GENERALISATIONS OF CAPPARELLI’S AND PRIMC’S IDENTITIES, II: PERFECT
AW CRYSTALS AND EXPLICIT CHARACTER FORMULAS

JEHANNE DOUSSE AND ISAAC KONAN

ABSTRACT. In the first paper of this series, we gave infinite families of coloured partition identities which
generalise Primc’s and Capparelli’s classical identities.

In this second paper, we study the representation theoretic consequences of our combinatorial results.
First, we show that the difference conditions we defined in our n?-coloured generalisation of Primc’s identity,
which have a very simple expression, are actually the energy function with values in {0, 1,2} for the perfect

crystal of the tensor product of the vector representation and its dual in Agllll.
Then we introduce a new type of partitions, grounded partitions, which allows us to retrieve connections
between character formulas and partition generating functions without having to perform a specialisation.
Finally, using the formulas for the generating functions of our generalised partitions, we recover the Kac-

Peterson character formula for the characters of all the irreducible highest weight Agll_)l-modules of level 1,
and give a new character formula as a sum of infinite products with obviously positive coefficients in the
generators e~ % (i € {0,...,n — 1}), where the «;’s are the simple roots.

1. INTRODUCTION AND STATEMENT OF RESULTS

Both our papers ([5] and this one) aim to be self-contained and accessible to both combinatorialists and
representation theorists (and hopefully others), even though this one is more representation theoretic and [5]
more combinatorial. Therefore, we recall the background and definitions necessary to understand our results
(here mostly about crystal base theory, and in [5] mostly about integer partitions and g-series).

1.1. Background. A partition A\ of a positive integer n is a non-increasing sequence of natural numbers
(A1, ..., As) whose sum is n, written as the sum A; +- - -+ A;. The numbers Aq, ..., \s are called the parts of
A, and |A| = n is the weight of A. For example, the partitions of 4 are 4,3+1,24+2,2+14+1,and 1+14+1+41.

The Rogers-Ramanujan identities [26] state that for a = 0 or 1, the number of partitions of n such that the
difference between two consecutive parts is at least 2 and the part 1 appears at most 1 —a times is equal to the
number of partitions of n into parts congruent to +(1+a) mod 5. In the 1980’s, Lepowsky and Wilson [15, 16]
gave an interpretation and proof of these identities in terms of characters for level 3 standard modules of the
affine Lie algebra A(ll) by using vertex operators. Since then, a very fruitful interaction between partition
identities and representation theory has been developed, see for example [4, 18, 19, 20, 21, 22, 24, 27]. More
detail on the history of this field can be found in the first paper of this series [5].

In the present paper, we focus on the interaction between partition identities and crystal base theory.
Crystal bases were introduced independently by Kashiwara [14] and Lusztig [17] to study representations of
quantum algebras, which are g-deformations of universal enveloping algebras of classical Lie algebras. They
have a nice combinatorial structure, and admit particularly simple tensor products.

One of the most important questions in representation theory is finding nice explicit formulas for characters
of representations. If § is an affine Lie algebra, and V an irreducible module of § with highest weight A,
then by definition, the character ch(V) of V multiplied by e™® can be expressed as a power series in
e~ ..., e -1 with positive coefficients, where «y, ..., a,_1 are the simple roots of g. However, finding
explicit expressions for characters is not easy. The most famous example, the Weyl-Kac character formula
[9], gives a beautiful factorized expression for the character, but the coefficients of the monomials in e~ in
this expression are not obviously positive.

Kang, Kashiwara, Misra, Miwa, Nakashima, and Nakayashiki [11, 12] introduced the theory of perfect
crystals to find such nice expressions for characters via the so-called (KMN)? crystal base character formula.
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It allows one to construct crystals of irreducible highest weight modules for all classical weights of the same
level. Then the crystal base character formula allows one to identify these perfect crystals with partitions
satisfying certain difference conditions, which in certain cases gives rise to character formulas as partition
generating functions. However, these formulas are in general obtained after doing a specialisation, for
example replacing all the e~%’s by ¢ (which is the principal specialisation). In this paper, we will prove a
non-specialised character formula, with obviously positive coefficients, for all the irreducible highest weight
Agll_)l—modules of level 1.

But first, let us present our starting point, Primc’s partition identity (again, more detail can be found in
our first paper [5]). In [23], Primc used the (KMN)? crystal base character formula to study level 1 standard
modules of Agl) and Aél). He computed an energy function for the perfect crystal of the tensor product of
the vector representation and its dual in Agl) and Aél), and through the crystal base character formula, he
gave the principal specialisation of the character formula in terms of partitions with difference conditions.

In the Agl) case, the energy matrix of the perfect crystal associated to the tensor product of the vector
representation and its dual is the following:

aibg aoby aibr agby
aibg 2 1 2 2
aobo
a1by
agby

P =

OO =

0 1 1
1 0 9 , (1.1)
1 0 2

and in Agl), the energy matrix is given by:

asbg azby aibg apby asxby aibr agbi aibs  agbe

asby [ 2 2 2 1 2 2 2 2 2
ashy [ 1 2 1 1 2 1 2 2 2
aby | 1 1 2 1 1 2 2 2 2
aobo | 1 1 1 0 1 1 1 1 1
Py= ashy | 0 0 1 1 0 1 1 2 2 (1.2)
abi | 0 1 0 1 1 0 2 1 2
aph1 | 0 1 0 1 1 0 2 1 2
abs | 0 0 1 1 0 1 1 2 2
agbs \ 0 0 0 1 0 0 1 1 2

Consider coloured partitions satisfying the difference conditions of (1.1) (resp. (1.2)), where the coefficient
(i,7) in the matrix gives the minimal difference between consecutive parts coloured ¢ and j. Using the Weyl-
Kac charater formula [9], Primc proved that in both cases, when performing the principal specialisation
(corresponding to some dilations on the variables in the generating function), the generating function for
such partitions reduces to m, which is simply the generating function for partitions. Here we used, for
n € NU {00}, the standard g¢-series notation

(a;q)n = (1 —a)(1 —ag) - (1 —ag"™).

In the first paper of this series [5], we gave a large family of coloured partition identities which generalise
and refine Primc’s identities. To do so, we gave difference conditions which generalise both (1.1) and (1.2).
Let (an)nen and (by)nen be two sequences of colour symbols. For all i, k,i', k' € N, we defined the minimal
difference A in the following way:

Aaibk,apbp) = x(@ >d) —x(i=k=14)+x(k <Kk)—x(k=i=F), (1.3)
where x(prop) equals 1 if the proposition prop is true and 0 otherwise.
Restricting A to colours a;b; for 4,5 € {0, 1} gives (1.1), and restricting it to colours a;b; for ¢, j € {0,1,2}
gives (1.2).
Our general theorem in [5] gives the generating function for partitions A\; + - -+ 4+ A, into parts coloured
a;bj for all 4,5 € {0,...,n — 1}, satisfying the difference conditions

Aj = Ajr1 = Ale(N), e(Ajt1),
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where for all j, ¢(A;) denotes the colour of the part ;. Such partitions are called generalised Primc partitions

and their set is denoted by P,,. Let P, (m;uq, ..., Un—1;V0, ..., Vn—1) be the number of partitions of m in P,,,
such that for ¢ € {0,...,n — 1}, the symbol a; (resp. b;) appears u; (resp. v;) times in the colour sequence.
Defining the generating function
GS(vaOa 7bn—1) = Z Pn(n;u()a-'-aun—l;U07~"avn—l)qmbg(]iuo"'bzn_ill_unia
MLUQ,ee ey Un — 1,000+, —1 >0
we showed the following.
Theorem 1.1. [5, Theorem 1.27] Let n be a positive integer. We have:
n—1
G (gibo, -+ s bn1) = [2%) T] (=07 "24; @)oo (—biz ™5 0) o
i=0
1 n—1
- S Lo e )
(q’ q)go S1yeeySn—1€EZ i=1

Sn=0

1 n—1 (70D, g+ n—1 e |
= &S] T i (ri—Tit1
(@9 11 (4 9) oo > v q .

=1 T1yeesTn—1° 4=1
0<r;<j—1
7, =0

1—1 o
x (- (H bzbi1> q“i”“”“)”"i“;qi(””) (15)
£=0 00

1—1 »
X ( (H bib[1> ql“;’”(i+1)n+m+1;qi(i+1)> )
=0 -

We can obtain a product formula for our generating function by doing the following dilations, which
correspond to the principal specialisation that Primc considered in his paper:

@ . (1.6)
b — ¢ forallie{0,...,n—1}-

Corollary 1.2. [5, Corollary 1.26] By doing the transformations described in (1.6), we obtain the generating
function for classical integer partitions:

n—1
Gr@ 1, q" ) = ) [T (0" 250 o (=2 0™)oo
1=0
= [21(—q2; @)oo (—7 1 @)
!
(¢:9) o0

The cases n = 2 and n = 3 in the corollary above recover Primc’s original results.

In [5], we also gave a multi-parameter family of generalisations of Capparelli’s identity [4], another partition
identity which originally arose from representation theory via the theory of vertex operators. Let us also
state this generalisation, as it gives a different (but related) expression for the character formula.

Definition 1.3. Let # = m + --- + 7w be a partition. We say that another partition A = Ay + -+ + A
contains the pattern w if there is some index ¢ such that

Ai =1, >\i+1 = T2, < )\¢+r71 = Tp.

If A does not contain the pattern 7, we say that A avoids .

Let us recall from [5] some conditions that the parameters in our generalisation need to satisfy.
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Definition 1.4. A function ¢ is said to satisfy Condition 1 if it is defined on the set of colours {agby : k # £},
has integer values, and for all k, ¢,

min{k, £} < §(arbe) < max{k,(}.
Definition 1.5. A function ~ is said to satisfy Condition 2 if it is defined on the set of pairs of colours
{(ak,be,y arybey) : k1 # €1, ko # €2}, has integer values, and if for all k1, ko, £1, £o, it satisfies the following:
o If max{k1, 2} < min{ke, (1}, we have
max{ky, l2} < y(ak, be,, ar,be,) < min{ksg, 1}.
o If ky > 01, ko >l and {lo +1,... ko} \ {1 +1,...,k1} # 0, we have
Y(ag, bey, arybe,) € {la+ 1, . ko \ {1 +1,...,k }.
o If ky < ly, ko </ly,and {ky +1,...,01} \ {ka +1,...,42} # 0, we have
Y(ag, by, arybe,) € {k1 + 1, L F\ {ka+1,..., 02}
These functions now allow us to define forbidden patterns and generalised Capparelli partitions.

Definition 1.6. Let n be a positive integer, and let § and  be functions satisfying Conditions 1 and 2,
respectively. We define C,, (0, ), the set of generalised Capparelli partitions related to ¢ and 7, to be the set
of partitions A such that

e \eP,,
e )\ has no part coloured agbg,
e )\ does not contain any of the following patterns, where p is any positive integer:

— forany i € {1,...,n — 1},

paibi + plhbl b)
(i.e. free colours cannot repeat)
— for any ki, ko, £1,£2 such that max{k;, ¢o} < min{ko, ¢1} and i = v(ag, be, , ar,be,),
pakl bzl + Pa;b; + pak2 bgz 5
— for any ko > £o,
x for any 2 < u < oo, any ki, 41, and i = §(ag,by,),
(p + u)aklbgl + pa,b7 + pakz b(z b

here we take the convention that u = oo if the pattern pg,.p. + Pa,. b,. is at the beginnin
D Paib; + Paybe, ginning
of the partition)
x for any ki < £1, and i = 6(ax, by, ),

(p + ]‘)aklbll +pa71bi +pak2bg2?
« for any k1 > ¢ such that {la+1,..., ko }\{€1+1,...,k1} # 0, and for i = y(ak, be, , Ak, be,),
(p + l)aklbzl +pa,-b,y +pak2b527

— for any k1 < {4,
* for any 2 < u < oo, any ks, 2, and i = §(ag, b, ),

paklbgl +paibi + (p - u)ak2b£27

(here we take the convention that u = oo if the pattern pa, s, + Pa;p, is at the end of the

partition)
* for any ko > f2, and i = 6(ag, b, ),

(p + 1)ak1b£1 + (P + ]‘)aibi +p¢lk2bg2)
* for any ko < Iy such that {k1+1,..., 0 }\{ko+1,...,02} # 0, and for i = y(ag, b, , ar,be, ),

(p + l)aklbll + (p + 1)111,?% erakzb/zg'
4
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Let Cp(m;d,v;ug, .., Un—1;v0,...,Un—1) be the number of partitions of m in C,(y,d), such that for

i €{0,...,n—1}, the symbol a; (resp. b;) appears u; (resp. v;) times in the colour sequence. We define the
generating function
G (0,7 ¢3b0, -+ b)) = Z Cr(m; 0,7; U0, - U= 1500, - - -, Un—1)q b "0 -+ byt T

MUy U —1,V0 50,V —1 >0

Through a bijection, we showed the following relation between our generalisations of Capparelli’s and Primc’s
partitions with difference conditions.

Theorem 1.7. [5, Theorem 1.24] For all positive integers n and all functions 6 and v satisfying Conditions
1 and 2 respectively, we have

GS (0,7 4005y bn1) = (6 9)0cGE (g5 005+, bp—1).

Through Theorem 1.1, the generating function for generalised Capparelli partitions can also be written
as a sum of infinite products.
In this paper, we use our results above to give new character formulas.

1.2. Statement of Results. We will define all the necessary notions from crystal base theory in Section 2.
For now, let us define a few notations which will allow us to state our main theorems.

Let n be a positive integer, and consider the Cartan datum for the generalised Cartan matrix of affine
type A;l_)l. We denote by P = ZAg @ --- ® ZA,_; the lattice of the classical weights, where the elements
Ay (0 € {0,...,n—1}) are the fundamental weights. The set of all the level 1 classical weights is given by
Pr={A;:£€{0,--- ,n—1}}. The null root is denoted by J, and the simple roots by «a;, i € {0,--- ,n—1}.
Let B={v; :i € {0,--- ,n—1}} be the crystal of the vector representation of Agllll and let BY = {v) :i €
{0,-++,n — 1}} be its dual. For all v; € B, we denote by wtv; € P the classical weight of v;. We finally set
B to be the tensor product B ® BY.

Given that (1.1) and (1.2) are energy matrices for perfect crystals coming from the tensor product of

the vector representation and its dual in Agl) and Agl), respectively, it is natural to wonder whether our
generalised difference conditions A defined in (1.3) are also energy functions for certain perfect crystals. We
answer this question in the affirmative by showing the following.

Theorem 1.8. Let n be a positive integer, and let B denote the crystal of the vector representation of Aﬁ}ll.
The crystal B = B ® BY is a perfect crystal of level 1. Furthermore, the energy function on B ® B such that
H((vo @ vy) ® (vo @ vy)) = 0 satisfies for all k, 0, k', ¢ € {0,...,n— 1},

H((ve @vyr) @ (ve @ vy))) = Alagbe; aprber), (L.7)
where A is the minimal difference for generalised Primc partitions defined in (1.3).

Primc showed Theorem 1.8 in the cases n = 2 and n = 3. The theorem is still true when n = 1, in which
case the crystal B has a single vertex and a loop 0, and the partitions corresponding to its crystal are simply
the classical partitions.

In [2], Benkart, Frenkel, Kang, and Lee gave another formulation of the energy function of certain level 1
perfect crystals of classical types, including the Aglll 1-crystal studied in Theorem 1.8. However, they did not
give a closed expression valid for all k, ¢, k', ¢’ € {0,...,n—1} as we did in Theorem 1.8 and (1.3). They used
the fact that, when removing the 0-arrows from the crystal graph on Figure 4.4 (see more details on crystals
and energy functions in Sections 2 and 4), the energy function H is constant on each connected component,
and gave a table with the value of H for a representative of each connected component. The value of H for
the other vertices can then be obtained by determining to which connected component they belong. Both
their and our energy functions satisfy H((vo ® vy) ® (vo ® vg)) = 0, so they must be the same, even though
their formulations differ. In this sense, Theorem 1.8 gives a simpler, more explicit and unified formula for
the Asllzl energy function in [2].

Our proof of Theorem 1.8 in Sections 6 and 7 relies on explicitly building paths in the crystal graph. We

only treat the case n > 3, as n = 1 and n = 2 give crystals with a slightly different shape, and we already
know that the theorem is true in these cases.



Theorem 1.8 gives a simple explicit expression for the energy function. Using the (KMN)? crystal base
character formula [11], it allows us to relate the generating function G (q; bo,- - - ,b,_1) of generalised Primc
partitions and the generating function GS (3,7;¢q;bo, -+ ,b,_1) of generalised Capparelli partitions with the
character of the irreducible highest weight module L(Ag).

Unlike previous connections between character formulas and partition generating functions, where a spe-
cific specialisation (often the principal specialisation) was needed, here we give a non-dilated character
formula. This is obtained through a new combinatorial method relying on so-called “grounded partitions”,
which we introduce in Section 3. This leads to the following combinatorial character formula, where all the
definitions will be made clear in Sections 2 and 3.

Theorem 1.9. Let g be an affine Kac—Moody Lie algebra , let B be a perfect crystal of level £, let X be a

dominant integral weight of level £ with constant ground state path --- Q@ g® g, and assume that H(g® g) = 0.
5 J—

Setting ¢ = ¢ 0 and c, = €™ for all b € B, we have ¢, = 1, and the character of the irreducible highest

weight Uy (g)-module L(\) is given by the following expressions:

> C(m)g™ = ereh(L(N),

7r€77;»>g
Z C(r)g™ = e *ch(L()))
iy (@)

where Pc'>q and PZ are sets of grounded partitions defined in Section 3.

In other words, the characters of irreducible highest weight modules whose weights have constant ground

state paths can be computed as generating functions for some types of partitions.
1)
n—1

Applying this theorem to A at level 1 leads to the following character formulas.

Theorem 1.10. Let n be a positive integer, and let Ag, ..., A,_1 be the fundamental weights of Afll_)l. By
setting eVt = b, and e = q, we have the following identities:
_AO
Gl (g;bo, -+ sbno1) = e(cql;lé)iiw7
Grc;((sv Y5 45 b07 o abnfl) = eiAOCh(L(AO))'
This result gives an evaluation of the character of the irreducible highest weight module for the particular
weight Ao, but we can extend our techniques to retrieve the characters for the other level 1 weights of 131+ .

Theorem 1.11. Let n be a positive integer, and let Ag,...,A,—1 be the fundamental weights of Agll_)l. By
setting eVt = b; and e=® = q, we have the following identities for any £ € {0,...,n — 1}:
~Aech(L(A
€ C ?
GE(Gbog, -+ b1 b, by) = ol A0)
(¢ @)oo
Gg(&% q; bOQa e 7b[71q7 béa ey bnfl) = e_AKCh(L(AZ)>~
The case ¢ = 0 of Theorem 1.11 gives Theorem 1.10.
As mentioned earlier, finding an expression of the character as a series with positive coefficients is an
important problem. In [10], using modular forms and string functions, Kac and Peterson gave a formula for

e~Ach(L(A)) for all the irreducible highest weight level 1 modules L(A) of most classical types as a series
in Z[[e=*,e", ... e~ *-1]] with obviously positive coefficients. This built on earlier work of Kac [8], in

which he proved the particular case where M = L(Ap) in A%l), Dfll), and ET(LD.
In [1], Bartlett and Warnaar used Hall-Littlewood polynomials to give explicitly positive formulas for the

characters of certain highest weight modules of the affine Lie algebras i, Agi), and Dfﬁl, which also
led to generalisations for the Macdonald identities in types B&M, o, Aéi)fp Agi), and D7(12+)1' However

their approach failed to give a formula for the case AS). Using Macdonald-Koornwinder theory, Rains and
Warnaar [25] later found additional character formulas for these types, together with new Rogers-Ramanujan
type identities.



In [6], Griffin, Ono, and Warnaar obtained a limiting Rogers-Ramanujan type identity for the principal
specialisation of the character of some particular weights (m — k)Ag + kA; in AS). On the other hand,
Meurman and Prime [19] treated the case of all levels of Agl) via vertex operator algebras.

Here, using our non-dilated character formula from Theorem 1.11, we recover, for all £ € {0,...,n — 1},
the character formula of Kac-Peterson. Moreover, we give a new explicit expression for e *¢ch(L(A,)) as a
sum of (n —1)! series with positive coefficients Z[[e=*0,e~®1 ... e~ *-1]], each of which are infinite product
generating functions for partitions into distinct parts with congruence conditions.

Theorem 1.12. Let n be a positive integer, and let Ag, ..., A,_1 be the fundamental weights of Afllzl. For
all £ € {0,...,n— 1}, we have
e ™ ch(L(Ay))

n—1
1 —500 sic; Si(si11—84)0
_ (675,675)77,71 § : o5t He eSi(sit1—5i) (1.8)
o0 =1

815--y8n—1€Z
so=8,=0

1 (efi(z#l)é; efi(iJrl)&)

n— n—1

— 00 —70 H ria ,ri (rig1—7i)8
11 (e=%;¢9) > e e ¢
. b e o) p—

=1 T1yeens Trn_1: i=1
0<r;<j—1
=0
ir 1 —(i o _a(itl) ; i i —ils
% (_e(m+1 (i Drs— 3 —x (221034 55 G z(z+1)5) (1.9)
oo

)

% (_e((i+1)ri—m+1—71'“;” Hox(i21>0))8-_, Gy, e—i(z’+1)6)
)
oo

where § = ag + - -+ + a1 18 the null root and rq is taken to be 0.

The character formula (1.8) is, up to a change of variables, a reformulation of the Kac-Peterson character
formula for the type Agllll given in [10, p.217]. Thus, our partition identity Theorem 1.1, combined with
Theorem 1.11, makes the connection between the KMN? crystal base character formula and the Kac-Peterson
character formula.

The principal specialisation [9, Chapter 10] for the affine type Agllzl consists in transforming the generators
with

e Y —q forallie{0,...,n—1}.
In that case, we have a natural transformation b; := ¢*by and a dilated version of the character formula can
be deduced from Theorems 1.1 and 1.11.

Corollary 1.13. Let n be a positive integer, and let Ao, ..., N,_1 be the fundamental weights of Agll_)l. For
all £ € {0,--- ,n — 1}, the principal specialisation of e~"¢ch(L(Ay)), denoted by Fy(e ™ech(L(Ay))), is the
generating function of the classical integer partitions with no parts divisible by n :
F]l (eiAZCh(L(AZ))) = (qn’ qn)oo X Gf(qna qnb()a T 7qn+Z71b07 q€7 e aqnilbO)
-1
= (4" oo X [2°] (H(—q_ibo1:v;q")oo(—q’””‘boff‘l;q”)oo
i=0

n—1
X H(—q”‘lbglx;q")oo(—qibox_l;q")oo>
i=0

= (¢"54")oo X [2°)(=¢" b5 % @)oo (D025 @)oo
(¢"39")o
CHI
In this particular case, we recover the principal specialisation of the Weyl-Kac character formula [9].

The remainder of this paper is organised as follows. In Section 2, we recall the necessary definitions
and theorems about representation theory and crystal bases. In Section 3, we define grounded partitions,
which will play a key role in obtaining a non-specialised character formula. In Section 4, we define the A;l_)l
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crystals related to our difference condition/energy function A. In Section 5, we prove our character formulas
(Theorems 1.10, 1.11, and 1.12) assuming that A is an energy function for our crystal. Finally, in Sections
6 and 7, we prove that this is indeed the case, by constructing some paths on the crystal graph.

2. BAsics oN CRYSTALS

In this section, we recall the definitions and basic theorems from crystal base theory which are necessary
for our purpose. We refer to the book [7], which we consider to be a good summary of the basic theory of
Kac-Moody algebras [7, Chapter 2|, quantum groups [7, Chapter 3] and crystal bases [7, Chapters 4, 10].
For a more combinatorial approach and more emphasis on the finite dimensional case, we refer the reader to
[3].

Throughout this section, n is a fixed positive integer.

2.1. Cartan datum and quantum affine algebras. A square matrix A = (ai,j)ije{o 4y s said to

1}
be a generalised Cartan matrix if A has the following properties:

o forallie{0,...,n—1}, a;; =2,
e foralli# jin {0,...,n—1}, a; ; € Z<o,
e a;; = 0if and only if a;; = 0,
Moreover, if there exists a diagonal matrix D with positive integer coefficients such that DA is symmetric,
then A is said to be symmetrisable. In addition, if the rank of the matrix A is n — 1, then A is said to be of
affine type. In this paper, we always assume that this is the case.
Let us consider such a matrix A. Let PV be a free abelian group of rank n+1 with Z-basis {ho, ..., hn_1,d} :

=Zho®Zh1 ® - D Zh,_1 O Zd.

We call PV the dual weight lattice. The complexification h = C ®z PV is called the Cartan subalgebra. The
linear functionals o; and A; (i € {0,...,n —1}) on b given by

<hj, Oéi> = O[i(hj) = ajyl- <d, Cli> = Oél(d) = (51-70

<hj7A7;> = Az(hj) = 57l,j <d7AZ> = Al(d) =0 (17] S {0,...,”— ].})
are respectively the simple roots and fundamental weights. Let h* be the dual space of . We denote by
II={a; |i€{0,...,n—1}} C b* the set of simple roots, and define IV = {h; | i € {0,...,n —1}} C b to
be the set of simple coroots. We also set

P={\eb* | \NPY)CZ}
to be the weight lattice. It contains the set of dominant integral weights
t={Ne P|Ahi) €Zs foralli €{0,...,n—1}}.

The quintuple (A4,IL, 11V, P, PV) is said to be a Cartan datum for the Cartan matrix A. The Kac-Moody
affine Lie algebra g attached to this datum is the Lie algebra with generators e;, f; (i € {0,...,n —1}) and
h € PV, with the following defining relations ([7, Definition 2.1.3]):

(1) [h,h'] =0 for all h,h' € PV,
(2) [es, fj] = bijhy,
(3) [hyei] = a;(h)e; for all h € PV,
(4) [h, fi] = —a;(h)f; for all h € PV
(5) (ade;)'~%ie; = (adf;)t =% f; —Ofori;«éj,

where adz : y — [z,y].
We also define the coroot lattice

(2.1)

= Zh() @Zhl D--- @Zhnfh
and its complexification h = C @z PV. The Z-submodule
P = ZANg DIN ®--- D LA,

of P is called the lattice of classical weights.



Remark. By (2.1), for all j # 0, we have
n—1
o = Zai,in S P.
i=0

We will denote by @y the restriction of ag to P.

Let Pt := St o Z>ol; denote the corresponding set of dominant weights.

The center

Ze={h € P :(h,a;) =0foralli €{0,...,n—1}}
of the affine Lie algebra g is one-dimensional and generated by the canonical central element ¢, where
c=cohg+ -+ cp_1hn_1.
The space of imaginary roots
Z6={xe€eP:(hj,\y=0forallie{0,...,n—1}}
of g is also one-dimensional, generated by the null root 6, where
0 =doog +diavy + -+ +dp_100_1.

The vector *(dg,dy,...,d,_1) € C" spans the kernel of the Cartan matrix A. The level ¢ of a dominant
weight A € PT is given by the expression (¢, \) := \(c) = £.
For any k € Z and an indeterminate g, let us set

=
T g—q!

We also set [0],! =1 and for k > 1, [k],! = [k]q[k — 1]4-- - [1]4. For m >k > 0, define

(8 ), minar

We now have all the definitions necessary to introduce quantum affine Lie algebras.

Definition 2.1. [7, Definition 3.1.1] The quantum affine algebra U,(g) associated with the Cartan datum
(A,IL IV, P, PV) is the associative algebra with unit element over C(q) (where ¢ is an indeterminate) with
generators e;, f; (i € {0,...,n —1}), and ¢" (h € PV), satisfying the defining relations:

(1) ¢" =1, ¢"¢" =¢"*""  for h,n' € PV,

(2) q"eig™" = q*Me;  for he PV, ic{0,...,n—1},

(3) thiqih:qiai(h)fi fOI‘hEPV,Z.E{O,...,TLfl},

(4)

K — K
4 eifjffjei:(si,ji_ll for Z‘,jE{O,...,’ﬁ,fl}7
q; — i
l—ain 1
6 > < e > e " reek =0 forij,
k=0 qi
170.1'_7'
y 1—a;; 1—a; j—k L,
(6) Z< kw> £ T R =0 fori # 5.
k=0 qi

Here ¢; = ¢* and K; = ¢*", where D = diag(s; : i € {0,...,n — 1}) is a symmetrising matrix of A.

Definition 2.2. The quantum affine algebra U;(g) is the subalgebra of U,(g) generated by e;, f;, K (ie
{0,...,n—1}).

Contrarily to U,(g), the quantum affine algebra U, (g) admits some non-trivial finite-dimensional irre-
ducible modules.
9



2.2. Integrable modules, highest weight modules and character formula. We are now ready to
define irreducible highest weight modules and characters.

Definition 2.3. Let g be a Lie algebra with bracket [+, -], and let V' be a vector space. Then V is a g-module
if there is a bilinear map g x V' — V, denoted by (x,v) — x - v, satisfying for all x,y € g and all v € V:

[z,9] - v=2-(y-v)—y-(z-v).

A subspace W of a g-module V is called a submodule of V if for all x € g, - W C W.
A g-module V is said to be irreducible if its only submodules are V' and 0.
The notion of modules extends naturally from an affine Lie algebra g to its quantum affine algebra U, (g).

Definition 2.4. A U,(g)-module M is said to be integrable if it satisfies the following properties:
(a) M has a weight space decomposition: M = @, p My, where My ={ve M | ¢" v = My for all
h € PV},
(b) there ar}e finitely many Ay,..., A € P such that wt(M) C Q(A1)U---UQ(Ag), where wt(M) = {\ €
P My #0}and Q) ={p € P pe N+ Xicio. n1yLoti};
(c) the elements e; and f; act locally nilpotently on M for all ¢ € {0,...,n —1}.
We denote by O;Int the category of integrable U,(g)-modules.

For all A € P, a module of highest weight X is an integrable module such that:
(a) wt(M) S Q(A);
(b) dim My = 1;
(b) M = U,(g) M.
For all A € P, up to isomorphism, there exists a unique highest weight module which is irreducible. We
denote by L(\) the irreducible highest weight U,(g)-module of highest weight A.

Definition 2.5. Let M be an integrable module such that dim My < oo for all A € wt(M). The character
of M is defined by

ch(M)= > dimM,-e*, (2.2)
Aewt(M)
where the e*’s are formal basis elements of the group algebra C[h*], with the multiplication defined by
eret = eMH,
When M is a highest weight module of highest weight A, its character satisfies
eeh(M)= > dimM, e € Zxolle*,ie{0,...,n—1}]].
pewt(M)

All these definitions on modules also hold in the case of the g-modules M’, where the weight spaces are given
by M ={ve€ M'|h-v=Ah)v for all h € PV}. Thus, looking at the generators of the weight spaces, for

a fixed weight A\ € P, the irreducible highest weight g-module can be identified with the irreducible highest
weight Uy(g)-module, and we have equality of characters.

2.3. Crystal bases. The crystal base theory was developed independently by Kashiwara [14] and Lusztig
[17] to study the category Ofnt of integrable U,(g)-modules. If M is a module in the category O! . then

nt’
for each i € {0,...,n — 1}, a weight vector u € M) can be written uniquely in the form u = Z;iv:o fi(k)uk,
for some N > 0 and u € Mxypa, Nkere; for all k =0,1,..., N, with f*) = f¥/([k],,!). The Kashiwara
operators &; and f;, for i € {0,...,n — 1}, are then defined as follows:
N N
éiu = Z fz'(k_l)ukv fiu= Z fi(k+l)“k- (2.3)
k=1 k=0

Crystal bases will be seen as bases at ¢ = 0. To do so, let us define the localisation of Clq] at ¢ = 0 by
Ao ={f=g/h|g,h€Clq], h(0)# 0}

Definition 2.6. [7, Definition 4.2.2] Assume that M is a U,(g)-module in the category Of .. A free Ao-
submodule £ of M is a crystal lattice if
10



(i) £ generates M as a vector space over C(q);
(i) £L=EP,cpLar where Ly=MyNL;
(ii) &L C L and fiL C L, foralli e {0,...,n—1}.

Since the operators é; and ﬁ preserve the lattice £, they also define operators on the quotient £/qL.

Definition 2.7. (7, Definition 4.2.3] A crystal base for a U,(g)-module M € O} |
(1) L is a crystal lattice of M;
(2) Bis a C-basis of L/qL = C ®p, L;
(3) B = UycpBy, where By =8N (ﬁ,\/qﬁ)\);
(4) &By C Byya, U{0} and fiBBy C Bx_a, U{0} for all i € {0,...,n —1};
(5) f;b=10" if and only if b=¢&b/, for bt/ € B and i€ {0,...,n—1}.

is a pair (£, B) such that

To each module M € Ofnt’ one can associate a corresponding crystal base (£, B), which is unique up to
isomorphism [7, Chapter 5]. Therefore, from now on, we will refer to “the” crystal base of M.

Furthermore, the crystal graph associated to (£, B) can be defined as follows. The set of vertices is B,
and the oriented edges are built as follows:

b—5V ifandonlyif fib="b (or equivalently é;" = b).
Remark 2.8. When fib =0 (resp. é;b=0), then there is no edge labelled i coming out of b (resp. arriving
inb).
The crystal graph can be viewed as a combinatorial data of the module M.
For i € {0,...,n — 1}, let us define functions ¢;, p; : B — Z as follows:

gi(b) = max{k > 0 | €¥b € B},
©;(b) = max{k > 0| fFb € B}.
Thus €;(b) is the length of the longest chain of i-arrows ending at b in the crystal graph, and ¢;(b) is the

length of the longest chain of i-arrows starting from b. Furthermore, we have ¢;(b) — £;(b) = A(h;) for all
b € By. Thus, by setting wtb = A,

e(b) = Z_: gi(b)Ay, and p(b) = Z_: wi(b)A;, (2.4)
i=0 =0

we then have wtb = ((b) —&(b) for all b € By, where wtb is the projection of wtb on P. Also, by the definition
of the weight vectors wuy, in the Kashiwara operators (2.3), we have for all b € B such that é;b # 0,

wté;b — wtb = «;. (2.5)
Let us now introduce the notion of crystal.

Definition 2.9. [7, Definition 4.5.1] Let A = (a; j)o<i,j<n—1 be a Cartan matrix with associated Cartan
datum (A ILITY, P, PV). A crystal associated with (A, 11,11V, P, PV) is a set B together with maps

wt: B — P,
&, fi: B— BU{0} (i €{0,...,n—1}),
g, i : B—ZU{—0c0} (i€{0,...,n—1}),
satisfying the following properties for all < € {0,...,n — 1}:
Wt(éjb) = wtb + «; if e:ib € B,
Wt(flb) = wtb — «; if f,b S B7

)
)
) wi(€:b) = @i(b) + 1 if &b € B,
)
)
)

11



(9) if ;(b) = —oc for b € B, then ;b = f;b = 0.
In particular, if (£, B) is a crystal base, then B is a crystal.

Let By and By be two crystals. A crystal morphism between B; and Bs is a map ¥ : B; U{0} — By U {0}
such that

e U(0) =0;

e U commutes with wt,&;, ¢; for all i € {0,...,n—1} )

e for b,b’ € By such that f;b =10 and U(b), (V') € B, we have f;¥(b) = U(V'), &;T (') = V(b).
A morphism WV is said to be strict if it commutes with é;, ﬁ foralli € {0,...,n—1}.

The theory of crystal bases behaves very nicely with respect to the tensor product of Ofnt—modules, as
can be seen in the next theorem.

Theorem 2.10. [7, Theorem 4.4.1] Let My, My € Oiyy, and let (L1, B1), (L2, Ba) be the corresponding crystal
bases. We set L = L1 ®@p, Lo and B = By ® By = By x By. Then (L, B) is a crystal base of My ®c(q) Mo,
with

Gbi @by if (b)) > ei(ba),
Giby @by = P20 Tz ell)

b1 ® €;b2 it @i(b1) <ei(b2), (2.6)
~ ;b ® b if (b)) > €;(ba), .
fi(b1®b2): f1~2 : @(1) (2)

b1 ® fiba i @i(b1) < ei(b2),

where by ® 0 =0® by =0 for all by € By and by € By. Furthermore, we have

Wt(bl X bg) = wtby + wtbo,
gi(b1 ® bz) = max{e;(b1),&i(b1) + &i(b2) — i(b1)},
@i(b1 @ bz2) = max{p;(ba), wi(b1) + i (ba) — €i(b2)}.

The last tool we need in this paper is the notion of energy function, defined as follows.

Definition 2.11. [7, Definition 10.2.1] Let M € O{ ;. be a module, and (£, B) be the corresponding crystal
base. An energy function on B® B is a map H : B® B — Z satisfying

H(by @ bs) it 0,
H(é;(by ®b2)) = H(bl ®bo) + 1 if i =0 and (Po(bl) > Eo(bg) (2.7)
H(b1®b2)—1 if ¢ =0 and (po(bl) <€0(b2),

for all 7 € {O,...,n— 1} and by, by with é(bl ®b2) 75 0.

By definition, in the crystal graph of B ® B, the value of H(b; ® bs), when it exists, determines all the
values H (b} ® b,) for vertices b] ® b}, in the same connected component as b; ® ba. Note that the conditions
(2.7) are equivalent to the following:

_ JHB ®@bs) + x(i=0) if ;(b1) > ei(bs)

H (€;(by ® b)) = H(by ® by) — x(i = 0) if vi(b1) < &i(ba), (2.8)
- ) H(by ®b2) — x(i = 0) if i(b1) > ei(b2) .

H(f’t(bl ® bZ)) - H(bl ® bg) + X(Z — 0) if sz(bl) < 5i(b2).

Figure 2.1 gives the crystal graph B of the vector representation of Agl) [7, 10.5.2], the tensor product
B ® B, and an energy function H on B ® B.

Figure 2.1.
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B: [0]——[1]
——

BoB: [0]e[o]——[1]=[0] H: [eld] — xG =)

0 1
[0 f]eg—[e=]

2.4. Perfect crystals. The theory of perfect crystals was developed by Kang, Kashiwara, Misra, Miwa,
Nakashima, and Nakayashiki [11, 12] to study the irreducible highest weight modules over quantum affine
algebras. Indeed, perfect crystals provide a construction of the crystal base B()) of any irreducible U, (g)-
module L(\) corresponding to a classical weight A € PT. We call affine crystal an abstract crystal associated
with an affine Cartan datum (A,II,IIV, P, PV) (quantum algebra U,(g)), while the term classical crystal is
used for an abstract crystal associated to the classical Cartan datum (A,II, 11V, P, PV) (quantum algebra
U,(g) defined in Definition 2.2).

All the theorems in this section are due to Kang, Kashiwara, Misra, Miwa, Nakashima, and Nakayashiki,
but we give references to the book [7] for reader’s convenience.

Let us start by defining perfect crystals.

Definition 2.12. [7, Definition 10.5.1] For a positive integer ¢, a finite classical crystal B is said to be a
perfect crystal of level ¢ for the quantum affine algebra U,(g) if
(1) there is a finite-dimensional Uy (g)-module with a crystal base whose crystal graph is isomorphic to
B;
(2) B® B is connected;
(3) there exists a classical weight Ao such that

wt(B) C Ao + ZZ@% and |B,,|=1;
z;éO
(4) for any b € B, we have

M |

i=0
(5) for each A € P," := {u € PT | {c,n) = ¢}, there exist unique vectors b* and by in B such that
e(b)) = X and gp(b,\) A
In the remainder of this section, we fix a perfect crystal 5.
The maps A — (b)) and A — ¢(b) then define two bijections on P;'.
As a consequence of the last condition, for any A € 13;', the vertex operator theory [7, (10.4.4)] leads to
a natural crystal isomorphism

BO\) 5 B(e(by) ® B (2.9)
Uy = Us(b)\)®bk-

Definition 2.13. For \ € 152', the ground state path of weight X is the tensor product

pr= (920 = Qg1 Qg ® - ® g1 ® go,
where the elements g, € B are such that
Ao = A go = by
2.10
)‘k—i-l = S(b)\k) Jk+1 = b)\k+1 for all k Z 0- ( )
A tensor product p = (pr)i2g = Q@ Prt1 @ Pr ® -+ - @ p1 @ po of elements p;, € B is said to be a A-path if

pr = gi for k large enough.
Iterating the isomorphism (2.9), we obtain
B 5 B)®B 5 Bh)eBeB S

uy = Uy ®ge o U, ®g1®g & e
13



which gives a natural bijection stated in the next theorem.
Theorem 2.14. [7, Theorem 10.6.4] Let A € ]5;, Then there is a crystal isomorphism
B(\) = P(N)
Ux = Pa
between the crystal base B(N\) of L(\) and the set P(\) of A-paths.

We describe the crystal structure of P(X) as follows [7, (10.48)]. For any p = (pr)52y € P(A), let N >0
be the smallest integer such that py = gy for all £ > N. We then set

N-1
ﬁp:)\N"_Zmp/ﬁ

k=0
Ep = - QIN+1®E (N - ®po),
fir = v @ filgy®--- O p),

ei(p) = max (g;(p') — @i(gn),0),
@i(p) = ¢i(p’) + max (pi(gn) —&i(p"),0),
where p’ :=py_1 ® - ® p1 ® pp, and wt is viewed as the classical weight of an element of B or P(\).

The explicit expression for the affine weight wtp in P is given in the following theorem, which is known
as the (KMN)? crystal base character formula, and plays a key role in connecting characters with partition
generating functions.

Theorem 2.15. [7, Theorem 10.6.7] Let A € 15;, let H be an energy function on B ® B, and let p =
(k)32 € P(N). Then the weight of p and the character of the irreducible highest weight Uy (g)-module L(\)
are given by the following expressions:

o 051 (S0 o)) £

k=0 k=0
oo oo 5
=X+ Z (Whpy — wigy,) — (Z (P41 @p) — H(gi @ gz))) e (2.11)
=0 =k

ch(L()\)) = Z evtr (2.12)

peEP(A)
A specialisation of Theorem 2.15 gives the following corollary.

Corollary 2.16. Suppose that ) is such that by = b = g, and set H(g® g) = 0. Then wtg =0, g, = g for
all k € Z>o, and we have

o0 . o0 5
wtp = A+ Y whp, — (Z H(pis1 ®Pl)> a0

k=0 =k

This is the main result which we will use in the next section to connect crystal base theory to integer
partitions.

Note that the dyp in Theorem 2.15 and Corollary 2.16 did not appear in [7] and the original work [11], but
this was a typo which was fixed later in [13] for example. However, it did not affect their results, as for most

(1) )

classical types (including A, ’,), we have dy = 1.

3. PERFECT CRYSTALS AND GROUNDED PARTITIONS

To make the connection between our combinatorial partition identities and character formulas, we intro-
duce in this section a new type of coloured partitions: grounded partitions.
Let C be a set of colours, and let Z¢ = {k. : k € Z,c € C} be the set of coloured integers. First, we relax
the condition that parts of (coloured) partitions have to be in non-increasing order.
14



Definition 3.1. Let > be a binary relation defined on Z¢. A generalised coloured partition with relation
> is a finite sequence (7o, ..., ms) of coloured integers, where for all ¢ € {0,...,s — 1}, m; > mi41.

In the following, ¢(m;) € C denotes the colour of the part 7;. The quantity |w| = mg+ - - -+ 75 is the weight
of m, and C(7) = ¢(mp) - - - ¢(ms) is its colour sequence.

Remark. The binary relation is not necessarily an order. When >> is a strict total order, we can easily check
that every finite set of coloured parts defines a classical coloured partition, by ordering the parts. In the
same way, for a large total order, the generalised coloured partitions are finite multi-sets of coloured integers.

Let us choose a particular colour c¢,. We now define grounded partitions, which are directly related to
ground state paths.

Definition 3.2. A grounded partition with ground c, and relation >> is a non-empty generalised coloured
partition 7 = (7o, ..., 7s) with relation >, such that m, = 0,, and when s > 0, Ts_1 # O, .
Let P> denote the set of such partitions.

In the following, we explicitly write 7 = (7o, ..., ms—1,0c,). The trivial partition in 7353 is then (0., ).

Example 3.3. For the set of classical integer partitions m = (my,...,7s), where parts satisfy mp > -+ >
ws > 0, the empty partition is such that s = 0. This set is in bijection with the set P. of grounded coloured
partitions with only one colour c, defined by the relation
ke > 1. if and only if k —1 > 0.
The bijection is given by
(7717 .. ,7T5) = ((771)07 sy (Ws)ca Oc);

where the empty partition ) corresponds to the grounded partition (0.).

We now make the connection between grounded partitions and crystal base theory. For the remainder
of this section, we fix an affine Kac—Moody Lie algebra g, a perfect crystal B of level ¢, a

weight )\ € PZF with constant ground state path - - ® ¢ ® g, and assume that H(g ® g) = 0. Let
Cp = {cp : b € B} be the set of colours indexed by B. We define the binary relation > on Z¢, by

ke, > ke, if and only if k — &' = H(V' @ b). (3.1)

’

This relation leads to the following.
Proposition 3.4. Let ¢ be the map between A-paths and grounded partitions defined as follows:

¢: pr(mo,...,ms-1,0c,),
where p = (pr)r>0 s a A-path in P(X), s > 0 is the unique non-negative integer such that ps_1 # g and
pr =g for all k > s, and for all k € {0,...,s — 1}, the part my has colour cp, and size
s—1
Z H (pr+1 ® pr)-
1=k

Then ¢ is a bijection between P(N) and ’Pc'>g. Furthermore, by taking cp, = eVt we have forall e ”Pc'>g,

e AT (M) — O(r)e 17, (3.2)

Proof. Tt is easy to see that ¢(p) belongs to 770'>q, since by (3.1) we have 7 > w1 for all k € {0,...,s — 1},
and ps—1 # g implies that 7,1 # 0.,. Note that the ground state path --- ® ¢ ® ®g ® ¢ is associated to

(0c, )-
Let us now give the inverse bijection. Start with 7 € (mo, ..., ms—1,0.,) € PZ, different from (0, ), with

colour sequence ¢, - -+ ¢y cg. Recall that mg = 0. . We set ¢~ () = (pr)k>0, where py = g for all k > s
and py = pj, for all k € {0,...,s —1}.
e We first show that ps_1 # g. Assume for the purpose of contradiction that p,_; = g. By (3.1), we
know that 7,1 > 0., if and only if
Ts—1 — ch = H(ps ®ps—1) = H(g & g) = Ov

i.e. if and only if w51 = 0.,. This contradicts the fact that 751 # O, .
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e By (3.1), we also have, for all k € {0,...,s — 1}, mp — 71 = H(pr+1 ® pi). Therefore

s—1

me=mk— 00, =Y m—m1 =Y H(p®p).
1=k

With what precedes, we have ¢(¢p~1 (7)) = m and ¢~ (¢(p)) = p. We obtain (3.2) by Corollary 2.16 and by
observing that

s—1 o]
Wk:ZH(pZH ® pr) ZH Di+1 @ p1),
1=k =k
since H(pj+1 @ p1) = H(g® g) =0 for all | > s. O
Example 3.5. Let us consider the energy matriz (1.1) given by Primc for the case A , with the corre-

spondence ¢, guy = a;b; for alli,j € {0,1}. Let us set the ground g = vo @ vy correspondmg to the classical
weight Ag, so that cg = apbo.
e The ground state path pp, = - R (vo R vy ) ® (vo Ry ) corresponds to the partition ¢(Pay) = (Oagb,)-
o Forp=--®(vo®uvy)® (o ®@vy) ® (v1 ®vg) ® (vo @ vY) ® (V1 @ vY'), we have

¢(P) = (311117173(111707 1a0b110!10b0)'

The next proposition allows us to describe the set 7355 of grounded partitions for the relation > defined
by
ke, > k.

¢, if and only if k — &' > H(V ®b). (3.3)

We refer to this relation as minimal difference conditions. One can view the partitions of 7);, as the partitions

of 7355 such that the differences between consecutive parts are minimal. Note that contrarily to ’Pc'>g , the set

P2 has some partitions 7 = (7o, ..., ms_1, 0., ) such that ¢(ms_1) = ¢4. For this reason, the set P> is not
Cg g °g

exactly the set of all minimal partitions of P, but is still related to it.

Proposition 3.6. Recall that P., is the set of grounded partitions where all parts have colour cy. There
is a bijection ® between P. and 73> X Pe,, such that if ®(m) = (u,v), then |w| = |u| + |v|, and by setting
cg = 1, we have C(m) = C(,u).

Proof. We set ®(0,) = ((0c, ), (Oc,)). Let us now consider any 7 = (o, ..., ms-1,0c,) € P, different from
(0c, ), with colour sequence ¢, - -, ¢4, and build ®(7) = (u, ). Recall that ms_1 # s = 0,,. Let us set
p = (Pk)k>0, with py = g for all k > s and p, = pj, for all k € {0,...,s — 1}, and set

r=max{k € {0,...,s}: pr_1 # g}.

Since py = g for all k > r, with the convention ¢, = 1, we obtain that C(7) = ¢p, - Cp,_, = Cpy = Cpr_;-
Note that 7 = 0 if and only if all the parts of 7 have colour ¢,. We set u = (uo, ..., pr—1,0c,) = ¢(p). By
Proposition 3.4, for all k € {0,...,r — 1}, the part py is coloured by ¢p, and has size

r—1

Z H(piy1 ®@pr).
1=k
Let us now build v = (1g,...,14-1,0.,) € P.,, where c(v) = ¢4 and v > 0 for all k € {0,---,t —1}. We
distinguish two different cases.
o If r < s, then we set t = s and v = (1, ..., V¥s_1,0c,), where

v = m— g for ke {0,...,r—1},
vy = T for k€ {r,...,s—1}.

By (3.3), the sequence (vy,...,V.—1) is non-increasing. Moreover the fact that H(g ® g) = 0 and
ms—1 7 O, implies that v,_; > 0, and (vo,--.,Vs—1) Is a non-increasing sequence of positive integers.
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Finally, let us check that v,._1; > v,.. We have

Vp—1 —Vp =Tp—1 — Ty — Mr—1

Z H(pT & pr—l) - H(pr ®pr—1) by (33)
> 0.
Thus (vo,...,Vs—1) is indeed a non-increasing sequence of positive integers.
e By definition we have r < s, so the only other possible case is r = s. As before, (mg — o, ..., 7s — ps)

is a non-increasing sequence of non-negative integers, now with 73 — us = 0 — 0 = 0. We then set
t =min{k € {0,...,s} : 7 = pu},
and v, = 1 — py, for all k € {0,...,t —1}.
Observe that for ®(r) = (u,v), with7 = (7o, ..., 7s-1,0¢,), # = (po, - - -, ir—1,0c,) and v = (vg, ..., v4-1,0¢, ),

we always have s = max{r,t}, and by adding s — min{r,¢} parts 0., at the end of the shorter partition, we
have 7, = ug + vg and c(my) = c(pg) for all k € {0,...,s —1}.

The map &' from P2 % Pe, to P. simply consists in adding the parts of u = (ko ..., pr-1,0c,) € P,

to those of v = (vo," - ,4-1,0¢,) € Pe, to obtain a grounded partition 7 € P.” in the following way:
o if t < r, then 7 has size ug + v and colour ¢(uy), where we set v, = 0 for all k € {¢t,--- ,r — 1},
and we obtain the partition
™= (7T0a Ty -1, ch)7
e if t > r, the first r parts are defined as in the case ¢ < r, and the remaining parts are 7, = vy, for all
ke {r,...,t —1} with colour ¢4, and we obtain the partition
™= (7T03 -1, ch)-

O

Examples 3.7. Let us consider the energy matriz (1.1) given Primc for the case Agl), and set cg = agby.
We give three examples of the previous bijection, for the different casest <r,t=r, andt > r.

o Caset < r: Let m = (104005 Tarbes Daobss Sarbys 2aobos Larbes Dagho ).  Given the minimal difference
conditions in (1.1), our bijection gives

n= (61101707 5tllbov 3aob1 ) 3alb1 ’ 2aobov 1albo’ anbo) and v = (4001707 2aobov 2aobo ) anbo)'
o Caset=r: Let m = (1000by, Ta1bos Daoby > arbrs Saobes 2a1bos Oagby ). We have
n= (6110170 ) 5a1bo7 3a0b1 ) 3a1b1 ) 2a0b07 1a1b07 anbo) and v = (4110170 ) 2aobo7 2a0b07 1a0b0; laobm 1aob07 anbo)'
o Caset>r: Let m = (84,bys Darbos Saobys 2a1bss Laobes Lagbos Oagbs ). We obtain

/'[/ = (4(101707 3a1b07 1a0b17 1a1b1 ) anbo) and V= (4(10170’ 2a0b0 9 2(101707 1a0b07 1a0b07 1a0b0 ) anbo)'

We are now able to prove Theorem 1.9.

Proof of Theorem 1.9. By Propositon 3.4 and (2.12),
Z C(m)q™ = Z e e = e7Ach(L())).
TEPS, PEP(N)
By Corollary 2.16, wtg = 0. Thus ¢, = e? = 1, and Proposition 3.6 yields

1 (L)
2 Clma = (¢59)oc 2 Clma (@)

rePe wEPS,

O

By this theorem, the characters of irreducible highest weight modules of level ¢ can be computed as
generating functions for some grounded partitions. It is the key that connects generalised Primc partitions
to the characters of irreducible highest weight modules of level 1 for the affine Lie algebra Agblll.
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4. PERFECT CRYSTAL OF TYPE A,Ell_)ll TENSOR PRODUCT OF THE VECTOR REPRESENTATION AND ITS
DUAL

We now describe the perfect crystal B used in Theorem 1.8. Throughout this section, we fix an integer
n > 3.
Consider the Cartan datum for the matrice A = (ai;); jeqo,... n—13 Where for all i, j € {0,...,n — 1},

a;; =20;,; —x(t—j==£1 mod n). (4.1)
It corresponds to the affine type Afll_)l [7, 10.1.1]. We then have the corresponding canonical central element
¢ and null root §, which are expressed in the following way:

c=ho+hi+-+h, 1,

4.2

5:040+041+"'+G{n_1. ( )

Any dominant integral weight A = kgAg + - -+ + kn—1An—1 € PT has level
() = kot + ko,

Thus, the set of classical weights of level 1 is exactly P;f = {A; : i € {0,...,n — 1}}, the set of fundamental
weights.

A perfect crystal of level 1 is given by the crystal graph in Figure 4.1 [7, 11.1.1].
Figure 4.1.

D e

0

The Ué (g)-module corresponding to this crystal is called the vector representation of Agllll. The most
important property of this crystal is the order in which the arrows appear. The only purpose of labelling the
vertices is to ease the calculations in the remainder of this paper. Noting that this crystal graph is cyclic, we
identify {0,...,n — 1} with the group (Z/nZ,+). In this way, the crystal graph of B can be defined locally
around each arrow i as shown in Figure 4.2.

Figure 4.2.

B(—) : —
Remark. For the type Agl), the Cartan matrice A is defined differently and is given by
2 =2
-2 2 )
Nonetheless, the crystal graph of the vector representation behaves in the same way as in the case n > 3.

For all i € {0,...,n — 1}, let v; be the element of B corresponding to the vertex labelled i. The functions
of this crystal are given by the following relations:

wto; = Ajp1 — Ay forallie {0,...,n—1}, (4.3)
fivi—l = Y
pivi-1 = 1 (4.4)
fivi=¢iv; = 0 if jFi-1,
€iV; = Vi1
Eiv; = 1 (45)
éivj =&iv; = 0 if j 7é 1.
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We note that for this crystal, the unique mazimal weight \o, as defined in Condition (3) of Definition
2.12, is attained in vy (i.e. Ag = wtvg). For all ¢ € {0,...,n — 1}, we have

K2
wtvg — wtv; = E wtvj_1 — wtv;
7j=1

= Zaj by (2.5).
j=1

The fact that the null root vanishes on b implies that in P, @y = —(ay + -+ + @, _1). We also remark that
the crystal B has a unique minimal weight, attained in v,,_1 :

n—1
M’Ui 7%1)”_1 = Z ﬂvj_l — ﬂvj
Jj=i+1
n—1
= Z a; by (2.5).
j=i+1

Let us consider the dual BY of B, which is the crystal obtained from B by reversing the edges in its graph,
as shown on Figure 4.3.

Figure 4.3.

BY - @;L... M@
\T//

Let vV denote the element of BY corresponding to v in B. We then have the relations
wtvY = —wtv, fio¥ = (&)Y, @' =gv, évY = (fiv)" and eV = pu. (4.6)

Recall that the duality is an involution, since by the previous equalities, we have

(fil(w")'] &l(") ] @il (0¥) ] el (w¥)V]) = (fil ()], &l(0Y) "], piv, ev), (4.7)
and the map v — (v¥)V is an isomorphism between B and (BY)Y. Thus (BY)Y can be identified with B.
The dual BY is also a perfect crystal of level 1, as his maximal weight is attained in the dual v,/_; of the
minimal vertex v,,_1 of B.
Moreover, for two crystals By and By, we have

(By @ By)Y = BY ® BY. (4.8)

By Theorem 2.10, B® BY is a crystal for the tensor product of the vector representation of Aﬁ}ll and its
dual, and the tensor rules (2.6) on B ® BY become

. €V Qv if ;(vg) >
o) = OO Tl 2
Vg @ € if @;i(vg) <
fivx @ vy it pi(vk) > wi(v
v ® fivy it pi(og) <
Using (4.4) and (4.5), we can draw the corresponding crystal graph, given in Figure 4.4.

fi(vk®vlv):{
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Figure 4.4.

1

1

1

1

1

1
v
®’02

2

1

-1
B® BY RV =2 Va V) === => Uy 2 ® VY ——s vy @ VY
J{ nfll nfll
®vY_ ® v,/ > v ®v Up—1 @ VY.
T Yn—2 V2 ) n—2 n—2 n—ll n—2
1 I
1 1
1 1
1 0 0 ] 0
1 1
1 1
v 9 v 1
n_
®v2v v2®1)2v vn_2®v2v — Un—1
2 0 2
Vv Vv Y n—1 Vv
v v v v -==> Up_ v Up— v
1(? 2 1 n—2 1 ]—> n 1® 1
11 / 1 / 0 1 /
2 n—1
Ul@”(\)/ —)U2®U6/ - U7L—2®U(\)/ — Up—1 ®'U6/

0

Again, the crystal graph of B ® BY can be defined locally by giving the vertices adjacent to the edges

labelled i, as shown on Figure 4.5.

Figure 4.5.

BoBY(LH) vE ®@ v vie1 @ v —— v ® v
| |
k¢ {i—1,i} v ® v v; @V,

Vi1 X ’U}::/;) v; X Ul\c/

We obtain, for all ¢ € {0,...,n — 1}, the relations

Pi(vi-1 ®@v)) = &i(v; ®v;y) =2
(v1®vz ) =¢ci(vic1 ®v)) =0

vi(v;@v)) =¢i(v;@v)) =1

wi(vi_ 1®vl ) =¢ci(vi-1®v,)=0

vilvp@vY)=¢c;i(v;@vY) =1
oi(vis1 V) =¢i(vp®@v,)=1 Vi k¢ {ii—1}.
pi(vr @ v)) = ei(v @) =0

The local configurations for the vertices are given in Figure 4.6.

Figure 4.6.

i—&—ll

l+1l =L @uY— s v @ 0
k—1¢{£1}: L)Uk@)vvﬂ) i
! v @ vy, L

S
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The values of the functions ¢, ¢ defined in (2.4) are
pici @) =e(vi@vl ) =
e(vi- 1 ®v; ) (vz@vz 1) = 1+Az+1 )
v, @v))=¢elv;®@v)) = AZ

(4.10)
(v ®v)) = A1 + Ay
e(vp @v)Y) = Ny + Ay
where k — [ ¢ {0,£1}. For all k,l € {0,...,n — 1}, the weight of vy ® v}’ is given by
ﬁ(vk ® ’Ulv) =Apy1 — A+ A — A (4.11)
We then observe that
(c,e(vr @) =1+ x(k #1). (4.12)

By [11, Lemma 4.6.2], since B and BY are perfect crystals of level 1, their tensor product B is also a
perfect crystal of level 1. We observe that the potential grounds of B are the vertices v; ®v;’, since by (4.10),
for all ¢ € {0,...,n — 1}, we have that

e(b) = A; if and only if b = v; ® vy and  @(bs,) = A; if and only if by, = v; @ v’

5. PROOF OF THE CHARACTER FORMULAS

In this section, we prove our character formulas given in Theorems 1.10, 1.11, and 1.12, under the as-
sumption that Theorem 1.8 is true. We will then prove Theorem 1.8 in the last two sections.

5.1. Proof of Theorem 1.10. We show that the set of grounded partitions Pfj, with > defined in (3.3),
grounded at ¢, for g = (vo ® vy ), is in bijection with the set of generalised Primc partitions.

Let (mg,...,ms—1,0 ) PC>> , and let b be the vertex in B corresponding to the colour of 7s_1. Since
Ts—1 7 O, the mlnlmal size of Ts—1 is H((vo ® vg) ® (v; ® v))) if (i,7) # (0,0), and 1 if (4,5) = (0,0).
This corresponds to the size of minimal parts in generalised Primc partitions. By Theorem 1.8, for all
(i,7) # (0,0),

H((Uo ® ’U(\)/) ® (’Ui ® U]V)) = A(ajbi, aobo) =1.
Thus the generalised Primc partitions and the grounded partitions in 7755 coincide in terms of minimal
difference conditions and minimal part sizes, with the colour correspondence Cyguy <+ arbi. Thus their
generating functions are the same with the correspondence e"*i = b;, since by (4.11),

S BYY) _ WEH)—WE(k) b1,
Using the character formula of Theorem 1.9, this gives the desired result. (|

5.2. Proof of Theorem 1.11. Let us now turn to the proof of Theorem 1.11. It uses some notions defined
in our first paper [5], such as bound and free colours, reduced colour sequences, kernel, insertions, types. As
they are only needed for this proof, we do not redefine them here, and refer the reader to Sections 1 and 2
of [5].

Let us fix £ € {0,...,n — 1} and recall that in the perfect crystal B, we have b = by, = vy ® v).
Assuming that Theorem 1.8 is true, we also have that H[(ve ® v)) ® (ve ® v))] = A(asbs; arbe) = 0. Let us
set g = (vy ® vz) to be the ground in B, and consider the set P>> of grounded partitions with ground c,.
For m = (mo,...,ms—1,0¢,) € ’P>§ we write c(my) = Clu;,@vY, )"

By (3.3), for all k € {0,---,s — 2}, the parts of 7 satisfy the difference conditions
T — Tk+1 > H((U,Jk+1 @ vzk_H) ® (Ujk ® ’UZ\Q)) = A(aikbjk7aik+1bjk+1)'
Let us now study the size of the smallest part.

o If (js_1,i5-1) # (¢, £), the minimal size of ms_1 is

X(is—1 > 0) = x(is—1 2 ) + x(€ > js—1) if jea =L (is—1 #Y)

X(is,1 > E) + X(Z > jsfl) if jsfl 7& 14
21
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e Otherwise, we have that js,_1 = i,_; = ¢, and then ¢(ms_1) = ¢,. In this case, A(agbe; agby) = 0
implies that the size of ;1 must be at least 1 in order to have 7;_; # 0.,. We observe that, in that
case, we still have 1 = x(is—1 > €) + x(¢ > js—1)-

In both cases, our grounded partition 7, without the part O,, is a partition satisfying the difference con-
dition A of generalised Primc partitions, but such that the minimal size for the last part, denoted by
A(ai,_,bj,_,,000bs) With our conventions from [5], is given by the expression

Afas,_ by, Gocboe) = Xlism1 = €) +X(€ > o). (5.1)

Moreover we observe that this is always equal to 1 when a;,_,b;,_, is a free colour. Thus in the case ¢ = 0,
the minimal part always has size 1, independently of its colour. For larger ¢, the minimal part may have size
0,1, or 2 according to (5.1). Besides, we keep the convention A(asxbso,c) = 1, as it our first paper.

The proof of Theorem 1.1 in [5] relies on a correspondence between generalised Primc partitions and
coloured Frobenius partitions having the same kernel. In the case where the kernel ends with a free colour
aiby, the generalised Primc partition is also a partition grounded in ¢, by adding 0.,, and the type of the
insertions inside the secondary pairs remain the same.

When the kernel ends with a bound colour aiby/, k # k', we modify the type of the insertion of ay by to
the right of axby/, and it becomes

TA(akbk/) = A(akbk/,ak/bk/) + A(akbk/,aooboo) — A(akbk/, aooboo)
=1+x(k>FK) = (x(k>0+x(l>k)). (5.2)

Note that this value is still in {0, 1}, since it can be rewritten as x(¢ > k) + x(k > k') — x(¢ > k). The types
of the others insertions are the same as the types for the generalised Primc partitions in [5].

Recall from [5] that a n?-coloured Frobenius partition is a pair of coloured partitions

Ao A1 Asa

o 1 v ps—1)’
where A\ = A\g + A1 + -+ -+ As_1 is a partition into s distinct non-negative parts, each coloured with some a;,
i €{0,...,n— 1}, with the following order

Oanfl < Oan72 << O110 < 1an71 < 1(17172 <---< lag < - 9 (5-3)

and g = pg + p1 + - -+ + ps—1 is a partition into s distinct non-negative parts, each coloured with some b;,
i1 €{0,...,n— 1}, with the order

Opy < Opy <-+-<O0p,_, <lpg<lp, < o<1y, <---. (5.4)

n—1 n—1

The colour sequence of such a partition is defined to be ¢(Ag)c(po), - - -, c(As—1)c(ps—1). Here the size corre-
sponding to the colour e(\;)e(p;) is A; + p.
We consider coloured Frobenius partitions such that the minimal size for As_; + ps—1 is given by
A (apbis, Gooboo) = Alarbyr, @oobso ), where c(As—1) = ag, c(ps—1) = by, and A(agbys, aoobso) was defined in
(5.1). We say that such coloured Frobenius partitions are grounded at c¢,. We have A’(agby, doobso) = 1 for
any free colour agby. Note that the differences are the same as those defined in [5]:
Al(azbj, aiby) = x(i > i) + x(j < j').

Here we keep the convention A’(aooboo,¢) = 1. When the kernel of the coloured Frobenius partition ends
with a bound colour aiby/, the type of the insertion of the free colour ay by to its right, according to the
differences A" := 2 — A/, is given by
TA//(akbk/) = A”(akbk/,ak/bk/) + A”(ak/bk/, aooboo) — A”(akbk/, aooboo)
=2 [A’(akbk/, ak/bk/) + A'(ak/bk/, aooboo) — A/(akbk/,aooboo)}
=2—[1+x(k>K)+1—(x(k>¥€)+x(¢>EK))]
=x(k>0)+xU>kK)—x(k>EK). (5.5)
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The types of all the insertions which are not at the right end of the kernel are the same as the types for
A" of the coloured Frobenius partitions in [5]. Thus, (5.2) yields the relation

Ta (akbk/) + TAH(akbk/) =1.

This means that an insertion has A-type 1 if and only if it has A”-type 0. Thus, by Theorem 3.1 of [5],
the generating function for our grounded generalised Primc partitions with a fixed kernel is the same as
the generating function for grounded coloured Frobenius partitions with the same kernel. Therefore, the
generating function for generalised Prime partitions with minimal part size A(arbg/, Goobso) is the same as
the generating function for coloured Frobenius partitions with minimal part size A’(agbys, Gooboo) = Xx(k >
£) 4+ x(¢ > k). The generating function for the latter, where for all i € {0,...,n — 1}, the power of b; counts
the number of colours b; minus the number of colours a; in the colour sequence, is given by

-1 n—1
(2] [T (=0 "2 @)oo (—bigz ™1 @)oo x [ (=05 "2 @)oo (—biz™ "5 ) oo
=0 =4

In this product, the minimal size for As_; with colour ay is x(k > ¢), while the minimal size for ps_q
with colour by is x(k" < £), so that the minimal size for A\s_; + ps—1 is indeed x(k > £) + x(£ > k).
We conclude by noting that, by Theorem 1.1, this generating function is obtained by doing the changes of
variables b; — b;gX(<0) in

n—1
GE(gibo,-  bn1) = [2°) T (=05 " 24 @)oo (—biz™ "5 ) oo
i=0
which gives Theorem 1.11. O

5.3. Proof of Theorem 1.12. Finally, we turn to the proof of Theorem 1.12, which gives the expression
of the character for L(Ay) as a sum of series with positive coefficients.

By the definition of characters, the function e=*¢ch(L(A;)) can be expressed as a power series in e~ for
i €{0,...,n — 1}, or, by a change of variables, as a power series in e~% and e®* for i # 0. By definition of
the crystal graph B, we have fivi_l = v;, so that by (2.5), we have wtv;_1 — wtv; = ; fori € {1,...,n—1}
and wtv,,_1 — wtvg = @g. The change of variables e"*Vi = b; then gives e% = i,lbf forie{l,...,n—1}.
The changes of variables are natural, since for all i # 0, the weight «; in P is indeed a classical weight in P.
In addition, the series GE (bog, - ,by_1¢,be, -+ ,by_1) can be expressed in terms of summands of the form

n—1 n—1
<H b:‘) q™ with Z r; =0,
i=0 i=0

so that we can always retrieve the exponent of bi_lbi_l, for all ¢ € {1,...,n — 1}, which corresponds to

>2—4 7. Thus the identification

e % s q
et «— bi_lbi_l

is unique, and our generalisation of Primc’s identity allows us to retrieve the non-dilated version of the
characters for all the irreducible highest weight modules with classical weight of level 1 for the type An 1

Looking at Formula (1.5), we obtain the following correspondences (recall that r =0 = r,,)

n—1 n—1 n—1

—Trit+Tit1 —1\7; iy
[Lom = [T @b = [T e,
=1 i=1 =1

Hb b7 = Tyt = e,
j=1
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By doing these transformations in (1.5), we then obtain by Theorem 1.10 and Theorem 1.1 that

1 n—1
—Ao _ S;00; 58 (8i41—5:)d
e och(L(Ag)) = E I I e’i%e +
( ( 0)) (6_5;6_6)n_1

o0 S1y.ee38n—1€Z =1
sn=0
1 n—1
_ § H eTtaieTi(Ti+1—Ti)5 e—i(i+1)6,e—i(i+1)5
(e=9; 6—5)71—1 ’ o
’ O Ty Tt =1
0<r;<j—1
75 =0

% (_e(mﬂ—(iﬂ)m—L;”)ME;‘.ZI je, e—¢(¢+1)5)
o0

% (76((¢+1)n_m+1—@)5—231:1jaj;efi(iﬂ)a)
o0

Note that for all £ € {0,...,n—1} and j € {1,...,n — 1}, the transformation b; — quX(jd) is equivalent

to bj,lb;1 — qX(jzz)bj,lbjfl. This corresponds to the transformations e® —» e XU=0%+a; for all j €

{1,...,n — 1}, and Theorem 1.12 follows. a

6. TOOLS FOR THE PROOF OF THEOREM 1.8

We already know that the crystal graph of B ® B is connected, as B is a perfect crystal. However, here we
reprove this by building the paths in this graph, as these paths will allow us to compute the energy function.
First, let us define some tools that will help us simplify the construction of the paths.

6.1. Symmetry in the crystal graph of B ® B. We use some properties of duality to exhibit symmetries
in the crystal graph of B ® B. Let us start with a general proposition about energy and duality.

Proposition 6.1. Let B be a self-dual crystal and H be an energy function on B&B. Then for all by, bs € B,
we have

H(by @ by] — H[fi(by ® by)] = H[by @ bY] — H[E;(b5 © by)]. (6.1)
Proof. By (2.8), we have

= —x(i =0) if @;(b1) <e;(ba)
Hby ®ba] — H[fi(b1 ® ba)] = {+X(i _0) i oi(br) > i(ba),
s 2 Vv
R e I
On the other hand, we have by duality :
pi(by) = ei(ba),
ei(by) = pi(b1)
The equality (6.1) follows. O

We now use Proposition 6.1 to give the symmetry in B ® B.

Proposition 6.2. Let B be a crystal, let BY be its dual, and let B = B® BY. Let H be an energy function
on B®B.

For all 01,02,03,04,71,T2, T3, T4 € B, there exists a path between (01 @ 03) @ (03 @ 7)) and (11 @ 7)) ®
(r3@7)) in BRQB if and only if there exists a path between (04 @ 0y) @ (02 ®@0)) and (4 @73 ) ® (T2 @ 7))
in B® B. These paths are dual, i.e. we can obtain one from the other by reversing the edges and replacing
each vertex by its dual.

Moreover, if there exists a path between (01 @ 03) ® (03 @ 0)) and (11 @ 1) @ (2 ® 7,/), we have
Hl(o1 ® 03) @ (03 @ 0)] = H(04 ® 0) @ (02 @ 07)]. (6.2)
Proof. Note that B ® B is self-dual.
The first claim about the paths follows directly from the definition of duality.

We prove (6.2) by induction on the length of the path between (01 Q03 )®(03®0)) and (11 @7 )@ (12 @7)).
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e If the path is of length 0, i.e. we consider the vertex (11 ® 75 ) ® (T2 @ 17’), (6.2) is simply the identity.
e Now assume that (6.2) is true for all vertices (01 ® 0y) ® (03 ® o)) having a path of length n to
(mer)® (2 ®7), and show it for paths of length n+ 1. Let (01 ® 0y ) ® (03 ® o) be such that
there is a path of length n + 1 between (01 ® 03) ® (63 @ 0)) and (11 @ 7o) @ (T2 @ 77).
Then there exists ¢ such that

(01 ®03) @ (03 @ 0y) = gi((p1 @ p3) © (p3 ® p))),
where g; is equal to either ﬂ or é;, and such that there is a path of length n between (p1®p5 )R (p3pY)
and (11 @79 ) @ (2 @ 7).
By the induction hypothesis, we have
H{(p1® p3) ® (p3 @ pi)] = H[(pa @ p3) @ (p2 ® py)].

Moreover, by Proposition 6.1, we have
H[(o1®03) @ (03 ®0y)] — H[(p1 @ p3) @ (p3 ® pif )] = H[(04 @ 05) @ (02 ® 0Y)] — H[(p4 @ p3) @ (p2 ® p} )].

Combining the two equalities completes the proof.

|

In particular, by Proposition 6.2, if we find a path from (vo ® vy) ® (vo ® vy) to (v @ v))) ® (v @ vY),
then we immediately have a path from (vy ® vy) ® (vo @ vy ) to (vy ® v)) ® (v ®v)7) as well, and by (6.2),
this yields the following symmetry on the energy function:

Hl(vr @ vy) @ (n @ v))] = Hl(v, @ v)') @ (v @ vp7)]-
Besides, by (1.3), we have
Alagbizapby) = x(k > K) = x(k=1=F)+x( <) —x(l =k =1)
SEY XU <) if 1=K 63
>E)+x( <) if 1#£K )

and then

Alagbr; apby) = A(aybyr; arby).
Therefore, if we prove that H[(vy ® v)l,) @ (v @ v))] = A(agby; agby), we equivalently have H|[(vy ® v)') @
(v ® v))] = Aapby;aibg). Thus, to prove Theorem 1.8 in Section 7, we will distinguish several cases
according to some relations between k,k’,1,l’, and by interchanging k¥ = I’ and k' = [, the symmetry will
imply the remaining cases.

6.2. Redefining the minimal differences A. To build a path from (vy ® vy) @ (vo ® vg) to (v @ v),) ®
(v ® v)) and show that

H(vy @ v)) @ (0 @ v))] = Alagbi; apbr),
we will distinguish the cases k' = [ and k¥’ # [. But first, let us define a tool which will make our proofs
simpler.

Definition 6.3. Let us identify {0,...,n — 1} with Z/nZ, and consider the natural order on {0,...,n — 1},
0<l<---<n—-2<n-1L
We also define, for all 4,5 € {0,...,n — 1}, the intervals
int(i,5) == {i+1,i+2,....5— 1,5}
Lemma 6.4. For alli € {0,...,n — 1}, we have the following:

i<i—1 — i=0,

int (i, 7) = {0,...,n—1},
{0,...,n — 1} \ int(i,§) = int(j,7) <= i 7,
0 ¢ int(j,1) = j<i,
0 € int(4, §) — j<i.
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The aim of this lemma is to rewrite the difference conditions A according to the fact that 0 belongs to
some interval or not. By (6.3), A can be reformulated as follows:

{X(o ¢ int(k', k) + x(0 ¢ int(1, 1)) if 1=Fk

A b7 /b/ ==
(ak 15 Ak 0] ) X(O c int(k,k")) +X(O c int(l’,l)) if l;ﬁ k'

(6.4)

Proof of Lemma 6.4. The first equivalence is straightforward, since ¢ > ¢ — 1 if and only if ¢ # 0, and
0O<n—-1=-1.

The second equality follows from the definition of int, since we go around {0,...,n — 1}.

Note that

lnt(’L?]) = {Z+ 177’+277] - 17j}7
while
Hlt(],l) = {]+ 17.7 +2772 - 172}’
and if ¢ # j, these two sets are complementary in {0,...,n — 1}. Moreover, when ¢ # j, we have i € int(j,7)
and j € int (4, j), so that both sets never equal @ nor {0,...,n —1}. Otherwise, when i = j, they would both
be equal to {0,...,n — 1}. This gives the third equivalence.
For the fourth equivalence, the fact that 0 € {0,...,n — 1} gives
0¢int(j,i) <= 0¢ {j+1,i+2,...,5—1,i},
= i£] and@;«é{j+1,j+2,...,i—1,i}g{l,...,n—l}
= j<j+1<0

Finally, for the last equivalence, we note that

X(jSi):X(j<i)+X(':i)

x(7 <i)x(d #4) +x(i =1)
= x(0 ¢ int(j,4))x(i # j) + x(i = j)
x(0 € int(, 7))x(i # j) + x(i = j)x(0 € int (i, i)).
This concludes the proof. ([l

7. PROOF OF THEOREM 1.8

We are now ready to build the paths in B®B, and use them to compute the energy function H[(vy @v),)®
(v @ v))]. We will use the relations in (4.9) and the local configurations of the vertices as defined in (4.6).
The symmetric of (vy @ v)) @ (v @ vY) is (vk ® v)) @ (v ® v)7), obtained by interchanging k' = 1,1’ = k.
We distinguish several cases:

(1) K =0 and | = k,

Q) K =l4k=1,

(3) K =land k £ 1/,

(4) k' £k=1=10 (Symmetric: l £k =k =1),

(5) I' £ k' =k #1 (Symmetric: k £1 =10 #£F),

(6) k#K, Kk #1and | #£1
(a) k4 1,k ¢ int(l,1") (Symmetric: I + 1,1 ¢ int(kK', k)),
(b) k+1€int(l,l') and k' ¢ int(l,1") (Symmetric: I’ + 1 € int(k’, k) and I ¢ int(k', k))
(c) k+1¢int(l,!') and &’ € int(l,1") (Symmetric: I' + 1 ¢ int(k’, k) and I € int(k’, k))
(d) k+ 1,k €int(l,l') and I’ + 1,1 € int(k', k).

7.1. The case k' =1’ and | = k. We want to compute the energy H|[(viy @ v)l,) ® (v; ® v)’)] for all k',1. To
do so, we build a path from (vi ®@ v))) ® (Vi @ v))) to (v @ vY) @ (v @ v)’). We consider the case k' # [,
as otherwise the two elements are the same. By (4.9), we have

vi(o @) = gi(vp @vY) = x(i = K).
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By the tensor rules (2.6), we then obtain the path

K’ K —1 1+1
(o @V)0) ® (v ®V))) —— (v @ V) ® (U @ VYr_1) = - 5 (v @ V) ® (v D))

lk’+1
l -1 k'4-2
(o ®0)) @ (0 ®v)) — (U @VY) @ (N1 ®v)) — - = (v B V)) @ (Vw41 @ 0))

empty if k'4+1=I

empty if k/’=Il4+1

This path is only made of forward moves f;, with i € int({, &’ ) Uint(k,1) appearing once, where we change
the right side of the tensor products. By (2.8), we then have

H(vp @v)) @ (@ v))] — H[(vr @ v))) @ (vir @ v))] = x(0 € int (I, k")) + x(0 € int (K, 1)) = 1. (7.1)
By Proposition 6.2, we have the dual path from (v ® v))) ® (v @ v))) to (v ® v)) ® (v @ v),), and
H{(v®v)) @ (v @) — H[(vpw @ v))) @ (v @ v))] = 1. (7.2)
Here we need to compute H((vy ® v),) @ (vir @ v),)). By interchanging &’ and [, we obtain
Hl(ow @ v0) @ (n@v)] = H[(u®v) @ (n@v))] = L. (7.3)
Subtracting (7.1) to (7.3) yields
Hl(vp @ vy) @ (vp @ o) = H{(n @ 0)) @ (0 @ )],

and we have an explicit path from (v, ® v)) ® (v, @ v)’) to (v @ v))) @ (v ®v),) by combining the previous
paths.
Recall that by definition, H[(vo @ vg) ® (vo ® vy )] = 0. Thus setting ¥’ = 0 yields by (6.4) that for all
1€{0,...,n—1},
H{(v®v) @ (uiev)) =0

= 2x(0 ¢ int(1,1)) (7.4)
= A(arby; arby).
Plugging this into (7.1) gives, for all k' #£ 1,
Hl(op @ vj) @ (n @) =1
= x(0 € int(I, k")) + x(0 € int(K', 1)) (7.5)
= A(aiby; aprbyr).

7.2. The case k' =1 # k =1'. We now build a path from (v, ® v}) ® (v, @ v)) to (v, @ v)) @ (v ®v)"). By
(4.10), we know that g;(vx @ v)/) = x(i = k) and g;(vy, @ v))) = 0if i ¢ {l + 1,k}. Since k # [, we have for

all i € int(k,1) that (v, ® v)’) # (v, ® v),;), and then (v ® v}’) = (v ® vy’_;). We obtain the path

(@) ® (v ®vY) —= (@ v)) @ (@ o)) 25 - Bl e v)) @ (u,0v))

empty if [+1=k
|
k+2

k+1 -1
(0@ o)) ® (s ®v)) (D VYy,) @ (U B V) e -+ e (@) ® (vk B V)

empty if |=k+1

In the upper part of the path, we move forward (i.e. with some fz) by modifying the right side of the tensor
product with arrows in int(l, k) appearing once. Then, in the lower part of the path, we move forward by
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modifying the left side of the tensor product with arrows in int(k,!) appearing once. Using that k # [, the
energy function satisfies:

H{(v@v))®@ (v, @v))] =H[(u®v))® (vp @v))] + x(0 € int(l,k)) — x(0 € int(k,1)) by (2.8)
=1+ 2x(0 € int(l, k) — 1 by (7.5)
= A(albk; akbl) by (6.4).

7.3. The case k' =1 and k # I'. The vertices (vy @v)) @ (v, ®v)) and (v @v)) ® (v, ®v)) are symmetric.
Since k # l’, we have that int(k,l) # int(I’,]). By symmetry, we can assume that mt(l’, ) ¢ int(k,1) C
int(l',1), so that I’ +1 ¢ int(k, ). In that case, we necessarily have k # [. Then, ¢;(vpy @v)) =1 = /(v ®v))

and ¢;(vp ®v)) =0 for all i € int(k,1) \ {I}. Thus we have the path

(@) ® (1@ v)) = (11 ©0)) ® (@) & - @) © (v @ v))

|

(0 ®v)) ® (0 @ oY) o (@) @ (@)

empty if [=l’

and the energy function is given by

Hl(op @v)) @ (u@v!)] =x(l"#1D)x(0 € int(l’,1)) + x(0 € int(k,1)) by (2.8)
= x(0 ¢ int(1,1")) + x(0 ¢ int(l, k)) by Lemma 6.4
= A(akbl; albl/) by (64)
This was the last case where k' = I. Also, we have already studied a special case where k' # [, which was
the case I’ = k' # | = k. We now study the other cases where k' # [.

7.4. The case k' # k =1=1' (Symmetric case: [ # k=Fk' =1"). Since l ¢ int(l, k'), we have the path

1+1 1+2 k'
(V1 © 0 1) @ (@ v) —— (@ V) © (L QY) = - —— (R v) ® (n®v).

empty if k’=[+1

Thus the energy function satisfies

H{(v@v)) @ (v ev))] =1+ x(0€int(l, k")) by (2.8) and (7.5)
= x(0 € int(l,1)) + x(0 € int({, k")) by Lemma 6.4
= A(aiby; aprby) by (6.4).

7.5. The case I’ 2 k' =k # 1 (Symmetric case: k #1 =1 #Fk'). We first assume that I’ + 1 ¢ int(k’,1).
Since I’ # k', it means that

int(I', k") Uint(k', 1) = int(I', 1).
Since I’ + 1 and &’ do not belong to int(k’,1), we have by (4.10) that ¢;(vy ® v),) = 0 for all i € int(k’,1).
This gives the path

U+1 U'+2 k'
(V41 @ V7 41) ® (V1 @ Vil y1) —— (W @ Vi) ® (Vg1 @ V) S - (v @) ® (V41 @ Vgr4q)

lklﬂ
v VAP k' +2 Y v
(Ul/ ®'Uk/)®(vl®vk/)<_& R ('Ul/ ®'Uk/)®('l)k/+1 ®'Uk,/) .

empty if k’4+1=I

empty if k/=l'+1

We deduce the following formula for the energy function:

Hl(vp @v))) @ (v @vY)] =1+ x(0 €int(l’,k")) + x(0 € int(k’,1)) by (2.8) and (7.5)
= x(0 € int(k', k")) + x(0 € int(!", 1)) by Lemma 6.4
= A(ak/bl; ak/bl/) by (64)
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Let us now assume that I’ + 1 € int(¥’,1). Since int(k’,l) # @ and I’ # k', we necessarily have that
k' +1# 1 and int(k',1") C int(k’,1 — 1), so that I’ # I. Note also that, by (4.10),

o (v @ vp_y) = 0= ep (V-1 @ V),
since k' # 1" + 1, and ¢;(vy ® v),) =0 for all ¢ € int(I, k) \ {k'}. We then have the path

k' K +1 4
(o @ VY1) ® (v @ VY)_1) &= (U @ VY_1) ® (v @ vY) s -+ (v D VY _1) ® (v @ VY

Tk,

*

nonempty since k’/#l’+1

1+1 k-1 K
oo (’Ul/ X 'U]\C//) X (’Uk/,1 X ’U]\C//) —)(’Ul/ X Ul\c/’—l) X ('Uk’fl X ’U]\c//) .

*

(v @v) @ (v @ vy))

By the previous case (I' # k' = k # 1), we obtain the energy function
Hl(ve @vyi_1) @ (v @ v)_1)] = x(0 € int(K', k")) + x(0 € int (k' — 1,k — 1))
= 2x(0 € int(K', k")).
In the computation of H, by (2.8), the moves marked by * cancel each other, since it is the same arrow that
operates backward (i.e. by some ¢€;) consecutively on the right and on the left side of the tensor product.

Besides, the moves marked by e give int(l, k') and operate backward on the right side of the tensor product.
As a consequence,

Hl(op @ v))) @ (v @v))] = H[(vw @v)_1) @ (v @ v)s_1)] — x(0 € int(k,1")) — x(0 € int(l,k")) by (2.8)
l

(7.6)

= 2x(0 € int(K', k")) — x(0 € int(k',1")) — x(0 € int(l, k")) by (7.6)

= x(0 € int(k', k")) + x(0 € int(k,1)) — x(0 € int(k’, "))

= x(0 € int(k', k")) + x(0 € int(!', 1)) by Lemma 6.4
= A(akbi; arbr) by (6.4).

7.6. The case k #Kk', k' #1l and | # .

7.6.1. The sub-case k+1,k" ¢ int(l,1") (Symmetric case : I' + 1,1 ¢ int(k',k)). We have I’ + 1, k" ¢ int(l,1'),
so that ¢;(vpy ®v),) =0 for all i € int(1,1’). Besides, k + 1 ¢ int(l,1"), so that é;(v; ®v)) = (v;_1 @ v)). We
obtain the path
(v @v))) @ (vp @vY) L (v @) @ (v @vyY).
By Case 7.4 and the symmetric of Case 7.5, we have
H(on ©0) ® (o ® 0})] = x(0 € int(k, k) + x(0 € int (¥, 1)), (r7)

and the energy function becomes

Hl(vp @v)) @ (n@v))] = Hl(wr @0),) @ (vp @))] = x(0 € int(,1)) by (2.8)
= x(0 € int(k, k")) + x(0 € int (', ")) — x(0 € int(1,1")) by (7.7)
= x(0 € int(k, k")) + x(0 € int(I', 1)) by Lemma 6.4
= A(agby; apby) by (6.4).

7.6.2. The sub-case k+1 € int(,1") and k' ¢ int(1,1") (Symmetric case: I' +1 € int(k', k) and | ¢ int(k', k) ).
This case is very similar to the previous one. We use the following path:

v k+2 k
(vp @) @ (vp @vY) — -+ 2 (o @ vl)) @ (Vh1 @ vy ) == (v @ V) ® (Vh1 @ vY_q)

L]
oo

~——

*

(v @ vyr) @ (v @ vy_y)

*

k
—
—~—

(o0 ®v) ® (o @ v)) T - (o @) @ (v @)

*
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Note that the moves marked by e cancel each other, and the moves marked by x give int(l,1’), so that the
calculation is the same as in the previous case.

7.6.3. The sub-case k+ 1 ¢ int(1,1") and k' € int(1,1") (Symmetric case: ' +1 ¢ int(k', k) and | € int(k', k)).
We have I,k + 1 ¢ int(l,1"), so that ¢;(v; ® v)/) = 0 for all ¢ € int(l,l’). Note that k' + 1 € int(l,1’), since
k' € int(l,I') and k' # I’. This gives the path

1+1 K’ K’
(@0 ® (U @v)) == - = (v ®VY) © (1 @ VY ) == (vk @ vY_1) @ (v DV
lk'Jrl
N——
*
14 k' +2 K’
(00 @ v) ® (U ®v)) = -+ 2 (W1 @ VY) @ (1 @ V) == (Vw1 @ VY1) ® (0 ® v))

* °

As before, the moves marked by e cancel each other, and the moves * give int(l,l’). We move with the fi’s
by changing the left side of the tensor product, and we get

Hl(op @v)) @ (n@v))] = H[(vn @)@ (v @v)] — x(0 € int(l,1')) by (2.8)
= x(0 € int(k, k")) + x(0 € int(1,1)) — x(0 € int(1,I")) by (7.7)
= x(0 € int(k, k")) + x(0 € int(I', 1)) by Lemma 6.4
= A(agby; apby) by (6.4).

7.6.4. The sub-case k + 1,k € int(l,1') and I’ + 1,1 € int(k’, k). Note that this case overlaps with the case
k' =1 # k = | that we already checked in the first part. Omitting that case, we can assume by symmetry
that k # [. We obtain the path

(o0 ®v)) ® (v ®vY) 5 - T (0p @ 1Y) © (v @ VY) e - (o @ V) © (0 @ vY) -

empty if k/=l’

Since k # I, the fact that I € int(k’, k) implies that int(k’,k) = int(k’,1) U int(l, k), and the fact that
k+1 € int(l,!’) implies that int(l,{") = int(l, k) Uint(k, 1), so that k',I’ + 1 ¢ int(l, k). Also, if ¥’ # ', then
I"+1 €int(k', k) implies that int(k’, k) = int (&', ") Uint(!', k), so that k ¢ int(k’,1’). Since [ # 1" and k" # 1,
the fact that k' € int(l,1’) implies that
int(', k") = int(I', 1) U int (I, k"),
and the fact that [ € int(k’, k) and | # k implies that
int(l, k') = int(l, k) U int(k, k).
Thus the computation of H gives
H{(op @vl) @ (v @v))] =1—x(K #1')x(0 € int(k',1")) — x(0 € int(L, k)) by (2.8) and (7.5)
=1—x(0¢int(l', k")) — x(0 € int(l, k)) by Lemma 6.4
= x(0 € int(I', k")) — x(0 € int(l, k))
= x(0 € int(I",1)) + x(0 € int(l, k') —
= x(0 € int(I",1)) + x(0 € int(k, k')
= A(akbl;ak/bl/) by (64)

x(0 € int(l, k))

We have checked all the possible choices of k,1,k’,1’. Our proof of Theorem 1.8 is thus complete.
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