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Abstract

Using an extension of Wright’s version of the circle method, we obtain
asymptotic formulae for partition ranks similar to formulae for partition cranks
which where conjectured by F. Dyson and recently proved by the first author
and K. Bringmann.

1 Introduction and statement of results

A partition of n is a non-increasing sequence of natural numbers whose sum is n.
For example, there are 5 partitions of 4: 4,3+ 1,242, 24+ 1+1land 1+1+1+1.
Let p(n) denote the number of partitions of n. One of the most beautiful theorems
in partition theory is Ramanujan’s congruences for p(n). He proved [9] that for all
n >0,

p(bn+4) =0 (mod 5),
p("Tn+5) =0 (mod 7),
p(1ln+6) =0 (mod 11).

Dyson [6] introduced the rank, defined as the largest part of a partition minus
the number of its parts, in order to explain the congruences modulo 5 and 7 com-
binatorially. He conjectured that for all n, the partitions of 5n + 4 (resp. 7n + 5)
can be divided in 5 (resp. 7) different classes of same size according to their rank
modulo 5 (resp. 7). This was later proved by Atkin and Swinnerton-Dyer [2].

However the rank fails to explain the congruences modulo 11. Therefore Dyson
conjectured the existence of another statistic which he called the “crank” which would
give a combinatorial explanation for all the Ramanujan congruences. The crank was
later found by Andrews and Garvan [Il, [7]. If for a partition A, o(\) denotes the
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number of ones in A, and p(\) is the number of parts strictly larger than o(\), then
the crank of A is defined as

| largest part of A if o(\) =0,
crank(}) = { B —o(d)  ifo()) > 0.

Denote by M (m,n) the number of partitions of n with crank m, and by N(m,n) the
number of partitions of n with rank m.

The first author and Bringmann [3] recently proved a longstanding conjecture of
Dyson by using the modularity of the crank generating function and an extension to
two variables of Wright’s version of the circle method [10].

Theorem 1.1 (Bringmann-Dousse). If |m| < #éﬁlog n, we have as n — 0o

M(m,n) = gsech2 (%n) p(n) (1 + 0O (6%|m|é)> : (1.1)

T
T

For the rank the situation is more complicated since the generating function is
not modular but mock modular, which means roughly that there exists some non-
holomorphic function such that its sum with the generating function has nice modular
properties. Nonetheless it is possible to apply a method similar to [3] in this case.
This way we prove that the same formula also holds for the rank.

where =

Theorem 1.2. If |m| < */Zl—;gn, we have as n — 00

N(m,n) = gsech2 (%) p(n) (1 +0 (6%|m\%>> :

Remark 1.3. As in [3], we could in fact replace the error term by O(B2ma2(m))

log n

for any a(m) such that =0 (a(m)) for all |m| < #gﬁlogn and fma(m) — 0

1 . . . .
as n — 0o. Here we chose a(m) = |m|™3 to avoid complicated expressions in the
proof.

Remark 1.4. After [3], and simultaneously and independently to this paper, Parry
and Rhoades [8] proved that the same formula holds for all of Garvan’s k-ranks.
The crank corresponds to the case k = 1 and the rank to k = 2. Their proof uses
a completely different method: they use a sieving technique and do not rely on the
modularity of the generating function.



The rest of this paper is organized as follows: in Section [2| we recall some impor-
tant facts about Appell-Lerch sums, Mordell integrals, and also Euler polynomials,
which are used in Section [3[ to prove some preliminary estimates for the rank gener-
ating function. In Section [4] we use these results to prove the estimates close to and
far from the dominant pole which we need in Section [5] to establish our main result
Theorem [L.2
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2 Preliminaries

2.1 (Mock) modular forms

A key ingredient in the proof of our main theorem is the (mock) modularity of the
rank generating function, defined as follows (throughout, if not specified elsewise, we
always assume 7 € H, 2z € R, ¢ := €*™7 and ( := ™),

3n2+n

- 1-— —1)"q" 2
R(z;1) = Z Z N(m,n)(™q" = @ ¢ Z ( 1>_ng71 . (2.1)
n=0 meZ * nez
Let us further define
n(r) =2 (q)ee = ¢ [J(1 = ¢"), (22)
n=1
and -
0(z7) =1iq7¢2 [J(1— ") = ¢q™) (1= ¢l ). (2.3)
n=1

In this section we are going to collect transformation properties for n and 6 and
recall the definition and most important properties of Appell-Lerch sums as studied
by S. Zwegers in [12].



Lemma 2.1. Forn and 0 as in (2.2) and (2.3) we have the following transformation
laws,

U (—%) = v/—irn(7), (2.4)
0 (3; —1) — iV 0z 1), (2.5)

T T

where \/® denotes the principal branch of the holomorphic square-root.
Following Chapter 1 of [12] we define the following.
Definition 2.2. (i) For z € C and 7 € H, we define the Mordell integral as
T mirw?—2mzw
h(z) = h(z:7) = / T .

cosh(mw)

—00

(11) For 7 € H and u,v € C\ (Z & Zt), we call the expression

n2

(_1)nq% 2minv

1 — 627riuqn

Ay (u,v;7) = ™™ Z

neZ

(2.6)

an Appell-Lerch sum. We also call p(u,v;7) := A;((Zfz;;) a normalized Appell-
Lerch sum.

We need some transformation properties of these functions:

Lemma 2.3 (cf. Proposition 1.2 in [12]). The Mordell integral has the following
properties:

() h(e) e 4 7) = oCh )
(ii) h(2—1) = V=ire "5 h(z; 7).
Lemma 2.4 (cf. Proposition 1.4 and 1.5 in [12]). (i) One has

LL(—U, _U) = :U’(u7 U)'



(i) Under modular inversion, the Appell-Lerch sum has the following transforma-
tion law,

or equivalently

——e T

1 ﬂi(u2—2uv) u v 1
Ay
T

2.2 Euler polynomials and Euler numbers

We now recall some facts about Euler polynomials. We define the Euler polynomials
by the generating function

2eT% e Zk
=: FE —. 2.7
e + 1 ; K@) (27)

Let us recall two lemmas from [3] which will be useful in our proof.

Lemma 2.5. We have

—lsechQ Ty _ iE (0)£
2 2) =TT )
Lemma 2.6. Setting for j € Ny
. 0o L2541
;= —d 2.8
! /0 sinh(7z) = (28)

we get '
(=17 Ep;44(0)

Ej: 2

3 Transformation Formulae

In this section, we split R(z;7) into several summands to determine its transforma-
tion behaviour under 7 —%.



Lemma 3.1. For all T € H, 2z € R, we have

g i(cé _ Ci%) PG .
Rlzim) = n(7) 0(3z;37) - (CQ —¢ 2) A1(32, —7; 37)

(3.1)
¢ (¢F = ¢ ) i3z, my37)]
with Ay as in (2.6).

This was first mentioned in Theorem 7.1 of [11], but contained a slight typo there.
To be precise, the factor ¢ in front of the first summand was missing and the sign in
front of the second and third was wrong.

Now we want to determine some asymptotic expressions for the three summands
: . ; o1y e
in (3.1)). 1To do, so let us write 7 = 5>, s = (1 +dixm™ ) with € R satisfying

2
o] < 722

Lemma 3.2. Assume that |z| < 5. Then for |z| <1, we have as n — oo

; ex?
- n°(3r) _ —ime s — 472 Re(1)(1-32) — 472 Re(1)(1432)
"0(32:37)  Bssinh (222) [1 +0 (e ’ ) +0 <e ’ )} ’

Proof. By the transformation formulae from Lemma [2.1

3
pen o (P) )
29(32"37): i mi®22 a1
! e 0(5-5)
(=)

—3mi z._ 1
37-6 TG(T’ 37‘)
3 (2mi
_ 27T77 (35 ) €
- 2mz . 27
386( is 7 35)
2 2
6252 2 4 k
o2me s e 6 (1 € o

o0
- 272, 2 H ar2z  4rx2k 47\'22747"2(1@—1)
1—e

Jise s e 6 g N

6722

s 3s

1 — € s 3s
2, \ 2
67222 (1 _ 6_4T:;Sk>

(o'e)
2me s
- . 22 472 H an2z _ 4n2k 4r2z _ 4n2k
?)Zsefsz(l—e_lz)k:l (1_67;2_7:;3)(1_6_7\;2_ ge)
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2 2
2.2 _4n“k
ome s (1 —e )

o0
- . 2n22 o 2722 H 4r22 47r2k o 4n22 o 4r2k
3zs<es —e ) — (1—63 33)(1—6 s T)

6222

SS_SIZZEW [1 +0 (e_iRe(%)(l—?)Z)) +0 <e—4 ’R (%)(1+3z))i|

]

Before estimating the two last summands of (3.1]), we need two more lemmas
about A; and h.

Lemma 3.3. Let z € R with |z| < 3. Then for |z| < 1, we have as n — oo

2nz 1 2m —1 —on 1 —2n 1
A, [ 222 2200 O Re(1)(2-32) O Re(2)(2+32) '
1( 18 ’—T—?)’ 3S> ZSlnh(27r Z)+ (e ' + ¢’

Proof. In the proof of this lemma, we assume that ¢ and ¢ are such that |(¢"| < 1 if
n >0 and |(¢"| > 1 if n < 0. By applying the geometric series

1 ST ok if |z| < 1,
— k=0
1—x — S a7k if x> 1
k=1
we find (writing p =€)
= 1 - n _Fn n?tn G n
(A (2, Fgi7) = ﬁ+z(—1> K chq '
n=1
n=1

CHA (= Fh7) = T+ 0@ + 0 ()
Thus _1
A (= F5i) = o o+ O +0 (¢ )



7T2Z 7\'2
Plugging in ¢ = e+ and ¢ = e~ 55 (which satisfy our condition that |(¢"| < 1
if n >0 and |¢¢"| > 1 if n < 0), we find:

Al 2’.”-_27 :Fl, @ = _—12 + O <62W22R6(%)67% Re(%))
LS 3 3s

2n2z —27“z

e s — € s

40 (camemeld) = ()

We now turn to the Mordell integral.
Lemma 3.4. For |z| < 1, we have as n — oo that
15 31is -8
+ —:— R
‘h (32 o 2#)‘ L e
Proof. We apply Lemma 3.4 of [5] with ¢ =0, k =2, h = F1, u =0, z = I and

3s

a = 3z. This gives

h(a .38 | « paeme(%).
2m 2w

The result follows. ]
With this, we can now prove the following estimate for the Appell-Lerch sums.

Lemma 3.5. For |z| < ¢ and |z] <1, as n — o0

i Cileeﬂj'ZQ 1 _=2pe(2
Al(gza:FT;?)T) :£m+0<|8|1/26 6 (5> .

Proof. We use the transformation properties of A; to obtain

1 1 mi322+2:1) z 1 1
A1(3z,F1;37) = %h(Sz + 7;37)0(FT7;37) + 3—76%_,41 (F’ *5; _3_7'>

1 is 3is is 3is\ 2w @ (EEE) o /9rz 1 2m
= h (3 ) g (12,00 p Ty (T
2i ( E o 27r> (:':271', 27r) T 355¢ ! ( is 73 3s

1 s 15 3is K] 27 6n252 27z 1 2m
—teih (302 220 )y (B2 - et g, (E £
2" (z 27?’27r>77<27r) 5.0 7 ¢ 1(¢s REY 3s>’

8

)



by Lemma [2.3] and Lemma In the last equality we additionally used that
0(Fr;37) = +iq on(7),

which is easily deduced from the definition of # in (2.3). By Lemma and

Lemma [2.1] we have
le%h 32:}:27% n E <<@§_§ n 2 < 116%7721)”8(%)_
2 2 21w 2 |s|2

By Lemma 3.3

6m222
21z 1 2mi mioe s (! 2 Re(1)( 225622
- s — F—— | = . O( ™ e(s)(S 2z2—6z ))
38 ‘ ¢ ! < 18 :F3 35 ) 3s sinh (%TZ) + €

0 (e ()G

For |z] < §, 3 — 22 —62% > { and 3 + 2z — 62 > {. Therefore
1
52
o Re(}) (3 -22-02) | 1| oo me(}).

Sl2

6—7r2 Re(%)(%—l&z—ﬁz?) < efTﬁ Re(é)

Y

. . . 1 8 is . 3i ;
Thus the dominant error term is the one coming from +5e6h (3z + 225 2%:) n (ﬁ)

The lemma follows. ]

4 Asymptotic behavior

Since N(m,n) = N(—m,n) for all m and n, we assume from now on that m > 0. In
this section we want to study the asymptotic behavior of the generating function of
N(m,n) Let us define

1
Ry(7) = /2 R(z;7)e 2™m2 (.

1
2

i . _1 . . . ﬂ.ml
Let us recall that 7 = 3> and s = 3 (1 +ixm 3> with z € R satisfying |z| < 53 .

To simplify the forthcoming calculations, we need the following lemma.



Lemma 4.1. It holds that

n(r) J-1
where
_Al (32, T; 37—)63m‘z + Al (327 —T; 37—)6—3m'z
—Tiz . n3(3r — iz
Gm(2;7) = ¢ —A(3z, —T; 37-)6 - 29723;32)6
A1 (3z,7;37)e™> _i_i%eﬂzz
Proof. By (3.1)), let us write
&
Bon(r) = 2= (L = I = Iy),
") n(7)<

where

. /; i(¢8 - ¢8) n(3n) -

0(3z;37) ¢

form=0
form=1
form =2

I = / ¢! (g% — g*%) A1 (32, —7;37)e 2Tz,

First, using ([2.3) and ({2.6)), let us notice that

0(3z 4 1;31) = —0(32; 37),
A1(3z+1,7;31) = —A1(32,7;37),
A1(3z+1,—7;371) = —Ay(32, —7;37).
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(mod 3),
(mod 3),
(mod 3).



Thus by (1),

0(3z;371)

=~
|
/N
| |
NI
_l_
'\@L
+
\m

5 3
- i/6 (eﬂ'i(zf%) . e*ﬂ'i(Z*%)) 977 (37—> efQﬂim(zfé)dZ

1 (32;37)
1
[ i iy TBT) o
mz Tz mimz g
o /_1 (e <) 0(3z; 37’)6 :
6
1
6 . . 3 37’) . 1
o mi(z4+1) —7rz(z+l)> Ui ( —2mim(z+3)
Z/_é <€ e ’ 0(3z; 37')6 vdz

: 107(7;32) ¢z,
Therefore
0 form=0 (mod 3),
I, =4 —3i f_%% QT(’ZS?TT))e_”Z(Qm“)dZ form=1 (mod 3),
3 1) ke = Vs form =2 (mod 3)

By the same method and using (4.2) and (4.3)), we obtain

1
=3 [% A1(32,—7;37)e ™M) 4z form =0 (mod 3),
1 6
Iy =93 [°, A(32, —7;37)e ™2C2m+ ) g, form=1 (mod 3),
6
0 form =2 (mod 3),
and
1
3 )% Ai(3z,7;37)e m=m=3) g, form=0 (mod 3),
6
I3 =<0 form=1 (mod 3),
30 A3e, 730 s form =2 (mod 3).
6

The result follows.
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4.1 Bounds near the dominant pole

In this section we consider the range |z| < 1. We start by determining the main
term of g,,.

Lemma 4.2. For allm > 0 and —% <z< %, we have for |z| <1 asn — oo

o) e (1
gm< zs> _ 7TSlIl(7TZ)26 Lo —16_7R6(7> .
'2m 3ssinh (2£2) |s|2

Proof. If m =0 (mod 3), we have by Lemma

» =

Gm(2;7) = —A1(32,7;37)e>™* + A1(3z, —7; 37 )e >

i e i e I 22 g2
=— s T o 10 | —e T Re()
3ssinh <M) 3ssinh (2#_2) ’3‘5
S S

. 6#222
x € s

- (_eﬂiz + e—m'z) + O 1 7% Re(%)
3s sinh (%) |s\%

2.2

2 si T 1 2

iz +0 ()
s|z

-

If m=1 (mod 3), we have by Lemma and Lemma

3
gm(z;7) = —A1(32, —7;37)e ™ — i—n (37) e ™

0(3z;37)
T e’”"ze&fz2 0 1 _=2R (1)
- e 6 el
35 sinh (22) <|3|1/26 )
6W2Z2

" —Jh() (140 (e Re()0-9) 1 o (5 relh)9)
S S1n

6222

Imoe s

_ v __miz —miz 1 ﬁRe(%)
= S () L T )+0 (e )

. 6w2z2
_2n sm(wz)ze " L0 ( 11 26_§ RO(i)) .
3ssmh( a0 Z) |s|V/
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Finally, if m = 2 (mod 3), we have by Lemma [3.2| and Lemma

3
Ggm(2;7) = A1(32,7;37)e™ + ime

6(3z; 37)

i 2.2
iz 6z

Tz

ime e s 1 2 1
e Lo e Re(R)
3s sinh (Q”TQZ) + <|3|1/2€

. 67222
- [1+O< 4 Re
3ssmh( ”82)

6z

T e s

(H)a- 3z)> L0 <67%Re(%)(1+3z)>i|

_ 771'7:2_ Tz 1 ﬁRe(%)

2.2
_ 2n sin(mz)e”s"

1
@)
3ssinh (22) (wpﬂ

e—ﬁRda).

O
In view of Lemma [£.2] it is natural to define
2 1 . ( ) 6m222
m [ sin(mz)e s .
gm s ::_/ —6—27rzmzdz’
ML e ()
1 . o s ( ) 6222
6 s msin(mz)e s ,
Omal(s) = / m (z; —) — e 2mmE .
2(5) 1 (g 2 3ssinh (27T Z)
Thus )
qﬂ
Ry, (1) = —— (Gn m : 4.7
(1) () (Gma(s) + Gma(s)) (4.7)

Let us note that we can rewrite G, 1(s) as

G () = Ar /Oé sin(mz)e

S

Lemma 4.3. Assume that |z| <1 and m < g5

sinh (%)

67222

E]

cos(2mrmz)dz.

logn Then we have as n — oo

Gm1(s) = Zsech2 (%n) +0 <ﬂ2m§ sech? (67m>) .
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Proof. We use the same method as in [3]. Inserting the Taylor expansion of sin(7z),
exp (M>, and cos(2mmz) in the definition of G,,1(s), we find that

S

7(222
sin(7rz)eGST cos(2mmz) = Z (

Jvr20

(_1)j+u
27+ 1)!I(2v)!r!

) 6m2\" ..
7T2]+1(27.‘_m)21/ < > 22]+2u+2r+1.
S

This yields that

Am (—1)7t” 2j+1 o [ 67° '
Gra(9) = D ESTC L AN vl SR

Jw,r20

where for ¢ € Ny we define

1
I /6 Z2£+1 d
0= | gy A2
o sinh (?)

We next relate Z, to & defined in (2.8]). For this, we note that

00 22Z+1
!/

with
2041
I/ — > z * dz < > 225+1e—27r22Re(%)dZ
e 1 sinh (M) 1
6 S 6

1 —20—2 2 1
< (Re (—)) r (2@ +2. 7 Re (—)) ,
s 3 s
where ['(o; ) := [ e “w* 'dw. Using that as z — oo
[ (lx) ~ 2 te™ (4.9)
thus yields that
1 -1 '/r2 1 7r2 1
I, < (Re (—)) e~ Re() < e~ Re(3).
By a substitution in Lemma [2.6, we know that

/oo Z2£+1 B < S >2@+2 (_1)£+1E2€+1(0)
0

sinh (%) y o 2
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Thus

gm 1(8) = Z - (_1>7’+137" m2V82j+2y+r+1

; 7% Re(l
X <E2j+2u+2r+1(0) + 0 (]2\72372”’27"*26 s R (s)))

8

<——E2u+1( )+ 0 (|5|2)> = ZSGChQ (%) + O (Is|” cosh(ms)) ,

v=0

where for the last equality we used Lemma [2.5] The end of the proof is now exactly
the same as in Lemma 3.2 of [3]. O

We now want to bound G, 2(s).

Lemma 4.4. Assume that || < 1. Then we have as n — oo
1 _ =2
1Gma(s)] € —e 125,
bz
Proof. By Lemma 4.2 we have

~% Re(} e~ Re(

o =
~

)6 2mimz dZ<<

1
6 1
Gm.2(s)] <</_é 'Wé Ts[2°

By the definition of s, we know that
1
Re (%) > 35" Thus

< 11/2. Furthermore, as |z| < 1, we have

1
s|1/2

w2

1
’gm,2(8)| < We 12/3.

]

Combining Lemma [£.3] and Lemma [£.4] we obtain the following asymptotic esti-
mation of R,,(7) near the dominant pole.

Proposition 4.5. Assume that |x| < 1. Then we have as n — oo

3
S2

— sech? (ﬁ_m) ekgj + 0 (ﬁgmg sech? (ﬂ_m) e"
4(2m)2 2 2

R, (1) =

)
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Proof. Recall from (4.7 that

2
Roy(7) = 2 (Gun (5) + Gma())
n(7)
By Lemma [2.1] we see that
g §\z s
D (5VEE L o).
n(T) (27?) ew (1+0(8))
We approximate G, 1 and G, 2 using Lemma [£.3 and Lemma [£.4, The main error
term comes from G,, ;. We obtain
3

Rm<7—> = i 1 eg SeCh2 </8—m) + O <3$62m§ Sech2 (/B_m> egj) )
4(2m)3 2 5

The claim follows now using that

|s] < B,
Re(l) <1 _on
S 15} s

4.2 Estimates far from the dominant pole
In the previous section, we have established bounds for the behaviour of R,,(7) close
to the pole 7 = 0. For Wright’s version of the circle method, we also need estimates

1
far away from this pole. In this section, we consider the range 1 < |z| < % First

we need a lemma, which follows from an argument similar to the one in [10], see also
[3, Lemma 3.5].

1
Lemma 4.6. Let P(q) = % be the generating function for partitions. Assume that

T=u+iw € H. For Mv < |u] g% and v — 0, we have that

R R ) |
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Proof. Let us write the following Taylor rearrangement

oo

log(P Zlog 1—4q") qu Zlm

n=1m=1

Therefore we have the estimate

o0

log(P(@))] < 3 —1"

= m|l —q"|

[e.e]

lq] lq] lq|™
< - +y
[1—ql 1—]q| mzlm(l— ™)

— log(P(Jal)) — Id] (1 _1,Q| oy . q|) ‘

For Mv < |u| < 1, we have cos(27ru) < cos(2rMv). Therefore

11— q*> =1—2e 2™ cos(2mu) + e ™ > 1 — 2e™*™ cos(2r Mv) + e~ *™.
By a Taylor expansion around v = 0 we find that
11— g > 27m0V1+ M2 + O(v?). (4.10)
When % <|u| < %, we have cos(2mu) < 0. Therefore
1—¢q| > 1.

When v — 0, this is asymptotically larger than (4.10)). Hence, for all Mv < |u| < %

11— q| > 27roV1+ M2 + O(v?). (4.11)
Furthermore we have
1—lgl =1—e?™" =20+ 0. (4.12)
By Lemma [2.1, we have:
Plla) = s = Voer (1+0()
Thus
log(P(1al)) = 2~ + 5 log(v) + O(0). (4.13)



Combining (4.11)), (4.12) and (4.13]), we finally obtain

108(P(@))| < log(P(al)) ~ 5 (1 - ) (1400)
T ;log< O v (1 \/W) tou
:%(%_%(1 )) + 5 log(v) + 0(1).

Exponentiating yields the desired result.

We are now able to bound |R,,(7)| away from ¢ = 1.

1
Proposition 4.7. Assume that 1 < |z| < ’"gB . Then we have as n — oo

R ()] < v/mexp <w g _ M

Proof. By (2.1)), we have

k 3k24k

Ry(1) = P(q) /_2 <<1 —0) Z %) o—2mimz g

kEZ

LML TN

N|=

k>1 k>1

So we may bound |R,,(7)| when n — oo in the following way

’q’% +k
| |<<|P |/ Z ||k|—2mmz|d
75 k>1 q
2
<< |P Z _BSk
lal =

18

k 3k2 4k (_1)k 3k22+k

(rro-oS GG 0o E T

) 6727rzmzdz'



1

Now we use Lemma with v = %, u= 5"7’2;396 and M = m~3. We obtain that
1
for 1 <|z| < WZ?’

ot |5 (55 (- ) )|

2
|R,(T)| < n2 exp T (% —

Therefore

< 1 [ n Vén 1 1
nzexp |my/— — — _
6 Vs 1/1+m—%
v on

<< 1 n _2
nz2 ex T —_— — m 3 .
P 6 8n

5 The Circle Method

In this section, as in [3], we use Wright’s variant of the Circle Method to complete

the proof of Theorem [I.2]
Using Cauchy’s theorem, we write N (m,n) as as integral of its generating function

R(7): ) R
m\T

where the contour is the counterclockwise transversal of the circle C := {q € C; |q| =
e ?}. Recall that s = B(1 + i.rm’%). Changing variables we may write

N (m,n) = b ; / R, (£> e"dx.
2mms3 27

1
Ix‘<7rm§
B

We split this integral into two pieces

N(m,n)=M+E

19



with

In the following we show that M contributes to the asymptotic main term whereas
E is part of the error term.

As the estimation of R,,(7) close to the dominant pole is exactly the same as the
one of Cp,1(q) in [3], the asymptotic behavior of M here is the same as in [3]:

Proposition 5.1. We have

M = %sechz (577”) p(n) (1 +0 <:)> .

Let us now turn to the integral F.

N

Proposition 5.2. Asn — oo

2 V6
E<<n%exp s _n__nm_§
3 8

Proof. Using Proposition [4.7, we may bound

m% 1§x§ﬂg% 6 8
2 V6 -
<Lnzexp|m _n__nm32
3 8T

]

Thus E is exponentially smaller than M. This completes the proof of Theo-
rem [L.2
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