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Abstract

In this article, we consider the interlacement set Z% at level w > 0 on Z¢, d > 3, and
its finite range version Z%% for L > 0, given by the union of the ranges of a Poisson cloud
of random walks on Z? having intensity u/L and killed after L steps. As L — oo, the
random set Z%* has a non-trivial (local) limit, which is precisely Z%. A natural question is
to understand how the sets 7% and I" can be related, if at all, in such a way that their
intersections with a box of large radius R almost coincide. We address this question, which
depends sensitively on R, by developing couplings allowing for a similar comparison to hold
with very high probability for 7% and 7% 2L with v &~ u. In particular, for the vacant
set V¢ = 74\ T* with values of u near the critical threshold, our couplings remain effective
at scales R > /L, which corresponds to a natural barrier across which the walks of length
L comprised in I%% de-solidify inside Bpg, i.e. lose their intrinsic long-range structure to
become increasingly ‘dust-like’. These mechanisms are complementary to the solidification
effects recently exhibited in [27]. By iterating the resulting couplings over dyadic scales
L, the models I are seen to constitute a stationary finite range approximation of Z" at
large spatial scales near the critical point u,. Among others, these couplings are important
ingredients for the characterization of the phase transition for percolation of the vacant sets
of random walk and random interlacements in the companion articles [19, 20].

Unstitut des Hautes Etudes Scientifiques
35, route de Chartres

91440 — Bures-sur-Yvette, France.
duminil@ihes.fr

2Université de Geneve
Section de Mathématiques
2-4 rue du Lievre

1211 Geneve 4, Switzerland.
hugo.duminil@unige.ch

3School of Mathematics

Tata Institute of Fundamental Research
1, Homi Bhabha Road

Colaba, Mumbai 400005, India.
goswami@math.tifr.res.in

August 2023

“Tmperial College London
Department of Mathematics
London SW7 2AZ

United Kingdom.
p.rodriguez@imperial.ac.uk

SETH Zurich

Department of Mathematics
Ramistrasse 101

8092 Zurich, Switzerland.
franco.severo@math.ethz.ch

6Instituto de Matematica Pura e Aplicada
Estrada dona Castorina, 110

22460-320, Rio de Janeiro - RJ, Brazil.
augusto@impa.br


duminil@ihes.fr
hugo.duminil@unige.ch
goswami@math.tifr.res.in
p.rodriguez@imperial.ac.uk
franco.severo@math.ethz.ch
augusto@impa.br

1 Introduction

Random interlacements form a prime example of a model exhibiting long-range dependence
which gives rise to intriguing critical phenomena. An instance of this is the percolation transition
associated to the vacant set V" of random interlacements as u > 0 varies across a critical
threshold w., see [37, 34], which is intrinsic to various geometric questions concerning random
walk (or Brownian motion) in transient setups; see, e.g., [16, 6, 36, 42, 24, 39, 27].

Within the framework considered in the present article, the set V* is a random translation
invariant subset of Z¢, d > 3, decreasing in u > 0 and obtained as follows. One introduces a
Poisson point process 7* on W* x R, the space of labeled bi-infinite transient lazy Z?-valued
trajectories modulo time-shift; see §2.2 for precise definitions, in particular (2.26) regarding its
intensity measure. The interlacement set 7% = Z\ V* at level u is defined, for a given realization
nt=> 5(w;7ui), as the trace of all trajectories in this Poisson cloud with label at most w,

(1.1) ¢ =1"(n*) = |J range(w)).

rus <u

The use of lazy random walks in the construction is a matter of convenience and amounts to an
inconsequential rescaling of u.

Among its essential and also most daunting features, correlations in the occupation field of
I" are governed by the Green’s function of the random walk, see, e.g., [37, (1.68)], and thus
decay like |z — y|>~? at large distances |z — y| — oo for any u > 0. A natural way to try to
tame this long-range dependence is to truncate the model by introducing a finite time horizon
for the trajectories; truncations of this and similar kinds have appeared in the literature, see
e.g. [8, 30, 7, 12]. The family of finite range models we will consider is defined as follows. Let
P, denote the canonical law of the discrete-time lazy random walk on Z? started at = and
X = (Xp)n>0 the corresponding process. Consider the product measure v on Wy x R, where
W, is the space of forward Z?-valued trajectories (supporting P,), with

(1.2) V(B x [0,u]) =u Y Pi[X € B],

x€Z4

for measurable sets B. The measure v in (1.2) induces a Poisson point process n on Wy x Ry,
defined on its canonical space (24,.A+), with v as its intensity measure. For an arbitrary
(density) function f: Z¢ — R, and L > 1, one then defines, in analogy with (1.1),

(13) If’L = If’L(U) = U ’LU,L[O, L— 1]7

i :uigi—df(wi(O))

for a realization 7 = Y, 0(w, u;), Where w;ls, ] def. {z € Z% : 2 = w;(n) for some s < n < t},
for t > s > 0. In words, Z/'L' comprises the trace of the first L steps of a Poissonian number
of trajectories, started with density proportional to % f(-). For u > 0, we write Z%* when
f(x) = u for all € Z%. The random set Z%" is translation invariant, and, as will be shown in
Proposition 3.6, for any v > 0 one has that

(1.4) 7oL L T as L — oo

In view of (1.4), the random set T%L thus constitutes a finite range approximation of Z% in
law. Omne thus naturally wonders in how far (if at all) the limit L — oo can be understood



in a ‘pathwise’ sense. Existing coupling techniques, which have a long history in the area,
see [38, 42, 28, 13, 29, 15, 2, 7], are virtually all local in the sense that trajectories entering
the picture evolve for a time much larger than the diffusive time scale associated to the box
in which the coupling is constructed. By adapting these methods, it is thus plausible (and
actually true, see Section 3) to expect Z* and Z%L to be comparable inside a box of radius
R as long as L = L(R) > R?, which in itself is already not entirely straightforward to show,
cf. Proposition 3.4 below.

In contrast, for matters relating e.g. to the near-critical regime around wu,, one is often
interested in pushing such comparisons much further, to scales L = L(R) well below the diffusive
scale R2. This is related to the conjectured fractal nature of large clusters near the critical point.
The underlying question thus becomes one of witnessing ‘extended objects’ that carry long-range
information at spatial scale R (for instance, random walk trajectories evolving for time > R?)
‘materialize’ out of smaller (sub-diffusive) ‘particles’. We will return to this problem at the end
of this introduction, see Theorem 1.6, which illustrates our main results by yielding a coupling
with much smaller ‘localization scale’ L(R) than R? in the regime near u,. Theorem 1.6 is but
one application of the main couplings developed in this article, which we now present.

1.1. Couplings and obstacles. Our first two main results, Theorems 1.1 and 1.3 below, will
allow us to couple the sets Z%L and Z%+" for L' < L and suitable values of u, v with u ~ o’
in such a way that their ranges almost coincide in large regions. These results will in turn lead
to meaningful couplings between Z%% and 7%, as will be seen subsequently. We will henceforth
always assume that L > L' > 1 are integers with L’ dividing L and such that

(1.5) L(log L)™" < L' < L(log L)™1Y,

for some parameter v > 10. The restriction on L’ inherent to (1.5) is not severe, one can typically
extend the range of L’ by iterating the following results.

In attempting to compare Z/X from (1.3) for a given profile f with Z/ %', let us first make
a reasonable guess at what a good choice of f/ may be. A natural way to proceed is to cut
the trajectories comprising Z/** into pieces of length L’. Foregoing for a moment the (strong)
dependence between successive starting points of the length-L’ walks (inherited from the longer
length-L trajectories) induced by this cutting procedure, one may plausibly choose f' = PL/( f),
where for all f : Z¢ — R,

(16) PEH SN py )

and P, f(z) = E.[f(X,)] denotes the n-step transition operator associated to P,. Note in
particular that PE'(-) acts as identity map on constant functions f(z) = u, z € Z<.

The considerations leading to (1.6) are but a simple heuristic. For, unlike the trajectories
of length L' constituting Z/" X" with f' = Pf/( f), which have independent starting points, the
ones obtained after cutting Z/»Y carry long-range dependence (for instance, most of the time a
walk of length L’ needs to start where a walk of same length L’ ends). The comparison between
the two sets is thus a-priori far from clear. A first idea to overcome this issue is to allow some
room for homogenization by leaving a suitable gap time 1 < ¢, < L’ in the cutting procedure,
all while still retaining one of two possible inclusions. Of course this does not come free of
cost; in particular one should expect to end up with a slightly smaller proportion of walks of



length L’. The following result turns this intuition into a theorem. We refer to the end of this
introduction regarding our policy with constants ¢, C' etc., which only depend on d > 3. Let
By = [-N,N]¢nZ* for any N > 0 and recall that (1.5) is in force.

Theorem 1.1. For all u € (0,00) and integer K > 0 the following holds. Given any function
f:Z% — [0,u] such that f(x) > (log L)~ for all x € Bk, there exists a coupling Q of two
{0, 1}%" -valued random variables I,, Ty such that

7, & ghL 7, 18 T(-CW /LY PE (1) g
(1.7) /\1/4

Q[Z1 DTy > 1 - C(uV 1) (K + L) em¢E/E),

Theorem 1.1 will follow from a more general result, Theorem 4.1, proved in Section 4; see
also Remark 4.2,1). The discussion leading to (1.7) crucially relied on the fact that the inclusion
of range-L' trajectories into range-L ones permits one to forget about gaps between walks. On
the contrary, the opposite inclusion requires gluing shorter length-L’ trajectories into longer
ones. This is much more difficult to achieve, and the coupling we derive to this effect in the next
result, Theorem 1.3 below, is correspondingly more involved. As one of the main innovations
of this article, we now introduce an obstacle set O, which is at the heart of this coupling. We
will in fact couple the models outside an enlarged obstacle set O. In a nutshell, the walks of
length L’ will be ‘wired’ into walks of length L using obstacles, met frequently and by many of
the random walks entering the picture, as ‘hubs;’ cf. Figure 1.

fe—— L —»
Figure 1 — A longer length-L trajectory (red) is obtained by ‘gluing’ pieces of shorter
length-L' trajectories (green) within the enlarged obstacle set (orange).

We now introduce the obstacle set O. We assume that O is a disjoint union of boxes of equal
radius £p > 1, called obstacles. The collection of such boxes is denoted by B, whence

(1.8) o= |J B

BeBp

3



For U C Z%, let Hy denote the entrance time of X in U, see below (2.5) for notation. The key
features of O in (1.8) are encapsulated in the following:

Definition 1.2. Let K > 0, L > 1, 0o € (0,1) and Mp > 1. An obstacle set O C Bgap is
called (6o, Mp)-good if

(1.9) (Visibility condition): P.[Hp > L(log L)~!07] < §p, for all x € By p;
Pu[Xu., € B, Ho < o] > Mo,

(1.10) (Density condition): ulXrto O )= Mo
for all B € Bo with BN Up # 0,

where Uo = Bie\ /T 10g 1)1 =, m(x)P, and

(1.11) p=a 'y, with a = (log L)!*7.

The term obstacle is fitting, cf. for instance [35]: indeed verifying the conditions of Defini-
tion 1.2 will notably require some control on go(-,-), the Green’s function of the walk killed
on the obstacle set O, see (2.4) for notation. Further note that, apart from (dp, Mp), a good
obstacle set also depends implicitly on L, K, {» and v (> 10), cf. above (1.5). The parametriza-
tion in (1.10) is chosen so that My will eventually correspond to a number of trajectories. The
manufacture of a good obstacle set is somewhat intricate because O needs to meet competing
interests in satisfying (1.9) and (1.10) simultaneously. We return to this below the next theo-
rem. In doing so, we will give concrete examples of obstacle sets O satisfying Definition 1.2. In
applications of interest, O itself will typically also be random.

In order to state our second main result, which exhibits a coupling with inclusions in the
‘hard’ direction, opposite to that of Theorem 1.1, we introduce in analogy with (1.8) the set

(1.12) o= U B,
BeBo

where, for every B € Bo, B is the concentric ball of radius fp = E 100 . We refer to the set O
defined by (1.12) as enlarged obstacle set in the sequel.

Theorem 1.3. For all u € (0,00), integer K >0 and ¢ € (0, 1), the following holds. Given any
f:Z% = [0,u] such that f|p,,, > (logL)™ and f =0 outside Bx 1, and any (80, Mo)-good

obstacle set O(C Bgyor) with C’E(_Ql/wo < e, there exists a coupling Q of (Z1,Z2) such that

T, 2 gl 7, B TUPE DL and, for L > Lo(d, v, u),

1.13
(1) Q[T \ O) C (T2\ 0)] > 1= C(uV 1)(K + L) (e e MoAL/INY) 50,

The inclusion (1.13) complements (1. 7) but obviously the price to pay is to avoid the enlarged
obstacle set O. This is because O delimits a region in which pieces of trajectories are glued
together to form longer ones; cf. Figure 1. We will soon see (§1.3) how (1.13) can be employed
to deduce meaningful statements e.g. concerning boundary clusters of vacant sets. For the time
being, an obvious question is to construct (dp, Mp)-good obstacle sets, i.e. having small ép and
large Mo in view of the error term appearing in (1.13).



1.2. Constructing good obstacle sets. Considering the event on the left-hand side of (1.13),

interesting choices for O (and a fortiori, 6) ought to be as small as possible. Indeed, the set
O = By for instance is a good obstacle set (in particular, Definition 1.2 is not vacuous),
however it renders (1.13) moot. The obstacle sets we exhibit below do in fact have vanishing
asymptotic density in B o5, as L — oco; see Corollary 1.4. These examples, which will be used
in applications below, underline the strength of the coupling exhibited in Theorem 1.3.

Before giving concrete examples let us first highlight one key point. The obstacles comprising
O have two defining properties, (1.9) and (1.10), which act in opposite ways with regards to
choosing scales and finding the right resolution for O: on the one hand, O needs to have good
trapping properties, see (1.9), i.e. be hard to avoid for the random walk started in the bulk, a
feature which naturally improves upon increasing ¢», the radius of an individual obstacle. On
the other hand each box B € O needs to be small enough as to retain a high ‘surface density’
of incoming trajectories, see (1.10), which intuitively favors mixing and facilitates the gluing.
This will later be quantified in terms of a mean free path /o for the random walk among
the obstacles O, see Lemma 6.2 below, which has to be sufficiently large (much larger than the
typical obstacle separation; see Remark 6.3 below).

We now discuss some examples of good obstacle sets, including suitable periodic arrange-
ments of boxes, which constitute the simplest example. Eventually though, we will be interested
in the disordered case where obstacles are random, so we immediately formulate a suitable
relaxation of the periodicity condition.

We will let the obstacle set O consist of boxes B of radius £ > 1, separated by a mesoscopic
scale L with /p <« L < L. Suppose that

(1.14) (log L)1907 < ¢ < L3a,
We then introduce the scale E, which will govern the typical distance between obstacles, as
(1.15) L= |(aLd9™2/2)) where o = (log L)' (cf. (1.11));

in fact, any positive exponent less than d — 2 for /» would do in (1.15), which is related to the
capacity of a box of radius ¢p, see (2.11) below. The mechanism behind the inverse propor-
tionality of L as a function of the ‘ellipticity’ lower bound a~! introduced in (1.11) is easy to
grasp intuitively. If a~! decreases, satisfying the density condition (1.10) becomes harder, and
retaining a given ‘surface density’ M»L on an individual obstacle B will be eased by making
the obstacles sparser, i.e. increasing E, which indeed grows with « by (1.15).

Continuing with the constuction of O, under the assumption (~1.14), it is plain to see that

lo < L < L when L is large. Now, given the mesoscopic scale L in (1.15), let C denote the

collection of boxes B (Z,E) - + Bj where, roughly speaking and as will be made precise

momentarily, see (1.16) below, z ranges over all points of L % 37740 B 131,/2- For various
applications we have in mind, see e.g. the next paragraph §1.3, see also [19], we sometimes need
the enlarged obstacle set O to avoid the boundary 0B (see Section 2 for notation) of a given
box B = B(z,N), for some x € Z% and N > 0. For the purposes of this exposition, the reader
may choose focus on the case B = ) (in which case 9B = () by convention in what follows).
Accordingly, we now set, for B € {B(x,N):z € Z* N > 0} U {0},

(1.16) C = {5 . C = B(z, L) for some z € L s.t. B(z,2L) N 0B = 0}.

In the sequel, we usually employ the notation C to denote a generic element of C. , which we refer
to as a cell.



A good obstacle set will in essence comprise one obstacle (a box of radius £o) per cell. Thus,
let {yc C e C} denote an arbitrary collection with yz € C for each C e C. Proposition 6.1
will imply that, under (1.14) and for all K > 0, u € (0, oo) and L > C(v),

the obstacle set O = Uz B(yz,lo) C Briar is

1.17 .
( ) (00, Mp)-good with dp = e—C(logL)”, Mo = ngi 2)/2

Although this will be too limiting for our purposes, let us emphasize that (1.17) with B = ()
in (1.16) yields instances of fully ‘periodic’ arrays of obstacles (inside Bp_3r,/2). Moreover,
by computing the volume occupied by O and combining (1.17) (see also Proposition 6.1) with
Theorem 1.3, one immediately arrives at the following result. As in the statement of Theorem 1.3
we assume implicitly that (1.5) holds (for some v > 10) and that v € (0,00), K > 0 and
f:2Z% — [0,u] is such that f|p,,, > (logL)~7 and f = 0 outside By .

Corollary 1.4. For any Lo satisfying (1.14) and € > 0561/100, one can find a good obstacle set
O C Bkyar and a coupling Q of (Z1,Z2) with marginals as in (1.13) such that

(1.18) Q[Zi1\0) C (T \ 0)] > 1 —e el 4nd |O|/|Bgyor| < L7°.

Corollary 1.4 highlights the strength of Theorem 1.3. Indeed, the second part of (1.18)
implies in particular that the set O removed from the region of coupling has vanishing asymptotic
density in Biior as L — oo. It is an interesting open problem to determine how small ](5 | can
be chosen for the inclusion in (1.18) to continue to hold with high probability.

1.3. Disorder and coupling of clusters. To illustrate the usefulness of Theorem 1.3, we now
discuss a specific case where O is random with range among the obstacle sets of the form given
by (1.17). The additional randomness comes from an auxiliary configuration Z = Z(w) C Z¢
for w € Q, defined on an auxiliary space (2,.4,P). We think of P as generating a random
‘environment’ and write V = Z?\ Z with Z = Z(w). The random ‘environment’ of hard obstacles
O = O(w) will then consist of realizations of boxes fulfilling (1.17) around which disconnection
in V occurs. As asserted in the next theorem, this yields a coupling of boundary clusters (of a
box B) for the vacant sets corresponding to the superposition with Z of the two configurations
to be coupled, cf. Fig. 2. In practice, Z corresponds to a (significant) fraction of e.g. Z>X, which
remains ‘frozen’ while applying our coupling results, Theorems 1.1 and 1.3; we describe this in
detail in §1.4. As will become clear in the course of proving Theorem 1.5 below, the reason for
discarding cells close to OB in (1.16) is that the presence of obstacles near the boundary could
otherwise spoil the configuration of boundary clusters which we aim to couple.

We now make precise the relevant notion of disconnection events for V. To this effect, we
introduce one additional scale £o with o < fp < L (recall (1.12) regarding {p). For any y € Z¢
and S CC Z4, define (under P)

Disc(y) = Discy_ ;. () = {B(y, lo) J@ 9B(y,lo)}, and

Disc(S) = Discy, 7, (5) = {y € S : Discy,, 7, (y) occurs}.

(1.19)

Notice that while Disc(y) is an event, Disc(S) is a random subset of S (under P). Of interest
to us will be the disconnection event (under P)

(1.20) 9 = 9(w) = {Disc(C) # 0 for all C € C}.



where C is as in (1.16) for an arbitrary box B = B(x, N), which will soon play the role of
the region in which we exhibit a coupling (cf. (1.21) below). In a nutshell, on the event ¥ =
P (w) appearing in (1.20), we can for each cell C' € C pick a box around which disconnection
occurs in V(w) to form the obstacle set O = O(w). Combining Theorem 1.3 with (1.17) (see
also Proposition 6.1), we then arrive at the following result, proved at the end of Section 6.
Hereinafter we use €9 (V), for S,V C Z¢, to denote the connected component of S in VN S.

Theorem 1.5. For all u € (0,00), € € (0,1), integer K,N > 0, B = B(z,N) for x € Z¢,
and f : Z% — [0,u] as in Theorem 1.3, the following holds. If (1.14) holds, ¢ > Cﬁ(_gl/loo \Y
(561/@[72) (log L)V/Q) and bp < lp < Z, there exists a coupling Q of Z1,Z> such that, P-a.s.,

T ' Tl U T(w), T, 2 70+OPE DL G T(w): and for L > Lo(d,),

i)
(1.21) e
QERVT)) > GRVE) Lo 2 1 - Cluv (K + Lye B/,

def.

where V(I) ‘= ZI\ T for any T C 7.

In fact, our arguments yield that one can couple not only all the boundary clusters €5(-) in (1.21)
but actually all the clusters intersecting the complement of the £p-thickening of the obstacle set
O = O(w) used in the proof, which is of the form (1.17).

Theorem 1.5 also implies the following useful ‘annealed’ coupling. With Q-] et [ Qu[]dP(w),

we immediately obtain, under the assumptions of Theorem 1.5, that Q gives a coupling of three
law law

configurations Z (with law specified by P), Z; = Z/181cl and 7, = TO+PE (DL such that
7,7}, are independent under Q for any choice of k € {1,2} and Lo(d, ),

(1.22) Q[EH(V(T1 UT)) > CH(V(TUT))] > PlZ] — CluV 1)(K + L)% E/ ",

In the next paragraph, we return to the question of coupling Z%% and Z%, see around (1.4).
This provides a concrete and simple example of environment w with Z = Z(w) of interest, which
illuminates the use (1.21) and (1.22); see also §1.5 below for further applications.

1.4. Coupling the vacant sets of 7% and Z%. We now attend to the question of taming
correlations in Z% by comparison with Z%%, which is 2L-dependent (in fact, the ‘effective’ range
of dependence is rather of order v/L, the typical diameter of a random walk of length L). As
explained below, the following result can be obtained by means of Theorems 1.1 and 1.5.

Theorem 1.6. Let u € (0,00) and v > 10 be such that, with D(£) = exp{£<1/7},
VU.
(1.23) lim inf exp {19 YP[By </ dBp )] > 0.

Then for all v > u(l + (logL)~2), R > 0 and (dyadic) integers L > Lo(d,7,u,v), letting
ve = v(1 %+ (log L)™3), there exists a coupling Q of (V'+£ VY Vo+L) such that

(1.24) Q[#3,(v+h) c6h, (V) C 6, (V1)) 21— C(R+ L)te el

In words, Theorem 1.6 asserts that, if (1.23) holds, one can localize V' up to sprinkling
to scale L, with an error term that remains effective well below the barrier L ~ R?; cf. also
(7.1) and Proposition 7.1, which imply a similar coupling as in (1.24) with V2" in place of V¥



under the sole assumption (1.23) for £ = (log L)¢, which is very mild. This type of statement
can be viewed as complementary to the solidification mechanisms exhibited in [27]. Indeed,
the properties defining our obstacle sets O, see Definition 1.2, bear a loose resemblance to
those exhibited by ‘resonant sets’ in the language of [27], but the disconnection bounds (1.23)
r (7.1) defining the random set O (cf. Theorem 1.5, which is crucially used in the proof)
act in the opposite direction than the frequently used assumption u < @ (which implies upper
bounds on disconnection), see e.g. [27, 40, 14]. Thus our ‘resonances’ rather have a de-solidifying
effect: indeed (1.24) (along with its one-step version (7.2)) indicates that large clusters such as
those comprised in ngR(V”) can be built using random objects of well-defined ‘size’ (length-L
trajectories) over a large spectrum of scales L, which hints at an ‘amorphous’ structure rather
than a ‘solidified’ object.
Theorem 1.6 is a benchmark result. For instance, (1.24) immediately yields ‘localization

estimates’ for crossing probabilities of the form P[B, X 0B r], for any 0 < r < R, by which V¥
can be effectively replaced by VV+ at suitable values of v up to super-polynomial errors in R,
with ‘localization scale L’ as small as L = L(R) = exp{(log R)""*/7}, for any (large) v > 1. As
mentioned at the beginning of this introduction, see below (1.4), this is completely outside the
scope of (adaptations of) existing techniques, which require L(R) > R2.

We now sketch how (1.24) is deduced from the previous results. Doing so will shed light on
a typical ‘random environment’ P (from which the disordered obstacle set is constructed; recall
the discussion following (1.20)) used in the context of Theorem 1.5.

In essence, one obtains (1.24) by concatenating over scales certain ‘recursive’ couplings of
similar form as (1.24) but relating VX and V2L instead. The statement corresponding to a
single ‘recursive’ step, see Proposition 7.1 below, is worth highlighting, because it can be made
fully quantitative in L (this regards in particular the scales ¢ at which a disconnection estimate
of the form (1.23) is needed); see Remark 7.2 for more on this. To deduce Proposition 7.1,
one applies Theorems 1.1 and 1.5 (the latter in its annealed version, which is sufficient for
this purpose) repeatedly together, each time replacing a small fraction of length-L by length-
2L trajectories, thus progressively transforming Z-" into Z?F. At each step, the comparison
involves trajectories of intermediate length scale L' < L as in (1.5), obtained by applying
Theorems 1.1 and Theorems 1.5 respectively to the (small fraction) of length-L and length-
2L trajectories to be exchanged, or vice versa (depending on which inclusion in (1.24) one is
proving). In doing so, an independent ‘bulk’ contribution, which generically consists of a mixture
of trajectories of both length scales, remains untouched. This bulk part plays the role of the
random environment Z = Z(w) under P in the context of (1.22). The estimate (1.23) enters
naturally in supplying a lower bound for the quantity P[Z] in (1.22), which requires ‘abundance’
of disconnections in the underlying vacant set V = Z¢\ Z, cf. (1.20).

1.5. Outlook. We will in fact consider a larger class of interlacements, called p-interlacements,
enabling for both varying (time-)length and spatial intensity of the underlying Poisson point pro-
cess. This class will be useful not only for the proofs below, but also for subsequent applications.
In particular, the couplings we derive in Theorems 1.1 and 1.5 (see also their extensions, Theo-
rems 4.1 and 7.4 below), play an instrumental role in the upcoming proof [19, 20] of sharpness of
the phase transition of V*. Moreover, if developed further, some of our quantitative statements,
see for instance Proposition 7.1 below (the one-step version of Theorem 1.6) will likely further
improve our understanding of the (near-)critical phase.

We now briefly discuss p-interlacements. Roughly speaking, p-interlacements and their asso-
ciated interlacement set Z”, introduced in Section 3, are parametrized in terms of a (time-space)



density p = p(¢,x) > 0 describing the average number of trajectories of (time-)length ¢ (possibly
infinite) starting in # € Z?. This supplies a framework of processes that subsumes all the models
to be dealt with, including the full interlacement set Z* from (1.1), the length-L interlacements
Z5E from (1.3) and, in particular, their homogenous version Z%%, as well as various others en-
countered in practice (recall for instance the environment configuration relevant to the proof of
Theorem 1.6, which is more involved).

As we now briefly outline, a challenge is to accommodate the breadth of applications and the
resulting variety of ‘random environments’ Z = Z(w) that may arise. To wit, for a complicated
configuration Z = Z(w) involving trajectories of spatially inhomogenous intensity and varying
time length, the prospect of witnessing the event Z(w) in (1.20) with sufficient probability, which
entails exhibiting regions in which disconnection occurs in V = Z%\ T (see (1.19)) can seem
daunting; it is, however, pivotal since these regions precisely define the obstacle set O = O(w),
as in the discussion leading up to Theorem 1.5 or in the application to Theorem 1.6.

As one of the benefits of p-interlacements, the mean occupation time density (¢4),czq asso-
ciated to p, see (3.11), yields verifiable conditions ensuring for instance that one can identify a
meaningful scalar intensity parameter u describing the (possibly complicated) configuration of
trajectories involved in Z; cf. for instance Definition 7.3 and the proof of Lemma 7.7.

It is also instructive to draw comparisons between the couplings developed in this paper
and common approaches used for the analysis of other strongly correlated models, such as the
related Gaussian free field. In the latter context, stationary decompositions of the field over
scales (harnessing the underlying Gaussian structure) with distinct features have a long history,
see for instance [11, 9, 1, 3, 26, 17, 5, 33]. Such decompositions are appealing from the point of
view of renormalisation and very useful in a variety of contexts, see e.g. [10, 4, 17, 18, 25] and
refs. therein. Similarly powerful tools are at present inexistent for random walks/interlacements,
as Theorem 1.6 vividly illustrates, and the results of this paper can be regarded as a first step in
this direction. One distinctive feature is that Z* corresponds to a ‘degenerate’ limit for excursion
sets of occupation times {¢* > a}, see [31], where the threshold o = 0, which ‘lacks ellipticity’.

1.6. Organization. We now describe the organization of this article. Section 2 collects some
notation and various useful facts about random walk and random interlacements, along with a
useful chaining result for couplings.

Section 3 introduces p-interlacements. After gathering a few generalities in §3.1, we prove
in §3.1 two complementary results, Propositions 3.3 and 3.4, which supply preliminary local
couplings relating 7” and Z" under suitable conditions on p. Here, local is used in the same
sense as in the discussion following (1.4) ; see also Remark 3.7, which contrasts these couplings
with the main results of this paper. As an immediate application, we obtain the convergence in
law asserted in (1.4), see Proposition 3.6.

Sections 4 to 6 form the core of this article. Sections 4 and 5 are dedicated to the proofs of
Theorems 1.1 and 1.3, respectively, and have a similar structure. In each case, the proof starts
with a reduction step, which incorporates a notion of gaps (§4.1) or overlaps (§5.1) between
trajectories, leading to more malleable statements, see Propositions 4.3 and 5.1. The bulk of
each section is devoted to the proof of each proposition. Whereas the former relies on the ‘cutting
+ homogenization’ approach alluded to above Theorem 1.1, the (much) more difficult proof of
Proposition 5.1 requires implementing a gluing technique of short trajectories, which brings to
bear the obstacle set and the conditions for it to be good that constitute Definition 1.2.

The main result of Section 6 is Proposition 6.1, which supplies a large class of good obstacle



sets, including in particular (1.17). This result can be fruitfully combined with Theorem 1.3,
applied with a suitable (random) choice of obstacle set O, thus leading to Theorem 1.5. The
proof of the latter appears at the end of Section 6.

Finally, Section 7 is devoted to the proof of Theorem 1.6, which illustrates Theorems 1.1
and 1.5. Theorem 1.6 is first reduced to its one-step version, Proposition 7.1, which yields
a similar coupling relating V% and V“2F interesting in its own right. Proposition 7.1 is
obtained by combining Theorem 4.1 (which extends Theorem 1.1) with Theorem 7.4. The latter
corresponds to a specialization of Theorem 1.5 to the case where the environment configuration
7 is of the form Z? introduced in Section 3. This yields very handy conditions, see (Cgpgt) in
Definition 7.3, which allow to control P[Z] in Theorem 1.5. The remainder of Section 7 contains
the proof of Theorem 7.4.

Our convention regarding constants is as follows. Throughout the article ¢,c,C,C", ...
denote generic positive constants (i.e. with values in (0, 00)) which are allowed to change from
place to place. All constants may implicitly depend on the dimension d > 3. Their dependence
on other parameters will be made explicit. Numbered constants are fixed upon first appearance
within the text.

2 Notation and useful facts

In this section, we gather a few preliminary results. In §2.1 we review some facts about ran-
dom walk and gather some estimates about entrance and exit laws (possibly with finite time
horizon); see in particular Lemma 2.1. In §2.2 we introduce random interlacements, excursion
decompositions and supply a basic coupling for excursions, Lemma 2.3. Finally, §2.3 exhibits a
tool, Lemma 2.4, that allows to ‘concatenate’ couplings between random sets with a common
marginal, which is useful in order to preserve inclusions; see also Remark 2.5,2).

We start with some notation. We write N* = {1,2,...}, N=N*U{0} and Ry = [0,00). We
consider the lattice Z¢, d > 3, endowed with the usual (nearest-)neighbor graph structure, and
denote by | - | the £*-norm on Z¢. For a set K C Z%, we write K¢ = Z¢\ K for its complement
in Z?¢, OK for its inner vertex boundary, i.e. 0K = {r € K : Jy ¢ K s.t. y ~ x}, where z ~ y
denote neighbors in Z¢, at Euclidean distance one. We also write O K = O(K°¢) for the outer
(vertex) boundary of K and K = K U douK. The set B(K,r) = K, = |,y B(z,7) denotes
the r-neighborhood of K and K cC Z% means that K C Z¢ has finite cardinality. We use the
notations B,(z) = B(z,r) interchangeably to denote ¢*°-balls with radius » > 0 centered at
z € Z% and abbreviate B, = B,.(0). We use d(-,-) to refer to the £>*-distance between sets.

2.1. Random walk. We endow Z9, d > 3, with symmetric weights a : Z¢xZ? — [0, c0), where
Qpy = Qyz = 1if v ~y, az, = 2d and a,, = 0 otherwise, and write a, = ZyGZd azy = 4d. We
consider the discrete-time Markov chain on Z¢ with generator Lf(z) = a;! >y Gy (f(Y) —
f(x)), for f:Z% — R, which has transition probabilities p(z,y) = %% z,y € Z?. We denote

QA

by P, the canonical law of this chain when started at x € Z%, defined on its canonical space
(W4, W4), and by X = (X,)n>0 the corresponding canonical process. For u : Z% — R, we
write Py = Y cza p(x) Py With py(z,y) = Po[X, = y], ©,y, € Z% n >0, so that p; = p, one
hasp, (z,y) = pn(0,y — ) by translation invariance. We denote by P, the transition operators,
ie. for f:7Z% = R,

(2.1) Pof(z) =Y palz9)f(y) (= Eolf(X0)]), z €27,
Yy
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which satisfies the semigroup property Pp+m = Pp Py for n,m > 0. The random walk X satisfies
the following local central limit theorem estimate, see for instance [23, Theorem 2.3.11]:

(2.2) 'log (M)’ <0<1 +‘|4> for |&] < en |
where
(23) B (z) (:;)dm o ( B d\z|2>‘

For U C Z%, we write Hy = inf{n > 0: X,, € K} for the entrance time in U, Ty = Hya\p is
the exit time from U and I;'U =inf{n > 1: X,, € U} the hitting time of U. We denote by gy
the Green’s density (with respect to a.) killed on U, i.e.

(24) gU(xay):Zay_lpx[Xn:yan<HU]v ,I,yGZd,
n>0

and write g(-,-) = g¢(+,-). By [22, Theorem 1.5.4], one has that
(2.5) cllz —ylv1)2 e < glz,y) < C(lx —y| v 1)2~%, for all z,y € Z°.

More is in fact true but (2.5) will be sufficient for our purposes. We further define, for U cC Z¢,

(2.6) ev(z) = agPy[Hy = o] 1{z € U},

the equilibrium measure of U, which is supported on U and denote by
(2.7) cap(U) = Z ey (x)

its total mass, the capacity of U, which is increasing in U. We write éy = ey /cap(U) for the
normalized equilibrium measure. One has the last-exit decomposition, valid for all U cC Z<,

(2.8) P.[Hy < o] = Zg:cyey , zeZ

see, e.g., [22, Lemma 2.1.1] for a proof. Together, (2.8) and (2.5) readily imply that there exists
Cy = C1(d) > 0 such that for all L > 1 and = € Z¢ with |z| > L,

(2.9) Py[Hp, < o0] < Cy(&)"?

||

Moreover, summing (2.8) over x € U, one immediately sees that

-1 Cap -1
(2.10) r;lea[?Zg z,y)) < ]U\ gél}(lZg z,y)) ",
yelU yelU

where |U| denotes the cardinality of U. Along with (2.5), (2.10) readily gives for all L > 0,

(2.11) cL4? < cap(Br) < CL%72,
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For later reference, we also record the pointwise lower bound
(2.12) ep, (x) > cL™! for all x € By, and L > 0,

on the equilibrium measure of a box. One way to obtain (2.12) is to enforce the event {H B, = 00}
by first sending X to distance C'L away from the box in a suitable coordinate direction and then
requiring that X never visits By, again. The first event has probability at least + by a standard
one-dimensional gambler’s ruin estimate. On the other hand, by (2.5) and (2.9), the second
event has probability at least ¢ > 0 under P, for any y at a distance at least CL from By,
provided C'is large enough. Applying the strong Markov property, (2.12) follows.

We now collect a few useful hitting probability estimates over the next lemmas. The following
result yields pointwise comparison estimates between the equilibrium measure of a ball and either
of i) the tail probability of its hitting time and ii) the normalized hitting probability measure

(2.13) hg(z,y) def. PI[XFIB =y Hp < o], BcCZ% xz,yeZ

Lemma 2.1 (£ > 0).

i) There exists Co = C3(€) > 0 such that for any sequence £y > N*T¢, N > 1 and for every
x € OB with B = By, one has

(2.14) ep(z) < axPe[Hp > (n] < (1 + CoN~3)ep(z).

ii) There exists C3 = C3(£) > 0 such that for all N > 1, y € B = By and z € Z¢\ Byi+e,

(2.15) (1—CsN%ep(y) < hp(z,y) < (1+CsN~%eg(y).

Proof. We first show 7). The first inequality in (2.14) is immediate. For the second one, abbre-
viating £ = £, one writes

(2.16) P.[Hp > (] = a;'ep(z) + P,[l < Hp < c0].

Defining B = B(0, N'7¢/3), one estimates the second term in (2.16) by

(2.17) Pl < Hp < 0] < P, [Ty > ] + q where ¢ = P,[Tz < Hp < .
One knows that, for suitably small ¢ (> 0),

(2.18) sup E,[exp {2891 <2, L > 1.
L

Applying (2.18) with L = N'*+¢/3 readily yields that
(2.19) az Po[Ts > 1] < agy exp{—cN*/3} < exp{—c'N*/?}ep(z),

where the last bound follows as ep(z) > &, see (2.12). All that is left is to estimate is q.
Applying the strong Markov property, one has
(2.20) q = Ex TB’ < ﬁ[B’PXTB [ﬁB < OO]]

(2.9) £(d—2) ~

< sup Py[Hp < oo|P,[T5 < Hp] < CiN~ 5 P,[T5 < Hp|.
yeBe

12



Moreover, ¢ can also be written as ¢ = P, [T < Hp| — P,|Hp = oc]. Substituting this on the
left-hand side of (2.20) and rearranging terms yields that

P[Ts < Hp] < (1 — N~ =1p [Hp = o] < C(€)ep().
Plugging this into (2.20) readily gives
(2.21) q < C'(EN~EBE=2) g ~lep(x),

Applying this bound along with (2.19) in (2.17) yields the second inequality in (2.14).

We now show ii). For U D B(= By), let epp(z) = azP,[Hg > Ty]1{z € B} denote the
equilibrium measure of B relative to U (so ep = epg 74, cf. (2.6)), and eép y(-) be its normalized
version, a probability measure on Z¢. With U = B(0, N'*¢), Theorem 2.1.3 in [22] gives

(2.22) he(=9) 4| < on-e,

esu(y)
for all y € OB and z € Z%\ By1t¢. In order to show that ég 1 (y) is comparable to ég(y), write
a;tepy(z) = Po[Hp = 0] + Pu[Ty < Hp < o0] = a; tep(x) +¢q
where ¢ is as in (2.17) but with U = B(0, N'*¢) in place of B = B(N'*¢/3). Using the bound

on ¢ from (2.21), one gets }égl’;ég) —1| < C(£)N~¢ uniformly in 2 € dB. Combined with (2.22),

this yields (2.15), thus completing the proof. O

The next result deals with regularity of exit distributions in the starting point.
Lemma 2.2. For all L > 1, B= By, and z € OyuB, letting mp(x, z) = Py[ X7, = 2], one has

‘WB(.f,Z)

< Clz—yl
™5y 2)

(2.23) <=

—1‘ l’,yGBL/Q.

Proof. Let B' = By, /. For fixed z, the function 7p(-, z) : B’ — [0, 00) is harmonic in B’. Hence,
by repeated use of a gradient estimate, see Theorem 1.7.1 in [22], one obtains for any =,y € B,

(2.24) |ma(@,2) — 7oy, 2)| < CLYa = yllmp(, 2) (s

By the Harnack inequality applied in B’ one knows that

(2.25) Im5 )l < C'mple, 2).

Together, (2.24) and (2.25) readily yield (2.23). O

2.2. Random interlacements. The interlacement point process n* is a Poisson point process
on the space W* xRy, W* = W/ ~, of labeled bi-infinite trajectories modulo time-shift (denoted
by ~), see e.g. [41] for definitions in the present context of the weighted graph (Z%,a), cf. §2.1.
Let W{; € W™ denote the set of trajectories visiting U C 7% and 7 : W — W* denote the
canonical projection corresponding to ~. The intensity measure of n* on W* x R, is given by
Voo (dw™*)du, where du denotes the Lebesgue measure and the measure v, on W* is specified by
requiring that 1y ve = ™ 0 Qu, for all U cC Z¢, where Qp is the finite measure on W with

(2.26) Qul(X_n)nz0 € A, Xo =z, (Xn)nz0 € A'] = Po[A| Hy = ooley (z) Po[A],

13



for all € Z% and A, A’ € W, with ey as in (2.6). We write (Q*, A*,P) for the canonical space
of the interlacement point process. Given a realization n* € Q*, the interlacement set Z"(n*)
at level u > 0 is defined as in (1.1), and V* = Z% \ Z" is the corresponding vacant set. The
parameter u, which controls the number of trajectories entering the picture, can for instance
becharacterised in terms of the occupation time field % = (£%),.,a, where for x € Z4,

(2.27) (") =a;! Z Z Hw;(n) =z, u; <u},

i nEZ

ifn =5, O(w? u;)» With w; such that 7 (w;) = w;. One then has that
(2.28) E[¢Y] = u, for all z € Z%

i.e. u is the average number of visits at by any of the trajectories with label at most u. The
perspective (2.28) will be useful later, in order to associate a meaningful scalar parameter u to
a (possibly complicated) model comprising trajectories of different types (e.g. varying length).

We now set up the framework to decompose trajectories into excursions. We then present a
straightforward coupling result for the excursions associated to Z%, which will be useful in the
next section. We assume henceforth that for any realization n* = ZiZO 5(1”;%) € QF, the labels
uj, @ > 0, are pairwise distinct, that n* (W7} x [0, u]) < oo for all w > 0 and that n* (Wi xRy ) = oo,
which is no loss of generality since these sets have full P-measure.

Let A,U be finite subsets of Z¢ with §) # A C U. The infinite, resp. doubly infinite tran-
sient trajectories, elements of W™, resp. W, are split into excursions between A and 9y U by
introducing the following successive return and departure times between these sets. Let Dy = 0
and Ry = D1+ Hyo0p, ,, Dy = Ry + Ty o 0g,, for kK > 1, where all of Dy, R;,D;, j > k
are understood to be = co whenever R, = oo for some k£ > 0. We denote by WiaoutU the set
of all excursions between A and J,,:U, i.e. all finite trajectories starting in A, ending in Oyt U
and not exiting U in between. Given n* = Zizo O(w? u;)» We order all the excursions from A
to JoutU, first by increasing value of {u; : w; € Wi}, then by order of appearance within a
given trajectory w; € Wj. This yields a sequence of W:{’ o~ valued random variables under
P, encoding the successive excursions,

(2.29) (ZnA’U(n*))n21 = (’wo[Rl, Dl], ey wo[RNA,U, DNA,U], w1 [Rl, Dl], . ),

where NAU = NA’U(wS) is the total number of excursions from A to Oy U in wy, i.e. NA’U(wS) =
sup{j : Dj(wp) < oo} and wy is any point in the equivalence class w(. We will omit the super-
scripts A, U whenever no risk of confusion arises.

We now proceed to couple the excursions (2.29) induced by the interlacements with a suitable
family of i.i.d. excursions between A and 0o,tU. The corresponding result appears in Lemma 2.3
below. For z € Z¢, let @, be the joint law of two independent simple random walks X', X2 on
74, respectively sampled from P, and from P: > the normalized equilibrium measure on A, see
below (2.7) for notation. Define

(2.30) v — XloGHil, if H) dlef. inf{n >0: X} € A} <0
X2, otherwise,

and observe that by the Markov property for the simple random walk and the defining properties
of n*, the law of (Z,(n*))n>1 is characterized as follows: P[Z; = w| = P, [X|g7,) = w] for all
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w E WXaouth and for all n > 2,
(2.31) PZ, =w|Z1,...,Zn-1] = szeln_dl[)/[(LTU} = w|, for all w e 8WX780MU,

where Zen 1 € OoutU 1is the endpoint of Z,_;.

Let u be a finite positive measure supported on A and write ji for the normalized probability
measure p/u(A). The following simple result supplies a coupling between the (dependent)
sequence Z = (Zy)p>1 (under P) given by (2.29) and an i.i.d. sequence of random variables
Z = (Zyp)n>1 having common distribution Pa[Xjo1,) = -] in a way that certain inclusions,
tailored to our later purposes, hold with high probability under suitable assumptions on p. In
the sequel, we let Z, = Z|,y1 for v € Ry.

Lemma 2.3 (Coupling Z and Z) For all sets A,U with ) # A C U CC Z%, there exists a
probability measure Q = Q4 with the following property. If, for some § € (0,1),

(2.32) QYo =1] < (1+ g)éA(x), for all y € OoutU and x € 0A

and p is some (finite) measure supported on A satisfying

(2.33) p(z) > (1 - g)eA(:z), forall xz € A,

then for every a € (0,00) there ezists an event U, with

(2.34) QU] < Cemedacapld

and Q carries a coupling of the sequences Z and Z such that, on Uy, for all o/ > a,

(2.35) {Zh .- Z(l 8)a’cap(A } C {Zl7 . 2(1-1'5)0/#(14)}'

Proof. We use a version of the soft local time technique from [28]. We consider, under a suitable

probability Q, a Poisson point process n =) O(zy,uy) OL WX doc U < R4 with intensity measure

v(D x [0,v]) =wv Z Py X1, € D]
Tz€0A

for v > 0 and measurable set D C WX oo, v+ and introduce the random variables (functions of
)

& =inf{s > 0:3Xs.t. sea(zx(0)) > uyr},

(2:36) Gi(x) = ea(x)&1, for x € OA.

Let (z1,u') denote the Q-a.s. unique pair among the points (z),u)) in supp(n) such that
&1€4(21(0)) = 4/. For n > 2, one defines recursively (recall (2.30), (2.31))

—~

2.37)
&n =1nf {s > 0:3(2x,un) & {(z, wr) h<han 8.8 Gao1(22(0)) + 8 Q ena [Yo = 22(0)] = un},
Gn(z) = Gp-1(z) + §anir.:11 [Yo = 2], for z € DA.

Similarly, one defines sequences (fn)nzl, (Zn, Up)n>1 and (én('))nZI, replacing all occurrences
of e4(-) by (-) in (2.36) and Qena [Yo =] by a(-) in (2.37).
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In view of (2.31), it then follows by Propositions 4.1 and 4.3 in [28] that for all n > 1, the

sequence (z1,...,z,) has the same law under Q as (Z1,...,Z,) under P and is independent of
(1,-.-,&n), which are i.i.d. mean one exponential random variables. Similarly, (1,.. ., Zn) fa
(Z1,...,2Zy), which is independent of (&1,...,&,), another sequence of i.i.d. mean one exponential

variables. In particular Q provides a coupling between Z and Z and by construction (see [28],
Corollary 4.4), for any 0 < v; < vy,

(2.38) {Gy (2) < G, () for all z € 0A} c {{21,...Z,} C {Z,... Zm}},

where G, () = Gy)v1(+) for v € Ry.
For the remainder of the proof, let v; = (1 — §)a’cap(A) and vo = (1 + §)a’u(A). Note that
v1 and ve depend implicitly on o/ > 0 and that v; < ve by (2.33). We proceed to define an event
U,, satisfying (2.34) which will imply the event appearing on the left-hand side of (2.38) for any
o > a, thus completing the proof. Let P; = sup{k > 0 : Sk €, <t} and define (Pr)so
similarly, with &, in place of &,. Thus (Pt)t>0 and (Pt)t>() are each Poisson counting processes
with unit intensity, vanishing at time ¢ = 0. Define
(2.39) Uy ={Vd' > a: Py 5)

> v and 75(1 < 1)2}.

o’cap(A) +%)a’#(A)

By a union bound, standard large-deviation estimates for Poisson variables, and using that
w1(A) > ccap(A), which follows from (2.33), one sees that the event U, defined in (2.39) satisfies
(2.34). Moreover, when U, occurs, using that (1 + g)(l — %) < (1- g)(l + g), which follows

since © € Ry — %jri i one obtains for all z € 0A

(2.32) 5 (2.39) 5
< (1+7)ea@ D & o< (145)(1-3)deal
( 4> 1<n<v; ( 4)< 2>
(14 D L @) Y & )
1<n<vg
as claimed. -

2.3. Chaining of couplings. We conclude this preliminary section with a simple result used
repeatedly throughout the text, see Lemma 2.4 below, to the effect of concatenating two (or
more) couplings having one marginal in common. The following setup will be more than sufficient
for our purposes. Let X and Y be two random variables defined on the same probability space
(Q,A,Q), with X taking values in some Polish space Ex, equipped with its Borel o-algebra Ex,
and Y in the measure space (Ey, y ). Although this is not needed for what follows, in practice
all relevant random variables will be in L'.

We first briefly recall the following central aspects of regular conditional distributions when
conditioning on Y in the above setup. One knows (see, e.g. [21, Theorems 8.36 and 8.37] for a
proof) that there exists a map

(2.40) KXYy : Ey x EX — [0, 1],
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with the following properties: i) for each A € Ex, the map y — kx,y(y, A) is Ey-measurable, ii)
for every y € Ey, A — kxy(y,A) is a probability measure on (Ex,Ex and iii) kx y is a version
of the conditional distribution, that is, for all B € &y,

(2.41) /B/ix,y(y,A)(Q oV 1)(dy) = Q[X € A, Y € B].

In particular, (2.41) immediately yields that

if k() = kx,y (y,-) does not depend on y € Ey,

(2.42) law -1 :
then Kk = Qo X~ and X and Y are independent.

We now proceed to concatenate two (coupling) measures Q; and Q2 having a common marginal.
For simplicity, all the random variables appearing in the next lemma are tacitly assumed to take
values in (possibly different) Polish spaces equipped with their respective Borel o-algebra.

Lemma 2.4 (Chaining of couplings). Let (X,Y) and (Y', Z) be pairs of random variables defined
on (21,A1,Q1) and (Q2, A2, Q) respectively such that' Y ' Y Then there ewists a probability

space (2, A, Q) carrying a triplet of random variables (X", YY", Z") such that
(2.43) (X" Y") 2 (X,Y) and (Y",2") "2 (Y, 2).
In particular, Q is a coupling of (the laws of) X, Y and Z.

We refer to the marginal of Q on (X", Z"), which is a coupling between the laws of X and
Z, as a coupling obtained by concatenating Q; and Qg (but see Remark 2.5,1)).

Proof. Suppose that X,Y (hence Y') and Z take values in (Ex,Ex), (Ey,&y) and (Ez, &)
respectively. Define the measurable space (2, 4) = (£} X Ey X E3,& ® & ® E3), the random
variables X”,Y"”, Z" to be the projections on the first, second and third coordinate, respectively,
and the probability measure Q as follows. For any A; € &,i=1,2,3,

(2.44) QX" € A, Y" € Ay, 7" € A5] & / kzy (y, As) (Q1 o (X, Y)Y (dx, dy)
A1 ><A2

where kzy+ refers to the regular conditional distribution of Z given Y’ under Qy, cf. (2.40).
It follows directly from (2.44) and (2.41) by integrating over various subsets of the coordinates
that Q is a probability measure satisfying (2.43). O

Remark 2.5. 1) The conclusions of Lemma 2.4 do not uniquely characterize Q. Another
measure (on the same space (£2,.4)) with the same properties is given by replacing the
right-hand side of (2.44) by fAQXAg kxy (Y, A1) (Qe o (Y, 2)71)(dy, dz).

2) A typical application of Lemma 2.4 is as follows. Suppose X,Y, Z are random sets (subsets
of Z4, say). If for some e1,e9 > 0 (possibly = 0),

(2.45) QX CY]>1—e, QY CZ]>1—e,

then for Q as supplied by Lemma 2.4, by (2.43) and a union bound, one obtains that
(2.46) QX"cZ">1—¢e1 —ea.

Loosely speaking, in view of (2.45)-(2.46), the concatenation Q preserves inclusions with

high probability.
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3 Random p—interlacements and local couplings

We now introduce a framework of interlacement processes with trajectories of varying spatial
intensity and (time-)length, parametrized by an intensity measure p, see (3.1) below. We call
these p-interlacements. The corresponding interlacement set Z”, see (3.3), allows in principle for
(forward) trajectories of any length started anywhere in space. In particular, it can be used to
describe both the usual interlacement set Z%, see (1.1), as well as the finite range models Z/+*
from (1.3), but the measure p allows for more flexibility, which will be needed in due time; recall
for instance the discussion below Theorem 1.6, which involves a choice of random environment
7 that can be quite involved (e.g. non-homogenous).

After introducing p-interlacements in §3.1 and gathering a few generalities, including a sim-
ple but important re-rooting property, see Lemma 3.1, we develop in §3.2 two couplings, see
Propositions 3.3 and 3.4, which provide conditions on p under which the induced interlacement
set ZP can be locally compared to a full interlacement Z" at suitable intensity u > 0. Each
proposition yields one of two possible inclusions. In particular, the mean occupation time den-
sity 0P = (4) ez corresponding to Z?, introduced in (3.11) below, plays a key role in associating
a scalar parameter u > 0 to Z” and facilitating a comparison with Z*, see (3.13) and (3.23). The
mean occupation time density £ = £ will also figure prominently later on and allow to formulate
within more complicated setups stringent conditions on the ‘environment’ (recall §1.3) that can
nonetheless be verified with bounded effort, see for instance (7.4) and (the proof of) Lemma 7.7.

Returning to matters in the present section, similarly as in the discussion following (1.4),
the attribute ‘local’ in the context of Propositions 3.3 and 3.4 below refers to the fact that
the smallest length scale £ in the support of p satisfies £ > N2, where N denotes the linear
size of the box in which the coupling is constructed; we refer to Remark 3.7 for more on this.
Roughly speaking, Propositions 3.3 and 3.4 are the best one can hope for when adapting available
techniques to the present framework and pushing them to their limits, which already requires
some efforts owing to the generality of our setup.

With Propositions 3.3 and 3.4 at our disposal, we focus in §3.3 on a case in point, the finite
range models 7% mentioned in the introduction, see (1.3), and use these results to prove that
their local limits as L — oo is indeed Z%, as asserted in (1.4); see Proposition 3.6.

3.1. Generalities. Consider a (density) function
(3.1) p: (N*U{oo}) x2¢ 5 R,

(recall that N* = {1,2...}). Intuitively, p(¢,z) gives the intensity of trajectories that have
length ¢ and start at . We often think of p as a measure on (N* U {oc}) x Z¢, or on any of
its factors rather than as a function, and not distinguish between the two. For instance, we
routinely write p(A,x) = > ,c 4 p({,z), for A C N* etc. in the sequel.

Recall the measurable space (W+, W) from §2.1 on which P,, 2 € Z% is defined. For p as
in (3.1), we introduce a Poisson point process 1 on the space (N* U {oo}) x W™ with intensity
measure v, given by

(3.2) vo(l, A) = > p(l,z)Pe[X € A, for Ae WF
zeZ4
and define
(3.3) 7= |J wlo,£-1].
(t;w)en
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In view of (3.3), the label ¢ indeed corresponds to the (time-)length of a trajectory in Z°, as
indicated above. We denote by P, the canonical law of 7. Notice that, for any finite K C Z4,
as follows immediately by comparing (3.2) with (2.26), one has that

(3.4) T'NK 2 7P A K, for pu(f,7) = ulee(f) ex (2).

Similarly, the set Z/'Y from (1.3) is in the realm of (3.1), see (3.40) below. We now give an
alternative description of the law of Z# when restricted to a finite set &K C Z¢, which will make
comparison to Z* N K as in (3.4) easier. The following lemma roughly asserts that, to describe
Z°P N K, one can replace the intensity p with px which fasts forwards the walk until time Hg.

Lemma 3.1 (Re-rooting). For a measure p supported on N* x Z and finite K C Z2, defining

(35) PK(& x) = Z Ey [P(€+€/>XZ’)1{]TIK>Z/}] liek,
>0

one has, with >4 denoting stochastic domination,

(3.6) TPAK 2 Ik AK  and TP > I°K.
Proof. For z € K and ¢ € N*, let Ay, C (N*xW™) consist of all pairs (¢, w) such that £ <t < oo,
Hg(w) =t —{ and Xp, (w) = z. Then by definition of Z” in (3.3), one has

(3.7) rnk=J | U wlt —€,t—1] N K.

€K (LEN (t,w)e(supp(n)NAys )

The unions over x and £ in (3.7) are over independent processes. We make this decomposition
more explicit by introducing ®, ,, which acts on 1 by mapping every pair (¢, w) € supp(n) N Ay,
to the trajectory (¢,w), where w(-) = 0;_,w(-), where (0,w)(:) = w(n + -) for w € W and
n > 0 denote the canonical shifts. With this, (3.7) can be recast as

(3.8) nk=J U w0, —1]NK.

z€K (N (£,0)€(supp(Pe (7))

Observe now that (@gm(n))m
disjoint, and Z” depends on 17 only through ®;,(n), £ € N*, x € K. On the other hand, omitting
the intersection with K on both sides of (3.8) clearly yields the inclusion ‘D’ in place of an
equality.

To conclude the proof, we compute the intensity measure vy, of each ®y,(n). Since Py, (n)
is concentrated on points (¢, w) with w(0) = x € K, it follows that vy, (t, W) =0if t # £ or
x & K. On the other hand, for x € K and D € W™, applying the Markov property,

are independent Poisson point processes since the sets Ay, are

vez(0, D) = v,({(t,w) € Agp : w(t — L+ ) € D})

= > > plt.y)PyHg =t — £, Xy, =2,X;_¢4. € D]
(39) L<t<oo yczd

=P[X. €D] > > plty)PHg =t~ L, Xy, = 2],

L<t<oco yecZd
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Using reversibility of the simple random walk one rewrites

Z Z ty HK—t—gXHK— ]

L<t<oo ye74
Z Z ty Py[Hg >t — 0, X0 =y,

(<t<oo yGZd

(3.10)

which equals ZZ’ZO agFy [a};p(m_g/, Xﬁ/)l{f_jK >g/}] after the substitution # = t—¢, thus finishing
the proof on account of (3.5). O

Remark 3.2. Albeit notationally simpler, the formula (3.5) for the re-rooted density px could be
replaced by the wordier, but more transparent (and equivalent in the present setup) definition

(3.5,) pKE"L‘ ZE |: f—f-f Xg/)l

7 1 =
Hyg>0'}|~7 K-
a { K
>0 4

The uniformity of a,(= 4d) allows us to effectively work with a ‘flat’ density p in (3.1)-(3.2),
i.e. with reference measure in the second argument of (3.1) given by counting measure on Z%
rather than one with density a.. Although slightly less stringent, this choice, reflected in our
formula (3.5), cf. also (3.11) below, somewhat simplifies the exposition in the sequel.

3.2. Local couplings between 7P and 7Z%. We now exhibit sufficient conditions on the
intensity p in (3.1) ensuring that Z” locally resembles Z" for a given v > 0. The main results
appear in Proposition 3.3 and 3.4 and yield (local) couplings between the two objects. The
proximity between the two sets involves an ’average occupation time density’ field 02 = £,
xz € Z%, for I, which acts as a surrogate for the scalar parameter u in view of (2.28). It is
defined as

Ba) L=2=a'Y [k 3 1

k>0 0<£<k:
PSS plh) Y o) = Y B[] = 55 B pe+ X]
y k>0 0<t<k >0 ¢ >0

The next two propositions yield the desired local couplings relating Z” N B to Z% N B for a box
B = By under certain assumptions on p and ¢. The simplest instances to keep in mind are the
‘pure length-L’ models Z%”, see in particular (3.41) below. The first (and easier) of the two
results yields a coupling by which Z” comprising short (i.e. finite) walks, is covered by the long
(infinite) walks of the full interlacement Z".

Proposition 3.3 (Local coupling I). If, for some N > 1, a > 6d and p supported on N* x Z¢,
(3.12) p(N*, ) < N—a

and moreover, for some u > 0 and 6 € (0,1),

(3.13) Oy < u(l—90) for all x € 74,

then there exists a coupling of I° N B and I% N B with B = By such that, for all N > C§3,

(3.14) (Z° N B) C (I N B) with probability at least 1 — N7z,
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Proposition 3.3 is sufficient for our purposes, but the coupling constructed is far from optimal;
see Remark 3.7 at the end of this section for more on this.

Proof. The coupling will be defined under a probability P carrying two independent Poisson
point processes (11, 72), each of them defined on the space R, x W with intensity measure

(3.15) 7([0,0] x A) ZP (X € 4], v > 0.

zeZ4

For w € W+ with p(N* x {w(0)}) > 0 and 0 < u < p(N* x {w(0)}), let £(u, w) denote the unique
element ¢ € N* such that p({0,...,£—1} x {w(0)}) <u < p({0,...,¢} x {w(0)}). Then define,
for n =, 6(u;w,) any point measure on R x W,

(3.16) I"(n) = U wi[0, £(us, wi) —1].
i ui <p(N*x {w;(0)})

It follows readily from (3.15)-(3.16) that Z”(1;), i = 1,2, has the same law under P as Z defined
n (3.3) (under Py), for any measure p supported on N* x 7. .
Let B = Byys and p: NxZ% — R, be defined as p(¢,z) = p(¢,z)1 za\ (). With Wt cwt

denoting the subset of trajectories with starting point outside B, we write 7 for the restriction
of 1 (a point measure on Ry x W) to points (u,w) with w € W, and introduce two random
sets (under P)

def. =p = ~ . ~ .
ZP(m,ne) = 7'e (m) UIp(ng —12) (with pp as defined in (3.5)),

3.17 ef.
(3.17) 7= U o) i =3 o

i: 0<u; <ue g (w;(0))

One readily verifies using (2.26) that Z%(n;) N B has the same law under P as Z N B under P.
As we now briefly explain, Z#(n1,72) N B has the same law under P as Z° N B under P,. Indeed,
it suffices to argue that

(3.18) (" (m) N B,Z"(n2 — 712) N B) "= (T"(i12) N B, " (112 — 712) N B).

To see this, first note that Z”(7j) = Tﬁ(ng) has the same law as Z” in (3 3) by the discussion

following (3.16). Thus, Lemma 3.1 applies and yields that (Z"(72) N B) = (ZPB(n2) N B). Since
the sets Z”(7i2) and Z” (12 — 7i2) are independent and 7; and 7y are i.i.d., (3.18) directly follows.
We will now show that under the assumption (3.12), for all N > C§~3

(3.19) suply <u(l —68) = pp(N*, 2) < uep(x) for all x € Z,

Before proving (3.19), we first explain how to deduce (3.14). Using (3.12) and the fact that
1—e® <z for z > 0, we see that

(3.20) P[Z (12 — fia) # 0] = 1 — ¢~ Zezoacnplba) < o3,

which is less than N~=%2 as a > 6d. Due to (3.19), we infer immediately from (3.16) and (3.17)
that Z%(n1) D Z"% (1) whenever £, < u(1 — 0) for all z € Z% (and (3.12) holds). Together with
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(3.20), this implies that Z#(n1,m2) C Z%(n;) with P-probability at least 1 — N~%2, which yields
(3.14) since the sets ZP(n1,12) N B and Z%(n1) N B have the required marginal distributions.
It remains to show (3.19). Since p(¢, -) vanishes in B for any ¢ > 0, pg(¢, -) is supported
on 0B, see (3.5), hence the conclusions of (3.19) hold trivially except for x € 9B. For such «z,
using that j(-, X¢) = 0 under P, unless £ > 2N3— N (> N?3), we find, with the hopefully obvious
notation N*+n={n+1,n+2,...},
o (3.5) ~ N
pB(N s (E) = Z Ex [1{ﬁB>£} p(N +€,Xg)]
{>N3
(3.21) < E [1{EB>N3} S B, [HV + N+ €,Xz)]}
£>0
(3.11) (3.19

_ -19)
= a$Ex[1{ﬁB>N3}€XN3] =

u(1 — 0)a,P.[Hp > N°.
The desired bound in (3.19) then follows from (3.21), using Lemma 2.1 with £ = 1 to obtain
that P,[Hp > N3] < tLsep(x) uniformly in z € 0B whenever N > C(d)5 3. O

We now state a companion result to Proposition 3.3 with opposite inclusions. It will be
important that this inclusion occurs with sufficiently high probability, see (3.24) below. The
proof involves the excursion decomposition of interlacement trajectories introduced in §2.2 and
relies on the basic coupling from Lemma 2.3.

Proposition 3.4 (Local coupling IT). For all a > 2 and € > 0 such that a(1 — 3¢) > 2, the
following holds. Suppose that for some N > 1 and u > 0, the measure p in (3.1) satisfies:
(3.22) for some set S C (N* N [ve=e), N“(HE)]) with |S| < N°¥,

. p(l,xz) = p(l, x)14es and p(S,z) < uN~? for all z € Z°

and (recall (3.11) for notation)
(3.23) lx > u(1+0) for all x € Byiye as well as £, < uD for all x € 72,

for some § € (0,1) and D > 1. Then with B = By, there exists a coupling of Z° N B and "N B
such that for some ¢ = c¢(a,e, D) and C = C(e),

(3.24) (Z" N B) C (Z¥ N B) with probability at least 1 — e c(uA)INE,

Proof. In the notation of §2.2, we choose A = B and U = Bpi+¢ for some £ > 0 whose precise
value will be chosen as a function of € below in Lemma 3.5. Consider the measures fi on N* x B
and p on B defined as

(3.25) il z) = pp(l, 2)le>ey,  p(c) = (N, ),

where p({,r) = p({,x)1,¢y, pp is obtained from p according to (3.5) and ty = |N2+38], In
plain words, fi(¢,x) represents the intensity of walks comprising Z# that (a) start outside U,
i.e. sufficiently far from B, (b) enter B for the first time through = and (c) have at least time
tn left after doing so.

We now apply Lemma 2.3 to construct the desired coupling. Exploiting property (b) as well
as (3.22) and (3.23), we will prove in Lemma 3.5 below that with the choice £ = ce for suitable
¢ € (0,1), the measure p satisfies

(3.26) p(z) > u(l+ g)eg(:z:), for all z € B and N > C(a,e, D)6 ¢

22



(cf. (2.33)). On the other hand, it follows from (2.15) that condition (2.32) holds for the
pair (B,U) whenever N > C(£)6-©). Recall to this end the definition of Q, from above
(2.30). Thus, Lemma 2.3 applies and yields a coupling Q QBU between the excursions
Z = (Zn(w))n>1 introduced in (2.29) and an i.i.d. sequence 7 = (Zn)n21 of excursions between
B and OoutU under Py, where fi = pu/p(B).

We will now generate a subset of Z¥ that will cover Z% N B using the excursions Z. This
requires truncating the latter to their actual deterministic length, which could be shorter than
the hitting time of Jo,tU. In order to do this, we first apply a thinning procedure that re-
covers the length of individual trajectories. By suitable extension of the probability space, we
suppose that Q carries a Poisson variable Np . with intensity u(B) and a family {Uy,Us,...}
of i.i.d. uniform random variables on [0, 1]. All of the previous random variables are indepen-
dent from each other as well as independent from Z and Z. To each ZZ, we assign a length
label ¢; = ¢;(U;) which is the unique element ¢ € N* satisfying a; -1 < U; < a;y, where
a; ¢ = ({0, ..., ¢}, Zi(0))/1(Z:(0)). Note that £ >ty on account of (3.25). It then follows from
the thinning property of Poisson processes that w = Zz‘g N 5( Z.(0),45,7) is a Poisson process on
Z¢ x N* x WJZF, where WJT denotes the space of all finite-length, nearest-neighbor trajectories in
74, having intensity /i, where

(S < I x A) =" (I, 2)Pe[X (g 1 € Al.
zeS

Consequently,

(3.27) In =TM@) < | Zi0, (ty — 1) ATY) <. TP N B <4 I° N B,

i<Ng

where T& is the exit time of the excursion Z and the second stochastic domination follows
immediately on account of (3.25) and Lemma 3.1.

We now generate a copy of Z% N B using the excursions Z (under Q = Qp 7). By suitable
extension of Q, conditionally on (Z, A ), we sample an integer-valued random variable N accord-
ing the conditional distribution under PP of the number of excursions coming from trajectories
with label at most u given o((Zy,(w))n>1), cf. (2.29). Although not necessary, we assume for
definiteness that Nj and N% are independent conditionally on (Z, Z ). With these definitions,
it follows that

(3.28) Zu 4t U range(Z;) is distributed as Z“ N B under P.

i<NE
Together (3.27) and (3.28) immediately give (3.24), provided one argues that
(3.29) Q[T € M > 1 — e c(uADIoN®
for ¢ = ¢(£), C = C(&). However, combining (2.35) in Lemma 2.3, (3.27) and (3.28), we see that

(3.30) {I" cIM}°
C {max L; > ty} U (N < u(l+ $)ecap(B)} U{NE > u(l + $)cap(B)} UUS
1=Vp
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where L; is the length of Z;. We now bound the probabilities of each of these events sepa-
rately. The last event on the right is handled using (2.34). Consider now the third event. By
construction, the quantity Nj has the same law under Q of the number of excursions (under
P) stemming from trajectories visiting B with label at most u. For each such trajectory, the
number of excursions between B and Oy U it generates is stochastically dominated using (2.9)
by G, a geometric random variable with parameter 1 — C; N—¢(@=2) (with values starting at 1).
Hence, N} is stochastically dominated by ), <j<M G, where M} is a Poisson random variable

with mean ucap(B) and the G;’s are i.i.d. copies of G, independent of M}. By standard large
deviation bounds for tail probabilities of Poisson and geometric random variables as well along
with the bound cap(B) > ¢N4~2 (which follows from (2.10) and (2.5)), one deduces that
(3.31) Q[Nf > u(l + $)cap(B)]

<QME>m]+Q[ Y Gj>u(l+ §eap(B)] < et WV,

1<j<m

where C' = C(¢, d) and the last bound follows with the choice m = u(1 + $)cap(B). The second
event on the right of (3.30) is bounded similarly. As for the first term, one just combines (3.31)
with the estimate (2.19) and applies a union bound.

All that remains is to verify is (3.26). To this effect, one writes for all x € 0B

(3.32) p(N+ty,x) ZE (Hg >£}p N—I—E—I—tN,Xg)] > a1 —a — a3z — a4 — as
>0
(the lower bound in (3.32) will be explained momentarily), where one defines

a1 = 4dE, [1{g3>tN}EX2tN], (with £. = £°, cf. (3.11))

and, abbreviating p(1,-) = p(I NN*,.) for I C R,

a2 = ZEJ} [1{ﬁ3>tN}ﬁ((€7£ + 2tN]7 X£+2t1\])]7
£>0

a5 =Y Eull g, 000 Fxony [0 = )(C+ N, X)),

£>0

a4 = Z Ex[l{ﬁ3>t]\]}ﬁ([£’£+tN)7Xf)]7
0>2t N

as = Z 2| {tN<HB<€}p(N+€+tN7X£)]-
0>2t N

To see the lower bound in (3.32), one first applies the Markov property at time 2t and combines
with (3.11) to find that

ZE {H Sty }p(N—l—f Xg)]—al—az—ag
0>2t N

Next, one writes 1, as 1

{Hp>{t} for ¢ > tn whence

{Hp>tn} — 1{tN<ﬁB§5}

) ©5) )
pB(N_'—tNa:L‘) Z Z E‘T [1{HB>tN}p(N+€+tN’XZ):| — @5
>2tn
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Now the first term on the right-hand side is easily seen to equal a} — a4 in view of the identity
PN+ +tn, X)) =p(N+6,X) — Y pl +£,Xy).
o<t/ <tn
We will consider each a; separately. The results are summarized in the following lemma. Recall

that the hypothesis (3.22) depends on two parameters a > 2 and € > 0 satisfying a(1 — 3¢) > 2.

Lemma 3.5. Under the hypotheses of Proposition 3.4, there exists & = £(g) > 0 such that,
uniformly in x € OB and whenever N > C(a,e, D)6,

(3.33) a1 > u(l+ 350)ep(x) and
(3.34) aigqf—g-eB(x) fori=2...,5.

The proof of Lemma 3.5 is given below. Once (3.33) and (3.34) are proved, (3.26) follows
and the proof of Proposition 3.4 is complete. O

Proof of Lemma 3.5. Unless otherwise specified, all subsequent estimates are uniform in x €
OB(= supp(ep)). By assumption in (3.23) and monotonicity, cf. (2.6) (also recall that a, = 4d),
the quantity a; is larger than

(3.35) u(l +8)ep(r) — 4dE, [1{thN¢BN1+5}EthN]-

To deal with the second term in (3.35) one uses that £, < uD for all x € Z¢ as implied by (3.23)
and combines this for ¢ < £/2 with the bound (recall that ¢y = | N2+3¢], see below (3.25))

(3.36) Py[Xary & Byiee] < Po[Xoty ¢ Byirag] <C Y pdlemem /i < e
r>N1+2¢

which follows by standard heat kernel estimates. Using that ep(x)
supp(eg), see (2.12), one readily bounds the expectation in (3.35) to
satisfies (3.33) whenever N > C'(g,£, D) and & < /2.

Next we bound ap. First recall from (3.22) that for any x € Z? and interval I C N*,
p(I,x) (< p(I,x)) is bounded by uN~% and vanishes when S NI = (). Therefore,

~ uniformly in z €

>
deduce overall that a;

(3.37) as < Px[ﬁB > tN] . Z sup ,5((@,@4— QtN],.’L') < ch[ﬁB > tN] ~uN"*- ’S| - 2tN
¢ xeZ4

(3.22) .

- 4)
< uP,[Hp > ty]-2N*H3+e-a

2.1
< wep(z)(1+o0(1)) - 2N?T3EFe70 a5 N — o0
where the rate o(1) is subject to the choice of £&. Hence as = udep(x) - o(1) as soon as (2 + 3¢ +
€ —a) < 0 which holds for all £ < ¢ since a(1l — 3¢) > 2.

The term ag is the most delicate. Recalling that (p — p)(¢, z) = p(¥, $)1{$€BN1+§}’ cf. below
(3.25), it follows using (2.14) that ag is bounded by

* ae ,—c' N§
(3.38) C’eB(a:)yegup Ey[ZzzoP(g"‘N 7X€)1{XEEBN1+5}] + CuNae— <N,
N1+2€

in deducing (3.38), we have also used (3.36), along with the fact that >, p(£+N*,-) <uN*,
itself a consequence of (3.22), to deal with the case that X9, ¢ Byi+2¢. In view of (3.38), in
order to obtain (3.34) for as, it is more than sufficient to argue that

(39 yegu? 2 By [ ZKZU p(€+ N7, XE)l{XZGBNlJrE}] < uN—e@eD)
N1+
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(intuitively, this will be because p is supported at scales £ ~ N® > N2, which renders the condi-
tion Xy € Byi+e costly if € is chosen small enough). To get (3.39), first note that contributions
to (3.39) from £ < N%(1=¢) are easily dispensed with: using (3.22),

E,Jl Y pl+N X)) lxen, . y] < N supp(S,2) <uN".
OSZSN‘I(I_E) Z

Now, observing that no contributions to (3.39) arise from terms ¢ > N%(1%€) using again the
deterministic bound p(¢ + N*, X,) < sup, p(S,z) < uN~% implied by (3.22) and applying the
on-diagonal estimate P,[X, = y] < C¢~%2 it follows that for all y € Byi+ze,

Ey[ Z p(€+N*’X£)1{Xe€BN1+§}] <uN® sup Py[X; € Byi+e]
> Na(1—<) >Ne(=e)

< uNaa-&—(l-!—ﬁ)d—%(l—s)d.

Since d > 3, the last exponent is negative (i.e. the previous line is uN~¢) if the condition
5(1—2¢) > 14 ¢ is satisfied. As a(1—3¢e) > 2 by assumption, this condition is met by choosing

& = ce with ¢ € (0,1/2) small enough so that 1+ ¢ < (} gag’
just need § < /2 in view of previous requirements). Overall, (3.39) thus follows and with it
(3.34) for as.

The bound on a4 follows from (3.37) in exactly similar manner as that on ay. As for as,

applying the Markov property at time ¢y (say), one obtains that

which we now fix (recall that we

as < By {t <HB<oo}<ZMN—FZ—F%N’XZ))OQW}
V4

ZlN
(3.11) (2.17)fF.
< CPyty < Hg <oo]sup l, < uDC(e)N “ep(z),
z€Z4
where we also used (3.22)-(3.23) in the last step. O

3.3. Local convergence of Z%" to T%. We now focus on the case of the homogenous length-
L models Z/** introduced in (1.3), which are of class Z”. Indeed, in view of (1.3) and (3.2)-(3.3),
for any positive functgion f on Z¢, one has

(3.40) T2 70 with p(f, ) = 281, (0) = 4a821,(0), 2 € 77,

which specialises to Z%% with f(r) = u, x € Z%. In the latter case, in which we denote p = p, 1,
the measure appearing in (3.40), it is instructive to observe that for all z € Z<,

(3.41) g, 0 1 0 Balp(f+ N, X)) = S i< L} =u.
f>0 >0

With a view towards (2.28) and the conditions entering Propositions 3.3 and 3.4, (3.41) suggests
that Z*%* is a good local approximation for Z%. Indeed, one has the following result. We tacitly
endow {0, I}Zd with the product topology and convergence in distribution, as stated below,
corresponds to convergence in law of all finite dimensional marginals.

Proposition 3.6 (u > 0). The set T%" under P converges in distribution to I" as L — oo.

Pu,L
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Proof. Tt is enough to show that for all finite K C Z,
(3.42) limp Py, , [Z%" N K = (] = exp{—ucap(K)}.

Let a =3, N = [L'*] and 6 € (0,1). The condition (3.12) of Proposition 3.3 is thus in force
for p = pu,r on account of (3.40) and (3.13) holds with u' = %5 in place of u by (3.41). Hence,
Proposition 3.3 applies with these choices and one readily finds applying (3.14) that

liminf, P, , [Z%F N K = 0] > P[Z% N K = ] = exp{—u/cap(K)}.

A corresponding upper bound is obtained by using Proposition 3.4 instead, which applies with
the same choices for a and N and S = {L}, D = 1. The result (3.42) follows by letting § | 0. O

Remark 3.7. 1) In the upcoming sections, we will face the challenging task of deriving cou-
plings which operate between walks having comparable lengths ¢ =~ L, for a given L > 1,
with coupling errors decaying super-polynomially in I and within boxes whose linear size
N is unrestricted (and may well be e.g. comparable to the typical spatial extension of
the walks, or even much larger). This is essentially disjoint from the regime covered by
the above results (which will still be used, see the discussion below). Indeed, in the no-
tation of Propositions 3.3 and 3.4, this means replacing Z% by Z¢" where the t pical side
length L € supp(p) is comparable to that of supp(p’), and possibly N > L2. In con-
trast, with a view to (3.40) (a case in point), the conditions (3.12) and (3.22) require that
N~Li < L%, with an error at best polynomial in L in Proposition 3.3 (cf. (3.14)). We
also refer to the results of [7, Lemma 5.3] in this context, which yield an exact comparison
between models of length L and 2L, with a polynomial error term in L (or equivalently,
N) similarly as in (3.14), which becomes effective when N <« L.

2) We briefly indicate in how far the above couplings will be used below. Our choice to
include Proposition 3.3, which causes little effort but could be dispensed with, stems from
the fact that, together with Proposition 3.4, it already yields in a self-contained fashion
the proof of the convergence in law asserted in Proposition 3.6. Whereas Proposition 3.3
will soon be improved for a suitable class of models of the form Z? (including Z%%),
essentially by iterating Theorem 4.1 below, which has a stand-alone proof, Proposition 3.4
is non-negotiable: it will be used as a crucial input in §7.2, in order to exhibit the desired
disconnection events defining the obstacle set O = O(w) for the random environments w
of interest.

4 Covering length-L’ by length-L interlacements

In this section we prove Theorem 1.1. In fact, we will prove a slightly more general statement,
Theorem 4.1 below, which is often easier to use in practice; see also Remark 4.2,1). The proof
starts with a reduction step, stated in §4.1, see Proposition 4.3, which introduces gaps between
(pieces of) trajectories that will later favor mixing and drive the coupling. The ‘ungapped’
theorem is then deduced from its ‘gapped’ version, Proposition 4.3, in §4.1. The proof of
Proposition 4.3 appears in §4.2. We now state the main result of this section.
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Theorem 4.1. For all u € (0,00), integers K > 0 and L,L" > 1 such that L' divides L/2 and
L' > L'=¢, the following holds. Given any two functions fi, fa : Z¢ — Ry such that f = fi + fo
satisfies u > f > CL™ on Br 1, there exists a coupling Q of (Z1,Z2) such that

T law I%(1+PL/2)J€17% UIfQ’L,
(4.1) 7, I(I—C4(L/L’)—1/2)P]f,(leK),L/, and
Q71 D Ts) > 1 - C(uV 1)(K + L)L e L/

where T3WHPL2DIL% and T2L gre sampled independently in the law defining Z;.

Remark 4.2. 1) One immediately deduces Theorem 1.1 by setting f1 = 0 and fo2 = f, at least
when L’ ]% The only loss of generality that we incur here is the requirement L’ % instead
of just L'|L. However, our proof makes clear that the assumption L’ |% is unnecessary
when f; =0, i.e. when we are in the set-up of Theorem 1.1.

2) Profiles like the one defining Z; in (4.1) naturally arise e.g. while transitioning from the
configuration Z%2L to %L through sequential couplings, as we will see in the proof of
Theorem 1.6 in Section 7. It also appears for a similar reason in our companion paper [19].

We now give a brief overview of the proof of Theorem 4.1, which occupies the remainder of
this section. Throughout, we often abbreviate

(4.2) l=L/L

the (integer) ratio of the two spatial scales of concern. Recalling the definition of PE'(f) from
(1.6), one immediately sees that the law of Z/ %" with f' = PF'(f) is the same as that of the
union over k of l-many independent configurations Z7L" for 0 < k < I, where I = 171 P (f).
On the other hand, if one cuts each of the length-L/2 and length-L trajectories underlying
TAHPL2)(f1/2).L/2 anq T/2:L at times kL', where 0 < k < é in the former and % < k < [ in the
latter case, and collects the resulting length-L’ trajectories, one can similarly view the law of Z;
in (4.1) as that of the union of l-many configurations whose marginal laws are readily seen to
coincide with Zf'L' | for 0 < k < I. However, their joint law is nowhere near independent.

We deal with this problem by introducing a gap time ¢, < L’ between any two successive
segments, designed to be just long enough so as to allow the different sets of endpoints to ‘mix’.
As will be seen in §4.1, the statement of Theorem 4.1 is actually amenable to the introduction
of gaps between segments, essentially due to the sprinkling inherent to Z in (4.1). This leads
to Proposition 4.3 below.

We then prove Proposition 4.3 in §4.2 by coupling the collections of starting points from these
new segments using the soft local time technique which was already at play in §2.2 (see the proof
of Lemma 2.3). The strength of the resulting coupling depends on two factors which are actually
entwined in the present context. Firstly, we need the mixing rate of the walk segments to be
good enough which is only true when the segments start ‘nearby’. To this effect, we subdivide
the domain into boxes of intermediate scale L and couple the walk segments starting from each
such box separately (see Lemma 4.5 below). To help convey an adequate picture, we stress that
mixing happens at much larger scales, i.e. L« /Ty in the end; cf. for instance (4.35). Secondly,
the coupling error also depends on the number and concentration of the difference in the number
of starting points of the two configurations to be coupled, which is where the ‘ellipticity’ lower
bound on f and the multiplicative sprinkling term (1 —I~/2) in the definition of Zy (see (4.1))
enter. These features will play a role when determining the mean Ap (defined below (4.28)) and
typical fluctuations for the number of relevant trajectories starting inside a box D of radius L.
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4.1. Gaps and the timescale t;,. Theorem 4.1 will be obtained from the following result.

Proposition 4.3. For all u € (0,00), x € (0,1), any (integer) K >0, f1, f2 : Z¢ — Ry such
that w> f = fi1 + fa > K pointwise on Bryr, any L, L' > 1 such that L" = L' +t, < %, where
ty=|L7/®], and all € € (0,1), there exists a coupling Q of (I1,T) such that

T law I%(1+PL/2)f17% uzfol T law I(l_s)f”vL, and
(4.3) L , |
Q [Il D IQ} >1—- C(’LL V 1)(K + L)de—cns2L :

where T3WHPL2IL% and TL gre independent in the law defining I, and

def. ;,_
(4.4) =t D 0<k<| Ly | (Perr(f1By) + Prjosirrt, (F1By)]-

2L

Assuming Proposition 4.3 to hold we now present the:

Proof of Theorem 4.1 (assuming Proposition 4.3). First observe that we can always assume L' <
cL and L > C (often implicit in the sequel); for, in all other cases choosing Q any coupling be-
tween (Z1,Zy), the conclusion (4.1) trivially holds. By choosing the constant ¢ small enough in
the condition L' > L'=¢ and L > C, we may assume that

(4.5) (L')* > Lt,/2.

In particular, (4.5) implies that L' > t, when L > C. Deducing Theorem 4.1 involves replacing
T, in (4.3) by the corresponding quantity in (4.1), with underlying intensities f” and f' = PE'(f)
given by (4.4) and (1.6), respectively. We will take care of the discrepancy in the definition of f’
and f” in two steps: first, adjusting the times in (4.4) at which the heat kernels are evaluated
to be suitable multiples of L', and second adjusting the summation over k.

In view of (1.6) and (4.4), we first compare Pyr» to Py and Ppjoyppiie, to Prjojrr-
Using (2.2)-(2.3), one obtains, for any integer n > 1, A € (n=2/3,1) and |z| < \/nA~/*, whence
ﬁ—‘; = 0(n'3) = O(A=Y?) as n — oo, that

We apply (4.6) with the choice A = ZtLg, = % and n = kL' for 1 < k < |55 | to compare

Pyr» to Pyrs. Notice that A € (n=2/3,1) with these choices when L > C, as follows from the
fact that L' > ¢, noted below (4.5). Similarly, we compare P o jrmye, t0 Ppjoiprs with the

choice A = L(]/C;H:Lg, < % for 0 < k < L%J Since f < u on Bpg, we then have for any

1 <k< |L/2L"], pointwise on B,

(47 (1-0(#)"*) P (F15,)
< PkL”(leK) + UPO [ ‘XkL" > cV kL,(%)1/4] < PkL”(leK) + ue*C(L//tg)l/Qj

and the same bound holds true with Pp oz and Pr s xrv 44, in place of Py and Pgpr. From
(4.7), one immediately infers the existence for every e € (0, \/t,/L’) of a coupling between three

29



random sets distributed as Z(0-)/"-L, 7 Bkl and 7O-CVt/INF L respectively, with f”
as in (4.4), u; Wb le=eE /ta)? and

(4.8) Feat 2okl Ly ) (Perr(Fli) + Prjorrn (F1B)),

such that, in accordance with the resulting bound in (4.7), the former two are independent and
their union contains the latter a.s. Applying Lemma 2.4, one then concatenates this coupling
with the one from Proposition 4.3 (their common marginal being (I(l_a)f”’L’,Iu g plf ), the
latter being sampled independently by suitable extension of @ in the context of Proposition 4.3)
with the choice e = L™, k = L= for suitable ¢, ¢’ > 0, to find a coupling Q; of three random

variables 7, 7, and I% such that
(19) 7, T3A+PL) f1.5 uzhlt i, law 7(1-C\/t /TN L 414 7} law unlpy, oL oy
‘ Q[T UT} D T] 21— Cuv 1)(K + L)%e L.

In words, (4.9) asserts that, at the cost of adding Z3i, which has intensity uj(< u), one can
replace the intensity f by f’ in Proposition 4.3. Now, comparing (1.6) and (4.8), observe that,

(4.10) PE(flp) = f +17 Z |<k< Ly (Prr(f1B) + Prjayir (flpy))

But since L” = L' +t4, and due to (4.5), one has 0 < % — L2£,,J < % - 2%,, +1<
Consequently (4.10) can be recast as

(4.11) PF(flp,) =f + N (P (f1By) + P (f1By)).

One then applies (4.6) with the choice A = (k — 1)L /(L — kL') and n = L — kL', for 2 < k <
\/L/L' = V1, which as above can be seen to satisfy the condition A € (n=2/3,1) as soon as
L'=¢ < I/ < L for small enough ¢. Arguing similarly as in (4.7), one obtains for all such k,

(412) (1=CI72)Py_p(f1p,)
< Progp (flae) +uPo[|Xp—1/| > eVLIM®] < Pr_jp(flp,) +ue

—cll/4

pointwise on Bx 11, The same holds with P, o_1/(f1p, ) on the left-hand side and Py, /o (f15y)
on the right. One then averages over k£ on the right-hand side of (4.12) noting with a view to-
wards (4.8) that {L — kL' : 2 <k < VI} C{L/2+ kL' : 0 < k < | 5%}, and similarly that
{L — kL' :2<k<Vi} C{kL':0<k< |55} Together with (4.11) and (4.8), this gives

—cll/4

(4.13) PF(flp) < F'+ (Claf + Cue ™) =(1+Cl2)f + Ce

Since I1/* = (L/L))Y/* < (2L’ /t,)"/? in view of (4.5), proceeding analogously as in the argument
leading from (4.7) to (4.9), with (4.13) and (4.9) now playing similar roles as (4.7) and the
coupling (4.3) from Proposition 4.3, respectively, one finds a coupling Q2 of three random
variables 7, Zs and Z3 such that

g law I%(1+PL/2)JC17% UIfz,L7 T, law I(I*CZ_I/Q)PLL/(leKLL/ and T3 law Tu2lBr oL ith

Q[HhUZs D) >1-C(uV 1)(K+L)d€_CHLC7

where ug W cute"*. However, since Q[Z3 = §] > 1 — C(K + L)%us by standard properties
of Poisson variables, we immediately obtain (4.1) with Q = Qg, thus yielding Theorem 4.1. [J
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4.2. Proof of Proposition 4.3. We will in fact prove a slightly stronger statement, namely
that the bound in the second line of (4.3) holds with Z; replaced by a (smaller) configuration
71 <. T1 to be defined in the course of the proof, see (4.21) and (4.19). By chaining (cf. §2.3)
the original statement in (4.3) then quickly follows. Roughly speaking, the set T comprises
fragments of length L’ from the length—% and length-L trajectories making up Zj, cf. (4.3),
which are merged with corresponding pieces of Zy indexed by k in (4.4). The merging happens
recursively in k in terms of a sequence of couplings supplied by Lemma 4.4 below. Taking
advantage of Proposition 4.3 over Theorem 4.1, the fragments of longer trajectories alluded to
above can now be separated by a time roughly of order t,. This allows for good mixing at
an intermediate scale E, chosen suitably in Lemma 4.5, which is ultimately responsible for the
good control on the error term, as outlined in the discussion following (4.2). We forewarn the
perceptive reader that the somewhat intricate definition of Z; in (4.3) or (4.1) (required for
later purposes, see Remark 4.2,2)) makes the proof slightly more involved. An option is to set
f1 =0, which already yields an interesting special case of Proposition 4.3 and effectively makes
all matters relating to w; and ws disappear from the proof below, thus leading to a streamlined
argument.

Proof of Proposition 4.3. The measure @ under which the desired coupling will be constructed

is assumed to carry independent Poisson processes wj;, 1 < 7 < 3 and wk, 1 <k < 2k, where

kr, def | L/2L"]. All processes have state space [0, 1] x Z¢ x W+, and the processes @, 1 < j < 3,

have respective intensity measure

(4.14) 7;(0,u] x S x A) = u ng P,[X € 4],
xeS

for u € (0,1], S € Z% and A € W+, with f1, fo as appearing in the statement of Proposition 4.3
and f3 = Pp o f1; compare with the definition of Z; in (4.3). The process wF has intensity

(4.15) A0.) % 8 x 4) - LS (B N@)PIY € 4]

zeSs

with Y = X 06,11 = (X¢,414n)n>0 and (recall that t; = L"” — L')

o [EL" = (t, +1): for 1 < k < ky,
(4.16) tkd:f'{ ((ﬁ) or L=k <k

Ly (k—kp)L” —1; for kp <k < 2kp.

In the sequel, with 7 : [0,1] x Z¢ x W+ — [0,1] x W* denoting the canonical projection map
onto the first and third coordinates, we write 77; = oy, n* = wow” for the corresponding push-
forward processes on [0,1] x W*. To understand the relevance of w”, notice that, substituting
S = 7% in (4.15) and using reversibility and the semigroup property, by which, for k < kr,

S (B H@)P]Y € A] = Zf ByX 001,110, € Al 23 (P (@) PolX € A

x x

(all sums ranging over Z?), along with a similar computation when k > kr, observing in the
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latter case that t, + 1+t =ty + & + (k — kg )L", it follows that n* intensity

R0, u] x A) = u- % S (I f) (#) Po X € A], where
4.1 y
( 7) 10, f — Pk:L”f7 if0 <k <kg,
T\ Prywrn, i iR =Ky for 0K < ky

(compare with (4.4)). The sets Z; (smaller than Z;) and T, that we aim to couple under Q will
be defined as unions over several parts If and Ié" indexed by k, where 0 < k < 2k;,. Using wj,
j = 1,2, the first of these contributions (corresponding to k = 0) is simply defined as follows:

W=D@uwm) = |J w0,L'~1], and
(va)eﬁluﬁ2
B=@um) = J worl -1
(v,z,w)€W Uwa:
v<l—e, Bk

(4.18)

Recalling (1.3), the fact that f = fi+ fo and using (4.14), it follows that Z0 and Z9 are distributed
as TTHE and TU-9)f5 L respectively, with f{/ def %leK. To understand what the former has
to do with Z; in (4.3), observe that both TTH and T3/05 Y ThL (sampled independently)
can be obtained by retaining a certain number of steps from each trajectory in the support of
a Poisson process on W™ of intensity 4—Ld > .. f(x)Py. In particular, the laws of their starting

points coincide.
In the sequel it will be convenient to let ¢),, = w(e W) for (v,w) € 7, U7, and define

WO ={Q,, : (v,w) €7, UT,}, by which 70 can be viewed as a function of WP,

The next lemma constructs recursively a sequence (Wk,I§)05k<2kL under @, where WF is
a certain family of random paths Cqﬁw (i.e. having values in W) indexed by points (v,w) €
Mjk) YUMo, where j(k) =11f 0 <k < kr and j(k) = 3 if kp <k < 2k. In terms of WP the set
i{“ is obtained by setting

(4.19) j—{ﬂ = U df,w [O’ L'~ 1}’
(v, W)€ (1) U2

which is consistent (4.18) when k = 0. The requirements on (W¥,Z§) vary depending on the
value of k below, which reflects (4.16)-(4.17) and is owed to the specific form of Z; in (4.3).

Lemma 4.4. There exists a sequence (Wk,I§)0§k<2kL under @ with the following properties:

(i) For all 0 < k < 2kr,, conditionally on W°, JY), ..., WF1 Z671), Wk et {¢h,ewt:
(v,w) € (k) Uy} is a family of independent random variables and
law .
Cf,w = Pdfjul(L’—l)[Y €, ifk # kr;
(420) {Pw@ (X 06, €], if (v,w) €7,

v PCLCL}(A) Y €, if (v,w) €Ty, where A =ty, —ty, 1 — (tg+1).
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(ii) For all 0 < k < 2kz,, conditionally on W°,19),..., (WF1 I8, the set T} is distributed
as UL with Il = L1 (f1p,) (cf. (4.17)).

(iii) The bound @[ﬁ{“ B IH] < C|Bicsple "L holds for all 0 < k < 2kr.

We defer the proof of Lemma 4.4 for a few lines and first complete the proof of Proposition 4.3
assuming it to hold. With W* = {Cff’w € W+ (v,w) €M) UT} defined by Lemma 4.4 for all
0 < k < 2kp, the set ZF in (4.19) is declared and one sets

(4.21) n= \J o
0<k<2kp,

(recall that flo is supplied by (4.18)). Similarly, using the sets Z5, 0 < k < 2k, furnished by
Lemma 4.4 and Z2 from (4.18), one defines

(4.22) L= | ©
0<k<2kp,

It then immediately follows by combining the fact that Z) > Z9, which is plain from (4.18),
with item (%) above and a union bound over k, noting that 2k < 2% = 2l (see above (4.14)
regarding kz), that Q[Z; D Zy] is bounded from below by the right-hand side of (4.3). To
conclude the proof, it is thus enough to argue that Zy defined by (4.22) is equal to Za=e) "L
in law, as prescribed by (4.3), and that Z; <¢. Z;. From this, the original statement in (4.3) is
readily obtained by chaining the coupling @ and the one inherent to the stochastic domination
using Lemma 2.4; see also Remark 2.5,2).

The fact that Zy in (4.22) satisfies Z Y 7(1-e)/".L' i3 an immediate consequence of (i),
recalling ITj, from (4.17), by which ] = %PkLu(leK) if k < kr, (see also below (4.18) regarding

o) and f; = %PL+k’L"+tg(f1BK) if kK = kK + kg for ¥ > 0, which implies in turn that
> o<h<or, Jr = f" as defined by (4.4).

We now argue that 71 <« Iy. To see this, it is simplest to think of Z; in (4.3) as the union
of the three independent sets I%fl’%, Z3Pe2fu% and T/2F. We first consider the contributions
to each f{“ in (4.19) stemming from points (v, w) € 73. As we now explain, these generate an
independent set which is dominated by Z 2P/2fi% | Since j(k) = 3 only when k > kr,, contribu-
tions of this kind only arise for these values of k. For a given (v,w) € 73 then, concatenating
the pieces (%[0, L' — 1] in (4.19) for kz < k < 2kz, while making repeated use of (i) yields a set
having the same law as

U XL+t (k+1)L" — 1] (c X[0,% —1])
0<k<ky,

under P,). As these fragments of random walk trajectories are independent as w varies, the
claim readily follows upon recalling that 7j; has intensity = o U3 with 73 given by (4.14). In
the same vein, one verifies that the contributions to all ZF stemming from points (v,w) € 7,

yield an independent set dominated by 73/ 1’%, and similarly those in 7, account for Z/2. This
completes the proof of Proposition 4.3, assuming Lemma 4.4. O

Proof of Lemma 4.4. We define the sets (W* Z§), 0 < k < 2kj, inductively such that (i)-(iii)
above hold. In addition, the induction will also carry the property that

(4.23) the pair (W*,Z%) is measurable relative to Fj, = a(wl,EQ,wg, wh, .. ,wk)
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(understood as o((wW;)1<j<3) when k = 0). The pair (W Z9) defined around (4.18) plainly
satisfies (4.23) and properties (i)-(iii) are trivially satisfied for k = 0.

For arbitrary k > 1, we now describe how to sample (W¥, Z¥) conditionally on (W°,Z9),. ..,
(Wk=1 7F=1). In doing so, Properties (i) and (ii), which are the relevant requirements on the
(conditional) laws of W* and Z¥ , respectively, along with (4.23), will immediately follow. The
construction is such that the (key) property (iii) holds, which is verified separately.

The construction of (W¥, Z¥) involves w”, which we now recall from (4.15)-(4.16). For any
S C Z% let wk denote the restriction of w* to points lying in the slab {(v,z,w) : x € S}. It
follows by (4.15) that the projection n% = Tow? is a Poisson process on [0, 1] x W, with intensity

(4.24) PE(0,u] x A) = us(A), with s(4) L 2 (P (@) Py € A)

L
zeSs

for A € W+. Similarly let fif denote the measure on (W+, W) defined by

(425) BEC) = S B (s ) @)RLY € ]
TES

We now first describe how to sample Il% , which only involves w*. For any S cC Z%, let

(4.26) T & U wl0, L' —1].

k g
(v,w)en:v<(1—e) — (w)
d,uS

For an intermediate scale L with 1 < L < % to be determined, we consider the partition of 7

into disjoint boxes D = B(xz, L) as & ranges over (2L 4 1)Z%. Let D denote the set of all such
boxes and D’ the subset of all D with D C Bgr. This leaves a (possibly empty) boundary
region V' = B 1 \ Upep D, which satisfies d(V, Bx) > % whenever L > C irrespectively of

the value of K. Now set

(4.27) =TS \J o= (U Bp) vy
DeD DeD’

The last equality follows due to the indicator function present in (4.25) and the fact that t; < L
for any k, see (4.16), which together imply that [ng = 0 whenever SN Bk, = 0. It immediately
follows on account of (4.26) and the computation leading from (4.15) to (4.17) that (i) holds
for k, i.e. I§ has the required law.

In order to sample the walks in W¥, on the other hand, we use a similar method as in the
proof of Lemma 2.3. For any D € D, let (cf. (4.20))

A ={(v,w) € Mk YT VWL = 1) € D}, k # kp,
ABE = {(v,w) € T : CFL7Y(A) € DY U {(v,w) € T3 : w(0) € D}.

v,Ww

(4.28)

By (4.23) and induction hypothesis, A]fj is clearly Fi_j-measurable for all £ > 1. Moreover, due
to items (i) and (74) (valid up to k — 1 by assumption) and the Markov property, the quantity
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|A%| is seen to be a Poisson variable with mean Ap, where

Ap = (1{k<kL}vl +§2) ([O 1] X Zd X {w(tk) S D})

Lok 7 (0,1 X 2% x {w((b — k)L = 1) € DY) "=V 4 3™ [14 4 fi(2) Pl Xy, € D)
x€Z4
+ Fo(@) Pal X, € D)+ Loy (PLf)(@) X PalX (o1 € DI = 4 3 (P f)

zeD

where in the last step one uses reversibility and the semigroup property, noting for the third
term that % + (k— kr)L” — 1 =t} when k > ki, by (4.16). Now, conditionally on Fj_; and
for any (v, w) € A% let g, : W — R, denote the Radon-Nikodym density of the law of Cffvw
prescribed by (4.20) with respect to u%, in (4.24). That is, for any (v,w) € A%, and w’ € W,

/y def. ptg+1(C1l;€;ul(L/ —1),w'(0))
(4.29) 9elW) = G o )@ (0 (0))

where we adopt the convention 0/0 = 1, and in view of (4.20) and (4.28), the numerator in
(4.29) is replaced when k = kg by ptgH(C o (A),w'(0)) if (v,w) € 7, and by py, (w(0),w'(0))
if (v,w) € 73. Still conditionally on Fi_; and on the event {|A%| = m}, which is Fj_;-
measurable as argued below (4.28), fix an enumeration (vi,wi), ..., (Um,wy) of the points in
A% with corresponding densities g; = gy, w;, and define a sequence of (random) functions Gy = 0,
G1,...,Gy = Gp on WT inductively as follows. For all 1 < n < m,

for k # ki,

&n Al inf {t>0:3(v,w) € M\ {(uj,25) : 1 < j <n}st. Guoi(w) + tgn(w) > v},

Gn() = Gt () + &ngal)-

(4.30)

By [28, Proposition 4.3], one obtains (conditionally on Fj_; and on the event {|A%| = m}) that
&,...,&n are distributed as independent exponential random variables with mean 1. Moreover,
denoting by (u2, zP) the unique pair (v, w) € 7%\ {(uj,w;) : 1 < j < n} satisfying G, (22) = u?,
it follows that (z{,...,z0) are independent and z; has the law of &, prescribed by (4.20).
Hence, letting

(4.31) WF = WH(@))1<j<3, (@h<jar) = |J (2P 11 <i < AR,
DeD

item (i) readily follows. Moreover, by (4.27) and (4.31), (4.23) is immediately verified.
It remains to argue that (47i) holds. In view of (4.19) and by definition of WF one can recast
IF as Ucewr €10, L' — 1]. Using (4.27), it then follows that

(4.32) QZF 2 T5] <Q[Zhy #0] + > Qnh(0Op) > 0],
DeD’
where (cf. (4.26))

(4.33) Op {(v,w) [0,1] x W* : Gp(w )<U§(1—5)%(w)}.
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We bound each term on the right-hand side of (4.32) separately. By definition, see (4.26), the
set Ig,v is obtained by retaining the first L' — 1 steps of independent random walk trajectories
attached to a Poisson number of starting points with mean

o, (429) 44 u ; L
(I—e)py (W) < A Z By [(fp)(Xe)] < CE|V|SUPPO[|XH > 5] < CulBgyple,
eV t<L
where the second bound is obtained by combining the facts that ¢, < L for all £ and that
d(V,Bk) > %, see (4.16) and above (4.27), and using the assumption f < u, while the last
bound is readily implied by a standard Gaussian upper bound on the heat kernel (also recalling
that V C Bx ). Since for X a Poisson variable with mean ), one has P[X > 0] =1 —e™* < )\
it follows that @[Ig,v # 0] is also bounded from above by Cu|Bgr|e L. To estimate the
remaining terms in (4.32), one uses the following:

Lemma 4.5. For L = Li*® with o = all D = B(z,L) C Bgyp, and 1 < k < 2ky,

1
200~
(4.34) Q[b(0p) > 0] < C(uv 1)e =L,

Choosing L as in Lemma 4.5 (see also below (4.26), where the parameter L is introduced),
item (71i) follows upon combining the estimate for Q[Iéiv # 0], the bound (4.34) while noting
that |D’| < |Bg+r|, thus completing the proof of Lemma 4.4. O

Proof of Lemma 4.5. Let 8 = % and recall that t, = LL%J By choice of l~}, this implies that
(4.35) (ty)2 % > Lat® (=L.L%

for all L > C; indeed, (§ +20)/(3 — 8) = 2 +5a < 3 + 45 < § for d > 3. The inequality
(4.35) should be read as the condition that a slightly sub-diffusive length scale corresponding to
the gap time ¢, is still polynomially larger (in L) than the side length L of the box D. We first
estimate the density g, entering Gp, cf. (4.33) and (4.30). In view of (4.29) and the display
preceding it, one has

(4.36) gn(w) > Ap'p(w),

where p: WT — R is defined as

. . . pt(za ’LU(O))
p(w) = min ~ min —————T—;
z,2'€Dtef{ty, tg41} ptg+1(2 ,w(0))

in obtaining (4.36), we also used that g, = gy, 4, corresponds to points (v, u,) € A%, which
belong to D by definition, see (4.28), hence the minimum over z and 2’ in the definition of p. An
estimate of the ratio p can be obtained via (2.2) and (2.3), using (4.35). Doing so, one deduces
for any w € W such that |w(0) — x| < (tg)%‘m, where = denotes the center of D, that

4(1/2+8) =, 1/248  (4.35)
(4.37) plw) >1—C(4 S I el s

3 ty

here, the first term in the parenthesis corresponds to the dominating error in (2.2), whereas the
second term accounts for the comparison of (continuous) heat kernels in (2.3), and we also used
that for any z,2’ € D = B(x, L),

w(0) — 22 = [w(0) — /1> < (jw(0) — x| + L)* = (jw(0) — 2| — L) < Clw(0) — #|L.
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Denoting the set of walks w € W with |w(0) — x| < t;/ 2+8 by F', observe that the cardinality of
the set S = {(v,w) € nh o w ¢ F} follows, under Q, a Poisson distribution with mean pk (Fe);
see (4.24). Recalling that Y = X o 6; ;1 and using (4.35), it follows that P,[Y € F°] < Ce™t*
uniformly in x € D, which, together with the bound f < w valid on B, and in view of (4.24),
readily implies that

(4.38) QIS # 0] < Cue™"".

On the other hand, since the lower bound (4.37) on p(w) is in force for all w such that (v, w) € n%
whenever S = (), it follows, recalling Op from (4.33) and Gp from above (4.30), that

(4.39) Q[(npH(0p) >0, S = 0]
a8 T g < (-9 w)] 28 Y &<+ 0L -],

dp
F
WEE 1<n<|a) 1<n<|Ab)|

where we used that % < 1, as readily implied by the definitions of i¥ and p* in (4.25) and
(4.24). The upper bound on the sum of &,’s in the last bound of (4.39) can further be replaced
by (1 —§)Ap whenever e > 2CL™°, which is no loss of generality in view of the desired estimate
in (4.5). Now recalling that |A%| is a Poisson variable with parameter Ap (see below (4.28)) and
that the &,’s are i.i.d. exponential variables with mean 1 (see below (4.30)), applying standard
large deviation estimates yields that

(4.40) Q[(b(Op) >0, 5 =1]

<@ Y &=(- ] +QUABI < (1 -DAp] < Ce.
1<n<(1-£)Ap

To conclude, one recalls that f > k pointwise on Bi 41, and that ¢, < L which together readily
yield that Py, f(x) = E.[f(Xy,)] > 2 %% for any = € By, 1, whence

1 - —d d
Ap = T ;)(Ptkf)(:z;) > L7 D27% > er L,
T

for any D C Bgyr. This last bound also accounts for the necessity that L> Li implicit in
the choice of L. Substituting the lower bound on Ap into (4.40) and combining with (4.38)
completes the proof. O

5 Covering length-L by length-L’ interlacements outside a good obstacle set

In this section we prove Theorem 1.3. The coarse architecture is similar to that of Section 4. In
§5.1, we first deduce Theorem 1.3 from a more malleable version, Proposition 5.1, which allows
for overlaps between successive length-L’ trajectories; here, overlaps rather than gaps (cf. §4.1)
are relevant due to the opposition direction of inclusion in which the coupling operates, cf. (1.7)
and (1.13). The coupling postulated by Proposition 5.1, which barring technical simplifications
due to the presence of overlaps, is similar to that of Theorem 1.3, is built inductively over k
(much like in §4.2) but now by gluing shorter length-L’ trajectories progressively into longer
ones, until reaching the desired length L > L’.
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The proof of Proposition 5.1 is presented in full in §5.2 assuming its one-step version,
Lemma 5.2, which encapsulates the properties needed to pass from k to (k + 1), which roughly
amounts to ‘attaching’ a piece of length L’. Although reminiscent of Lemma 4.4, which plays a
similar role in the context of Theorem 4.1, Lemma 5.2 and its proof, which appears in §5.3, are
much more involved. Indeed, the underlying arguments entail the precise gluing mechanism for
trajectories inside the (enlarged) good obstacle set O. In particular, the conditions appearing
as part of Definition 1.2 crucially enter in order to witness this gluing occur with high enough
probability, by exhibiting a high ‘surface density’ of trajectories on each of the obstacles com-
prising O. Informally speaking, the proof exploits a property of exchangeability between the
trajectories near a given obstacle. We now flesh out these ideas.

5.1. Overlaps and the timescale t,. As with Proposition 4.3, following is a version of
Theorem 1.3 with overlaps. Throughout this section, we are always (often implicitly) working
under the assumptions of Theorem 1.3; in particular, (1.5) is in force. We omit in the sequel
any reference to the parameters f, K,L,L' v,{0,d0, Mo as well as v and e, whose ranges are
all specified by Theorem 1.3.

Proposition 5.1. Under the assumptions of Theorem 1.3, with
(5.1) A . to, where t, def 3| L(log L)~197| (< L' when L > C; see (1.5))
there exists a coupling @ of two {0, 1}Zd -valued random variables Iy and Iy such that,

(5.2) 7, ' 7f1sk LT, law T+ and, for L > Lo(d,~,u),
QLI\OC T\ O] >1—C(uV1)(K + L) (e cEMorloe L)) v 5,),

where (recall that | = %, see (4.2))

(5.3) =0t >0 Pan(f).

0<k<[#71

In analogy with (4.4), (5.3) presents the advantage over PE'(f) of inducing overlaps (of time
to) in the intensity profile of the (bigger) process Zo comprising length-L’ trajectories, which will
facilitate the proof of (5.2).

Assuming Proposition 5.1 to hold, we first give the proof of Theorem 1.3.

Proof of Theorem 1.3 (assuming Proposition 5.1). The proof is similar to that of Theorem 4.1
using Proposition 4.3. We highlight the main changes. While stating the inequalities, we will
often imply that L is large enough in a manner depending only on v and d, as allowed in the
statement of Theorem 1.3. By choice of ¢, in (5.1) and assumption on L’ in (1.5), one has

(5.4) (L)? > 2Lt,

(cf. (4.5)). In view of f” in (5.3) and PL'(f) in (1.6), one compares Pyp» to Pyrs using (4.6)
with the choice A = kt,/kL" =t,/L"” and n = kL"” for 1 < k < [#1, for which the condition
A € (n2/3,1) is met. Now, as in (4.7) this yields, pointwise on Z? and for any 1 < k < [#1,

(5.5) P (f) < (14 C(%)*) Pop (f) + 1,
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where v} = we—eL'/to)1/? (recall that f is supported on Bg.r). From (5.5), one immedi-

ately obtains a coupling of three random sets distributed as Z(+C!U )L 7leic, ot ang
TUHCITL with #7 as in (5.3) and

7 def. .
fr=t Zogkq%} P (f),

L

such that the former two are independent and their union contains the latter a.s. Concatenating
this coupling with the one from (5.2) using Lemma 2.4 yields a coupling Q] of three random

variables 7; law 7Bl 7, law 7(1+CI7VA) L and 75 law 74415 1ol guch that
(5.6) Q[Zi\O C (ZUZ3)\ O] > 1~ C(uV1)(K + L) (emceMonrlos L)) v 5.,

where Z, and i’g) are sampled independently. Now since L” = L' —t, and L' > 2t, on account
of (5.4), one finds that [£] — 1 € (0,2) and hence that

(5.7) PE(f) = F' =17 Ycpar £y Pon (F) = F = 171 PL(f).

Then, proceeding as in (4.12)—(4.13), one applies (4.6) again with the choice A = kL'/(L —kL')
and n = L — kL', for 1 < k < v/ to replace Pp, by Pj,_;rs on the right-hand side of (5.7) and to
deduce after averaging over k,

—cll/4

PF(f) < (14 CI73) ' + Cue

]‘BK+L

Combining the natural coupling induced by the previous estimate with that of (5.6) via chaining,
one obtains a coupling Q) of three random variables 7; faw /el T, w7 (14O ) PE(), L

and Ty 2 7%2'xc+ L with w) = Cue=9"", such that
Q[Zi\ O C (L UT3) \ O] > 1 — C(uV 1) (K + L) (e~cEMoros L)) v 55)

where Zy and Z3 are sampled independently. Theorem 1.3 now readily follows with Q' = Q)
since QI3 = 0] > 1 — C(K + L)%}, and | = £ < (log L)Y by (1.5) . O

5.2. Coupling outside enlarged obstacle set . This subsection contains the proof of
Proposition 5.1, save for one result, Lemma 5.2 below, which represents one inductive step in a
sequence of couplings to be constructed. A loose analogue of Lemma 5.2 in the context of the
(simpler) Proposition 4.3 is Lemma 4.4, see in particular item (ii7) therein. As opposed to the
setup of Section 4, the reverse inclusion, cf. (5.8) below, effectively requires recombining shorter
trajectories into longer ones, for which the region O acts as a buffer zone, in which the gluing
occurs but control over the coupled interlacement sets is lost.

Proof of Proposition 5.1. Recall from Definition 1.2 (see below (1.10)) that Up = By VI(og L)
The measure @ that will be constructed in the course of this proof will couple two random sets
denoted by Z* with the properties that

I~ el (z0\ 0), T+ g+ Mol

(5.8)
QZ- c I >1-C(uV1)(K + L) (e cEMorloe L)) v 55,
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for L > C(d,v,u), which will tacitly be understood to hold from here onwards. From (5.8),
the claim of Proposition 5.1 immediately follows since Z/"L" is readily obtained from I+ upon
adding by extending QQ, an independent process with law 7"l g6 T+ c /"L Q a.s.
The restriction to Up in the definition of Z* in (5.8) is convenient and motivated by the
fact that any trajectory in the support of Z~ (with starting point in By ) will hit O before long,
as implied by (1.9), and that the resulting sequence of ‘k-th return points’ (in a sense defined
precisely below, see (5.24)) to the obstacle set O belonging to any box B € O NUp will be both
large and vastly outnumbered by the ‘first’ hitting points produced by trajectories in the k-th
‘layer’ of Zt (where " =", f//, cf. (5.9)) with starting point in Up. Boxes lying outside Up
will typically be insignificant for I , i.e. the obstacle set will be hit long before exiting Up.
We now prepare the ground to produce the desired coupling. Recall f” from (5.3) and
introduce, for k € {0,...,kr} with k, = [£] — 1 the function f}' : Z — R, given by

(5.9) (2) = L (P f)(@),

so that f” =", f;. Here and throughout the remainder of this proof, k will always be tacitly

assumed to range over all integers with 0 < k < kr. Under an auxiliary probability measure

@*, we introduce independent Poisson processes w]j (one for each k) on Ry X Z% x W7 each

having intensity v+ given by
(5.10) vT([0,u] x {z} x A) = uP,[X € A].

We now define certain quantities induced by the processes wk Given a stopping time 7 for the
random walk under P. and a cemetery state A, define the random variable

e , it
(5.11) YWt S ZOU{AY, w e v(w) o () dTT <o
A, else.

For suitable X, denote by Qx the space of o-finite point measures on X in the sequel, with its
associated canonical o-algebra. Recall O C Z, a finite set by Definition 1.2, and let ¢ : Z¢ —
[0,00) have finite support. Attached to Y in (5.11) is the map ®7 : Qg za,p+ — Qo with

The point measure ®p (w) is increasing in both @ and g and under @+ and for any k,
(5.13) @;(w,j) is a Poisson process on O of intensity -, Py[X, =, X; € 0,7 < o0,

where, following our usual notation, Py = > g(x)P,. Now, with f; as in (5.9), define

(5.14) g 2 >Ry, gf =1 +e)fillue, k>0,
let
(5.15) Th = L+ Ho o by if k=0
' Ho if k> 1
and
(5.16) o = 0% () = D by, k20,

1<i<N
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where, with a slight abuse of notation Y,ji = Y,;ri(w,j), 1<k < N,j , refer to the random

variables Y (w;) appearing in (5.12) (with the choices T = 75, and g = g;"), ordered for sake of
definiteness according to increasing label u;. In words, (IDX is the Poisson process obtained by
taking each point (wj, x;,u;) in the support of w,j with appropriate label u;, and retaining for
every trajectory w; for which X, ,,) belongs to O the corresponding hitting point at time 7.
The discrepancy in (5.15) between k£ = 0 and k& > 1 is due to the special role played by k = 0
below. For later reference, note that due to (5.13),

(5.17) N; is a Poisson variable with parameter P, +[r; < oc].
Ik

Let us briefly pause to give an overview over the remainder of the proof. We next define a
sequence of couplings Qi inductively in k. For each value of k with 0 < k < kp, the coupling Q)
extends Q_1 (in case k > 1) and gives rise to two random sets I,;t sharing similar properties as
T% in (5.8). The sets Z* will be generated at the terminal value k = ky, i.e. after kz +1(= (#D
iterations. Roughly speaking, I,j will correspond to the contribution to Z* stemming from g;',
0 <n <k, cf (5.14) and (5.9), whereas the trajectories comprising Z,” will correspond to the
first k+ 1 pieces of length L” destined to form the length-L walks constituting Z—, which will be
reconstructed in the process. The reconstruction is facilitated by the presence of the enlarged
obstacle set O, see (1.12), inside of which the walks need not being tracked and which will serve
as a ‘gluing zone’. The time loss needed to perform the gluing inside O will turn out to be
negligible thanks to the conditions listed in Definition 1.2.

We now proceed to make the above strategy precise.

Lemma 5.2 (0 < k < k). There exists a probability measure Q) governing I,;t with

(5.18) 7, law IleKv(kJrl)L”’
(5.19) I]j law T20<e<k 9k+,L”
(5.20) Qk [(Ik_ N (Zd \ (5)) C I,ﬂ >1-C(uVI1)(K+ L)d(B*C(EMo/\(logL)’Y) v 50).

Assuming Lemma 5.2 to hold for the time being, we first conclude the proof of Proposi-

tion 5.1, which entails verifying that (5.8) holds. Choosing Q = Qy, , it follows on account of

(5.19) and (5.9) that Z et I,;FL has the law prescribed in (5.8). Moreover, in view of (5.18),

as the length of the trajectories in the support of Z, is (kr +1)L" > L, one straightforwardly
extends @) by suitable thinning to a coupling carrying a random set Z~ with the same law as
775 in such a way that the inclusion 7~ C Ik:_L holds almost surely. Then, the inclusion with
high probability asserted in (5.8) is a direct consequence of (5.20). Thus, (5.8) holds, which
completes the proof of Proposition 5.1 (conditionally on Lemma 5.2). O

5.3. Gluing trajectories. We now give the proof of Lemma 5.2.

Proof of Lemma 5.2. For each 0 < k < kr, define

(521) U, = BK—{—%\/W(IogL)V (C UO),

where the latter inclusion follows on account of the definitions Up = B VI(log L)7 kr = (#1 -1

as well as the displays (1.5) and (5.1). We proceed inductively in k£ and show the following
stronger statement, which is convenient to carry out the inductive step: for every k, there exists
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a coupling Qy, extension of Qr_1 for all k > 1, satisfying (5.18)-(5.19) and carrying one further
random set K, and its associated endpoints Y, = {Y, . : 1 < i < Nj } with the property that,
for some event G}, decreasing in k with

Qo[Go] >1-— U|U@|(5@ V e—c(logL)'V)’

5.22
(5:22) QrlGr-1\ Gi] < (uV 1)|Uo|(d0 v e cEMoNIoe LYY 11 < o < fof |

one has the inclusions
(5.23) (Z; N (Z4\ 0)) C (Kxy N (Z\ O)) CZ;f and Y7 C Uy : on Gy.

The set K, represents the precise proportion of the set Z~ in (5.8) that is covered by the coupling
until step k, that is, by using the first k& + 1 pieces of length-L’ trajectories only. Intuitively,
it comprises the length-L trajectories that will eventually form Z~, run until a time which is
slightly larger than the target time (k 4+ 1)L” needed for Z, . Specifically, the set Kj has the
following prescribed law. Consider the sequence of ‘return’ times (see (5.15) for notation)

(5.24) Ro=10, Rp=(k+1)L"+7 00411, k> 1.

Note that the sequence of times Ry is a-priori unordered, but, as will turn out, the event
Gy (cf. (5.22)) to be constructed in the course of the proof will guarantee that the map ¢ €
{0,...k} — Ry, is in fact increasing when G}, occurs. With Ry given by (5.24), the distribution
of K = Ky (wg) is specified as

(5.25) K2 | wil0, R(ws)] (under @),
1<i<Ngy

with associated endpoints Y, defined as {w;(Ry(w;)) : 1 < i < Ny} (note that these tacitly
require {Ry(w;) < 0o} to occur) and where, recalling that wg = Y7, 6(y, z,w,) has intensity v+
given by (5.10), we have set

(5.26) o =wy ({u < £r95 (Xo), 70 < 0}),

a Poisson variable with intensity %Pg— [70 < o0] and
0

(5.27) 9o = fi1B,, so that g5 = 1 flp,.

In (5.25), w; refers to the (ordered) trajectory in the support of wy containing the point Yj; for
every i < Ny and (5.25) is well-defined because N;” < N; holds @Q*-a.s. on account of (5.17)
and (5.14), (5.27), which together imply that g; < g .

We now proceed to show the existence of Q) with the above properties, i.e., satisfying (5.22)
and (5.23) with Ky, Y, as in (5.25).
The case k = 0. We simply define Qo = QT (see above (5.10)) and set, with w; having
intensity v given by (5.10),

(5.28) Ko=Kolws) = |J wil0,70(ws)]

1<i<Ny
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with N as in (5.26) and where w; refers to the trajectory in the support of wg containing the
point Y(')JFZ for every i(< Ny7), as above. We now introduce the ‘good’ event (under Qo)

(5.29) Go :{ wif (fu < g (Xo)yr0— L” > 21) =0, }
Wo

§ ({u < $95 (Xo), Xry & Up, 70 < 00}) =0

(observe that the first line includes the possibility that 79 = 00). In view of (5.15), when Gy
occurs, any trajectory w; involved in the construction of Ky in (5.28) satisfies (L” <)7o(w;) <
L" + t3° < L'(= L" +t,). Hence, as we now explain, on the event Gy, one obtains the chain of
inclusions (recall (1.3) for notation)

(5.30) THec " 2 700V () € Ko(wi) € 79 (wh) 2 20+ oo L

here, the first inclusion follows from the fact that all trajectories w in the support of Z% L have
T(w) < 0o on Gy, hence by definition of Ky in (5.28), they also appear in its support and run for
a longer time. The second inclusion (5.30) is due to the combined facts that N;” < N and the
upper bound 79 < L' noted above, which is valid on the event Gy for all the relevant trajectories.
Allin all, setting Zif = Z% oL (wg ) it follows on account of (5.30) that the inclusion (5.23) holds
(in fact the intersection with (Z?\ O) can be omitted here) and that the sets ZF and Ko have
the required laws prescribed by (5.18), (5.19) and (5.25), respectively (in the latter case, this
follows plainly from (5.28) and the definition of Ry in (5.24)).

Finally, it remains to argue that the event Gy given by (5.29) satisfies the required bound in
(5.22). This is due to the fact that the random variable entering the first line in the definition
of Gy is Poisson with parameter

vt < S n - 1> 1) O L 5, g @) PP, Ho > 1] < (o v e ) X, g (@)

where the last step follows by means of the visibility condition (1.9) upon observing that
supp(gg) C Uo, whence X1 € Bgy, holds with P,-probability 1 — e~ for z € supp(gg ). A
similar bound can be derived for relevant intensity of the event appearing in the second line of
(5.29). From this (5.22) follows using the elementary inequality 1 — e~ < z valid for x > 0.
Upon setting

Yy, = Yohi(= wi(n)), 1 <i < Ny,

by which YO;-, 1 <i < Ny, correspond on the event Gg to the endpoints of all the trajectories
involved in the construction of K, cf. (5.28), this concludes the proof in the case k = 0.

The case (k — 1) — k. We now inductively assume Qj_1, extension of Qyp = QT for some
1 <k <k, to be a coupling of I,;t_l, Kr—1 with the desired laws, such that (5.23) holds on a
suitable event G_i. We further suppose the random variables Y,” = (Y,; : 1 < i < N;j), for
1 < /¢ < k—1to be defined under Q);_1, corresponding to the endpoints of all trajectories in the
support of Ky on the event Gy(D Gi_1). In law, these are precisely the points Ry(w;) appearing
n (5.25). By construction, see (5.24) and (5.15), these random variables have values in O.
Recall the random variables Y," = (YJr :1 <4 < N;) from (5.16), which are measurable

functions of we for each ¢. Our aim is to merge the trajectories stemming from Ky_; (their
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endpoints are Y, _;,, 1 <i < N§") with trajectories from the support of w,": (entering O through
the points Yk"'i, 1<¢<N, lj_ ) after letting them mix, which will take (homogenization) time

(5.31) W H s

and take place inside O (D O, cf. (1.12)). The following lemma is key to this.

The variables Z* below represent the locations of the walk after this homogenisation has
taken place. In writing {Z~ C Z*}, see e.g. (5.33), we include multiplicities, i.e. we view ZF as
multi-sets. Let Fj denote the o-algebra generated by wé ) Ilft, K¢and Y, for 0 </ <k and wZ’
for 0 < ¢ <k (under Qx_1).

Lemma 5.3 (1 <k < kg). Conditionally on Fy, there exists ¢ = qr, coupling of

T ={Z :1<i<N{}, Z'={z:1<i<N[}

with the property that, abbreviating p.[-] = P,[ Xy, =], 2 € O,
(5.32) 27 oy 2
(5.33) Qr-1lar (2™ € ZH)1g, ] > 1 — e Mo,

whenever C’KZ)I/IOO < e (recall from the discussion before Definition 1.2 that Lo is radius of any

box comprising the obstacle set O) and (1.10) holds.

We defer the proof of Lemma 5.3 and first complete the induction step. We start by defining
Q. By suitable extension, we assume that Qj_1 further carries two independent families {3;"¥ :
r,y € Z% i > 1} and {XF:ze Z%,i > 1} of i.i.d. random variables, independent of the all the
remaining randomness governed by Qj_1, such that 5;Y has the law of the bridge X.5;, under
P,[-]1X}, = y] and X has the same law as (X¢)¢>0 under P, for every i > 1. For a bridge 5 we
write t,(8) = H,y5(8) for its (time-)length. Let
def.

Q-] = Qr-1lgr,[-]]-
In order to construct (I,;,/Ck,llj) out of (Z, |, Kr—1,Z,_ 1) we will use

; def. i 27 def.
B g Xieleor1<z<Ni

1

def. k 1,2

(5.34) B =5

where for convenience we have set V- = Ny . Now write g; for the restriction of the projection
of w;" onto its first and third marginal to points (u,w) satisfying u; < #¢;7 (2), w;(0) = z and
decompose, for k > 1,

(5.35) wi =wiwe, wi =wi1{(u,w) : 7p(w) < oo}

(observe that the number of points in the support of w is exactly N,' given by (5.17)) and
consider for 1 <7< N ,j the concatenated process

wi(t), 0<t<m,
+
(it — 7). <t < T+t
(5.36) Wit =5 Tk < ES TR
’ Z;, t =Tk +th,

Xt =1 —tn), t>1+th,
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where t;, = t;(8;"), the point measure ZKKN: O(w;,u;) Tefers to an (ordered) realization of
the projection of wy and 7, = 7 (w;) = Ho(w;), cf. (5.15) (recall that £ > 1). As we now
explain, conditionally on F}, as defined above Lemma 5.3, (W,j ;(1))1>0 has the law of P, ) for
all 1 <i < N,'; indeed, the intensity measure (5.10) of w;" and (5.35) imply that (conditionally
on Nlj), w;(t), 0 <t < 7y, follows the law of a random walk path until time 7, = Hp, at which
time the walk is at position w;(7,) = Yk’; = 3(0), cf. (5.16) and (5.34). Using (5.32) and
applying the strong Markov property at times 7, and 74 + t5, the claim then readily follows.
In a similar vein, for 1 <7 < N_ (= N; ), define

with t, = t,(8;). In view of (5.32) and (5.34), it follows that under @), and conditionally on
Fr, the process (W ;(t))i>0 has law P~ forall 1 <i < N, .
= k—1,i
With {W;", 11 <i < NF} and {Wj,; : 1 <i < N, } given by (5.36) and (5.37), respectively,
we now specify the sets (Z,, ICk,I,j) and proceed to verify that they have the desired marginal
laws. Recalling N, = N, from (5.26) and abbreviating W[0,t] = {W(s) : 0 < s < t}, let

(5.38) Ke=Ki1UK, K= J Wiil0,ty+L"+ Ho o0y, 41/]
1<i<Ny

(5.39) Tr =1 U7, I= ( U W,:i[o,L’D DT ()
1<i<NF

(see (5.35) regarding wy).
Then define
(540) Yk‘Tl = Wkai(th + L// + HO o Gth-‘rL”)? 1 S 1 S N(;y

which, in view of (5.38) correspond to the endpoints of the trajectories in Ky.

Before specifying Z, , we first argue that the sets le.,I,;F obtained in this way have the
required marginal laws prescribed by (5.19) and (5.25). In the case of Z;", this is a direct
consequence of the fact that, conditionally on Fj as defined above Lemma 5.3, and writing
w) = Zlgz‘gN,j O(ws,zi,u;) fOT @ realization of w,j, the process W' (t) has law Py, (o) for all 1 <

i < N,;L . Indeed, since I,il is Fi-measurable, this implies that, conditionally on I,:Zl, the set

Uj<jen+ Wit[0, L'] has the same law as oL (w1) and is independent of Z95L (w2), and thus
SISV

that Z in (5.39) has the same law as 95V (wi) in view of (5.35). Thus, (5.25) holds for Z;"

defined by (5.19).
The case of Ky, is simpler. As (W;(t))>0 has law P, oy conditionally on Fy, it readily follows

that /Cj, given by (5.38) has the same law as (5.25): the set W;[0, Ho 06y, ;1] contributing to K
plays the same role (in law) as the increment w;[Ry—1 (w;), Rk(w;)])(wg ), part of (5.25), as can be
seen immediately from (5.38) upon recalling Ry from (5.24) and observing that W;(0) =Y, ,

and the points Y, ,, 1 <4 < N represent the endpoints of trajectories comprising Kr_1 by
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induction assumption. All in all, this shows that Kj has the same law under @ as the set in
(5.25).

It remains to define 7, and an event G, of suitably large probability on which (5.23) holds.
We first define Z, . For 1 < i < N, recall Wy ; from (5.37). By induction assumption we have
analogues Wy ;, 1 < ¢ < k entering the definition of Cx_;. Similarly as in (5.35) let

wi = (mowd)1{(w,u) : u < Fg5 (w(0))}
where 7 denotes the projection onto the first and third marginal, and decompose
(5.41) wyg =p1+p2, = wg H(w,u) : o(w) < oo}

Thus, cf. (5.26), the point measure p; has exactly IV, elements in its support. Writing p, =
D << Ny O(w;,uy) for a generic realization, and with

to =T1o(wi), te=tn+L"+ (Hooby 1) Wei), 1<l<k
it follows with sy = 20§n<€ tn that for all 1 <14 < Ny, the process (W, (t))i>0 defined as
wi(t), 0<t<s,

(5.42) W,;l(t) = Wei(t—s0), se<t<sp1,1<l<k
Whi(t —si) sp <t

has the same law conditionally on N as (X)i>0 under Pga[-,m < o], where g, (1) =
go_(-)/Pg(; [10 < oo], with 79 as in (5.15). Hence, the set
— def. - 7 gg ,(k+1)L"
(5.43) 7o (U W e+ DI U T O ()
1<i<NG
has the law prescribed by (5.18) in view of (5.27) and (5.41). Finally, let
(5.44) G, =Gr_1 N G]; N G;: N {Yk_ C Ux},
where
G, = {p2(Qr, xw+) = 0},

o Z-cZt forall1 <i< N_: (Hoofp)(X;) <,
k — for aHlSiSN]j: Tk(wi)\/th(,ﬁj)g% )

and 7 (w;) refer to the 7 stopping times attached to trajectories in the support of w; as below
(5.36). Each of G,f will separately account for one of the two inclusions in (5.23). We first argue

that Gp_1 NG}, implies Z,” C K, (the removal of O is unnecessary for this inclusion). The event

G, ensures that Z9% (RHDLY(115) = () in (5.43). The induction assumption and the occurrence
of G—1 imply that Z,” | C Kj—1. In view of (5.37), we may thus assume that

(5.45) W, 1 ,[0,kL") C Kj—qfor each 1 < i < N
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as part of the induction hypothesis. But by construction, s;1 1 —sp =1ty > L" forall 1 </ <k
hence (5.43) implies that W, .[0, kL"] = W,_,[0, kL"]. Inserting this into (5.45), and then going
back to (5.43) we deduce that the inclusion Z,© C K follows at once if we argue that

(5.46) Wi ilkL" 4+ 1, (k + 1)L"] C K.

Any contribution to W, .[kL” + 1, (k + 1)L"] falling onto Wy, for some ¢ < k in (5.42) is in fact

included in KCp—1, as {Wy;(t —s¢) : s¢ <t < spq1} appears as part of K on the right-hand side of
(5.38) for k = £. Thus, to deduce (5.46), it suffices to show that Wj;[0,0V ((k+1)L" —s;,)] C K,
which is automatic as kL” < sj by induction assumption and L” < t;, whence Wy, ;[0,0 V ((k +
DL" — si)] € Wi4[0, ti].

We now show that Gy_; NG} implies the inclusion (KxN (Z8\ 0)) c Z,", thereby completing
the verification of (5.23). Combining the induction assumption, (5.38) and (5.39), we see that
it is sufficient to argue that

(5.39)

(5.47) Kn@h\o) c |J wibr) (¢ D

1<i<NF

By condition on the range of 8;, 1 < 4 < N,  inherent to the definition of #; and due to
(5.37)-(5.38), the set K N (Z\ O) is contained in

U Weilthtn + 1" + Hoo 0y, 1] = | X;7[0,1" + Ho 0 010).
1<i<Ng 1<i<NG

On the other hand, the set on the right-hand side of (5.47) contains

U X10.(L =7 — tn)4]
1<i<N;F

as a subset on account of (5.36). Moreover, on the event {Z~ C Z*} implied by G}, by definition
of XZi in (5.34), each of the trajectories X, 1 < ¢ < Nj is equal to one of the trajectories
among X;7, 1 < i < N,j. From this, (5.47) follows upon observing that, on the event Gz,
L'+ (Hoofrn)(X;) < L"+% forany 1 <i < N, = Ny whereas L' —7,—t), > L' =82 = L" + %o
(recall that t, = t;,(8;") < % by definition of G}) for any 1 <i < N,/

To complete the proof of the induction step, it remains to argue that the event Gi_1 \ Gg
satisfies the estimate set forth in (5.22). The event {Y,  C Ui} appearing in (5.44) is readily
seen to have sufficiently high probability upon observing that, on the event Gy_1 and for each
q < i < Nj, the starting point Wy ;(0) = Y~y (cf. (5.37) and recall that 8;(0) = Y, ; by
(5.34)) of Wy ; lies in Uj_;. Since conditionally on Fj_1, W ;(-) performs a random walk, it then
readily follows that Y} ; defined by (5.40) lies outside Uy with probability at most e—cllogL)7
cf. (5.21). Overall this yields

Qk[Gk—l\{Yk_ C Uk}] < %Pga [Rk < OO,XRk71 (S Uk)—luXRk ¢ UkaRk < OO] < u’UO|6—c(logL)’V.

The remaining events G,f are handled much like in the £ = 0 case, using (1.9), (5.33) and an
estimate akin to (6.13) to deal with the (unlikely) event that ¢,(8;") > %. O

It remains to give the proof of Lemma 5.3.
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Proof of Lemma 5.3. Set

(5.48) e = Perr (f)1ue
ie., up(z) = Ex[f(Xpr)| 1y, (z) for z € Z9, and similarly

(5.48)
(5.49) ty = Porr(fle)lue, < pke gy = (14 €)p

Conditionally on Fy, if Gi_1(€ Fj) does not occur, we simply sample Z~ and Z* independently
with the right conditional law under q. Henceforth, we assume that G;_1 occurs. Consider a box
B € O. Referring to Y~ = (Ykil,i 1< < NSF) and YT = (Y,jl 1< < N,j) as the relevant
collections of starting points (both Fj-measurable), let N*(B) = [{Y € YT : Y € B}| and let
Yii(B), 1 < i < N*(B) be an arbitrary deterministic (when conditioning on J3) enumeration
of the points of Y* lying in B. By construction, as further detailed below, for B N Uj,_; # 0,

under Qi_1, NT(B) is a Poisson variable with parameter A*(B), where
(5.50) AT(B) = %Pu;* [XH, € B, Ho < ], and on Gi_1, N~ (B) is a.s. equal
to the Poisson variable {Y € Y™ : Y € BN Uk_1}|.
Let A~ (B) denote the mean of the latter random variable. In view of (5.25), (5.27) and recalling

that the points in )~ represent the endpoints of Kj_1, one finds, due to (5.24) and (5.23),
applying the simple Markov property at time kL” and reversibility, that

1 (5.27) 1
= ﬁPQJ [Rk,1 <o00,Xp, , € (Bﬂkal)] = EPleK [Rk,1 <00, XR, , € (Bﬂkal)]

= %Z(leK)(x)pkL”(x’y)lUk—1(y)Py[XHO € B, Hp < |
T,y

A~ (B)

(5.49) 1
= ZPNE [ Xu, € B, Ho < x].

Let ng, for B € O with BN U_1 # 0, denote a family of independent Poisson processes on
[0, 00) X 7%, independent of Fj,, with respective intensity measure

vp([0,u] x K) = uP,,[Xs, € K], u>0, K CZ%

where zp denotes the center of the box B and t; is the homogenization time (5.31). The
processes {np : B € O,BNU_1 # (I} will be used to construct the desired coupling. For a
given realization ng = )y 0(y, 2,), 16t

Epa = inf {t > 0: 3N st tPy=p [X, = 2] = wp},

and, referring to (ui,zi) as the unique (see [28], Prop. 4.1(i)) point achieving the infimum

above, define recursively for 2 < n < N*(B),
g?n =inf {¢t > 0:3(ux, 2)) ¢ (uf, Z];t)lgk<n s.t. G;n_l(z,\) + 1Py p [Xi, = 22 = ua b,
where

(5.51) Gpa(2)= Y &iPysp[Xn, =2, 1<n< N%(B).
1<k<n
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Then, on account of [28], Prop. 4.3 (see in particular (4.12)), conditionally on Fj, for each B and
1 < n < N*(B) the random variable z;© = z(B) above has law [ty p)- Hence the collection

z+ ¢ z5(B):1<n < N*(B), B€ O, BNU,_1 # 0} satisfies (5.32). Moreover, due to [28],
Cor. 4.4, on Gj_1, the inclusion in (5.33) holds unless the event

(5.52) {G5(2) > GL(z) for some z € Z¢ and BN U;_, # 0}

occurs, where G5(2) is short for G BNE( B)( z); the restriction to B intersecting Uj_; rather than

B € O in (5.52) is owed to the fact that, on the event G_1, one has Y, (B) =Y~ ,(B) € Uy
for all ¢ due to (5.23), which implies that B N Ug_1 # (. Thus, the proof is complete once
we argue that the intersection of Gi_; and the event in (5. 52) have probability bounded by

—e=*Mo  vielding (5.33). In view of (5.51) and the definition of O, and owing to (2.23), for any
B, n and o€ {£},

GBa(2)
Pop[Xe, = 2] 3k ég,k
where the bound in parenthesis follows by imposing a suitable assumption on £», as appearing
below (5.33). As we now explain, from (5.51)-(5.53), one sees that the event in (5.52) is included

in the union £ = (Jz E1UE,UE3UE), where B ranges over all boxes in O satisfying BNUj,_; # ()
and with F; = F;(B) given by

Ey = {N"(B) < (1 - 355)A"(B)},

Ey ={N"(B)> (14 155)(1+¢)" 1>\+(B)},
Bz ={ X 1<pej-= () Sap < (1= B)},

100

By = {Zl<k<[(1+100)(1+a) IAH(B)] ka > (1 + 50)(1 + 5)_1)‘+(B)};

(5.53) 100/

indeed, whenever the complements of Fy and Ej3 jointly occur, one obtains for any z € B that

Gp(2)

PonX = 7] > (1- 0551/100) Z Epp > (1= 5)AT(B).

1<k<[(1—155)AT(B)]

A corresponding upper bound for #i)} holds uniformly in z € B on the complement of
B =%

FE5 U Ey yielding overall that the bound
G5(2) - 1+
B GE(z) ~ 1-5

sup (1471 <1: on the event E°.

Thus, (5.33) follows at once if Q[E] is bounded by the exponential term on the right-hand
side of (5.33), which follows readily using standard large deviation bounds for Poisson and
exponential random variables in combination with the following two facts. First, one observes

that /\Jrg B; < (1+¢)71, as follows plainly from (5.49) and (5.50). In particular this implies that

FE> and Ej4 are indeed deviant events. Second, one uses that

(5.54) M(B) > Mo,

which we explain momentarily. The ensuing large-deviation estimates imply that P[E;] <
=M (B) for all 1 < i < 4. In particular, in the case of Fs for instance, one observes

49



that P[Ey] < P[N"(B) > A~ (B) + 155(1 + €)*AT(B)] and applies the standard estimate
P[X > A+ 2] < exp{— 5%~} valid for a Poisson variable X with mean A and all z > 0.

2(Ax)

To see (5.54), one first recalls A*(B) from (5.50) with p; as in (5.49) and applies the density
condition (1.10), observing that ﬂ: > p with p as given by (1.11). The latter follows because
pi > ik, see (5.48), and for every z € Up, one has that E,[f(Xgr»)] > a™! for L > C(v) and
0 < k < kz, using that P,[X; € Bg4r] > cfor all x € Up and 0 < ¢t < L and the assumption

that f > (log L)~ on Bgp. O

6 Good obstacle sets

We now construct examples of good obstacle sets O. Recall from Definition 1.2 that O C Bi4or,
for given positive integers K, L is (dp, Mo)-good if the random walk satisfies the visibility and
density conditions (1.9)-(1.10). Proposition 6.1 below, which formalizes and extends (1.17),
yields a large class of such sets that will cover all applications we have in mind. In particular,
as will be seen in the proof of Theorem 1.5, presented at the end of this section, this includes
relevant situations where the obstacle set is disordered.

Throughout this section, let B € {B(z,N) :x € Z%, N > 0} U {0} (in the latter case we set
OB =()) and K > 0, L > 1 be integers. For a length scale L > 1recall that L = 3EZdﬂBK+3L/2
(see above (1.16)) and from (1.16) that C, the set of cells, consists of all sets of the form
C = B(z, L) such that z € L and B(z,2L) N 9B = 0.

Proposition 6.1 (L > 1,K > 0,7 > 10). If (log L)} < ¢ = {p < L3a (as in (1.14)) and
L= L(aLE(d_Q)/Q)éJ (as in (1.15)), for each choice {yz € C:C eC}, the set
(6.1) 0= |J Bya 0) (C Biyar)
ceC
is a (=18 L) p(d=2)/2)_go0d obstacle set whenever L > Lo(v,d).

The bulk of this section is devoted to proving Proposition 6.1. To ease notations, we will
routinely assume that L is large enough in a manner possibly depending on v (and d) as might
be required for various bounds to hold. We first isolate the following estimate, which is key. It
exhibits a ‘mean free path’ for the random walk among the (obstacle) set O in (6.1). In the
sequel we set Bo = {B(yg,{) : C € C} so that (6.1) is of the form (1.8).

Lemma 6.2. Under the assumptions of Proposition 6.1, there exists A such that, defining
_ _yp2(L\d
(6.2) to =to(A) = M?(%)",

the following holds. For all B € Bo, all x € 7% such that both d(z,O) > %E and % to <

d(x, B) < \/To hold, and all y € Z¢ such that d(y, O) > ILOE and d(y, B) < 10L, one has
(6.3) go(z,y) > e29(2,y),
where go denotes the Green’s function killed upon entering O (cf. (2.4)).

Remark 6.3. It is worth highlighting that L< v/to by our choice of scales in Proposition 6.1, so
Vto gives a (large) scale for which, despite their presence, the effect of the obstacles comprising
O is not too strongly felt, as indicated by (6.3).
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Proof. For all B € Bp and a parameter M > 1 to be chosen momentarily, introduce the set
V=Vg={z¢ 7% :d(z,B) < M+/to}. Using the strong Markov property at time Hp, one sees
that for all z,y € Z¢,

(6.4) go(z,y) = g(x,y) — Bz [9(Xnp,y)1{Ho < o0}].

Applying the bound (2.5) repeatedly and choosing M > 1 large enough (depending only on d)
yields that for all y satisfying d(y, B) < 10L and x such that d(z, B) < v/to,

(6.5) Eu[9(Xpuy,y)1{Ho < 00, X, ¢ V}]
< swp g <ot < @ ) < ety
> up giz,Yy) >~ — — > —9\T,Y) >~ 9T, Y),
2€Zd\V M 2(t@\/1)% M2 3

where in the second bound we use that L/v/Tp — 0 as L — oo (see Remark 6.3 above) while the
last bound requires M to be sufficiently large, which is henceforth fixed. In what follows, let yo
range over all centers of balls B(yp, ) = By, in the obstacle set O having non-empty intersection
with V. For a set U we also introduce the handy notation g(z,U) = sup,cy 9(z, w) = g(U, 2).
It follows that for all z,y € Z¢,

(6.6) En[9(XHo,y)1{Ho < 00, Xp, € V}]

(2.8),(2.11) 3
<> ) PlHp,, <oo, Xuy,  =zlg(zy) < CLTPY g(2,Byo)g(Byo,y).

Yo = Yo

The next estimate is key in handling (6.6). For all z € Z% satisfying d(z, 0) > % and with the
sum ranging over all centers yo of balls in O satisfying the given constraint below (recall that
M is fixed), one finds that for all A > 0,

(1.16) fd—1 Ctop (62
6.7 g z, B < C E = <= <
(6.7) g( yo) (Lk)d_2 Td
lvo—=|<3Mvio 1<k<crVio
- - L

)
o)V

here, in obtaining the first estimate, we crucially used the fact that, by construction of O, in
each annulus B(z,c(k + 1)L) \ B(z,ckL) with ¢ = 207!, there are at most Cl{f‘l obstacles
By, each contributing an amount g(z, By,) < C’(kL)?>~%, and that d(z, 0) > &L, whence the
sum over k starts at £ = 1. Returning to (6.6), one then considers separately the contributions
to the sum according to whether i) d(B,,,y) > %, or ii) d(By,,y) < %. Recall that the
centers yo appearing in (6.6) all have the property that By, NV # ). From here on we tacitly
assume that z,y in (6.6) satisfy all assumptions above (6.3). In case i), using the fact that
9(Byy,y) < C’tg)(d_Q)/2 < C'g(x,y), one applies (6.7) with z = x to control the resulting sum
over g(x, By,). In case ii), one uses instead that d(z, By,) > c¢y/to (which follows because
|z — y| > $v/to when L > C), whence g(z, By,) < Cg(z,y) and one applies (6.7) with z = y
instead, yielding overall that

(6.8) E, [g(XHO,y)l{Ho < 00, XH, € V}] < CAg(z,y),

for all A > 0 and x,y as above (6.3). Choosing A small enough so the last expression in (6.8) is
at most $g(z,y) and inserting the resulting estimate along with (6.5) into (6.4) yields (6.3). O
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With Lemma 6.2 at our disposal, we supply the proof of Proposition 6.1.

Proof of Proposition 6.1. We need to verify the two conditions (1.9) and (1.10) with
(6.9) b0 = e U8 L) and My = 04272,

We first show (1.9). Recalling L from (6.15), let

(6.10) T = L*(log L)".

With ng = [t,/ 3fJ and t, as in (5.1), applying the Markov property successively at times nT,
1 <n < ng, one obtains for all z € Bx, with R = K + L + /t,(log L)7, that

Po[Ho > %] < Po[ Xy, 1y, NO=0,1<n<no, % <Tpy| + Pu[Tp, < %]

(6.11) < sup Py[Hp > f]no + Z POUXn| > \/’W]

B
PR 0<n<le

Recalling t, from (5.1) and applying a standard upper bound on the heat kernel, one finds that
the last term in the second line of (6.11) is bounded by e~¢(°8L)” which is affordable with a
view towards showing (1.9) with dp as in (6.9). To bound P,[Hp > T| uniformly in y € Bg,
one observes that, by construction of O, see (6.1) and (1.16), for any such y, there exists a box
B = B(yg,{) € Bo with the property that

(6.12) d(y,B) < CsL

in particular, one notes to this effect that the proximity of a box B asserted in (6.12) is not
spoiled by the removal of the boxes near the boundary of B(x, N) which is happening in (1.16).
Let U = B(y,2C5L) and Ty denote the exit time from U. Classically E,[Ty] < CL? and by a
Khas’'minskii-type argument, see e.g. [32, (2.22) and (2.24)] in this setup, one has that

- - (6.10)
(613) Py[TU > T} < exp{ _ %} < e—c(logL)’Y‘

On the other hand,

(6.12) ~
(6.14) Py[Ho >Ty] < PyHp>Tyl=1-Y gu(y,2)epu(z) <1—c(¢/L)
z€B

d—2
)

where the last inequality follows by using that for all y, z € B(y, C’5~Z) C U, one has gy(y,z) >
cg(y, z) and similarly capy(B) = [depy > cf4=2. Since Py[Hp > T is bounded by the sum of
the two probabilities on the left of (6.13) and (6.14), feeding the bounds into (6.11) yields that
P.[Hp > %"} is bounded up to a term of order e~¢°eL)” by

Zd_2

i)d—Q _Cled—2 ,
r <e € Moog L)1 |2

L
Liog L)?17 < exp{ _

(1= c(¢/L)" 7)™ < e

where we used that ng > cL[(log L)"7L2]~! and substituted L as chosen in the statement of
Proposition 6.1; see also (1.11) regarding «. But the last term in the previous display is bounded
by exp{—¢¢'} on account of (6.9) and the fact that £ > (log L)', and (1.9) follows.
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It remains to argue that (1.10) holds (with Mp as in (6.9)) in order to complete the proof.
In the sequel it is always tacitly assumed that B = B(yg,{) € Bp satisfies BN Up # 0. All
subsequent estimates are uniform in B unless explicitly said otherwise. For such B(= B(ypg,{)),
define the sets (depending on B, with B(K,r) = U,cx B(z,r) for K C Z9)

U= B(ys. fy).
A= (Z°\ B0, £))n{z: Vio <d(z,B) < 2VIo} NUo

with tp as in (6.2) and X inherent to the definition of ¢ fixed in such a way that the conclusions
of Lemma 6.2 hold. Let

(6.15)

(6.16) hp(z) = P:[Xpu, € B, Ho < o0], x € Z%.

By construction, see (6.1) and the discussion leading up to it, UN O = B and Z?\ (OUU) is a
connected set. Hence, for = € Z¢ \ U, by a last-exit type decomposition on U, one gets that

hp(z) = Z ZPI[XI ¢0,... . Xn1¢0,X, =z {Hp < Hor} 0 0,]
2€0U n>0

:Zgoa:z HB<H3U}
zeoU

(6.17)

To produce a meaningful lower bound on the second line of (6.17), first note that, applying [22,
Proposition 1.5.10], one has uniformly in z € 9U,

(6.18) P.[Hg < Hyy] > ccap(B)|oU| L.

Feeding (6.18) into (6.17), and noting that Lemma 6.2, which yields a lower bound on the killed
Green’s function go(x, z) appearing in the second line of (6.17), is in force whenever = € A,
cf. (6.15), it follows that

(1.11) (6.3),(6.18)
(6.19) /th,u > « IZ Z go(x,2)P.[Hg < Hay) > ca 'cap(B)x
:EGAZG@U

(6.2) . (1.15),(6.9)

mfz x,z) > da~ 112 Z k= ca W% = ca LY > MoL;

veA Vio<k<2\io

in deducing the lower bound (x) in the previous chain of estimates, we have also crucially used
that when summing over A, the distribution of the obstacles, manifest through the condition

that = ¢ B(O, 10) present in (6.15), is sufficiently sparse to make this sum comparable to one
over the full annulus /tp < k = d(z, B) < 2/to. The bound (6.19) is precisely (1.10). O

We conclude this section by presenting the proof of Theorem 1.5, which will follow by combin-
ing Theorem 1.3 and Proposition 6.1 for a well-chosen (random) obstacle set O = O(w) governed
by the probability P, which allows to couple the boundary clusters appearing in (1.21).

Proof of Theorem 1.5. Recall the event Z from (1.20) defined under P. For definiteness, we
set Q, to be an independent coupling of Z; and Zs (or any coupling for that matter) whenever
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w ¢ 2. From here onwards, we always assume that 2 occurs. Since this entails that Disc(C) is
non-empty for any C' € C, we can pick in view of (1.19) a point Ys € C such that

(6.20) Disc(yg) occurs for each Cec.

For any choice of £ = o satisfying (1.14), the collection {yg : CecC } thereby obtained defines
an obstacle set O = O(w) by (6.1), which is (6o, Mp)-good with dp,Me as in (6.9) by virtue of
Proposition 6.1. In particular, Theorem 1.3 applies with this choice of obstacle set and yields
a coupling Q = Q,, satisfying (1.13). In view of the values for dp,Mp given by (6.9) and using
one of the assumptions on ¢ inherent to Theorem 1.5 (the other one is needed for Theorem 1.3
to apply), one readily sees that the error term appearing on the right-hand side of (1.13) can
be replaced by that of (1.21).

To finish the proof, it thus remains to argue that the specific choice of obstacle set O = O(w)
above implies that the inclusion (Z; \ ©) C (Zp \ ©) in (1.13) can be lifted to boundary clusters.
More precisely, since the previous inclusion is preserved by taking a union with Z(w) on either
side, it is sufficient to argue that P[-, Z]-a.s., under Q,,

(6.21) {(1\ OW)) € (B \OWw))} Cc {EH(V()) D ERV(R))},

where J; = Z; UZ(w), i = 1,2, with Z;, To having the laws specified in (1.13) and (coupled
through Q). If it weren’t for the removal of the set O from the region of inclusion on the left of
(6.21), the asserted inclusion would be trivial. Thus, to deduce (6.21), it suffices to argue that

(6.22) CH(V(T)) NOW) =0, i =1,2;

for, recalling that 43 (V(J;)) refers to the connected component of 9B in V(J;)N B, the inclusion
(J1NB) C (N B) implies in particular €5 (V(J)) C €3(V(J1)), and (6.22) ensures that the
latter inclusion remains unaffected when altering the configuration of 7; or jgNinside 0=0 (w).

We proceed to show (6.22). By (6.1) and (1.12), the enlarged obstacle set O consists of boxes
B’ of the form B’ = B(ya, ?), where ye satisfies (6.20). Fix such a box B’. By construction of

O and since V(J;) C V(Z(w)) = V, it suffices to show that
(6.23) CIV)NB =0, i=1,2;
cf. Fig. 2. Let €p(V) denote the cluster of 9B (in Z%) for V, of which €J(V) is a part. That

is, ¢p(V) is the union of all clusters (i.e. maximal connected components) in V' intersecting 0.
Now, omitting subscripts ‘O, if B = B(yea, 6) for some C' = B(z, L) € C, is the box in question

n (6.23), then B(yC,E) C B(z, 2L) as £ < L by assumption. But by definition of C, the last
inclusion implies that

(6.24) B(yz0ynos "2y,
Moreover, owing to (6.20) one has that B’ = B(yea, {) is not connected to B(yg, ) in V. Together
with (6.24), this implies that B is not part of (V) and (6.23) follows since €3(V) € €5(V). O

Remark 6.4. By inspection of the above proof, one finds that Cfg in (1.21) can be replaced by ‘53
for any S € {B" abox: B’ = B or B’ D Bgar}. Indeed the proof (in particular, the coupling)
remains unchanged, one simply observes that the arguments used to deduce (6.21) continue to
hold with %5‘? in place of %g . In particular, (6.24) holds more generally in that B(yz, HNAS =10
for any S as above. For an example where this flexibility in the choice of S is used, see [19].
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Figure 2 — ‘Shielding’ an obstacle B (orange) by enforcing its disconnection in the
environment configuration Z (blue). Any vacant cluster in the configuration obtained
as the union of Z; (green) with Z that intersects the complement of the large box of
radius £» does not ‘see’ B.

7 Coupling between V%! and V*

This section is devoted to proving Theorem 1.6, which will follow readily by iterating its ‘one-
step’ version, Proposition 7.1 below, over dyadic scales and concatenating the ensuing ‘one-step’
couplings. The proof of Proposition 7.1, which relates V%X and V%2L appears in §7.1 and
combines Theorems 1.1 (actually, its enhanced version, Theorem 4.1) and Theorem 1.5 (but
see next paragraph), applied multiple times and for a well-chosen environment configuration
Z = Z(w), as delineated below Theorem 1.6.

As it turns out, all relevant environment configurations are of the form 7 Y 70 with p as in
(3.1), i.e. they are in fact p-interlacements as introduced in Section 3.1 for suitable choices of p.
In light of this, we derive in Theorem 7.4 a refinement of Theorem 1.5 specific to this type of
environment (i.e. with P = P, cf. below (3.3)), which includes a very practical (i.e. verifiable)
condition (Copgt ), see Definition 7.3 below, expressed solely in terms of p, which effectively allows
to control the term P[] appearing in (1.22). Together with Theorem 4.1, Theorem 7.4 drives
the proof of Proposition 7.1. The proof of Theorem 7.4 is given at the end of §7.1. A key input is
the control on IP,[Z] implied by the condition (Cgpst), stated in Proposition 7.8, which is proved
separately in §7.2.

The main task of this section is to derive the following ‘one-step’ version of Theorem 1.6,
which is quantitative, see Remark 7.2 below.

Proposition 7.1. For any v > 10, u € (0,00) and dyadic integer L > 1, if

gl~

Vu
(71) P[B(logL)ZOO’Y <7L> 8BL1/10d] > L 10,
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then for all v > u(1 + (log L)~3), there exists a coupling Q of Iy, IS, I, satisfying
(72)  Q[%p,(V(T))) C Gp,(V(T) C 5, (V(Ty)] =1~ Co(R+ L)lem 8D,

law

for all R > 1, where Cg = Co(7y,u), Ty = T%2L, TF Y b L gnd vk =v(1+ (logL)™).

Remark 7.2. In comparison with Theorem 1.6, the scale £ at which disconnection is used (cf. (7.1)
and (1.23)) in Proposition 7.1 is quantitative (in L). By means of Proposition 3.3 one could
further replace V* by V%% in (7.1).

Assuming Proposition 7.1 to hold, we first complete the proof of Theorem 1.6.

Proof of Theorem 1.6. In view of (1.23), we see that (7.1) is in force for any L > C(~,u), upon
choosing ¢, € (0, 55) in the definition of D(¢) and (1.23) suitably small. We may further
assume with L, = 2"L when L > C(v,u), that >, (log L,) %! < (log L)™* for k = 2,3 and
that >, (R + L)% < C(R+ L)¢, for all R > 0. It then follows by applying Proposition 7.1
with L = L, and combining with a straightforward induction argument involving Lemma 2.4
to concatenate the resulting couplings that for all n > 0, L > C(v,u) and v > u(1 + (log L)~2),

there exists a coupling Q,, of 7y taw yARZS I; W 7vi, L and 7y 2 7o, L guch that
(7.3) Q%h,(V(IF)) € €8,V(T) € 65, (V(Z;))] = 1= C(R+ L)Tem s,

From (7.3), (1.24) follows immediately upon choosing n large enough in a manner depending on
R, L,~ and v and applying Propositions 3.3 and 3.4 with p = p, 1, (see below (3.40)). O

7.1. Coupling between V%L and V*2L. We proceed to prove Proposition 7.1. In order to

show the inclusion (7.2), we will soon apply Theorem 1.5 to environment configurations Z = Z7
attached to certain p-interlacement sets, as introduced in (3.3), with p guaranteeing a very high
probability of the event & in (1.22). The next result, Theorem 7.4, is key to this. It hinges
on the following definition. To provide some intuition, a simple (but for our later purposes
insufficient) example of admissible profile p to keep in mind for the next definition is that of
uniform trajectories of length L = L (i.e. p(f,2) = pur(f,z) = L1L(0), z € Z9, cf. (3.40)).
Recall the average occupation time density £, = ¢4 from (3.11).

Definition 7.3. The function p : N* x Z? — R, is said to satisfy (Copst) (With parameters
(u',u,v, L, K)) if for some dyadic integer L € [%, 8L], the following conditions are satisfied:

T

(7.4) = [u',u] and p(N*,x) < % for all z € BK+5(L\/i);

P 14P; P
(75) p<£7 ) - p(& ')146{£7ﬁ/2}7 %p(%7 ) - ( 2L/2)f1 and ﬁp([’a ) - f27 where
fi, f2 : Z% — [0, 00) satisfy u > f1 + fo > (log L)~ for all = € BK+5(LVL)'

With this we have the following result. Recall the canonical law P, of the Poisson process of
p-interlacements introduced above (3.4), defined on the canonical space denoted (£2,,.4,) below.

Theorem 7.4 (v > 10, (1.5), I = £). For all u € (0,00), integer K,N >0, B = B(z,N) for
v €Z% and f : Z% — [0,u] as in Theorem 1.3, the following holds. If p satisfies (Copst) with
parameters (u',u,v, L, K), for some v’ < u and (7.1) holds with u'(1 — (log L)~%) in place of u,
there exists for each w € Q, a coupling Q. of I1,I such that

(7.6) T law el T, law I(l—s—e)PLLl(f)vL" with € = l_%,
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and for all L > C(u',u,v), withn=1—-C(uV 1)(K + L)de_dl/4, one has
(7.7) P,lw € Q,: Qu[E(V(T1 UTP () D CI(V(T UTP(W)))] > n] >n.

Remark 7.5. 1) When combined, Theorems 4.1 and 7.4 are very useful in practice. The proof
of Proposition 7.1 below is a testimony to this. For further applications, we refer the reader
to the proofs of [19, Proposition 4.3] and [19, Lemma 7.2]. In particular, as will be seen
shortly, cf. the proof of Lemma 7.7, the set of conditions forming (Cops) are relatively
straightforward to verify in practice, even in cases where p itself is rather involved.

2) (Range of L). The reason we require the scale L in Definition 7.3 to be dyadic is technical,
and has to do with iterated applications of Theorem 4.1 (see the proof of Proposition 7.8
below), which are facilitated if the ‘starting’ scale L is an integer power of 2. Moreover,
by inspecting the proof of Theorem 7.4, one sees that the condition on L can be relaxed
to the requirement that Le [%, 8L] be of the form L=1,- I:z, where ﬁl, Ly are dyadic
integers such that Lo > 8L(log %)*47. This slight extension of the range of L allowing for
differences of dyadics is convenient at times, see Section 7 in [19] for instance.

Assuming Theorem 7.4 to which we will return later, we can now give the proof of Proposi-
tion 7.1. The following consequence of Theorem 7.4 will be enough for this purpose.

Corollary 7.6 (Annealed coupling). Under the assumptions of Theorem 7.4, there exists a cou-
pling Q of Iy, Ty, IP with marginals specified by (7.6) and (3.3), such that ZP, 7, are independent,
TP, Iy are independent, and for L > C(u',u,v):

(7.8) QEE(V(T UT)) D EH(V(TUT))] > 1— C'(uV 1) (K + L)e """,

Proof. This follows immediately upon defining

Q[A(Th) fo(T2) [(T7)] = /de(w)f:a(Ip(w))EQ“ [[1(Th) f2(T2)],

for bounded measurable functions f; : {O,l}Zd = R, 1 < i < 3, with Q, as provided by
Theorem 7.4, and interpreting the right-hand side of (7.8) as 1 —2(1 —n) with n asin (7.7). O

Proof of Proposition 7.1. We will only show the existence of a coupling exhibiting the second
inclusion in (7.2) as the proof for the other inclusion is similar and the final result follows via
chaining (using Lemma 2.4). We will tacitly assume that L > C(u,~), and that the measure P
carries two independent Poisson point processes wy and wy on W x R each having intensity v
as in (1.2). To avoid clutter of notations, we will abbreviate v_ = v below.

In the course of the proof, we will define a succession of configurations {Z%; 0 < a < A}
interpolating (in law) between Z—¥ and Z"2%, where Z°*! is obtained from Z¢ by replacing a
small fraction of the L-trajectories with 2L-trajectories; see (7.11) below. For each 0 < a < A,
we will then provide a coupling Q, between the laws of Z¢ and Z%*! by combined application
of Theorems 4.1 and 7.4. We will arrive at the desired coupling Q by concatenating the Q,’s.

We now introduce the relevant intermediate configurations (in law). Let d; = (log L)~* and

A (51_1} so that % < 1. For any integer a satisfying 0 < a < A, let

(7'9) ga(') = (1 - %) (%)131%%(')7 ha(') = 1B§+2L(') + % (1BR+2L(') + 5113R+6L('))’
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with Py, as in (2.1). Clearly ¢° = (1+2P L)1B4, 0., 9% = 0 and similarly for h®. Moreover, since

P, has range n, we get g|OBR+L = 1. Therefore introducing under P the configurations

(7.10) T (w1, ws) & T9-9"L (1) UTP-h" 2L (1),

for 0 < a < A, we note that Z°N Br = Z-*(w;) N Bg and T4 ¢ ZU’ZL(WQ). Forany 0 < a < A,
one extracts from both Z% and Z*! a joint ‘bulk’ contribution Z%! by decomposing

(711) Te — Za,l U Ia,2, Ia—l—l — Ia,l U :Z-a,37
where (under P)
zo1 et I”‘gaH’L(wl) UI”‘ha’QL(w2)7

(r12) 702 4 g0 ),

3 def. _h% v_hot1] 2L
703 glv-h®v-h2L 0,

The bulk contribution Z%! is further split as

(7.13) 7ol — gallygal?,
where, with U = Br1157, and using that gfljrcl =0 and hf‘Uc = lye,

a+1 a
ZobL S 90 (wy) UL (), and

(7.14)
7,12 def. To-1ye, QL(

WQ).

By construction, the random sets Z»11, 7%12 7%2 and Z%3 are independent under P.

The set Z%! is going to play the role of ‘environment’ configuration Z” appearing in the
context of Theorem 7.4. Clearly, in view of (3.3), the set Z%!! has the same law (under P) as
Z¢ (under P,), where p : N* x Z¢ — R, is given by

(7.15) p(l, ) = 2= (1,(0)g*t 1 (z) + L1a1,(6) h*(2)) 1y ().

Recall the obstacle condition (Copst) from Definition 7.3. In what follows, p is said to satisfy
(Cobst) () for some z € Z% if pg given by po(¢,y) = p(¢,z +y) for all £ € N* and y € Z¢ satisfies
(Cobst). We first isolate the following result.

Lemma 7.7. For all > 0, v > 1 and L > C(v), the density p in (7.15) satisfies (Copst) with
parameters (v(1 — 3(log L)™*),4v,v, L, K = R+ 3L).

Proof of Lemma 7.7. Verifying (Copst) amounts to checking conditions (7.4) and (7.5) inside the

box By 5viy- We choose L = 2L. Since K = R + 3L we thus need (7.4)-(7.5) to hold in

BRrisrisx2r = Briisp e B By (3.11), #4 only depends on p(k,y) if |y — 2| < k and the
relevant values of k are L and 2L, so we can drop the indicator function 1y in (7.15) when
dealing with the quantities # and p(¢,z) for € B, as for the verification of (7.4)-(7.5) with
the above choices.

We first verify condition (7.5) for p as in (7.15). It follows directly from the definition of
g% h®, see (7.9), that p satisfies (7.5) with L = 2L: indeed, 2Lp(2L, x) = 4d fo and Lp(L,z) =
4d (HLL) £y with fy 4 fo € [o-(1— 1), 0_(146)] for all z € B.
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We now verify (7.4). The previous paragraph further yields that p(N*, z) < 4d4—£’ with

L=2Lforall L > C'. We proceed to check the required lower bound on 7%, For convenience, we
use the notation £,(p) = £ in the sequel. Let f) < p be obtained by replacing h® in (7.15) by f%,

defined similarly as h* but with the function f L Br.oy, Playing the role of 15, ,, +0d11p,. 4, -
By monotonicity and linearity of p + £.(p) (see (3.11)) and by definition of g*! and f@ (see
(7.9)), it follows that for all = € B,

le(p) > Lo(p) = Lo (4d 57101 () f()) + Lo (4d SF1L(-) g*T1(4))
= Z;18(/3Out> + %&U(ﬁf) + ( - L—H)e (pg)

where pous = 4d 57121 (O)15;,,,, pr(@,0) = 4d 57 120(0)1B, 5, and py(z,0) = 4dT11(6)g°(2)
(recall (7.9)). We will momentarily show that

(7.16) Ce(pg) = Lx(py), for all z € B.

Together with the previous display, and recalling from above (7.9) that A~! < (log L)~*, this
then yields that

To(p) = (1= A0 (o + ) = (1= AN, (4d% 15(-)) P2V (1= A=V > w(1—3(log L) ™).

The upper bound condition on /;(p) in (7.4) is straightforward since £(4d*~11(¢)) = v— < v by
(3.41). This completes the verification of (7.4). It remains to argue that (7.16) holds. Indeed,

Ualpg) = L (47 100)g°0) 2 ST B ST 1) | = 5 Y Bule(X0)
£>0 >4 0<l<L
=23 (@) @% > Pg(”ﬁ)ﬂw:g—; S Pfe) = Gliy),
0<t<L 0<4<L 0</¢<2L

where in the penultimate step we applied the semigroup property and we omitted the details
leading to the final inequality, which are similar to the first four steps. O

With Lemma 7.7 at our disposal, we resume the proof of (7.2). We proceed to define the
desired coupling Q, of Z% and Z%*!, for 0 < a < A. In view of (7.11), this amounts to replacing
I%2 by I%3. This will rely on a combination of Corollary 7.6 and Theorem 4.1, which will
involve an intermediate configuration 7 comprising shorter (fragmented) trajectories of length
L' < L and appropriate intensity.

For convenience, rather than working with Z%? directly, we will work with a ‘larger’ config-
uration Z/>F (cf. (7.18) below) instead. Let

(7.17) f(z) = %v_g (z )+ 80A V- ]'BR+4L( ), T € Zd?

and L' = L(log L)™. One readily verifies that f is supported on a subset of B4z, and that
20> f > cv(log L)*8 pointwise on Bri41, for L > C. One then straightforwardly deduces from
(7.12) and (7.17) that for all L > C,

(7.18) 7%? (under P) <4 I'°F;

the benefit of the second term in (7.17), which guarantees ellipticity of f but is unnecessary
for (7.18) to hold, will soon become clear. Recall now that Z&1:! Y 7P with p as in (7.15).
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Corollary 7.6 is in effect for this choice of p and with L’ as defined below (7.17), in view of the
discussion following (7.17), Lemma 7.7, and the fact that v' = v(1—3(log L)™*)(1—(log L)) > u
for L > C' by assumption on v, so that condition (7.1) holds with v’ in place of u by monotonicity.
Thus, combining Corollary 7.6 with (7.18), it follows that for all L > C(u,~), there exists a
coupling Qf of (Z+2uZ%b) and (i’ uZ%bY) with the two configurations sampled independently

~ _1 ’ ,
for either pair, where 7 a7 (1+7 2)PL(f).L , and such that for B = Bg,
(7.19)  Q§[€(V(Z** Uz 1)) > CF(V(IZ UT )] > 1~ C(uV 1) (R + L)de el

Next we replace z by Z%3. To this effect, we apply Theorem 4.1 with 2L playing the role of
L (and thus 2[ replacing [), K = R+ 4L and

1 _
f=fo= 1+l 2 f,  where f = %v,lBRHL(-) + z;é—lAv,lBR%L(-).

As we now explain, this yields for L > C(u,~) a coupling of 7 and 7% such that
(7.20) Q4[€H(V(T)) > €I (V(ZT*?))] > 1 — C(uV 1)(R+ L)decloe D),

Indeed, one readily verifies that the function fo above (7.20) satisfies c(logL)™® < fo < u
pointwise on Bprysr, so that the conditions of Theorem 4.1 are met for our choice of pa-
rameters when I > C, whence Theorem 4.1 provides a coupling of Z; = Z/22L and 7, =
TU=Cal™ )P (fa1p,0), L _ I(HFW)P?LL(leR+4L)’L/, with [ = £, such that the inclusion V(Z;) C
V(Z,) holds with probability as in (7.20) on account of (4.1) and by choice of L’. But

7.17) 02

PEW =003 P 00 Y P o-g”) + 20T Y] Parlo-1e)

0<k<l 0<k<l 0<k<l

(7.9)
< a0 Y P (C5E) 0 1) + 0 Y P (P 0 1),

0<k<l 0<k<l

and the second line is readily seen to equal = (21)7! Y71 o Per/(flpy,,,) with f as above.

L+H~Y2)PL (f)7L,, one immediately infers from this that 7 <st. Io.

Since Z has the same law as Z(
Moreover, by choice of L' and since | = &, keeping in mind that §; = (log L)~ whilst v > 10,

i
one readily sees that whenever L > C,
2\ v— v_41 (7.9) a+1 a
fo < (1 + 0(61) )f < A 1BR+2L(') + T13R+6L(') = U*(h —h )a
whence 7; <g. %% in view of (7.12). Applying Lemma 2.4 twice to concatenate ‘the coupling

of 77 and Zs supplied by Theorem 4.1 with those implied by the two dominations Z <y Z5 and
Ty <g. I%3 yields Q4 satisfying (7.20), as desired.

Having obtained Qf and Qf satisfying (7.19) and (7.20) for each 0 < a < A, the remaining
task is to extend and concatenate these so as to produce a measure Q satisfying (7.2). We start
by reconstructing for individual a’s the full configurations Z% and Z%*!. In light of (7.11), (7.13)

and the sets coupled under Qf and QF, this boils down to incorporating Z%%2 which is not
involved in either of the two measures. The set Z%1? = 712 does not depend on a (see (7.14))
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and thus evolves trivially as @ — (a+1). Hence feeding Z1? into (7.13) and subsequently (7.11)
yields the rewrite (still under P)

70 — 712 U ia’ :’Z\a _ ga2 U Ia,l,l7

(7.21) . .
IaJrl — Il,? UZ +1’ T +1 — Ia,3 UIa’l’l,

valid for all 0 < a < A, and and each of the union is over independent sets. N

Returning to Q¢ and Q4%, observe that the inclusion in (7.20) remains true if the pair (Z,7%3)
is replaced by (f UJ,Z%UJ), for arbitrary J C Z¢. We apply this observation to Q¢ with the
choice J faw Z%51 sampled independently and incorporated into Q% by suitable extension. In
view of (7.21), (7.19) asserts that the inclusion ng(V(f“)) > €3(V(T")), where T' Tyl
holds with Q¢-probability 1 — C(u V 1)(R + L)%e=¢(°6L)” " In the same vein, (7.20) lifts to
the event €3(V(Z')) D €5 (V(TGH)) under QF. Thus, concatenating Qf and Qf§ by means of
Lemma 2.4 produces a coupling Q, of (i‘l,fwl) satisfying

(7.22) Q[ (V(Z?) > €} (V(faﬂ))] >1—CluV1)(R+ L)dec(osD)

Further chaining the couplings Q,’s over all ¢ with 0 < a < A by repeated application of
Lemma 2.4 and extending the resulting measure by an independent sample of 712, we arrive in
view of (7.21) at a coupling Q of Z'2 U Z0 AW 70 and 782 U T ' 74, Combining (7.22), the

same observation as following (7.21) and a union bound, cf. Remark 2.5,2), it follows that
(7.23) Q[E(V(IT 2 UTY) > EI(VEIT2UTY))] > 1 — 24¢cloa D)

with B = Br. The measure Q is our final coupling satisfying (7.2) which is an immediate
consequence of (7.23) for L > C(u,~y) upon recalling the observation following (7.10). O

It remains to give the proof of Theorem 7.4 which employs Theorem 1.5 in its annealed
version as given by (1.22) for the choice of environment Z = ZP. The applicability of (1.22) rests
on a lower bound on the probability of the disconnection event & introduced in (1.20). The
following result is key towards this. Recall the definitions of Disc(y) and Disc(S) from (1.19)
and the associated scales o = 6%9‘01 and lp > lo. A set S C Z4 is called r-separated if the (£°°-)
distance between any two points in S' is larger than r.

Proposition 7.8 (Disconnection estimate). For all v > 10, K > 0, L > 1, the following hold.
If Lo satisfies (1.14), Lo < Lﬁ, p fulfills (Copst) with parameters (u, Du,~, L, K) for some

D > 1, then for all L > Lo(vy,u) and any LTld-sepamted set SCB one has

K+1.5(LVL)’
(7.24)  P,[Disc(S) = 0] < (1 — Py [Disc(y)] + e~ @ADL 4 oy v 1) (K + L)deelosl)”

for some ¢ = (D) > 0, where v’ = u(1 — C(log L)~7) and Py is the law of T .

With hopefully obvious notation, in writing P,[Disc(S) = 0] in (7.24), we mean that the
relevant vacant set V = VP = Z4\ Z” in (1.19), and similarly for P,/[Disc(y)], where V = V¥’
We will prove Proposition 7.8 in the next paragraph. Assuming this result we can finish the
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Proof of Theorem 7.4. We aim to apply Theorem 1.5 with the choices P = P,, 7 = 7” and the
length scales £ and £ as

(7.25) lo = (log L)', fo = Lo

note that this also fixes the (enlarged) obstacle size fp = L5, see above (1.12), which satisfies
lo < lp whenever L > C(v). Clearly, £o given by (7.25) satisfies (1.14) and lp < L (see (1.15)).
Moreover, on account of (1.5) and with [ = L/L’, one has that ¢ = "2 (see (7.6)) satisfies
e > C'E(_f)l/loo and € > Eél/(d_z)(log L)?/? for any L > C(v). In view of this, Theorem 1.5 is in
force and (1.21) (see also (1.22)) immediately yields (7.8), provided we can argue that

(7.26) P,[2] >1— C(uV1)(K + L)% "

under the assumptions on p inherent to Theorem 7.4, namely, if p satisfies (Copgt) with param-
eters (u/,u,, L, K), for some v’ < u and (7.1) holds with u” = «/(1 — (log L)~%) in place of u.
For later reference, spelling out the latter part using the scales (7.25) and (1.19), we find that

(7.27) P, [Disc(y)] > L1 for all y € Z°.

We will use Proposition 7.8 to show (7.26)~. To ensure the required separatedness for discon-
nection events occurring within a given cell C, we introduce the event ¥ C & as follows. With
the notation from (1.19), where the event Disc(y) under P, refers to the disconnection event in
the configuration V = V*, we set

(7.28) 9 = {Disc(L(C)) # 0 for all C € C},

where £(C) et ([Lfld +11ZHNC for C € C. In words, (7.28) requires that each cell C' witnesses
a disconnection event Disc(y) centered around a point y belonging to the ‘lattice’ /J(CNZ') With
a view towards applying Proposition 7.8, we now set S = E(é’) for a fixed cell C' € C, which
is L'/?_separated and readily seen to satisfy |S| > L'/2. The estimate (7.26) now follows
upon bounding P,[Z] > Pp[é], feeding (7.28), applying a union bound over C, and using (7.24)
together with (7.37) to bound ]P’p[Disc(E(é)) =0]. O

7.2. Disconnection estimate. In this section we supply the proof of Proposition 7.8. One
issue is that the family of events {Disc(y) : y € S} involved in the event Disc(S) is not at all
independent. Indeed, by assumption the points in S have a separation scale which is a (small)
polynomial in L, whereas Z” involves trajectories having length of order L, cf. Definition 7.3.
To generate decoupling, Theorem 4.1 will be used repeatedly to couple Z” with a configuration
Z7P involving suitably shortened trajectories.

Proof of Proposition 7.8: We will work throughout the proof under the weaker assumption that
L, which appears as part of (Copst ), be of the more general form specified in Remark 7.5,2). We
will apply Theorem 4.1 repeatedly to Z#, with p satisfying (Copst), see Definition 7.3. First note

that, by (7.5) and (3.40), the set Z? has the same law as T2 HP2) 0% G ThL where the latter

two configurations are sampled independently. Now define the triplets (L, N, g) for integer k > 0
(with L and N decreasing in k) as follows:

(7.29) Lo=L, No=K+5LVL), go=fi+fo,
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and for k > 0, define recursively

j-1 def L1

(7.30) =max{27":27" < LA (log(L)™)}, for k=0,1,...,

as well as, with C4 as in Theorem 4.1,

-1

def. _ _
(7.31) g1 = (L= Cal™V)IY " Par, (91By_1)s  Nigr =N —2L.
n=0

The recursive definition in (7.30) is valid since L; is dyadic by our particular choice of the scale
Lo = L as the difference of two dyadic integers L; — L2 with Ly > 8L(log )=, For later

reference, we note that, with the above choices and s "max{k: L > LSd},

kT 9]
(7.30)
(7.32) < J[a-ca ) [T a-cm™)>1-0CogL),
k=0 m=[clog L]

for L > C. Also using that 1< %0 and Lo = f), we obtain
k-1 k-
(7.33) N = N, —2LOZ (Hz— ) > Ny — 3L > K +2.6(LV L), for any k > 1

(where we interpret an empty product as 1). Now notice that kT > 1 and Ly, > Ll_cl,
where ¢ is from Theorem 4.1), for every k whenever L > C(v), which will be tacitly assumed
henceforth. We aim to apply Theorem 4.1 for all 0 < k < k™ with the choices L = L, L' = L1,
K = N—L and f = g. This hinges on obtaining a suitable lower bound for g, see the hypotheses
of Theorem 4.1. To this effect, we now proceed to verify that for all x € By,

k—1
(7.34) u> g(y) > [Hu - 041;1/2)} (log Lo) ™7, for 0 < k < k.
=0

Indeed, for k = 0, by definition of gg in (7.29), upper and lower bounds in (7.34) follow im-
mediately from (7.5) since Ny = K + 5(L V L). Suppose now that (7.34) holds for some k
with 0 < k < k*. The upper and lower bounds for gx,1 then follow from (7.31), by sub-
stituting the corresponding bounds for g from (7.34) valid by induction hypothesis. In do-
ing so, note that the indicator function present in (7.31) is inconsequential for the purpose of
bounding g1(x) when x € By, 11,,, since one applies P; for t = nLyy < L — Lj41 and
Niy1 + Lgy1 + (L — Lgy1) = N — L by the definition of N. Together with (7.30) and (7.32),
(7.34) implies that

(7.35) Du > g(z) > c(logL)™7, for x € By, 0 < k < k™,

whenever L > C. In view of (7.35), for each 0 < k < k™, and chaining the resulting couplings
using Lemma 2.4 yields a coupling Q of Z” and Z? (see (3.3) for notation), where p : N¥*xZ¢ — R
with

~ def.
(7.36) pl,r) = g’“+( )1{e L}
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and the inclusion Z? C Z* holds with Q-probability at least 1 — e~<1°8L)” for suitable ¢ > 0.
Since p in (7.36) involves trajectories of length L;+ — 1 and % — 0 as L — oo be definition

of kT, the events Disc(y), y € S are independent under P; for large enough L since S is LY/
separated by assumption. We will now argue that

7.37 P;[Disc(y)] > Py [Disc(y)] — e € (WADL for all y €S,
(7.37) 5

where v = u/(1 — C(log L)™7) and ¢’ depends on D in addition to dimension d. If (7.37) holds
then applying the coupling and using independence immediately gives (7.24).

To complete the proof, it thus remains to show (7.37) with g given by (7.36). This follows
from a direct application of Proposition 3.4 (with, say, N = LY9% g = 3 and small enough & > 0),
by which V7 inherits up to a small coupling error the disconnection lower bound P, [Disc(y)],
provided we can show that p satisfies for all x € B, +2.6(LVL)’
(7.38) =" B (¢ + N, Xp)] € [u(l - C(logL)"),u] and  H(N*,x) < DuL 5.

>0

The second of these conditions follows immediately by (7.35) and (7.36). In order to obtain the
required estimates on ££ in (7.38), we first observe that, for all x € By,

k—1
g L
(7.39) gly) = [Hu Syens 1/2)} = Y (Puzgo)(@), for 1 <k <k,
=0 ‘ 0<n<to

For k =1, (7.39) is (7.31), noting that for points = of interest, the indicator function in (7.31)
can be omitted. For the induction step, one uses again the observation that N1+ Lgy1+ (L —
Lj41) = N — L together with the semigroup property for (P,)n>0. Now, for all x € BK+2.6(Lv1i)7
noting that (7.39) is in force for any such x due to (7.33), we have

STEC AN X = 3 3 Balin, X)) ST L (Peg ) ()

>0 m>10<l/<m 0<U/<Ly+

(7.39),(7.32) T

L—1
Z I > > (Pur,, +090) (@) (7:300(729) E > [Pelfi+ f)](x)

S =0
k

1 S ) Eup(t, Xe)) =T Eyo(€ + N*, Xp)),

ee{l/2,L) 0t >0

from which the first condition in (7.38) follows by (7.4) and (7.32). Overall (7.38) thus holds,
which completes the proof. O
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