then, the frame sequence fs(\)
corresponding to A is defined as (fo, f1, fo, ... ), where the entries fo, fo, f4, . . . are, in this order, sy copies of k, (Sg—1 —Sk)
copies of k — 1, ..., and (s; — s2) copies of 1. That is,

fs(A) :== (k,0,...,k,0,...,4,0,...,4,0,...,1,0,...,1,0,0,...).

Sk pairs S8;—S8;41 pairs S1—S2 pairs

The following two sets are used throughout the paper.

Definition 5.1. For a non-negative integer k, let Py, denote the set of all pairs (X, fs(\)), where A is a k-multipartition
and fs(A) is the frame sequence corresponding to A. Let Ay denote the set of all frequency sequences (f;);>o such that
fi + fi+1 § k for all ¢ Z 0.

In this section, we introduce an insertion map A for multipartitions, which defines a size-preserving bijection between the
sets Py and Ay, where the size of an element (A, fs(A)) € Py is defined as |[(A, fs(A))| := || + |[£s(A)[. Although fs(\)
is uniquely determined by A, we regard A as a map from Py, to Ay, rather than directly from the set of multipartitions A, in
order to emphasize that it preserves the size.

Particle motion. Let f = (fo, f1,...) be a frequency sequence. Suppose that u is a non-negative integer such that there
exists h > 1 with f, + fyu+1 = hand f; + f;41 < hforall ¢ > u. We now describe the procedure for applying m particle
motions in f, starting from the pair (f, fu+1). Consider the pair (f,, fu+1). If the local condition f,11 + fut2 < his
satisfied, we perform the following (single) particle motion:

(fuafu+1) = (fu - 1afu+1 + 1)'

As long as the local condition remains satisfied for the current pair (f,, fu+1), we continue to apply this particle motion
repeatedly at the current pair. Once the local condition is no longer satisfied, that is, if f,, 11 + fut+2 = h, then we increment
u by 1, shift our focus to the next pair (fy+1, fur2), and repeat the same procedure. This process continues until exactly m
particle motions are performed.
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The resulting sequence remains a frequency sequence; that is, all entries are non-negative integers. This follows from the
fact that the single particle motion at (f,,, f,+1) can only be performed when f,, > 1.

Definition 5.2. Let f = (fo, f1,...) be a frequency sequence and m be a non-negative integer. Suppose that u is a non-
negative integer such that there exists h > 1 with f, + fy11 = hand f; + f;11 < h for all i > u. We define pmgm) (f) to
be the resulting frequency sequence by applying mn particle motions starting from (fus fugr) in f. Moreover, if pmgm) (f)=

(fo, f1,.-.) and the final focus is on the pair (f,, f, 1), then we say that the pair (f,, fu+1) moves to (f,, fo11)-

Note that shifting the focus is part of the procedure for locating the next applicable pair and does not affect the frequency
sequence. The single particle motion (fy, fut1) — (fu — 1, fut1 + 1) implies both f,, + fu11 < hand fu11 + fuie < h.
Therefore, by construction of the particle motion, the frequency sequence f = pm&m) (f) satisfies f; + f; 11 < hforall
i > u. Note also that if the pair (fy, fu+1) moves to (f,, f,41), then f, + fo 1 = fu+ fuy1 = h.

Example 5.3. A frequency sequence ( f;);>0 is represented by placing boxes above the x-axis. Starting from the Oth column,
the number of boxes in the ith column corresponds to f;. The current focus is indicated by shading the corresponding boxes
in gray and marking the corresponding position on the z-axis with a bold line.

Let f = (4,0,2,0,3,1,0,0,...) be a frequency sequence. By Figure 1, we obtain f = pmég)(f) where

7F=1(2,0,31,0,3,1,0,...).

Here, (fo, f1) = (4,0) moves to (f5, f¢) = (3,1).

SOE UcjSEN shEgNs JeEgst )3
N=1 IESNEE 1SS PENANEREY NcEE N
EE Bl e BN LN °

FiGure 1. Illustration of applying 9 particle motions starting from ( fo, f1) in the frequency sequence f =
(4,0,2,0,3,1,0,0,-- ). The symbol = indicates a single particle motion, and — indicates a focus shift.

In this paper, we only apply the particle motions to pairs ( f,,, fu+1) of the form (h, 0) with a positive integer h that occurs
in the frame sequence. Therefore, from now on, we assume that the starting pair (fy, fu+1) is of the form (h,0) with a
positive integer h.

In [DJK?24], the authors describe the frequency sequence obtained by iteratively applying the particle motion. As a result,
the resulting frequency sequence can be computed directly in a single step, without performing each individual particle mo-
tion. In the next proposition, we show that applying m particle motions as described above gives exactly the same frequency
sequence.

Proposition 5.4. Let f = (fo, f1,...) be a frequency sequence. Suppose that u is a non-negative integer such that there
exists h > 1 with (fu, fur1) = (h,0) and f; + fir1 < h forall i > u. For a non-negative integer m, let f = (fo, f1,---)
be the frequency sequence obtained by applying m particle motions in f, starting from the pair ( fy, fu+1). To determine the
position where the pair (fu, fut1) moves, define

5.1 v:min{tZquQ: Z (h(fi—1+fi))2m}.

i=u+2
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Then (fu, fus1) movesto (f,_o, fo_1). The frequency sequence f = pm&m) (f) is given explicitly by:

Ji if0<i<u,

fit2 ifu<i<ov-—2,
(5.2) Fim= S fot Y mun(h=(fia+ f)—m  ifi=v—-2

foor+m =30 oh=(fia+ f3) ifi=v—1,

Ji ifi >w.

Proof. Let (fu, fut1) = (h,0) move to (f,_,, f,_;) for some v —2 > u. We use the following facts: (1) f, o+ f,_; = h;
(2) the entries originally between f,, 1o and f,_; are shifted two steps to the left; and (3) all other entries remain unchanged.
Facts (1) and (3) are straightforward. Fact (2) requires a brief explanation. The focus moves from (f,,, fu+1) t0 (fut1, fut2)
only when f,, + fut1 = fu+1 + furo, thatis, when f,, = f,+2. From this point on, the value of the uth entry remains equal
to fu+2. Therefore, we may regard the original value of f, o as being shifted two steps to the left.

Using the facts above, we have

u—1

v—3
FIl=Yifi+Y i+ (w=2fp+@0=DF,_1 + Y ifi
=0 i=u i>v
v—3 B B
=3 ifi =23 firr—ufu— (wt+ Dfurr + (0 =2)F o+ - 1Ff,_,
>0 i=u
v—1
=1fl1=2 Y fi—uh+@=2f, 5+ @-1)F, 1
1=u+2
Since f is obtained from f via m particle motions, its size is | f| = | f| + m. Therefore, we obtain
v—1
(U - 2)fv—2 + (U - 1)fv—1 =m+uh+ Z fZ
1=u+2

Using f,_o + f,_1 = h, we can express the left-hand side as either (v — 2)h + f,_; or (v — 1)h — f,_5. These two
expressions determine f, , and f,_;, as given in (5.2). One can also check the formula (5.1). ]

Example 5.5. Let f = (4,0,2,0,3,1,0,0,...),u =0and m = 9. Then fy + f1 = 4 = h. We have v = 7, since
6

7
Sh—=(ficx+£)=8<9, and > (h—(fiir+fi)) =12>09.
=2

=2
By the explicit formula (5.2),
fir2 if 0 <i <5,
0+12—-9=3 ifi=5,
0+9-8=1 ifi=6,
0 ifi > 7.
Hence, we obtain

pm{”((4,0,2,0,3,1,0,0,...)) = (2,0,3,1,0,3,1,0,...),

which coincides with the result in Example 5.3.

Now we reformulate the explicit map A defined in [DJK24] in terms of particle motions.

The map A. We now construct the map A : P, — Ag. For a k-multipartition X = (A, ... A(*)), define a sequence
(s1,-.., k) of non-negative integers with s; > --- > s > 0 such that, for all 4, A has a length s; — s;4+1 where we set
Sg+1 := 0. Recall that the frame sequence fs(\) consists of s; — s;41 pairs equal to (¢,0) for¢ = 1,..., k. The map A

produces the frequency sequence from fs() by applying the particle motion starting from (1, 0) with step sizes given by the
parts of (1), from (2, 0) with step sizes given by the parts of \(?), ..., and from (k, 0) with step sizes given by the parts of
A*) . We give a formal definition of this map.

Let A = (Ao, ..., As,—1) be the sequence of non-negative integers defined by
(5.3) o115 Asy =2y s A A0) = (AL A AW,

S§1—82)
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That is, let (As,—1, As;—2 .., As;yy) = AW )\g)fs .,) foreachi = 1,... k. Since A can be obtained directly from
fs(A) and A, we regard the palrs (A, fs(X)) and ()\ fs(X)) as essentially the same.
The map A associates to a pair (A, fs(\)) , where A is a k-multipartition and fs() is the frequency sequence corresponding

to A, the frequency sequence
A A As Ney
A f5(N)) = (pmg " o pm™ o+ 0 pm L) o pm;(si_g) (fs(N)) .

This map A can also be described, as was done in [DJK24], by using a sequence of intermediate frequency sequences,
constructed recursively by

(5.4) fs(A) =: 901) glr=D (M) 90 .= A(X, fs(N)),
where each () is obtained from #(*t1) by
(5.5) 00 = pmi> (0““)) fori=s1 —1,...,1,0.
We index the parts A5, 1, ..., Ao and the recursive steps 6¢1) . A0 in reverse order to ensure consistency with the
starting positions 2(s; — 1), ..., 2,0 of the particle motions. Note that if (G(H_l 0%:11)) (h,0), then A, is an entry of the

partition \(").

Example 5.6. Let A = (A, X2 XG) \®) = ((3,1),0, (6,6, 5,3), (19, 0)) be a 4-multipartition. Then the corresponding
frame sequence is fs(\) = (4,0,4,0,3,0,3,0,3,0,3,0,1,0,1,0,...) = 0. See Figure 2 for the process of applying the
map A to (fs(X), A). Hence, we have

A(fs(A), A) = (pméo) o pm{” o pm{® o pm(” o pmi® o pmig o pm{y o pmiﬁ) (55(A)))
=(4,0,0,3,0,1,2,1,1,2,1,2,0,3,1,0,0,1,0,...).
The size of the frequency sequence A(fs(A), A) is equal to
[ s 4+ AV + (AP + AO] 4 (XD =118 + 44+ 0420419 = 171.

By construction, A(fs(A), A) is a frequency sequence satisfying f; + f;11 < k forall 4 > 0. Hence the map A : P, — Ay,
is well-defined. In addition, the map A is in fact a bijection from P}, to Aj. The following property proved in [DJK24] plays
an important role in constructing the inverse map of A.

Proposition 5.7 (reformulation of Proposition 3.15 of [DJK24]). Let X be a k-multipartition with {(\) = s. Let0®) ... (1) 9©)
be the sequence of frequency sequences in the construction (5.4) of A(fs(X), X), that is,

80 = pm{O (06+D) and (98D, 65DY = (h, 0),

21+1
for some 1 < h < k. Assume that (057", Ogﬁ ) moves to (65", 49U+1) via the map pm$*). Then, the integer h is the largest

value ofﬁ( 2 0(1) 11 forall w > 2i, and v is the smallest integer u such that v > 2i and 9(1) 9511 =h.

We briefly describe the construction of the inverse map I" of A. Given a frequency sequence, find the leftmost pair of
adjacent entries whose sum is maximal. Apply reverse particle motions to move this pair to the first and second positions, until
the second position becomes zero. Record the number of reverse particle motions applied during this step. Then, excluding
the first and second entries, repeat the same procedure: find the next leftmost maximal pair among the remaining entries,
move it to the third and fourth position using reverse particle motions, until the fourth position becomes zero. Again, record
how many reverse particle motions are applied. Continue this process until all entries of the remaining sequence are zero.
The resulting sequence represents the frame sequence fs(u), and the recorded numbers form the sequence (ps—1,- - -, fo),
from which the multipartition p can be recovered.

Based on the above description, we now formulate the construction of I more precisely.

Reverse particle motions. We define the reverse step of the particle motions to construct the map I'. Let f = (fo, f1,...)
be a frequency sequence and u be a non-negative integer such that f,,_1 = 0, where we set f_; = 0. We now describe the
procedure for applying reverse particle motions in f ending at u.

Let & be the largest value of f; + f;11 forall i > u. Choose the smallest index v > w such that f,, 4+ f, 41 = h. Consider the
pair (fy, fu+1). If the reverse local condition f,_1 + f, < h is satisfied, we perform the following (single) reverse particle
motion:

(fvafv-i—l) = (fv + 1’fv+1 - 1)'

As long as the reverse local condition remains satisfied at the current pair, we continue applying this reverse particle motion
repeatedly at the same pair. Once the condition is no longer satisfied, we decrement v by 1, shift our focus to the previous
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BB A = 00 0O0-d- — 9
[T B u L]
0123456 7 8 91011121314151617 18 0123 456 7 8 91011121314151617 18
B_ [ 1 | [
012345678 91011121314151617 18 012345678 91011121314151617 18
(I O I é (N O I O O O —9®)
10 [1
0123456 7 8 91011121314151617 18 0123456 7 8 910111213141516 17 18
HpERERE S OO0 ﬁ — 9™
8
0123456 7 8 91011121314151617 18 0123456 7 8 91011121314151617 18
HpEEE S OO0 — 93
6 [
0123456 7 8 91011121314151617 18 0123456 7 8 91011121314151617 18
HE 3 OO e
[1 4 [1
0123456 7 8 91011121314151617 18 0123456 7 8 91011121314151617 18
] 19, —
L [] 2 []
0123456 7 8 91011121314151617 18 01 23456 7 8 91011121314151617 18
0
= =00 .= A(X, fs(X))
0

01234567 8 91011121314151617 18 01234567 8 91011121314151617 18

Ficure 2. The process of applying the map A to (X, fs(\)) where A = ((3,1),0, (6,6,5,3), (19,0)).
Here, the notation f == f indicates that f = pm&m) ().

pair (f,—1, fv), and resume the same procedure. This process continues until the focus reaches the pair (fy, fu+1) and the
condition f,, 11 = 0 is satisfied. Record the resulting frequency sequence and the total number of reverse particle motions
applied during the process.

Definition 5.8. Let f = (fo, f1,...) be a frequency sequence and u be a non-negative integer such that f,,_; = 0. We
define rpm,, (f) to be the frequency sequence obtained by applying reverse particle motions in f ending at u, and rstep,, (f)
to be the total number of reverse particle motions applied, as described above.

Note that in general, the reverse particle motion is not the inverse of the particle motion. Suppose that, for a given frequency
sequence f and non-negative integer u, the pair (fy, fut+1) = (h,0) moves to (f,, f,.1) by applying particle motions
multiple times in f starting from (f,, f,+1). To recover f via the reverse particle motion of f ending at u, the index v > u
must be the smallest index such that f, + f,4+1 = h. For instance, in Example 5.3, we have (2,0,3,1,0,3,1,0,---) =
pm{”((4,0,2,0,3,1,0,---)), but

rme((27O7371307371707"')): (4’0727070’3’1707.'.) # (470’270737170’...)'

In this case, the reverse particle motion is not the inverse of the particle motion. On the other hand, in Example 5.6, we have
rpmy,; (0()) = 0+ forall i = 0,..., 7. Thus, in these eight cases, the reverse particle motion is indeed the inverse of the
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particle motion. In fact, by Proposition 5.7, all particle motions appearing in A have reverse particle motion as their inverse
map.
Similar to the particle motions, the authors in [DJK24] gave explicit formulas for rpm,,(f) and rstep,, ().

Proposition 5.9. Let f be a frequency sequence, and let u be a non-negative integer such that f,,_1 = 0, where f_1 := 0.
Set

h=max{fi+ fix1:i>u}, and v=min{i >u+2: fi_o+ fi_1 =h}.
Then the frequency sequence rpm,,(f) = (fo, f1,- - . ) and the non-negative integer rstep,,(f) are given explicitly by:

fi if0<i<u,

(56) f’L = fi72 Ucu + 2 S 1 <, and (fuv?u-i—l) = (h70)7
i ifi >,

and

(5.7) rstep, (f) = h — fu + Z (fi + fis1))-

Proof. The proof uses a similar idea as in the proof of Proposition 5.4. By applying reverse particle motion, the intermediate
entries originally between f,, and f,_3 are shifted two steps to the right. From this fact, (5.6) follows. The formula (5.7) then
follows directly from |rpm,, (f)| + rstep,(f) = |f]. O

The map I'. We now construct the map I" : A — Pi. Let f be a frequency sequence such that f; + f;11 < k for all

i > 0. The image of f by the map T is defined recursively as follows: Let (®) = f. Construct **1) and p; fori = 0, 1
recursively by

(5.8) N = rpmy;(n@), and  p; = rstepy; (n?).

Since f has finitely many nonzero entries, the smallest integer s such that 17(5 = Oforall? > 2sis well-defined. The sequence

n(*) is a frame sequence, and from this together with (o, ..., its_1), one can immediately obtain the k-multipartition .
Therefore, we define I'(f) := (u,fs(w)). As an example, let f = (4,0,0,3,0,1,2,1,1,2,1,2,0,3,1,0,0,1,0,---) € Ay4.
Then I'( f) is obtained by reversing the procedure described in Example 5.6.

We conclude this section with the main result: the map A : P, — Aj is a bijection and its inverse is given by I". This
was proved in [DJK24], but the proof there was quite tedious. With the new formulation of this paper, the proof is only a few
lines.

Theorem 5.10 ([DIK24]). The map A : P, — Ay, is a size-preserving bijection, with inverse map I'. More precisely, let X be
a multipartition with {(X) = s, and let (9(3), ey 0(0)) be the sequence of frequency sequences obtained in the process (5.4)
of applying A to (X, fs(X)). Let (09, ... ,n®)) be the sequence of frequency sequences obtained in the process (5.8) of
applying T to A(X, fs(X)). Then we have s = t, and 89 = ) for eachi =0, ..., s
Proof. Recall that the sequence (9(8), . ,6(0)) of frequency sequences is defined by
fs(A) =: 0 9G=1 9 90 .= A(X, fs(N)),
where
6 = m(%‘i)(e(i+1)) fori=s-1,...,1,0.
Assume that (9@+1 9;111 ) moves to (97(, ,9131) via the map pmg;‘i). Then, by Proposition 5.7, v is the smallest index
u > 2i such that 6% + 07(3_1 = max{6” + 61" 11 1 u > 2i}. By the construction of T, it follows that
rpmy; (0) = 00D and  rstep,,; (0)) = A;.
The converse follows directly from the construction. Therefore, for each i = 0,...,s — 1, we have
00 = pm}? (01D = (rpmy; (01, rstepy; (0) ) = (90, A, ) .
Since every step in the construction of A is invertible, the map A is a bijection, with the inverse map I". Moreover, the
following holds:

[AN Bs(A))] = [ f5(A HZ/\ = [N+ Al = (A, Bs(N))].
=0
Hence, A is size-preserving, which completes the proof. ]
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6. A COMBINATORIAL PROOF OF THEOREM 1.5

Our strategy is as follows. We first define a subset & ,. ;. C P}, whose generating function corresponds to the sum side of
Theorem 1.5 (Proposition 6.2). On the other hand, we define a subset V; ., C Aj;, whose generating function corresponds
to the product side of Theorem 1.5 (Proposition 6.5), using the Andrews—Gordon identities. However, the set V; ;. ;. is an
artifact introduced solely to match the desired generating function. To connect X} ;.3 and ;. 1, we define a new subset
Z;rr C Ak, and show that there exists a size-preserving bijection between Y; ;. and Z; ., C Ay (Proposition 6.7). We
then prove that the map A gives a bijection between X} .1, and Z; . (Proposition 6.8). Combining these results gives a
partition interpretation of the identity, and this also provides a combinatorial proof of Theorem 1.5.

6.1. The sum side of Theorem 1.5.

Definition 6.1. Let j,r, and k be non-negative integers with j + r < k. Define X, to be the set of all pairs (A, fs(X)),
where A = (A, ..., \(®)) is a k-multipartition and fs(\) is the frame sequence corresponding to X, subject to the condition
that each part of \(") is at least m — j + max{m — (k —r),0} foreachm = 1,... k.

The size of (A, (fi)i>0) € X} r i is defined by Zle IAND| 4+ 37, ifi. We give a combinatorial model for the left-hand
side of the equation in Theorem 1.5. We use the following facts. A simple calculation (as shown in [DJK24, (2.15)]) shows
that the weight of fs(sq, ..., sg) is

(61) |fS(31,...,Sk.)| :S%+—|—3E — (31 ++Sk)
Let Py, (n) be the number of partitions of n of length £ into parts at least d. Then
g%
(6.2) Pra(n)g" = —.
nzz% ’ o

Proposition 6.2. For non-negative integers j,r, and k with j + r < k, we have

s34 tsi—(s1t 485 F(Spmrp1ttsi)

E [(Afs(A)] — E 4
q =
(Q)s1752 e (q>5k—175k <Q)Sk

(A ES(A)EX vk s12--28,20

Proof. Fornon-negative integers s1, . .., s, Withs; > --- > s > 0, define X ,.(s1, ..., s) to be the set of k-multipartitions
A= (AW, AR such that, for each mn,

e the length of AM) g g, — Sm+1, and

e each part of \(™ is at least m — j + max{m — (k —r),0}; that is,

)\gm) > > )\((::)_smﬂ >m —j+max{m — (k—r),0}.
Let fs(s1, ..., sx) be the frequency sequence corresponding to k-multipartitions in X ,.(s1,. .., s;). We can express & , i
as
Xiew= || (s, 80} x Xjp(s1,..0, s0)
s12--285,20

By (6.2), we have

. k—r m—3)(8,, —s k—1 ek — ) (5 —s o er
NI » SR S § A gkt =) (sm—sm41) g+r—i)sw
! @ @ @ @
AEX; (515 5k) m=1 SmTEmAL m—jtl Sm = 8m+1 m=k—r+1 Sm—Sm+1 Sk
q(sjurl+-..+Sk77-)+2(sk,,.+1+...+Sk)
(q)sl_S’z e (q)sk,l—sk (q)ak
This, together with (6.1), completes the proof. -

6.2. The product side of Theorem 1.5.

Definition 6.3. For non-negative integers j, r, and k with j +7 < k, we define ); . 5, to be the set of all frequency sequences
(fi)i>o such that f; + f;41 < k for all § > 0, subject to the condition that

foe{l+max{l—(j—r),0}:0< <5}
We also define Y i, to be the set of all frequency sequences (f;);>o such that f; + fiy1 < k forall 4, and fy = s.

Using Theorem 1.1, we immediately have the following.
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Lemma 6.4. For non-negative integers s and k with 0 < s < k, we have

Z q\f| _ (q2k+37qk+l—s’qk+2+s;
fEYs (Q)oo

q2k+3)oo

We give a combinatorial model for the right-hand side of the equation in Theorem 1.5.

Proposition 6.5. For non-negative integers j,r, and k with j + r < k, we have
L (g
OIIEDS

fEY) rk s=0

2ht3 ghtlorhjo2s ghd24br—jt2s, (2k+3)
b b b) o0

q q

(@)oo

q

Proof. If j < r, then the values £ + max{¢ — (j —r),0} = r—j+2{for 0 < ¢ < j, are between 0 and k. The proof follows
immediately from Lemma 6.4 and

{{+max{l —(j—7r),0}:0<l<j}={r—j+2s:0<s<j}.
Now suppose j > r. Then the set
{{+max{l —(j—r),0}:0<¢<j}={0,1,...,5—rj—r+2,....5+7}
can be expressed as the disjoint union of the two sets
{J+rj+r—2,j+r—4, - yu{j—r—-1,j—r—-38,j—r—>5,--- 1
The first set is given by
{r—i+2s:s=[G-7)/2,,(G-7)/2]+1,....5},
and the second set is
{j—r—-1-2s:5s=0,1,...,[(j—r)/2] — 1}

We divide ;.\ into two parts depending on whether fq belongs to the first set or the second set. By Lemma 6.4, the
corresponding generating functions for these two parts are, respectively,

J

(23, ght1=(r=j+2s) gkt 24 (r=jt2s), (2h+3)

(6.3) ) ) b o0 ,

s=1G—r)/2] (@)
and
64) W—%QJ—1 (29 H3, b 1= (=r=1=25) k424 (i—r—1-25), (2k+3)

s=0 (Q)oo
LG=r)/2]-1 (2R3, ghH1—ri=2s ght2br—jts, 2k3)
B (@) ’
s=0
where the equality in (6.4) follows from switching the first two terms in the Pochhammer symbol in the numerator. Adding
.3) and (6.4) completes the proof.

(6.3) and (6.4) pl he proof. O

6.3. A combinatorial proof of Theorem 1.5.

Definition 6.6. For non-negative integers j, r, and k with j 4 r < k, we define Z; ;. ;. to be the set of all frequency sequences
(fi)i>o such that f; + fiy1 < k for all i > 0, subject to the condition that

fo <j—max{fo+ f1 — (k—r),0}.
Note that this condition is equivalent to
fo<g and 2fo+ fr <k—r+j.
Proposition 6.7. There exists a size-preserving bijection from Y; 1, to Zj r 1.
Proof. The additional conditions on Y , ,, and Z; ;. ;, are given respectively by
foe{l+max{l —(j—r),0}:0<¢<j}, and fo<j—max{fo+ f1 —(k—r),0}.

We construct a bijection between YV, .. . and Z; ;. by modifying only the value of fj.
Suppose that j > . Then the condition on Y, , i is fo € {0,1,...,5—r,j—r+2,...,j+r}. Define amap ¢ on V; i
by
(fO?flvf?a"') — (f(/)vflaf27"')7



26 JEHANNE DOUSSE, JIHYEUG JANG, AND FREDERIC JOUHET

where
fI: f() iffoﬁj—ra
0 j—r+L iffo=j—r+20forsomel e {1,...,r}.

We first claim that ¢(Y;rx) € Z;r k. Since all entries except the first one remain unchanged, f; + fi11 < kfori > 1.
For i = 0, we have fj + f1 < fo + f1 < k. It remains to show that f} < j — max{f} + f1 — (k — r),0}. We verify this
inequality case by case. If f] + fi < k — r, then max{f} + f1 — (k — r),0} = 0. By construction of ¢, we have f} < j,
hence, f) < j —max{fj + f1 — (k —r),0} holds. Suppose f + f1 > k —r. If fo < j —r, then f} = fo and we have
fo+max{fy+ fi — (k—7),0} =2fo+ fr — (k=)
=fo+(fot+ fi)—(k—r)
<@-r)+k=(k—r)=3
If fo>j—r,then fo=7—r+20and fl =j —r+ £ forsome ¢ € {1,...,7}. We have
fo+max{fy+ fi — (k—7),0} =2f5+ fr — (k—r)
=2—-r+0O)+fi—(k—1)
=fo+(G-r)+fi—(k—-r)
=(fot+fi)—k+J
<k-k+j=3j.
Hence, the claim follows.
We now construct the inverse map of ¢. Define a map 7 on Z; ,. , by
(907917927 .. ) = (967917927 e )7
where
g, = 190 ifgo<j-—r,
0 j—r+2¢ ifgo=j—r+Lforsomel e {1,...,7}.
Similarly, we claim that 7(Z; ) C Y. Since (go,g1,...) € Zj 5, Wehave g; + gi11 < kfori > 1. If g9 < j —r,
then
9o+ 91 =90+ g1 <k
Ifgo=j—r+4theng),=j—r+2¢and
gotag =0 —-r+20)+g =290~ (j—7)+ g <k,
where the last equality follows from the condition of (go, g1,...) € Zj,x that 2go + g1 > k — r + j. By the construction
of 7, we have
g6 € {¢+max{{ — (j —r),0}:0< ¢ <5}
Hence, the claim follows. Since the map 7 : Z; ., — ), is the inverse of ¢, it follows that ¢ is a bijection from Y, ;. x
to Z; . 1. Moreover, since this map changes only the Oth entry, it does not affect the size of the partition; hence, it is size-
preserving.
The case j < r is proved in a similar way. Suppose that j < r. Then fo € {r — j,r —j 4+ 2,...,7 + j}. Define a map ¢
on Yj r 1 by
(f()afl?f?a .. ) — (fé?flanv' . ’)7
where f§ = (for fo =r —j+ 20 with¢ € {0,. .., }. Then, we have ¢(Y; ;1) C Z; 1, since
fotfi=t+ <2+ —j)+f=fo+ fL <k,
and
fo+max{fy+fi = (k=r),0} <2fo+ fi — (k —7)
=20+ f1—(k—r)
=fo-(r=p+f—-(k=r)
=(fot+tfi)—k+J
<k—-k+j=j.
The inverse map 7 on Z; ;. 1, is defined by

(90791792,---) — (967915925"')a
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where g, = r — j + 2¢ for go = ¢ with £ € {0, ..., j}. Then we have 7(Z; ;1) C YV} 1 since
g E{r—jgir—j+2,...,m+3j},
and
gotgr=r—j+2+g1=r—7j+29+g0 <k,
where the last equality follows from the condition of (go, g1,...) € 2,k that
J > go+max{go+g1 — (k—7),0} >2g0+g1 — (k—1).

The map ¢ is a bijection from Y} ;. 3, to Z; , 1, in the case j < r as well. O
Proposition 6.8. The map A is a size-preserving bijection from Xj ., to Z; r .

It is shown in Theorem 5.10 that the map A is size-preserving and has an inverse map I'. To complete the proof, it suffices
to show that A(X; 1) C Z; . and I'(Z; ;) C X} ., which we prove in Lemmas 6.9 and 6.10.

Lemma 6.9. Let (\,fs(\)) € Xj,., with {(X) = s. Suppose that (0©),...,0()) denotes the sequence of frequency
sequences obtained recursively from (X, s(X)) via the map A, as in (5.4). Then, forall i € {s,...,0}, we have

(6.5) 9;? <j- max{@é? + 95?4_1 — (k—r),0}.

Moreover, A(Xj ;1) C Zj r k-

Proof. The proof follows a similar approach to that of [DJK24, Proposition 4.1], using backward inductiononi € {s,...,0}.

The base case i« = s holds trivially, since §(*) = fs(\) and the both entries at positions 2s and 2s + 1 in the sequence fs(\)
are zero. Assume that 0;112) <j- max{&é’ii? + 9;1? — (k —r),0} holds. Recall (5.5) that

) = pmg)i‘i) (9(“‘1)) .

Suppose that (9%“), Ggill)) = (h,0) for some h > 1. Then ); is a part of the partition A"). By the condition of X} , k.
we have A\; > h — j + max{h — (k — r), 0}. It suffices to prove that 05? <j- max{ﬂé? + Géé)ﬂ — (k —r),0}, which is
equivalent to showing that 95? < jand 29;? + Hé?ﬂ <k-r+j.
Let v be the value defined in (5.1), so that (0%“), 9;1:11)) moves to (91(22, 01(2 1). We use the explicit formula (5.2) for
09 to determine 65 and 952_1 :
o Ifv > 2i+3, then (eg?, 9§?+1) = (Géiié), 9;1?), and the claim follows immediately from the induction hypothesis.
o If v =2i+ 3, then

= 02,

. 1 - . - -
Qgi)ﬂ = egwrs) +(h— 9;+1) - 05312)) + (h - 9;4-2) - 9§2+3)) —Ai
i+1 i+1
=2h— A — 051 — 2001,
We have 0;? = 9;:;) < J, by the induction hypothesis. Using two facts that 957:’_11) =0and \; > h—j+max{h—
(k —r),0}, we have

208) + 05y = 20550 + (2h — N — 051 — 20571

2i+ 2i+1 2i+2
—2h— \;
<2h — (h — j 4+ max{h — (k—7r),0})
<k-r+4j

o If v =27+ 2, then

e e IR

i it1
aéi)—i-l = 0éi+1) +Ai = i

Similarly, we have
0) = h— X\ <h— (h—j +max{h — (k —1),0}) < j,
and

205) +65)  =2h — N <k —71+].
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Therefore, in all cases, we have Oé? < jand 295? + Qé?ﬂ < k —r + j. This completes the proof by induction. Moreover,
by (6.5) with ¢ = 0, we obtain A(X ,.x) C Z; k.
O

Lemma 6.10. Let f € Z; ;1. Suppose that (77(0), ceey 77(5)) denotes the sequence of frequency sequences obtained recursively
Sfrom f via the map T, as in (5.8). Then, for alli € {0,..., s}, we have

(©6) s < = max{ng) + gy — (k= ), 0).
Moreover, I'(Z; ;.1.) € X} 1 1.

Proof. The proof follows a similar approach to [DJIK24, Proposition 4.3 and Corollary 4.4], using inductionon € {0,..., s}.
The base case i = 0 holds clearly from 7(®) = f € Z; . ;. Assume that %) < j — max{n{ + n5?, | — (k —r),0} holds.
To obtain (1) from n, set

h = max{n](-i) + 77](-21 27 >2i}, and v=min{j >2i+2: 77§?2 + T]](-i,)l = h},

and recall from (5.8) that (T = rpm,,(n®) and p; = rstep,;(n(?)). We first prove that ngﬁg <j- max{néi—ié) +

ngii? — (k —r),0}, which is equivalent to showing that né’li;) < jand 2772—:;) + néﬁi? < k —r+ j. We use the explicit

formula (5.6) to compute ngi;) and ngiﬁ,’)

o Ifv > 2i+3, then (néji? ) néﬁi?) = (né? , ng?ﬂ), and the claim follows immediately from the induction hypothesis.

. i+1)  (i+1 i) G . . i i i 0.
e Ifv =2+ 3, then (Wéiiz)vnéiis)) = (Wéi)vnéils)' The inequality Wéi)Jrz + 77§2+3 <h= Uéi)ﬂ + Uéi)w implies
775::)-4-3 < nézi)_H. Using this together with the induction hypothesis, we have
i+1 i :
7751’4-2) = gi) <J

i1 i1 i ; .
2775;2) + néiiS) < 27751') + néi)—i-l <k-r+j

o If v = 2i + 2, then(néﬁ;)méﬁ?) = ( ;i)JrQ,ng)H) Using inequalities ng?ﬂ + ng-)JrQ < h= néﬁ-) + né?ﬂ and
17;)_*_2 + 775?4-3 <h= 775? + 77;)_5_1 together with the induction hypothesis, we have

1 ,

77;42) = 77;?+2 2

i1 i1 i i i i i i i )
277§z‘+2) + 775;‘+3) = 277£i)+2 + Téi)-s-:‘a = (néz‘)+2 + 7751)+3) + 7751')+2 < 27751) + 7751')-5-1 <k-r+j

< n(” <7

Let o = (u™, ..., u®) be the k-partition obtained from f via the map T. It remains to prove that (fs(u), ) € X, .
Since 4u; is a part of the partition ;("), it suffices to show that ju; = rstepy;(n(¥) > h — j 4+ max{h — (k — r),0}. We use
the formula (5.7) to compute p;, and consider two cases: when v > 2¢ 4+ 3 and when v = 2¢ + 2. If v > 2¢ 4 3, then

v—3

i = rstepy, (D) = h =) + > (h— 0 +n{)))) > 2n — 2n8) — ), .
j—2i

Using h > ng? + Wéi)ﬂ, and the induction hypotheses 775? < jand 2775? + 77;?4_1 < k —r + 7, we obtain the following two
inequalities:

i > 2h —2n5) — 77;?+1 >h—ny) >h—j and

iz 2h =2l — gl =2k — (k=4 ) =h—j+ (h— (k—7)).
Combining the two inequalities above, we obtain p; > h — j + max{h — (k —r),0}. If v = 2i + 2, then pu; = h — 77;? and
h=nl) + ngi)ﬂ. Hence, by (6.6), we have

i =h—n

> h— j + max{ny +ny),, — (k—r),0}
=h —j 4+ max{h — (k —r),0},

which completes the proof. |
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7. A COMBINATORIAL PROOF OF THEOREMS 1.7 AND 1.9

The combinatorial proof of Theorem 1.7 follows the same approach as that of Theorem 1.5, but with Bressoud’s identity
in place of Andrews—Gordon’s identity as key ingredient. The sum and product sides are obtained as the generating functions
of new sets A’ ! i and Z! respectively. We then define a new set yj’m x> and give bijections between A’ ! .k and yJ ks and

3,k
between y’ ok and Z! j.r i However, the case of the Kursungdz type identities is somewhat different. One can define X’

7,k
Vi ppand Z7 While the sum side

the product side does not correspond to the generating functlon of Z; . Unlike

)Nijm x> and Z - each satisfying the opposite parity condition, as analogues of X! ok

arises as the generatmg function of X j’ vk
in the previous cases, Z »k 18 nOt in bijection with y] r- However, by using its relation to Z > WE can determme the

generating function for Z;m 1> Which in turn yields a new identity of the Kursungoz type, namely Theorem 1.9.

Definition 7.1. Let j, 7, and k be non-negative integers with j + r < k. Define & _, (resp. )?J’, &) to be the set of all pairs
(X, fs(X)), where A = (A, ... A(®)) is a k-multipartition and fs() is the frame sequence corresponding to A, subject to
the conditions that

e each part of the partition \(™) is at least m — j + max{m — (k — r),0} foreachm = 1,... k, and
e cach part of the last partition A(*) has the same parity as k + r — j (resp. k +r — j + 1).

Proposition 7.2. Let j,r, and k be non-negative integers with j + r < k. Then we have

(7.1) Yoo Y q

$1> >85>0 (Q)s1—sz "’(Q)sk,l—sk (q2;q2)sk

st si— (1t Hsy)H(sk—rt1++sk)

(A eX]
Z [(s )] Z qS%Jr"'Jrsi7(SIJF"'+5j)+(Sk—r+1+"~+sk_1+23k)
(7.2) Nl —
() eX! §1>>5,>0 (Q)Sl—sz T (q)Sk—l_Sk (q2§ q2)5k
’ 3,mk Z =Sk

Proof. We use the following identity. Let Py 4 s(n) be the number of partitions A of n of length ¢ into parts at least d, such
that each part of \ has the same parity as s. Then

de (d+1)¢

q q
(73) Pg7d7d(n)q" = 5 and Pé,d,d 1(7?,)(]” = ——F—=-
,;) (4% ¢%)e 7;0 " (4% ¢%)e

The proofs are the same as that of Proposition 6.2, except for the last term in the generating functions. By (6.2) and (7.3), we

have

k—1

| el I

)\EX_;- (Sly 75k) m=1 Q)Sm Sm+1 m= ]_,’_1 q)sm78m+1 m:k—r+l (Q)5m75m+1 (q 7q )Sk

m J)(Sm Sm+1) q(2m*k+rfj)(sm75m+l) q(k+rfj)5k

q(sj+1+'"+Sk—r)+2(8k—r+1+"'+Sk)

B (q)81—82 T (q)sk—l_sk (q2; q2)5k

and

k—r (m—7)(Sm—8m+1) k-1 q(2m—k+7“—j)(sm—sm+1) q(k+r—j+1)sk

I ORRLES | Frtl Il

2. 2
)\E)}J,_’T(Sl,__”s]c) 9 SmAl =it (q)Snz_S7n,+l m=k—ri1 (Q)sm—sm+1 (q v d )Sk

q(sj+1+'"+Sk—r)+2(sk—r+1+"'+3k—1)+35k

(D155 (Dsp_1-5, (0% 6% s,

This, together with (6.1), completes the proof. ]

Definition 7.3. For non-negative integers j,r, and k with j + r < k, we define yj’.m i (resp. ﬁj’mk) to be the set of all
frequency sequences (f;);>o such that f; + f;41 < k for all ¢ > 0, subject to the conditions that

o foe{l+max{¢—(j—r),0}:0<{<j} and
o if fi, + fut1 =k, then uf, + (u + 1) f,11 has the same parity as k +r — j (resp. k +7 — j + 1).

The following lemma was obtained in [DJK24] using Theorem 1.2.
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Lemma 7.4 ([DJK24, Equation (2.12) and (2.13)]). Let YZ, i (1resp. }N/; i) be the set of all frequency sequences (f;)i>o such
that f; + fiy1 < kforalli >0, fo = s, and if fu + fur1 =k, then ufy, + (u+ 1) fus1 has the same parity as k — s (resp.
k—s+1). Then

) Z M = (q2hF2, ghti=s ghtits, g2k+2)
rev, (9)oo
(q2k+2’ qkfs, qk+2+s; q2k:+2)oo
(7.5) Al =
Z 1 (@)oo
€Y,

Using this lemma, we deduce expressions for the generating functions of }} ., and 37; % as sums of infinite products.

Proposition 7.5. For non-negative integers j,r, and k with j + r < k, we have

J

2k+2 k+1—r+j—2s k+1+r—j+2s. 2k+2
q y 4 4 3 q
(7.6) o=y @ =
AEV) 5=0 @)oo
J 2k+2  k—r+j—2s  k+2+r—j+2s. 2k+2
q » q , 4 3 q
@ > =3 5
= g (9)oo
AEY] Lk 5=

Proof. We use a similar idea to the proof of Proposition 6.5, with the key difference that, in this case, the parity of f, needs
to be taken into account. The proof of the second identity (7.7) is essentially the same as that of the first (7.6), so we prove
only the first identity.

If j <r,then{ + max{{ — (j —r),0} =r — j+2¢for 0 < £ < j. The values of f; are

{{+max{l—(j—r),0}:0<L<j}={r—j+2s:0<s<j},
and they all have same parity as » — j. Hence, the proof follows immediately from (7.4). Now suppose j > r. Then the set
{{+max{l —(j—r),0}:0<¢<j}={0,1,....5—r,j—r+2,....5+r}
can be expressed as the disjoint union of the two sets
{4+rj+r—2+r—4,-- }U{j—r—-1,5—r—-3,j—r—>5,---}.

Every element of the first set {r —j +2s:s = [(j —7)/2],[(j —7)/2] +1,...,j} has the same parity as  — j. On the
other hand, every element of the second set {j —r—1—2s:s=0,1,...,|(j —r)/2] — 1} has the same parity as r — j + 1.
We apply (7.4) to the first set and (7.5) to the second set. The corresponding generating functions for these two parts are,
respectively,

(q2k+27 qk+17(r7j+25)7 qk+1+(r7j+2s); q2k+2)oo
(@)oo ’

(7.8)
s=[(-r)/2]

and

LG-r)/2]-1 (1 1o
(q2k+27qk (j—r—1 25)7qk+2+(j r—1 23);q2k+2)Oo

(7.9) Z

pors (@)

LG—

r)/2]—1
-y (q
s=0

Therefore, adding (7.8) and (7.9) completes the proof. U

2ht2 ghtlorio2s ghtlbr—jt2s, o2k+2)
b b) b oo

q q

(@)oo

q

Definition 7.6. For non-negative integers j,r, and k with 5 + r < k, we define Zj/',r,k (resp. Zv;mk) to be the set of all
frequency sequences (f;);>o such that f; + f;41 < k for all ¢ > 0, subject to the conditions that

o fo <j—max{fo+ fi —(k—r),0},and
o if fi, + fur1 =k, then uf, + (u + 1) f,11 has the same parity as k + r — j (resp. k +r — j + 1).

Proposition 7.7. The map A gives a bijection between X ., (resp. j(vjfyr’k) and Z; ., (resp. gj/_mk).
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Proof. The proof is similar to the arguments in [DJK24, (4.2) and (4.3)]. Let 0 ..., 0M 90 pe the sequence of frequency
sequences in the construction of A(, fs(A)). We have

00 = pm$O)(60HD) and (65T 651Y) = (1,0),

for some h > 1, and the pair (0§i+1), 0;2:11)) moves to (Hl(,i), 95?_1) for some v > 2i. We have the explicit formula (5.2) of
6 from AU+Y) and \;, with the property that

0] = 100FD] + A
An entry in the sequence that remains unchanged or is shifted two steps to the left does not affect the parity. Hence, we obtain

w0 + (0 +1)0%) = (20) - h+ (20 +1)-04 X (mod 2)
=)\, (mod 2).

In Proposition 5.7, we showed that consecutive particle motions starting from pairs of the form (%, 0) do not interfere with
each other by verifying that v + 2 < vg. Let \(¥) = ()\gk), cee )\Ek)). Then, the last ¢ steps in the construction of A consist of
¢ particle motions starting from the pair (k, 0). The pairs moved in these steps remain unchanged for the rest of the process,
until the final frequency sequence f = A(X,fs(\)) is obtained. From this, we immediately deduce the following: for any
pair (f;, fi+1) satisfying f; + fi+1 = k, there exists a part AR of A such that i - fit(G+1): fix = AR (mod 2).

Conversely, the first £ steps in the construction of I satisfy the corresponding parity condition. More precisely, for any
pair (fi, fi+1) satisfying f; + fi1 = k, there exists )\fﬁgl for some u = 0,...,¢ — 1 such that rstep,, (n(*)) = )‘ikll =
i fi + (Z + 1) . fi+1 (mod 2).

It follows that the bijection A : &j,.x — Vj ., naturally restricts to bijections A : X}, — Vi , and A : /'?jfmk —
O

=1
2}k

Proposition 7.8. There exists a size-preserving bijection from yj’.m i 0 Z]’m K

Proof. By Proposition 7.5, the right-hand side is the generating function for yj/. - Consider the bijection ¢ from ); ;. 1 to
Z; r1, and its inverse map 7, described in the proof of Proposition 6.7. We now prove that the bijection ¢ : V; ;. x — Z; r i
restricts to a bijection from Y] ., to ZJ ;. In other words, the parity condition is preserved under the map ¢.

Suppose [ = (fi)i>0 € yj’.mk. Recall that the map ¢ is defined by (fo, f1, f2,...) — (fb, f1, f2,...), where

£ {fo if fo<j-—r,

o j—r+fl if fo=j—r+20forl{=1,...,r,

if j > r,and fg = Cif fo =r —j+2¢forsome £ € {0,...,j} if j < r. We show that ¢(f) € Z; ;. Since ¢ modifies only
the Oth entry, it suffices to show that if f) + f1 = k, then0- fo+1- f1 = fi =k —r +j (mod 2). By the definition of ¢,
we have fo > fg, and hence fo + f1 < fo + fi < k. Therefore, if fj + fi = k, then f; and f; are equal. Since f € Y}, ,,
we have ¢(f) € Z] ;. as required.

Suppose g = (g;)i>0 € Z}mk. Recall that the inverse map = is defined by (go, 91,92, - - ) — (96, 91, g2, - - . ), Where

) = 9o ifgo <j—r,
0 j—r+20 ifgg=j—r+Lforl=1,...,r.

ifj >r,and g} =r—j+20if go = £ for some ¢ € {0,...,5}if j < r. It suffices to show that if g + g1 = k, then
g1 =k —r+j (mod 2). By construction, we have go < g. If go = g5, then we have 7(g) € Y; ., by the assumption that
g€ ZJ'T - Now suppose go < gg. Then the pair (go, g;) is either of the form

(j—r+4tj—r+20) or (Lir—j+20),

for some ¢, depending on whether j > r or j < r, respectively. In both cases, we have gj, = j — r (mod 2). Hence, if
9o +91 =k,thengi =k — gy =k +r — j (mod 2). Therefore, 7(g) € V; ,. ;, as desired. O

The generating function for X;’T’ & is given in Proposition 7.2. By Proposition 7.8, the generating function for ZJ’-’T’ L 18
given by
(g
DINEEDY

XeZ! . 5=0

2ht2 ghtlorhjo2s ghtlbr—jt2s,  2k+2)
b b b) o0

q q

(@)oo

q

The result then follows from Proposition 7.7. Therefore, this gives a combinatorial proof of Theorem 1.7.
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Proposition 7.9. For non-negative integers j,r, and k with j + r < k, we have
J

(1+q) Z q\/\|:Z(q 4 ) d

)\EZJ/ . s=0 (q)OO

2k+2 k+2—r+j—2s k+r—j+2s.

;2 o

2k+2 k—r+j—2s k+24+r—j+2s.

: q2k+2)00

(¢®" %, q .q
s=0 (q)OO

Proof. Observe that
° Z; J,r+1,k < Zy,rk} = ZJ/’W—l,k’ and
oThemap(fo,fl,fg,...)r—>(fo,flf1,f2,~~~)isabijectionfrom Tk\ 7‘+1k:tOZr 1k\

We have
(1+4q) Z g = Z g™+ Z JMt 4 g Z g
XeZ) \EZ! DY/ V- AEZF 1k
S ORARTD VURRCEVED DTE
/\ezg/v K ACZS, 1k\ Gorik AEZ] 1k
SID ORRCEVED oLl
XEZE 4 XEZL ik

which completes the proof.
O

Together with the bijection A between X ! rx and Z -, in Proposition 7.7, and the generating functions for these sets given
in Proposition 7.2 and Proposition 7.9, th1s y1e1ds a comblnatorlal proof of Theorem 1.9.

8. FINAL REMARKS

We conclude with a few final remarks.

(1) Stanton [Stan18] proved Theorem 1.5 using Theorem 1.4, and similarly showed that Theorem 1.6 implies Theo-
rem 1.7. In contrast, our proofs rely on different Bailey pair constructions. From the perspective of Bailey pairs, it
would be interesting to investigate whether Theorem 1.4 implies Theorem 1.5, or Theorem 1.6 implies Theorem 1.7,
and similarly regarding Theorems 1.11 and 1.12.

(2) As mentioned in Problem 1.13, Stanton posed the challenge of finding a partition-theoretic interpretation not only
for the non-binomial extension but also for the binomial extension. While we have treated only the non-binomial
case, the question of a partition-theoretic interpretation for the binomial case remains open and intriguing.

(3) There are combinatorial interpretations for certain generalisations of the Go6llnitz—Gordon identities, see for in-
stance [Bre80] or [HZ23]. However, no study has applied the particle motion framework to these identities. Explor-
ing such an approach may lead to new identities or provide combinatorial proofs of the Bresssoud—Gollnitz—Gordon
identities (1.13), Theorem 1.11 and Theorem 1.12. We have not yet explored this direction in depth.

(4) One could also wonder if there could exist binomial versions of Theorems 4.3 and 4.4.
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