CHARACTERS OF LEVEL 1 STANDARD MODULES OF C\"” AS GENERATING
FUNCTIONS FOR GENERALISED PARTITIONS

JEHANNE DOUSSE AND ISAAC KONAN

ABSTRACT. We give a new simple formula for the energy function of a level 1 perfect crystal of type 07(11)
introduced by Kang, Kashiwara and Misra. We use this to give several expressions for the characters of level
1 standard modules as generating functions for different types of partitions. We then relate one of these
formulas to the difference conditions in the conjectural partition identity of Capparelli, Meurman, Primc
and Primc, and prove that their conjecture is true for all level 1 standard modules. Finally, we propose a
non-specialised generalisation of their conjecture.

1. INTRODUCTION AND STATEMENT OF RESULTS

This paper lies at the intersection between representation theory and combinatorics, the goal being to
connect Rogers—Ramanujan type partition identities with characters of Lie algebra modules and crystal bases.
The connection between these two fields originated with work of Lepowsky, Milne and Wilson [LM78a, LW84,
LW85] who linked the Rogers—Ramanujan identities to characters of standard level 3 modules of the affine
Lie algebra Agl). But before going into detail, let us first recall some definitions and notations.

A partition of a positive integer n is a non-increasing sequence of positive integers whose sum is n. For
example, the partitions of 4 are (4),(3,1),(2,2),(2,1,1) and (1,1,1,1). A partition identity is a theorem
stating that for all n, the number of partitions of n satisfying some conditions (often difference conditions
between consecutive parts) equals the number of partitions of n satisfying some other conditions (often
congruence conditions on the parts). Probably the most famous partition identities are those of Rogers—
Ramanujan [RR19]. They were originally stated as g-series identities:

Theorem 1.1 (The Rogers-Ramanujan identities). Let : =0 or 1. Then
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Here the ¢g-Pochhammer symbol (a; q), is defined for n € NU {oo} as
n—1
(a;q)n = [J (1 — ad®).
k=0
These identities were then interpreted as partition identities by MacMahon [Mac16] and Schur [Sch17]:

Theorem 1.2 (Rogers—Ramanujan identities, combinatorial version). Let i = 0 or 1. For every natural
number n, the number of partitions of n such that the difference between two consecutive parts is at least
2 and the part 1 appears at most i times is equal to the number of partitions of n into parts congruent to
+(2—14) mod 5.

Any partition A can be also be described in terms of frequencies, i.e. by a sequence (f;);>1, where f; is
the number of parts of A which are equal to i. For example, the partition (4, 3,3,3,1,1) corresponds to the
frequency sequence (2,0,3,1,0,0,0,...). In the Rogers-Ramanujan identities, partitions with difference at
least 2 between consecutive parts can equivalently be seen as partitions whose frequency sequence satisfies
fi+ fix1 <1 for all i. It is however not easy in general (or even possible) to find a correspondence between
frequency conditions and difference conditions. For the Rogers—Ramanujan identities, it is the version with
frequency conditions that Lepowsky and Wilson used to make the connection with characters of affine Lie
algebras.



We do not recall all the definitions related to Kac—Moody Lie algebras and crystals. The interested reader
can find them in classical books like [HK02, Kac90], or in our first paper on the subject [DK19]. However
we fix some notations.

Let g be an affine Kac-Moody Lie algebra with Cartan subalgebra h. Let P* denote the set of dominant
integral weights and let L(\) be the irreducible highest weight g-module of highest weight A € P* (also
called the standard module with highest weight \). Let aq,...,a, and Ay, ..., A, be the simple roots and
fundamental weights, respectively. Let § = doag + dya; + -+ + dp—1,—1 be the null root.

Then the character of L()) is defined as

chL(A) = > dim L(A), - ¥,

HEDh*

where e is a formal exponential satisfying ertr = e“e“/, and L(\), is the weight space of weight p in the
weight-space decomposition of L(A). The Weyl-Kac character formula [Kac90, Proposition 10.10] expresses
the character as follows:

> wew Sgn(w)ew(Mp)fp
HaeA+(1 _ e—a)multa ’

where AT is the set of positive roots, W is the Weyl group and p is the Weyl vector.

Replacing e~ by ¢ for all ¢ € {0,...,n} in a character formula is called performing the principal
specialisation. We denote the principal specialisation by the operator 1 (see (1.1) for an example). Lepowsky
and Milne [LM78a, LM78b] first noted that, once multiplied with the “fudge factor” 1/(¢; ¢*)eo, the product
side of the Rogers-Ramanujan identities becomes equal to the principal specialisation of the Weyl-Kac
character formula for the level 3 standard modules 3Ay and 2Ag + A; of the affine Lie algebra Agl). To
establish the equality with the sum side of the Rogers—Ramanujan identities, Lepowsky and Wilson [LW&84]
constructed a basis of the same level 3 standard modules using the theory of vertex operator algebras. This
basis corresponds in some sense to partitions in which some patterns, equivalent to the frequency conditions
fi + fir1 <1, are forbidden.

chL(\) =

More generally, performing the principal specialisation in the Weyl-Kac character formula for any standard
module of any affine Kac-Moody gives a product of g-Pochhammer symbols, see for example [Lep78].

In particular, in type CS", there is a precise expression for 1 (e~ kohom=knlun(L(koAo + - + knAp)))
as an infinite product. Let s be a non-negative integer, and let xg, ..., xs be positive integers. Define the set
D(zo,...,x5) ={zo+ - +x;:0<j<spU{awo+ - +xj_1+22;+ - +2z,:1<j < s},

and the multiset
A(zg,...,xs) = D(xg,...,zs) UD(x1,...,zs) U--- U D(xg).

Then
1 (e Foftom=knln ch(L(koAg + - -+ + kny)))

2n+2k,+2)oo (11)

)

j.
. Ha€{2n+2k+2}"uD(ko+1,.‘.,kn+1);b€A(k1+1,...,kn+1);j:a,b,2n+2k+2—b(q 14
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where k = ko + -+ + ky,.

Lepowsky and Wilson’s approach, applied to other affine Kac—Moody Lie algebras or at other levels,
gives rise to other sum/product identities, also called Rogers—Ramanujan type partition identities, see e.g.
[Cap93, MP99, Nan14, PS16, PS19, Sil17]. However, while it is relatively easy to obtain an infinite product
by using the principal specialisation in the Weyl-Kac character formula, it is much harder to find a basis of
the modules considered. Hence, some of the aforementioned partition identities were only conjectured, not
proved, using representation theory. But a combinatorial proof of the identity automatically proves that the
conjectured basis is indeed a basis, by equality of cardinalities. Capparelli’s identity [Cap93] was first proved
combinatorially by Andrews [And92], then refined by Alladi, Andrews and Gordon in [AAG95] using the
method of weighted words, and finally proved by Capparelli [Cap96]. Siladi¢’s identity was already proved by
Siladié¢ himself [Sil17] using purely representation theoretic techniques, but was then refined combinatorially
by the first author [Doul7], and latter generalised by the second author [Kon20a] and linked to statistical
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mechanics [Kon22]. Nandi’s identity [Nanl4] was conjectured using vertex operator algebras and proved
combinatorially by Takigiku and Tsuchioka [TT19].

Using the vertex operator algebras approach, Primc and Siki¢ [PSlG] proved an identity for characters of
L(Ap) in type C,gl) for all n > 1, and conjectured a generalisation for L(kAo) in type C’T(Ll) for all n,k > 1
in [PSI9]. This conjecture describes the characters as generating functions for partitions with frequency
conditions on so-called “cascades”, which are downward paths in certain tables of integers, and the principal
specialisation gives a sum/product identity.

Using computer algebra experimentations, Capparelli, Meurman, Primc and Primec [CMPP21] recently
generalised Prime and Sikié¢’s conjecture to all standard modules of level k in type Cr(Ll) for all n,k > 1. We
give some notation to be able to state their conjecture. Let Na, 1 be the array of integers with 2n + 1 rows
represented in (1.2):

(1.2)

0 1 3 5 7
Here an integer [ in row ¢ is considered to be different from the integer [ in row j for j # i (or equivalently,
we can consider that each row is coloured with a different colour). Any partition with parts in Na,1 can
be represented by its frequencies in the array F*o-F1:--kn represented in (1.3):

kn fi I3 Is Iz
0 ) Ja fe I8

: , (1.3)
k1 fi I3 Is fr
0 f2 fa fe fs
ko fi I3 Is I
where the zeros in the first column are set to have fictitious frequencies equal to kg, k1, ..., kn.
A downward path Z in an array with 2n + 1 rows is a (2n + 1)-tuple (a1, as,as, ..., as,+1) such that a;

is in the i-th row for all 1 < ¢ < 2n + 1 and (a;, a;11) is a pair of two adjacent elements for all 1 < i < 2n.
For example, two downward paths in 7200 are represented in red and blue below:

0 fi f3 fs fr

0 P! Ja Je Is
0 f1 /3 f5 I

0 fa fa fe IE
2 f1 f3 fs fr

A partition with parts in Ao, is said to be (ko, k1, . . ., k,)-admissible if its frequencies in Fro-k1:-Fn gatisfy
S om< kot +kn,
meZ

for all admissible paths Z in FFoki.kn
We can now state the Capparelli-Meurman—Primc—Primc (CMPP) conjecture.

Conjecture 1.3 (CMPP conjecture). Let ko,...,k, be non-negative integers. The principally special-
ized character 1 (e‘koAO_“'_k"A” ch(L(koAo + -+ + knAn))) is the generating function for the number of
(ko, k1, - .., kn)-admissible partitions with parts in Noy11.

The case ko =k, k1 = --- = k,, = 0 corresponds to the conjecture of Prime-Siki¢.

Note that the type C,(LU is defined for n > 2. However, by replacing in Conjecture 1.3 the principal
specialization of the character by the product (1.1), it becomes possible to consider the case n = 1 from
a combinatorial viewpoint. By doing so, we retrieve an identity of Meurman-Primc [MP99] related to the
character of the standard module L(koAg + k1A1) of type Agl).
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In this paper, we give several expressions for the characters of all level 1 standard modules Ag, ..., A, of
07(11) in terms of generating functions for different types of generalised partitions. One of these generating
functions, when performing the principal specialisation, becomes exactly the generating function for the
admissible partitions of the CMPP conjecture.

Hence, our result implies that the CMPP conjecture is true for all level 1 standard modules
Ag,..., A, of 01(11)’ i.e. for the case kg + -+ k, =1 and all n.

We derive these character formulas in terms of partitions via the theory of perfect crystals. Again we
refer the reader to [HK02] for all the relevant definitions. Intuitively, the crystal of a standard module is
an oriented graph which encodes some representation theoretic information on the module. This theory was
introduced by Kang, Kashiwara, Misra, Miwa, Nakashima, and Nakayashiki [KKM*92a, KKM192b], who
proved the so-called “(KMN)? crystal base character formula” [KKM*92a], which expresses the character
as a sum of formal exponentials indexed by so-called A-paths, i.e. sequences of vertices in the crystal graph
which are ultimately equal to the so-called “ground state path”

=)0 = @1 gk @ ® g1 ® go.

Prime [Pri99] was the first to use the theory of perfect crystals and the (KMN)? crystal base character
formula to conjecture and prove new partition identities corresponding to level 1 standard modules of Agl)
and Agl). The Agl) conjecture was proved and refined combinatorially by the first author and Lovejoy [DL18]
and the refined version was generalised to A for all n by the two authors [DK22a, DK19].

In [DK19], the authors introduced the theory of grounded partitions, which allows one to rewrite the
character as a generating function for certain coloured partitions, when the ground state path is constant,
i.e. of the form - --® gy ® go ®go. They later generalised their theory to multi-grounded partitions in [DK22b]
to treat all possible ground state paths and applied it to higher levels of Agl) together with Hardiman in
[DHK21], obtaining a companion to the Andrews—Gordon [And74] and Meurman—Primc [MP99] identities.
In this paper we only study perfect crystals with constant ground state paths, so the theory of grounded
partitions of [DK19], which we now briefly recall, is sufficient for our purposes.

Definition 1.4. Let C be a set of colours, let Z¢ = {k. : k € Z,c € C} be the corresponding set of coloured
integers, and let > be a binary relation defined on Z¢. A generalised coloured partition with relation > is a
finite sequence (m, ..., 7s) of coloured integers from Z¢, such that for all i € {0,...,s — 1}, m; > m41.

When it is clear from the context, we sometimes write simply “partitions” instead of “generalised coloured
partition”. Moreover, if k. is a coloured integer, then c(k.) (resp. |k.|) denotes the colour ¢ (resp. size k)
of k.. Similarly, if A is a generalised coloured partition, |A| denotes the size of A, i.e. the sum of the sizes of
its parts. Moreover, we let £(\) denote the number of parts of A and C()\) be colour sequence of A, i.e. the
product of the colours of its parts.

Now we fix a particular colour ¢, € C and define grounded partitions.

Definition 1.5. A grounded partition with ground ¢, and relation > is a non-empty generalised coloured
partition 7 = (7o, ..., 7s) with relation >, such that 7, = 0,,, and when s > 0, ms_1 # O, .
Let PCZ denote the set of such partitions.

We proved the following character formula as generating function for grounded partitions.

Theorem 1.6 (Dousse-Konan 2019). Let g be an affine Kac—Moody Lie algebra, let B be a perfect crystal
of level £, let A be a dominant integral weight of level £ with constant ground state path --- ® g ® g. Let H
be an energy function on B ® B such that that H(g ® g) = 0. Then, letting C = {cp : b € B} be the set of

colours indexed by the vertices of B, and setting ¢ = e ~d and ¢, = eVt for all b € B, we have cg = 1, and

Y C(m)g™ = e reh(L(A)),

7r€77>

3

Z Clr)g™ = e Ach(L(A))

S (439



where 776'>g and ’PZ are respectively the sets of grounded partitions with ground cy, and relations > and >
defined by

ke, > K, if and only if k— ' = H( @b).
and
ke, > ke, if and only if k — k' > H(Y' @b).

Define the set

1:=={1,...,n,7m,...,1},
with the convention that for all k Em,z:k, and the order
1<2<---<n—-l<n<n<n-1<---<2<1. (1.4)

In this paper, we study the level 1 perfect crystal B of Cy(ll) represented in Figure 1.1.

’ [L1]

2 2
n—1 n—1
e e T
0 n n
i 2]
n—1 n—1 n—1
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FI1GURE 1.1. Crystal graph of B

Our first main result is a simple formula for the energy function on B ® B, in the spirit of the formula
which we gave for the energy function of a level 1 crystal of AV in [DK22a, DK19].

Theorem 1.7. The energy function H on B® B such that H(@®0) = 0 is given, for allz < y,2’ <y’ € [n],
by the formulas

and

H((w,y) @ (o)) = |\ E 2 ) TXW2Y) =Xy 2y >e22) i v £,
’ ’ x>V +x(y>y) - xly>y >x>2) if y=uz,
where x(prop) = 1 if the proposition prop is true and 0 otherwise.
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Combining Theorems 1.6 and 1.7, we have an expression for the character as generating functions for
grounded partitions which satisfy difference conditions given by the energy H.

Theorem 1.8. Let by = 0 and b; = (i,7) for alli € {1,...,n}. Setting q =e™% and c;, = e for allb € B,
we have for alli € {0,...,n},

S Ol = e teh(L(Ay),

7r€730'>bi
> C(m)d™ = 767%}1@(&)).
ot (45 9) o0

In [DK22a], we had a result of the same shape as Theorem 1.8 for AW which generalised Primc’s identities.
In addition, through a bijection, we were able to deduce a generalisation of Capparelli’s identity as well. In
this paper we give a generalisation of this bijection, stated in full generality in Section 3, which allows us in
particular to give yet another expression for the character.
Let C = {cp : b € B} be the set of colours indexed by the vertices of B, let S = C \ {cy}, and let ¢ be a
colour not in C. Then, for all ¢ € {0,...,n}, define the function p; on S x (SU {cx}) by
b Pi(cbiacoo) = ]-7
o pi(ch,co) = H(b; @b) if ¢, € S\ {ew, },
° Pi<cw’7y’7cx,y) = X(I >a') +x(y > yl) - X(y >y >x>a").
Let ’ﬁgf be the set of generalised coloured partitions © = (7, ..., Ts—1,Ts = 0. ) with colours in S U{c}
such that for all ¢ € {0,...,s — 1},

o(mi) # coo and [m| — |miga| > pi(e(mi), e(mit1)).
Let P; , be the set obtained from 75;” by transforming the final part 0. into Oc,,. We prove the following.
Theorem 1.9. For all i € {0,...,n}, there exists a bijection ® between P. and the product set P; , x P,
where P is the set of partitions. Furthermore, for ®(\) = (u,v), we have |A| = |p| + |v|, €(A) = £(u) + £(v),

and the colour sequence of A restricted to the colours in C\ {cp, : k € {0,...n}} is the same as the colour
sequence of p restricted to the colours in C\ {cp, : k € {0,...n}}.

Combining Theorems 1.8 and 1.9, we obtain a different character formula.

Theorem 1.10. Setting g = e~ and ¢, = ewtb for all b € B, we have for alli € {0,...,n},
3" Cm)g™ = e M eh(L(A)).

TEPq,p

In [DK22a] we had also expressed our level 1 characters of Agll) in terms of coloured Frobenius partitions,
i.e. two-rowed arrays of coloured integers
Mo Ao o A,
H’l l’l’z e HS )

Here, in the case of C,(ll), we can also make a connection with coloured Frobenius partitions, but they
must satisfy additional conditions.

where s is a non-negative integer.

Let R = {cy : u € [n]} be a set of colours which we call primary colours. Recall the order (1.4) on [n]
and define the corresponding order > on Zg the set of primary-coloured integers in the following way:

ke, > 1o, =k —1>x(u<v). (1.5)
The corresponding strict order > is then defined by k., > ., if and only if k — 1 > x(u < v).

Definition 1.11. Let k., ly € Zr be two primary-coloured integers such that Iy < k. < (I +1)4. A oM.
Frobenius partitions with relation > and ground k., is a pair of generalised coloured partitions (u, v) with
parts in Zg such that
o 1= ([0, fhs—1, fbs = ke) and v = (vg, ..., Vs—1,Vs = lg) are well-ordered according to >,
6



e vj+1>p; >v;forall je{0,...,s—1}.
The size and colour sequence of (u,v) as defined as

s—1 s—1
()l =3 gl + vs| and Cu,v) = [ eluy)e(vy),
j=0 J=0

respectively (note that we do not take the fixed last parts k. and I into account). Let ]-'i“ld denote the set
of CZ(II)—Frobenius partitions with relation > and ground k., l.

06,77 cg ch7_lcf .
We give a bijection (Theorem 4.3) between P; , and Fy, ' (resp. Fu &' ) forie {1,...,n} (resp.
1 =0). Hence we get yet another expression for the character.

Theorem 1.12. Setting ¢ = ¢~ and ¢, = ™ for all b € B, we have
> C((p,v))g ) = 740 ch(L(Ay)),

Ocey— 1o
(#7”)6]:>C1 T

and for all i € {1,...,n},
S O )g ) = e eh(L(A)).

Oc—,0¢;
(mp)ery Tt

Finally we make the connection between P; , and partitions satisfying frequencies restrictions on paths,
in order to prove (a refinement of) the CMPP conjecture for the level 1 standard modules.

Let S .= {cm’y =cCpCy =cycy 1 1 <x <y < T} be the set of secondary colours (note that it coincides with
the set S defined above), let Zs be the corresponding set of secondary-coloured integers, and set

ZE={0c,,:1>y>2>7>1}U(Zso)s-
Set wo := (—=1)¢ -, and for i € {1,...,n}, w; == Oc, -+, with the convention that n +1 =n. Let
Q={w,:ue{0,...,n}} {0, :ue{l,....,n}}

Define the function p on S? by

pleay Cay) = x> ) +x(y = y) —xly >y >z > ).
The corresponding relation >, on Zs is given by
ke >, g if and only if k — 1 > p(c, d).

Let Ps denote the set of generalised coloured partitions with parts in Z; and order >, where order > is
defined in Section 5.

Recall that any partition m € Ps can be described as its frequency sequence ( fu)uezg’ where f, is the
number of occurrences of u in w. We then have

g™ = T (ctwg™)".

uEZZ

In Section 5, we define a notion of paths in Q LI Zg. We do not give the definition in this introduction as it
requires too many preliminary definitions. For w € €, let P& be the set of partitions of Ps whose frequency
sequence ( fu)uezg is such that, by considering fictitious occurrences of elements in Q with f,, = 1, we have

feo + o+ fe,, <1 for all paths (eg,...,en) in QHZ;
We prove (in Theorem 5.8, which is actually more general) that there is a bijection between P; , and Pg’
which preserves the size and the colour sequence when omitting the part w;. From this, we deduce one last

character formula.
Theorem 1.13. Setting ¢ = e and ¢, = ™ for all b € B, we have for all i € {0,...,n},
" Clma = e en(L(a).
WGP;i

where the fictitious parts are not taken into account in the generating function.
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Writing, for k € Z U {—o0},
E,:={lg:1>k de{0,....2n},l—d=1 mod 2},

a path in Ej is a sequence ((1(0)g, ..., (10™),,,) such that for all j € {0,...,2n — 1}, 1U+D = 10) £ 1 and
(l(j))j IS (k} ISYAN {—OO})
Hence the set of paths (eq,...,e2,) in E_; is a formal expression for the set of admissible paths described
graphically in the CMPP conjecture.

Thus the CMPP conjecture can be reformulated as follows.

Conjecture 1.14 (Reformulation of the CMPP conjecture). Let ko,...,k, be non-negative integers and
denote by P]If[’""’k" the set of partitions with parts in Fy such that, letting f, be the frequency of u for all
u € By, and setting fictitious frequencies f(_q) =k; fori€{0,...,n}, we have

2n—21
f€0+.'.+f62" <ko+---+Ek,
for all paths (eq,...,ean) in E_y. Then,
S gt =1 (erotom TR A ch(L(ko Ao + -+ + Bnln))) -
7\'673111CO """

On the other hand, the principal specialisation of Theorem 1.13 gives the following.

Theorem 1.15 (CMPP for L(A;), principal specialisation of Theorem 1.13). Let i € {0,...,n}, and denote
by P(—V2n—2i the set of partitions with parts in Ey such that, letting f., be the frequency of u for all u € Fy,
and setting fictitious frequencies f, = x(u = (—1)ap—2i) for allu € E_y \ E1, we have

feo+"'+fegn < 1
for all paths (e, ..., ean) in E_1. Then,

2 4 2i+2 , 2n—2i+2. .2 4
(g4, q? 2, P B2 g2t

St = ae M aLa) =

repP(—D2n—2i (Q§Q)oo

Here the product formula follows from (1.1).
Theorem 1.13, which is a non-specialised version of Theorem 1.15, gives us a good hint for what the
non-specialised generalisation of the CMPP conjecture could be. We conjecture the following.

Conjecture 1.16 (Non-specialised CMPP conjecture). Let ko, ..., k, be non-negative integers, and denote
by Pgo""’k”' the set of partitions with parts in Z; such that, if (fu)uezfg are the frequencies of the parts and
if we consider fictitious frequencies f,, = k; for all i € {0,...,n}, we have

Foo b oot fou <ko+...+ky

a

n n—1 _ .
FHYu=i v and c; = ¢t foralli € {1,...,n},

for all paths (eq, - . ., €2,) onUZE. By settingg=e%,¢; =e
we have
2 : C(ﬂ')q‘”l — g~ Foho——knAn Ch(L(k?vo 4+ knAn)) .

7F€73§O """

Studying perfect crystals of C’S) of higher levels may be a good way to approach this conjecture.

The paper is organised as follows. In Section 2, we describe the level 1 perfect crystal of 07(11) more
rigorously and we prove the formula for the energy function given in Theorem 1.7. In Section 3, we give
the general version of the bijection between P2 and P; , x P, and prove Theorem 1.9 and 1.10. In Section

4, we describe the bijection between P; , and C,(Ll)—Frobenius partitions in a general setting. In Section 5,
we describe the bijection with partitions described by frequencies on paths in a general setting and consider
some particular cases of our general bijections to establish the CMPP conjecture for all level 1 standard
modules of CT(LI).



2. A LEVEL 1 PERFECT CRYSTAL OF 07(11)

2.1. Description of the crystal. The following perfect crystal of type 07(11) was introduced by Kang,
Kashiwara and Misra in [KKM94] together with an energy function. Here we use the particular case of level
1 as stated in [HKLO4].

Theorem 2.1 (Kang—Kashiwara—Misra 1994). A perfect crystal of level 1 of type C,Sl) can be defined as

B = {(.’L‘l, ey Ty Ty e ,51) iy Ti € Li>0, Z?:l(a:i +fi) =0or 2}. (2.1)
The action of the Kashiwara operator ﬁ onb=(x1,...,Tn,Tp,...,T1) € B is given by
B ($1+2,$2,...7T2,T1) fol Zfl,
fob= (1'1-1—1,.%'2,...752,51—1) ifxy =71 — 1,
(T1,22, ..., T2, T1 — 2) if 1y <71 — 2,
fori=1,....n—1,
.];b* ($1,...7$i—1,$i+1+17...,fl) if xip1 > Tiy1,
(A — — — . —
(1,00 T — L, T +1,...,71)  if B < Ty,

and
fnb: ({L‘l,...,l'n — 17fn+17...,fl).

Conversely, the action of the operator €; on B is given by

(1 —2,22,...,72,71) if 11 > T + 2,
éob = ("El—l,xg,...,fz,fl+l) ifxy =71+ 1,
($1,$2,-..,§2,§1+2) fol SED

fori=1,....,n—1,

ab— (x17...,$i+17$i+1—1,...,?1) ’L'fl'7;+1 > Tit1,
i _
T

(xl,...,le—i—l,@—l, 1) ifxi+1 < Tjy1,
and
énb: (xl,...7xn+1,fn— 1,...,?1).
Moreover, an energy function for B is given, for allb = (x1,...,Zn,Tn,...,T1) and

b = (z4,...,20,T,,...,7T)) € B, by

H(b@b)=max{0;(bab),0;bxb),n(bab),njbab):je{l,...,n}}, (2.2)

where

by6a ) = S(m -7y + W0,

=

o b l) = jf(x; — ) + M

nbe ) - Z( ~ 2+ (@ - )+ 20,

w(bo ) = Z( o) + (@ - ) + )
and



Using the set

[n] ={1,...,n,7,...,1}
and order
1<2<--<n—-1<n<n<n-1<---<2<1
defined in the introduction, the crystal B can be rewritten as

B:{(07...,0)}u{ez+ey‘x§y, x,yem}7

where e; is the vector with entries indexed by m having all entries 0 except a 1 in position j.
Thus we can identify B with the crystal

{0} {(z,y)lz <y € [n]},
via the correspondence
0,...,0) < 0,
extey, e (zyy)foralll <z <y<T1.
From now on, for simplicity of notation, we will always consider that
B={0}u{(z,y)lx <y e nl},
as shown on Figure 1.1.

Moreover, with the same correspondence, the functions 6, 0;-, 04, 77;- can be rewritten as follows.

Proposition 2.2. For allx <y € [n] and j € {1,...,n}, we have

[n]
0;((z,9) ® (2',9) = x(z > j) + x(y > j) — x(2' > j) —x(¢¥' >J),
0;((z,y) ® (' y') = x(@" <) +x( <3j) = x(z <j) = x(y <j),
ni((z,y) @ (2, 9) = x(x > J) + x(y > 7) = x(@" > ) = x(v' > 7) = x(z = J) = x(y = 7),
ni((z,y) @ (2, 9") = x(2' < J) +x(v' <J) —x(z <) —x(y <J) —x(z' =J) = x(v =)

The proof follows immediately from the correspondence above and the fact that z; = x(z = k) +x(y = k).

2.2. Rewriting the energy function. Now that the perfect crystal and energy function have been defined,
we prove our alternative formulation of the energy function from Theorem 1.7. To do so, we show that the
energy function H defined in (2.2) is actually the same as the function H' defined by

H'®0) =0,
{H/(w ® (z,y)) = H((z,y) ©0) = 1,
and
H((r9) ® (o)) = {x(x @) txly2y) = xly 2y > e =2 it Y #,
xe>a2)Y+xly>y)—xly>y >z >2) if ¢y =x.
We prove this in several steps. First, we prove the following lemma.

Lemma 2.3. Forallz <y e m,

Proof. By definition, for all 1 < 5 <n,
0;(020)=0;020)=n,0c0) =n;0c0) =0,
and hence H() ) = 0.
Now let < y € [n]. We have for all 1 < j <mn,
0;((z,y) @ 0) = x(z > j) + x(y > J) — L,

05 ((x,y) ®0) = —x(z <j) —x(y <j)+1,
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ni((z,y) ®0) =x(z>7)+x(y>J) —x(z=7)—x(y=14) -1,

n;((z,y) @0) = —x(z < j) —x(y <j)+ 1.
Thus for all 1 < j < n, the above quantities are at most 1. Moreover, for all x < y € ﬁ, we have
01 ((z,y) ® 0) =1, and thus H((z,y) ® 0) = 1.
The proof of H() ® (x,y)) = 1 works in the same way. O

Now let us show that H((x,y)® (z',y')) and H'((z,y) ® (z',4')) coincide for all z < y,2’ <y’ € [n]. First
we need a lemma about H'.

Lemma 2.4. For allx <y,2' <y €[n], 0 < H'((z,y) ® (2',y')) < 2. Moreover,
( !/

H((2,9) (&, y/)) = 2 if and only if = > o/, (2.4)
and
H'((z,y) ® (2',y')) = 0 if and only if either x < x’ and y <y (2.5)
or y>ax=y =2a (2.6)
or y=x=y <’ (2.7

In the other cases, H'((x,y) ® (¢',y')) = 1.

Remark 2.5. When z,2',y,y’ are not in Cases (2.6) and (2.7), H'((z,y) @ (2',y")) is always equal to the
first line of (2.3).

Proof. The function x has values in {0,1}, so from (2.3), H' has values in {—1,0,1,2}. But in both lines
of (2.3), the argument of the last x contains the arguments of the first two x’s, so the last x can only be 1
whenever the first two are 1 as well. Therefore H' never evaluates to —1. The first statement is proved.

Now let us prove (2.4). By the previous argument, if 3/ # x, we have H'((x,y) ® (2',%')) = 2 iff
xz>aY=x(y>y)=1land x(y >y > >2')=0,ie iff 2 >2a',y >y and x > y/. But we always
have z < y and x’ < 9/, so these three conditions are equivalent to z > y’ alone.

Similarly, if ' = x, we have H'((x,y) ® (2/,y)) = 2 iff x(z > 2') = x(y > ¢) =1L and x(y > ¢ >z >
') =0, ie. iff x >2a’, y >y and x > y'. As before, the conditions z > 2’ and y > ¢’ are already included
in > y'. Moreover, we never have (x = 2’ and > ') or (y =3’ and = > y’) at the same time, because it
would mean that 3’ = 2’ = x = ¢/, which is impossible. Thus if ¢/ =z, z > 2/, y > ¢/ and x > ¢/ iff z > 3/.

Summarising, we have H'((z,y) ® (z',y')) = 2 iff (y # 2z and x > ¢/) or (y = z and = > v/), i.e. iff
x>y

Finally we treat the cases where H'((x,y) ® (z',4')) = 0. Observing that in the definition of H', the last
x can only be 1 whenever the two first are 1 too, we deduce that H' is equal to 0 if and only if the three
X’s in its definition are all equal to 0, i.e. iff (y/ # x and # < 2’ and y < y) or (y =z and z < 2’ and
y < 9'). The statement (z < 2/ and y < y) can be decomposed as ((z < 2’ and y < ¢/) or (z = 2’ and
y<y)or(zx<z and y=1y')). Thus H' ((z,y) ® (z/,y')) = 0 if and only if we are in one of the three cases
(2.5)-(2.7). O

From the definition of H and the fact that for all z < y,2’ <y’ € [n], 1((z,y) ® (2/,9')) = 0, we know
that H takes values in {0,1,2}. So we only have to prove that the values of (x, y) ® (2, ") for which H and
H' are equal to 2 (resp. 1, 0) coincide.

Lemma 2.6. Forallz <y,2’ <y € m,

H((z,y) ® («',y")) =2 if and only if x > ¢/,
Proof. We first prove that if > ¢/, then H((z,y) ® (2’,y’)) = 2. We have the following:
If x >y and @ > 7, then for j =z — 1, we have 0;((z,y) ® (2/,y)) = 2.
If 2 >y and x < n, then for j =y’ + 1, we have 0)((z,y) @ (z,y')) = 2.
If > ¢’ and x = 7, then 0, ((z,y) @ (¢',y)) = 2.
If =y and x > 7, then for j =z, we have n;((z,y) ® (¢,y')) = 2.
If z =y and ¥ < n, then for j =z, we have n}((z,y) ® (z',y")) = 2.
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In all the cases above, i.e. for z >y, we have indeed that H((z,y) ® (2',y")) = 2.

Now we prove that if x < 3/, then H((z,y) ® (2/,y)) < 1. If z <y, we have:
For all j, 0;((z,y) ® (2/,y")) <1, because if x(z > j) = 1, then also x(y" > j) =

( y=1
e Tor all j, 0% ((z,y) ® (2',y")) <1, because if x(y" < j) = 1, then also x(z < j) =1
e For all j, n;((z,y) @ (z/,y')) < 1, because if x(z > j) = 1, then also x(y’ > j) = 1.
e For all j, n’((z,y) ® (2',9")) < 1, because if x(y’ < j) =1, then also x(z < j) =1
Thus as soon as x < y', we have H((x,y) ® (¢/,y')) < 1. O
Now let us turn to the values for which H = 0.
Lemma 2.7. Let x < y,2’ <y’ € [n]. If z,y,2',y are in Cases (2.5), (2.6) or (2.7), then H((x,y) ®
(#',y)) = 0.

Proof. Note that, by definition of §; and 0}, if z < 2’ and y < 3/, then ¢; < 0 and ¢ <0 for all j. Similarly,
if v <2’ and y < y', then 1; <0 and 7} <0 for all j. So we already know that when we are in Case (2.5),
ie. z <z’ and y < ¢/, we have H((z,y) ® (',y")) = 0.

Now let us study Case (2.6), i.e. ¥ >z =y’ = 2/. When = = 2/, the only j for which 7; could be equal
to 1is j = T, which can only happen if x € {m,...,1}. Indeed it is the only case where x(z > j) — x(z' >
j) = 1. But then we do not have z < 7 (because < y and z is an overlined number), so we never have
n3((z,9) @ (&',y') = 1 in Case (2.6).

Similarly, the only j for which n} could be equal to 1 is j = x, which can only happen if z € {1,...,n}.
In that case we have

n;((x’y) & (x/a y/)) =1- X(y/ = j)v
which equals 0 iff ¢/ = j = 7.

Thus in Case (2.6), for all j, the functions 6;, 07,7, and 1 are at most 0 and thus H((z,y) ® (z',y)) = 0.

Finally we treat Case (2.7), i.e. y =2 =y’ < 2/. When y = ¢/, the only j for which 7; could be equal to
1is j = 7, which can only happen if y € {m,...,1}. In that case we have

n((z,y) @ (@' y) =1 - x(z=j),
which equals 0 iff x = 7 = 7.

Similarly, the only j for which 77} could be equal to 1 is j = y, which can only happen if y € {1,...,n}.
But then we do not have x = 7 (because < y and y is an non-overlined number), so we never have
n;((z,y) @ (2',y')) =1 in Case (2.7).

Thus in Case (2.7), for all j, the functions 0,6, 7; and n; are at most 0 and H((z,y) ® (2',y')) =0. O

The only thing left to do is prove that in all the cases not treated in Lemmas 2.6 and 2.7, H has value 1.

Lemma 2.8. In all the other cases, i.e. if

<y and (x> 2 ory>1y'), (2.8)
orx <y andzx =12 #vy andy <y, (2.9)
orx<y andy=y #7 and x < 2, (2.10)

we have
H((z,y)® (z',y)) = 1.

Proof. Thanks to Lemmas 2.4 and 2.6, we know that H takes values in {0,1} when z < 3. Thus to prove this
lemma, we only need, for all the possible values of z,y,2’,y" under consideration, to exhibit some 6;, 9;-, 7;
or n;- which are equal to 1.

Let us start with Case (2.8).

Ifz>2',x <y and @ = j for some j € {1,...,n — 1}, then 0,1 ((z,y) ® (¢/,y)) = 1.

Ifx>a', <y and z =7, then n,((z,y) @ (¢/,y')) = 1.

Ifz>a', 2 <y and x = j for some j € {1,...,n}, then 0((z,y) ® (z',y’)) = 1.

Ify >y, z<y and y =j for some j € {1,...,n— 1}, then 8,1 ((z,y) ® («/,¢')) = 1.
12



o Ify >4/, x <y and y =7, then 1, ((z,y) ® (¢',y)) = 1.
o Ify >y, z <y and y = j for some j € {1,...,n}, then 0}((z,y) ® (2',y')) = 1.
So we always have H((x,y) ® (z/,y’)) = 1 in Case (2.8).
Now we consider Case (2.9).
elfr=0'#y, z<y,y<y and z =j for some j € {1,...,n}, then n;((z,y) ® (z/,y)) = 1.
elfz=a2#y,2<y,y<y and x = j for some j € {1,...,n}, then n;(z,y) @ (2',y')) = 1.
Thus we always have H((z,y) ® (2/,y')) =1 in Case (2.9).
We proceed similarly for Case (2.10).

e lfy=y #7,x<y,z <2 and y=j for some j € {1,...,n}, then n;((z,y) @ (z/,y')) =1
o lfy=y #7 2<y,r <2 and y = j for some j € {1,...,n}, then n’((z,y) @ (z',y")) =1
Thus we always have H((z,y) ® (’,y")) =1 in Case (2.10), and the lemma is proved. O

We have shown that for all z < y,2’ <y’ € [n], H((z,y) ® («/,v")) = H'((z,y) ® («/,y')), and thus
Theorem 1.7 is proved.

3. DELETING A COLOUR

In this section we present a method given in [Kon20b] and use it to simplify the difference conditions given
by the energy function H introduced in Theorem 1.7. This method is a generalisation of the connection
between generalisations of Primc’s and Capparelli’s identities established in [DK22a], which itself generalised
a bijection of the first author [Dou20] between Primc’s and Capparelli’s identities.

3.1. The setup.

Definition 3.1. Let C be a set of colours, and let Cqyp U Ciree U Cing be a set-partition of C. Let ¢ be an
additional colour. A function € from C x (C U {cx}) to {0, 1,2} is said to be well-defined according to the
decomposition Csup U Ceree U Cing and co if it satisfies the following conditions:
(1) For ¢, € Ciree, €(c, ') = x(c # ).
(2) For (c,c") € Csup X Cree, €(c, ) € {0,1} and €(c/,¢) € {1,2}. Moreover, for ¢ € Cqup, there exists
d(c) € Cree such that e(c, d(c)) =
(3) For (¢,c) € Ctree X Cing, €(c,c) G {O 1} and €(c¢/,¢) € {1,2}. Moreover, for ¢ € Ci,t, there exists
0(c) € Cpree such that €(d(c), c) =
(4) For (c,c’) € Csup X Cin, €(c,c) € {0, 1} and €(c,¢) € {1,2}. Moreover, if €(c,c¢’) = 0, there then
exists 'y(c, ') € Cpree such that e(c,v(c, ) = e(y(c, ), ") = 0.
(5) For ¢, € Coup, if €(c, ') € {0,1}, there then exists v(c,¢’) € Cgee such that e(c,v(c,’)) = 0 and
c(v(e,;¢),c) =1.
(6) For ¢, € Cint, if €(c, ') € {0,1}, there then exists y(c,¢’) € Cgee such that e(c,y(c,¢’)) = 1 and
e(v(e,d),d)y=0.
(7) Border conditions: €(Ciree; Coo) = {1}, €(Cint, coo) C {1,2} and €(Csup, coo) C {0, 1}.

For the entirety of Sections 2.1 to 2.3, let C = CqypLICsreeUCint be a set of colours, let ¢y € Cree, let coo be an
additional colour not in C, and let € be a well-defined function according to the decomposition CsypLICtreeUCing
and coo. Additionally, for all ¢ € Ceup U Cint, let d(c) be a particular colour satisfying Conditions (2) and
(3) of Deﬁnition 3. 1 and for all (c,) in {(c,¢') € Coup X Cing = €(c,d) = 0y U{(c,) € C2,, : e(c,d) €
{0,1}}u{(c,d) € C2; : €(e, ') € {0,1}}, let y(c, ') be a particular colour satisfying Conditions (4) to (6) of
Definition 3.1.

Throughout the paper, if k. and k., are two coloured integers, then we use the notation

ke > k., if and only if k — k' > €(c, ).
Finally, adding an integer [ to a coloured integer k. consists in adding this integer to its size while keeping

its colour, i.e. k. +1 = (k+1)..

Definition 3.2. Define P> to be the set of generalised coloured partitions # = (mg, ..., ms—1,7s = 0c__)
such that for all ¢ € {0,...,s — 1}, ¢(m;) € C and m; > miy1.
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In this paper, a pattern denotes a finite sequence of coloured integers well-ordered according to >.. We
say that a generalised coloured partition m = (7o, ...,ms) contains the pattern Ag,..., A if there exists an
index ¢ such that

T = Aoy Tigl = AL, -vvy Ttk = Ao
If a partition does not contain a pattern, we say that it avoids it.

Definition 3.3. Denote by ETVPECOO the set of generalised coloured partitions of PS>~ which are cp-regular
(i.e. have no part of colour ¢g) and avoid the following patterns for all p € N>q:

(1) for c e Cfree \ {co}, the pattern pe, p,
(2) for (¢, c’) € Coup X Cint such that e(c,c’) = 0, the pattern pe, py(c,er)s Pers
(3) for (c,¢') € C2,, such that e(c,c’) € {0,1}, the pattern pe, ps(c,ery, (P — 1)er,
(4) for (¢,c) € C; such that e(c, /) € {0,1}, the pattern (p+ 1)c, Py (c.e)s Pers
(5) for all c € Cgup,
( ) for all ¢’ € (CfrCC \ {CO}) U Cinf U {Coo}a the pattern DesPs(c)s (p - 1)c’a
(b) for all ¢ € (C\ {co}) U {coo}, and for all positive integers u > 2, the pattern pe, ps(c), (p — u)e,
(6) for all ¢/ € Cinf,
(a) at the beginning of the partition, the pattern ps.), pes,
(b) for all ¢ € (Crree \ {co}) U Csup, the pattern (p + 1)¢, ps(er), Per s
(c) for all c € C\ {co}, and for all positive integers u > 2, the pattern (p + u)ec, ps(cr), Per-

We are now ready to state the main result of this section.

Theorem 3.4. Assume that cg € Ciee 5 Such that for all c € C\ {co}, €(co,c) = €(c,co) = 1. Then, there
exists a bijection ® between P> and the product set §° P~ x P, where P is the set of classical integer
partitions. Furthermore, for ®(\) = (u,v), we have |>\| lwl + |v|, LX) = €(p) + £(v), and the colour
sequence of X restricted to the colours in Csup U Cing 15 the same as the colour sequence of u restricted to the
colours in Csyp U Cin.

We prove Theorem 3.4 bijectively, by inserting the parts of v into the generalised coloured partition p. In
Section 3.2, we explain the insertion process and the properties it satisfies. In Section 3.3, we explicitly give
the bijection ®. In Section 3.4, we apply Theorem 3.4 to the grounded partitions related to our 1 perfect

crystal B of type 07(11) and prove Theorem 1.9.

3.2. Insertion of parts. We start by defining the notion of insertion. Let f € Cgee, p € Z and ™ =
(7o, ..., Ts—1) a generalised coloured partition with relation >>.. Inserting py into 7 consists in transforming
m into T = (mo,...,Tj—1,Pf,Tj,...,Ts—1) for some j € {0,...,s} in such a way that 7 is a generalised
coloured partition with relation >.. Inserting a part into a pattern is the same as inserting the part into
the generalised coloured partition consisting exactly of the parts of the pattern. In particular, when s = 1
and j = 0, we say that say that we insert ps to the left of my, and when s = 1 and j = 1, we say that say
that we insert py to the right of 7.

First we study the patterns where all the parts have the same size, using (1)—(4) of Definition 3.1. The
following proposition, which follows directly from the definition of €, gives an exhaustive list of such patterns.

Proposition 3.5. A sequence pe,,...,p., with p > 0 is is a pattern if and only if c1,...,cs is a sequence
of colours such that for all i € {1,...,;8 — 1}, €(c;,ci41) = 0. In this case, there exist unique integers
1 <u<wv<s+1 such that

{Cl,... Cufl} C Csup,
Cy = = cy—1 € Cree (31)
{CU, - ,Cs} C Cins R

with the convention that {cq,...,cp} =0 if a > b.
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3.2.1. Insertion between two parts. In this section, we study all the possible insertions of a part p; with

colour f € Cgee between the two parts of a pattern pg),pg) such that p € {p(M), p(»}.

Observe that a part py can be inserted between the two parts of a pattern pg),pg) with p = p() and

¢1 € Chree (resp. p = p® and ¢y € Crree) iff f = ¢1 (resp. f = ¢2). The only remaining cases to study are
insertions such that p = p™) and ¢; € Coup or p = p? and ¢z € Ciyg-
We start with the case p = p(t) = p(@), which corresponds to a pattern of the form Dey s Pes- By Proposition

3.5, inserting py between pg) and pg) is not possible when ¢; and ¢ are either both in Cqyp or both in Ciys.
The following propositions deals with the remaining case, i.e. (c1,c¢2) € Coup X Cint.

Proposition 3.6. For any pair (c1,c2) € Coup X Cing such that €(c1,c2) =0, a part py with f € Cree can be
inserted between the parts pc,,pe, to obtain
pC17pf7p62

if and only if €(c1, f) = €(f,ca) = 0.

We now study the case where p(t) # p(2). This necessarily means that p(") > p(?). We start with the case
where p = p() and ¢; € Csup-
Proposition 3.7. For (c1, f) € Csup X Ciree, the exhaustive list of possible insertions of py between parts
pcl,pg) is as follows:

(1) for any colour co in CU{c}, and any integer u > 2, we can insert a part py between the parts of
the pattern pe,, (p — u)e, to obtain

Pey Df (p - u)02

if and only if e(cy1, f) =0,
(2) for any colour ¢z € Ciee U Cing U {¢x}, we can insert a part py between the parts of the pattern
Peys (P — 1), to obtain
Decy s Pfs (p - ]-)cQ

if and only if e(cy1, f) =0,
(83) for any colour co € Csyp such that €(c1,c2) € {0,1}, we can insert a part py between the parts of the
pattern pe,, (p — 1)¢, to obtain
Decy s PFs (P - 1)C2

if and only if e(c1, f) =0 and e(f,c2) = 1.
We conclude with the case where p = p(?) and ¢, € Coup-

Proposition 3.8. For (cz, f) € Cint X Chree, the exhaustive list of possible insertions of py between parts
108),1002 is as follows:
(1) for any colour c1 in C, and any integer w > 2, we can insert a part py between the parts of the pattern
(p+ u)e,,pe, to obtain
(p + u)clapfapcz

if and only if €(c1, f) =0,
(2) for any colour ¢ € Csup L Ciree, we can insert a part py between the parts of the pattern (p+ 1), De,
to obtain

(p+ 1)C1,pf’pc2

if and only if e(f,c2) =0,
(8) for any colour ¢ € Cing such that €(c1,c2) € {0,1}, we can insert a part py between the parts of the
pattern (p+ 1), , pe, to obtain
(P + 1)y s Pes

if and only if e(c1, f) =1 and €(f,c2) = 0.
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The set of admissible colours f for the part p; possibly inserted between pg) and pg) depends on both

colours ¢; and ¢y only if (c1,¢2) € {(¢,) € Coup X Cint : €(c,¢) = 0} U{(c,¢) € C2,, : (e, ) € {0,1}} U
{(e,d) € C2; : €(c,d) € {0,1}}. In that case, it is in particular possible to insert a part with colour
f =(c1,c2). Otherwise, when the colour f only depends on the colour ¢ of the part p. with the same size
as py, it is possible to insert py with f = §(c). These particular choices for f allow us to forbid, for all the
pairs pg), pg) of consecutive parts, a unique insertion, giving rise to the forbidden patterns in E?A/Pf“’ (see

Definition 3.3).

Remark 3.9. For any (c1,¢2) € Csup X Cing, we can insert between the parts (p+1)c,, pe, two parts (p+1)y,
and py, with f1, fo in Cree if only if €(c1, f1) = €(f2,c2) = 0. The admissible colours fi depend only on ci,
and the allowed colours fo depend only on co.

3.2.2. Insertion at the extremities. Recall that
6(Cfreeacoo) = {1}7 €(Cinfycoo) C {172} and G(CSHP’COO) - {07 1} .

Then, similarly to Proposition 3.5, if a partition in P¢> has several parts of size 0, then these parts are of
the form

Ocys---,00.,0

with ¢1,...,¢s € Cgyp. Thus it is not possible to insert a part 0y with f € Cee. We now study the insertion
of 14 for some f € Cgoe at the end of the partition.

Coo

e When the partition ends with 1.,0._ with ¢ € Cyyp, the insertion of 1 to the right of 1. is allowed
if and only if €(c, f) = 0.

e When the partition ends with 1,0, with ¢ € Ciye, if the insertion of 1¢ is allowed, it will always be
to the left of 1.. Thus 1, remains the last part before O,__ .

We finally study the case of an insertion at the beginning of the partition.

e When the first part is p. with ¢ € Cgyp, for any free colour f, if the insertion of p¢ is allowed, it will
always be to the right of p.. Thus p. remains the first part of the partition.
e When the first part is p. with ¢ € Ciy¢, the insertion of py to the leftt of p. is allowed if and only if
e(f,c)=0.
Thus we can extend Propositions 3.6, 3.7 and 3.8 as follows to include the insertions at the extremities:

e the insertion of py at the end of the partition corresponds to inserting it between p., and 0. _ with
c1 € Cup and p > 1,

e the insertion of p; at the beginning of the partition corresponds to inserting it between oo and p.,
with ¢g € Cins and p > 1 (here oo is a virtual part, not considered to belong to the partition).

3.3. Bijective proof of Theorem 3.4.

3.3.1. The map ®. Let us consider a partition A € P¢=. We want to build ®(\) = (u,v) € § Pé= x P.
First, recall that €(c, co) = €(co,¢) = x(c # co) for any colour ¢ € C. This is equivalent to saying that, in A,
the parts coloured by ¢y have sizes different from all the parts whose colour is not ¢y. We first consider v to
be the empty partition. Then we transform some parts py with f € Cgee into colourless parts p and insert

them into v as follows.

(1) Take all the parts of A with colour ¢y and move them to v (after removing their colour ¢g). Since
the parts which were to the left and to the right of the p.,’s in A have respectively sizes greater and
smaller than p, this means that their sizes differ by at least 2. Given that €(C,C U {cs}) C {0,1,2},
by removing the parts with colour ¢y from A, the remaining partition \’ is still in P¢=. Furthermore,
the parts of X have sizes different from the sizes of the parts of v.

(2) For all the parts py in A with f € Cpee \ {co} which appear at least twice, transform all the
occurrences of py but one into p and move them to v. Since one occurrence remains for all such
parts, we obtain a partition A" that is still in P¢>~, and has no repeated parts p; with free colours
and no part coloured cy. Also, the only parts of A\’ having the same size as some part of v are
coloured with f € Cee \ {c0}-
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(3) For all the parts py that appear in patterns pg),pf,pg) of N which are forbidden in gf’y’Pf“,
transform the parts p; into p and move them to v. Note that such parts py may have been among
those which were repeated in Step (2), and can only appear in forbidden patterns with p = pM)
and ¢ € Cgup, OF p = p(2) and cy € Cing. One can also observe that, when removing py from such
patterns, the remaining patterns pg), pg) are always allowed in E?VP?C. At the end of this step, the

partition obtained from )\’ does not contain any forbidden pattern nor any part coloured cq, and

the parts py with f € Cgee cannot be repeated. We set this partition to be pu.

At the end, we obtain a pair of partitions (u,v) € §° Pe> x P as desired.

Remark 3.10. The only parts in v which do not have the same size as some part in p are those coming
from the parts of A with colour ¢y in Step (1).

3.3.2. The map ®'. We now describe the inverse map ®~'. Let us start with (u,v) € §° P> x P, and
insert the parts p of v into the partition p as follows (note that at Step (1), we only insert one copy of each
part):
(1) If pu does not contain any part py with f € Caee \ {co}, but contains a part p. with ¢ € Cup U Cing,
we proceed as follows.

o If there is a pair of colours (c1,c2) € Cgyp X Cing such that the pattern pc,,pc, is in y, then
necessarily €(cy,ce) = 0. By Proposition 3.5, there is only one such pair among the parts of
size p. Set f = vy(c1,¢2), transform the part p into py, and insert py between p., and p.,. By
Proposition 3.6, we obtain the pattern

Pcys Py(er,e2)s Pea

which is forbidden in §° P¢.
Note that this is the only suitable insertion of a part of size p to ensure that ®~! is well-defined
and indeed the inverse bijection of ®, as we now show.
(a) It is not possible to insert a part py with f € Ciee in the sequence to the left of p., by
Proposition 3.5.
(b) Similarly, we cannot insert a part py with f € Cee in the sequence to the right of p,.
(c) Finally, inserting a part py with f # v(c1,c2) and €(ci, f) = €(f,c2) = 0 into the pair
Dey > Pe, Would be allowed according to the definition of €, but the pattern p.,,p¢,pc, is
allowed in E?WPEC‘X’, and this insertion would make the map ®~! non-injective.

o If all the parts of size p in p have colours in Cgyp,, denote by c¢; the colour of the last of these
parts. With the same reasoning as above, we cannot insert a part py with f € Cgee in the
sequence to the left of p.,. Note that the part to the right of p., has necessarily a size less than
p. Using Proposition 3.7, insert p in the following way:

(a) If the part to the right of p., has size less than p — 1, transform p into ps(.,) and insert
it to the right of p.,. We obtain the pattern

Pers Poer)s (P — Wey
for some integer w > 2, which is forbidden in S?W’Pf“.

(b) If the part to the right of p., has size p — 1 and colour ¢y € (Cgree \ {co}) U Cint U {Coo }s

transform p into ps(.,) and insert it to the right of p.,. We obtain the pattern
Pers Ps(er)s (P — Ve,
which is forbidden in §° P¢.

(c) If the part to the right of p., has size p — 1 and colour ¢o € Cqyp, then necessarily
€(c1,c2) € {0,1}. In that case, transform p into p,(c, c,) and insert it to the right of p,.
We obtain the pattern

pcmp'y(cl,cQ)v (p - 1)62
which is forbidden in §° P¢>.
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e We finish with the remaining case, where all the parts p. in pu are such that ¢ € Cipe. Let ¢
be the colour of the first part of size p. It is not possible to insert py with f € Cpee in the
sequence to the right of p., by Proposition 3.5. Also, the part to the left of p.,, if it exists, has
necessarily a size greater than p. Using Proposition 3.8, insert p in the following way:

(a) If there is no part to the left of p.,, transform the part p into ps(.,) and insert it to the
left of p.,. We obtain the pattern

pé(CQ)apcz
which is forbidden in §° P¢.
(b) If the part to the left of p., has a size greater than p + 1, transform the part p into psc,)
and insert it to the left of p.,. We obtain the pattern

(P + U)eys Ps(es)s Pea
for some integer u > 2, which is forbidden in E?WPECW.
(c) If the part to the left of p., has size p+ 1 and colour ¢; € (Ciee \ {c0}) U Csup, transform
the part p into ps(.,) and insert it to the left of p.,. We obtain the pattern

(P + D)eys Ps(es)s Pes
which is forbidden in §° P¢=.
(d) If the part to the left of p., has size p+ 1 and colour ¢; € Cint, then necessarily €(c1,c2) €
{0,1}. Transform the part p into py(,,c,) and insert it to the left of p.,. We obtain the
pattern
(p + 1)01 y Py(c1,e2) Pes
which is forbidden in §° P¢>.
Let 1/ denote the resulting partition.
The order in which the parts py were inserted does not matter. Indeed, when the insertion between
a part of colour ¢; and a part of colour ¢, depends both on ¢; and cs, then there is only one possibility
for the inserted part py. And in the other cases, the insertion of a part of size p does never interfere
with the insertion of a part of another size.
Moreover, for the above cases, which form an exhaustive list of insertions p; into a pair pgi), pg)
with p = p) and ¢ € Csup, OT p = p® and ¢y € Cint, the choice of colour f so that the obtained

pattern pg), Dy, pg) is forbidden in g?’v ce ig unique. The partition g’ has some forbidden patterns
of gf’ﬂ’f‘”, no repeated part py with f € Cyee and no part coloured by c¢o. Thus Step (1) is the exact
inverse of Step (3) of ®.

(2) If there is a part ps in g/ with f € Cgree \ {0}, transform all the parts p into py and insert them into
p'. We obtain a partition y with some forbidden patterns of §° P¢> and repeated parts py with
f € Cree \ {co}, but no part coloured ¢o. This is the inverse of Step (2) of ®.

(3) After Steps (1) and (2), the only remaining parts in v are such that there is no part in " with the
same size. We transform these parts p into p., and insert them into p”. The resulting partition has
some forbidden patterns of 3?7775@, repeated parts py with f € Cgee, and parts coloured cy. Set this
partition to be A. This is the exact inverse of the Step (1) of ®.

The partition X is a partition of P¢=, and we set ®~1(u,v) = A.

3.4. Application to the level one perfect crystal of 07(11). Recall that we consider the crystal of Figure
1.1, with vertex set

B={0yu{(z,y): x <yenl}
and energy function H given in Theorem 1.7.
Let C = {cy : b € B} be the set of colours with indices in B, where we write ¢, , instead of ¢(; ). Define
C = Csup U Crree U Cin with

Ciree = {CQ),Czj S {1, - ,’I’L}},
Csup = {nyy :y <z < y}v

Cint = {Cz,y 1 ¢ <y < T}
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Let ¢ be an additional colour and € be a function on C x (C U{c}) such that e(cy, cp) := H(b® V') for all
b,b' € C and e satisfies Condition (7) of Definition 3.1. Thus in particular € takes values in {0,1,2}.
Define § and ~ in the following way:

6(0 ) = cﬂyy fOI“ all cw7y € CSUP)
T,y for all ¢,y € Cing,

Cox

c.z  forall (czy,cury) € Csup X Cing such that €(cy y, cpr ) =0,
Y(Cays Cary) ==X gy for all (cp.y,Caryr) € C2,p such that €(cqy, cary) € {0,1},
Cor 77 for all (¢z,y,C2ry7) € Ciznf such that e(cg .y, car ) € {0,1},

where z = max{z’,7}.

Lemma 3.11. The function € is well-defined according to the decomposition Csyp U Coree U Cing and Coo.
Moreover the functions 6 and ~ defined above satisfy Conditions (2)-(6) from Definition 3.1.

Proof. The function e satisfies the following.
(1) For all z,y € {1,...,n} with z # y,

e(cp, cp) =0,

eley, coz) = €(cpz,09) =1,
€(czz, Cez) = 0,
e(cez,cyy) =1

(2) For ally < o <y, €(cay,cp) = €(cy, Czy) = 1. Let z € {1,...,n}. By (2.4), we have €(cyy,c.3) # 2
because y > 7 > n > z. Moreover, €(c; z, ¢z,y) 7 0 since
(a) we do not have (2.5) which is equivalent to x < z < 7,
(b) we do not have (2.6) which is equivalent to § > x = z,
(¢) we do not have (2.7) which is equivalent to § = z = z.
Finally, by (2.7), €(cz,y,6(Ca,y)) = €(Cay, c5y) = 0.
(3) For all z <y < T, €(cqy,cp) = €(cg,czy) = 1. Let z € {1,...,n}. Hence, by (2.4), €(czz,Cz,y) # 2
because Z > 7 > n > x. Moreover, €(¢c; , ¢, z) 7# 0 since
(a) we do not have (2.5) which is equivalent to 7 < z < «z,
(b) we do not have (2.6) which is equivalent to z =7 = z,
(¢) we do not have (2.7) which is equivalent to z =7 < z.
Finally, by (2.6), €(0(¢a,y); Cz,y) = €(Caz,Cay) = 0.
(4) For all y < z <y and o’ <y’ < 2/, by (2.4), €(cyy,Csr ) # 2 because y > 7 > n > z’. Moreover,
€(car g, Cay) # 0 since
(a) we do not have (2.5) which is equivalent to 3/ <y < x < 2/,
(b) we do not have (2.6) as §' # 2/,
(c¢) we do not have (2.7) as § # «.
Finally, by (2.5),(2.6) and (2.7), €(cqy, C2y7) = 0 if and only if # > 2’ and y > ¢/. In that case,
setting z = max{z’, 7},
o we first show that €(cq .y, V(Ca,y, Cary)) = €(Cay,c2z) =0. If § < z =2’ <z, then €(cy,y, c.2) =
0 by (2.5). Otherwise, z =7 < z and €(cy 4, ¢z z) = 0 by (2.7);
e we then show that e(Y(cyy,Cory),Cary) = €(cazcary) = 0. If 2/ < 2 =7 < y/, then
€(czz, ¢ ) = 0 by (2.5). Otherwise, z = 2’/ <y’ and €(c, 3, ¢z ) = 0 by (2.6).
(5) For all 7 < & <y, €(cyy, cz,y) = 0 by (2.7).
For all ¥/ < 2/ < 4/, by (2.4), €(cay,Cary) # 2 if and only if y > 2’. In that case, by (2.4),
€(cg,y, cory) # 2, and since €(cg y, co ) # 0, we necessarily have €(cg,y, ¢44) = 1. Thus

€(Cays V(Cays Car ) + 1 = €(V(Cayys Caryr ), Car ) = 1.

(6) For all 2’ <y’ < 2/, by (2.6), €(Cpr z7r Cary) = 0.
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For all x < y < T, by (2.4), €(cz,y,Car,yr) # 2 if and only if y > 2’. In that case, by (2.4),

Y
€(Ca,y, ¢y 77) # 2, and since €(cy y, ¢, 77) # 0, we necessarily have €(c; 4, ¢, 77) = 1. Thus

E(Cr,ya V(Cw,ya Cx’,y’)) = e(V(Cz,ya Cz/,y/)v Cm’,y’) +1=1.

In the following, set S =C \ {c¢y}.

Lemma 3.12. Let p be the function defined on S x (SU{coo}) by p(S, ) = €(S, o) and for all x < y €
[n],2" <y’ € [n], by
pleay s Cay) =x(@ 22 ) +x(y > y) —xly =2y >z >2).

Let 755‘* be the set of partitions m = (7g, ..., Ts—1,Ts = O ) with colours in S U {ceo} such that for all

i€{0,...,s—1},
co(mi) # coo and || — |miga| = p(e(mi), e(mig1)).
Then, setting cog = cy, we have
P = Py

Proof. We first observe that, by Remark 2.5, p(cy 4/, Czy) = €(Car 7, Cz ) €xcept for the casesy >z =y = 2’
and ¥ =z =y’ < 2/, where p(cy 4, Coy) = €(Car 4,z y) +1 = 1. These exceptions can be divided in three

disjoint cases:
I

||
aaa

/

a&ga
I

/

Y
v
Y

<Y Q@\ <

Thus 755“’ is exactly exactly the set of cp-regular partitions of PS> which avoid the patterns:
(1) Peyys>Pe, forall z e {1,...,n},
(2) PeyzsPe,, forallz <y <7,
(3) PeyysPey, forally <a<y.
Since each forbidden pattern for the set § P¢> contains at least one of the patterns (1)-(3), this implies that
PCOO C 0 Pe=.
We now prove that g?wpfoo - 75;“’ by showing that the forbidden patterns of 75500 are also forbidden in
5oy PE=
(1) For all z € {1,...,n}, the pattern pe, _,pc, . is forbidden in in §° P>.
(2) For all x <y < T, we show that p, _,pe, , is forbidden in S?WPECN. To do so, we first prove that all
the patterns of the form qc, ,,pec, = Pe,, allowei in P¢ are forbidden in §% Pe=.
(a) If ¢ = p, then €(cy 4, cpz) = 0, and either y/ < z < 2’ by the union of (2.5) and (2.7), or § =
x =y’ = 2’ by (2.6). In the first case, we have v < 2’ and y’ > T > y, so that €(cy/,,, ¢z ) = 0 by
( 5). Since max{y’,z} = z, we obtain the pattern p._ s P,
W’PCOo In the second case, the patternl)cw)w,pcwwpcx’y is forbidden in g?VPECoo.
(b) If ¢ = p+ 1, then €(cy y,coz) < 1. If y/ éx’ <y, the pattern (p + 1)c,, s Pe, 2+ Pec,,, 18
forbidden in §% P¢<. Otherwise, 2/ < y" < 2/. In that case, as €(cor,y, Coz) # 2, by (2.4),
y' > x so that €(cy y, Coy) # 2. Once again, the pattern (p+1)c,, ,:Pe, > Pe, , is forbidden in
P
(¢) If ¢ > p+ 2, the pattern deyr v+ Peuzs Pe,,, is forbidden i in § 0 Péee.
The pattern pc, ., pe, , is forbidden in EOWPECN at the beglnmng of the partition. Therefore, together
with the cases above, we conclude that the pattern p., _, pc, , is simply forbidden in §° 73“°°
imilarly to what we did in (2), we show that the pattern p._ ,p.. . is forbidden in = for a
3) Similarly to what did in (2 how that the patt v.ys Pey., 18 forbidd 5“730 for all
y<xz<uy.

+ co.y) Pes ,» Which is forbidden

|
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Now we modify the minimal differences with the last part coloured c, in the functions € and p to make
the connection with grounded partitions.

Let bg = (), and for i € {1,...,n}, let b; = (i,4). Then, for i € {0,...,n} define the function ¢; on
C x (CU{cso}) as follows:

HboV) if(d,c) = (cy,cp) € C?,
e(c,c):i=CHb; @) if (¢,¢) = (cpr,Co0) With ¢y € C\ {ep, },
1 if ¢ = ¢, and ¢ = cxo.

The function p; is defined on § X (S U {cx}) by pi(S, o) = €i(S, o) and for all x < y € [n], 2’ <y’ € [n],

pilCary coy) =x(@ 22 ) +x(y 2 y) —x(y 2y >z >2").
Applying Theorem 3.4 with ¢g = ¢y and combining it with Lemma 3.12, we obtain the following.

Corollary 3.13. For alli € {0,...,n}, there exists a bijection ® between PS> and the product set ’ﬁ;f xP.
Furthermore, for ®(X) = (u,v), we have |X| = |u| + |v|, £(A) = (1) + £(v), and the colour sequence of A
restricted to the colours in Cgup U Cing s the same as the colour sequence of p restricted to the colours in
Csup u C’inf-

Let P, (vesp. P;,) be the set obtained from PZ= (resp. 755‘30) by transforming the final part 0. into
Oc,,. Then P, is exactly the set 73;? of grounded partitions with ground ¢, and relation >. Theorem 1.9 is
proved.

4. CONNECTION WITH FROBENIUS PARTITIONS

Let i € {0,...,n}. In this section we show that the partitions of P; , can be identified with some simpler
objects, namely the C,gl)-Frobem‘us partitions defined in the introduction, which can be seen as coloured
Frobenius partitions [DK22a] with additional interlacing conditions. We give a more general definition of
these objects in Subsection 4.1, before explaining the correspondence with P; , in the following subsections.

4.1. CV-Frobenius partitions. Let (O, >) be an ordered set and let R = {c, : u € O} be a set of colours
which we will call primary colours. Recall that > denotes the strict order corresponding to >, and extend
the order > on the set of primary-coloured integers Zg as follows:

ke, >, =k —1>x(u<vw). (4.1)

Equivalently, k., > l., if and only if k¥ — 1 > x(u < v). This is also equivalent to ordering the coloured
integers in the following way

< (k=1)e¢,, <(k=1), < <he, <k

Cuy = = ey =

S"'S(k+1)cu1 S(k+1)0u2 <,

Cugy >
where u; < us < --- in O.

The definition of Cﬁl)—Frobenius partitions with relation > and ground k., 4 given in Definition 1.11 for
the case O = m is still valid for general O. Hence we do not repeat it here.

Given a set of primary colours R, define S the corresponding set of secondary colours, which are commu-

tative products of two primary colours, i.e.
Si={cay = oty =cycz 1 x <y e O}

Let Zs denote the set of secondary-coloured integers. In this section, if k., and [, are two primary-coloured
integers, then we define their sum to be the secondary-coloured integer

ke, +1lc, = (k+ l)cucv-
Define the function p on 82 by
pleay Cay) = x(@ 22" ) +x(y 2 y) —x(y >y >z > 7).

Note that this p has the same expression as the function p from Lemma 3.12 restricted to S2. The corre-
sponding relation >, on Zg is given by

ke >, lq if and only if & — 1 > p(c, d).
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Finally, denote by ’P}’j““d the set of generalised coloured partitions with parts in Zs, order >>,, and
last part equal to k. + l3. The main result of this section is a bijection between the coloured partitions of

P[]fcﬂd' and the C,(ll)—Frobenius partitions of ]-'ic’ld. But before being able to state this bijection, we need to
introduce a decomposition of secondary coloured integers.

4.2. Turning a coloured integer into a pair of coloured integers. We decompose the coloured integers
of Zs in the following way. For all z <y € O and k € Z,

ke, , = ke, + ke,
2k +1)e,, = (k+ 1), + ke, -

Denote respectively by n and ¢ the larger and smaller component in the decomposition above, namely

{(n(%cz’y)’ ((2ke,,)) = (ke, s ke, (4.2)

Ca,y

(m((2k + D, ), C(2k +1)c, ) == ((k+ e, ke, )-
Notice that, by (4.2), for k € Z and = < y € O, we have have the simple relations

U(kcw + 1) = C(k(‘a‘y) +1, (43)
C(ke,, +1) =n(ke,,)
By (4.1), we deduce that
C(kcz,y) < U(kcm,y) < C(kcm,y) + 1. (4.4)

Conversely, if k., and [., are primary-coloured integers such that ., < k., < Il., + 1, then they are
respectively the n and ¢ component of a secondary-coloured integer, namely (k + 1), . Indeed, by (4.1) we
know that
X(u<v) >k =12 x(u<w),
and thus by (4.2),
(((k + Deye,)s CU(k +Deye,)) = (ke le,)-

Hence one can identify Zgs with the set of pairs of primary-coloured integers (ke,,l.,) such that I. < k., <
le, +1.
We now state the bijection.

Proposition 4.1. The map
(7T07 ceey Ms—1,U + ’U) = ((77(770)7 s 777(775*1)7 U‘)7 (C(WO)7 SR C(ﬂ—sfl)v 1)))
describes a bijection from P;“C‘Hd to ]-'i“ld which preserves the size and colour sequence.

To prove that it is indeed a bijection, we need the following lemma which relates the relation >, on Zs
to the order > on Zg through the comparison of their 7 and ¢ components.

Lemma 4.2. For allz <y,z’ <y € O and k,l € Z, we have

kewy >p e, , = (n(k%y) >n(le,, ) and ((ke,,) > g(z%,yy,)). (4.5)
Proof. By (4.3) and (4.4), for all k., , € Zs,
Dk +1es) > nlke,,,) and C((k+ 1)) > C(ke,). (4.6)

Hence, to show that

kcz,y >>p lcz:/,y/ — (n(kcm,y) > n(lcm/'y/) and C(kcm,y) > C(lcz’,, /))?
it suffices to show that

n(lcz,y + P(Cx,yv Cx/,y/)) > U(lcx/,y/) and C(lcm,y + P(Cac,ya Cac’,y’)) > C(lc v /)- (4~7)

Y

Similarly, showing that

Fewy ey = (nke,,) < nlle,, ) or Clke,,) < (e )
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is equivalent to showing that

n(lcm,y + P(Cac,yvczc’,y’) -1)< n(lcwz,y/) or C(lcm,y + P(C%y’ Cx'ay’) —1) <<, ) (4.8)

EaRY)

Moreover, by (4.3), the equivalence (4.5) holds for &, if and only if it holds for k + 1,1+ 1. Thus, without
loss of generality, we may assume that [ is even, so that by setting | = 2m, we have W(lcz/,y/) = Me,, and

C(lc,,/ /) = mcm/ .

0,y

We break the condition z < y,z’ <y’ € O into an exhaustive list of four cases.
(1) If z > 2’ and y > ¢/, then p(cgy, Czr ) = 0, and by (4.1) and (4.3),
Nle,.,) = me, >me, =n(e,, ) and ((e, ) =me, >me, (e, )
so (4.7) is satisfied. Moreover,
Nle,,, —1) =me, <me, =n(c, )

so (4.8) is true as well.
(2) Tz <2’ <y <y, then p(cyy,cpr ) =1, and by (4.1) and (4.3),

(e, , +1)=(m+1),, > me,, and ((l¢, , +1) = me, >me,.

Ca,y

so (4.7) is satisfied. Moreover,

C(lcm,y) =M, < Me_ s

proving (4.8).
(3) If ' <y <49/, then p(cyy, o) =1, and by (4.1) and (4.3),

(e, , +1)=(m+1),, > me,, and ¢l
so (4.7) is true. And

+1) =me, >me,,,

Ca,y

n(lcz,y) = My, < mcym
thus (4.8) is satisfied.
(4) If 2’ >y, then p(cq,y, Car,yy) = 2, and by (4.1) and (4.3), we have

n(le,., +2)=(m+1)., > me,, and (e, , +2)=(m+1),, >m,,
which proves (4.7). Also,

Ca,y

C(lcwy + 1) = Mg, < Me_,,
so (4.8) is true.

In all the above cases, hence when x < y, 2’ </, (4.5) is always true. O

The proof of Proposition 4.1 follows immediately from (4.4) and Lemma 4.2.

4.3. Minimal parts. In this section we study the case @ = [n]. The set of secondary colours S is the same
as the one defined in Section 3.4, and the function p coincides to the one defined in Lemma 3.12 restricted to

S2. We show that there is a bijection between the set Pi,p defined in Section 3.4 and certain C’T(Ll)—Frobenius
partitions.

Theorem 4.3. The map
(7T07 sy Ts—1, chi) = ((77(770)’ s ’77(775—1)7 n(wi))a (C(Tro), s 7C(7TS—1)a C(wl)))

Oc—,0c, Ocy— Lo . . ‘
describes a bijection from P; , to Fo ' (resp. Fs & 1) forie{l,...,n} (resp. i =0). Moreover this
bijection preserves the size and colour sequence of all the parts except the last.

To prove Theorem 4.3, we show that for all ¢ € {0,...,n}, the set P; , can be identified with by P,
where
. (—1)%T if i =0,
ifie{l,...,n}.

Here we use the convention that n + 1 = n. Combined with Proposition 4.1, this correspondence establishes
Theorem 4.3 .

Ciit1
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Lemma 4.4. Fori € {0,...,n}, the set P; , can be identified with the set Py through the map
@ (7o, -, Ws,l,chi) (0, e ey Ts—1, W)

Proof. For all 7 = (m,. .., 7r5_1,00bi) € Pi.p, we have:
o mj€Zsfor0<j<s—1,
o >, M for0<j<s—1,
® Ty_1 = kcm,y with

E> H(bi ®byy) if byy # cs,,
|1 if by y = cp,-
The map ¢ only modifies the last part. Hence we only need to show that (4.9) is equivalent to
Ts—1 >>p Wi .
We treat separately the cases i =0 and ¢ € {1,...,n}.
(1) For i =0, (4.9) simply becomes k > 1. By (4.6), kK > 1 implies that
W(kcm,y) > 77(16.1,?,) =1, > 1. and C(kcm,) > C(]‘C:I:,y) = Ocy 2 0cy,
and then
n(kcw,y) > OCT = T/(wo) a‘nd C(ka,y) > (_1)CT = C(WO),
which by Lemma 4.2 is equivalent to (4.10). Conversely, if
n(ke, ) > 0 and ((ke, ) > (=1)e;,
then
n(kcz,y) > 1., and C(kcz,y) > 0y
so that & > 1. Thus k > 1 is equivalent to m,_1 >, wo.
(2) For i € {1,...,n}, by Lemma 4.2 we only need to show that (4.9) is equivalent to

ke, ) > Ocerp = n(wi) and ((ke, ) > 0c; = ((wi).

e When we do not have x >y = i, then by Remark 2.5, we have k > H(b; @ by.,) = p(czy,¢;7)s

and (4.9) is equivalent to ke, ,
tlke.,) > 0. and ((k
It suffices to show that (4.11) is equivalent to

n(ke,,,) > Oy and C(ke, ) > O,

) > 0g,.

Ca,y

>, 0Oc, .. By (4.5), the equation (4.9) is also equivalent to

(4.11)

(4.12)

It is straightforward that (4.11) implies (4.12) as O.; > 0. Suppose now that we have (4.12).

If we do not have(4.11), then
U(kcw) - Oc; 2 C(kcmy) = Ocur > Oc,”

so that y = 7 > o > i. Hence, we have z > 7 = i which is a contradiction.
o When z =73 =i, (4.9) becomes k > 1, and by (4.6), (4.9) implies

n(kq;) 2 77(1%) =1e; > 0c and C(kcl;) 2 n(lci;) = 0c; > Oc;.
Conversely, if

n(kclj) > OC; and C(kcl;) > Ocia

i1

then ((ke, -) > (0O, ;) so that by (4.6), k > 0.

e Finally, when x > 7 =14, (4.9) becomes k > H(b; ® b, ) = 0, and by (4.6), is equivalent to

n(kcz,y) > 77(0(:1,1,) = 05,7- and C(kcz,y) > C(Ocz,y) = 0¢, > O;.

The above relation is equivalent to saying that

n(ke,.,) > Oc— and C(ke, ) > 0Oc,.
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5. PARTITIONS DESCRIBED BY FREQUENCIES ON PATHS

So far we have worked with difference conditions, while the CMPP conjecture is expressed in terms of
frequencies and paths. Our goal in this section is thus to connect these two different approaches.

We use the notation of Section 4 with O an ordered set with m elements, where m is a positive integer.
Hence we identify O with {1 <--- <m}.

5.1. Order and paths. Let > be the order on Zg with the following relation:

e 2 g iff n(ke) > n(la) or (n(ke) = n(la) and ¢(ke) < (1a) ) (5.1)
We first define operators on Zg and Zg that will help us formalise the notion of path.

Definition 5.1. Define the operator succ on Zg such that succ(k.) is the smaller primary-coloured integer
which is greater that k. in terms of >. We say that succ(k.) is the successor of k.. Precisely, we have

succ(ke,) = ke,,, for we{l,...,m—1},
succ(ke, ) = (k+1),,.

Note that succ is invertible, and succ™!(k.), called the predecessor of k., is the largest integer in Zgx which
is smaller than k..

Remark 5.2. For all k. € Zgr, succ™ (ko) = (k+1)..

Remark 5.3. By (4.4), for all k. € Zs, there exist a unique integer u such that n(k.) = succ*(¢(k.)).
Moreover u € {0,...,m}.

Now we want to define two operators d and f on Zg such that for k. € Zs,

n(d(ke)) = (k) and ¢(d(kc)) = suce™ (((ke)),
n(f(ke)) = succ(n(ke)) and C(f(kc)) = C(ke)-

In other words, we want d to leave the 1 component constant and transform the ¢ component into its
predecessor, and f to leave the ( component constant and transform the 17 component into its successor.
By (5.1), Definition 5.1 and Remark 5.3, writing n(k.) = succ*(((k.)), we have for all k. € Zg,
n(f(ke)) = succ" 1 (C(f(ke))) and f(ke) > ke, (5.2)
n(d(ke)) = succ*(¢(d(k.))) and d(k.) > k.. (5.3)
Hence by Remark 5.3, d and f can only be defined for k. such that n(k.) = succ*({(k.)) withu € {0,...,m—
1}, i.e. n(ke) < ¢(ke) + 1. Indeed if u was equal to m, we would have n(f(k.)) = succ™ 1 (¢(f(k.))) or

n(d(k.)) = succ®T1(¢(d(k.))), which is not possible.
Thus we define d and f as follows.

Definition 5.4. Let d and f be two operators defined on k. € Zs such that n(k.) = succ*({(k.)) with
u € {0,...,m — 1}, such that
n(d(ke)) = n(ke) and ¢(d(kc)) = suce™ (C(ke)),
n(f(ke)) = succ(n(ke)) and ¢(f(ke)) = C(ke).

Now we introduce the notion of paths in Zs and show key properties satisfied by these paths.

Definition 5.5. A path in Zs is a sequence (eg,...,em,) of m + 1 elements of Zgs such that for all u €
{0,...,m — 1}, either e,+1 = f(ey) Or €yt1 = d(ey).

Lemma 5.6. Let (eq,...,en) be a path in Zs. Then it satisfies the following properties:

1) In terms of the order >, the sequence (n(e;))", s non-decreasing, the sequence (((e;))", is non-
nie; 7=0 J7)j=0
increasing, and the sequence (ej);"zo 1S tnCcreasing.
(2) For alluw € {0,...,m}, ne,) = succ*(¢(ey)).
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Proof. Property (1) follows from Definitions 5.1 and 5.4 and Relations (5.2) and (5.3).

Now let us prove Property (2). For a path (eq,...,en) such that n(eg) = succ®(¢(eg)), we recursively
have by (5.2) and (5.3) that n(e;) = succ®t({(e;)) for j € {0,...,m}, so that 0 < u and u+m < m, i.e.
u=0.

g

We can now state a key result which characterises the relation >, in terms of paths in Zs.

Lemma 5.7. For all k. > lg € Zs, we have k. >, lq if and only if there is no path in Zs which contains
both k. and lg.

Proof. Let k. > lq € Zs. Showing the equivalence above is equivalent to showing that k. %, l4 if and only
if there is a path which contains both k. and I.

=) If ke %, lg, by (4.5) and (5.1), then either (n(kc) > n(ly) and C(k,) < C(ld)), or (n(kc) = (lg) and
Clke) < C(ld)). In both cases, we have
C(ke) < C(la) < nla) < nke) < ((ke) +1.
Hence, there exist 0 < u < v < w < m such that
(la) = succ(((ke)), n(la) = succ”(C(ke)) and n(ke) = succ” (((ke)) -

Let ey € Zs be such that n(eg) = ((eg) = ((l4), and for all t € {1,...,m}, let

ft(eo) ifte{l,...,v—u},

e = dTVTU(fTU(eg)) ifte{fv—u+1,...,v},
Fro(de(fo"(eg))) ifte{v+1,...,m}.

Hence (eq,...,en) is a path in Zs.
Moreover, we have
= Cy—y = lda
— e, is such that (n(e,), C(e,)) = (m(la), C(ke)),
— ey = ke.
Therefore, k. and g both belong to the path (e, ..., en).
<) Conversely, suppose that k. and I4 belong to a path (eg,...,en) in Zs. As k. > lg, we either have

n(ke) > n(la), or n(ke) =n(la) and ((ke) < ¢(la)-
— If n(k.) > n(la), we know that (n(e,))l, is non-decreasing by Lemma 5.6. Thus there exist
u < v such that lg = e, and k. = e,. Again, by Lemma 5.6, (((e,))i, is non-increasing, and
we have

C(ke) = ¢lew) < C(ew) = C(la) -
Therefore, by (4.5), ke %, la.
— If n(kc) = n(la), then by (4.5), k. %, la.
O

5.2. Frequencies, paths and partitions. In this section, we connect generalised coloured partitions with
order >, to partitions with frequency conditions on paths in Zs.

For x € {1,...,m}, set T :=m+1—wx. Also set wg := (—1),,,,, and fori € {1,...,|m/2]}, w; := 0,
Let

A

Q={wy,:uec{0,...,|m/2]}}U{0.,, :uec{l,...,[m/2]}}.

When O = [n], the bars and w;’s are defined as in the previous sections.

The sequence £ = (eg, ..., en) defined by e, o, := w, for u € {0,...,[m/2]} and ep—2ut1 = Oc,
for w € {1,...,[m/2]} is a path in Zs. Indeed e;,_2, = d(em—24—1) for v € {0,...,[m/2] — 1} and
em—2ut1 = f(em—2u) for uw € {1,...,|m/2]}. Finally, set

7§ ={0c,,:m>y>x>7>1}U(Zs)s,
26
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Let Ps denote the set of generalised coloured partitions with parts in Z‘Jg and order >. Recall that any
partition m € Pg can be written as its frequency sequence (f,) wezts where f, is the number of occurrences

of u in . We then have
cmd™ = ] (C(u)q'“l)

The main result of this section is the following.

fu

Theorem 5.8. Let w € Q. Let P¢ be the set of partitions of Ps whose frequency sequence (fu)uezg is such
that, by considering fictitious occurrences of elements in Q with f, =1, we have

feo Tt fe,, £1

for all paths (eg, ..., em) in QU Zg.
Recall that P, denotes the set of generalised coloured partitions with parts in Zs, order >,, and last part
equal to w.

There exists a bijection A between P, and Pg which preserves the size and the colour sequence when
omitting the last part w.

To prove Theorem 5.8, we first need two lemmas.

Lemma 5.9. Let lq € QUZE and let k. € Zs such that n(k.) > n(lq) and ((k.) > ((lq). Then

(1) iflq € T, then k. € T,
(2) if lg € Q, then k. € QU Z;. In particular, if ke >, la, then k. € Zg.

Proof. Let ke, lg € QUZE such that n(ke) > n(ly) and ¢(k.) > ((l4) (and thus k > [). Write ¢ = ¢, ,, and
d = ¢y, Observe that when k > 1, the result is straightforward as k. € Z‘Jg.

(1) Suppose that lq € Zf. If I > 0, then k > > 0 and we conclude.
Otherwise, I = 0,1 <7 < a2’ <m and k > 1 > 0. The case k > 0 being obvious, suppose that
k = 0. By (4.2), 0., = n(k:) > n(la) = Oc, and O, = G, > ((la) = O, so that, by (4.1),
1 <7y <7y <z’ <z <m. Therefore, k. € ng'.

(2) Suppose that lg € Q.
(a) When l; = wg, we have n(k.) > 0., and ((k.) > (—1).,,-

o If ((k.) = (-1),,, then n(k.) < ((k.) +1=0,,, so that n(k.) = 0., and k. = wy € Q.

o If ((k.) > (1), , then ((k.) e and k > 0. The case k > 0 being obvious, suppose
that £ = 0. By (4.2), ¢(k.) = 0., < 0,,, so that (k) =0, and 1 =m =7 < x. If
x> 1, then k. € Z{, else, k. = Oc, ; €9

In particular, when k. >, Iy = wo, then by (4.5), n(k:) > 0
n(ke) > 1., and ((kc) > O.,. Hence, k > 1 and k. € Z{.
(b) When lg # wo, lg is of the form O, ; or 0., . Hence, by (4.2), ((k:) > ((la) = O, and
n(ke) > n(la) > Oc, and thus k > 0. The case k > 0 being obvious, suppose that k = 0.
Then, by (4.2), 0., > 0., and O, > Ocrrys L€ x>iandy>7+ 1.
eIfy=i+1andi <z <i+1,then k. € Q.
Ify=i+1and z >i+1, theny < z and k. € Z£.
If y =14 and x = i, then k. € Q.
If y=1iand = > i, then ¥ < z and k. € Z§.
Ify > i, theny <i <z and k. € ZJ.
In particular, when & = 0 and k. >, lg, by (4.5) and (4.2), 0., = ((kc) > ((lq) = 0., and
0c, = n(ke) > n(la) > 0c—. Hence, y <i+1 <z and k. ezf.

Cm,

<
>0

and ((k.) > (—1).,, so that

Cm

O

Lemma 5.10. Let k.,l; € QU Z; such that k. and lg belong to a same path in Zs. Then, there exists a
path in QL Z}' which contains both k. and l4.
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Proof of Lemma 5.10. Without loss of generality, suppose that k. >[5 € QL Z; that k. and l4 belong to a
same path in Zg. Similarly to the proof of Lemma 5.7, we have

n(ke) —1 < C(ke) < C(la) < nla) < n(ke).
Set 0 < u < v <w < m such that

n(ke) = succ*(n(le)) = succ”(C(la)) = succ® (C(ke))-
Let (eq,...,em) be the path defined by

(n(e;),¢(e5)) = (n(la), succ™ (n(la))) for j € {0,...,v—u},
(n(e;),¢(e;)) = (succ? =**(n(la)), (1)) for j € {v—u+1,... 0},
(n(e;), C(eg)) = (nlke), succ'™(C(la)))) for j € {v+1,... w},

(n(e;), Cleg)) = (suc? " (n(ke)), C(ke)) for j € {w+1,...,m}.
Then, e,_, = lq and e,, = k.. For all j € {0,...,v}, n(e;) > n(lg) and ((e;) > ((l4), and Lemma 5.9 implies
that e; € QUZE. Similarly, for all j € {v+1,...,m}, n(e;) > n(k.) and (e;) > ((k.) so that e; € QUZE.
Hence (eg,...,€m) is a path in Q U Z§ which contains both k. and 4. O

n(ej),¢(e;

@

)

We are now ready to prove Theorem 5.8.

Proof of Theorem 5.8. Let m = (mo,...,ms—1,w) € Py. By (4.5), the relation >, is transitive. Thus, since
Ty >p -0 >, Te—1 >, w, we have m, >, m, forall0 <u<v<s—landm, >,wforall 0 <u<s—1.
Hence, by (2) of Lemma 5.9, m, ..., ms_1 € Z%. Since by (4.5) and (5.1), k. >, lq implies that k. > l4, then
7 := (mg,...,ms—1) belongs to Ps.

Set A(m) := . The frequencies of 7 are f, = 1 for all u € {mg,...,ms—1} and f, = 0 for all u €
Z%\ {mo,...,ms—1}. Finally, add fictitious frequencies (f,)ueco With f, = x(u = w) for all u € (.

By Lemma 5.7, any path (eq,...,en,) in QU Z;f C Zs contains at most one element of {7, ..., ms_1,w},
and then

feo+ -+ fe,, < 1.
Thus A(m) € PE.

Conversely, let @ = (mg,...,ms-1) € P¢ and let ( fu)uezfg be its frequency sequence. Then f, = 0 for

all u € O\ {w} as € is a path in Q. Moreover, f, < 1 for all u € Z£, since there exists a path in Q UZJ
containing v by Lemma 5.10 in the case u = k. = 4. Hence, mg > --- > ms,_1. By Lemma 5.10, two distinct
elements in {7, ..., 7Ts_1,w} do not belong to the same path in Zgs, otherwise they would belong to a path
in QUZZ. Therefore, by Lemma 5.7, for all u € {0,...,s—2}, we have m, >, T,11. Finally, by Lemma 5.7,
we have either m,_1 >, w or w >, m,_1 according to whether m;_; > w or m;_; < w. But, by Lemma 5.9,
as me_1 € Z}', w %, ms_1. Therefore, ms_1 >, w. The sequence 7 = (mp, ..., Ts_1,w) is then well-ordered
by >, and belongs to Py. We set A~!(7) := .

It is then straightforward that A and A~! are inverses of each other as we only add/delete a part w. The
size and colour sequence are preserved by omitting the part w. O

5.3. Specialisation. The CMPP conjecture expresses the principally specialised characters of standard
modules of Cr(bl) as a generating function for partitions. So far the present paper has only dealt with
non-dilated character formulas and partitions (which is more general). To make the connection with the
conjecture, in this section, we give a dilated version of Theorem 5.8 which corresponds to the principal
specialisation.

Recall that (O, >) be an ordered set which can be identified with {1,...,m} for some integer m, that the
set of primary colours is R = {¢, : v € O}, and that the set of secondary colours is S = {czy = cacy =
CyCy tx <y e O}

Let 1 denote the transformation defined, for all k.; € Zz, by

1 (ke,) = km — mTH + .
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We have the relation 1(succ(k.)) = 1(k.) + 1 for all k. € Zr. Therefore, the map 1 describes a bijection
from Zg to Z,,, where

_ Z if m odd
"o Z—i—% if m even.

For all k. € Zs, let 1(k.) be the part of size 1(n(k.)) + 1({(k.)) with subscript 1(n(k.)) — 1(¢(k.)). By
(4.4), the subscript belongs to {0,...,m}. For example,

1((2K)e, ) = ((2k — D)m + 1) and 1((2k + 1), ,) = (2km + 1) ,
1((2k)e, ) = (2km)m_1 and 1((2k + 1), ) = ((2k + 1)m)1
1((2K),..,) = (2K + )m — 1o and 1((2k — 1).,,.,.) = (2km — 1),

Observe that the difference between the size and subscript of 1(k.) has the same parity as m+ 1. Conversely,
for I,d € Z such that d € {0,...,m} and | —d = m + 1 mod 2, one can find a unique k. € Zs such that
1(k.) = lg. Indeed, 1(n(k.)) = % and 1(¢(k.)) = % belong to Z,,, and n(k.),((k.) are uniquely
determined in Zg. In the following, set for k € Z U {—o0},

Ep,={lg:1>k,de{0,....m},I—d=m+1 mod 2}.

Hence, the map 1 is a bijection from Zs to E_, and the following statement holds.

— =

Lemma 5.11. We have

(1) 1(2) = By,

(2) 1(0 c; *) = Om—2j+1 for j € {1,...,[m/2]},

(3) 1(w;) = (~Dm—s; for j € {0,....[m/2]}.
Proof. Note that for all k. € Zs, 1(k. + 2) = 1(k.) + 2m, since by (4.3), L(n(k. +2)) = L1(n(k.) + 1) =
1(n(ke)) +m, and 1({ (k. + 2)) 1(¢(ke) +1) = 1(¢(k.)) + m. Hence, writing

Z =0 I<yg<z<y<mpu{le:ceStu{2, :1<z<y<z<m},

Ca,y *

we have
ZE={z+2k:k>0,2€ Z} U{O. + 2k : k> 0,5 € {1,...,[m/2]}}.

Thus, to prove (1) and (2), it suffices to show that 1(Z) = Ei \ Eay and 1(0c, o) = Op—oj41 for j €

{1,...,[m/2]}.
For i € {1,...,[m/2]}, we have

m+1

H(C(Ocjj)) 1(0(!]) = 77 J
1(n(0,,)) = 10) = " -,
and then 1(0 c; 7)—0m+1 9j. For 1 <y <z <y<m,
101(0.,.,)) = 10,) < 1(0,,,) = "
1(¢(0e,,)) = 1(0.,) > 1(0.,) = —1(0e, ),

m+1
1(C(2e,)) = 1(1e) 2 1(1) = "L
1(77(2% y)) = ]l(lcy) < ]l(lcf) =m+ 1@%) =m— ]I(OC:L') =2m — ﬂ(lcw)a
and then m < 1(n(0c, ,)) +1(n(0, ,)) < 2m. Finally, for 1 <z <y <m,
m+ 2l 11,) > 1(L,,) = (1) = 1(1y) = m+ T,
m—1 1—-m



and then 0 < 1(n(0c, ,)) + 1(n(0, ,)) < 2m. Hence, 1 (Z) C E1 \ Eap.
Moreover, as

S={cpy:1<z<y<m}
={czy:1<z<y<T<milU{cy:1<z<y=Z<m}U{cy:1<7g<z<y<m}
we have |Z| = 2|S| — [m/2] = m(m + 1) — [m/2]. Furthermore, in Fy \ Fa,,, the m odd numbers appear

with subscripts of the same parity as m, and the m — 1 even numbers appear with subscripts of the same
parity as m + 1. Thus

|1\ Egm| = m(1+[m/2]) + (m = 1)[m/2] = m(1 + [m/2] + [m/2]) — [m/2] = m(m +1) — [m/2].

Along with the fact that 1 is injective, we obtain that 1 (Z) = E; \ Ea,,. Thus (1) and (2) are proved.
Let us now prove (3). We compute 1(w;) for i € {0,...,|m/2]}. For i =0,

L(n(wo)) = 1(0.,,) = L and 1(¢(wo)) = 1((~1).,) = _mTH’
and then 1(wp) = (—1),,. For 1 <j < |m/2],
L((w;) = 1(0e ;) = —j + L and 1(¢(w;)) = 1(0,) = _mTH ¥,
and then 1(w;) = (—1)m—2;- 0

By Lemma 5.11, 1(Q) = E_; \ Ey. If (eq, ..., e,) is a path in Zg, then 1(e;) is of the form (1¢)); with

16D 19 +1 if ejyn = fey),
l(]) —1 if €j4+1 = d(@j).

A sequence ((I9)g,...,(17™),,) such that for all j € {0,...,m — 1}, 1U+D = (0) + 1 and (1)), € Ey
(k € ZU{—00}) is called a path in Ej.

Conversely, any path in E_ is the image by 1 of a path in Zs. By Theorem 5.8 and Lemma 5.11, we
derive the following theorem.

Theorem 5.12 (Dilated version of Theorem 5.8). Let w € Q. Denote by PY“) the set of partitions with
parts in Ey such that, letting f, be the frequency of w for all w € Ey, and setting fictitious frequencies
fu = x(u=1(w)) for allu € E_1 \ E1, we have

Jeo T+ fe,, <1
for all paths (eg, . ..,em) in E_1. Then,

> @ =1 @)Y Cm”

rePl(w) WGP‘;

Remark 5.13. In the formula above, multiplying ) _p. C(m)q!™ with the factor c(w)~'q~ ! amounts to

not counting the fictitious part w in the generating function.

5.4. Proof of the CMPP conjecture of level one weights and generalisation. Finally, we use par-
ticular cases of the results of the previous sections to prove Theorem 1.15, i.e. that the CMMP conjecture
in the case of level 1 standard modules L(Ag), ..., L(A,) of eV,

Let m = 2n. One can then identify O with the set m ={1,...,n,m,...,1} associated to the crystal B of
C,(f), and the parts w; defined in Section 5.2 are exactly those of Section 4.3. By setting

1 n—1 .
cj?l =c¢j = e T2u=; % for j € {1,...,n},

where the o;’s are the simple roots, we have ¢, , = cycy = eVt (@) for all (z,y) € B\ {0}. The principal
specialisation is the transformation e~® + ¢, and since 6§ = ag + o, + 22?:_11 o, we have that e 9
¢*>". Hence, the principal specialisation corresponds exactly to 1. Thus Theorem 5.12, together with the
identification of P; , to P, in Lemma 4.4, implies Theorem 1.15.
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6. CONCLUSION

In [CMPP21], Capparelli-Meurman—Primc—Primc gave an analogue of their conjecture for odd moduli,
which would correspond in our setting to the case m = 2n — 1. We reformulate this conjecture as follows.

Conjecture 6.1 (Reformulation of the CMPP odd conjecture). Let ko, ..., k, be non-negative integers and
ko,-..

denote by Qy P the set of partitions into parts in Ey such that, by setting f, the frequency of u € E1 and

fictitious occurrences of u € E_1 \ E1 with f_1y,, , ,, = ki fori€{0,...,n—1} and f), = kn,
feot F feg s kot - +ky

for all path (eg,...,ean—1) of E_1. Then,

(qj; q2n+2k+1)oo

b

Z q|ﬂ-| - Ha6{2n+2k+1}";bEA(kl+1,...,kﬂ,+1);j:a,b,2n+2k+1—b
kg (9%

where k = ko + -+ + k.

In the case n = 1, we retrieve the Andrews-Gordon identities, which, in the literature, are linked to the

representations of type A:(ll). It is then legitimate to look for some Lie-algebraic interpretation of the general
conjecture. The non-specialised version of the conjecture would then be in the following form.

Conjecture 6.2 (Non-specialized version of the conjecture). Let ko, ..., k, be non-negative integers, and
denote by ng""’k" the set of partitions into parts in Z; such that, by setting (fu)ueZ;r the frequencies of
the parts and considering fictitious occurrences of elements in Q with f,,, = k; for i € {0,...,n — 1} and
foc%n = k,, we have
Jeot oot fes s Skot ...t kn

for all path (eg,...,ean—1) of QU Zg. Hence, for some suitable variables q and ¢; for alli € {1,...,n}, we
have

Yo Cm)gm = eTRotom TR ch (M (koMo + -+ + k) (6.1)

7\'6@20 ----- kn

for a certain highest weight module M (koAo + - - - + knAy) of a certain type T.

In the case of Ag) which we treated in [DK22a], we were also able to rewrite our generating functions for
coloured Frobenius partitions as the constant term in an infinite product, and as a sum of infinite products.
This yielded two non-specialised character formulas with obviously positive coefficients and allowed us to
retrieve the Kac-Peterson [KP84] formula. Unfortunately we have not yet been able to find an equally
simple formula for the generating function of 'Y Frobenius partitions. Progress in that direction would be
interesting as it would lead to non-specialised character formulas with obviously positive coefficients for level
1 standard modules of C,(ll) as well.
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