GENERALISATIONS OF CAPPARELLI’S AND PRIMC’S IDENTITIES, I:
COLOURED FROBENIUS PARTITIONS AND COMBINATORIAL PROOFS

JEHANNE DOUSSE AND ISAAC KONAN

ABSTRACT. The partition identities of Capparelli and Primc were originally discovered via representation
theoretic techniques, and have since then been studied and refined combinatorially, but the question of
giving a very broad generalisation remained open. In these two companion papers, we give infinite families

of partition identities which generalise Primc’s and Capparelli’s identities, and study their consequences on
(1)

n—1-"

In this first paper, we focus on combinatorial aspects. We give a n?-coloured generalisation of Primc’s
identity by constructing a n? x n? matrix of difference conditions, Primc’s original identities corresponding
ton = 2 and n = 3. While most coloured partition identities in the literature connect partitions with
difference conditions to partitions with congruence conditions, in our case, the natural way to generalise
these identities is to relate partitions with difference conditions to coloured Frobenius partitions. This gives
a very simple expression for the generating function. With a particular specialisation of the colour variables,
our generalisation also yields a partition identity with congruence conditions.

Then, using a bijection from our new generalisation of Primc’s identity, we deduce a large family of
identities on (n? — 1)-coloured partitions which generalise Capparelli’s identity, also in terms of coloured
Frobenius partitions. The particular case n = 2 is Capparelli’s identity and one of the cases where n = 3
recovers an identity of Meurman and Primec.

the theory of crystal bases of the affine Lie algebra A

In the second paper, we will focus on crystal theoretic aspects. We will show that the difference conditions
we defined in our n2-coloured generalisation of Primc’s identity are actually energy functions for certain
A,(illl crystals. We will then use this result to retrieve the Kac-Peterson character formula and derive a
(1)
n—1

new character formula as a sum of infinite products for all the irreducible highest weight A -modules of

level 1.

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Partition identities from representation theory.

1.1.1. The Rogers-Ramanujan identities. A partition X of a positive integer n is a non-increasing sequence of
natural numbers (A1, ..., As) whose sum is n. We write it as the sum A\; +---+ A;. The numbers Ay, ..., Ag
are called the parts of A, the number £(\) = s is the length of A, and |A| = n is the weight of A. For example,
the partitions of 4 are 4,3+ 1,2+2,2+1+1,and 1 +1+1+1.

The most famous partition identities are probably the Rogers—Ramanujan identities [57]. Using the
standard g-series notation for n € NU {oo},

(@:q)n = (1~ a)(1 —ag) -+ (1 —ag"™),
they can be stated as follows.
Theorem 1.1 (Rogers 1894, Ramanujan 1913). Let i =0 or 1. Then
n24(1—i)n 1

q —_—
nzz;) (@) (25¢9) (BT 6% 00 (1.1)

By interpreting both sides of (1.1) as generating functions for partitions, MacMahon [48] gave the following
combinatorial version of the identities.

Theorem 1.2 (Rogers—Ramanujan identities, partition version). Let ¢ =0 or 1. For every natural number
n, the number of partitions of n such that the difference between two consecutive parts is at least 2 and the
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part 1 appears at most i times is equal to the number of partitions of n into parts congruent to +(2 — 1)
mod 5.

More generally, a partition identity of the Rogers-Ramanujan type is a theorem stating that for all n, the
number of partitions of n satisfying some difference conditions equals the number of partitions of n satisfying
some congruence conditions. Dozens of proofs of these identities have been given, using different techniques,
see for example [10, 16, 32, 63]. But the starting point of our discussion is a representation theoretic proof
due to Lepowsky and Wilson [44, 45].

First, Lepowsky and Milne [42, 43] noticed that the product side of the Rogers-Ramanujan identities (1.1)
multiplied by the “fudge factor” 1/(¢; ¢%)so is equal to the principal specialisation of the Weyl-Kac character
formula for level 3 standard modules of the affine Lie algebra Agl).

Then, Lepowsky and Wilson [44, 45] gave an interpretation of the sum side by constructing a basis of
these standard modules using vertex operators. Very roughly, they proceed as follows. They start with a
spanning set of such a module, indexed by monomials of the form Z{l ... ZIs for s, f1,..., fs € N. Then
by the theory of vertex operators, there are some relations between these monomials. This allows them to
reduce the spanning set by removing the monomials containing Z]2 and Z;Z;41. The last step is then to
prove that this reduced family of monomials is actually free, and therefore a basis of the representation. The
connection to Theorem 1.1 is then done by noting that monomials Z{ '...Z{s which do not contain Zf or
Z;Z ;41 for any j are in bijection with partitions which do not contain twice the part j or both the part j
and j + 1 for any j, i.e. partitions with difference at least 2 between consecutive parts.

The theory of vertex operator algebras developed by Lepowsky and Wilson turned out to be very influ-
ential: for example, it was used by Frenkel, Lepowsky, and Meurman to construct a natural representation
of the Monster finite simple group [30], and was key in the work of Borcherds on vertex algebras and his
resolution of the Conway-Norton monstrous moonshine conjecture [15].

1.1.2. Capparelli’s identity. Following Lepowsky and Wilson’s discovery, several other representation theo-
rists studied other Lie algebras or representations at other levels, and discovered new interesting and intricate
partition identities, that were previously unknown to combinatorialists, see for example [18, 49, 50, 51, 52,
54, 56, 60],

After Lepowsky and Wilson’s work, Capparelli [18] was the first to conjecture a new identity, by studying
the level 3 standard modules of the twisted affine Lie algebra Ag). It was first proved combinatorially by
Andrews in [11], then refined by Alladi, Andrews and Gordon in [4] using the method of weighted words,
and finally proved by Capparelli [19] and Tamba and Xie [62] via representation theoretic techniques. Later,
Meurman and Prime [50] showed that Capparelli’s identity can also be obtained by studying the (1,2)-
specialisation of the character formula for the level 1 modules of Agl). Capparelli’s original identity can be
stated as follows.

Theorem 1.3 (Capparelli’s identity (Andrews 1992)). Let C(n) denote the number of partitions of n into
parts > 1 such that parts differ by at least 2, and at least 4 unless consecutive parts add up to a multiple of
3. Let D(n) denote the number of partitions of n into distinct parts not congruent to +£1 (mod 6). Then for
every positive integer n, C(n) = D(n).

In this paper, we will mostly be interested in the weighted words version of Theorem 1.3, which was
obtained by Alladi, Andrews and Gordon in [4]. The principle of the method of weighted words, introduced
by Alladi and Gordon to refine Schur’s identity[5], is to give an identity on coloured partitions, which
under certain transformations on the coloured parts, becomes the original identity. We now describe Alladi,
Andrews, and Gordon’s refinement of Capparelli’s identity (slightly reformulated by the first author in [26]).

Consider partitions into natural numbers in three colours, a, ¢, and d (the absence of the colour b will be
made clear shortly, when we will mention the connection with Primc’s identity), with the order

1, <1.<13 <2, <2< 29 <+, (1.2)
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satisfying the difference conditions in the matrix

— N Q

Cy =
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0

where the entry (z,y) gives the minimal difference between consecutive parts of colours x and y.
The non-dilated version of Capparelli’s identity can be stated as follows.

Theorem 1.4 (Alladi-Andrews—Gordon 1995). Let Co(n;i,j) denote the number of partitions of n into
coloured integers satisfying the difference conditions in matriz Co, having i parts coloured a and j parts
coloured d. We have

> Cansi, )a’d q" = (—q)oo(—aq; *)oo(—dg; %) oo

n,i,j>0

Performing the dilations

q—>q37 a—>aq_1, d — dq,

which correspond to the following transformations on the parts of the partitions:
ko — Bk —1)a, k.— 3k, kq— (3k+1)q4,

we obtain a refinement of Capparelli’s original identity. Other dilations can lead to infinitely many other
(but related) partition identities. Moreover, finding such refinements and non-dilated versions of partition
identities can be helpful to find bijective proofs of them. For example, Siladié’s identity [60] was also
discovered by using representation theory. Then, based on a non-dilated version of the theorem due to the
first author [24], the second author [39] was recently able to give a bijective proof and a broad generalisation
of the identity. For more on combinatorial refinements of partition identities, see for example [5, 2, 4, 3, 22,
23, 28, 25, 26, 40] .

1.1.3. Primc’s identities. Another way to obtain Rogers-Ramanujan type partition identities using repre-
sentation theory is the theory of perfect crystals of affine Lie algebras. Much more detail on crystals is
given in the second paper [27] of this series, but the rough idea is the following. The generating function
for partitions with congruence conditions, which is always an infinite product, is still obtained via a special-
isation of the Weyl-Kac character formula. The equality with the generating function for partitions with
difference conditions is established through the crystal base character formula of Kang, Kashiwara, Misra,
Miwa, Nakashima, and Nakayashiki [38]. This formula expresses, under certain specialisations, the character
as the generating function for partitions satisfying difference conditions given by energy matrices of perfect
crystals.

The second identity which we study in this paper, due to Primc [55], was obtained in that way by studying

crystal bases of Agl). The energy matrix of the perfect crystal coming from the tensor product of the vector

representation and its dual is given by

a b ¢ d

a2 1 2 2

b1 0 1 1
Po="lo 1 0 2 (1.4)

d\0 1 0 2

Let P(n;i,j,k,£) denote the number of partitions of n into four colours a, b, ¢, d, with i (resp. j,k,£) parts
coloured a (resp. b, ¢, d), satisfying the difference conditions of the matrix P». Then the crystal base character
formula and the Weyl-Kac character formula imply that under the dilations

ke — 2k =1, ky— 2k, ke — 2k, kg—2k+1, (1.5)

the generating function for these coloured partitions becomes 1/(¢; ¢)oo-
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Theorem 1.5 (Prime 1999). We have

> Pngi,g k0 =
n,i,7,k,¢

1
(45 q)oo

9

By doing the same approach in the affine Lie algebra Aél), Primc also gave the following energy matrix
(where we already use the colour names from our generalisation):

agbo U,Qb1 a1b0 U,Obo a2b2 a1b1 Clobl albg Cl()bg
G,Qbo 2 2 2

—_
[\
[\
[\
[\
[\

asbq 1 2 1 1 2 1 2 2 2
abg 1 1 2 1 1 2 2 2 2
agpbg 1 1 1 0 1 1 1 1 1
Ps=ah, | 0O 0 1 1 0 1 1 2 2 (1.6)
ai1br 0 1 0 1 1 0 2 1 2
a0b1 0 1 0 1 1 0 2 1 2
a1bo 0 0 1 1 0 1 1 2 2
agbo 0 0 0 1 0 0 1 1 2
Theorem 1.6 (Primc 1999). Under the dilations
ka2b0 — 3k — 2, ka2b1 — 3k — 1, ka1bo — 3k — ].,
kaobo — 3]€, ka1b1 — 3]€, kang — 3/€7 (17)
kaob1 — 3k + 1, k‘alb2 — 3k +1, ka0b2 — 3k + 2,

the generating function for 9-coloured partitions satisfying the difference conditions of (1.6) becomes 1/(q; ¢)o-

When seeing these two theorems of Primc, one might find it surprising that the generating function for
partitions with such intricate difference conditions simply becomes 1/(q;¢)o, the generating function for
unrestricted partitions. However recently, the first author and Lovejoy [28] gave a weighted words version of
Theorem 1.5.

Theorem 1.7 (Dousse-Lovejoy 2018, non-dilated version of Primc’s identity). Let P(n;i,j, k,£) be defined

as above. We have ) )
(—aq; ¢%)oo(—dq; ¢°) o
(¢ @)oo (cq; ¢*) o

Z P(n;i, j, k, 0)q"a'c*d’ =
n,t,j,k,l

Performing the dilations of (1.5) indeed transforms the infinite product above into 1/(¢;¢)eo. But this
theorem shows that keeping track of all colours except b leads to a more intricate infinite product as well, and
that the extremely simple expression 1/(g;¢)o appears only because of the particular dilation that Primc
considered. Later, the first author [26] even gave an expression for the generating function for P(n;i, j, k, £)
keeping track of all the colours, but it can be written as an infinite product only when one does not keep
track of the colour b.

Thus it is interesting from a combinatorial point of view to see whether a similar phenomenon happens
with Theorem 1.6 as well. To do so, we would like to compute the generating function for coloured partitions
satisfying the difference conditions (1.6), at the non-dilated level, and keep track of as many colours as
possible. In this paper, not only do we succeed to do this, but we embed both of Primc’s theorems into an
infinite family of identities about partitions satisfying difference conditions given by n? x n? matrices.

Apart from the fact that they can be obtained from the same Lie algebra Ag1)7 Capparelli’s and Primc’s
identities didn’t seem related from the representation theoretic point of view, as they were obtained in
completely different ways, and Capparelli’s identity did not seem related to perfect crystals. However,
recently, the first author [26] gave a bijection between coloured partitions satisfying the difference conditions
(1.4) and pairs of partitions (A, u), where A is a coloured partition satisfying the difference conditions (1.3),
and p is a partition coloured b. This bijection preserves the total weight, the number of parts, the sizes of
the parts, and the number of parts coloured a and d. Therefore, combinatorially, these two identities are
very closely related. In this paper, we generalise this bijection to our generalisation of Primc’s identity and
obtain a multi-parameter family of partition identities which generalise Capparelli’s identity.
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1.2. Statement of results.

1.2.1. The difference conditions generalising Primc’s identity. In this paper, we give a family of partition
identities with n? colours which generalises the two identities of Primc, and a multi-parameter family of
partition identities with n? — 1 colours which generalise Capparelli’s identity.

In a previous paper [39], the second author gave a family of identities generalising Siladié¢’s identity using
n primary colours and n? secondary colours (products of two primary colours), giving n? +n colours in total.
In [22], Corteel and Lovejoy, gave a family of identities generalising Schur’s theorem, later generalised by the
first author to overpartitions [25]. These generalisations use n primary colours, and products of at most n
different colours, giving 2™ — 1 colours in total.

Here, our generalisation uses only secondary colours, so we have n? colours in total. Let us first define
these colours and the corresponding difference conditions. We start with two sequences of symbols (a,)nen
and (by,)nen, and use them to define two types of colours.

Definition 1.8. The free colours are the elements of the set {a;b; : i € N}, and the bound colours are the
elements of the set {a;by : i # k,i,k € N}.

Remark. We choose these names because, to obtain our main theorems, we will set b; = ai_1 for all 7. In
that case, the free colours will vanish, while the bound colours will have relations between them.

In this paper, we consider partitions whose parts are coloured in free and bound colours, satisfying some
difference conditions. We now define these difference conditions, which generalise those of matrices (1.4) and
(1.6) in the two identities of Prime.

Definition 1.9. For all 4, k,7, k' € N, we define the minimal difference A between a part coloured a;b; and
a part coloured a; by in the following way:

Aaiby, aiby) = x(i 21') = x(i=k =)+ x(k < k') = x(k =i = k), (1.8)
where x(prop) equals 1 if the proposition prop is true and 0 otherwise.

We start by observing some basic properties of A (the proofs, which are straightforward applications of
the definition, are left to the reader).

Property 1.10. For all ¢, k,i', k" € N, A(a;by, a;sbys) belongs to {0,1,2}.
Property 1.11. For all i € N, we have A(a;b;,a;b;) = 0. In other words, free colours can repeat arbitrarily
many times.
Property 1.12. For all i,k € N such that ¢ # k, we have A(a;b;, arby) = 1.
Property 1.13 (Triangle inequality). Let i,k,4',k’ € N. For all i, k" € N, we have
A(aibg, aiby) < A(a;bg, airbir) + Alain by, aibyr).

In other words, it is equivalent to say that A(a;bg, a;bys) is the minimal difference between parts coloured
a;bi and a; by, and that it is the minimal difference between consecutive parts coloured a;by and a; by .

By Properties 1.12 and 1.13, a part of a given size cannot appear in two different free colours.

For every positive integer n, we define P, to be the set of partitions A; + - - - + A, where each part has a

colour chosen from {a;by : 0 < i,k <n — 1}, satisfying the difference conditions for all j € {1,...,s —1}:
Aj = A1 = Ale(A)), e(Aj+1)),
where for all j, ¢();) is the colour of part A;. Such partitions are called generalised Primc partitions.

To simplify some calculations throughout the paper, we adopt the following convention. If ¢q,...,cs is
the colour sequence of the partition Ay + --- 4+ Ag, we add free colours ¢y = ¢s41 = Goobso to both ends of
the colour sequence. The difference conditions are, for all i,k € N,

A(aooboo; aibk) = A(aibk:a aooboo) = 17

which is coherent with the definition (1.8) of A. We also assume that As11 = 0.
The difference conditions defining P,, generalise Primc’s difference conditions matrices P, and Ps in (1.4)
and (1.6), as we shall see in the next two examples.



Example 1.14. If we set a = a1bg, b = agbg,c = a1b1,d = agby, then P, is exactly the set of partitions with
difference conditions (1.4) of Primc’s 4-coloured identity. For example,

A(a,b) = A(azbo, agbo)
=x(120)=x(1=0=0)+x(0<0) = x(0=0=0)
=1-0+1-1
=1

This is exactly the entry in row a and column b in (1.4).

Example 1.15. The set Ps is exactly the set of partitions with difference conditions (1.6) of Primc’s 9-
coloured theorem. For example,

Afagbo,a2b1) =x(222) = x2=0=2)+x(0<1) —x(0=2=1)
=1-0+1-0
=2.
This is exactly the entry in row asby and column asb; in (1.6).

It turns out that the matrix (A(arbe; arber))(x,0),(k,¢)e{0.....,n—1}2 1S an energy matrix for the crystal of

the tensor product of the vector representation B of Anlzl and its dual BY. This is proved in our second
paper [27]. Using the formulas for the generating functions proved in this paper, it allows us to retrieve,
for all £ € {0,...,n — 1}, the Kac-Peterson character formula, which expresses the characters ch(L(Ay)) of
the irreducible highest weight modules L(A;) as a series in Z[[e ™, et ... eT@n-1]] with obviously positive
coeflicients, where the «;’s are the simple roots. Moreover, using Theorem 1.29, we give the first expression for
ch(L(A)) as a sum of infinite products, also with obviously positive coefficients in Z[[e™%, et ... etan-1]].

1.2.2. The difference conditions and forbidden patterns generalising Capparelli’s identity. In the previous
section, we gave difference conditions which generalise those of Primc’s identities (1.4) and (1.6). In this
section, we define a multi-parameter family of identities which generalises Capparelli’s identity. These
generalisations are expressed in terms of generalised Primc partitions avoiding some forbidden patterns.

Definition 1.16. Let # = w1 + --- + m,. be a partition. We say that another partition A = Ay + -+ + A
contains the pattern w if there is some index i such that

Ai =T, A1 =T2, ey Aigro1 = T
If A does not contain the pattern 7, we say that A avoids .
Let us start by defining some functions which will be parameters in our generalisations.

Definition 1.17. A function § is said to satisfy Condition 1 if it is defined on the set of bound colours
{agbe : k # €}, has integer values, and for all k, ¢,

min{k, ¢} < §(arbe) < max{k,(}.

Definition 1.18. A function 7 is said to satisfy Condition 2 if it is defined on the set of pairs of bound
colours {(ag, be,,ar,be,) @ k1 # €1,ka # €3}, has integer values, and if for all ki, ko, £, {2, it satisfies the
following:

o If max{ki, l2} < min{ks,¢;}, we have
max{k1,lo} < y(ak, be,, ar,be,) < min{ks, 41}.
o Ifky >0y, ko >lo,and {lo+1,... ka} \{l1 +1,...,k1} # 0, we have
Y(ag, bey, arybe,) € {la+ 1, . kb \ {1 +1,...,k }.
o Ifky <y, ko <lo,and {k1 +1,...,64}\{ka+1,...,02} # 0, we have
Y(ag, bey s aobe,) € {hkr + 1, 0\ {ka+1,..., 62},

We now use these functions to define forbidden patterns and generalised Capparelli partitions.
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Definition 1.19. Let n be a positive integer, and let 6 and ~ be functions satisfying Conditions 1 and 2,
respectively. We define C, (4, ), the set of generalised Capparelli partitions related to § and v, to be the set
of partitions A such that
e \eP,,
e )\ has no part coloured agbg,
e ) does not contain any of the following patterns, where p is any positive integer:
— forany i € {1,...,n — 1},
Pa;b; + Pa;b;
(i.e. free colours cannot repeat)
— for any ki, ko, £1, £2 such that max{ky, 2} < min{ks, €1} and i = y(ag, be,, ax,be, ),

paklbzl +pa,~bqy +p(L1‘72f2527
— for any ko > {5,
x for any 2 < u < oo, any ki, 41, and i = §(ag,by,),
(p + u)aklbgl +pa1b1 +pak2b227

(here we take the convention that u = oo if the pattern pq,p, + Pa, b, 1S at the beginning
of the partition)

« for any ki < £1, and i = (ag,be, ),

bey

(p + 1)ak1bgl —|_270,1b1 +pak2be27
« for any k1 > ¢ such that {la+1,... ko }\{€1+1,...,k1} # 0, and for i = y(ak, be, , Ak, be,),
(p + 1)ak1b21 +pa1b1 +pak2b227
— for any ki < ¢4,
x for any 2 < wu < oo, any ke, f2, and i = §(ag, by, ),
paklbgl +paibi + (p - u)akag27

(here we take the convention that u = oo if the pattern pa, s, +Pab; is at the end of the
partition)
* for any ko > £o, and i = 6(ag, b, ),

(p+ 1)%1 be, T (P4 Das, + Parybey s
x for any ky < lg such that {k1+1,..., 01 }\{ka+1,...,02} # 0, and for i = y(ak, be, , ar,be,),
(P + 1)ak1bz1 + (p + ]‘)aibi +pak2b£2'

When n = 2, there is only one possible choice for the functions § and v, and Cy := C2(d, ) is exactly the
set of partitions with difference conditions from Capparelli’s identity.

For general n, Definition 1.19 is quite broad, but with some particular choices of functions § and -, the
partitions in C,(d,7) can be described easily. We now describe two of these particular choices, one of which
leads to a generalisation of an identity of Meurman—Primc [51].

Let us start with our first example. For all k #£ £, we set
01 (akbg) =14 min{k, é}
The function v, is defined as follows:

o for max{ky, l2} < min{ks, (1}, we set
Y1 (g, bey s arybe,) = 1 4 max{ky, o},
o for kg >£1, ko >£2,Suchthat {£2+17...,k2}\{£1+1,...,k1}#@7 we set
ly+1 iffz-i—lE{fzﬁ-l,...,kz}\{&-‘rl,...,kl},

ko otherwise,
7
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o for k1 < {1, ka < £y, such that {k; +1,..., 6} \{ka+1,...,62} # 0, we set

ki+1 ifk:1+16{k:1+1,...,61}\{k2+17...,£2},

Yi(ag, be,, ar,be,) = {51 otherwise

The corresponding generalised Capparelli partitions are given by the following proposition (its verification
is a simple application of the definition and is left to the interested reader).

Proposition 1.20. The set C,(d1,71) is the set of partitions Ay + - -- + A5, where each part has a colour
chosen from {a;by : 0 < i,k < n—1, (i,k) # (0,0)}, satisfying for all j € {1,...,s — 1} the difference
conditions
Aj = Aje1 = Aale(X)), e(Ajt1)),
where
Aq(abi,aib;) =1 foralli >0
Aq(aghp,arbe—1) =1 forallk >£>0
Aq(ag—_1bg,apbr) =1 foralll >k >0
Aq(cr,e2) = Aler,co)  otherwise,

(1.9)

and which, for every positive integer p, avoid the forbidden patterns (p + 1)ak1b[1 + Pay,br, + Pay,be, for all
ko > ky >y > {1, and (p—|— l)aklbzl + (p—|— l)azlbél +pak2b52 fOT’ all 1 > by > k1 > ko.

As said above, when n = 2, this reduces to the difference conditions of Capparelli’s identity (1.3). But
these conditions also generalise those of another partition identity mentioned in Primc’s paper [55].

Example 1.21. Set n = 3 in Proposition 1.20. The difference conditions defining C3(d1,71) are shown in
the following matrix, which appeared in Primc’s paper [55].

agby azby  aiby agbz aiby apbi aiby agbs
asbg 2 2 2 2 2 2 2 2

ashy | 1 2 1 2 1 2 2 2

abo | 1 1 2 1 2 2 2 2

L ashy | 0 1 1 1 1 1 2 2
Cs = atby | 1 1 1 1 1 2 1 2 (1.10)

agby | 0 1 0 1 1 2 1 2

aby | 0 0 1 1 1 1 2 2

agbs \ 0 0 0 0 1 1 1 2

Moreover, we have the forbidden patterns (p + 1)a,b, + Pasbs + Pasby 304 (P + 1)agby + (P + 1)asbs + Pagh, for
all positive integers p, which again are exactly the forbidden patterns mentioned in [55].

It was proved by Meurman and Primc in [51], using basic Aél) modules, that after performing the dilations
(1.7), the generating function for these partitions becomes (¢; ¢*) ! (¢%; ¢) %t

Let us now turn to the second choice of § and v which gives rise to simple difference conditions and
forbidden patterns.
For all k # £, we set

02 (arbe) = max{k,}.
The function v, is defined as follows:

o for max{ki,lo} < min{ks, ¢1}, we set
72(ak1b213ak2b52) = min{k%él}a
o for kg > 01, ko > £, such that {€o +1,... ke} \{€1 +1,...,k1} # 0, we set
ko ikaE{EQ+1,...7k2}\{£1+1,...,]€1}7

o+ 1 otherwise,
8
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o for k1 < {1, ka < £y, such that {k; +1,..., 6} \{ka+1,...,62} # 0, we set

0y iflye{ki+1,.... 0\ {ka+1,...,06},

Y2 (akn b€1 s Ay b@z) = {kl +1 otherwise

The corresponding generalised Capparelli partitions can be described as follows.

Proposition 1.22. The set C,,(d2,72) is the set of partitions A1 + -+ + A5, where each part has a colour
chosen from {abi : 0 < i,k < n—1, (i,k) # (0,0)}, satisfying for all j € {1,...,s — 1} the difference
conditions

Aj = A1 2 Da(e(Xg), e(Aj+1)),

where
Ag(abi,aib;) =1 foralli >0
Ag(akbk,akbg) =1 forallk >£>0 (1.11)
As(agbe, aghy) =1 forallt>k>0 ’

As(cr,c2) = Alcr,c2)  otherwise,
and which, for every positive integer p, avoid the forbidden patterns (p + ]‘)aklbll + Pagyy1beys1 + Pagybe, fOT
all ky > ko > t1 > Lo, and (p + 1)ak1b€1 +(p+ l)ak_lJrI;,k_lJr1 + Pay,be, for all by > b1 > ko > k.

Again, when setting n = 2 in Proposition 1.22, we recover the difference conditions of Capparelli’s identity.
When setting n = 3, we get new difference conditions similar to those of Meurman—Primec [51].

Example 1.23. The set C3(d2,72) is the set of partitions satisfying the difference conditions given in the
following matrix
a2b0 Clgbl a1b0 Clgbz a1b1 Clobl a1b2 a0b2
asbg 2 2 2 2 2 2 2 2

a2by 1 2 1 2 1 2 2 2
a1bo 1 1 2 1 2 2 2 2
2 agby 1 1 1 1 1 1 2 2
= | o 1 1 1 1 2 1 2 | (1.12)
aoby 0 1 0 1 1 2 1 2
a1b2 0 0 1 1 1 1 2 2
aoba 0 0 0 1 0 1 1 2
and avoiding the forbidden patterns (p + 1)asb, + Parby + Pasbo a0d (0 4+ 1)ags, + (© + 1)ayby, + Payp, for all

positive integers p.

Recently in [26], the first author gave a bijection between Primc’s partitions P and pairs (A, u) where
A € Cy is a Capparelli partition and p is a classical partition. This bijection only modifies some free colours,
so it preserves the weight, the number of parts, the sizes of the parts, and the number of appearances of
colours a and d. In this way, she showed that Capparelli’s identity is closely related to Primc’s identity and
can be deduced from it, even though until then, these two identities seemed unrelated from the representation
theoretic point of view.

Here, we generalise this idea and show the following.

Theorem 1.24. For all positive integers n and all functions § and v satisfying Conditions 1 and 2, re-
spectively, there is a bijection ® between the set P, of generalised Primc partitions and the product set
Cn(8,7) x PO, where C,,(8,7) is the set of generalised Capparelli partitions related to § and v, and P is the
set of the classical partitions where all parts are coloured agbg.

This bijection preserves the weight, the number of parts, the sizes of the parts, and the number of appear-
ances of each bound colour.

Both Capparelli’s identity and Meurman and Primc’s identity with difference conditions (1.10) did not
have any apparent connection with the theory of perfect crystals. The bijection between P, and Cy x P°
in [26] gave an unexpected connection with Primc’s identity and the theory of perfect crystals. The present
theorem shows that Meurman and Prime’s identity with difference conditions (1.10) can actually be deduced
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from Primc’s 9-coloured Theorem 1.6. More generally, through the bijection with the P,’s, we relate our
family of generalisations of Capparelli’s identity to the theory of perfect crystals.
The detailed bijections are given in Section 4.

1.2.3. Coloured Frobenius partitions. Since its discovery, Capparelli’s identity has been one of the most
studied partition identities in the literature, see for example [17, 13, 14, 29, 31, 37, 41, 61] for articles from
the combinatorial point of view.

While the other most important partition identities, such as the Rogers-Ramanujan identities [57] and
Schur’s theorem [58], have been successfully embedded in large families of identities, such as the Andrews-
Gordon identities for Rogers-Ramanujan [8, 33] and Andrews’ theorems for Schur’s theorem [7, 6], finding
such a broad generalisation of Capparelli’s identity was still an open problem.

Here, we solve this problem by giving a multi-parameter family of identities which generalise Capparelli and
a family of identities generalising Primc. Unlike most classical Rogers-Ramanujan type identities, we relate
the partitions with difference conditions defined in the previous section to coloured Frobenius partitions.
This allows us to find simple and elegant formulations for the generating functions.

Following Andrews [9], a Frobenius partition is a two-rowed array

()\1 Ay - )\s)
,Ul ,LLQ ‘LLS ?

where s is a non-negative integer and A\ := Ay + Ao+ --- + A\ and p := py + po + - - - + g are two partitions
into s distinct non-negative parts. Frobenius partitions of length s and weight m = s+ > 7_ A+ >0, i
are in bijection with partitions of m whose Durfee square (the largest square fitting in the top-left corner of
the Ferrers board of the partition) is of side s. An example can be seen on Figure 1 in the case s = 4 (where

)\4:,U4:0).

M1 | 2|3

FIGURE 1. A Frobenius partition of length 4.

The generating function for the number F'(m) of Frobenius partitions of m is given by

> Fm)g™ = [2°)(—2¢; @)oo (—2 1 @)oo

m>0
Indeed, the product (—zq; ¢)o generates the partition A together with the boxes on the diagonal where the
power of z counts the number of parts, (—z71; ¢) generates the partition p where the power of =1 counts
the number of parts, and taking the coefficient of 2° in the above ensures that A and x have the same number
of parts. Using Jacobi’s triple product identity (see, e.g., [10]),

(—2¢; Qoo (275 Do (G Do = D _ @

keZ

kgt (1.13)

we see that the generating function for Frobenius partitions equals 1/(q; ¢)so, the generating function for
partitions.

Let us now define the coloured Frobenius partitions which will be related to our coloured partitions with
difference conditions.
10



In [9, (4.8)], Andrews defined a generalisation of Frobenius partitions where A and p are partitions into
distinct parts chosen from {k; : k € N,1 < j < n}, where k; = £, if and only if k = k" and j = j'.
Their generating function C®j(g) has been widely studied from the point of view of modular forms and
congruences, see for example [21, 46, 59].

Here we define a refinement of Andrews’ partitions. Consider the same families of symbols (a;);eny and
(b;)ien as in the previous section. We define a n?-coloured Frobenius partition to be a Frobenius partition

) VIS VRO

p o p2 e )
where A = A\; + Aa 4+ -+ + ) is a partition into s distinct non-negative parts, each coloured with some a;,
i €{0,...,n— 1}, with the following order

00, <04, _, <+ <04y <1y, , <lg, ,<--<lg<---, (1.14)

and p = p1 + pe + -+ + ps is a partition into s distinct non-negative parts, each coloured with some b;,
1€40,...,n— 1}, with the order

Opy < Opy <+ <0p,_y <Lpg <1y, < o<1y, <-ov (1.15)

Let F,, denote the set of n2-coloured Frobenius partitions. Note that in A and yu, a part of a given size can
appear in different colours. We define the colour sequence of such a n2-coloured Frobenius partition to be

(cn)e(rur); - - - e )elhy)).

Example 1.25. This array gives an example of 9-coloured Frobenius partition with colour sequence

(albg, aobo, (Zlbo, agbl) and Welght 18:
3a1 240 0ay Ogy
4p, Ay Lo, Op, )

Following the same reasoning as for classical Frobenius partitions, the generating function for the number
F,(m;ug, ..., Un_1;00, - --,Vn_1) of n?-coloured Frobenius partitions of m where for i € {0,...,n — 1}, the
symbol a; (resp. b;) appears u; (resp. v;) times, is

Z Fo(m;ug, ...y Un—1500, -+, Up—1)q™ag® -~ ap" 3 b7t - b, "
MGUQ - ey Upy— 1,000,V —1 >0
(1.16)
= [2°) [[ (—2ai¢; @)oo (=2 bi5 @)oo

i=0
This refines the following expression due to Andrews [9, (5.14)]:
Cox(q) = [2°)(~2a; ) (—27 @),

where the colours were not taken into account in the generating function.

Note that the generating function (1.16) does not depend on our orders (1.14) and (1.15), but only on
the condition “all parts are distinct” in A and p. These particular orders will however be helpful to make
the connection with the Primc generalised partitions P,, in the remainder of this paper.

1.2.4. Generalisations of Capparelli and Primc’s identities. The n?-coloured Frobenius partitions are very
natural objects to consider when studying our generalisations of Primc and Capparelli’s identities.

Theorem 1.26 (Connection between P,, and F,,). Let n be a positive integer.

Let pn(m, UQy - -y Un 15005 - - -, Un_1) be the number of n*-coloured partitions of m in colours {a;by : 0 <
i,k < n—1}, satisfying the difference conditions A (see (1.8)), where for i € {0,...,n — 1}, the symbol a;
(resp. b;) appears u; (resp. v;) times in their bound colours.

Let F,,(m;ug, ..., Um_1;V0, - --,Um_1) be the number of n?-coloured Frobenius partitions of m where for
1€{0,...,n— 1}, the symbol a; (resp. b;) appears u; (resp. v;) times in their bound colours.
Then
Po(m;ug, -y Up—1;00; -« -y Un—1) = Fn(m;ug, ..., Un—1;00, - -, Vp—1)-
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Remark. We actually prove a refinement of Theorem 1.26 according to the notion of reduced colour sequence
defined in Section 2. This is given in Theorem 3.8. We do not state it in this introduction to avoid
technicalities.

Moreover, when we set for all ¢, b; = a; 1 then all free colours vanish and we have the following elegant
expression for our generating functions as the constant term in an infinite product.

Theorem 1.27 (Generalisation of Primc’s identity). Let n be a positive integer.

Let Pp,(m;ug, ..., Un—1;00,--.,Un—1) be the number of partitions of m in Py, such that fori € {0,...,n—
1}, the symbol a; (resp. b;) appears u; (resp. v;) times.
Let F,(m;ug, ..., Um_1;0,--.,Um_1) be the number of n?-coloured Frobenius partitions of m where for
i€{0,...,n— 1}, the symbol a; (resp. b;) appears u; (resp. v;) times. We have
. . m _ug—v Up—1—VUp—1
E Pn(m7u07"'7un—lvv()a"'7Un—1)q a()o O"'anzl i
MLUQ,ee ey U — 1,000,V —1 >0
. . uUp—v Up—1—Un—1
= § Fn(maUOa"'7un717v0»'~~avn71)qma00 0“'an71
MLUQ, vy U —1,V0 55 Un—1 >0
n—1
_ 1.0 ) -1 _—1,
- [{L‘ ] H(_ﬂlz%Q)oo(—x a; 7q)oo
i=0
N(zte that because the free colours vanish, the generating functions for P, (m; Ug, -+ s Un—1; 00, - - - , Un—1)
and P, (m;ug, ..., Un—1;V0, .-, Vp—1) (reSp. Fp(m;ug, ..., Un—1;00, .., Vn—1)and Fp(m;ug, ..., Un—1;00, .., Un_1))

are the same.

From this theorem, it is easy to deduce a corollary, corresponding to the principal specialisation, which
generalises both of Primc’s original identities. By performing the dilations ¢ — ¢", and for all i € {0,...,n—
1}, a; — q~%, the generating function above becomes [2°](—2¢;q)oo(—771;¢)o0, Which is also equal to
1/(¢59)o-

Corollary 1.28 (Principal specialisation). Let n be a positive integer. We have

nmfz?;ol i(u—vi) _ 1

(@)oo

E Po(m;ug, ..., Up—1;00, -« ,Vn—1)q

MLUQ -y Un— 1,005,V —1 20

Moreover, by using Jacobi’s triple product repeatedly, we are able to give an expression of the generating
function for coloured Frobenius partitions as a sum of infinite products, which gives yet another expression
for the generating function for P,,, or equivalently F,.

Theorem 1.29. Let n be a positive integer. Then

E . . m, ug—uv Uy —1—Vp—1
Pn(m,u()a""un—lvv()a"'7Un—1)q a()o 0"'an71
ML,UQ - U —15V0 5003 Un—1 20
. . m U — v Up—1—"Un—1
= E Fn(m,uo,...,un,l,vo,...,vn,l)q aoo °~-~an’il "
ML,UQ -+ Up —1,V0,5-++,Vn—1 >0
1 n—1
= ( )n Z aaSI H a:‘i—swrlqst(si—si_,_l) (1.17)
% 9) S1ye-ySn—1€Z =1
Sn=0
n—1 i(i+1). i(i+1) n—1
- (M) s e
. . i
(4 @)oo \ i3 (¢ 0) e
0<r;<j—1
Tn=0
s (i)
« | — H aiazl q 2 +(z+1)ri—zn+1;qz(z+1) (118)
{=0 )

i—1
i(it1 . . »

X (— (H ami1> q(2)—(Z+1)Ti+lr,i+1;qz(z_i,_l)) .

£=0 o
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The formula (1.17) will allow us to retrieve the Kac-Peterson character formula [36] for level 1 irreducible
highest weight modules of Anl_)l in our second paper [27]. On the other hand, (1.18) will give a new expression
for the character as a sum of infinite products.

Moreover, the formula (1.18) gives an expression of Andrews’ function C®,(q) as a sum of infinite products,
which makes it very easy to express as a sum of modular forms. An expression for C®(q) as a sum of infinite
products was already given by Andrews [9] (without the colours) in the cases k = 1,2,3. This is the first

time that the case of general k is treated and that a refinement with colour variables is introduced.

Finally, through our bijection from Theorem 1.24, Theorem 1.27 also gives us a very broad generalisation
of Capparelli’s identity in terms of coloured Frobenius partitions.

Theorem 1.30 (Generalisations of Capparelli’s identity). Let n be a positive integer, and let 6 and ~y be
functions satisfying Conditions 1 and 2, respectively.

Let Cp(6,v;m;ug, ..., Up_1;00,--.,Un—1) be the number of partitions of m in C,(8,7) (see Definition
1.19), where for i € {0,...,n — 1}, the symbol a; (resp. ai_l) appears u; (resp. v;) times in the colours.
Let F,(m;ug, ..., Un_1;00,--.,0n_1) be the number of n?-coloured Frobenius partitions of m where for
1€{0,...,n— 1}, the symbol a; (resp. ai_l) appears u; (resp. v;) times in the colours.
Then
Z CN(67 YiMmi UGy - -y Un—1500, - - - 7Un_1)qma,’(l)1«0*’UO T azial_1}n71
MLUQ ey Uy —1,V0 50+, —1 >0
= (¢;q)00 ¥ Z Fo(miug, ... Un—1;00, -, Un—1)¢"ag? " - ap"3t "t
MLUQ ey U — 1,005+, —1 >0
n—1
-1, -1
= (¢:9)oo[2°] [[ (—20:0; @)oo (—2 7" 0;"1 @)oo
i=0

Remark. Combining this with Propositions 1.20 and 1.22 gives two simple generalisations of Capparelli’s
identity.

i

Again, performing the dilations ¢ — ¢™, and for all ¢ € {0,...,n — 1}, a; — ¢~*, gives us a very simple

corollary corresponding to the principal specialisation.

Corollary 1.31 (Principal specialisation). Let n be a positive integer, and let & and v be functions satisfying
Conditions 1 and 2, respectively. We have

n—1
. . . nm— o u;—v;
E C’n(5,’y,m,u0,...,un_l,vo,...,vn_l)q 2o i )

MLUQ -y Un— 1,000,V —1 20
(™0™
(45 0)o

In other words, after performing the principal specialisation, our generalised Capparelli partitions become
equinumerous with n-regular partitions, i.e. partitions having no part divisible by n. In the representation
theory of the symmetric group S,,, irreducible n-modular representations are labelled by n-regular partitions
of m when n is prime [35]. There is ample literature on n-regular partitions: they have been studied for their
multiplicative properties [12], in connection with modular forms and congruences [20, 34, 53], and related to
K 3-surfaces [47].

The remainder of this paper is organised as follows. In Section 2, we define the notion of kernel and reduced
colour sequence, which will be key in our proof of Theorem 1.26, and compute the weight of the minimal
partition with a given kernel. In Section 3, we study the combinatorics of coloured Frobenius partitions, and
prove Theorems 1.27 and 1.29. In Section 4, we give the bijection between P, and C,(d,v) x P°. Finally,
in Section 5, we give the proof of a key Proposition from Section 2, which we postponed to the end as it is
quite technical and not necessary to the understanding of the rest of this paper.
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2. REDUCED COLOUR SEQUENCES AND MINIMAL PARTITIONS

2.1. Definition. The original method of weighted words of Alladi and Gordon [5, 4] relies on the idea that
any partition with m parts and satisfying difference conditions can be obtained from the minimal partition
satisfying difference conditions and adding a partition with at most m parts to it. For example, all Rogers-
Ramanujan partitions into m parts, satisfying difference at least 2 between consecutive parts, can be obtained
by starting with the minimal partition (2m — 1) + (2m —3) +--- + 3+ 1, and adding some partition into at
most m parts to it.

Here, to compute the generating function for coloured partitions with difference conditions of P,,, we also
use minimal partitions. But while Alladi, Andrews, and Gordon computed minimal partitions with a given
number of parts, here we compute minimal partitions with a given kernel. Let us start by defining this
terminology.

Definition 2.1. Let ¢1,...,cs be a sequence of colours taken from {a;by : i,k € N}. The minimal partition
associated to ¢y, ..., cs according to the difference conditions A is the coloured partition A\; + - - - + Ay with
minimal weight such that for all i € {1,...,s}, ¢(A\;) = ¢;. We denote this partition by mina(cq,...,cs).

Proposition 2.2. The weight of mina(cy,...,cs) is equal to

Imina(er, ... o) =Y kA(ck, crpa).
k=1

Here, we used again the convention that cs411 = aooboo and A(c, ascbs) =1 for every colour c.
Proof: Let ¢q,...,cs be a sequence of colours and let mina (¢1,...,¢s) = A1+ -+ As be the corresponding

minimal partition. By definition, the smallest part As of the minimal partition is equal to 1, which is also
equal to A(cs,cs41). Forall i € {1,...,s — 1} we have A\; = Aj11 + A(¢;, ¢i4+1). Thus by induction,

A = ZA(CIm Cht1)-

k=i
Summing over all i € {1,...,s}, we get

|mina(c1,...,cs)| = Z ZA(%, Ch+1)

O

Example 2.3. Considering the difference conditions A from matrix Ps in (1.6), the minimal partition with
colour sequence a1bg, agbg, asbs, a1b1,a1by, agby, a1bs, agbs is

mina (a1bo, agbo, azba, a1by, aiby, agby, arbe, aoba) = ayb, +8agby + Tasbs +6ay6y + 64,6, +4agh, +3ar6, + Lagh, -
It has weight 44.

Given a sequence ¢y, ..., ¢s of colours taken from {a;by : i,k € N}, we define the following operations:

e if there is some ¢ such that ¢; = axby and c¢;11 = agby, then remove c; 1 from the colour sequence,

o if there is some i such that ¢; = apby and c;11 = axby, then remove ¢; from the colour sequence.
Apply the operations above as long as it is possible. The sequence obtained in the end is called the reduction
of ¢1,...,cs, denoted by red(eq,...,cs). A colour sequence that is equal to its reduction is called a reduced
colour sequence.

Remark. The reduction operation only removes free colours.

Remark. The order in which removals are done does not have any influence on the final result.
14



Remark. For each bound colour aiby (k # £), there is exactly one free colour agby that can be removed to
its left, and exactly one free colour agb, that can be removed to its right.

Example 2.4. The reduction of
a1b1,a1ba, asbse, azbs, asby, aibs, asbs, asbs, asbs, a1by
is
a1ba, azbi, a1b3, azbe, a1b;.

Definition 2.5. Let A = A\; + - -+ + A be a partition such that ¢(A1) = ¢1,...,¢(As) = ¢s. The kernel of A,
denoted by ker()), is the reduced colour sequence red(cq, ..., cs).

2.2. Combinatorial description of reduced colour sequences. We want to study the partitions of P,
having a given kernel. To do so, we need to understand combinatorially the set of colour sequences having
a certain reduction.

Proposition 2.6. Let S be a reduced colour sequence. Any colour sequence C' such that red(C) = S can be
obtained by performing a certain number of insertions of the following types in S':
(1) if there is a free colour apby in S, insert the same colour aiby, arbitrarily many times to its right,
(2) if there is a bound colour apby in S, insert the free colour apby arbitrarily many times to its left,
(8) if there is a bound colour apby in S, insert the free colour agby arbitrarily many times to its right.

The proof follows immediately from the definition of reduced colour sequences in the previous section.

Example 2.7. Let
S = a1b2, agbl, agbg, a4b3, a3b2.
The sequence
C = albl, a1b1, a1b2, G,ng, Cl3b37 a3b3, Clgbg7 a3b1, agbg, agbg, CL4b3, Cl3b2
is obtained from S by inserting a1b; twice to the left of a;by (insertion (2)), asbs once to the right of aqby
(insertion (3)), azbs three times to the left of agb; (insertion (2)), and asbs once to the right of asbs (insertion

(1))
Remark. The way one obtains C' from S via the insertions above is not unique (even up to the order in
which we perform the insertions). Indeed, it could be that in S = ¢y, ..., ¢, the colour that can be inserted
to the right of some c; is the same as the one that can be inserted to the left of c;1.

For example a1bs, asbs, asbs can be obtained from a1bs, asbs either by inserting asbs to the right of aqby
(insertion (3)) or to the left of asbs (insertion (2)).

To understand reduced colour sequences and insertions combinatorially, and make sure that we count our
partitions in an unique way, we need some definitions.

Definition/Proposition 2.8. A primary pair is a pair (¢, ') of bound colours such that in the insertion
rules of Proposition 2.6, the free colour that can be inserted to the right of ¢ is the same as the one that can
be inserted to the left of ¢'.

These pairs are exactly those of the form (a;by, arbe), where ¢ # k and k # £.

We will be interested in maximal sequences of primary pairs in .S.

Definition 2.9. Let S = ¢y, ..., cs be a reduced colour sequence. The maximal primary subsequences of S
are subsequences ¢;, ¢i41,...,¢; of S such that
o forall k € {i,...,5 — 1}, (¢, ck+1) is a primary pair,

o (ci—1,¢;) and (c¢j,¢j4+1) are not primary pairs.
We denote by £(S) the number of maximal primary subsequences of S, and by Si,...,Sys) these maximal
primary subsequences.
Example 2.10. Let
S = a1bz, azbs, azba, arby, azba, azby, azbs, azbs.
Here ¢(S) = 3 and the maximal primary subsequences of S are, from left to right,
S1 1= aiba, asbs,
15



SQ = a1b4,

Sg = a3b2, 0,21)1.
Let us now define secondary pairs of colours, inside which two different colours can be inserted.

Definition/Proposition 2.11. A secondary pair is a pair (¢, ) of colours satisfying one of the following
assertions:

(1) The colours ¢ and ¢ are both bound, and the free colour that can be inserted to the right of ¢
is different from the one that can be inserted to the left of ¢/. These pairs are those of the form
(aibj, akbe), where i # j, j # k, and k # £.

(2) The colour c is free, ¢’ is bound, and the colour that can be inserted to the left of ¢’ is different from
c. These pairs are those of the form (a;b;, arbe), where i # k, and k # £.

(3) The colour c¢ is bound, ¢ is free, and the colour which can be inserted to the right of ¢ is different
from ¢’. These pairs are those of the form (a;b, aebe), where i # k, and k # £.

Remark. In the above, the colours ¢ or ¢’ can be equal t0 asbs (When they are free). This allows us to
avoid treating the case of insertions at the ends of the colour sequence C' = ¢, ..., cs separately. Indeed,
by our convention, inserting a;b; to the left of ¢; = a;b; is the same as inserting a;b; inside the pair
(co,¢1) = (@ooboo, a;bi). This is included in Case (2). Similarly, inserting aiby to the right of ¢ = a;by is
the same as inserting agby inside the pair (cs, cs+1) = (a;bk, Gooboo ), Which is included in Case (3).

With the definitions and propositions above, we can now uniquely determine the places where insertions
can occur in a reduced colour sequence.
Let S =c¢q,...,cs be a reduced colour sequence of length s. Then S can be written uniquely in the form

S == TlSlTQSQ e TtStTt+1,

where S, ..., S; are the maximal primary subsequences of S, and T1, ..., Ty are (possibly empty) sequences
of consecutively distinct free colours.
For all w € {1,...,t}, let ig,—1 (resp. ia,) be the index of the first (resp. last) colour of Sy, i.e.

Su = Cigy_19+++3Cigy-

We have i1 < i94, with equality when S, is a singleton. By the definition of maximal primary subse-
quences, for all u, the pairs (¢;,, -1, Ciy,_,) and (i, , Cip, +1) are secondary pairs.
We can now state the following.

Proposition 2.12. Using the notation above, the insertions of free colours in S can occur exactly in the
following s + t places (possibly multiple times in the same place):

e to the right of ¢;, for alli € {1,...,s},
o to the left of ¢;,, ,, for allu e {1,...,t}.

Let f1,..., fs+t be the s+t free colours that can be inserted in S (in order).

Let n,...,ns+: be non-negative integers. We denote by S(ni,...,nsys) the colour sequence obtained
from S by inserting n; times the colour f; in .S, for all 7.

Using this notation, we finally have unicity of the insertions.

Proposition 2.13. For each colour sequence C' such that red(C) = S, there exist a unique (s + t)-tuple of
non-negative integers (ni, ..., nsyt) such that C = S(ny, ..., ngyt).

Example 2.14. In Example 2.7, we have s =5, t = 3,
S1 = a1by, So=azby, S3=aybs,azby
Ty=0, To=0, Ts5=aby, Ty=0,
and

C =5(2,1,3,0,1,0,0,0).
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2.3. Influence of the insertions on the minimal partition. We now study how insertions inside a
colour sequence affect the minimal differences between the parts of the corresponding minimal partition. Let
us start with a general lemma about the minimal differences A.

Lemma 2.15. For all k, ¢ € N with k # £, we have

A(akbk, akbg) = X(k < E), (21)
A(akbbagbg) = X(k > 5),
A(akbk, akbg) + A(CL;J)@(I([)@) =1.

Proof: We only give the details for (2.1). Remembering that k # ¢, we have
Alagb,apb)) = x(k>k)—x(k=k=k)+ x(k<{l)—x(k=k=1)
=1-1+x(k<t)—0.
Equation (2.2) is proved in the same way, and (2.3) is obtained by adding (2.1) and (2.2) together. O

If S is a reduced colour sequence, we want to see how the insertion of some free colour in S affects the
minimal partition, or equivalently the minimal differences between successive parts.

Let us start with an observation. Because for all k, A(axby, arbi) = 0, inserting a free colour axby once or
multiple times inside a given pair has exactly the same effect on the rest of the minimal partition. Therefore
we only need to study the case where we insert a single free colour inside a primary or secondary pair.

First, let us see what happens to the minimal differences if we insert a free colour inside a primary pair.
Proposition 2.16. Let (a;by, arbe), with i # k and k # ¢, be a primary pair. We have

A(aibk, akbk) + A(akbk, akbg) = A(aibk, akbg).
Proof: By (2.1) and (2.2), we have
A(aibk,akbk) + A(akbk, akbg) = X(’i > k) + X(k < f)
On the other hand, by the definition of A, and using that i # k and k # £, we have
Alabg,arbe) = x(i > k) —x(i=k=k)+x(k<{l)—x(k=k=1)
=x(i>k)—0+x(k<?)—0.
This is the same expression as before. O
The above proposition shows that inserting a free colour inside a primary pair leaves the other parts of

the minimal partition unchanged.

Corollary 2.17. Let C = ¢y, ..., ¢s be a colour sequence, and let mina (C) = A1+ - -+ be the corresponding
minimal partition. Inserting a free colour ¢ inside a primary pair (¢;,c;11) doesn’t disrupt the minimal
differences. The minimal partition after insertion will be Ay + -+ + i + N 4+ X1 + -+ + X, with N =
Aiy1 + A, ciqr).

We now turn to insertions inside secondary pairs. In certain cases, it will disrupt the minimal differences.
We first study the case where we insert a free colour to the left of ¢/ in a secondary pair (¢, c).

Proposition 2.18 (Left insertion). Let (a;b;, arbe), with j # k and k # £, be a secondary pair where axby
is a bound colour (Cases (1) and (2) in Definition 2.11). We have

A(aibj, akbk) + A(akbk,akbg) — A(aibj,akbg) =0 or 1.
Proof: Let D denote the difference above. By definition of A and the fact that j # k and k # £, we have
A(aibj, arbe) = x(i = k) + x(j < 1)
On the other hand, we have
A(aibjaakbk) = X(l > k) + X(j < k)?
and

Alarbe, arbe) = x(k < £).
17



Thus the difference is equal to
D =x(j <k)+x(k <) =x(j <0).
This is always equal to 0 or 1. Indeed, when the first two terms are 1, then we have j < k < £ and the third

term is 1 too. When the last term is 1, then at least one of the first two is 1 too. If it wasn’t the case, we
would have j > k > ¢ and j < /¢, i.e. j =k =¥, which is impossible because j # k. |

Definition 2.19. When the difference in the Proposition 2.18 is 0 (resp. 1), we call (a;b;, arbe) a type 0
(resp. type 1) left pair, and the corresponding insertion a type 0 (resp. type 1) left insertion.

Remark. The type of the left pair (a;b;,arbe) in Proposition 2.18 doesn’t depend on i. In particular
(aibj, arbe) with i # j and (a;b;, arbe) have the same type.

Similarly, we study the case where we insert a free colour to the right of ¢ in a secondary pair (¢, ¢’). This
essentially works in the same way as left insertions.

Proposition 2.20 (Right insertion). Let (a;b;, arbe), with i # j and j # k, be a secondary pair where a;b;
is a bound colour (Cases (1) and (3) in Definition 2.11). We have

Alasbj, a;b;) + Ala;bj, arbe) — A(azbs, agbe) =0 or 1.
Proof: Following the same reasoning as in the proof of Proposition 2.18, we show that the difference above
is equal to
x(i>7) +x(j > k) —x(i = k),
which again is always equal to 0 or 1. O
As before, we define type 0 and type 1.

Definition 2.21. When the difference in Proposition 2.20 is 0 (resp. 1), we call (a;b;, arbe) a type 0 (resp.
type 1) right pair, and the corresponding insertion a type 0 (resp. type 1) right insertion.

Remark. The type of the right pair (a;b;,arbe) in Proposition 2.20 doesn’t depend on ¢. In particular
(aibj, arbe) with k # ¢ and (a;b;, arbi) have the same type.

From Propositions 2.18 and 2.20, we now understand the effect that an insertion inside a secondary pair
has on the minimal partition, depending on the type of this insertion.

Corollary 2.22 (Type 0 insertion). Let C' = ¢y, ..., cs be a colour sequence, and let mina (C) = Ap 4+ -+ Aq
be the corresponding minimal partition. For any i € {0, ..., s}, the type 0 insertion of a free colour ¢’ inside
a secondary pair (¢;,ciy1) doesn’t disrupt the minimal differences. The minimal partition after insertion will
be A\ +---+ XN+ N+ )\i—f—l + -+ Xg, with N = >\i+1 + A(C/,Ci_H).

Example 2.23. The minimal partition with colour sequence
C = agbs, a1y, apbz, a1bg, azby
is
minA(C) = 5a2b2 + 4a1b0 + 2a0b2 + 2a1b0 + 1a2b1~
We insert aqby inside (agbe, a1bg). The minimal partition with colour sequence
C' = asgby, arby, agba, a1b1, arbg, azby
is
minA(Cl) = 5a2b2 + 4albo + 2a0b2 + 2(1151 + 2111170 + 1(1251'
The part 24,5, was inserted, but all the other parts stay the same.
Corollary 2.24 (Type 1 insertion). Let C = ¢y, ..., cs be a colour sequence, and let mina (C) = Ap 4+ -+ Ag
be the corresponding minimal partition. For any i € {0, ..., s}, the type 1 insertion of a free colour ¢’ inside
a secondary pair (¢;, c;+1) adds 1 to the minimal difference between c¢; and c;11. This forces us to add 1 to
each part to the left of the newly inserted part in the minimal partition, which become (A +1)+---+ (N\; +

1) + N+ )‘i+1 + -+ Ag, with N = )‘i+1 + A(CI,CH_l).
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Example 2.25. In the colour sequence C' of Example 2.23, we insert asbs inside (agba, a1bg). The minimal
partition with colour sequence
c" = agba, a1by, agba, azbs, arbo, azby
is
mina (C”) = 6ayby, + Sarbe + 3aobs + 3azbs + 2a1b0 + Lass, -
All the parts to the left of the newly inserted part are increased by one compared to mina (C).

So far we have only studied the case of a single insertion (either left or right) inside a secondary pair. We
still need to understand what happens to the minimal differences if, inside a secondary pair (a;b;, arbe), we
insert both a;b; to the right of a;b; and axby to the left of ajb,.

Proposition 2.26 (Left and right insertion). Let (a;b;, axbe), with j # k, be a secondary pair. We have
A(aibj,a;b;) + A(ajbj, arbr) + Alagby, axbe) — A(aibj, arbe)
0 if both the right and left insertions inside (a;b;, arbe) are of type 0,

= ¢ 1 if exactly one of the insertions inside (a;b;, arbe) is of type 1,
2 if both the right and left insertions inside (a;b;, arbe) are of type 1.
Proof: Let D be the difference above. We have
D = A(aibj, a;b;) + A(ajb;, apby) — Aa;bj, arby)
+ A(aibj, agbr) + Alagby, arbe) — Alab;, arbe).

The first line is equal to the right type of (a;b;,arbg), which by the remark after Proposition 2.20, is the
same as the right type of (a;b;, arbe). The second line is simply the left type of (a;b;, arbe). O
Thus performing both a left and right insertion inside a secondary pair is the same as performing the two
insertions separately.

We conclude this section by summarising the influence of all the possible insertions on the minimal
partition.

Proposition 2.27 (Summary of the different types of insertion). Let C' = ¢1,...,¢s be a colour sequence,
and let mina (C) = A\ + -+ + X be the corresponding minimal partition. When we insert a free colour ¢
inside a pair (c;,c;y1), the minimal partition transforms as follows:
e if ¢; is a free colour and ¢’ = ¢;, the minimal partition becomes A1 + -+ Xs + Xy + Aj1 + -+ As
(i.e. the part \; repeats, and the rest of the partition remains unchanged);
o if (¢;,civ1) is a primary pair, the minimal partition becomes Ay + -+ i+ XN + Xip1+ -+ s, with
N = Xip1 + A, civ1);
o if (¢;,cir1) is a secondary pair and the insertion of ¢’ is of type 0, the minimal partition becomes
Al + -+ )\7 + )\/ + Ai+1 + -+ As, with )\/ == Ai+1 + A(C,,Cﬂ_l);
o if (¢i,civ1) is a secondary pair and the insertion of ¢’ is of type 1, the minimal partition becomes
MDD+ + N+ N+ XN+ X, with N = N1 + A(C, ¢iq1) (ie. we add 1 to all the
parts to the left of the newly inserted part X' ).

We call the first two types of insertions above neutral insertions.

2.4. Generating function for partitions with a given kernel. Our goal is to count partitions of P,
with a given kernel. The results from the previous section will help us do so.

Let S = ¢1,...,cs be a reduced colour sequence of length s, having ¢ maximal primary subsequences.
Let fi,..., fs+t be the free colours that can be inserted in S. In the following, we denote by N (resp.
To, T1) the set of indices ¢ such that the insertion of f; is neutral (resp. of type 0, of type 1). We have
NUToUT ={1,...,s+t}.

Moreover, the secondary pairs in S are exactly (Cip, ,—1,Cip, ;) and (¢i,,,Cip,41), for uw € {1,...,t},
where Sy, = Ciyy_15-- -, Ciy, - S0 We can write

t i
To=| |7 T=|]|m
u=1 u=1
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where 7" (resp. Ti*) is the set of indices j such that f; can be inserted inside (¢;,, ,—1,Ciyy 1) OF (Ciyys Cigyt1)
and is of type 0 (resp. 1). For all uw € {1,...,t}, we have |T3| = 2 — |T;*|. More precisely, T3*| | T3* =
{igu_l +u— 1, i2u + u}

We want to study the minimal partition of the colour sequence S(nq,...,nsy¢). Denote by St (resp. S)
the indices j of 7;* (resp. 71) such that n; > 0, i.e. such that the colour f; is actually inserted in the
sequence. We start with the following lemma.

Lemma 2.28. For all j € {1,...,s+t}, if n; > 0, i.e. the colour f; is actually inserted, then the
corresponding part A(f;) in the minimal partition of S(n1,...,nste) is equal to

M) =#{ s +3NNUTUS). (2.4)

Proof: We proceed via backward induction on j.

o If j = s+, A(fs1+) is the last part of the minimal partition and therefore has size 1. Equation (2.4)
is correct, as s+t € N U7y U S;.
e Now assume that (2.4) holds for f;;1, and prove it for f;. Let k and ¢ be such that f; = axb, and
fij+1 = asbe. We always have k # £.
(1) For now, let us assume that n;; > 0, i.e. that f;;1 was actually inserted in the colour sequence.
— If j € N or j is a left secondary insertion, then the subsequence between f; and fj+1 in
S(n1,...,nsye) I8 fj, arbe, fj11 or fj, aebe, fj+1. In the first case, we have

A(fj) = Alagbr, arbe) + A(arbe, arbe) + A(fj41)
=1+ A(fj+1)s

where the second equality follows from Lemma 2.15.
In the second case, we also have

A(f5) = Alawbi, acbe) + Alagbe, agbe) + A(fjt1)
=1+ A(fj+1)s

By the induction hypothesis, we have

M) =14+#{j+1,...,s+t}NNUToUS))
:#({j,,8+t}ﬂ(/\/|—|7-ousl)),

because j € N U Ty US;.
— If j is a right secondary insertion, then f; appears directly before f; i1 in S(ni,...,nst¢).
Thus we have

A(f5) = A(fj, fivr) + AM(fia1)
=14+ A(fj+1)s

and we can deduce (2.4) in the exact same way as before.

(2) Now we treat the case where f;1; was not inserted in the colour sequence. By Proposition 2.27,
if j +1 € N UTp, it does not change anything to the other parts in the minimal partition , so
A(f;) stays the same as in case (1).

If j+1 € 71 and fj+1 was not inserted, then by Proposition 2.27, the part A(f;) decreases
by one compared to the previous case. But in this case, # ({j,...,s +t} N (N U Ty US)) also
decreases by one compared to case (1), so Equation (2.4) is still correct.

O

We can now give a formula for the weight of the minimal partition with colour sequence S(nq,...,ng1¢).
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Proposition 2.29. With the notation above, the weight of the minimal partition with colour sequence

S(ni,...,Nsqt) 18
|mina (S(n1,...,ns4t))| = [mina(S)|
+ > (PG +n x #({J, . s+ NNV UToUS)))
JESY (25)
+ Z ng x #{Jj,...,s+t}NNUToUS)),
JENUT,

where P(j) is the number of colours of S that are to the left of f;.

Proof: We start with the minimal partition mina (S) with colour sequence S. It has weight |mina (5)].
Then we insert the parts corresponding to colours of type 1. Let j € §1. By Proposition 2.27, inserting
fj adds 1 to all the parts of mina (S) which are to the left of A\(f;). So this adds P(j) to the total weight.
Moreover, by Lemma 2.28, the part A(f;) is of size # ({j,...,s+t} N (MU ToUS1)), and we insert it n;
times. Summing over all j € S gives the first sum.
Finally, the insertion of parts corresponding to colours f; with j € N'U7g yields the last sum. |

Starting from Proposition 2.29, we will show a key proposition, which will be very useful to establish the
connection with coloured Frobenius partitions.
Recall that the g-binomial coefficient is defined as follows:

m __ (@9
kl, (@@ @)n—r
and we assume that [Z]q =0ifk<O0ork>n.

Proposition 2.30. Let n be a positive integer and m be a non-negative integer. Let S = c1,...,¢s be a
reduced colour sequence of length s, having t mazimal primary subsequences. The generating function for
minimal partitions in P, with kernel S, having s + m parts, is the following:

t
) ) _ s+m—1
Z q\ mina (C)| _ qlmmA(S)|+m Z qu(s t)gu,t(q; |761|’ o |76t|) [ _— ] ,  (2.6)
Ccolour sequence of length s+m u=0 q
such that red(C)=S
where goo =1, and for u <wv,
v
Guo(Gr,..w) = Y G J[ g DB
€1,...,6,€{0,1}: k=1
€1t+-Fey=u

By observing that all partitions of P,, with a given colour sequence C of length s+ m can be obtained in
a unique way by adding a partition with at most s+ m parts to the minimal partition mina (C), Proposition
2.30 is actually equivalent to the following generating function for all partitions of P, with a given kernel.

Proposition 2.31. Let n be a positive integer and m be a non-negative integer. Let S = c1,...,¢s be a
reduced colour sequence of length s, having t mazimal primary subsequences. The generating function for
partitions in Py, with kernel S, having s +m parts, is the following:

| mina (S)|+m t .

q wls— s+m-—1

S = S e gt T DT (2.7
AEP,,: q;9)s+m u=0 q

L(N)=s+m

ker(\)=5

The proof of Proposition 2.30 from Proposition 2.29, quite technical, is postponed to Section 5. Its
reading is not necessary to understand the connection between the generalised Primc partitions P, and
the n2-coloured Frobenius partitions F,,, which we study in the next section, nor the bijection with the
generalisation of Capparelli’s identity, which we give in Section 4.
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3. COLOURED FROBENIUS PARTITIONS

In this section, we compute the generating function for n2?-coloured Frobenius partitions with a given
kernel and show that it is the same as the generating function (2.7) for generalised Primc partitions with
the same kernel.

3.1. The difference conditions corresponding to minimal n?-coloured Frobenius partitions. We
start by showing that minimal n2-coloured Frobenius partitions are in bijection with minimal coloured
partitions satisfying some new difference conditions A’.

Let (21 22 28) be a n?-coloured Frobenius partition. Recall from the introduction that A =
LoHe o s

A1+Aa+- -+ s is a partition into s distinct non-negative parts, each coloured with some a;, i € {0,...,n—1},
with the order (1.14). Similarly, u = p1 + p2 + - - - + s is a partition into s distinct non-negative parts, each
coloured with some b;, i € {0,...,n — 1}, with the order (1.15). The colour sequence of this n>-coloured
Frobenius partition is (c¢(A1)e(p1), ..., c(As)c(ps)), and its kernel can be defined in the same way as for
coloured partitions.

Given a colour sequence ci,...,cs taken from {a;by : i,k € {0,...,n — 1}}, the minimal n2-coloured

. i . . . - A1 A A .
Frobenius partition associated to cy,...,cs is the n?-coloured Frobenius partition (Ml ,u2 ;) with
1l e s

minimal weight such that for all i € {1,...,s}, c(\i)c(ui) = ¢;. We denote it by min® (ey, ..., c;).

Proposition 3.1. Let ¢1,...,¢cs be a colour sequence taken from {a;by : i,k € {0,...,n — 1}}. There is
a weight-preserving bijection between the minimal n?-coloured Frobenius partition minF(cl7 ..., ¢s) and the
minimal coloured partition mina:(cy, ..., cs), where for all i,k,i', k" € N,

A’(aibk7ai/bkr) = X(’i > i/) + X(k < k'/) (31)

Al A A

/"Ll ,LLQ IU’S
v=uv1+-- -+ v where for all j € {1,...,s},

vj = Aj +pi+ 1
c(v;) = c(Aj)e(py).

Proof: Start with min®(cy,...,cs) = ( ), and transform it into the coloured partition

Clearly min®(cq,...,cs) and v have the same weight and colour sequence.
Moreover, by definition of the order (1.14), and using the minimality of min(cy,...,cs), the difference
between A; of colour a; and A4 of colour a; is exactly x(i > ¢'), for all j € {1,...,s}. Similarly, the

difference between 1 of colour by and ;41 of colour by is exactly x(k < k).
Thus for all j € {1,...,s}, the difference between v; and v;i; is exactly x(i > ') + x(k < k') and
v =mina/(cq, ..., Cs).
By unicity of the minimal partition (resp. minimal Frobenius partition), this is indeed a bijection. (]
We denote by P/, the set of n?-coloured partitions satisfying the minimal difference conditions A’.

Remark. When we don’t have the minimality condition, the n2-coloured Frobenius partitions with colour
sequence ci, ..., Cs are not in bijection with coloured partitions with colour sequence cy, ..., cs and minimal
differences A’. For example, take the case of one colour a;b;. The n?-coloured Frobenius partitions with
colour sequence a1b; are generated by ¢/(1 — ¢)?, as we can choose any value for both A\; and ;. On the
other hand, coloured partitions with colour sequence a;b; and difference A’ are generated by ¢/(1 — q), as
we can only choose the value of one part v.

However, for our purpose in this paper, we only need the generating function for minimal partitions.
Moreover, we will be able to relate A’ with the difference conditions A of Primc’s identity, which will allow
us to reuse a lot of the work done in Section 2

Let us start with the following property, which follows from the definition of A (1.8) and A’ (3.1).

Property 3.2. The minimal differences A(c, ') and A’(c,c’) are equal, except in the following cases:
(1) ¢ = = a;b;, in which case A(a;b;,a;b;) =0 and A'(a;b;, a;b;) = 2,
(2) ¢=a;b; and ¢ = a;bp with i # £, in which case A’(a;b;, a;bp) = A(a;bs, a;be) + 1,
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(3) ¢ = a;be and ¢’ = apby with ¢ # £, in which case A’(a;by, arhy) = A(a;be, agbe) + 1.

These particular cases correspond to the insertions of type (1), (2), and (3), respectively, in Proposition 2.6.

Using the fact that reduced colour sequences do not contain any pair (c¢,c¢’) of the types mentioned in
Property 3.2, we have the following corollary.

Corollary 3.3. Let S be a reduced colour sequence. Then

mina (S) = mina-(5).

But when C is a coloured sequence which is not reduced, we do not have in general mina (C) = mina- (C).
So to compute the generating function for n2-coloured Frobenius partitions with a given kernel, we define
one last difference condition

A =2 A,

which shares many properties with A.

Proposition 3.4. The difference conditions A" satisfy the following properties on free colours.

(1) Difference between two free colours: For all i,k, A" (a;b;, arby) = x(i # k) = A(a;b;, arby).
(2) Insertion inside a primary pair : Let (a;bg, agbe), with i # k and k # £, be a primary pair. We have

(8) Left insertion inside a secondary pair :

We have

Moreover such an insertion is of A" -type O (resp. 1) if and only if it is of A-type 1 (resp. 0).

4) Right insertion inside a secondary pair : Let (a;b;, arbe), with i # j and j # k, be a secondary pair.
j

We have

Moreover such an insertion is of A" -type 0 (resp. 1) if and only if it is of A-type 1 (resp. 0).

A”(aibk, akbk) + A"(akbk, akbg) = A”(aibk, akbg).

A”(aibj,akbk) + A”(akbk, akbg) — A"(aibj,akbg) =0 orl.

A"(aibj,ajbj) + A”(ajbj, akbg) — A”(aibj,akbg) =0 orl.

Proof: Property (1) follows clearly from the definition of A’.
Let us now prove (2). We have:

A”(aibk, akbk) + A"(akbk, akbg) = 4- A’(aibk, akbk) — A’(akbk, akbg) by definition of A"
= 2— A(a;bg, agbr) — Aagb, arbe) by Property 3.2
= 2 — A(a;bg, arby) by Proposition 2.16
= 2— A(a;bg,arbe) by Property 3.2
= A"(a;bg,arbe) by definition of A”.

Let us finally turn to (3). Property (4) is proved in a similar way. We have

A”(aibj, akbk) + A”(akbk, akbg) — A”(aibj, akbg)

2 — (A'(aibj, apbr) + A’ (arby, arbe) — A'(a;b;, arbe)) by definition of A"
2 — (A(asby, arby) + A(arby, agbe) + 1 — A(a;bj, arbs)) by Property 3.2
1-— (A(aibj, akbk) + A(akbk, akbg) — A(aibj, akbg)) .

But by Proposition 2.18,

A(al—bj, akbk) + A(akbk, akbg) — A(aibj,akbg) =0or 1,

and the value 0 or 1 is the A-type of the insertion. This completes the proof of (3).

Let (a;b;,arbe), with j # k and k # £, be a secondary pair.

O

Proposition 3.4 shows that A” behaves exactly like A with respect to the insertion of free colours, except
that the types of all insertions inside secondary pairs are reversed. In other words, using the notation at
the beginning of Section 2.4, given a reduced colour sequence S = cy,...,cs and fi,..., fs++ the free colours
that can be inserted in S, the set N (resp. To, 71) is exactly the set of indices ¢ such that the insertion of
fi is neutral (resp. of type 1, of type 0) for the difference conditions A”.

23



3.2. The generating function for n?-coloured Frobenius partitions with a given kernel. Now that
we understand the difference conditions A’ and A”, we will use them to compute the generating function
for n2-coloured Frobenius partitions with a given kernel.

Before doing this, we need a technical lemma about the function g, , defined in Proposition 2.30, which
will appear again in this section.

Lemma 3.5. Let gy, be the function defined in Proposition 2.30. We have

u(2v+u—1)

Guo(@ 2 —a1,...,2—3,) =q Guo(@T1, .., Ty).

Proof: When u = v = 0, this is trivially true. Otherwise, we have by definition:

v
gu,v(q_1§2—.’131,...,2—.’171,> = Z q—(uv-&-(;)) Hq—(Q—xk—l)Zf;f €i
€100y €,€{0,1}: k=1
€1+ tey=u
v
— gt 3T et () T gD
€1,...,64€{0,1}: k=1
€1t tey=u
= qfu(2'u+u71)gu,v(q; Llyenny xv)'

]

We now give the generating function for minimal coloured partitions with difference conditions A’ and a
given kernel.

Proposition 3.6. Let n be a positive integer and m be a non-negative integer. Let S = c1,...,cs be a
reduced colour sequence of length s, having t mazimal primary subsequences. Using the notation of Section
2.4, the generating function for minimal partitions in P, with kernel S, having s +m parts, is the following:

t
min s min m(s+m —u m s+m-—1
)3 g minar (O — g mina (D tmistmin) § (e )gu,t(q;%1|,...776t|)[ o } C(3.2)

C colour sequence u=0 q
of length s+m

such that red(C)=S

Proof: Let C' = ¢q,...,cstm be a colour sequence whose reduction is S. The weight of the corresponding
minimal partition in P}, is
s+m
Iminas (C) = > i (¢i, ¢i1) = (s +m)(s +m + 1) — [minan (C)], (3.3)
i=1

where the second equality follows from the definition of A”.
On the other hand, by Corollary 3.3 and (3.3), we have

|mina (S)| = |mina/(S)| = s(s + 1) — |mina~ (S)]. (3.4)

Given that, by Proposition 3.4, A and A" have exactly the same insertion properties up to exchanging
the type 0 and 1 insertions, Proposition 2.30 immediately yields

t
i " i 1" - s + m - 1
) g i O = glminse 9 Y g, (st T T
C'colour sequence of length s+m u=0 q

such that red(C)=S

Combining this with (3.3), we get that the generating function for minimal partitions in P}, is

G- ) g minas(O)

Ccolour sequence
of length s+m
such that red(C)=S

t

s+m)(s+m —| min s —m —u(s— — s+m—1
— tmrm = ming (5)|=m § gmula=tg (g 1;|7-117m,|7.1t|)[ } .
u=0 m-—u q—1
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By Lemma 3.5 and the fact that for all k € {1,...t}, |T{*| = 2 — |T§|, the above becomes

t
—| min - —u(s u— s+m—1
G = q(s+7rz)(s+m+1) | A (S)] mzq u(s+t+ Ugu,t(q; |7E)1|7’|7E)t|)|: i :| )
u=0 q!

Now using the fact that
|:5 +m — 1:| _ q7(5+u71)(m7u) |:S +m — 1:|
gt q

m-—u m—u
we obtain
s+m)(s+m —| mina s —ms : —u m s+m—1
G = g tm)(stmD) = mina (9) uz::oq (t+ )gu’t(q;nal"”.,w—ot)l: e L
t

s D DU R T C )| I

u=0 q
where we used (3.4) in the last equality. This completes the proof. 0

By Proposition 3.1, the generating function in (3.2) is also the generating function for minimal n?-coloured
Frobenius partitions with kernel S. Finally, using the fact that any n?-coloured Frobenius partition with
colour sequence C of length s+ m can be obtained in a unique way by adding a partition into at most s +m
parts to A and another partition into at most s+m parts to x in the minimal n2-coloured Frobenius partition
min® (C) = Mo A Asem

M1 p2 o fhs4m
n2-coloured Frobenius partitions with a given kernel S.

, we obtain the following key expression for the generating function of

Proposition 3.7. Let n be a positive integer and m be a non-negative integer. Let S = c1,...,cs be a
reduced colour sequence of length s, having t mazimal primary subsequences. Using the notation of Section
2.4, the generating function for n?-coloured Frobenius partitions with kernel S, having length s + m, is the
following:

| mina (S)|+m(s+m+1) _* _

q —uliem s+m—1

R e DY W CET PPY 1] N ISR X
FEF,: G s+m u=0 q

L(F)=s+m

ker(F)=S

3.3. Equality of generating functions for F,, and P,. Proposition 2.31 gives the generating function
for coloured partitions of P,, with kernel S, and Proposition 3.7 gives the generating function for coloured
Frobenius partitions of F,, with the same kernel S. In this section, we show that these two generating
functions are actually equal, which will complete the proof of our generalisation of Primc’s identity (Theorem
1.27).

Let us first recall the g-Vandermonde summation, see e.g. [10, p. 37, (3.3.10)]. For all non-negative

integers a, b, c,
a+ b a b a’' (b—c+a’
[ c } =2 [a’] L—a’} e (36)
q q q

a’>0
We are now ready to prove the following theorem, which implies Theorem 1.27.

Theorem 3.8. Let n be a positive integer and m be a non-negative integer. Let S = c1,...,cs be a reduced
colour sequence of length s, having t maximal primary subsequences. Then

YooM= > 47 (3.7)

AEPR: FeFy:
ker(\)=S ker(F)=S

Proof: By Proposition 2.31, we have

| mina (S)|+m _t -

q (e s+m-—1

I AED: @72 "t “gu,t(q;lﬁll,---,lﬁl)[ ]
q

AEP,,: m>0 $9)s+m u=0 m-—u
ker(A)=S



t m
. B s+m—1
— Zq|m1nA(S)|+u(s t)gu,t(QQ ‘761|7"'7 Z [ ] 7

u=0 m>0 s+m m-u q

and by Proposition 3.7,

| mina (S)[+m(s+m+1) _

q (bt s+m—1
S gty AT St e 0 [
Fer,: m>0 q;9 s+m w=0 q
ker(F)=S

t
= Z ql mmA(S)Hu(S_t)gu,t(q; |7?J1|7 R |7E)t|) Z

q(m—u)(s+m)+m |:S +m— 1:|
u=0 m>0 (q7 q)s+m q

m—u

Thus, to prove the theorem, it is sufficient to show that for every non-negative integer u,

Z q" {s +m— 1} Z glm—wlstm)tm g 4y — 1} (3.8)
=0 (@ Dstm = (@3, Lom-u ) '

Setting b=m —u, a’ = s+ m/, c =m+ s, and letting a tend to infinity in (3.6), we have:
1 q(m’—u)(s+m/) |:m —u]

m m/z()m ml 7'LL_

By (3.9) and the definition of g-binomial coefficients,

1 s+m—1 Zq(m_")(”‘ml) m—u| [s+m—1
(¢ @)sym | m— m' —uf, [ m—u |,

m' >0 G q)stm’
_Zq(m_“)(s“‘m)[s—i—m—l} [s—l—m—l}
e (@Dt m —u s+m' —1],

Therefore

I e

qu(m—u)(é-‘rm)-‘r’m s+m—1 s+m—1
m —u qs—|—m’—1q

m>0 4 9)s+m m>0m' >0 (@ @)
_qu_“)(é"’m)"’m {s—i—m—l] Z mm{s—l—m—l]
- A
m' >0 q q s+m/ 4 m>0 s+m 1 q

The last thing to show is that

mem' | S+m—1 1
ST -
s+m' —1] (g9

m>0 ) )s+m’

which is true by separating the partitions into at most s +m’ parts, generated by W, according to the

length m — m’ of their largest part.
Thus (3.8) is true and the theorem is proved. O

3.4. Proof of Theorem 1.29. In the last section, we proved our main theorem (Theorem 1.27) relating
the generating function for generalised Primc partitions and the one for coloured Frobenius partitions. In
this section, we study the particular case where we set b; = a;l for all i« € {0,...,n — 1}. All the free
colours vanish in the generating function, which can now be written as a sum of infinite products, as stated
in Theorem 1.29.

Let n be a positive integer. By Theorem 1.27 in which we set b; = a; ! for all i, we have

Un

— . . m _ug—vo 1 —Un—1
P, = E P, (m;ug, ..., Un—1;V0,---,Un_1)q"ag cea,

= [2°) [[ (—2aig; @)oo (=27 0] ' @)oo
1=0
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Using the Jacobi triple product (1.13) in each term of this product, we obtain

1 nt ) - omy(mi+1)
e | Ry

(q, q)OO i=0 \m;EZ

1 ("_1 1 my(my+1)
e w (f)ee
()% palrs

> mg,....mp_1€Z
mo+--+mp_1=0

Now replacing mg by —mj — --- — m,_; and using that

n—1_ o n—1
mo(mo+1) >0y mi — > i my
= + ms;my;,
2 2 &
1<i<j<n—1

we get

n—1
1 H n— .
P, = — 2 ( (aiaol)mi> g2t Mt Eicicgna1 mimy (3.10)

M yeeeyMp—1€Z \i=1

We want to apply the Jacobi triple product again inside the sum, in order to obtain a sum of infinite
products. To do so, we perform some changes of variables. We first need the following lemma.

Lemma 3.9. Let

n—1
M(n) = Z m? + Z m;m;.
i=1

1<i<j<n—1
Let s, =0 and for alli € {1,...,n— 1},

n—1
S; = Z my.
=i
Then we have
n—1 n—1 . .
((i 4 1)s; —isiy1)?
M = i\S1 — Si = - .
(n) 2 si(8; — Si+1) ; 2i(i + 1)

Proof: The first equality follows directly from the definition of the s;’s.
Let us now prove the second equality. We have

n—1 . . n—1 . .
((i+1)s; —isiy1)? i+1, i 9
; 2i(i + 1) - ; ST R

n—1 n—1 . .
1+ 1 i—1
B> s hpS - (stz T s?)
1= i=

1

n

= si(si—sit1),

i=1

where the second equality follows from the change of variable ¢ — i — 1 in the last sum. O
By Lemma 3.9 and (3.10), we obtain

n—1
DY (H(aiaalﬁ_sm)qz?—fwsl-—sim

S1yeeny Spn_1€Z \i=1
Sn=0
1 n—1
_ —81 8i—S8i+1 _8;(Si—Sit+1
“ar X e [l
% 9) S1yeeny Spn_1€ZL =1
Sn=0

This is (1.17). Let us perform a few more changes of variables to obtain (1.18).
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For alli € {1,...,n—1}, let us write s; = i x d; +r;, with r; € {0,...,i—1}. This is euclidean division by

i, so this expression is unique, and for 71, ..., r,_; fixed, there is a bijection between {(s1,...,s,_1) € Z"7 ! :
s; =r; mod i} and {(d1,...,d,—1) € Z""*}. Moreover our choice s,, = 0 corresponds to d,, = r, = 0. We
obtain

n—1 L. . .
B i(i+1) o ((i4+ V) —irip)? . )
M(n) - ; ( D) (dz - di+1) + 22(2 T 1) + (d1 — di—&-l)((z + 1)7"1 — Zri+1) .

By a last change of variable p; = d; — d; 11, equivalent to d; = Z?;l pj, {(d1,...,dp—1) € Z" '} is in
bijection with {(p1,...,pn—1) € Z""'}. This yields

n—1 L. . .

i(i4+1) 5 ((i+)r —irig)? . )
M = : i Dry —irg
(n) Z( P ey el D)

=1

n—1 n—1 ..
w1+ 1 . .
= E ri(ri — rig1) + E (( 9 )p?‘f‘pi((l'*‘l)?"i—”iﬂ))
i=1 i=1

Backtracking all these changes of variables, we have for all i € {1,...,n — 1},
m; = S;— Sit1 (with s, = 0)
= Zdl +r; — (’L + 1)dl‘+1 — Tit+1 (Wlth dn =Tp = O)

. —1 . -1

¢ Z;:z pj+ri—(+1) Z?:i+1 bj —Tit1
. n—1

pi — Zj:i+1 Pj T — Tit1-

Thus, by the above and Lemma 3.9, the generating function in (3.10) becomes

1 n—1 ) S
P, = E E | I(a'ail)lpi_zj:iﬂpJ‘”i_”“
" (Q; Q)go TlyesTn—1 pi,....pn_1€% (i—l o (3 11)
0<r;<j—1 T .

% qZ?:_ll ri(ri—rie )+ 200 (K20l i (i D)ri—iri)) )

It can be shown by induction on n that
n—1 n—1 fi—1 pi
H(aiagl)ip"_zy;ilp" = H (H aia[1> .
i=1 i=1 \£=0

Therefore reorganising (3.11) leads to

(aiao1)Ti_ri+1qri(7i_rz+l)>

(T e
i P (i 2
P15--+s Pn—1€Z i=1 /=0
1 n—1
= Ti=Tit1l 1 (ri—Tig1)
= o 7
(4:9)3 2 (H ' )

i—1 pi
<1 > <<H aay 1) e ”+<i+1>n—i”“> e
(=0

i=1 p1,...,pn—1€Z
1

n—1
_ Ti—Tit1 1 (ri—rig1)
=wor > e e

(Qv Q)oo T1yeeyTn—1 =1
0<r;<j—1

i—1 B
% <qi(i+1);qi(i+l)>oo (_ (H amﬁ) ql(lzrl)-q-(i-f-l)ri—irprl;qi(i—i-l))
=0
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i—1
i(i+1 ) ) L
x <_ (H awﬂ) qw—““”‘“”“;ql(lH)) ;
£=0 0o

where in the last equality, we used Jacobi’s triple product identity in each of the sums over p; for i €
{1,...,n —1}. Theorem 1.29 is proved.

Remark. Andrews [9] gave the particular cases n = 1,2,3 of this formula, but without keeping track of the
colours. Our result is more general, as it is both valid for all n and keeps track of the colours.

4. BIJECTION BETWEEN P,, AND Cy,(8,v) x P°

Now that we have established the connection between the generalised Primc partitions P,, and the n2-
coloured Frobenius partitions F,,, this section is dedicated to the proof of Theorem 1.24, which connects
generalised Primc partitions with generalised Capparelli partitions. This connection is key in proving our
generalisation of Capparelli’s identity (Theorem 1.30).

The bijection in this section generalises the first author’s bijection between Py and Cy x PY in [26].
However, the partitions in P,, and C,(d,~y) have much more intricate combinatorial descriptions for general
n, so that it is better to reformulate and simplify the bijection between P, and Cy x PV before generalising
it.

4.1. Reformulation of Dousse’s bijection between P, and Cy x P°. We first give a variant of the
bijection of [26]. The one-to-one correspondence is the same, but the intermediate steps are different.

Let (A, 1) € Co x PY be a partition pair of total weight m, where A € Co and p is an unrestricted partition
coloured b. The idea from [26] is to insert the parts of u inside A and to modify the colour of certain parts
in order to obtain a partition in Ps, all in a bijective way. Here we keep the same idea but perform the
insertions in a different order, making the resulting partitions easier to describe at each step.

To make the comparison with [26] clear, we illustrate our variant of the bijection on the same example

A=8;+8,+6.+5.+3q+ 14,
=8, +8,+Tp+ 5, +3p+2p+2p + 1p + 1p.

First of all, recall that A € Cs satisfies the difference conditions from

a c d
a2 2 2
OQ = C 1 1 2
d\0 1 2

Note also that the column and row b in matrix P, from (1.4) mean that if there is a part k; in the partition,
then it can repeat but the number k cannot appear in any other colour.

Step 1: For all j, if there are some parts of size j in p but none in A, then move these parts from p to
A. Call \; and p; the resulting partitions.

In our example, we obtain

M =83+8,+Tp+6.+b.+3q+2+ 2+ 1g,
p1 =8y + 8+ 5p + 3p + 1p + 1.

The pair (A1, p1) is such that A\; satisfies the difference conditions in the matrix

a b ¢ d
a2 1 2 2
bl1 0 1 1
1 _
CQ*c1112’ (4.1)
d\0o 1 1 2

and 7 is a partition coloured b containing only parts of sizes that also appear in A\; but in a colour different
from b. Indeed, in A1, there can now be some parts coloured b which can repeat and are distinct from all
the other parts, and the minimal differences between parts coloured a, ¢, d are the same as before.
This process is reversible, as one can simply move the b-parts of A; back to u;.
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Step 2: For all j, if there are some parts j, in p1, and j. appears in Ay (by (4.1), it cannot repeat nor
appear in any other colour), then transform those jj’s into j.’s and move them from gy to A;. Call Ay and
12 the resulting partitions.

In our example, we obtain

A2 =84+8,+ Ty +6c+5c+5c+3q+2p+2 + 1,
o =8p+8p+3p + 1p + 1p.

Now the parts coloured ¢ can repeat, and the rest of the partition was not affected at all. Thus the pair
(A2, p2) is such that Ao satisfies the difference conditions in the matrix

a b ¢ d
a2 1 2 2
b1 0 1 1
2 _
¢y = cl1l1 1 0 2}’ (4.2)
d\0 1 1 2

and po is a partition coloured b containing only parts of sizes that also appear in Ay with colour a or d.
This process is also reversible. If in Ao, there is a c-coloured part j. that repeats, then transform all but
one of these j.’s into j,’s and move them to psg.

Step 3: For all j, if there are some parts j, in ps, then j appears in As in colour a or d, but not c.
Transform those j3’s into j.’s and insert them inside Ay, with the colour order a < ¢ < d. Call A3 the
resulting partition.

In our example, we obtain

A3 =83+8:+8+8,+ Ty +6c+5.+5.+3¢g+3c+2p +2+ 1.+ 1.+ 1,.

Now the minimal difference between parts of colour ¢ and a (resp. d and c¢) is 0, and the other difference
conditions were not affected at all. Thus the partition A3 satisfies exactly the difference conditions of Primc’s
matrix P, from (1.4).

This final step is also reversible. If in A3, there are some parts j. such that j, or j4 also appears, then
transform those j.’s into j,’s, remove them from A3, and put them in a separate partition pso.

We obtain the same final partition as in [26], only the intermediate steps are different.

All the steps in this bijection preserve the weight, the number of parts, the sizes of the parts, and the
number of a-parts and d-parts. This proves Theorem 1.24 in the case n = 2.

In the remainder of this section, we generalise this bijection for all n.

4.2. Preliminary observations. Before giving the bijection which proves the generalisation of Capparelli’s
identity, we start with a few observations to better understand the combinatorial structure of the difference
conditions A.

Let us start by rewriting A in a more explicit form depending on whether it is applied to bound or free
colours.

Proposition 4.1. Let n be a positive integer. For all i,5,k,¢ € {0,...,n — 1}, we have the following
expressions for A(a;bj, arbe).
o If A is applied to two free colours,

A(aibi, akbk) = X(i 7’5 k) (43)
o If A is applied to a free and a bound colour such that i < j, then
A(abj,apby) =1—x(i <k <j) (4.4)

Alagby, a;ibj) =1+ x(i < k < j).
o If A is applied to a free and a bound colour such that i > j, then
A(aibj,akbk) =1+ X(i >k > j) (46)

A(agbr, aib;) =1 —x(i > k > j).
30



o If A is applied to two free colours, i.e. 1 # j and k # £, then
A(aibj, arbe) = x(i = k) + x(j < 0). (4.8)
In particular, if i < j and k > ¢, we have
Alaibj, arbe) =1 = x(@ < k)x(j > 0). (4.9)

Proof: These formulas are straightforward reformulations of the definition (1.8) of A in some particular
cases.

We only give details for (4.6) as an example. We have i > j, so by definition x(i = j = k) = 0. Thus by
(1.8), we have

A(aibj, apbr) = x(i > k) +x(j < k) —x(j = k)
=x(i > k)+x(j < k).

Thus A(a;bj, arbr) is equal to 1 when k& > i or k < j, and to 2 when ¢ > k > j, which yields (4.6). |

We can deduce a simple remark about the colour apbg, which plays a particular role in our reasoning as
it is forbidden in generalised Capparelli partitions.

Remark. We have A(apbg, agbg) = 0, and for all ¢ # agb,
A(C, aobo) = A(aobo, C) =1.

This means that, in generalised Primc partitions, the colour agbg can repeat, but if there is an integer k of
colour agpbg, then k cannot appear in any other colour. This is the only restriction involving agbg.

Our bijection will rely on the insertion of parts with free colours inside sequences of parts of the same
size, so we need to understand the combinatorics of these sequences. The first step towards this is under-
standing pairs of colours (¢, ¢') such that A(c,¢’) = 0. This is done in the following proposition, which is a
straightforward consequence of Proposition 4.1.

Proposition 4.2. A pair of colours (c,c’) satisfies A(e, ') = 0 if and only if it satisfies one of the following
four conditions:

(1) ¢ =¢ and c is a free colour,
c = a;b; 15 a bound colour (i.e. i # j), ¢’ = agby is a free colour , and i < k < j,
2 b; is a bound col e. i#£j), c b is a f l di<k<y
c = arby s a free colour, ¢’ = a;b; is a bound colour (i.e. 1 # 7), and 5 < k <1,
3 b fi l ! b; bound col J dj<k
c=a;b; and ¢ = aiby are both bound colours (i.e. i1 # j an ,and i < k and 5 > (.
4 b; and ¢ b both bound col i £ j and k #/ di<kandj>"?

The principle of our bijection is to insert/remove parts with free colours in/from generalised Primc parti-
tions. Therefore we want to know where we can insert these parts without violating the difference conditions
A. When we want to insert a part of size k in a generalised Primc partition which does not have any
part of size k, we can simply insert this part with colour agby without disrupting any other difference, and
this is what we will do in our bijection. So it remains to study how one can insert a part of size k in a
generalised Primc partition which already contains parts of size k, without disrupting the differences. To do
so exhaustively, we have to consider how such an insertion interacts with parts of the same size k and with
parts with size k + 1 and k — 1.

We start by studying interactions with parts of the same size. Proposition 4.2 allows us to understand
exactly the shape of the colour sequences of sub-partitions where all the parts have the same value.

Proposition 4.3. Let C = ¢y - - - ¢5 be a sequence of colours such that for alli € {1,...,s—1}, A(ci, civ1) = 0.
Then, writing for all i, ¢; = ag,be,, the sequence C' satisfies one of the following:

Case 1 : There is exactly one free colour ¢; in C (which may repeat an arbitrary number j of times). In
this case, the inequalities between then k;’s and {;’s can be summarised as follows, where the numbers below
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indicate which case of Proposition 4.2 each pair of inequalities correspond to.

c1 Co e Ci—1 i . Citj—1 Citj e Cs
index(a) ki <k < v < ki < k== ki < ki < oo < ks
A v (4.10)
index(b) b > by > o > by > ko= o= k> Ly > o > A
Case in Prop. 4.2| (4) (4) --- (4) (2 @) - (1) (3) (4) --- (4)

There are three possible sub-cases:

Case 1la: the free colour is on the left end (i =1).

Case 1b: the free colour is on the right end (i+j—1=s).

Case 1c: there are bound colours on both sides of the free colour (i #1,s+1—j).

Case 2 : There is no free colour in C. In this case, the inequalities between then k;’s and £;’s can be
summarised as follows, where all the inequalities come from Case (4) of Proposition 4.2.

‘Cl C2 C; Cit+1 Cs
index(a)|ky < by < -+ < ki < kg1 < -+ < kg (4.11)
index(b) | by > by > -+ > by > by > - > L

There are three possible sub-cases:

Case 2a: for alli € {1,...,s}, ki > {;.

Case 2b: for alli € {1,...,s},k; <.

Case 2c: there is exactly one i € {1,...,s} such that k; < ¥; and kit1 > €;i41.

Proof: The fact that there is at most one free colour in C' follows from the triangle inequality satisfied by
A. Assume that there are two different free colours ¢; and c¢;4; in C, then by the triangle inequality, we
have 1 = A(c;,¢j) < Aei, ¢+ 1)+ -+ + A(cj—1, ¢;), contradicting the fact that each term in this sum is 0.
The inequalities presented in the tables above follow from a straightforward application of Proposition 4.2.
The last thing to check is that Cases 2a, 2b, and 2c are exhaustive. Assume for the purpose of contradiction
that there are two indices i < j such that k; < ¢;, kip1 > li41, kj < {45, and kj1 > £541. First, j is bigger
than 7 + 1, otherwise we would have both k; 11 > ;11 and k;+1 < £;41. Now by (4.11), we have
k‘j > ]{11‘_;,_1 > €i+1 > g]' > k]‘,
which is a contradiction. O
Proposition 4.3 allows us to characterise the insertions of free colours that can be performed in the colour
sequences in Case 2 without disrupting the other differences in the partition.

Proposition 4.4. Let C = c¢;---¢s be a sequence of bound colours such that for all i € {1,...,s — 1},
Alci, ¢iv1) = 0. Then, writing for all i, ¢; = ag,by,, the insertions of free colours that we can perform in C
are exactly the following.

o If C isin Case 2a, then we can insert the free colour aiby to the left of c1, where k is such that

Uy <k <k

The sequence we obtain is in Case 1a.
o If C isin Case 2b, then we can insert the free colour apby to the right of cs, where k is such that

ks < k < /.

The sequence we obtain is in Case 1b.
o If C is in Case 2¢c, where k; < £; and k;11 > €;11, then we can insert the free colour apby between
¢; and c;+1, where k is such that

ki <k < ki+1 and €i+1 < k<Y
The sequence we obtain is in Case 1c.

Remark. In Case 2c, we have
max{ki,ﬁi_H} <k< min{éi, ki+1}.
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Now we study how we can insert a part with free colour between two parts with bound colours whose
sizes differ by 1. We distinguish three cases.

Proposition 4.5. Let n be a positive integer, and let ¢y = ax,be, and ca = ap,be, with k1 < {1 and ky > Lo.
For every positive integer p, and every i and j such that k1 < i < £y and 2 < j < ko, we can insert (p+1)q,s,
and pap; between (p+1)c, and pe, without disrupting the other differences in the partition. In other words,

(p + ]‘)Cl + (p + ]-)albl + U + (p + ]-)albl +pa]‘b]‘ + e +pajbj +p62 e PTL'
possibily empty possibily empty
Proof: We know that (p 4+ 1), + pe, € Pn by (4.9).
We then check that (p +1)¢, + (p + 1)a;b; + Pajb; + Pe, € P by using (4.4), (4.3), and (4.7). The empty

cases follow from the triangle inequality, and we have shown before that repetition of free colours do not
modify any other differences. O

Let us turn to the second case.

Proposition 4.6. Let n be a positive integer, and let ¢y = ax,be, and ca = ap,be, with k1 > €1 and ky > Lo.
For every positive integers p and i, we have
(p + 1)61 +pa1bl + T +pa1bl +p02 e Pn
possibily empty
if and only if (k1 < kg orty >¥ls) andi € {la+1,...,ka}\ {1 +1,...,k1}.
Proof: Note that (p+ 1), + pe, € Py, if and only if A(eq,co) # 2, i.e. if and only if k1 < ko or £ > £s.
By the triangle inequality, we also need k; < ks or £1 > £ in order to have (p + 1)¢, + Pa;b; + Pey € P

Moreover when ky < ko or ¢1 > 3, we have (p + 1)¢; + Pasb; + Pep, € P if and only if ¢ ¢ {6 +1,...,k1} (
by (4.6)) and i € {€o + 1,...,ko} (by (4.7)). a

We finish with the last possible case.

Proposition 4.7. Let n be a positive integer, and let c1 = ax,be, and ca = ap,bp, with k1 < {1 and ko < Lo.
For every positive integers p and ©, we have

(P+Vey + P+ Dagp, + -+ (P + Daso, +Pe, € P
possibily empty

if and only if (k1 < kg orly >03) andi € {ki+1,..., 03\ {ka+1,...,0}.

Proof: Again, (p+ 1)¢, + pe, € Py if and only if A(cq, o) # 2, i.e. if and only if k; < kg or €1 > lo, and we
also need k; < kg or £1 > {5 to have (p+1)c, + (p+ 1)a,b; + Py € Prn. Moreover when ki < kg or €1 > £y, we
have (p+ 1), + (P + 1)asb; + Doy € Pn ifand only if ¢ & {ko+1,...,65} (by (4.5)) and i € {k1 +1,...,¢1}
(by (4.4)). a

The idea behind using forbidden patterns to define our generalised Capparelli partitions C, (8, ) (Defini-
tion 1.19) is the following. When a part p could be inserted in several free colours (given by the propositions
above) beside a bound part of the same size, our forbidden patterns give a rule to distinguish one of these
possible insertions. Such a distinguished insertion will be forbidden in generalised Capparelli partitions,
while it is allowed in generalised Primc partitions. This leads us to construct a relatively simple bijection in
the next section.

4.3. The bijection. Now that we have understood how free colours can be inserted in a generalised Primc
partition to still respect the difference conditions and understood where the forbidden patterns come from,
we can finally give explicitly the bijection ® from Theorem 1.24.

In this whole section, n is a fixed positive integer and ¢ and ~ are fixed functions satisfying Conditions
1 and 2 of Definitions 1.17 and 1.18, respectively. We now give our bijection ® between the set P,, of
generalised Primc partitions and the product set C,(8,7) x P°, where C,(6,7) is the set of generalised
Capparelli partitions related to 6 and +, and P° is the set of classical partitions where all parts are coloured
aobo.
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4.3.1. The bijection ® from Py, to C,(5,7) x P°. We start with the transformation ® from P,, to C,,(6,v)x P?,
which can be explained very easily thanks to the forbidden patterns.

Let us consider a partition A € P,. The steps of the bijection will be illustrated on the following example,
corresponding to Meurman—Primc’s 8-coloured identity, i.e. n =3, § = d1, 7 = V1:

)\ = 8a1b1 +6a0b2 +6a2b2 +5a0b1 +5a1 bo +4a0b0 +4a0b0 +3a0b2 +3a1b1 +3a1 b1 +3a1 bo +2a2b2 +2a2b2 +2a2b2 +2a2b0 +1a0b0 .

First, recall that A(c, agbo) = A(agbo, ¢) = x(c # aoby) for every color ¢. Thus if there is a part of size p
and colour agbg in A, it can repeat still with colour agbg, but the integer p cannot appear in any other colour.
To build ®(\) = (i, v) € C,(8,7y) x P°, we proceed as follows.

Step 1: Remove all the parts coloured apby from A\ and put them in a separate partition called 1. Let
us denote by p1 what remains of the partitions A after doing this.

The partition w; is a partition from P, having no part coloured agbgy, 1 belongs to P°, and 1 has no
part of the same size as a part of 1.

In our example, we obtain:

,ul = 8a1b1 + 6a0b2 + 6a2b2 + 5a0b1 + 50,1170 + 3a0b2 + 3a1b1 + 3a1b1 + 3a1b0 + 2a2b2 + 2a2b2 + 2a2b2 + 2(121)07
Vl = 4a0bg + 4a0b0 + 1a0b0~

Step 2: If, in uq, there is a part p,,, with ¢ > 0 which repeats, then transform all but one of these pg;p,’s
into payb,’s and insert them in the partition vy, forming a partition v5. Note that the new parts that were
inserted were all different from the parts in 11. We denote by uo the partition formed by the remaining parts
of py after this process.

The partition ug is a partition from P, with no part coloured agbg, such that free colours cannot repeat.
The partition v» belongs to P°, and e and v can now have parts of the same size.

In our example, we obtain:

/“LQ = 8a1b1 + 6aob2 + 6a2b2 + 5a0b1 + 5a1b0 + 3a0b2 + 3a1b1 + 3a1b0 + 2a2b2 + 2a2b07
V2 = 4(lob0 + 4a0b0 + 3(101)0 + 2a0b0 + 2(10b0 + 1a0b0-

Step 3: If in po, there is a pattern with central part p,,p, which is forbidden in C, (4, ), then transform
this pg,;p, into payp, and insert it in the partition vy, forming a partition v. Note that some parts p,,p, may
have already been moved to vo at Step 2. Finally, denote by u the partition formed by the remaining parts
of po after this process.

Now the partition p is a partition from P,, with no part coloured aybg, such that free colours cannot repeat,
and avoiding all forbidden patterns. This is equivalent to saying that p belongs to C,(6,~). Moreover, v is
simply an unrestricted partition coloured agbg.

In our example, ps contains the forbidden patterns 3a,p, + 24060 + 2a0b0s Sagbs + Sarby + Saibe, and
6aoby + Oasby + Daghy ; SO We obtain:

M’ = 8a1b1 + 6a0b2 + 5a0b1 + 5a1b0 + 3a0b2 + 3a1b0 + 202b07
V= 6&01)0 + 4(Lob0 + 4a0b0 + 3a0b0 + 3a0b0 + 2&050 + 2a0b0 + 2&01)0 + 1(Lob0'

4.3.2. The inverse bijection ®~1 from C,(8,7) x PV to P,,. We now build the inverse bijection ®~!. Consider
a partition pair (u,v) € C,(8,7) x PY. To obtain a partition A € P, we insert each part ps.s, of v in the
partition p as follows.

We illustrate ® ! on the same example as before, starting from

,u’ - 8@1[)1 + 6(10b2 + 5(101)1 + 5&11)0 + 3a0b2 + 3a1b0 + 2a2b07
V= 6a0b0 + 4a0b0 + 4a0b0 + 3a0b0 + Saobo + 2a0b0 + 20,060 + 2a0b0 + 1(101]0'

Inverse of Step 3: If there are parts pgp, in v, and if in p there is a part p. for some bound colour
¢ = agby (k # £) but p does not appear in any free colour, we proceed as follows. Note that the order in
which we perform the insertions does not matter. Indeed, the only case in which two insertions interact with
each other is the case of Proposition 4.5, and then whether we insert (p+1)4,s, Or Pa,b; first does not change
anything to the final result.
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e If there exists a pair of bound colors (ay, by, , ak,be,) such that ky < ¢1 and ko > ¢, and the pattern
Pak, b, + Pay,b,, appears in p, then by Proposition 4.3, we have

max{kl, 62} < min{kg, 61}

In this case, transform v’s first p,p, int0 Pa,p, With ¢ = y(ak, be,, ar,be,), and insert it between
Pag, by, a0d Pa, b, In p, creating the pattern

paklbzl + paibi + pakaQ
which is forbidden in C,(6,7), but is allowed in P,, by Proposition 4.4.

In our example, the pattern 34,4, + 34,5, appears in p. Thus, we transform v’s first 34,5, into
3a.b, because y(agba, a1bg) = 1, and insert it into u. We obtain

lu’/ = 8a1b1 + 6a0b2 + 5a0b1 + 5a1b0 + 30,062 + 3a1b1 + 3a1b0 + 2a2b0,
V/ = 6a0b0 + 4{10b0 + 4(10170 + 3a0b0 + 20«060 + 2(10170 + 2(10b0 + 1a0b0'

o If all the parts of size p in p have colours axby with k > ¢, let us consider the first of these parts,
denoted by pa,,p,,- This is the case for parts of size 2 in our example.
By Case 2a of Proposition 4.3, we have k > ky > {5 > £ for all the other colours axby in which p
appears. We distinguish several cases for our insertions.
(1) If the part to the left of pa,, s, has size p+wu with u > 2 (with the convention that u = oo when
Pay,be, 18 the first part of the partition), transform v’s first pagp, into pa,p, With @ = d(a,be,),
and insert it to the left of pg,_s,, In p, creating the pattern

(p + u)aklbgl +palb1 + pakzbZQ
for some k1, ¢;. This pattern is forbidden in C,(d,~), but allowed in P,, by the definition of A.
This case does not occur in our example.
(2) If the part to the left of pa,_s,, is equal to (p + 1)a, 1, With k1 < 1, transform v’s first pa,p,
into pa,b, with i = 6(ak,br, ), and insert it to the left of pq,,p,, in y, creating the pattern

(p + 1)aklb£1 +paibi +pak2bg27
which is forbidden in C,,(d, ), but allowed in P,, by Proposition 4.5.
This case does not occur in our example either.

(3) If the part to the left of Pax, b, 1S equal to (p+ 1)%11)21 with k1 > ¢1, we necessarily have that
ki <kgorty >ty ie {fo+1,.... ka}\{l1+1,...,k1} #0. In that case, transform v’s first
Pagby 100 Pab, With @ = y(ak, be,, ar,be,), and insert it to the left of p,, 1, in p, creating the
pattern

(p + 1)ak1bgl +paibl + pakzbg27
which is forbidden in C,,(d, ), but allowed in P,, by Proposition 4.6.
In our example, assuming we already did the insertion leading to p’ and v’ above, we transform
the first 2,.p, of ¥/ into 24,5, because v1(a1bg, azby) = 2, and insert it to the left of 2,,p, in p'.
We obtain the partitions
Iu// = 8a1b1 + 6a0b2 + 5a0b1 + 5a1b0 + 3a0b2 + 3a1b1 + 3a1b0 + 21121)2 + 2(121707
Z/// = 6a0bo + 4a0b0 + 4(10[)0 + 3aob0 + 2a0b0 + 2a0bo + 1a0b0-
o If all the parts of size p in p have colours agby with k < £, let us consider the last of these parts,
denoted by pq, b, - This is the case for parts of size 6 in our example.
By Case 2b of Proposition 4.3, we have k < ky < £1 < £ for all the other colours axby in which p
appears. As before, we distinguish several cases for our insertions.

(1) If the part to the right of p,, 1, has size at p —u with u > 2 (with the convention that
u = oo when Day, be, 18 the last part of the partition), transform v’s first payp, into pe;s, with
i = d(ak, be, ), and insert it to the right of ps, », in p, creating the pattern

paklbgl +pa1bl + (p - u)akaZQ

for some ko, £5. This pattern is forbidden in C,,(d, ), but allowed in P,, by the definition of A.
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This case does not occur in our example.
(2) If the part to the right of pa, s, is equal to (p —1)a,,b,, With kg > fa, transform v’s first pa,p,
into pa,b, with i = d(a, by, ), and insert it to the right of p,, », in u, creating the pattern

paklbzl +pa7-,b,: + (p - 1)ak2bZ2

which is forbidden in C,(6,7), but allowed in P,, by Proposition 4.5.
This case does not occur in our example either.

(3) If the part to the right of pa, b, is equal to (p — 1)a,,b,, With kg < f, we necessarily have
ki <kgortly >ty ie {ki+1,....01}\{ka+1,...,02} # 0. In that case, transform v’s first
Dagbo 160 Pa,b; With @ = y(ag, be,, ak,be,), and insert it to the right of Day, by, i f1, creating the
pattern

(Par,be, + Pasb; T (P — Day,be, »
which is forbidden in C,(6,7), but allowed in P,, by Proposition 4.7.
In our example, assuming we already did the insertions leading to " and v’ above, we transform
the 640p, of v into 64,5, because v1(agba, apb1) = 2, and insert it to the right of 644, in p”.
We obtain the partitions

P2 = 8ayby + Oagby + 6azb; + Dagby + Darbe + 3agbs + 3arby  3a1b0 T 2az; + 2asb0>
V2 = 4a0b0 + 4a0b0 + 3(10170 + 2a0b0 + 2a0b0 + 1(101)0'

Denote po and vs the resulting partitions when all the insertions described in this step have been performed.
The partition po is a partition from P, with no part coloured agbg, such that free colours cannot repeat. It
can now contain all the patterns that were forbidden in p. The partition v5 belongs to PY.

Inverse of Step 2: If there are some parts pa.p, in v2 that also appear in ps in a free colour a;b; (i > 0),
then transform them all into p,,s, and insert them in ps. Let us call 3 and v; the resulting partitions. The
partition p is a partition from 7P, having no part coloured agby. The partition vy belongs to P°, and u;
has no part of the same size as a part of vy.

In our example, we obtain again

,u‘1 = 8a1b1 + 6a0b2 + 6a2b2 + 5a0b1 + 5a1bo + 3a0b2 + 3a1b1 + 3a1b1 + 3a1b0 + 2azb2 + 2a2b2 + 2&252 + 2a2b07
V1 = 4agbo + 4agbo + Lagbo-

Inverse of Step 1: The remaining parts in 11 do not appear in u;, so we simply insert them, creating
a partition A\ which belongs to P,,.
In our example, we recover

>\ == 8(11 bl +6(10 b2 +6a2 b2 +5a0 bl +5a1 bo +4ag b() +4a0b0 +3a0b2 +3(11 bl +3(11b1 +3a1 bo +2a2 b2 +2H.2 b2 +2a2 bg +2a2 b() +]~a0b0 b
as desired.

All the steps in this bijection only consist of colour modifications on free colours and moving some parts, so
the bijection preserves the weight, the number of parts, the sizes of the parts, and the number of appearances
of each bound colour.

5. PROOF OF PROPOSITION 2.30

In this last section, we give a proof of Proposition 2.30. Let S = ¢y, ..., cs be a reduced colour sequence of
length s, having ¢ maximal primary subsequences. We use the same notation as in Section 2.4. In addition,
we define for all w € {1,...,t}, jou—1 (resp. jau) to be the index of the free colour which can be inserted to
the left (resp. right) of S,. Thus we have 73" = {j2u—1,J2.} N To and T* = {Jau—1,J2u} N T1.

For brevity, from now on, we denote the set of all integers between ¢ and j by [¢; 5]

Our starting point is the equality

e ina (C)| — ina (S(n1,...,ns
Gsm(q) == E qlmmA( ) — E qlmlnA( (n1,...n +t))|, (5.1)
Ccolour sequence of length s+m N1y Mgttt
such that red(C)=S ni+-Anspe=m

which simply follows from the definition of reduced colour sequences.
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Proposition 2.29 gives us an expression for |[mina (S(n1, . ..,nsyt))|, which we will use to derive Proposition
2.30. Let us start with a lemma which evaluates a sum appearing in the formula for |mina (S(n1, ..., nst+e))|-

Lemma 5.1. Let
1= (PG +# (55 +HIN N UTUS))),

JESL
where P(j) is the number of colours of S that are to the left of f;. We have

u=1 v=u

t t
=) (IMM—HZ(IWHS?I)) St + > # <j i €8T,

jesy
where 8% 1= T \ Syt is the set of indices j of T," such that the free colour f; is not inserted.

t
Proof: First, writing S; = |_| Sit, we have

u=1

ZZ N+# s NNV UTUS))).

u=1jeSy

Now, noticing that for j € S}, P(j) = j — u, we can write

= Z 7 Gouet —utj = jour + # (s + I NN UTHUS))). (5.2)
u=1jeSy
We first note that
Jou—1 —uU=1—u~+joy-1—1
=1—u+#([1;jou—1 — 1] NN) + ([l,jgu 1= 1N (ToUT1)) because [1;5+t]=NUToUT;
=1—u+#([1;520—1 — 1] NN) + by definition of jau_1
= #([1; jou—1 = 1] NN) +u—1.

We also rewrite j — jgu_l as

J=Jou-1 = #(U2u-157 = 1IN Te") + #(l2u-155 — 1IN SY) + #([2u-157 — 1N S}Y) + #([J2u-1;5 — 1] NN).
Finally, we have

#([s s+t NNV UToUS)) = #([55 s + I NN) + #([3 J2a] N (To" USY)) + #([j2u + L5 + ] N (To U S1))
= #(liss + I NN) + #(Ls d2a] N (T LS+ Y (1751 + 187D

v=u+1

Combining the three observations above, (5.2) becomes

Z > <|N|+u—1+Z T3] + 17 +#([[j2u1;j—1ﬂﬂ8¥)>.

u=1jeS}
Noticing that |NV] +u — 1+ 30 (|7 + |SP|) does not depend on j, and that #([jau_1;7 — 1] N SF) =
#{j' < j:j € S;} yields the desired formula. O
We can now give a formula for the generating function for minimal partitions mina (S(n1,...,ns+t)) for

a fixed set Sy. The desired generating function Gg,,(¢) of (5.1) will then be obtained by summing over all
possible sets Sj.

Lemma 5.2. Let S; be fized. Define
Hos()m 30 gl

M1y Mgttt
ni+-+nsye=m,
{j€T1n; >0}=81

We have
m — 14 |N|+ |To|

Hys, (q) = gmina(®+E1tm=is,| { oy

37



Proof: By Proposition 2.29 and Lemma 5.1, we have

Hgs s, (q) = Z qlminA(S)HEﬁzjgsl (nj = D)# (555 HINNUToUS))+ 3 e wury na#(Li3s NNV UToUSL))

N1,y Nsft:
ni+-+nsye=m,
{j€T1n; >0}=8:

Thus by the changes of variables
TL, - u% lfj S ./\[Ll 76
Ty —1ifje S

and noticing that |mina (S)| and £ do not depend on the n;’s, we obtain

HS S (q) = q'minA(S)‘JrEl Z qZJENuTousl n;#([[j;s+t]]ﬁ(Nl_|T0u81)). (54)

(n})jenuTyus;
> nj=m—|S1]

Moreover, we can interpret the sum above as the generating function for partitions into exactly m — |Sy|
parts, each part being at most |[NV|+ |7o| + |S1|. Indeed, for all j € N'LUToU Sy, n); can be interpreted as the
number of parts of size # ([j; s +t] N (N U ToLUSy)) (see Figure 2 below).

N+ [ Tol + |81
ny
n
m — [S1] ° °
né# i
AU, s+INNUTUS)

FIGURE 2. Decomposition of the Ferrers board.

m—|S1|

formula (5.3) for Hg s, (q)- O

Before we compute G, (q), we still need one more lemma about g-binomial coefficients, which is equiv-
alent to the case m = 2 of [1, p. 40, Corollary 1.3].

The generating function for such partitions is given by ¢~ ["L_IHMHTO‘] , which yields the desired
q

Lemma 5.3. Let a and b be non-negative integers. We have

D gea #{5' <jij €[La+b]\A} _ {a . b] :
AC[1;a+b] a |,
|Al=a

a-+b

Proof: Partitions whose Ferrers diagram fits inside an a X b box, generated by [ .

]q, are in bijection with
walks on the plane going from (0,0) to (b, a), having b right steps and a up steps. The partition can be seen
on top of the path, as shown in Figure 3.
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9=number of right steps below

< »

FIGURE 3. A partition as a path.

If A C [1;a+b],|A| = a is the set of up steps, then for each position j € A, the part of the partition
corresponding to this up step has its size equal to the number of right steps that have been done before, i.e.
#{ < j €a+0]\ A} O

We are now ready to sum Hg s, (q) over all possible sets S; to obtain a formula for Gg m(q).

Proposition 5.4. Let S be a reduced colour sequence, and m a mon-negative integer. We have

3 t _ t v Nt m—1+|N\+|76\ ! |7'1u|
Gs.m(q) = g mima () FE oy b (N a1 (1T ) gm=S { \ |
klgkti m— Eu:l ku H k’U« q
e <| T

q u=1

Proof: By Lemma 5.2, we have:

, s [m =1+ N+ |To
Gs.ml(q Z Z Hgs, (q Z grna (Sl Sll[ m_|5|| 7 :
K1,k 1 q
k: <\7'1 | Va, S“CT“ ko <|T%| Vu, S“CT“
and \81 =k and |S |= k

By Lemma 5.1, this becomes

min t u— ¢ v m—>t m_1+|N|+|76|
Gom(q) = Z A STy KA =15 (T3 ko)) =55 [ o
kq,.. m — Zu:l u q
ku <|T1 |

t _
% Z H quesf #{i' <5y’ €St}
=1

Si1:
Vu,S1 CT
and |S}'|=k
Exchanging the final sum and product, and then using Lemma 5.3 for each u € {1,...,t} with a = k,, and
b= |T*| — k,, gives the desired formula. O
What remains to do is show that the expression for Ggn,(¢) in Proposition 5.4 is actually the same as
(2.6).
First, let us give yet another lemma about g-binomial coefficients.

Lemma 5.5. Let m, ¢y, ..., ¢ be non-negative integers. We have
Lm+€1++£t_1:| :qm Z Hq£m71|:x7 LTy — 1+€
m Ty — Tp—1
q O0=z0<z1<--<zt=mr=1 q

In the above, we use the convention that [Bl] =1, corresponding to the case where a certain £, is equal to 0.
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Proof: The left-hand side is the generating function for partitions fitting inside a m x (¢1 + - -- + £;) box,
such that the largest part is equal to m. Take the Ferrers board of such a partition, and draw it in the plane
as shown on Figure 4 (where the partition is above the path).

Yy
A
I I I
I I I
Yt T T T
gt | | |
Yt—1 v : :
: S |
Y2 l
I
I
I

0O —

ly
Y1 |—l
|
|
|
:
T

FIGURE 4. Decomposition of the Ferrers board.

For all i € {1,...,t}, let x; be the size of the (ZZ:iH Ly + 1)—th part (with x; = 0 if there are less than
0+ -+ 4 —y; + 1 parts). 4

For all i € {1,...,t}, let y; := >, _, {k. For fixed 0 < zy < --- < zy = m, these partitions are generated
by

t

H quIr—l X gt o1 [IT — Zp_1 + 4 — 1] 7
q

re1 Ty — Tr—1

where ¢‘~r—1 generates the rectangle between the y-axis, the lines y = y, and y = y,_1, and the line
x = x,_1, and the second term generates partitions fitting inside a (z, —x,_1) x £, box, such that the largest
part is equal to x, — x,_1.

The above is equal to

q" H qérzrfl [IT Tt — 1] )

r=1 Ly = Tr—1 q

and summing over all possible values for x1,...,z;_1 gives the desired result. O
We use the lemma above to rewrite a part of the expression in Proposition 5.4.

Lemma 5.6. We have:

S [m — 1N+ 75'] s RN (4T D)
q

t
m — ZuZI ku
t
x 3 <H gt T3 D {mu —my_1 + [T - 1] ) NI [m —mi+ N =1]
0=mo<mi<-<m,<m \u=1 My = Mu-1—ku |, m—my q

Proof: Let us start by applying Lemma 5.5 with t =t +1, m = m — 22:1 ku, Ly = ky + |T5"| for all
we{l,...,t}, and f;1 = |N|. We have

S S

m— Zu:l k“ q
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t u
_om=t ky (Bu+| T s Fu — Ty—1 +ku + T — 1}
=q > [T«
(u—l z q

— Tu_1

O0=zo<z;<--<zty1=mM— Zu Lk “ “
t

X ql/\flact [mzu=1kuxt+|N| 1]

m — 22:1 ky — x4

By the changes of variables @, = m, — Y_._; k,, we obtain

_ ometka (k[ T3 ) (ma ey =50 k) [ = M + [T = 1
T SN 01 U B s
u u— u q

0=mo<m1<--<myp1=m \u=1

g N me=5h k) [m —my + |N| - 1}
q

m — My

— qm—ZZzl ku(l‘HN‘)_ ; 1(ku+|75 |)Zu lkv

t
x 3 <H gt T3 s [mu —my1 + [T - 1] ) gV {m —my + |N| - 1] .
0=mo<mi<--<m;<m \u=1 My = Mu-1 = ku q m—=my q

We deduce the final formula by using that

t t

t u—1
u=1 'u=1 v

=1 u=v+1

Substituting Lemma 5.6 in Proposition 5.4 leads to

t
Gsm(q) = gmna@ltm  §™ T ghe (w2 that 750D [?q
q

ki,....ke: u=1 u
ko <IT7|

t
X Z (H q(ku+|7ﬁu|)mu—1 [mu — My—1+ |76u| - 1} > q\N|mt [m —my + |N‘ -1
0=mo<m1<---<my<m \u=1 My = My—1 = Ky q m—mg

Exchanging the summations, we obtain:

Gsm(q) = gminaitm ) [T gttt 6D Gt 76 Do

0=mo<m1<---<ms<m \ ki,...

(5.5)

y [Tﬂl} [mumu_1+|75U|1' VI {mmt+|N|1] '
m
q q

ku u_mufl_ku lq m —myg

We need one last lemma to complete our proof of Proposition 2.30.

Lemma 5.7. We have

t
Z Z H g (=2 T3 D+ (e T [Tflq [mu —my—1 + |Tg"| — 1}
0=mo <y <--<my ky ook u=1 Fulgl mu—mu =k |,
ko <|T7"|

t
mt+t 1
:ng,t(q; |761|77|7-t|)|: — v :| ’
v=0 q

where g, + was defined in Proposition 2.50.
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Indeed, once Lemma 5.7 is proved, we can write

¢
GS,m(Q) :q\minA(S)|+m ng,t((ﬂ |7E)1|7’|7—0t|) Z q|j\/'\mt |:m—mt+ ‘N| _].:| |:mt+t— 1:|
v=0 0<m<m m=my gl Tt =V Iy
t / /

- / m-—m,—v+|N|—1] [m,+v+t—-1
:q|m1nA(S)\+m ng,t(Q;\%lL-n,WgD Z q|/\/(mt+v)|: ti ) J | :| l: t | :| ,
= o<y < m—mj — v g my q
where the second equality follows from the change of variable m} = m; — v. Using Lemma 5.5 with ¢t = 2,
m=m —uv, {1 = v+, and {5 = |N], this becomes

t
min m v m+t+ N -1
Gamla) = 4> S g T3t [N
m-—uv
v=0 q
Observing that |N| = s — t concludes the proof of Proposition 2.30. (]
We conclude this section by the proof of Lemma 5.7.
Proof of Lemma 5.7: Let us define Gy(¢;m) = x(m = 0), and for v > 1,
Go(q; 21, ;M) =
) ) f[ g (2w etz macy |27 Tu || = Mg &
ku My, — My—1 — ku ’
O=mo<m1<---<my=m  ki,....ky: u=l1 q q
ku€[0;2—24]
so that the function in Lemma 5.7 is G¢(q; | T3 |, - - -, | T |; me)-
We show by induction on v that
Z m+v—1
Go(q; e, ... Ty, = ww (@3 X1, oy Ty . 5.6
e im) = S gustaszn,eom | (5.6

By (3.6) witha=2—21, b=m+x; — 1, and ¢ = m, we have

+1
Gi(g;z1;m) = [m }
q

m

:[Z]qw{mﬂil]q

m m
290,1((1;1‘1)[ ] +91,1(Q;$1)[ ] .
mj, m—1 q

So (5.6) is true for v = 1.
Now assume that it is true for v — 1 > 1 and prove it for v. We have

Gv(q;xlw'wxv;m) =

v 2—T,
I (z e bl )
k
q q

0=mo<m1<---<my=mu=1 \k,=0
m

v—1 /2—=x
_ (=2 k) (a1 |27 Tu| | M1+ Ty — 1]
Sy (e il )

My — My—1 — Kk
My—1=0 \0=mo<mi<-<my_ 1 u=1 \ky,=0 u u u=l 7 P

2—1,
« Z qu(U_2+ku+xu)+(ku+xu)m'u71 2=my| M —=my_1+ Ty — 1
b—0 Ky gL M — My —ky q

m 2—x, D) 1
- g G’U 1(q I Ly—15My 1) § qk’U(U_2+k'u+$v)+(k'u+$v)mufl |: - :L‘U:| |:m - My—1 + Ly — :|
- b PICECICINY —15 —
ma 120 P k q m—my—1 — ky q
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m v—1 My_1 4+ v — 9
Z Zgu,vfl(q;xlv"'axufl)
q

My—1— U
May—1=0 u=0 v—1
2—x,

v " 2.)m. 2 —x, m—"My_1+ Ty, — 1
x 3 ghemzthta)+hote,) vl{ . } { ] 7
q q

b.—0 v m_mv—l_kv

where we used the induction hypothesis in the last equality.
Rearranging the order of summation leads to

2—x
Y _ 2—x
Go(g;xr, ..o xp;m) = Zq””gu,v_l(q;xl,~--7xu_1)kz;0qk”(” 2*“”“””“){ k, ”L

X i gkota)(my o —u) | Mo—1 0 = 21 m=my_1ta, —1
L~ my—1—u | | m=—my_1—ky |,
v—1

Using Lemma 5.5 witht =2, m =m—u—k,, {1 = v—1+u, and ¢ = k, +x,, and the change of variable
T1 = My_1 — U, this yields:

2—x,

Gv(q;zl,...,xv, Zq Y Guu—1 q7x17._ , Ty_1 qu v (V—2+u+k, +mu)|: B v:|
ky=0 v dgq

y m-—+v+x, —2
m—u — ky, q'

Using (3.6) again witha =2 —x,, b=m+v+z, — 2, c =m —u, and a’ = k,, we obtain

v—1
m—+uv
Gv(q;xl,...7xv;m) = ZO uwvgu'u l(qvwla"wxv*l) l:mu:|q‘
u=

By the g-analogue of Pascal’s triangle, this becomes

Gv(q;lﬂl, e 7x’u;m)

=

v

-1
m+v—1 < m-+v—1
= qugu,v—l(q;xlv--wmv—l){ m—u } +quﬁuﬂgu,v—l(%%w~-,$u—1)[ ]
q

u=0 u=0 m-u—1
f m+v—1
_ <qumvgu’v_1(q; z1,. .., xv—l) + q(ufl)zv+u+vflgu_l,v_l(q; Ty ,xv_l)) |: :| . (5.7)
m—u
u=0 q
Recall that
GuolGar,..x)= Y gt Hq(“_”zl e
€1,...,6,€{0,1}:
e tes=u
So, separating the case where €, = 0 from the case where ¢, = 1, we have
Gu v(q;xla---;QTv) = Z uv+ (H q(xk DE 61) (@0 —L)u
61, €v— 1€{0,1}:
ctey—1=u
+ Z qur “ (H q(:rkfl) Zt 1 z> (z v*l)(ufl)_
€1,...,6u—1€{0,1}:
€14-tey_1=u—1
After simplification, this is exactly (5.7). The lemma is proved.
|

43



ACKNOWLEDGEMENTS

The research of the first author was supported by the project IMPULSION of IdexLyon. Part of this
research was conducted while the second author was visiting Lyon, funded by that project.

We thank Leonard Hardiman and Jeremy Lovejoy for their helpful comments on earlier versions of this
paper. We are indebted to the referees for very carefully reading this paper and giving us helpful suggestions
to improve it.

(1]
2]

REFERENCES

M. Aigner. A Course in Enumeration, volume 238 of Graduate texts in mathematics. Springer, 2007.
K. Alladi. Refinements of Rogers-Ramanujan type identities. In Special functions, q-series and related topics, volume 14
of Fields Inst. Commun., pages 1-35, 1997.
K. Alladi, G. E. Andrews, and A. Berkovich. An new four parameter g-series identity and its partitions implications.
Invent. Math., 153:231-260, 2003.
K. Alladi, G. E. Andrews, and B. Gordon. Refinements and generalizations of Capparelli’s conjecture on partitions. J.
Algebra, 174:636—658, 1995.
K. Alladi and B. Gordon. Generalizations of Schur’s partition theorem. Manuscripta Math., 79:113-126, 1993.
G. E. Andrews. A new generalization of Schur’s second partition theorem. Acta Arith., 14:429-434, 1968.
G. E. Andrews. A general theorem on partitions with difference conditions. Amer. J. Math., 91:18-24, 1969.
G. E. Andrews. An analytic generalization of the Rogers-Ramanujan identities for odd moduli. Proc. Nat. Acad. Sci. USA,
71:4082-4085, 1974.
G. E. Andrews. Generalized Frobenius partitions. Mem. Amer. Math. Soc., 49(301), 1984.
G. E. Andrews. The Theory of Partitions. Cambridge University Press, 1984.
G. E. Andrews. Schur’s theorem, Capparelli’s conjecture and g-trinomial coefficients. Contemp. Math., 166:141-154, 1992.
O. Beckwith and C. Bessenrodt. Multiplicative properties of the number of k-regular partitions. Ann. Comb., 20(2):231-250,
2016.
A. Berkovich and A. K. Uncu. A new companion to Capparelli’s identities. Adv. in Appl. Math., 71:125-137, 2015.
A. Berkovich and A. K. Uncu. Polynomial identities implying Capparelli’s partition theorems. J. Number Theory, 201:77—
107, 2019.
R. E. Borcherds. Monstrous moonshine and monstrous Lie superalgebras. Invent. Math., 109:405—444, 1992.
D. M. Bressoud. An easy proof of the Rogers-Ramanujan identities. J. Number Th., 16:335—-241, 1983.
K. Bringmann and K. Mahlburg. False theta functions and companions to Capparelli’s identities. Adv. Math., 278:121-136,
2015.
S. Capparelli. On some representations of twisted affine Lie algebras and combinatorial identities. J. Algebra, 154:335-355,
1993.
S. Capparelli. A construction of the level 3 modules for the affine Lie algebra Agz) and a new combinatorial identity of the
Rogers-Ramanujan type. Trans. Amer. Math. Soc., 348:481-501, 1996.
R. Carlson and J. J. Webb. Infinite families of infinite families of congruences for k-regular partitions. Ramanujan J.,
33(3):329-337, 2014.
H. H. Chan, L. Wang, and Y. Yang. Modular forms and k-colored generalized frobenius partitions. Trans. Amer. Math.
Soc., 371(3):2159-2205, 2019.
S. Corteel and J. Lovejoy. An iterative-bijective approach to generalizations of Schur’s theorem. Euopean J. Combin.,
27:496-512, 2006.
J. Dousse. The method of weighted words revisited. In Proceedings of FPSAC 2017, volume 78B of Séminaire Lotharingien
de Combinatoire, 2017.
J. Dousse. Siladié¢’s theorem: weighted words, refinement and companion. Proc. Amer. Math. Soc., 145:1997-2009, 2017.
J. Dousse. Analytic Number Theory, Modular Forms and q-hypergeometric series, chapter Unification, refinement and
companions of generalisations of Schur’s theorem, pages 213-251. Springer, 2018.
J. Dousse. On partition identities of Capparelli and Primc. Adv. Math., 370:107245, 2020.
J. Dousse and I. Konan. Generalisations of Capparelli’s and Primc’s identities, II: Perfect Agllll crystals and explicit
character formulas. arXiv:1911.13189, 2019.
J. Dousse and J. Lovejoy. On a Rogers-Ramanujan type identity from crystal base theory. Proc. Amer. Math. Soc.,
146(1):55-67, 2018.
J. Dousse and J. Lovejoy. Generalizations of Capparelli’s identity. Bull. Lond. Math. Soc., 51:193-206, 2019.
I. Frenkel, J. Lepowsky, and A. Meurman. Vertex Operator Algebras and the Monster. Academic Press, 1988.
S. Fu and J. Zeng. A unifying combinatorial approach to refined little Gollnitz and Capparelli’s companion identities. Adv.
in Appl. Math., 98:127-154, 2018.
A. M. Garsia and S. C. Milne. A Rogers-Ramanujan bijection. J. Combin. Theory Ser. A, 31:289-339, 1981.
B. Gordon. Some continued fractions of the Rogers-Ramanujan type. Duke Math. J., 31:741-748, 1965.
B. Gordon and K. Ono. The divisibility of certain partition functions. Ramanujan J., 1:25-34, 1997.
G. James and A. Kerber. The Representation Theory of the Symmetric Group. Encyclopedia of Mathematics and its
Applications. Cambridge University Press, 1984.

44



[36] V. Kac and D. Peterson. Infinite-dimensional Lie algebras, theta functions and modular forms. Adv. Math., 53:125-264,

1984.

[37] S. Kanade and M. C. Russell. Staircases to analytic sum-sides for many new integer partition identities of Rogers-Ramanujan

type. Electron. J. Combin., 26, 2019.

[38] S.-J. Kang, M. Kashiwara, K. C. Misra, T. Miwa, T. Nakashima, and A. Nakayashiki. Affine crystals and vertex models.

In Infinite analysis, Part A, B (Kyoto, 1991), volume 16 of Adv. Ser. Math. Phys., pages 449-484. World Sci. Publ., River
Edge, NJ, 1992.

[39] I. Konan. A bijective proof and generalization of Siladi¢’s theorem. European J. Combin., 87:103101, 2020.
[40] I. Konan. Beyond Gollnitz’ theorem I: A bijective approach. J. Combin. Theory Ser. A, 180:105426, 2021.
[41] K. Kursungoz. Andrews-Gordon type series for Capparelli’s and Gollnitz-Gordon identities. J. Combin. Theory Ser. A,

165:117-138, 2019.

[42] J. Lepowsky and S. Milne. Lie algebraic approaches to classical partition identities. Adv. in Math., 29(1):15-59, 1978.
[43] J. Lepowsky and S. Milne. Lie algebras and classical partition identities. Proc. Natl. Acad. Sci. USA, 75(2):578-579, 1978.
[44] J. Lepowsky and R. L. Wilson. The structure of standard modules, I: Universal algebras and the Rogers-Ramanujan

identities. Invent. Math., 77:199-290, 1984.

[45] J. Lepowsky and R. L. Wilson. The structure of standard modules, II: The case Agl), principal gradation. Invent. Math.,

79:417-442, 1985.

[46] J. Lovejoy. Ramanujan type congruences for three-colored Frobenius partitions. J. Number Theory, 85:283-290, 2000.
[47] J. Lovejoy and D. Penniston. 3-regular partitions and a modular k3 surface. Contemp. Math., 291:177-182, 2001.

[48] P. A. MacMahon. Combinatory Analysis, volume 2. Cambridge University Press, New York, NY, USA, 1916.

[49] A. Meurman and M. Primc. Annihilating ideals of standard modules of si(2, C)™~ and combinatorial identities. Adv. Math.,

64:177-240, 1987.

[50] A. Meurman and M. Primc. Annihilating fields of standard modules of sl(2, C)™ and combinatorial identities. Mem. Amer.

Math. Soc., 137:viii + 89 pp., 1999.

[61] A. Meurman and M. Primc. A basis of the basic sl(3,C)~-module. Commun. Contemp. Math., 3:593-614, 2001.

[62] D. Nandi. Partition Identities Arising from Standard Af)—modules of Level 4. PhD thesis, Rutgers University, 2014.
[53] D. Penniston. 11-regular partitions and a Hecke eigenform. Int. J. Number Theory, 15(6):1251-1259, 2019.

[54] M. Prime. Vertex operator construction of standard modules for A% . Pacific J. Math., 162:143-187, 1994.
[65] M. Primc. Some crystal Rogers-Ramanujan type identities. Glas. Math. Ser. III, 34:73-86, 1999.

[56] M. Primc and T. Siki¢. Combinatorial bases of basic modules for affine Lie algebras 07(11). Journal of Mathematical Physics,

[57]
58]
[59]
[60]
[61]
[62]

[63]

57(9):091701, 2016.

L. J. Rogers and S. Ramanujan. Proof of certain identities in combinatory analysis. Cambr. Phil. Soc. Proc., 19:211-216,
1919.

I. Schur. Zur additiven Zahlentheorie. Sitzungsberichte der Preussischen Akademie der Wissenschaften, pages 488-495,
1926.

J. A. Sellers. New congruences for generalized Frobenius partitions with 2 or 3 colors. Discrete Math., 131:367-374, 1994.
I. Siladi¢. Twisted sl(3,C)~-modules and combinatorial identities. Glasnik Matematicki,, 52(1):53-77, 2017.

A. V. Sills. On series expansions of Capparelli’s infinite product. Adv. in Appl. Math., 33(2):397-408, 2004.

M. Tamba and C. Xie. Level three standard modules for Ag2) and combinatorial identities. J. Pure Applied Algebra,
105:53-92, 1995.

G. N. Watson. A new proof of the Rogers-Ramanujan identities. J. London Math. Soc., 4:4-9, 1929.

UNIv LyoN, CNRS, UNIVERSITE CLAUDE BERNARD LYoN 1, UMR5208, INSTITUT CAMILLE JORDAN, F-69622 VILLEURBANNE,

FRANCE

Email address: dousse@math.cnrs.fr

IRIF, UNIVERSITE DE PARIS, BATIMENT SOPHIE GERMAIN, CASE COURRIER 7014, 8 PLACE AURELIE NEMOURS, 75205 PARIS

CEDEX 13, FRANCE

Email address: konan@irif.fr

45



