BILATERAL BAILEY LATTICES AND ANDREWS-GORDON TYPE IDENTITIES
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ABSTRACT. We show that the Bailey lattice can be extended to a bilateral version in just a few lines from
the bilateral Bailey lemma, using a very simple lemma transforming bilateral Bailey pairs related to a into
bilateral Bailey pairs related to a/q. Using this lemma and similar ones, we give bilateral versions and simple
proofs of other (new and known) Bailey lattices, among which a Bailey lattice of Warnaar and the inverses
of Bailey lattices of Lovejoy. As consequences of our bilateral point of view, we derive new m-versions of the
Andrews—Gordon identities, Bressoud’s identities and a new companion to Bressoud’s identities. Finally, we
give a new elementary proof of another very general identity of Bressoud using one of our Bailey lattices.

1. INTRODUCTION AND STATEMENT OF RESULTS

A classical approach to obtain and prove g-series identities is the Bailey lemma, originally found by
Bailey [Bai49], and whose iterative strength was later highlighted by Andrews [And84, And86, AAR99]
through the so-called Bailey chain. Fix a complex number a. Recall [AAR99] that a Bailey pair (an, Sn)n>0
related to a is a pair of sequences satisfying:

n

Br=Y P VneNl. (1.1)

=0 (q)nfj (a(I)n+j

Here and throughout the paper, we use standard g-series notations which can be found in [GRO04]:

(@ = @0 = [T~ ar) and (ah = (s i= (S
=0
where k is any integer, and
(a1, yam)k = (a1)k - (@m)k,

where k is an integer or infinity.
The Bailey lemma describes how, from a Bailey pair, one can produce infinitely many of them.

Theorem 1.1 (Bailey lemma). If («,, 8,) is a Bailey pair related to a, then so is (al,, B.,), where

r _ (po)nlag/po)"

(aq/p,aq/o)

and
n

(p,0);(aq/po)n—j(aq/pa)’ 3,

7=0 (q)"—j (GQ/pv CLQ/O)TL 7

B =

Despite its quite elementary proof, as it only requires the g¢-analog of the Pfaff-Saalschiitz formula
(see [GRO4, Appendix (I1.12)]), which is itself consequence of the g-binomial theorem, it yields many for-
mulas in g-series, some of which are highly non trivial. For instance, in [AAR99], the following unit Bailey
pair (related to a) is considered (proving that it is indeed a Bailey pair is elementary, it can be done either
directly or by inverting the relation (1.1)):

B n(m) 1= ag®™ (a), B
Qp = (_1) q( ) 1_a (q)n7 Bn - 6n,0~ (12)
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Applying twice Theorem 1.1 to the unit Bailey pair (1.2) yields a simple proof of the famous Rogers—
Ramanujan identities [RR19].
Theorem 1.2 (Rogers-Ramanujan identities). Let i =0 or 1. Then

qn2+(l—i)n 1

@G (@560 (656700
Iterating r > 2 times this process yields the ¢ = 1 and ¢ = 7 special instances of the Andrews—Gordon
identities [And74, Gor61].
Theorem 1.3 (Andrews—Gordon identities). Let r > 2 and 1 < i < r be two integers. We have
s34ets? st tseoa (q2r+17 qi’ q2r—i+1; q2r+1)

3 q - ey (1.3)

SlZ"'Zsr—IZO (q)51_32 ctt (q)sr—2_3r—l (q)sr—l (q)OO

n>0

However it is not possible to prove the cases 1 < ¢ < r of the Andrews—Gordon identities with only the
Bailey chain. Thus the Bailey lattice was developed in [AABS87] as a more general tool which enabled the
authors to give a proof of the full Andrews—Gordon identities. The key point is to change the parameter a to
a/q at some point before iterating the Bailey lemma, therefore providing a concept of Bailey lattice instead
of the classical Bailey chain described above.

Here is the classical Bailey lattice proved in [AABS87]. Its proof is more involved than for Theorem 1.1 as
it relies on identities for terminating ¢-series generalizing the above-mentionned g-Pfaff-Saalschiitz formula.

Theorem 1.4 (Bailey lattice). If (an, Br) is a Bailey pair related to a, then (o, 3,) is a Bailey pair related
to a/q, where

I
O[O—

«@ o = M(l —a) CQn B ag® 2,1
> " (a’/p7 a’/a)n 1-— an” 1— aq2n—2 ’
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o = Z (@)n—j(a/p,a/o)n Bj-

and

j=0

Alternatively, Andrews, Schilling and Warnaar showed in [ASW99, Section 3] that it is possible to

prove (1.3) by combining the Bailey lemma with tricky calculations, therefore bypassing the Bailey lat-

tice. In [BIS00], it is also explained how a change of base allows one to avoid using the Bailey lattice.

Recenty, McLaughlin [McL18] showed that (1.3) can be proved much more easily by combining the classical

Bailey Lemma with a simple lemma (see also the result of Lovejoy [Lov22, Lemma 2.2] which corresponds
to the case a = ¢ of McLaughlin’s result).

Lemma 1.5 (McLaughlin). If (an, Br) is a Bailey pair related to a, then (o, 8.,) is a Bailey pair related
to a/q, where

Oéé) = Qp, Oé;’L = (1 - a) ( an - ! anl) ) ﬂ;z, = ﬂn

1— aq2n 1— ann—Q

In this paper, we will show, among other things, that this lemma and the Bailey lattice can be extended
to bilateral versions.

As noted in [BMS96] and [Joul0], it is possible to define for all n € Z a bilateral Bailey pair (o, Bn)
related to a by the relation:
o
Bp=S —3F _ VYnek (1.4)
j;z (Q)n—j ((IQ)n—&-j
Remark 1.6. The relation (1.1) defining classical (unilateral) Bailey pairs is a special instance of the above
relation defining bilateral ones, as choosing «,, = 0 for negative integers n in (1.4) implies 8, = 0 for n
negative. Actually, the converse is also true, as the classical Bailey inversion holds for bilateral Bailey pairs:
(an, Br) is a bilateral Bailey pair related to a if and only if

1 —ag®”

) EZiZf§<—1>"-fq<”zj)ﬂj ¥n € Z. (1.5)
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Thus, from all our results in this paper, one can deduce the corresponding unilateral results by setting o, =0
(or equivalently 3, =0) for all n < 0.

In [BMS96], the Bailey lemma is extended in the following way.

Theorem 1.7 (Bilateral Bailey lemma). If (o, 8y) is a bilateral Bailey pair related to a, then so is (o, BL),

where
+_ (p,o)nlag/po)”

- ny

(aq/p,aq/o)n
and

n

g=3 (p,0);(aq/po)n—;(aq/po)! 5,

= (On-jlaa/p,ag/o)n T
subject to convergence conditions on the sequences ay, and By, which make the relevant infinite series abso-
lutely convergent.

Our first result is an extension of the Bailey lattice to the bilateral case.

/

Theorem 1.8 (Bilateral Bailey lattice). If (an, 8n) is a bilateral Bailey pair related to a, then (o, BL,) is
a bilateral Bailey pair related to a/q, where

= ooy (n s ey,

~ (a/p.ajo)n 1—ag® 1—ag® 2

and

5 = 5 B0l afp)
" (q)n—j(a/p7 a/o—)n 7

subject to convergence conditions on the sequences oy, and By, which make the relevant infinite series abso-
lutely convergent.

j<n

While, as mentioned above, several proofs have been given for the (unilateral) Bailey lattice, none of them
can be considered very simple. On the other hand, simpler proofs were given to prove the Andrews—Gordon
identities without using the Bailey lattice. Here we give a very simple proof of our bilateral Bailey lattice,
which when considering Bailey pairs such that a,, = 0 for n < 0 reduces to the unilateral Bailey lattice.
Hence we provide in particular the first very simple proof of the classical Bailey lattice.

The key in our proof is the following simple lemma, which generalises McLaughlin’s unilateral Lemma 1.5
and transforms bilateral Bailey pairs related to a into bilateral Bailey pairs related to a/q.

Lemma 1.9 (Key lemma 1). If (an, 8,) is a bilateral Bailey pair related to a, then (o, Bl) is a bilateral
Bailey pair related to a/q, where

2n—2
A — 1 _ an _ aq an71 / — n 1.6
a, = ( a) (1 g 1 —ag2n2 ) B, = Bn, (1.6)

subject to convergence conditions on the sequences c, and [3,, which make the relevant infinite series abso-
lutely convergent.

While it is not customary to do so, we give the proof in this introduction to show that it is just a few
lines long and only requires the definition of bilateral Bailey pairs and elementary sum manipulations which
are similar to the ones for the unilateral version.

Proof of Lemma 1.9. For all n € Z, we have

> o - S (- )
(Q)n—j (a)n-i-j (Q)n—j (a)n+j 1- aq2j 1- aq2j_2

_ < (-, <« (—a)l-q ),
"L @m0 =) 2 Gy @il — )
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which is the desired result by (1.4). O
With this lemma, we can give an extremely simple proof of the bilateral Bailey lattice.

Proof of the bilateral Bailey lattice. Start from a bilateral Bailey pair (an, Bn) related to a. Then apply
Lemma 1.9 to obtain a bilateral Bailey pair (Nd”’ Bn) related to a/q and satisfying (1.6). Applying the

bilateral Bailey lemma (Theorem 1.7) to (&, 8,) with a replaced by a/q gives the desired bilateral Bailey
pair (o, 37) related to a/q. O

In addition to Lemma 1.9, let us give a similar simple lemma whose unilateral version is also due to
McLaughlin in [McL18, Lemma 13.1 (2)] (see also Lovejoy [Lov22, Lemma 3.1]), and whose proof is very
similar to the one of Lemma 1.9.

Lemma 1.10 (Key lemma 2). If (o, () is a bilateral Bailey pair related to a, then (o, B),) is a bilateral
Bailey pair related to a/q, where

n n—1
Oé,/n _ (1 - a) ( q Qp - q Oy —1 ) 7 ﬁ’g _ qnﬁnv (17)

1— aq2n 1— aq2n72

subject to convergence conditions on the sequences ay, and By, which make the relevant infinite series abso-
lutely convergent.

Using, as in the short proof of the bilateral Bailey lattice above, Lemma 1.10 followed by Theorem 1.7
with a replaced by a/q, we obtain the following new bilateral Bailey lattice, similar to Theorem 1.8. As far
as we know, its unilateral version was also unknown until now.

Theorem 1.11 (New bilateral Bailey lattice). If (o, 8,) is a bilateral Bailey pair related to a, then (o, 1)
is a bilateral Bailey pair related to a/q, where

o — (pao)n(a/pa)"(l —a) <1q”an ¢ lana ) ’

- (a/p, CL/O')n —ag®® 1—ag?—2

and

B/ _ Z (p7 U)j (a'/pa)7l—j(a/p0)j C]jﬁ‘
" <Q)nfj(a/pv a/a)n 7

subject to convergence conditions on the sequences c, and [3,, which make the relevant infinite series abso-

lutely convergent.

Jj<n

Lemmas 1.9 and 1.10 can be generalised by adding an extra parameter b.

Lemma 1.12 (General lemma). If (o, Br) is a bilateral Bailey pair related to a, then (o, 81,) is a bilateral
Bailey pair related to a/q, where

1—bg"  on " Hag" ' —b)
(1 — _ 1.
o = a)( 1—-b 1—ag* 1-0 1 — ag?—2 (1.8)
and )
g, = Wng (1.9)

(0)n

Remark 1.13. Lemma 1.9 is the case b = 0 and Lemma 1.10 is the case b — oo of Lemma 1.12.

Remark 1.14. While on the first look Lemma 1.12 seems more general than Lemmas 1.9 and 1.10, it is
actually equivalent to these two lemmas taken together. Indeed, the bilateral Bailey pair in Lemma 1.12 is
equal to 1/(1 — b) times the bilateral Bailey pair of Lemma 1.9 minus b/(1 — b) times the bilateral Bailey
pair of Lemma 1.10. Using the fact that being a bilateral Bailey pair is stable under linear combination,
Lemmas 1.9 and 1.10 imply Lemma 1.12. Note that it is also possible to prove Lemma 1.12 directly with a
similar method to the proof of Lemma 1.9.



Despite following from Lemmas 1.9 and 1.10, this general Lemma 1.12 is still interesting as it provides
in the unilateral case an “inverse” to Lovejoy’s Lemma 2.3 of [Lov22], which he first stated in [Lov04, (2.4)

and (2.5)].

Lemma 1.15 (Lovejoy). If (ay, Bn) is a Bailey pair related to a, then (al,, 8,) is a Bailey pair related to
aq, where

/ (1- aq2n+1)(aq/b)n(_b)nqn(n D2 qur(rfl)/Q

n = (1 - aq)(bq)n aq/ b

M

Oé"’?

and

(0)n

(0a)n
Moreover, from Lemma 1.12, we deduce a very general theorem transforming bilateral Bailey pairs related

to a into bilateral Bailey pairs related to ag~". Recall the M-th elementary symmetric polynomial in N

variables defined for 0 < M < N as

eM(Xl,...,XN): Z HX“

IC{1,.... N} i€l
s.t.|Il=M

and ep(X1,...,Xn)=0if M <0 or M > N. Recall also that for all 0 < j < N, the ¢-binomial coefficient

is defined by
5=l =@

We extend this definition to j < 0 and j > N by setting [ij } = 0, which is consistent with the definition of
g-Pochhammer symbols with negative indices given above. The general theorem can be stated as follows.

Theorem 1.16 (New bilateral Bailey lattice in higher dimension). Let (ay, 8n) be a bilateral Bailey pair

related to a. For all N > 1, define the pair (aﬁlN), SLN)) by

_ _ 2n—N 1-N gin—i(G+1)/2 .
o) — (1—aq )(ag' V)N S(- 4 fN,y,r_L(bla---7bN)an_j7 (1.10)
(—b) (1 —by) (a® >
where
| —u —u)(n—u j—u)(n— M N-M
fN)j_’n(bl,..wa) — ];Z ((—1)M%GJ q(M )( )+(—u)(n—N) |:u:| |: j—u :|>€M(b17~'-7bN)7
(1.11)
and
) _ (b1¢,-- - bva)n 1.12
Bn (bla"'7bN)n Bn ( . )

Then, (a (N), ﬁn ) is a bilateral Bailey pair related to aqg™™ .

Remark 1.17. When j < 0 or j > N, we have fn jn(b1,...,bn) = 0 because of the g-binomial coefficients
in its definition. Therefore the sum in (1.10) is actually finite.

Again, Theorem 1.16 can be seen in the unilateral case as the inverse of a theorem of Lovejoy [Lov04,
Theorem 2.3].

Theorem 1.18 (Lovejoy). Let (an, Bn) be a Bailey pair related to a. For all N > 1, define the pair
(™, BSY) b
o) — (1 = ag® V) (agN /bn )n(=by)"q" "~/
" (1 —ag™)(bng)n
B o A s TV AR N
(L—aq) - (1 —ag"=1)(ag/bi)n, -+ (ag™ /bN)ny

n>ny>-->n12>0
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(bl)n1 N (bN)nN b?27n1 . bnN—nN71b;VnN(_1)n1

N1 —nl(nl—l)/2a
(b1Q)n2 o (belq)nN

q

nis

and
(b1, bN)n

(bIQ7 ey qu)’I’L
Then, (oz%N), B,EN)) is a Bailey pair related to aq” .

B = Bu.

As particular cases of Theorem 1.16, we recover and generalise to the bilateral case some Bailey lattices
due to Warnaar, as well as discover new simple ones (see Section 3).

Moreover, we take advantage of the bilateral aspect of our results by using a bilateral Bailey pair (see
(2.5)) instead of the classical unit Bailey pair, and obtain new generalisations, which we call m-versions, of
the Andrews—Gordon identities, the Bressoud identities, and new companions to Bressoud’s identities which
we very recently discovered combinatorially [DJK23+] (see (2.13)-(2.14)). The m-version of the Andrews—
Gordon identities is as follows.

Theorem 1.19 (m-version of the Andrews—Gordon identities). Let m > 0, r > 2, and 0 < i < r be three
integers. We have

>~

s1>>sp>—|m/2]

+otsZtm(s1t et se)—s1— =8

(@Ds1—s5 - (Dsp_1—s,

(—1)rg(%) [;"j;s}

2r+1 (m+1)r—i+2k q(lfm)r+i72k+1. 2r+1)
? ) )

q

R Y

> (1.13)
prd (9)oo

The m-version of our new companions to Bressoud’s identities is the following.

Theorem 1.20 (m-version of our identities). Let m >0, r > 2, and 0 < i < r be three integers. We have

5 -

s12>>sp>—|m/2]

+~~+s$‘+m(s1+~~~+srq)—S1—~~—si+sr71—2sr(_

(D155 (Dsy_n—s,_1(a%6*) 5,1 —s,

— ZZ: qm,k (q
k=0

The m-version of Bressoud’s identity is a bit less elegant (see Theorem 2.10), which seems to indicate that
our new companions are actually more natural with regard to the Bailey lattice approach.

Q)m—i-?sr (_1)Sr m+ S,
m + 2s, 2

27“’ q(1n+1)(r—1)—i—&-2k7 q(l—m)r+m+i—2k+1; qQT)oo

(@ (1.14)

In [Bre80], Bressoud proved a very general multi-parameter identity (Theorem 4.1), of which the cases
m =0 and m = 1 of Theorem 1.19 and their even moduli counterparts also due to Bressoud are particular
cases. This led us to believe that Theorem 4.1 could be proved using the classical Bailey lattice (Theorem
1.4), but we did not succeed. However we managed to prove it in a simple way by using the unilateral version
of our new Bailey lattice (Theorem 1.11), see Section 4. Moreover, the cases m = 0 and m = 1 of Theorem
1.20 do not seem to follow from Theorem 4.1. So the Bailey lattice approach seems more general.

The paper is organised as follows. In Section 2, we use our bilateral Bailey lattices to prove general results,
among which Theorems 1.19 and 1.20. In Section 3, we give N-iterations of our Bailey lattices, generalise
some N-Bailey lattices of Warnaar to the bilateral case, and prove Theorem 1.16. In Section 4, we show how
to derive a new proof of Bressoud’s theorem with our new Bailey lattice of Theorem 1.11, and why we fail
when trying to do the same using the classical Bailey lattice.

2. NEW m-VERSIONS OF THE ANDREWS—GORDON IDENTITIES AND OTHERS

2.1. Combining bilateral Bailey lemmas and lattices. In [AAB87], many applications of the Bailey
lattice (Theorem 1.4) are provided, among which a general result, obtained in [AAB87, Theorem 3.1] by
iterating r —i times Theorem 1.1, then using Theorem 1.4, and finally ¢—1 times Theorem 1.1 with a replaced
by a/q. Using the same process in our bilateral point of view, replacing Theorem 1.1 (resp. Theorem 1.4)
by Theorem 1.7 (resp. Theorem 1.8), we derive the following generalisation of [AAB87, Theorem 3.1].

6



Theorem 2.1. If (ay, Br) is a bilateral Bailey pair related to a, then for all integers 0 < i <r and n € Z,
we have:

S A, (o) (o),
n>81> > (pro1)s . (pror)s (Dn—si (@Ds1—s5 - (Ds,_1—s,
(a/p101)n—s,(a/p202)s, s, - - - (a/pi0i)s, 1 —s; (aq/pit10i11)s,—s:p1 ---(aq/prov)s, | —s,
(a/p1,a/o1)n(a/p2,alo2)s, ... (a/pisa/oi)s, ., (aq/pit1,aq/0it1)s, - - (aq/pr,aq/0r)s,
_ Z (p1,01,- -, pi,04)j(pior ... pioi)a (1 — a)
(Qn—j(@)nrj(a/pr,a/or,. .. a/pialo:);

Jj<n

y <(pi+170i+17'~'vprvar)j(pi+10i+1 - ~Pr0r)7j(a(1)(rfi)j04j
(aq/pit1,aq/0is1,. .., aq/pr,aq/0r);(1 — ag®?)
(Pit1,Cit1s s PryOr)j—1(Pit10i41 - - PrUr)_jH(GQ)(T_i)(j_l)GQQj_zajfl
55 , (2.1)
(aq/pi+1,aq/0it1, ..., aq/pr,aq/or)j-1(1 — ag®—2)
subject to convergence conditions on the sequences ay, and By, which make the relevant infinite series abso-
lutely convergent.

In this section we will consider the special case below where all parameters p;,0; — oo and at the end
n — +o0o, which is a bilateral generalisation of [AAB87, Corollary 4.2]. (We also shifted the index j to j +1
in the terms involving o;_1.)

Corollary 2.2. If (ay, Br) is a bilateral Bailey pair related to a, then for all integers 0 < i < r, we have:

D

s1> >, (@)s1-s2 - (@s,_1—s,

a51+"‘+s7‘q5§+'“+52_51_"'_S'i 1

Bsr -

11— ai+1q2j(i+1)

. 2 .
Z alq T ———————ay, (2.2)
(aq)oo ‘ez 1—aq¥

subject to convergence conditions on the sequences ay, and By, which make the relevant infinite series abso-
lutely convergent.

In [AABS87|, Agarwal, Andrews and Bressoud prove the Andrews—Gordon identities (1.3) in the following
way. They apply Corollary 2.2 to the unit Bailey pair (1.2) (which we recall is unilateral) with a = g¢,
factorise the right-hand side using the Jacobi triple product identity [GR04, Appendix, (I1.28)]

D (1Y GUI2 = (q,2,4/ 2 ¢) o, (2.3)
JEL

and replace ¢ by ¢ — 1.

Remark 2.3. One can wonder whether applying the same process as above to the other bilateral Bailey
lattice of Theorem 1.11 could bring anything interesting. It is of course possible de prove a result similar to
Theorem 2.1 by using Theorem 1.11 instead of Theorem 1.8. However it is useless for our purpose, as this
would yield a consequence equivalent to the one above (namely Corollary 2.2 with i replaced by i — 1).

2.2. Bilateral Bailey pairs. In [Joul0], the bilateral Bailey lemma given in Theorem 1.7 is studied in
particular by considering the case where a = ¢™ for a nonnegative integer m (this instance is called shifted

Bailey lemma in [Joul0]). The following bilateral Bailey pair, which was already mentioned in another form
in [ASW99], is considered:

_ n (7 _ n n m-4+n
an = (1) and 5, = (@1 [0 ] (2.0
Taking m = 0 and m = 1 in (2.4) yields Bailey pairs equivalent to the cases a = 1 and a = ¢ of the unit
Bailey pair (1.2). Note that choosing 8,, = d,, 0 and computing «,, by the inversion (1.5) would not provide a
new bilateral Bailey pair, as can be seen by Remark 1.6: it would give back the usual unit Bailey pair (1.2).
However, to use in full generality the bilateral point of view while keeping a general, it would be natural to
consider o
vy L= g™ (@)

l—a (Q)nJr’m
7

ap = (71)n+mq(

and ﬁn = 5n,—ma (25)



where we made use of the inversion (1.5). However, applying Corollary 2.2 to the bilateral Bailey pair (2.5)
does not provide any interesting generalisation (like the m-versions of the next section in the case of (2.4))
of (1.3), but a formula which is equivalent to (1.3) for all m. Indeed, by applying (2.2) to (2.5) and replacing
the index j by j — m, we obtain:

asl+...+s,,.,17mqs?+~-»+sﬁ71+m2—sl—~-»—si afrmqrm2+im
512--»2;12—171 (Ds1—s2 -+ (Dsy_y4m - (aq) oo
_ i+l 2(5—m)(i+1
X Zarﬂ‘qTf*?TmJ’fijl attlgamm Ty 1 q(é)(a)J*Qm
1—a (9);

JEZL

2m—+1

Shifting s to sx + m for all k, and replacing a by ¢ then yields

sf+~--+sz_1+si+1+~~~+sr,1 —rm?4im—rm

qferJrimfrm Z q _ q
§1>>8,._1>0 (Q)shsz N (q)5r71 (q2m+2)oo

1 — ¢(25+1)(i+1) )
x qu oy 1q_ 2m+1 (—1/q(3) la
7>0 q

Using (q)2m (™) _2m = (¢);, we see that the dependence in m disappears and we get (1.3) by replacing
i by ¢ — 1 and using (2.3).

2.3. m-versions of the Andrews—Gordon identities. Recall that the Andrews-Gordon identities (1.3)
arise in [Bre80] in pair with a similar formula [Bre80, (3.3)], valid for all integers r > 2 and 0 < i <r —1:
qsf+~~+s?71—sl—m—s7-, i 2r4+1

3 :Z(q Y

$1> > mn_ 130 (@s1-s55 -+ (@)s, 4 =0 (@)oo

r—i+k r+i—k+1. 27-+1)
5 q )

(2.6)

Note that there is a small mistake in Bressoud’s paper: in his formula [Bre80, (3.3)], £(k — r 4+ 4) (in his
notation) has to be changed to +(k — r 4+ i + 1). Identity (2.6) is explained combinatorially in [DJK23+],
while it is used in [ADJM23| to solve a combinatorial conjecture of Afsharijoo arising from commutative
algebra.

We show that (1.3) and (2.6) can be embedded in a single formula involving the integer m from the
previous subsection: this is Theorem 1.19, the m-version of the Andrews—Gordon identities. Our proof relies
on Corollary 2.2, which itself is a consequence of our bilateral Bailey lattice.

Proof of Theorem 1.19. Apply Corollary 2.2 to the bilateral Bailey pair (2.4) with a = ¢"™ and divide both
sides by (¢)m, this yields the desired left-hand side of (1.13). Regarding the right-hand side, one gets
1 i1 — gm0+ o
m Zq J—ij+mrj i _7qm+2j —1)Jq(z)

which by expanding the quotient yields

)

JEL

%

—ij+mr i (2 1 m j r ] i((m r—i
quk qu i+ J+2k]( l)gq(g) _ ) qm* Z(il)yq@ +1)(;)qg(( +1)r—it2k)
JEL Yoo 155 JEZ

This gives the result by using the Jacobi triple product identity (2.3). ]

The case i = 0 of Theorem 1.19 is Theorem 2.3 (2.3) in [Joul0], where specialisations of this formula
are also studied further. Taking m = 0 in (1.13) forces the index s, to be 0, therefore the left-hand side is
the one of (2.6). The right-hand sides actually also coincide: it is obvious for the even indices 2k on the
right-hand side of (2.6) (for 0 < 2k < 4), while the odd indices 2k + 1 correspond to indices ¢ — k on the
right-hand side of (1.13). Taking m = 1 in (1.13) also yields s, to be 0, therefore the left-hand side is the
one of (1.3) (in which 4 is replaced by i+ 1). Regarding the right-hand sides, the one of (1.3) is given by the
first term & = 0 in (1.13) (with ¢ replaced by ¢ — 1), while the sum from 1 to ¢ actually cancels, even though
it is not immediate at first sight.
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2.4. m-versions of Bressoud’s even moduli counterparts. In [Bre79], Bressoud found the counterpart
for even moduli to the Andrews—Gordon identities (1.3):

2 2 . .
s34 ts2 g sitetseo 2r i 2r—i. 21
§ q (q ) q ) q b) q )OO (2'7)

§13 38130 (@D s1-s2 - (@sr_2-5,-1 (0% 6%)s, 4 a (0)oo ’

where 7 > 2 and 1 < ¢ < r are fixed integers. As for the Andrews—Gordon identities, there is a counterpart
for (2.7) similar to (2.6) which is proved in [Bre80, (3.5)] and explained combinatorially in [DJK23+]:

>

$13 0 >sr_ 130 (Ds1—s2 -+ (Dsy 25,1 (%05, a =0 (@)oo

qs$+~~~+s§,1—sl—m—si i (q27" qr—i+2k’ qr+i—2k; q27')

. (2.8)

for all integers 7 > 2 and 0 <i <7r —1.
In this subsection, we aim to find a generalisation of both formulas above, in the spirit of Theorem 1.19.
To do so, we will need the following bilateral version of [BIS00, Theorem 2.5], which changes the basis ¢ to

i

Theorem 2.4. If (ay,, Br) is a bilateral Bailey pair related to a, then so is (al,, Bl,), where

P ) L B s R 2 2
T Cag/b, Trag’ @)

and

n = (=a)2; (b5 ¢*); (a7 /b, bqj)nfjb—j i=(3) 3. (a2 o2
" _gz (b, —aq/b)n(q% ¢*)n—j q Bi(a”,q7),

provided the relevant series are absolutely convergent. Here o, (a?,q?) and B, (a?,q?) means that a and q are
replaced by a® and ¢° in the bilateral Bailey pair.

Proof. As in [BIS00], we only need to use the definition (1.4) of a bilateral Bailey pair, interchange summa-
tions and apply Formula (2.2) in [BIS00]. O

As a consequence, letting b — +o0o, we derive the following bilateral Bailey pair, therefore generalizing
(D4) in [BIS00):
, 1+a

QO = mqnan(GQ,qz) and S, = Z

Jj<n

mqjﬂj(GQ,qz)- (2.9)

Now we are ready to give our result.

Theorem 2.5 (m-version of Bressoud identities). Let m > 0, r > 2, and 0 < i < r be three integers. We

have
gt mls bt )= gy Tms ]
> s (—1) = ap, (2.10)
s120>8,>—|m/2] (@simsz -+ (Do a0 1 (80 ims0 m+ 25y [
where
i 2m
o = 2( 1) (_1)lq2mk+2m2(q2r7q2m(r—l)+r—i+2k+2l7qr+i—2m(r—1)—2k—22;qQT)OO)
D)oo 120 =0
and
) m 2r 2r—2m—1—i+40 _i+2m+1-4L. 27
Aomi1 = (_1)mq(2—r)m2+(1+z—r)m Z q2£ (q ) 4 4 Y )oo

= (¢)oo

Proof. We start from the bilateral Bailey pair (2.4) with a = ¢, to which we apply (2.9). This results in
the bilateral Bailey pair:

2 1+q™ 2. 2 Z 2 (—=q™)2y m+j
"= -1 n,_n d = ; m -1 Jd . .
“ (=1 14 gmtan wd P =05 0) j<n( re (6%5¢%)n—j Lm+27]

9



Then apply Corollary 2.2 with a = ¢™ and r replaced by r — 1 to the above bilateral Bailey pair and divide
both sides by (1 4+ ¢™)(q)m: the left-hand side is the desired one (8, above is S5, _, while j = s,.). The
right-hand side is equal to

1 Lo ,1_q(m+2j)(i+1) 1
= — _ 1) qri —ij+m(r—1)j
fm = (Q)OO Z( 1) ¢ 1— qm+2j 1+ qm—i-2j : (211)
JEZ
Shifting the index of summation j to —j — m yields after rearranging:
27)(i+1 25 1
I = S (~1yigritigtmir=Di 1 — g H2)0HD (—1)mglmrntm Ty (2.12)

(Q)oo = 1— qm+2j 14+ qm+2j

Therefore we get by adding (2.11) and (2.12):

1 1 — g2mA2(i+D) | 4 g(2mt2))(2m1)

Z(il)jqrj27ij+2m(r71)3 ' ,
20) & 1= i (NPT

a2m =

in which we can expand both quotients and obtain the desired result by using (2.3). Summing (2.11)
and (2.12) gives in the odd case:

1 — g2m+1+42))(2m+2)

_ rj“—ij+(2m+1)(r—1 2m~+1+4+25)(i+1
Gami1 = 5 3 (-~ 1)grit i em A1 (1 _ g i) >) )

> jez
Expanding the quotient and using (2.3) yields
1 m
Aomi1 = 2(1(4m-‘r2)£(qu7 q(2m+1)(7"—1)—i—7"—z-i—4€7 qz—(2m+1)(r—1)—r—4€; q2r+1)oo
2(¢) \ &
m
o Z q(2m+1)(z'+1)+(4m+2)€(q2r,q(2m+1)(r—1)+r-|ri+2+4137 g im2-@mAD(r-)—r—dt, q2r)oo> .
£=0
Then observe that in the first sum we can use

(4m+2)¢ (q(2m+1)(7‘71)+r7i+45’ qi7(2m+1)(r71)77‘742; 2r+1)

q q

—_ (_1)mq(2—r)m2+(l+i—r)m+2€(

o0

2r—2m—1—i+4¢ _i+2m+1—4L, 2r
: q")

q q

oy
while in the second we have

(2m+1)(i+1)+((4m+2)€(q(2m+1)(r71)+7’7i+4€,qi7(2m+1)(rfl)fr74é; 21y

q q

_ (_1)m+1q(2—r)m2+(1+i—r)m—2€+2m(q—2m+1+i+4€’ q2r+2m—i—1—4€, q27‘)oo'

)

Therefore replacing ¢ by m — £ in the second sum in ag,,+1 above yields the result. O

Taking m = 0 in (2.10) forces the index s, to be 0, therefore we obtain the identity (2.8) multiplied by
1/2. Taking m = 1 in (2.10) also yields s, to be 0, therefore we get (2.7) in which 4 is replaced by i + 1.

Remark 2.6. In contrary to Theorem 1.19, we had to consider the parity of m to use the Jacobi triple
product (2.3) in (2.11). However, we managed to find a general expression for a,,, but only when ¢ is odd,
writing

_ o (2m4g)(i+1)/2
i1 q@m i) (i+1)/

1 S _
am = 75— Z(_l)qu wAm(r=1) 1— g2m+4i

(@)

This gives for odd 7 and any nonnegative inter m:

_(3%/2 o (@77, g ATk grimm(rm )=k g2r)
Ay, = q
k=0

q q

(@)oo

q
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2.5. m-versions of new even moduli counterparts. In [DJK23+|, while studying combinatorial in-
terpretations of the Andrews—Gordon and Bressoud identities ((1.3), (2.6), (2.7) and (2.8)), the authors
discovered in a purely combinatorial way the following pair of formulas, to be compared with (2.7) and (2.8):

1+q) > a

asors0 Wsimsa o (Dsrams,20(@%6%)s,

s3 sty bsite s o428,

1 i1 i -
_ W ((QQT,QZT i 17q1—&-1;q2r)oo 4 q(q2r7q2r z+17q1 1;q2r)oo) ; (213)
(oo}
where r > 2 and 1 <14 <r, and
Z qs%+~~~+s371—sl—~~~—si+sr,1 _ i (q27" qr—i+2k—1’ qr+i—2k+1; qQT)OO (2.14)
§1>>8,_1>0 (q)s1—82 e (q)3r72_57‘—1 (q2; q2)8r71 k=0 (q)OO

wherer >2and 0<¢<r—1.

Again, we are able to embed (2.13) and (2.14) into a general m-version, namely Theorem 1.20. To do
this, instead of (2.9), we use the following bilateral Bailey pair generalizing (D1) in [BIS00], and which is
considered in [Joul0]:

—aq)a;
o, = an(a®,¢*) and B, = Z %q IB;(a?, ¢*). (2.15)
j<n (q yq )nfj

Proof of Theorem 1.20. We start from the bilateral Bailey pair (2.4) with a = ¢™, to which we apply (2.15).
This results in the bilateral Bailey pair:

2 C aneog (0T )y [ Mt
an=(=1)"¢" 7" and B, = (¢*¢")m ) _(-1)7¢ T N
( ) ( ) ]zg;l( ) (q2;q2)n,j m+2j q2
Then apply Corollary 2.2 with a = ¢™ and r replaced by r — 1 to the above bilateral Bailey pair and divide
both sides by ()., the left-hand side is the desired one (f,, above is 85, , while j = s,.). The right-hand
side is equal to
(m+27)(i+1)

LS (yigrit=Gniemer-1;1 =4

(Q)oo = 1— qm+2j )

which by expanding the quotient yields

1 : mk i rj%—(i+1)j+m(r—1)j+2kj 1 - mk j 2r(3) 3 ((m+1)(r—1)—i+2k)
—— Y g™y (1) g TR — =N gy (—1)7 g ) :
(@) k=0 JEZ (@)oo k=0 JEL

This gives the result by using the Jacobi triple product identity (2.3). O

The case ¢ = 0 is Theorem 3.2 in [Joul0]. Taking m = 0 in (1.14) forces the index s, to be 0, therefore
we get (2.14). Taking m =1 in (1.14) also yields s, to be 0, therefore the left-hand side is the one of (2.13)
(in which 7 is replaced by i 4+ 1). Regarding the right-hand sides, the one of (2.13) is given by the two first
terms k = 0 and k =1 in (1.14) (with ¢ replaced by ¢ — 1), while the sum from 2 to ¢ actually cancels, even
though it is not immediate at first sight.

3. BILATERAL N-EXTENSIONS

3.1. Results. Using our new bilateral Bailey lattice given in Theorem 1.11 and Lemma 1.12, we were able
to deduce Theorem 1.16, a very general bilateral N-Bailey lattice with parameters by,...,by.

The proof of Theorem 1.16, quite technical, is left for the next subsection. However, some of its particular
cases, which correspond to the two key lemmas 1.9 and 1.10, are much more simple to state (and to prove),
and imply two bilateral N-extensions of the Bailey lattice found by Warnaar in [War01, Theorem 3.1 and
Theorem 3.2]. Hence we state them separately here.

11



When by = --- = by =0 in Theorem 1.16, the only non-zero eps(by,...,byx) is e9(0,...,0) = 1. Hence

e ity [OT N o [N
frgm(0,...,0) =Y al g0 ){ i =alg" N

U —u J
uEZ
and Theorem 1.16 reduces to the following.

Theorem 3.1 (First new N-Bailey lattice). Let (ay,, 8,) be a bilateral Bailey pair related to a. For all
N >0, define the pair (o, ), SLN)) by

o 2n—N)i—iG+1)/2 [N
(N) _ (1 _ ,.2n—N 1-N i [ ] )
o, =(1—-aq aq N 1 - | an—j, 3.1
( oo o 1 Sy | e .1
and
BN = Bn.
Then ( , BnN)) is a bilateral Bailey pair related to aq~" .

Applying first Theorem 3.1 to a bilateral Bailey pair related to a, and then Theorem 1.7 with a replaced
by ag~" to the resulting Bailey pair, we immediately derive the following result, whose unilateral case is
due to Warnaar [War01, Theorem 3.1].

Theorem 3.2 (Warnaar, bilateral version). Let (ay, 8,) be a bilateral Bailey pair related to a, and N > 0
be a fized integer. Then (o, B.) is a bilateral Bailey pair related to ag~™, where

_ n N ] n— Y
r (p7g)n(aq1 N/pg) (1- 2an)( 1 _an(2 R |:N:| QAp—j,

_N j
= aq aq N -1 . .
" (g™ p.ag Vo), WL e

(%

and

,:Z”: p,o aq1 N /po)n—j(ag* =N /po)I s,
fn Jn—jlaqg'=N/p,ag*~N /o),

Note that the bilateral Bailey lattice given in Theorem 1.8 corresponds to the case N = 1 in Theorem 3.2.

On the other hand, applying first Theorem 1.7 to a bilateral Bailey pair related to a, and then Theorem 3.1
to the resulting bilateral Bailey pair, we derive the following second result, whose unilateral version is also
due to Warnaar [War01, Theorem 3.2].

Jj=

Theorem 3.3 (Warnaar, bilateral version). Let (ay,, 8,) be a bilateral Bailey pair related to a, and N > 0
be a fized integer. Then (o, B.) is a bilateral Bailey pair related to ag~™, where

- 2n7N)( 17N) (1) q@n—N)i—iG+1/2 TN (p,0)n_jlag/po)"~I '
Otn aq aq N ( m—N—j . ] n—yj»
= aq In+r L7 (aq/p,aq/o)n—;
and
aq/pa n—j(ag/pa)!
=3 Jp.aafo)e
pard Jn—j(agq/p,aq/c
When by, ...,bx — 0o, the only term (1 —b;)~1--- (1 —bx)"tenr(by, ..., by) which does not tend to zero
in Theorem 1.16 is for M = N. Hence
. fn,jn(0,...,0) o (N—)(n— N N 0 i) | N
1 JnATy s — j—u  (N—u)(n—u)+(j—u)(n—N) ’ — gN=D)n=j) |
b1 b 500 (I1=01) - (1—bn) Za ¢ ul” j—ul 4 jl’

and Theorem 1.16 reduces to the following.

Theorem 3.4 (Second new N-Bailey lattice). Let (o, 8,) be a bilateral Bailey pair related to a. For all
N >0, define the pair (am (N ) 7(1N)) by

gN=0)+i(G-1)/2 TN
(N) _ _ .2n—N 1-N _ 4 |: :| .
« =(1—-a a E 1 : | an—i, 3.2
n ( q )( q )N. ( ) (aq%*N*j)NH j J ( )
JEZ
12



and

BN = "N g,

(V) g(V) N

Then (cw, ’, Br ') is a bilateral Bailey pair related to aq
We give two new theorems similar to Warnaar’s N-Bailey lattices, but coming from Theorem 3.4 instead
of Theorem 3.1.
Applying first Theorem 3.4 to a Bailey pair related to a, and then Theorem 1.7 with a replaced by agq
to the resulting bilateral Bailey pair gives the following result.

-N

Theorem 3.5. Let (ay,, B,) be a bilateral Bailey pair related to a, and N > 0 be a fized integer. Then

(a!), ) is a bilateral Bailey pair related to aqg~", where
- n N 'I'L
o = (s 0)nlag" =" /po) 1 - ag® V) (a NZ NHG-D/2 [N o
" (aq' N /paq N o), aq2” N=0)nsr L5 ] "7

J=
and

n

g - 2": (p,0)jlag" =N /po)n_j(ag' N /pa)! V..
(@)n—j(ag =N /p,aq* =N /o), !
Note that Theorem 1.11 corresponds to the case N = 1 of Theorem 3.5.

On the other hand, applying first Theorem 1.7 to a bilateral Bailey pair related to a, and then Theorem 3.4
to the resulting bilateral Bailey pair, we derive the following result.

Jj=0

Theorem 3.6. Let (ay,, Bn) be a bilateral Bailey pair related to a, and N > 0 be a fized integer. Then
(al), B!) is a bilateral Bailey pair related to aq~", where

2n—N)( 1—N) 'qN( D+iG-1)/2 |:N:| (P, U)n*]’(aq/po—) /

a —1)/ - .
! Nj:o( @@ L (aq/p,aq/o)n—;

=(1—aq

n—j»

and

B = N aq/po)n jlag/po)!
a Z Jn—j(aq/p,aq/o)n b

3.2. Proof of Theorem 1.16. Now we can turn to the proof of Theorem 1.16. We will make crucial use
of the two classical g-analogues of Pascal’s triangle:

ULEIHRRN

J J J—1
and N+1 N N
e
J J J—1
for all integers N, j with N > 0.
3.2.1. Recurrence relation for fy jn(b1,...,bn). We first prove the following recurrence relation on fn jn (b1, ...

defined in Theorem 1.16, which will play a central role in our proof.
Proposition 3.7 (Recurrence relation). For all0 <j < N +1,
(1= ag® ™) fnirgn (b, bvgn) = (1= byig™) (1 = ag® N ) fy by, by)
+(ag" N — by ) (1= ag® ) fnjo1mo1(br, . b))
We start by proving two technical lemmas which rely on the g-analogues of Pascal’s triangle.

Lemma 3.8. For all M, j,u € Z,

e L - [

| IR ) R R | AR
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Proof.

|

M N+1-M|  oump1| M N+1-M
U Jj—u 9 u—+1 j—u—1
i |M| |[N—-M n M|| N—-M
=4 ul|| j—u ull|j—u—1
_ u— M M N-M P 2M AN M N
u+1| |j—u—1 u+1||j—
g [M] [N — M] _q&rQNH%+N7j— M ][ N-M]
lu| | J—u | (u+ 1| [j—u—2]
u—M—NfM_ M—u M _ qu+l M
ta J—u—1] q u q u—+1
jou [M] [N = M| su_omssen—j | M ][ N—=M]
q lu| | J—u | q lu+1| | —u—2]
+u,M_N—M_ M+1 | M _M+1+M
q J—u—1] u—+1 u+1 u+1 U
jou [M] [N =M _ suonrisin—y [ M ][N =M
9 lu| | J—u | q lu+1] [J—u—2]
4 M N-M M| | M
q j—u—1 U u+1|/)"

Note that when M = u = 0, Lemma 3.8 reduces to (3.3).
Lemma 3.9. For all M, j,u € Z,

|

Proof.

u

_ L 2u—M+1

M

|

q

N+4+1—-M
Jj—u

|

|

j_

u

| u
(M —1
_u—l

|

[N — M

|

M—-1
U

(M —1
_u—l

|

|

M—-1
U

qJ

Mf
u—+1

(N —M+1
(M — 1] [

2u—M+1

‘AL — 1]

Il
Il

j—u

][N—A%+1_q%4ﬂlpl—l

:l _ L 2u—M+1

I

1

u

N-M+1
j—u

M—-1

u+1

N
J

|

Jj—u
N — M +1]
Jj—u

j—u
+ 2

|

N — M +1]
Jj—u

Jj—u

N-M+1
j—u—1

_ 2u—M+1
} q [u—!—l

N-M+1

N—-M+

oo

M

|

BER

u—1
M

I
|
It

|

2} _ gNM it [

)

M—1
u—+1

N+1-M
j—u—1

I

N-M

J+|
-M+1
—u—1

_ q2u—M+1

u

M—-1
u+1

(N - M+1
Jj—u

_ q2u7M+1 |:

u—+1
14

-+

N —
Jj—u

J—u—1]
N-M+1

Jj—u
M—-1

|

M-1
U

M+1

+ 1]

|

[N —M+1
| j—u—1

|

|

)
|

N-M+1
j—u—1

|

N-M+1
j—u—1

N-M+1
j—u—1

|
|

N-M+1
j—u—1

I

} _ N-M—jt2ut? {M

- M
u— 2

|

N-M+1
Jj—u

|

by (3.3)

by (3.4)

by (3.3) and (3.4)

|

-1
U

N-M+1
j—u—1

I

by (3.3)

by (3.4)

by (3.4) and (3.3)

|



M—-1| |[N-M-+1 N-M—jt2ut2 | M —1| |[N =M +1
+ . —q . .
u—1 Jj—u u j—u—1

Note that when M = v = 0, Lemma (3.9) reduces to a combination of (3.3) and (3.4).
We can now prove our recurrence relation.

Proof of Proposition 3.7. Recall from Theorem 1.16 that

(i) = 3 ((_1)MZaa‘—qu—u)(n—u>+<j—u><n—zv> Hﬂ [Z\E:fD Y I

MEZ u€Z IC{1,...,N} i€l
s.t.|I|l=M

Thus

2n717N)

(1—aq INt1,m (b1, DNg1) =

> <(—1)Mzajuq<Mu><nu>+<ju><nN1) [J‘ﬂ {N ;f{j 1]) S IIv

MeZ = IC{1,...N+1} i€l
s.t.|Il=M

i —w)(n— - _N— M| |N—-M+1
_1\M+1 u+l (M—u)(n—u)+(j—u+1)(n—N—-1)+n .
-3 (e sy ) MR s T

Mez ueZ IC{1,. N+1} i€l
s.t.|I|=M

= ((_1)MZGJuq<Mu><nu>+<ju><nN1) W] [Njfa* 1D S IIw

MeEzZ u€Z IC{1,....N+1} il
s.t.|Il=M

- —u—1)(n—u— W) (n—N— M N-M+1
_1\M+1 j—u (M—u—1)(n—u—1)+(j—u)(n—N—-1)+n .
ol (IR Wi ) s

Mez ueZ IC{1,.. N+1} i€l
s.t.|I|l=M

= Z (-1)M Z @/ ~ugM - (n—u)+(—u)(n=N-1)
MEeZ UEZL

(R e LGS 2 w (35)

IC{1,...,N+1} i€l
s.t.|Il=M

Note that the quantity between parentheses in (3.5) is exactly the left-hand side of Lemmas 3.8 and 3.9. We
will now show that the right-hand side of Proposition 3.7 can be written as the sum of two sums, containing
the right hand side of Lemmas 3.8 and 3.9 respectively.

We expand, replace M by M — 1 in the terms which are multiplied by by41, and performe a change of
the variable u to make all powers of a coincide. This yields:

(1= bnt1g™) (1 —ag® V) i (b1, . b)) + (ag" N —bni) (1 — ag® ) v j—1n-1(b1, - -, bN)

- ((_1)Mzajuq<Mu><nu>+<ju><nN> Hﬂ [—’\j’:uMD S 1w

MEeZ UEL IC{1,....N+1} i€l
s.t.|Il=M
and N+1¢1

\MA1 J—u (M—u—1)(n—u—1)+(—u—-1)(n—N)+2n—1-N—j | M N-M '
+ > (( DMLY " al g {u+1} [j—u—lD 2. 1In

MEz = IC{1,... . N+1} i€l
s.t.|Il=M
and N+1¢I1
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M|| N-M
J— u (M—u)(n—u—1)+(j—u—1)(n—N—-1)+n—1—-N .
SN (LD Y M[j_u_l]) > I
MeZ uer IC{1,..,N+1} i€l
s.t.|I|=M
and N+1¢71
. L o S N N M N - M
+ M+lza] uq(M u—1)(n—u—2)+(j—u—2)(n—N—-1)4+3n—N—j—1 |:u+1:| |:_u_2:| Z Hbz
Mez = J IC{1,. N+1} i€l
s.t.|I|=M
and N+1¢71
u u—1)(n—u u)(n— n M -1 N-M+1
P g M) )N+ [ ) } [ P D S Ik
=y IC{1,.. . N+1} i€l
s.t.I|=M
and N+1€l

_|_

1M J—u (M—u—2)(n—u—1)+(—u—1)(n—N)43n-1-N—j |M = 1| |[N =M +1 4
> i {u—l—l}{j—u—l > T

u€ezZ IC{1,...,.N+1} i€l
st |I|=M
and N+1€T

g
m
N

+

it g (M=) (n—u)+(j—u)(n—N-1) M-1| [IN-M+1 .
T iy 2 v

IC{1,....N+1}iel
s.t.|I|l=M
and N+1el

j—u —u—1)(n—u— j—u—1)(n—N— n—j M-1 N-M+1
MY g D G e N2 a[ - HJ—U—lD S I

UEZL IC{1,....N+1}iel
s.t.|Il=M
and N+1€Il

£
m
N

+
(]

+
=
m
N
/\ /\ /\ /\ /\ Ve \

=
m
N

M Z @i ~tgM—wm—u)+(—u)(n=N-1)
MEZ w€Z

o G ] el R PSR (1 Y )

M N-—-M
_ Bu—2M+3+N—j )
q [u—&—l} L’—U—J)ch{lz Hbl

C{1,...N+1} i€l
s.t.|I|=M
and N+1¢71
y (o M-1|IN-M+1| o pmp |M—-1 | N-M+1
a4 U j—u 4 u+1 j—u—1

+{u—1}{ j—u }—q u j—u—1 x Z ll_IbZ
IC{1,...,N+1} i€l

s.t.|I|=M
and N+1€T

_ _\M jmu (M—u)(n—u)+(j—u)(n—N—-1) [ | M| |N+1=M}|  o_pp1 | M | IN+1-M
= S0 e (il sl Bl P | e
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X Z Hbi + Z H b; by Lemmas 3.8 and 3.9.

IC{1,....N+1} i€l IC{1,...,N+1} i€l
s.t.|I|=M s.t.|Il=M
and N+1eT and N+1¢T1
O
This is exactly (3.5), so Proposition 3.7 is proved.
3.2.2. Proof of Theorem 1.16. Now we use Proposition 3.7 and Lemma 1.12 to prove Theorem 1.16.
We proceed by induction on N. For N = 0, by (1.12), 0 — = B, and by (1.10),
n On
o) = (1 - ag® )1—7(1(]2” = an.
Thus (ag)), Y(LO)) is a bilateral Bailey pair related to a.

Now, assume that for some integer N > 0, (o, (N ), SLN)) is a bilateral Bailey pair related to ag~" and
show that (a, (N+1) B(NH)) is a bilateral Bailey pair related to ag”N¥~!. By Lemma 1.12 with b = by 1,
(al,,3)) is a bilateral Bailey pair related to ag=V =1, where

_ n—N— N
— (1—agM) 1-bypig" ot ¢ Mag" N = bvga) ot
¢ 1—bys1 1—ag?N 1—bni1 1—ag?—N-2 ]’
and
g = (bN419)n ().
(bN+1)n
Now let us show that (o, 5),) = (« NH),B(NH))
We have
6/ _ (bN+1Q)n (N) _ (bIQ7 e 7bNQ7 bN-‘rlq)nﬁn _ ﬁ(N_i,_l)’
(bN+l)n " (b17-~~7bNabN+1)n "
and by (1.10),
(1 —N) 1—bypg"  a " Hag" N — byga) afﬁ)l
= — Q —_
¢ 1—byy1 1—ag?N 1—byi1 1—ag?n—N-2

Qp—j

(ag )N+ S (1) @IV — by y1g") fngin(by, -, bN)
)

B (1=b1) (1 =bny1 ‘ez (ag*=N=I )Ny

+Z(_l)j+1q(j+1)(n71)*j(j+1)/2(aqnflfN o) Nt (b, by)

JET (ag** =2 N"T )Ny =t
(aq N N+1 ) jnfj('+1)/2 . N
= 00 (1 b Z TN (= bxaa™) (1 = ag? N0 fy (b, )

ez
+ (ag" "N —byi1)(1 - aq2n7])fN,j—l,n—1(bla ce bN))Oén—j-

Now by Proposition 3.7, this equals
an*j(j+1)/2

r_ (aq )N 1 J
T 1)1 ij+1) ]26;_1) (g2 —N=i-1)

2n717N)

(1—aq Ins1im(D1s e bN1) g

N+2

— o+,

Thus the pair (agLN+1)7 5£LN+1)) is indeed a Bailey pair related to ag=V 1.
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4. A NEW PROOF OF BRESSOUD’S IDENTITY

In this last section, we show that the unilateral version of Theorem 1.11 can be used to give a simple
proof of Bressoud’s identity [Bre80] which is an analytic generalisation of the Rogers—Ramanujan identities.

Theorem 4.1 (Bressoud). For integers 0 < r < k and parameters a, ¢1, ¢z, b1, ...,bar—_1, we have:

a)sl+~-~+sk,1qs?/2+s;‘i+1+“-+sﬁ_1751/2+sr

Z (_1)81 S1 s s

1> S 130 bl (begrfl) 2., .. (brbr+1) r
(a’q/clcQ)Sk—l (bl)sl (b27 b2r—1)52 cee (bra br+1)sr (a/b2b2r—1)sl—82 e (a/brbr—i-l)sT,l—sT
(q> aq/cl, a’q/CQ)Sk 1 (q)SI*SZ s (q)sk—273k—1 (a/b27 a/bQTfl)Sl s (a’/bT? a‘/bTJrl)Srfl

_ a/b1 ooz (b1y... bor—1,¢1,02,a )j(b1---527-—18102)_jaqu(k_r)jzﬂ
a/blv"‘7a/b2r717aq/617(LQ/027(I)j

a’q’ (1=byg?) ... (1= bor_1¢9)
X (1 + by...bopo1 (1 —agi/by)...(1— aqj/bQT._1)> .41

To see why the result below is actually equivalent to Bressoud’s formula, see the following subsection.

The open problem of giving a combinatorial proof of Theorem 4.1 (when parameters ¢1,ce — oo and the
other parameters have specific forms), known as Bressoud’s conjecture, was solved by Bressoud himself in
some cases; then the next big step towards its resolution was made by Kim and Yee [KY14], and the full
problem has recently been settled by Kim [Kim18].

We give our proof of Theorem 4.1 in this section, by showing that it is a consequence of the unilateral
version of our new bilateral Bailey lattice in Theorem 1.11. We also show that it does not seem to follow
from the classical Bailey lattice of Theorem 1.4, which seems suprising at first sight.

4.1. Bressoud’s result. In the paper [Bre80], Bressoud defines two functions Fj j ,(c1,¢2;b1,...,bx;a;q)
and Gy i r(c1,c2;b1,...,bx;a;q), where the integral parameters satisfy k& > r > A/2 > 0. This is equivalent
to 2k —1>2r —1 > X > 0. Then Bressoud’s main theorem in [Bre80] states on the one hand that for all
k>r>\/2>0, we have

Fypr(cr,c2ib1,.0,bx;a5q) = Gapr(cr, cas by, ..o, basasq), (4.2)
and on the other hand that for all k > r > A/2 > 0, we have
lim Fypr(cr,e25b1,....0x0,9) = lm Gy (e, c;01,...,bx5a;q). (4.3)

C1,C2—>00 Cc1,C2—>00
We want to prove that these identities are both special cases of our new Bailey lattice. To do that, first

note that it is enough to prove them when A takes its maximal value, that is A = 2r — 1. Indeed, by the
definitions of Bressoud’s functions, we have

lim Fy g r(c1,c2501,...,0x505q) = Fx_1pr(c1,coib1,...,ba_150;q),
by—o0
and
bh_r}n Grkr(ci,caibr, .o by a;q) = Gaoi g r(c1,c25b1, ..., ba1s a5 q).
A — 00

Now for A = 2r — 1, one can define the first of these functions by

F2r—1,k7r(cla02§b1,-- b2r 1;Q; q a/b1 0o Z bl,.. bgr 1,C1,C2,Q ) (b1...bgr_lclcg)_jaqu(k_’“)jz‘*‘j
(a/bz,...,a/bar—1)c =0 (a/bis...,a/bar—1,aq/c1,aq/c2,q);
a"q’ (1 =b1¢7) ... (1 —bor_1¢")
1 - . . (44
x < +b1 -~b2r—l (1—aqﬂ/bl)...(l—aqj/bgr_l) ( )

The second function of Bressoud can be defined for A = 2r — 1 as

Y T LT W
Gar—1kr(C1,023b1, . bar—13a59) = >
$1>>8p_1>0 (qv aq/c1, aq/c2)8k—1(q)51*52 s (Q)Sk—2*5k—l
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X (ql_SI /bl)s1 (a/b2b2'r71)81*82 e (a’/bTbTJrl)S’"*liST
% (q1752/b2, qlisz/bQT—l)SQ . (ql*sr/br7 qlfsr/br“rl)sr
x (ag® /b2,aq™ [bar—1,...,aq" " /by, aq” " [byri1) oo

Using
_ n—n(ne (a/b)s
(ql n/b)n — (_1)nb nq n(n 1)/2(b)n and (aqn/b)oo — ,
(a/b)n
this gives
Gor—1,k,r(C1,C2:b1,. .., bar_150;q) Z a1tk g1/ 2 ST sy /2y
Lk - (-1

(a/bg,...,a/bgr_l)oo 51> S 130 bil(beQT_l)‘S? ...(brbr+1)sr

(aq/clc2)5k71 (b1)81 (b2,b2r—1)s, - - - (bm br+1)sr (a/b2b2r71)51782 e (a/brbr+1)57-71757-
(QaaQ/ClaQQ/02)5k71 (q)sl—SQ ~-~(Q)sk,2—sk,1 (a/b27a/b2r—1)sl ~-~(a/braa/br+1)sr,1
Then identity (4.2) of Bressoud translates for A = 2r — 1 as

(4.5)

For_1 g r(c1,e2501, .0 b2p1505q) = Gop1 ke r(C1, C23b1, ... s bar—15 05 q),
with 0 < r < k, which from (4.4) and (4.5) is equivalent to (4.1).
Finally Bressoud’s second result (4.3) asserts that (4.1) is still valid for » = k when ¢, ¢ — oo.

4.2. A proof through our new Bailey lattice. Replacing the use of Theorem 1.4 by the unilateral
version of our new Bailey lattice given in Theorem 1.11 gives the following sequence: iterate r — ¢ times
Theorem 1.1, then use the unilateral version of Theorem 1.11, and finally ¢ — 1 times Theorem 1.1 with a
replaced by a/q. This yields a final Bailey pair related to a/q to which we apply (1.1) with a replaced by
a/q. This is summarised in the following result, to be compared with [AAB87, Theorem 3.1] (equivalently
the unilateral version of Theorem 2.1).

Theorem 4.2. If (ay,, By) is a Bailey pair related to a, then for all integers 0 < i <r and n > 0, we have:

Z a51+..'+srq5i+”'+5rﬂsr (p17 01)51 co (pra UT)ST
51> > 8030 (pla'l)s1 ce (prgr)sT (Q)nfm (Q)s1782 s (Q)S'r'flfs'r'

(a/p1o1)n—s,(a/p202)s,—s, - - - (a/piTi)s, s —s, (QQ/pi+1Ui+1)s7‘,—sqz+1 o (aq/prov)s, -,
(a/p1,a/o1)n(a/pa,afo2)s, ... (a/pisaloi)s, , (aq/pit1,aq/0it1)s, - - (aq/pr,aq/or)s,

_ Qo +Zn:(Pl7Ul,~--,Pi,Uz‘)j(Pml~-~pi0i)_jaij(1—a)

(@n(@)n = (Dn—j(@)nsj(a/pr,a/on, ... a/pi,a]0i);
o <(p7§+17 Tit1s- s Prs0r)j(Pit10ig1 - prov) I (ag) "V gla,
(aq/piv1,aq/0is1,---,aq/pr,aq/0r) (1 — ag?)
(Pit1,Tit1s s Pry0r)j—1(Pig10i41 - - prJr)_jH(G(J)(T_i)(j_l)qj_laj1) (4.6)
(aq/pi+1,aq/0is1,- .. aq/pr,aq/or)j-1(1 — ag?=2) S

Now let n — oo in (4.6) and simplify the factor (¢)3! appearing on both sides, and rewrite the right-hand
side by shifting the index j to j + 1 in the summation involving a;_1:

Z a51+---+srq3i+"'+srﬂsT (,017 01)31 ce (pm O'r)sT (a/p202)81—82 cee (a/piai)si,l—s,;
$13 >8>0 (plgl)sl s (pro"r‘)s"y (q)s1782 s (Q)sr71*5r (a/p27 a/JQ)Sl s (a‘/pi7 a/ai)si—l

(aq/pi+1ai+1)si—si+1 cee (aQ/pTUT)Srfl—Sr _ (a/pla a/ol)oo

(aq/piv1,aq/0i41)s, - - (aq/pr,aq/or)s,_,  (a,a/p101)sc

% Z l-a (p1,01,.. -apr,Ur)j(Plffl X -PrUr)fjarjq(rfiH)jaj
>0 1- aq2j (G/Pha/ah teey a/Piaa/Uh CLQ/Pi+17aCI/0'i+1a R CLQ/PM aq/ar)j
a’ (1—p1¢)1 —01¢7) ... (1 = pig?) (1 — 0;¢7)
x |1-— . . . . .47
p101...pi0; (L —ag?/p)(1 —agi/o1)... (1 —aq?/p;)(1 — aq? /o;)
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In (4.7), replace r by r — 1, and use the Bailey pair obtained from the unit Bailey pair (1.2) by one
iteration of the Bailey lemma given in Theorem 1.1. This yields for 0 <¢ <r — 1:

Z a‘51+."+5r—1q5i+"'+5r71 (aq/po.)sr—l (pla 01)81 s (pr—lv Ur—l)sr—l
512>->5._12>0 (plal)sl s (pT*10T*1)5T71 (Qa GQ/[), aq/U)Srfl (q)51*82 s (q)57'—2757'—1

(a/p202)31—82 s (a/pio.i)si—l_si (aq/pi+lo.i+1)5i_5i+1 s (a’q/p"'—lo-"'_l)sr—Q_srfl
(a/p2;alo2)s, - (a/pisaloi)s, . (aq/pit1,aq/cit1)s, ---(aq/pr-1,aq/0r—1)s, 5

_ (a/p1,a/01)s0 (=) (p1,01, ..., pr—1,00-1,p,0,0);(p101 ... py_10,_1p0) T a"I qr=HDi+iG=1)/2
(a7a/p101)oo >0 (a/pha/o—h ) 7a/pia a/0i7 GQ/Pi+1a GQ/Ui+17 teey GQ/PrfhaCI/Urfla GQ/Pa G'Q/U7 q)J
at (1—p1¢)1 —01¢7) ... (1 = pig?) (1 — 03¢7)
x (11— . . . . . (4.8)
p1o1 ... pioi (L —aq’/p1)(1 —ag? /1) ... (1 —ag?/p;)(1 — ag’ /o;)

Next, in (4.8), take o1, pj,0; — oo for j =i+ 1,...,r — 1, which yields

>, (=yn gt st/ 2 s (ag/po)s, s (p1)sy (P2, 02)s, - - (piy 1),
s§1228,-120 (pl)sl (p202)82 T (piai)si (q7 aq/p7 a’q/0—>5r71 (q)51*52 s (q)5r72757‘—1
(a/l)20'2)51—52 s (a/pio-i)Si—l_Si
(a/p27 a/02)51 s (a/piv a/ai)Sz‘—l

_ (a/p1)oo Z (p1,p2,02, .., pis0is p,0,0);(p1p202 . ~-PiUiPU)_jarjq(T_i)j2+j
(a)OO >0 (a/plaa/p%a/o—%"'va/piaa/oichQ/p’aq/Uvq)j
a'q! (1—p1¢?)(1 = pag? ) (1 = 09¢7) ... (1 = pig? ) (1 — 03q”)
x (1+ : : : . : . (4.9)
p1p202 ... pioi (1 —aq? [p1)(1 —aq’ /p2)(1 —ag? /o2) ... (1 — aq’ /p;)(1 — ag? /o)

Replacing k by r and r by ¢, Bressoud’s formula (4.1) becomes
Fai_1ri(cr,c2:b1, ..., baim15a59) = Gai—1 ri(c1, c23b1, ... boi—15a5q),
which corresponds to (4.9) by taking ¢; = p, ca = o, by = p1, be = pa,bei—1 = 02,...,b; = p;,biy1 = 0;.
As (4.9) is valid for 0 < ¢ < r—1, we conclude that Bressoud’s theorem, that is both formulas (4.2) and (4.3),
is a special case of our Bailey lattice.
In the first place we tried to use the classical Bailey lattice of [AAB87, Theorem 3.1] (or the unilateral

version in Theorem 2.1) instead of Theorem 4.2, and saw that to recover Bressoud’s formula (4.1), one has
to follow the same lines as above. We came up with the following formula instead of (4.9):

2 2 2
Z (_1)51 a‘81+“.+sr_1q81/2+si+1+m+ST_1751/2 (aq/po-)sr—l (p1)81 (an 02)32 st (,017 Ui)si
i (1) (p202)®2 .. (pioi)™ (¢,09/p,aq/0)s, . (Dsi—s2 -+ (Ds,a—s0

(a/p202)51—52 s (a/pio-i)Si—l_Si
(a/p27 a/02)31 s (a/Pi, a/ai)sz‘—l
o L
~(a/p1)eo Z (p1,p2,02, .., i, 04,p,0,0);(p1p202 . .. pioipo) Faqr=1I

(a)OO >0 (a/plaa/p%a/g%"'7a/piaa/aivaJQ/p’aq/U’Q)j
attg¥ (1= p1g/)(1 = p2g?) (1 = 02¢”) ... (1 = pig?) (1 — 0ug)
< (14 : , : : : . (4.10)
p1p202 ... pioi (L —ag? /p1)(1 —aq? /p2)(1 — ag? /o2) ... (1 — aq? /p;)(1 — ag’ /o;)
Therefore we could only prove the special case
lim  Fyip1rit1(c1,c2;01,. .., b2i415059) = lim  Gog1ri41(cr,coibr, ..o boig;a;q)
biy1,bipa—00 bit1,bir2—00

of Bressoud’s formula (4.1) in which one takes k =r, r =i+ 1, ¢y = p, ca = 0, by = p1, by = pa,baiy1 =
02,y bi = piy biysz = 0y
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But we could not derive the most general identity (4.1) of Bressoud in this way.

4.3. Special cases. The case A = 1 obtained from (4.1) by taking b; — oo for all j > 2 (and replacing k by
r and r by ), exactly corresponds to (4.10) in which one takes p;,0; — oo for all j > 2 and p1 = by, p = c1,
g = Ca:

>yt

1> >8,_ 120 (q)51—52 s (q)sr—2_5r—1 (q)sr—l b\;l (aq/clv a’q/CQ)Sr—l

sutotsno1 gsl/24si sl —s1/2=s2 = msi (b1)s, (ag/cica)s, .

i (2i—1)j j —J
_ %Zarjq(’”‘l)j2+(2_i)j <1+ alq®=Vi 1 _p gl ) (b1, c1,¢2,a)(bicic2)™? @11)

(@)oo = b1 1—ag’ /by ) (a/bi,aq/ci,aq/c2,q);

Note that we obtain the exact same formula with i replaced by 4 + 1 by taking similar limits in (4.10).
Obviously, the case A = 0 of Bressoud’s result is obtained from (4.11) by taking by — co. Moreover all
special case (3.2)—(3.7) in [Bre80] are consequences of the latter A = 0 case, with the choices (¢; — 00,y —

0, a = Q)ﬂ (Cl — 00, C2 — 00,0 = 1)7 (Cl = —(@,C2 — 00, a = q)7 (cl = _1702 — 00,a = 1)7 (Cl = —(q,C2 —
00,a = 1), and (¢; = —q,c2 — 00, a = ¢?) respectively. The two other special cases (3.8) and (3.9) of [Bre80]
are obtained from (4.11) with (¢; — 00, ¢ — 00,b1 = —¢q,a = ¢*) and (¢; = —¢%,¢ca — 00,b1 = —q,a = ¢?),
respectively.

Therefore we can conclude that all special cases of Bressoud’s theorem exhibited in [Bre80] are conse-
quences of both unilateral Bailey lattices, the classical one and the new one. This is not surprising by
Remark 2.3.
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