AN OVERPARTITION ANALOGUE OF ¢-BINOMIAL COEFFICIENTS, II:
COMBINATORIAL PROOFS AND (¢,t)-LOG CONCAVITY

JEHANNE DOUSSE AND BYUNGCHAN KIM

ABSTRACT. In a previous paper, we studied an overpartition analogue of Gaussian polynomials
as the generating function for overpartitions fitting inside an m X n rectangle. Here, we add one
more parameter counting the number of overlined parts, obtaining a two-parameter generalization
[m+n

n
we obtain finite versions of classical g¢-series identities such as the g-binomial theorem and the

Lebesgue identity, as well as two-variable generalizations of classical identities involving Gaussian
polynomials. Then, by constructing involutions, we obtain an identity involving a finite theta

}q . of Gaussian polynomials, which is also a (g,t)-analogue of Delannoy numbers. First

m+n]
n lq,t’
combinatorial proofs and the consequences of our results on Delannoy numbers. We conclude with

function and prove the (q,t)-log concavity of [ We particularly emphasize the role of

m—+n

some conjectures about the unimodality of [} ]q .-

1. INTRODUCTION

Gaussian polynomials (or ¢g-binomial coefficients) are defined by

42

n Q)m (Q)n ’

where (a), = (a;q) = H?Zl(l —ag’™1) for k € Ng U {oo}. They are the generating functions for
partitions fitting inside an m x n rectangle. In our previous paper [10], we studied an overpartition
analogue [™*"]
fitting inside an m x n rectangle. We recall that an overpartition is a partition in which the last

occurrence of each distinct number may be overlined [9], the eight overpartitions of 3 being

3,3,24+ 1,24+ 1,24+ 1,2+1,1+1+1,1+1+1.

. of these polynomials as the generating function for the number of overpartitions

In this paper, we add a variable ¢ counting the number of overlined parts in our over g-binomial
coefficients and define

[m”‘] =Y Blm,n,k, N)t*q",
q,t

" kj0
where p(m,n, k, N) counts the number of overpartitions of N, with k overlined parts, fitting inside
an m X n rectangle, i.e. with largest part < m and number of parts < n. We call these two-variable
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polynomials [er"]q’ , over-(g,t)-binomial coefficients or (g,t)-overGaussian polynomials. If we set
t = 0, meaning that no part is overlined, we obtain the classical g-binomial coefficients, and if we set
t = 1 we obtain the over ¢-binomial coefficients of [10]. As we shall see in Section 2, the polynomials
[+ ,.¢ Are also (g, t)-analogues of the Delannoy numbers D(m,n) [7].

Again, by conjugation of the Ferrers diagrams, it is clear that

{m + n} B {m + n}
no |, m |,

Most of our results of [10] easily generalize to this new setting. Moreover, the new variable ¢ also
allows us to do more precise combinatorial reasoning. Therefore in this paper we mainly focus on
combinatorial proofs, which turn out to be very powerful and often simpler than g-theoretic proofs.

The limiting behavior of over-(g, t)-binomial coefficients is interesting, with

nlingomq’t = (},tf)

as when n tends to infinity, the restriction on the size of the largest part (or equivalently the number
of parts) disappears. From this limiting behavior, we expect natural finite versions of identities in
which overpartitions naturally arise. In this direction, we consider finite versions of classical g-series
identities. For example, we prove a finite version of the ¢-binomial theorem.

Theorem 1.1. For every positive integer n,
k—1 —t2q?)p—
Z |:n T :| 2Kk = % (1.1)
k>0 LI P (2q)n

By taking the limit as n — oo, we find that

Z (—tOr gk (—t2¢*)oo
2 = ————.
= @k (2¢) oo
Replacing z by z/q and t by —t/q gives the ¢-binomial theorem.

We also prove a finite version of a special case of the Rogers-Fine identity.
Theorem 1.2. For a positive integer n,

n+k—1 Kok KR (—tzq?) (-1 ok2 [N —2
Z |: k :|q,tz = Z k q.t T k q.t .

= = (2Q)k+1

By taking the limit as n — oo, we obtain

(—tQ)kzk k_ quk2+k(_t2q2)k(_t4)k 2q2kt2
L T i O

which is the case a = 1 of the Rogers-Fine identity [11]

Z %Zk k_ Z a* 2P g R (—t2q? fa)i (—tq) (14 tzq?+2).
= (a@k = (aq)k(2@)r+1
We also prove the following very curious identity, which contains a truncated theta function.
Theorem 1.3. For each nonnegative integer n,

- ks 0 if n is odd,
Z(—l) = n/2 P2 .
k], 1 > (=1)¢’"  if n is even.

j=—n/2
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This identity is interesting in several aspects. First of all, it is not clear at all how the cancella-
tion occurs. Its proof is reminiscent of Franklin’s proof on Euler’s pentagonal number theorem [5,
Theorem 1.6]. Secondly, it also resembles Zagier’s “strange” identity [20]:

_ 1 (k?—1)/24
kZZO(Q)k =-3 gx(k)q :
In our case, by taking the limit as n goes to infinity, we obtain the “formal” identity
SR Sy,
k>0 (@)x kez

Here by “formal” identity, we mean that the left-hand side does not converge as a power series in q.
Thirdly, in a g-theoretic sense, Theorem 1.3 is equivalent to

S S g [ f o

l7]<n

zn: gFeD/2 [2” - k] {n] _
n q k q

k=0
Lastly, the involution to prove Theorem 1.3 implies the following identity.

Corollary 1.4. For each positive integer n, we have

~ ([ n—1 B PN
et (B B) - e
k=1 a1 o1 l71<L(n+1)/2]

Corollary 1.4 is a finite version of a special case of Alladi’s weighted partition theorem [1].
We also study g¢-log concavity properties. In [8], Butler showed that g-binomial coefficients are
g-log concave, namely that for all 0 < k < n,

AR

has non-negative coefficients as a polynomial in ¢. Actually, Butler [8, Theorem 4.2] proved a much

stronger result, namely that )
n| [n n n
— (1.2)
Ll ),

has non-negative coefficients as a polynomial in ¢ for 0 < k£ < ¢ < n. Here we prove that over-
(g, t)-binomial coefficients satisfy a generalization of this property, and therefore are also (g, t)-log
concave.

Theorem 1.5. For all0 < k </{<n,

mq,tmq,t - [k : 1} 2t M 1] 0

has non-negative coefficients as a polynomial in t and q.

Our proof is again combinatorial, as we construct an injection to show the non-negativity. The
g-log concavity of ¢-binomial coefficients and of Sagan’s ¢-Delannoy numbers [17], as well as the
log-concavity (and therefore unimodality) of Delannoy numbers follow immediately from the proof
of Theorem 1.5, as we shall see in Section 6.

The remainder of this paper is organized as follows. In Section 2, we study basic properties
of over g-binomial coefficients and give connections with Delannoy numbers. Then in Section 3,
we study finite versions of the g-binomial theorem, a special case of the Rogers-Fine identity and
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the Lebesgue identity. In section 4, we focus on two-variable generalizations of classical identities
involving binomial coefficients. Then in Section 5, we give the involution proof of Theorem 1.3.
In Section 6, we prove Theorem 1.5 by constructing an involution and study its implications. In
Section 7, we conclude with some observations and conjectures concerning the unimodality of the

over-(q, t)-binomial coefficients [mrf"]q -

2. BASIC PROPERTIES AND CONNECTION TO DELANNOY NUMBERS

The Delannoy numbers [7] D(m,n), also sometimes called Tribonacci numbers [2], are the number
of paths from (0,0) to (m,n) on a rectangular grid, using only East, North and North-East steps,
namely steps from (4, 7) to (i +1,7), (4,7 + 1), or (i + 1,5 + 1). Let D,,,, be the set of such paths.
For a path p € D,, ,,, we define the weight of each of its steps p;, as

0, if it goes from (7, 7) to (i + 1,7),
wt(py) = < 1, if it goes from (4,7) to (4,5 + 1),
1+ 1, ifit goes from (i,j5) to (i + 1,5+ 1).

Then we define the weight wt(p) of p to be the sum of the weights of its steps, and d(p) to be the
number of North-East steps in p. By mapping North-East steps to overlined parts, we obtain a
bijection between Ferrers diagrams of overpartitions fitting inside a m X n rectangle and Delannoy
paths from the origin to (m,n). Therefore, we can see that over-(q,t)-binomial coefficient are
generating functions for Delannoy paths.

Proposition 2.1. For non-negative integers m and n,

{m + n] _ Z $4(p) gt (p)
n
@t pEDm g

In this sense, we can say that over-(q,t)-binomial coefficients are (g,t)-analogues of Delannoy
numbers, which generalize the g-Delannoy numbers introduced by Sagan [17] (after exchanging ¢
and q),

DQ(mvn) = Z qd(p)-
PEDm,n

In particular when ¢ =t =1 we have

T =)

A different g-analogue of Delannoy numbers has been given by Ramirez in [15].

Most of our results of [10] generalize to the new setting with the additional variable ¢. It is
sufficient to keep track of the number of overlined parts in the original proofs. Here we present
two of them which have an interesting connection with Delannoy numbers. Now we give an exact

m—+n

formula for [ " Lm.

Theorem 2.2. For non-negative integers m and n,

{m + n} - mifi”f”} tkqi’“k’;” (D mtn—k 1)
n q,t k=0 (Q)k(q>m7k(q)n7k ’ '
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Proof. As in [10], let G(m,n, k) denote the generating function for overpartitions fitting inside an
m x n rectangle and having exactly k overlined parts. We have

G(m,n, k) = qk(kizﬂ) [m] {n tm= k] = qik(kzﬂ) (@)mtn—k
q q

k n—k (Dr(Dm—r(@Dn—r

Since G(m,n, k) is non-zero if and only if 0 < k < min{m,n}, we have

[m—i—n] _ mingﬂn} tké(m n ]f) — min{fﬂl} tkq k(k;rl) (Q)m+n7k
N Qg =0 o =0 (Dr(@)m—k(D)n—r

O

The case t = 0 gives the classical formula for Gaussian polynomials and the case t = 1 corresponds
to Theorem 1.1 in [10]. Lemma 3 in [4] is essentially another formulation of Theorem 2.2, but their
proof is more complicated as it involves several g-series identities, while ours is purely combinatorial.
Moreover, when ¢t = ¢ = 1, we obtain the following classical formula for Delannoy numbers:

=2 () (")

k=0
Note that using ¢-multinomial coefficients
[a +b+ C} — _(@atbie
a,b,c q (Q)a(Q)b(Q)c7

we can rewrite (2.1) as

[m + n] B mh%’n} ph g 50 { m+n—k } (2.2)
no gy — k;,m—k:,n—k'q

In the same way, the analogues of Pascal’s triangle of [10] can also be generalized.

Theorem 2.3. For positive integers m and n, we have

m-+n m+n-—1 nlm+n—1 nlm+n—2
= +q + tq , (2.3)
g n—1 q;t n q;t n—1 q;t
m-+n m-+n—1 mlmA+n—1 mlm+n—2
n g n q.t n—1 q,t n—1 q,t

Again ¢ = 0 gives the classical recurrences for g-binomial coefficients, ¢ = 1 gives Theorem 1.2
of [10], and t = ¢ = 1 gives the classical recurrence for Delannoy numbers:

D(m,n) =D(m—1,n)+ D(m,n—1)+ D(m —1,n—1).
We also obtain (g, t)-analogues of two other classical formulas for Delannoy numbers. Recall that

the basic hypergeometric series ¢, are defined by

(a’l)n(a2)n e (ar)n (n—1)/2 1+s—r
r(bs(ahag,...,ar;bl7...7bs;q,z) ;:Z (_1)’nqnn )/ on
n>0 (Q)n(bl)n e (bs)n ]

We can express over-(g, t)-binomial coefficients using a basic hypergeometric series.

Proposition 2.4. For all m,n positive integers,

m-+n m-+n o . o
{ ] = { ] 201(¢7 "¢ " g7 " q, —tq).
n a.t n q

)
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Proof. We may assume m > n, as otherwise we could consider the conjugate of Ferrers diagram of
the overpartitions. Using the fact that

we derive that
n
201(g " g g, —tg) = (—tq)*

k(k+1)/2

k
_ (D)n(@)m - (q m+n7ktkq
B kZ:O (Dn—k(Dm—k(D)k

as desired. O

By setting t = ¢ = 1, we can recover the well-known formula for Delannoy numbers
D(m,n) = (m + n>2F1(—n, —m;—m —n; —1),
n

where o F is a hypergeometric function.
Moreover, from [12, Appendix II1.8] we have a transformation formula for the terminating series

b)n _ _
201(q" " b q,2) = (C(é)) b 301(q" ", b,q/2:bq" " /c;q,2/c).

, and z = —tq, we find another expression for over-(g, t)-binomial

—_n—m

By setting b = ¢~
coefficients.

;€ =4

Proposition 2.5. For all non-negative integers m and n,

T min{m,n}
[m"'”] _ Z 2k gt D21 /), [m} [“} _
n q,t k=0 k q k q

By setting ¢ =t = 1, we can obtain another well-known formula for Delannoy numbers

ponn =" 3 #(7) ;)

k=0
Actually, the bijection given in [9, Theorem 1.1] gives a combinatorial proof for Proposition 2.5. As
details are lengthy and we do not use this bijection later, we omit details here.

3. FINITE VERSIONS OF CLASSICAL ¢-SERIES IDENTITIES

3.1. The ¢-binomial theorem. In this section we use the (g, t)-overGaussian polynomials [m:"]

to prove new finite versions of classical g-series identities. Recall the g-binomial theorem.

q,t

Theorem 3.1 (¢-binomial theorem). For |t|,|z] <1,

%zk _ (t2) s
2t T O

We start by giving two different finite versions of the g-binomial theorem involving over-(g, t)-
binomial coefficients. We first prove combinatorially Theorem 1.1.
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Proof of Theorem 1.1. Notice that zF¢* generates a column of k unoverlined 1’s. We append the
partition generated by ["*F~ 1} , to the right of these 1’s. Therefore, we find that the left-hand

side of (1.1) is the generating function for the number of overpartitions with largest part < n and
no overlined 1, where the exponent of z counts the number of parts and the exponent of ¢ counts
the number of overlined parts. It is clear that the right-hand side of (1.1) generates the same
partitions. O

Moreover Proposition 3.1 of [10] can be easily generalized by keeping track of the number of
overlined parts in the original proof, and gives another finite version of the g-binomial theorem.

Theorem 3.2 (Generalization of Proposition 3.1 of [10]). For every positive integer n, we have

((_1+Z kk<|:n+k L,t*'t[nZE;zL’)'

k>1

By letting n tend to infinity, we obtain the following.

Corollary 3.3 (Generalization of Corollary 3.2 of [10]). Let p(n, k, £) be the number of overpartitions
of n with k parts and ¢ overlined parts. Then,

S Bn k. 0)z t‘”((1+zquq

n,k,£>0 E>1

Now replacing z by z/q and ¢ by —¢ in the above gives the ¢g-binomial theorem.

3.2. A special case of the Rogers-Fine identity. We now turn to the proof of Theorem 1.2,
which uses Durfee decomposition.

Proof of Theorem 1.2. We first observe that for every positive integer n,

n+k—1 quk2+k —t¢®) [n—1
Z[ ; } gt =3 ( )k{ . }
q,t

k>0 q.t k>0 (2)k+1 ,
tquk2+k tq Vi1 [n—2
_|_
> o1
k>0 q;t

The left-hand side is the generating function for the number of overpartitions with largest part <n
and no overlined 1, where the exponent of z counts the number of parts and the exponent of ¢
counts the number of overlined parts, as in the proof of Theorem 1.1. Now we consider the Durfee
rectangle of size (k + 1) x k. We can distinguish two cases according to whether the bottom-right

corner of Durfee rectangle is overlined or not. When it is not overlined, z¥q Ktk generates the Durfee
2
rectangle. Moreover, ((; Zz)q i generates the overpartition below the Durfee rectangle and [” 1]q .

generates the overpartition to the right of the Durfee rectangle. When the bottom-right corner of

the Durfee rectangle is overlined, tz%¢*°*# generates the Durfee rectangle. Since the parts below
2
the Durfee rectangle are less then k + 1 in this case, they are generated by %. Moreover,

™Tm—2]
fari
Durfee rectangle. By replacing k by k + 1 in the second sum, we obtain the desired identity. O

there could be no further overlined k£ + 1, so [ generates the overpartition to the right of the



8 JEHANNE DOUSSE AND BYUNGCHAN KIM

3.3. The Lebesgue identity. Finally we also have a generalization of Sylvester’s identity [18],
which is a finite version of the Lebesgue identity. We define

S(nity,a) =1+ ( {n_ 1} q’tWyjqu +mq,t(_tyq»)jyjqj2> .

= Ya)j—1 (¥a);
Theorem 3.4 (Generalization of Theorem 3.4 of [10]). For any positive integer n,

e @)

The new variable ¢ allows us to deduce Lebesgue’s identity from Theorem 3.4.

S(n;t,y;q) =

Corollary 3.5 (Lebesgue’s identity). For |q| < 1,
R G L

(—tq)rq
2 (@)x (45 6%) o

k>0

Proof. In (3.1), we replace ¢ by ¢2, t by tq, and y by 1/q. Then, by taking the limit as n goes to
infinity, we find that

(—t¢* ¢%) oo 1+th “1(=tg* ¢ 275 (_tq3§q2)j(_tq2§q2)jq2j2—j
(¢50%) 0 = )j- 1(q7q )j-1 (¢%4¢*);(a:4%);
-1 +th(_xq2)2j—2q2j2—j + (—t92)2j q2j2—j
= (Q)2j72 (Q)2j
_ —tq)aj—1tq(L—q¥7Y) 5o 5 (—tq); L+tg ™! i
_1+Z(t) tq(1 231)J]+(t) 1+ tg* ! 0n
= (@21 1+41g (@)2;  1+tg
27 27
_ 1+Z tq 2j-1 ( 1+1q J) 4 (—1q)2; (qzj _1—g¢ J) U
i>1 2] 1 1+tq (q)Qj 1+tq
_ 1+Z tq (ta)ajr o525 (—tq)2; 2
J>1 0)2j-1 (9)2

Z —tq) qJ(J+1)/2
j>0

O

Thus we can see Theorem 3.4 as a finite version of the Lebesgue identity. Two different finite

versions were given by Rowell [16], and Alladi and Berkovich [4], respectively. Alladi [3] gave another
proof of the Lebesgue identity in terms of partitions into distinct odd parts.

4. GENERALIZATIONS OF g-BINOMIAL COEFFICIENTS IDENTITIES

In this section, we prove two-variable generalizations of Gaussian polynomial identities. As a first
example, by tracking the number of parts, one can easily see that the following identity [5, Eqn.

(3.3.9)] holds:
Solr -fan

Jj=0
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which is a g-analogue of the classical identity

z”:(m%—j) B (n+m+1)
= J m+1 /)

By tracking the number of overlined and non-overlined parts separately, we can prove the following
two-parameter generalization of (4.1).

Proposition 4.1. For positive integers m and n,

m+n+1 LR m—+J m-+5—1
P s (L P )
m+1 ot = A j—1 ot

By taking the limit when m — oo, we also find that
n N ;
(—tq)n : <(—tQ)j (—tQ)j1> (—1),¢’
=1+ q’ +1 =1+ .
(@n ; (9); (9)j-1 2 ;
By setting ¢ = ¢ = 1, we find that

D(m+1,n) = 1+Z(D(m,j)+D(m,jfl)).

Secondly, we find an over-Gaussian polynomial generalization of the identity [5, Eqn. 3.3.10]

h
A e
k| Lh— k], hol,

k=0
which is a g-analogue of the classical identity

(") -3

Proposition 4.2. For positive integers m,n > h,

Semes {12, <P BEEEL) P,
k=0 gt L' Mg gt P T VT Sl at

)

Proof. For an overpartition A generated by the right hand side, we consider the largest rectangle of
the form (n — k) x (h — k) fitting inside the Ferrers diagram of A, i.e. its Durfee rectangle of size
(n — k) x (h— k). It is clear that such a k is uniquely determined, and as A\ has at most h parts, k
is between 0 and h. We have two cases according to whether the bottom right corner of the Durfee
rectangle is overlined or not. In the case where it is non-overlined, the overpartition on the right side
of the Durfee rectangle does fit inside a (m — h+ k) x (h — k) rectangle and the overpartition below
the Durfee rectangle is inside a (n — k) x k rectangle. The generating function of such partitions

is g(n=R =k ] 1™ ] In the case where the bottom right corner is overlined, we can see that
k) gt lh—k] g4

the overpartition on the right side should be inside a (m — h + k) x (b — k — 1) rectangle and the
overpartition below the Durfee rectangle fits inside a (n—k—1) x k rectangle, the generating function

O

m—1

of such partitions equals tg("—*)(h—F) [”;1](1 . [h_k_l]q "

By setting ¢ =t =1 and m = m + h in Proposition 4.2, we find that for n,m > h > 0,
h
D(m+n,h) = (D(n—k,k)D(m+k,h—k)+D(n—k—1,k)D(m+kh—k—1)).
k=0
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Finally, in [14], Prellberg and Stanton used the following identity

1 n—1 n + m — 1 o2 me n + m 2m2+m me-‘rl
= q q
0

(z)n 2m (Z)m 2m+1 () m+1

to prove that for all n, the coefficients of

1

are non-negative.

By employing Durfee rectangle dissection according to whether the size of the Durfee rectangle
is (m+1) x 2m or m x (2m — 1) and whether the corner of Durfee rectangles is overlined or not, we
can deduce an overpartition version.

Theorem 4.3. For any positive integer n,

(— tzq {n +m— 1] {n +m— 2} am 2m?+2m (—t2@)m
—— =1+ +1 Mg T e ———
(zq Z gt 2m—1 |, (2¢)m

|:TL +m— 1:| 22m71q2m27m (—th)m
2m — 1 . (2Q)m

|:n +m— 2:| tZ2m—1q2m2—m (_tzq>m*1 )
2m — 2 ot (ZQ)m—l

+

+

: iM:iM:

By taking the limit n — oo, we find that

(—t2@)o0 _ —tQam  (F2m-1) om 2mi2m (Z1Z0)m
(20)oe ”Z( " @ ) “ Ca)m
- (_tq)QTl’L—l Z2m71 2m?—m (_th)m

2 “ Cam
- (7tq)2m—2 Zmel 2m?—m (7th)m_1
erzzl (Q)2m72 ! (zq>m71
_ izzqum%er( @am (—t2q)m (1+ tzg™+)
P (@2m Q)
— 2m—1_2m? —m( tq)2m 1( ) 3m
+m2212 q @om 1 (Z0)m (1—|—tzq )

This can be viewed as an overpartition analogue of

sz k(3k+1)/2 (1 +Zq2k+1)(_ZQ)k,
k>0 (D

which becomes Euler’s pentagonal number theorem when z = —1.
Numerics suggest an overpartition analogue of the result of Prellberg and Stanton.

Conjecture 4.4. For all positive integers n, the coefficients of

o (_qn)n
1-9 (¢")n

t4q

are non-negative.
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s(u)

(1)

FIGURE 1. The case 2 of the involution ¢

5. THE INVOLUTION PROOF OF THEOREM 1.3

We now prove Theorem 1.3, using an involution similar to Franklin’s proof of Euler’s Pentagonal
Numbers Theorem.
For convenience, we allow non-overlined 0 as a part. Then, we can interpret the coefficient of ¢”

in
oty
q,1
as the number of overpartitions of N into “exactly” k parts < n — k with weight (—1)%. Let Ok
be the set of above-mentioned overpartitions. For an overpartition A € Oy, with k£ < n, we denote
by 7 the overpartition below its Durfee square and by p the conjugate of the overpartition on the
right of the Durfee square. If the size of the Durfee square is d (< k), then 7 has k — d parts and
has less than N — k — d parts. Define s(7) to be the smallest nonzero part of 7 and s(u) to be the
smallest part of u. (Note that p does not have 0 as a part). If there is no nonzero part in 7 or
then we define s(m) = 0 or s() = 0 accordingly. We also define sa(7) (resp. s2(u)) to be the second
smallest nonzero part of m (resp. p).
We build a sign-reversing involution ¢ on O,, = Up<i<nOk. n as follows:

Case 1. If s(w) = s(u) = 0, then ¢(\) = A. This case is invariant under this map.

Case 2. If s(m) = 0 and s(u) > 0 or s(m) > s(u), ¢(A) is obtained by moving s(p) below s(r).
Then, the resulting partition is in Oy, since it has now k£ + 1 parts and the size of the
largest part is decreased by 1, and thus it does not violate the maximum part condition
for Ok+1,n-

Case 3. If s(m) < s(p),

Case 3.1 if so(m) = s(m) and s(7) is not overlined, we overline s(7) and sa(7) and move s(7)
to the right of s(u).
Case 3.2 if so(m) > s(m) or s(m) is overlined, ¢(A) is obtained by moving s(m) to the right of
s(p)-
In both cases, the resulting overpartition is in Op_q n.

Case 4. s(m) = s(u). We have to consider different subcases according to whether s(7w) and s(u)
are overlined or not.

For convenience, we define x(a) = 1 if a is an overlined part and x(a) = 0 if a is a
non-overlined part.
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FIGURE 2. The case 3.1 of the involution ¢

Case 4.1. If x(s(u)) = x(s(7)) = 1, we move s(u) below s(7) and un-overline both s(7) and
s(u). Note that the resulting overpartition is in Ogyq .
Case 4.2. If x(s(p)) = 1 and x(s(7)) = 0, we move s(u) below s(m). The resulting overpartition
is in Og41,n.
Case 4.3. If x(s(p)) = 0 and x(s(7)) = 1, we move s(m) to the right of s(u) and this gives an
overpartition in Op_1 .
Case 4.4. If x(s(p)) = x(s(m)) =0
Case 4.4.1. if so(7) = s(m), then overline sy(7) and s(7) and move s() to the right of s(u).
Case 4.4.2. if so(m) > s(m) or sa(7w) = 0, we move s(m) to the right of s(u).
In both cases, this gives an overpartition in Op_; .

Before proving ¢ is an involution, here we give one example.

Example. For an overpartition (5,5,3,2,0) € Os 19, the size of the Durfee square is 3, 7 = (2,0),
and p = (2,2). Thus, s(m) = s(u) = 2. Since x(u) = 1, we move 2 in p below s(r). As a
result, we have a mew overpartition with m1 = (2,2,0) and p = (2), which gives the overpartition
(4,4,3,2,2,0) € Og.10. Note that $((4,4,3,2,2,0)) = (5,5,3,2,0) € Os.19 as we expected.

Now we prove that this is true in general.
Proposition 5.1. The map ¢ is an involution.

Proof. We need to prove that for every overpartition A in O,,, we have ¢(¢(\)) = A. Here also, we
need to distinguish several cases.

Case 1. If s(m) = s(u) = 0, then ¢(N) = A, s0 d(Pp(N)) = A.
Case 2. If s(m) > s(p),
Case 2.a. if so(p) > s(u), then ¢(X\) is obtained by moving s(u) below s(7). Thus ¢(\) is in
the case 3.2 and we obtain ¢(¢(A)) by moving s(u) back to its initial place. Therefore
H(6(N) = A
Case 2.b. if so(p) = s(p) and s(p) is overlined, then ¢(\) is in the case 4.3 and ¢(od(N)) = .
Case 2.c. if so(p) = s(p) and s(p) is non-overlined, then ¢(\) is in the case 4.4.2 and ¢(¢p(N)) =
A
Case 3. If s(m) < s(p),
Case 3.a. if sa(m) = s(m) and s(m) is not overlined, A is in the case 3.1 and ¢(\) is obtained by
overlining s(7) and s3(7) and moving s() to the right of s(x). Thus ¢()) is in the case
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4.1 and we obtain ¢(¢(A)) by moving s(7) back to its initial place and un-overlining
s(m) and so(m) again. Therefore ¢p(p(X)) = .
Case 3.b. if sa(m) = s(m) and s(m) is overlined, A is in the case 3.2 and ¢(\) is obtained by
moving s(m) to the right of s(x). Thus ¢()) is in the case 4.2 and we obtain ¢(¢()))
by moving s(m) back to its initial place. Therefore ¢(¢p(X\)) = A.
Case 3.c. if so(m) > s(m), A is in the case 3.2, ¢(\) is in the case 2, and @(p(X)) = \.
Case 4. If s(7) = s(p),
Case 4.1. if x(s(p)) = x(s(m)) =1,
Case 4.1.a. if so(u) = s(u), then ¢(A) is obtained by moving s(u) under s(w) and un-
overlining both. Thus ¢(\) is in case 4.4.1 and we get ¢(¢(\)) by moving
s(u) back to its initial place and overlining s(7) and s(u) again. Therefore
P(P(N) = A
Case 4.1.b. if so(p) > s(u), then ¢(A) is in case 3.1 and ¢(H(N))
Case 4.2. if x(s(p)) =1 and x(s(7)) =0,
Case 4.2.a. if so(p) = s(p), then ¢(A) is obtained by moving s(u) under s(m). Thus ¢()) is
in case 4.3 and ¢(p(A)) = A.
Case 4.2.b. if sa(u) > s(u), then ¢(A) is in case 3.2 and @(p(X)) = .
Case 4.3. if x(s(u)) = 0 and x(s(7)) = 1,
Case 4.3.a. if sy(m) = s(m), then ¢()) is obtained by moving s(m) to the right of s(u). Thus
@(A) is in case 4.2 and ¢(od(N)) = \.
Case 4.2.b. if so(m) > s(m), then ¢(A) is in case 2 and ¢(¢p(N)) = A
Case 4.4. if x(s(pn)) = x(s(7)) =0
Case 4.4.1. if so(m) = s(m), then ¢()) is obtained by overlining so(7) and s(7) and moving
s(m) to the right of s(u). Thus ¢(X) is in case 4.1 and we get ¢(¢p(\)) by moving
s(m) back to its initial place and un-overlining s(7) and s(u) again. Therefore

A

P(P(A) = A.
Case 4.4.2. if so(m) > s(m), then ¢()) is in case 2 and ¢(H(N)) = A
Thus in every case, ¢(d(A)) = . O

Now we are finally ready to prove Theorem 1.3.

Proof. From the sign reversing involution ¢, we see that only square overpartitions survive after
pairing A € O,, and ¢(\) € O,,. Moreover, the square overpartition of j2 (with 0 < j < [n/2]) is in
Ok, for k from j to n — j. Thus, the sum of weights is

”‘j(_l)k o, if n is odd,
Py ) (=1)7, ifnis even,

as the summation runs over n — 2j + 1 consecutive integers from j. By considering overlined and
non-overlined square overpartitions, we arrive at

Z’“‘:( l)km 0, if n is odd,
- = n P52 . .
Pt k],q 1+2 ijl(fl)]qj , if n is even,
as there is no overlined partition for the empty partition. O

A proof of Corollary 1.4 follows from the simple observation that the right-hand side of Corollary

1.4 corresponds to having exactly k positive parts in the involution instead of k non-negative parts.
Finally, by setting ¢ =t = 1 in Theorem 1.3, we obtain the following.
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Corollary 5.2. For all positive integers n,

n 0, if n is odd,
S (-1)F*D(n—kk) =< -1, ifn=2 (mod4),
k=0 1, #fn=0 (mod4).

6. (g,t)-LOG-CONCAVITY OF THE OVER ¢-BINOMIAL COEFFICIENTS

In this section, we prove Theorem 1.5 by constructing an involution. Before starting the proof,
we introduce some notation. Let P denote the set of overpartitions of non-negative integers, and
P(m,n) the set of overpartitions fitting inside a m x n rectangle. We also write #,()) for the number
of overlined parts in A and || for the weight of A (i.e. the sum of its parts).

Proof of Theorem 1.5. To prove Theorem 1.5, we want to find an injection ¢ from P(n —k+ 1,k —
1)xP(n—0—1,0+1) to P(n—k, k) x P(n—{,{), such that, if ¢(\, ) = (n, p), then |A|+|u| = |n|+]p|
and #,(A) + #o(p) = #0(n) + #o(p)- L
We generalize the proof in [8] to overpartitions. We define two maps A and £ on P x P, and take
¢ to be the restriction of £ o A to the domain P(n — k+ 1,k — 1) x P(n — £ — 1,£ + 1). We obtain
the injectivity of ¢ by showing that
(i) A and L are involutions on P x P,
(1)) A(Pln—k+1,k—1)xPn—0—1,0+1)) CP(n—k,k—1)xP(n—£{,0+1),
(i) L(P(n—k,k—1)xP(n—L{,0+1)) CP(n—k,k)xP(n—1L1).
Let us start by defining A. For a given overpartition pair (A, 1) € P x P, we define I by the
largest integer satisfying

f—k+1, if \;is not overlined,
AL = pir41 > { ! (6.1)

f—k+2, if Aris overlined,

where we define p;11 = 0 if A; > 0, but the number of parts in u is less than ¢ + 1. If there is no
such I, we define I = 0. Now we define

A p) = (,7),
where
Y=+ C—k+1),...,pr+ (0 —k+1),Arp1, Arga, - ),
T = ()\1 — (E—k+1),...7>\1 — (E_k+1),ﬂl+1,/,lz]+27...).
Note that if \; (resp. p;), ¢ < I was overlined (resp. non-overlined) in A (resp. p), then A\;—({—k+1)
(vesp. p; + (¢ — k4 1)) is overlined (resp. non-overlined) in 7 (resp. 7).
Before defining £, let us introduce two maps S and C on P x P by
S p) = (p,A) and  C(A, p) == (A% p%).
Then we define £ as
L:=S0CoAoCoS.
We now want to verify that (4) is satisfied. Since S and C are involutions on P x P, we only need
to show that A is an involution.

First of all, let us verify that A is well defined, i.e. if A(\, 1) = (v,7) and (\, u) € P x P, then v
and T are also overpartitions. By definition (u1 + (¢ —k+1),...,ur+ (€ —k+1)), (Ar41, Ar12,---),



OVER-(q, t)-BINOMIAL COEFFICIENTS 15

M-—C—-k+1),.... 0 —(—k+1)) and (pr41,ftt+2,...) are overpartitions so we only need to
check that

pr+(—k+1)> Arq1 if M. +(—k+1)is n(?t overl.lned 6.2)
Ary1+ Lif pr + (€ — k + 1) is overlined,
and
A= (f—k+41)> P if /\{ —(t—k+1)is n(?t Overl‘ined 63)
pr+1 + 1if Ay — (€ — k + 1) is overlined.

Equation (6.3) is clear by (6.1). Let us turn to (6.2). By definition of I, we have

Ary1+ 1, if Apyq is not overlined,

+(l—k+1) >
pry2 + ( ) = {)\I+17 if Aryq is overlined,

If iy is not overlined, then py > pyyo, so
pur+ (0 —k+1)> Ary.
If py is overlined, then by definition of an overpartition gy > pryo + 1, so
pr+(—k+1) > A1 + 1.

This completes the verification of (6.2).

Now we want to check that A is an involution. Let (A, ) € P x P and (v, 7) = A(\, ). We want
to show that A(y,7) = (\, u). By definition of I and A, the parts with indices > I + 1 of ~ (resp.
7) are exactly the same as those of A\ (resp. u) and will therefore not be moved when we apply A
again. Therefore the only thing left to check is that

{E —k+1, if v is not overlined,
VI — T14+1

{—Fk+2, if vy is overlined,
that is that
{—k+1, if uyis not overlined,
+l—-k+1) - >
i+ )=z {E —k+2, if py is overlined,

which is clear by definition of an overpartition. Thus the I of (v, 7) is the same as the one of (A, u),
and A(v,7) = (A, u). The point (i) is proved.

Then, point (i) is obvious from the definition of A.

Finally let us verify (ii7). We have, by definition of S,C and A,

S(Pn—kk—1)xPn—L0,0+1)) =P(n—£,{+1)x P(n—k,k—1),

C(Pn—t€,0+1)xP(n—k,k—1 Pl+1,n—£0) xPk—1,n—k),

APUl+1,n—0)xPlk—1n—k (b,n—10) x Plk,n — k),
C(P(t,n—10) xP(k,n—k (n—£4,0) x P(n — k, k),
S(P(n—£,0) xP(n—k,k (n—k,k) x P(n —£,1).

) =

)) C P
) =P
) =P

Thus (i4¢) is satisfied.

Here we give an example to illustrate the map ¢ = Lo A=8S0CoAoCoSo A
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Example. Whenn =10, k =4, and { = 5, we consider the partition pair (\, p) € P(7,3) x P(4,6),
where
A= (7,6,4), and p=(4,4,3,3,2,2).
Then, we see that
(A 1) 5 ((6,6,4), (5,4,3,3,2,2))
((5,4,3,3,2,2),(6,6,4))

((6,6,4,2,1),(3,3,3,3,2,2))
((5’ 4) 37 37 2 ) (6767 47 2))

S
—
C
—
s ((5,5,4,2,T), (4,4,3,3,2,2))
C
—
S —
— 5547373’2))7

)
((6,6,4,2), (
which is in P(6,4) x P(5,5) as desired.

If we forbid overlined parts (i.e. if we set ¢ = 0), the above proof becomes Butler’s proof of (1.2).
From Theorem 1.5, we can deduce several interesting corollaries.

Corollary 6.1. The over-(q,t)-binomial coefficients are (g,t)-log-concave, namely for all0 < k < n,

—_—2
b
Bl k=1, k1],

has non-negative coefficients as a polynomial in q and t.

By setting ¢t = 0, we obtain Butler’s result on the g-log-concavity of ¢-binomial coefficients.
Recall that we have shown that £ is an injection from P(n — k,k — 1) x P(n — £,£ + 1) to
P(n —k, k) x P(n — £,£). From this we obtain the following.

Theorem 6.2. For all0 < k </{ <mn,

HRE I PR P
kel =1, e+,

has non-negative coefficients as a polynomial in q and t.

By setting ¢ = t = 1 in Theorems 1.5 and 6.2, we deduce the following result on Delannoy
numbers.

Corollary 6.3. For all 0 < k < ¢ < n, we have
D(n—k,k)D(n—4£,) >D(n—k+1,k—1)D(n—£¢—1,0+1),
D(n—k,k)D(n—4¢,0) > D(n—k,k—1)D(n—£,0+1).

Now by setting £ = k and n = n + k in Corollary 6.3 this yields the log-concavity of Delannoy
numbers, which also implies their unimodality.

Corollary 6.4. For all n > k > 0, the Delannoy numbers D(n, k) satisfy
D(n,k)? > D(n+1,k—1)D(n — 1,k +1),
D(n,k)*> > D(n,k —1)D(n, k + 1).

In particular, the Delannoy numbers D(n, k) are log-concave.
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Similarly, by setting ¢ = 1 and ¢ = ¢, in Theorems 1.5 and 6.2, we deduce the following result on
Sagan’s ¢-Delannoy numbers.

Corollary 6.5. For all 0 < k < ¢ < n, we have
Dy(n—Fk,k)Dy(n—¢,£) > Dy(n—k+1,k—1)Dy(n—€—1,0+1),
Dy(n—Fk,k)Dy(n —{,£) > Dy(n —k,k —1)Dy(n — ¢, +1).

And by setting £ = k and n = n + k in Corollary 6.5, we obtain the ¢-log-concavity of Sagan’s
g-Delannoy numbers.

Corollary 6.6. For all n > k > 0, Sagan’s g-Delannoy numbers Dy(n, k) satisfy that
Dy(n,k)?> = Dy(n+ 1,k —1)Dy(n — 1,k + 1)

and
Dy(n,k)? — Dy(n,k —1)Dy(n, k + 1)

have non-negative coefficients as polynomials in q. In particular Sagan’s g-Delannoy numbers D, (n, k)
are g-log-concave.

Moreover, we can also generalize Corollary 4.5 of [8] to over-(g, t)-binomial coefficients.

Corollary 6.7. For0<k—r<k</{</{+r <n,

mq,tmq,t - {k : } 0 [é + ] 0

has non-negative coefficients as a polynomial in t and q.

Proof. The proof is similar to the one in [8]. By Theorem 1.5, all the terms of the telescoping sum

LI
- ; ({kiz]qt [Zii]{m - [k—j— 1L7t {£+?+ 1]“)

have non-negative coefficients. |

As usual, setting ¢ =t = 1 yields some interesting result on Delannoy numbers.
Corollary 6.8. For 0 <k—r<k</l</{l+7r <n,
Dn—k,k)Dn—4£,0) > D(n—k+r,k—r)D(n—L+r,l+7r).

7. UNIMODALITY CONJECTURES

We now present a few conjectures and observations about the unimodality of over-(g, t)-binomial
coefficients. Recall that a polynomial p(z) = ap + a1z + - - - + a,2" is unimodal if there is an integer
£ (called the peak) such that

ag <ay <---<ap 1 < ag>app1 > 2

It is well-known that Gaussian polynomials [19] and g-multinomial coefficients [5, Theorem 3.11] are
unimodal.

We extend this definition to polynomials in two variables. We say that a polynomial P(q,t) =
> o o o Aknttq™ is doubly unimodal if
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(i) for every fixed k € {0,...,r}, the coefficient of t* in P(q,t) is unimodal in ¢, that is there
exists an integer ¢ such that

g0 < a1 <o S a1 S Qg 2 Agpg1 = 0 2 A,

(#1) for every fixed n € {0,..., s}, the coefficient of ¢" in P(q,t) is unimodal in ¢, that is there
exists an integer ¢’ such that

aQ,n < a1,n <-.- < Ay —1,n < apr n > e +1,n > 2 Qp n-

Computer experiments suggest that the following conjectures are true.

Conjecture 7.1. For every positive integers m and n, the over-(q,t)-binomial coefficient [m:”]qt
is doubly unimodal.

Remark 1. By the formula (2.2) and using the fact that g-multinomial coefficients are unimodal, we
can easily deduce that part (i) of the definition is satisfied. Therefore the challenging part of the

conjecture is to prove that for every N, the coefficient of ¢V in m]q , is unimodal in ¢.

Conjecture 7.2. For every positive integers m and n, [m:”]q | 18 unimodal in q.

Remark 2. Conjecture 7.1 doesn’t immediately imply Conjecture 7.2, as the peaks in ¢ are not the
same for each t*. Therefore, even if they might be related, the two conjectures are of independent

interest.

We illustrate our conjectures for m = n = 4 in Table 1.

n The coefficient of ¢ The coefficient of ¢" when t =1
0 1 1
1 1+t 2
2 2+ 2t 4
3 3+ 4t + t2 8
4 5+ Tt + 2t2 14
5 5 + 10t + 5¢2 20
6 T4+ 13t + 72 + 13 28
7 7+ 16t + 11£2 + 2¢3 36
8 8 + 17t + 12t% + 3¢3 40
9 T+ 17t + 1482 + 4¢3 42
10 | 74 16t + 12¢2 + 4¢3 + ¢4 40
11 5+ 13t + 11¢2 + 3t3 32
12 5+ 10t + 7t% + 2t3 24
13 3+ Tt + 512 + 13 16
14 2 + 4t + 22 8
15 1+ 2t + ¢2 4
16 1+t 2

TABLE 1. The coefficients of [i]t i

Remark 3. Pak and Panova [13] recently proved that the classical g-binomial coefficients are strictly

unimodal. Experiments show that it should also be the case for [m;\';”] T and for the coefficients of

gV in [ 4. (a8 a polynomial in ¢). However it is not the case for the coefficients of t*in [ ot

(as a polynomial in ¢).
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