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Abstract

We present a “black box” proof of mean-field near-critical behaviour for a family of
functions on Z? (d > 2) satisfying a short list of assumptions. The functions represent
two-point functions of a lattice statistical mechanical model in the subcritical or critical
regimes, and are proved to have decay of the form |x|~92+¢ exp[—c|z|/¢], for any
e > 0. The black box applies to several models for which commonplace methods
can be used to verify the assumptions. Applications include models of self-avoiding
walk, percolation, spins (Ising, XY, |p|*), and lattice trees, all above their upper
critical dimensions. The proof is based on random walk techniques, and provides
a new, unified, probabilistic, and relatively simple proof of mean-field near-critical

behaviour.
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1 Introduction and results

1.1 Background and motivation

A central goal in statistical mechanics is to understand the behaviour of lattice models
which undergo a phase transition at a critical point. Of particular interest is the intricate
fractal behaviour of the model at and near its critical point. This behaviour can be
described by critical exponents. To prove the existence of these critical exponents, let
alone to compute their values, is in general an open problem. A profound interplay
between the dimension of the underlying lattice and the critical behaviour is expected.
We focus on the case of models defined on the hypercubic lattice Z¢ in dimensions d > 2,
and particularly on high d.

A striking observation was made in the physics literature around half a century ago
[38,89]: above an upper critical dimension d., the critical behaviour of the model simplifies
in the sense that its critical exponents match those obtained when the model is formulated
on a tree rather than on Z¢. The regime d > d. constitutes the mean-field regime of
the model. It is characterised by the emergence of Gaussian features, with logarithmic
corrections at the upper critical dimension d = d..

Our purpose in this paper is to provide a general analysis of dimensions d > d. for a
wide variety of models—a black box for proving mean-field behaviour. Models covered by
our method include: the self-avoiding walk, Bernoulli bond percolation, the Ising model,
the lattice |¢|* model (with one or two components), the XY model, and lattice trees, all



above their upper critical dimension. The self-avoiding walk and spin models are predicted
to have d. = 4, for percolation the prediction is d. = 6, and for lattice trees it is d. = 8.

A fundamental object is the two-point function Gg(x), which for parameter 3 (e.g.,
inverse temperature) expresses correlation (e.g., of spins) between the point = € Z¢ and
the origin. The two-point function typically decays exponentially for 8 below a critical
value f., and decays algebraically at .. The susceptibilty x(5) and correlation length of
order two &(5) are defined for 5 < 3. by

=Y Gslx), &(B) Z [2[3G(x (1.1)

x€Z4 reZd

where ||y := (274 ..+22)"/? is the Euclidean norm. For a second-order phase transition,
three critical exponents 7,~, v are associated with these quantities via

1 1 1
Gp, () ~ W;TJFW X(B) ~ = §2(8) = Wa (1.2)

in the limits |z|s — oo (Euclidean norm) and 1 .. For the moment we leave the approx-
imation symbol “~” undefined, but we will be more careful later. The three exponents are

predicted to be related by Fisher’s scaling relation: v = (2 — n)v. Fisher’s relation arises
from the ansatz that the near-critical behaviour of the two-point function is given by

Gp(x) ~ z |d s 9(zl2/€2(8)), (1.3)

for some “nice” function g of rapid decay. The relation (1.3) is meant to capture the joint
behaviour of the two-point function for 8 near . and large |z|y. For a fixed 5 < ., as
|z]o — o0, it is in many cases proved that there is instead Ornstein—Zernike decay [72,91],
i.e., with power |z|y (d-1)/ 2; the crossover between these two forms of decay is the subject
of [66,71]. The mean-field values of the critical exponents, for the aforementioned models
except lattice trees, are

77:07 ’7:17 Vv=r_. (14)

For lattice trees, instead we have n =0, v = , v= i.

In this paper, we identify general hypotheses on a class of functions G : 7% — [0, 00]
that imply an upper bound version of (1.3). Namely, we obtain that for any € > 0 there
exist constants ¢, C > 0 such that for every 8 < j. and every = € Z¢,

C |.71‘2
—(1 AE == exp (652(5)) ) (1.5)

Here d¢ is the Kronecker function at 0, i.e., dp(z) = 1 if z = 0 and dp(x) = 0 otherwise.
Our hypotheses also imply that the susceptibility and correlation length of order 2 obey

c C c C

<X > /20— = <&(B) < TR a\1/245°
Be— P Be— B’ (Be = B)Y (Be — B)V/2H
where 0 is a small parameter we require to be present in the model. For example, § can
be associated with the spread parameter of a spread-out model, or the small parameter
defining the weakly self-avoiding walk model, etc. The above statements can be interpreted
as saying that n > —¢ for every € > 0, that v = 1, and that v € [ — 4, 5 + J]. Lattice
trees, with their different critical exponents, are handled via a change of variable in order
to fit this framework.

Gp(x) < Coo(z) +

(8) <

(1.6)



These bounds are not new and are not as strong as the best currently available re-
sults. However, the novelty lies in our method, which is radically different from previous
approaches. Our proof:

e is relatively extremely simple,
o applies generally and essentially simultaneously to many models, and

e is more connected to standard probability theory than previous approaches as it is
propelled by elementary random walk theory.

Our hypotheses on the functions Gz involve a finite-difference inequality for the two-
point function which is easily verifiable in practice, in any dimension. For percolation it
already appeared in [49], and for the Ising model it appeared in [73]. It implies an upper
bound on the derivative 9g3G3(x) which has been a standard part of the theory since the
1980s. The finite-difference inequality is supplemented by a lower bound on d3G, which
has also been a standard part of the theory since the 1980s. The lower bound involves
a diagram (bubble or triangle or square diagram, depending on the model) which, to be
useful, we must prove to be small. This forces the dimension to exceed d. in order for the
diagram to be finite, and also requires a small parameter in the formulation of the model
to make the diagram small.

The weakly self-avoiding walk and the weakly-coupled |p|* model have built-in small
parameters. For other models, a small parameter can be introduced by considering a
spread-out version of the model. For percolation, this was initiated in [44]. In the spread-
out models, nearest-neighbour edges are replaced by long-range edges up to a distance
of order R, where R is the spread parameter. The reciprocal R~! provides the small
parameter we require. The spread-out model is still expected to offer a valid description
of the critical regime of the nearest-neighbour model thanks to the universality hypothesis.

As a brief summary, our method applies to prove (1.5) and (1.6) for the following:

e nearest-neighbour weakly self-avoiding walk and spread-out strictly self-avoiding
walk for d > 4 (continuous-time models are included),

e spread-out bond percolation for d > 6,
e spread-out Ising and XY models for d > 4,

« nearest-neighbour weakly-coupled lattice |¢|* model, or spread-out |¢|* model with
arbitrary coupling, for d > 4 (1-component and 2-component),

o spread-out lattice trees for d > 8 (in this case the exponents are different as discussed
above).

We discuss applications in more detail in Section 1.3. Precise definitions of the models
are given in Section 6.

1.2 Main result: the black box

We now present the model-independent results.

For € RY we write |z|y := (2?2 + ... + 22)Y/? for the Euclidean norm, |z| =

maxj<;<q |z1| for the infinity norm. The two norms are equivalent, but it is convenient to



work with both. For k& > 1, we define the box Ay, := [k, k]4NZ?, and write Ay(z) = Ap+x
for the box centred at z. Also, for G : Z% — [0, 00), we write

IGlh = > G), 23 Glli:= ) 236G (). (1.7)

x€Z4 reZd

The next definition introduces the kernels J which for spin models will be the Hamilto-
nian’s spin-spin coupling.

Definition 1.1. (Admissible kernel.) An admissible kernel is a function J : Z¢ — [0, 00)
with the following properties:

(i) The kernel J satisfies Jy = 0, is normalised in the sense that ), .74 J, = 1, and is
Z%-symmetric in the sense that J, = J, if 2/ is obtained by permuting components
of x and/or multiplying any component z by +1.

(i) J is finite-range in the sense that the range R; obeys

Rj; = max{|z|: J; > 0} € [1,00). (1.8)
(797) The variance of J is defined by

o3 = Z 2|3, (1.9)

x€Z4
By definition, o7 < Rj;. There exists a constant ¢y € (0, 1] such that, for all 2 € Z¢,

Ry <oy,  Jo<cy'R;% (1.10)

Example 1.2. Two important examples of admissible kernels are:

(i) (Nearest-neighbour model). For every z € Z¢,

1
Jp = ?dﬂ‘xh:l' (1.11)
For the nearest-neighbour model, R; = 05 = 1 and we may take cg = 1.
i1) (Uniform spread-out model). For some R > 1 and for every z € Z,
Yy
1

Here Ry = R, J, < R~%, and there is a ¢g > 0 such that o5 > ¢yR. More general
spread-out examples are given, e.g., in [43,44,78].

Next, we introduce the class G of functions Gz to which our analysis applies. Our
motivation stems from statistical mechanics where Gg is the two-point function of some
underlying model which undergoes a phase transition. As we will see in Section 6, it is
elementary and standard that the two-point functions of all the models mentioned at the
end of Section 1.1 do belong to G. In Definition 1.3, we use the notation 8. normally
reserved for a critical point. In our applications, 8. will indeed be a (finite) critical point
of a statistical mechanical model, but that interpretation is not relevant until we reach
Theorem 1.7 below.



Definition 1.3. We define G to be the family of functions Gg : 7% — [0, 00], indexed by
B € 10, B.] for some 5. € [0, 0], which satisfy the following conditions:

(7) (Initial condition.) Gy = d.

(i4) (Regularity.) For every x € Z%, the function 8 — Gg(z) is monotone non-decreasing
and differentiable on the interval [0, 5).

(43i) (Symmetry.) For every B > 0, G is Z%-symmetric.

(iv) (Exponential decay.) For every 3 € [0, 8.), the function x — Gg(x) decays exponen-
tially.

(v) (Limit as B 7 B, when 3. < 00.) For every x € R%, limgyg, Gg(z) = G, (), but we
do not assume that G, () is finite.

As we discuss in more detail in Remark 1.8 below, the assumption that Gg = dg can be
relaxed to Gg = Adp with A > 0, by a simple change of variables. The more fundamental
restrictions appear in the following assumption. Here and later, the convolution of two
absolutely summable functions f, g : Z¢ — R is defined by (f*g)(z) := > oyeza [(Y)g(x—y).

Assumption I. Let J be an admissible kernel and let G € G. We assume that G satisfies
the following:

(1) (Finite-difference upper bound.) For every 0 < 8/ < 8 < f,,
An immediate and important consequence of (I.1) is the differential inequality

G- Gy

(ii) (Differential lower bound.) For every 8 < f, there exists a function Hg : Z¢ —
[0,00) (which may depend on J and G) such that

85G5 > Gﬁ * (J — Hﬁ) * Gﬁ. (1.2)

In addition, for all x € Z%, Ho(x) = 0, Hs(z) = Hs(—z), and B € [0, B.) — Hp(z) is

continuous and decays exponentially in z for each fixed j.

The pointwise bound (I.2) is actually stronger than what we require: our proofs only
use the weaker assumption that (I.2) holds when multiplied by |z|P for p = 0,2 and then
summed over z € Z%. In applications, the pointwise bound is verified instead of its weaker
summed counterparts, so we have assumed (I.2) for simplicity.

A basic example satisfying Assumption I is the massive lattice Green function, which
is defined as follows. Let (Y},)n>0 denote the random walk on Z4 started from Yy = 0
and with transition probabilities P;[Y;, 41 =y | Yy, = 2] = Jy—;, where J is an admissible
kernel. The massive lattice Green function is defined, for 8 € [0,1] and = € Z¢, by

o0

Co(x) =D B"Ps[Yn =zl (1.14)

n=0



It is elementary that C = (Cg)g>¢ satisfies the requirements of Definition 1.3, with . =1,
and therefore C € G. Also, as we verify in detail in Section 2.1, C satisfies (I1.1)—(I.2) with
equalities and with H = 0:

Coe) — Cor(e) = (8 — B)(Cor % T 5 Cy) (), (1.15)
03Cs(z) = (Cz x J x Cg)(x). (1.16)

Thus, the inequalities of Assumption I specify that the functions Gz obey inequality
variants of the equalities obeyed by the massive lattice Green function.

In applications, the upper bound (I.1) holds without further assumption in all the
models we consider, in all dimensions. The lower bound (I.2) also holds in all dimensions,
with a model-dependent function Hg. As concrete examples, for self-avoiding walk and
percolation we will see in Section 6 that (I.2) holds with

HSAW(J}) = do(z)(Gp * J * Gg)(0), ngrc(x) = Gp(x)(Gp * J x Gg)(z). (1.17)

The exponential decay of Gy ensures that each of HEAW(m) and ngrc(m) is not only
finite but also summable, for all 3 < .. When summed over z € Z¢, these quantities are
respectively the open bubble and open triangle diagrams depicted in Figure 1. Summability
at B, will be a consequence of our results, and for this we will need to assume that d is
above the upper critical dimension. Furthermore, our method requires »_, .« Hg(x) to be
not merely finite, but also small, and this forces us to introduce a small parameter into a

model’s definition.

Figure 1: Diagrammatic representations of the open bubble (left) and the open triangle
(right). Unlabelled vertices are summed over Z%. Solid lines represent a two-point function
G, and dotted lines represent the kernel J. The diagrams are called “open” due to the
dotted line. The J line causes the contribution from all vertices being at the origin to
be zero, as opposed to a contribution 1 from the closed diagram without a J factor. For
spread-out models, this J is what produces small |Hgl|; by taking R; large.

Upper and lower differential inequalities as in (1.13) and (I.2) are a well-established
part of the mathematical study of phase transitions, going back to the 1980s. A version
of the finite-difference upper bound (I.1) was used for percolation in [49, Lemma 2.4],
and for the Ising model in [73, Proposition 7.3.3]. Here, we use (I.1) as a fundamental
and general driving principle for our analysis. As noted above, (I.1) implies the standard
differential upper bound (1.13). The verification of (I.1) in applications is sometimes in
the spirit of the proof of the Simon—Lieb inequality [60,80].

Let Fg = J*Gpg. By linearity, Assumption I implies that F satisfies a version of (I.1),
(1.13), and (I1.2), namely, for 0 < 8’ < 8 < .,

Fg §F5/+(/8—ﬁ/)(F5/*F@), (118)
85F3 < Fy * Fpg, (1.19)
85F5 ZF@*(J—HQ)*GQ. (1.20)



For 8 < ., we define the susceptibility x, and the correlation length & of order two for
Fg, by

X(B) = 1Gslly = [ Esll1, (1.21)
2 2
z|5 - F 1 z|5 - F 1
e(ay: = Il Folh _ 1l - ol 12
15l x(8)
By Assumption I, G € G and therefore Gg and Fj decay exponentially for 8 < .. It
follows that both x and & are finite for 5 < .. It is possible that x(/3) diverges to oo as
B 1 Be, but we do not assume this until Theorem 1.7. We also define an “error term” by

_ N3 - Hills
E(p) = e (”HtHl e ) : (1.23)

The supremum in (1.23) is present solely to ensure that F(f) is increasing in 5. By
definition, E(0) = 0. Since each of the three functions inside the supremum in (1.23) is
continuous in ¢ € [0, 5.) by the Dominated Convergence Theorem, the supremum FE(f3) is
also continuous in 8 € [0, 3.).

Remark 1.4. The conventional notation for the correlation length of order two is £ (as in
(1.1) for G), whereas the symbol £ (without subscript) is typically used for the reciprocal
of the exact exponential rate of decay of Gg(x) (the correlation length) for subcritical j.
We do not use this last concept, so in order to lighten the notation, and also to avoid
notational clash with (1.1), we write £ instead of & in (1.22).

When E() is small, the upper and lower bounds of (1.13) and (I.2) become closer to
equalities. It is thus natural to introduce the following quantity. For d > 0, let

B(6) :=sup{B €0,5.): E(B) < d}. (1.24)

Using elementary calculus to integrate (1.13) and (I.2), we prove (see Proposition 4.1)
that if 6 < 1, then for every 0 < 8 < 3(¢), we have

146
1-6

woza-an, ()L ()

The second inequality in (1.25) forms a key ingredient in our strategy: the fact that
(£(B")/€(B))? remains comparable to x(3')/x(83) is used to upgrade bounds that hold at
B’ to bounds at a larger value 3. For the lattice Green function, which has F = 0, the
two ratios are equal; this is a benefit of defining £ using Fj rather than Gg.

Since (as we have just observed) 3(6) < oo, it makes sense to evaluate G at 3 = 3(9),
even if 3(0) = .. Our main theorem provides an upper bound for Gg(x) for all 5 < 5(9),
for ¢ sufficiently small. Recall that o is the variance of J, defined in (1.9), and recall the
definition of ¢y from (1.10).

Theorem 1.5. Let d > 2 and € € (0,1). There exist c,C > 0 depending on (d,cy), and
6 € (0,1) depending on (d, co,€), such that, if J and G obey Assumption 1, then for every
B € [0,3(8)] and every x € Z4,

Gp(x) < do(x) + Ed (UJ%]M)CZ_Q_E exp (_Cé’(l;)) : (1.26)



It is an interesting question whether Theorem 1.5 remains valid with ¢ = 0. We do
not have an answer for the question.

Theorem 1.5 is general and its proof is independent of the particular choice of J and G.
However it fails, on its own, to cover the entire interval 5 € [0, 5.], since it does not assert
that 5(8) = fB.. The remedy for this defect involves the following additional assumption.
Its verification exploits the particular model-dependent manner that Hpg is expressed in
terms of Gg, to extract a bound on the former from a bound on the latter. The explicit
forms for Hg given in (1.17) accurately suggest that the verification of Assumption II is
in practice a routine task.

Assumption II. The error term obeys E(3(d)) < 6.

Theorem 1.6. Suppose that J and G obey both of Assumptions 1 and I1. Then 3(8) = f.,
s0 B. < oo and (1.26) holds for every < ..

Proof. By Assumption II we have FE(5(d)) < §. If 5(d) < B¢, then by the continuity of
E on [0, .), there must exist a f* > () such that E(5*) < 4. This contradicts the
definition of 3(d), so it must be the case that 3(d) = f.. This completes the proof. O

The following theorem is an easy consequence of our assumptions, as we will show in
Proposition 4.4 via integration of the assumed differential inequalities (1.13) and (I.2).
Its assumption that x(8.) = oo identifies 5. as the critical point in our applications to
statistical mechanics.

Theorem 1.7. Suppose that J and G obey both Assumptions 1 and 11. Suppose further
that x(B.) = oco. Then, for every B < B., and with E = E(B.) (which is less than §), we
have

1
1<g< (127
1 1 1
-5 X =1gpp g (1.28)
L\ gy =
(&—/3) =752 S((1—E)<ﬁc—ﬁ)> ' (1.29)

The linear divergence of the susceptibility in (1.28) is a statement that the critical
exponent vy takes its mean-field value v = 1, and (1.29) states that the critical exponent
v is within order E(f3.) of its mean-field value % In the verification of Assumption II for
our applications in Section 6, for spread-out models we will find in every case that E(5,)
is at most of order J;d, and hence at most of order R~%. This means that the powers in
the upper and lower bounds on (£/0)? in (1.29) can be brought as close to 1 as desired
by taking R large enough. With this estimate on E(f,.), it also follows from (1.27) that
the critical value obeys . = 1+ O(R™%). This O(R~9) is optimal, as previously observed
for various models in [48,55].

Remark 1.8. It is part of Definition 1.3 that Gy = dy. For some models (e.g., the |p[*
model), it is instead the case that Gy = Ady with A > 0 unequal to 1. In this case, the
change of variables

Go(x) = 3Cp1a(a) (1.30)

yields a family of functions é/g which do satisfy Definition 1.3 and Assumption I when Gpg
satisfies them excepting Gy = Ady. By applying our theory to G and then undoing the



change of variables, we find that (1.26), (1.27) and (1.29) are modified to:

AC oy d—2-¢ o [ — ‘$|
Gp(z) < Adp(x) + el (UJ " m) exp ( Cf(,@)) , (1.31)
1 1
FShS (1.32)

(A(ﬁcl—ﬁ))l_w : 52)2 = ((1 - E)fll(ﬁc - ﬂ))l_E '

Equation (1.28) remains unchanged even if A # 1.

(1.33)

A further consequence of Theorem 1.6 is that, under Assumptions I and II, the p-fold
convolution of G, satisfies

GF0) <oo if d>p2+e). (1.34)

The condition for finiteness reduces to d > 2p, since d is an integer and € may be chosen
as small as desired. The convolution G;’Z (0) is called the critical bubble diagram when
p = 2, the critical triangle diagram when p = 3, and the critical square diagram when
p = 4. Thus, the critical bubble, triangle and square diagrams are respectively finite when
d is strictly greater than 4, 6,8 (for small €). The closely related open bubble and triangle
diagrams (with their extra factors J) are depicted in Figure 1.

In Section 6, we verify that each of the six models mentioned at the end of Section 1.1
satisfies Assumptions I and II. Theorem 1.6 and its consequences therefore apply to all six
models.

1.3 Application to statistical mechanical models
1.3.1 Results

We now discuss the application of our black box to specific models. For this, it is
sufficient to verify that the model’s two-point function obeys Definition 1.3 (possibly with
Go = Adp), Assumption I, and Assumption II. For the models we consider, this is a
relatively routine procedure that does not require innovation. Indeed, in all cases the
verification of Definition 1.3 and Assumption II is based on theory dating back to the
1980s. Assumption I is a bit more substantial, but also follows a well-trodden path.

We emphasise that for all but the spread-out XY, |p|*, or continuous-time weakly self-
avoiding walk models, our results are not as strong as those obtained by previous methods.
We do prove new results for these three spread-out models. Notwithstanding, our purpose
in this paper is to provide a new, unified, relatively very easy, random walk approach to
the subject. We view Theorem 1.6 as a first step for our methods, which upon further
development may lead to more refined results for the critical regime.

We summarise our applications here. Precise definitions of the models are deferred to
Section 6. In the following, the adjective “nearest-neighbour” indicates that the model is
defined with the nearest-neighbour J defined in (1.11), and “spread-out” indicates that J
obeys Definition 1.3 with a large range R.

10



Self-avoiding walk. For precise definitions, see Sections 6.1 and 6.2. Let d > 4. Let
G denote the two-point function for the nearest-neighbour weakly self-avoiding walk with
repulsion strength A\ € (0, A\g] with Ag sufficiently small, or the two-point function of the
spread-out strictly self-avoiding walk with range R sufficiently large. In the latter case,
Gp(x) is a generating function for self-avoiding walks from 0 to x, whose allowed steps
are from u to v whenever J,_, > 0, and SJ,_, is the weight of a step. Let S. denote
the critical point in either case. Then, Gg(x) obeys the near-critical estimate (1.26) for
all 8 € [0,5.]. The conclusions of Theorem 1.7 all hold, and the critical bubble diagram
S sezd Ga.(x)? is finite. For the weakly self-avoiding walk the error E is O()), and for the
spread-out strictly self-avoiding walk it is O(R~9). Stronger previous results obtained by
other methods are discussed in Section 1.3.2. For a continuous-time model of the weakly
self-avoiding walk, our results include both weak coupling for the nearest-neighbour model
and arbitrary coupling for spread-out models (the latter is a new result).

Bernoulli percolation. For precise definitions, see Section 6.3. Let d > 6. Consider
spread-out Bernoulli bond percolation on Z?, with R sufficiently large. The edge set
consists of pairs {u,v} such that J,_, > 0. An edge {u,v} is open, independently of all
other edges, with probability 5.J,_, and otherwise is closed. Let Gg(xz) = Pg[0 = z]
denote the probability that 0 and x are connected by a path consisting of open bonds.
Let . € (0,00) denote the critical point. Then, Gg(x) obeys the near-critical estimate
(1.26) for all 8 € [0, B.]. The conclusions of Theorem 1.7 all hold with £ = O(R~%), and
the critical triangle diagram >, 74 Gg, (2)Gp.(y — 2)Gp,(y) is finite. In other words,
the triangle condition of [6] holds. This has important implications for critical exponents,
e.g., it is shown in [7] (see also [50]) that the triangle condition implies the existence and
mean-field values § = 2 and 8 = 1 for the critical exponents governing the critical cluster-
size distribution and the percolation probability (despite the notational clash, these two
exponents should not be confused with our different usage of 0, 3). Stronger previous
results obtained by other methods are discussed in Section 1.3.2.

l¢|* model. For precise definitions, see Section 6.4. Let d > 4. The nearest-neighbour
lattice |p|* model has single-spin distribution exp|[—\|p.|* — p|@,|?] with interaction given
by exp[B >, 4 Jo—u(u - pv)]. We consider spins with either one or two components, i.e.,
¢z € R or ¢, € R?. The two-point function is again the spin-spin correlation Gg(z) =
(o - ¥z)p, and the critical point is denoted .. We consider both the nearest-neighbour
model with A > 0 small and any p > 0', and the spread-out model with any A > 0 and
any p € R. In both cases, we prove that Gg(x) obeys the near-critical estimate (1.26) for
all 5 € [0,B]. The conclusions of Theorem 1.7 all hold, with £ = O(X) for the weakly-
coupled nearest-neighbour model, and with E = O(R™?) for the spread-out model. Some
stronger previous results obtained by other methods are discussed in Section 1.3.2. Our
results for the spread-out 2-component |¢|* model are new.

Ising model. For precise definitions, see Section 6.5. Let d > 4. The spread-out
Ising model is a ferromagnetic spin system with spins taking values +1, defined via a
Gibbs measure with Hamiltonian H(o) = — > up Jv—uou0y and inverse temperature 3.
The two-point function is the spin-spin correlation Gg(x) = (0goy)s. Let [, denote the
critical point. Then, Gg(z) obeys the near-critical estimate (1.26) for all g € [0, B.]. The

Our analysis of the weakly coupled model perturbs around A = 0, and the restriction to positive
ensures that the model exists when A = 0.
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conclusions of Theorem 1.7 all hold with E = O(R~%). Stronger previous results obtained
by other methods are discussed in Section 1.3.2.

XY model. For precise definitions, see Section 6.6. Let d > 4. The XY model is a spin
model on Z? with the single spin distribution uniformly distributed on the unit circle in
R?, with interaction given by exp[8Y°, , Jv—u(@u - ¢v)]. We take J to be the spread-out
kernel. The critical point is denoted (.. Then, for R sufficiently large, Gg(x) obeys the
near-critical estimate (1.26) for all 5 € [0, 5.]. The conclusions of Theorem 1.7 all hold,
with £ = O(R™%). These are new results for the XY model.

Lattice trees. For precise definitions, see Section 6.7. A lattice tree is a finite connected
acyclic bond cluster. We consider the spread-out model with J given by the spread-out
kernel. Bonds are weighted by a parameter p, and there is a finite critical value p.. We
prove a version of Theorem 1.5 for lattice trees, for d > 8 and for R sufficiently large. This
is then used to show that the susceptibility diverges as (p. — p)_l/ 2 and the correlation
length of order 2 diverges as (p. — p)fiiO(R_d). The different critical exponents here,
compared with Theorem 1.7, are obtained via a change of variables argument that is not
needed for all the other models mentioned above. References to stronger previous results

obtained using the lace expansion are given in Section 1.3.2.

1.3.2 Related work

As mentioned above, our results have been obtained earlier by other methods in most
cases, via less simple and more model-dependent methods. We discuss this further here.

Reflection positivity. In the context of the study of spin models such as the Ising
model, reflection positivity and the infrared bound [34, 35] provide important tools to
understand the mean-field regime of the models in the regime d > d.. These tools can
be combined with various geometric representations of the models to study the near-
critical or critical regime. Differential inequalities, like those in Assumption I, play an
important role. The substantial literature on this includes [1,3-5,26, 28,31, 33,63, 74, 75].
The infrared bound makes it possible to study the nearest-neighbour model without the
need to introduce a small parameter. In particular, it was recently proved in [26] that the
nearest-neighbour Ising and ¢* models (without any small coupling assumption) obey, for
d>4and B < .,

(0002)3 < ( exp (— c(B. — ﬁ)1/2|x|). (1.35)

1V |z])d-2
This improves our bound (1.26) by including the nearest-neighbour case, by not requiring
a small parameter, by omitting the € from the power law, and by obtaining the sharp
power (B, — 5)1/ 2 in the exponent. On the other hand, reliance on reflection positivity
to obtain the infrared bound is a limitation that restricts results to nearest-neighbour
interactions.

Lace expansion. The lace expansion refers to a collection of expansion methods which
provide extremely detailed results concerning mean-field critical phenomena above the up-
per critical dimension. The first lace expansion was introduced by Brydges and Spencer
in 1985 [19] in the context of weakly self-avoiding walk, and was later extended to apply
to percolation, lattice trees and lattice animals, oriented percolation, the contact process,
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the Ising model, and the p* model; see, e.g., [18,44,45,78,79,82]. An essential distinction
between the lace expansion and our method is that the lace expansion replaces the inequal-
ities (1.13) and (I.2) by exact identities. We may think of the inequalities as obtained
in practice by a single inclusion-exclusion bound. The lace expansion obtains an identity
by performing inclusion-exclusion to all orders. This is necessarily a more complicated
business which—while leading to very strong results—is much more model-dependent than
our approach.

Convergence of the lace expansion requires a small parameter, which can either be
proportional to (d — d.)~! for the nearest-neighbour model, or related to R~! for the
spread-out model. Remarkably, with a computer-assisted proof, the nearest-neighbour
strictly self-avoiding walk has been proven to have mean-field behaviour (including con-
vergence to Brownian motion) in all dimensions d > 5 [47]. For spread-out lattice trees in
dimensions d > 8, extensive results have been obtained, e.g., [20,22,45,46,65]. For spread-
out percolation in dimensions d > 6, and for nearest-neighbour percolation in dimensions
d > 11, mean-field behaviour has been proved [32,44]. A typical result is that the critical
two-point function is asymptotically equal to c|z|~(@=2)(1 4 o(1)) with the amplitude ¢
given by a convergent series. This involves a deconvolution argument that was pioneered
in [42,43], simplified for weakly self-avoiding walk in [13], and reached its simplest and
most general form in [64,67,83]. An extension of the latter gives the near-critical mean-
field bound (1.35) for both weakly [84] and strictly [62] self-avoiding walk above d. = 4.
For near-critical percolation (either with d > 11 for the nearest-neighbour model or with
d > 6 for the spread-out model), the sharp upper bound (1.35) was proven in [54] (see
also [21,88]).

For the continuous-time weakly self-avoiding walk, a new continuous-time lace ex-
pansion was introduced in [18] to prove mean-field behaviour in dimensions d > 4 for
sufficiently weak interactions. We obtain complementary results here without the lace
expansion, including for spread-out models without a weak coupling assumption.

Renormalisation group. The mean-field scaling behaviour of statistical mechanical
models at the upper critical dimension d. is typically conjectured or proved to be modified
by logarithmic factors. The computation of these logarithmic corrections is beyond the
scope of our paper. The renormalisation group [90] refers to a collection of methods which
are now part of textbook theoretical physics and which have been used, in particular, to
compute these logarithmic corrections. When it applies, it gives very detailed information.
Rigorous renormalisation group methods have been developed for the ¢* model in [30,
36, 41], for the multi-component |¢|* model in [8, 11, 85], and for the continuous-time
weakly self-avoiding walk in [9,10]. The renormalisation group approach involves a multi-
scale analysis which is entirely different from all of the other methods we are discussing.
However, our approach is philosophically related to the renormalisation group approach: it
is multi-scale in the sense that it does involve an induction which advances understanding
of the two-point function at a value 3’ to a larger value 3.

Finally, it is worth mentioning that for long-range Bernoulli percolation (for which J
has power-law decay), a non-perturbative analysis based on a multi-scale analysis serves
to analyse the critical behaviour not only above and at the upper critical dimension, but
also below the upper critical dimension [51-53].

The ¢3 method. Recently, a novel approach to the study of the mean-field regime has
been implemented to study weakly self-avoiding walk for d > 4 and spread-out percolation
for d > 6 [24,25]. This method can be referred to as the “pg method” due to its use of
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a special quantity—usually denoted by ¢g(S) for S C Z%—whose relevance in statistical
mechanics was observed in [27,80]. For weakly self-avoiding walk and spread-out perco-
lation, both upper and lower bounds as in (1.35) are obtained. For both models, bounds
for half-space two-point functions are obtained too. Unlike in our black-box approach, the
extension of the 3 method from one model to another requires substantial work.

1.4 Guide to the paper

At the core of the proof of Theorem 1.5 lies a family of random walks on Z¢ called the
effective random walk, whose one-step transition probability is Fi(x)/x(8), with standard
deviation (). A key feature of our analysis is the derivation of uniform estimates for the
effective random walk. These estimates are of two types: Green function estimates derived
from a regularity property of the effective random walk and employed to analyse the walk
at and above its natural scale £(); and a stability estimate employed to control the walk
at smaller scales. The effective random walk and its important properties are presented
in Section 2. Proofs are deferred to Appendix A (for the Green function estimates) and
Section 4.4 (for the stability estimate).

With these preliminaries at hand, the proof of our main result is entirely contained in
Sections 3-5.

In Section 3, we present a bootstrap argument, with which we prove Theorem 1.5
conditionally on the results of Section 2 and three additional propositions, namely Propo-
sitions 3.5, 3.6, and 3.7. These three propositions are used to complete the bootstrap at
different scales. Bootstrap arguments have played a central role in proofs of mean-field
behaviour since one was used to prove convergence of the lace expansion in [81].

In Section 4, we first use elementary calculus to integrate the assumed differential in-
equalities (1.13) and (I.2) (Section 4.1). We then complete the proofs of the regularity and
stability properties satisfied by the effective random walk (Sections 4.3—4.4). Interestingly,
Section 4.1 is the only place where we use the differential lower bound (I.2).

Section 5 provides the proof of the Propositions 3.5, 3.6, 3.7 used in the proof of
Theorem 1.5. This relies on elementary convolution estimates whose proofs are deferred
to Appendix B.

Finally, Section 6 consists of a detailed verification of Assumptions I and II for the six
statistical mechanical models discussed in Section 1.3.1.

2 Random walks: effective and regular

In this section, we first introduce the massive lattice Green function and its important
properties in Section 2.1. In Section 2.2, we define a crucial ingredient in our analysis:
the effective random walk. In Section 2.3, we introduce a second key ingredient: the
concept of a regular random walk. We state the important fact that the effective random
walk is regular, uniformly in §. Also in Section 2.3, we explain that regular walks obey
uniform Green function and anti-concentration estimates. Finally, in Section 2.4, we state
an essential stability estimate.

2.1 Lattice Green function

A simple prototype and point of departure for our theory is the massive lattice Green
function. Let (Y;,)n>0 denote the random walk on Z% started from Yy = 0 and with
transition probabilities P;[Y,, 41 =y | Y = 2] = Jy—,, where J is an admissible kernel.
Recall the definition of the massive Green function Cs from (1.14).
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It is elementary that C = (Cg)g>0 satisfies the requirements of Definition 1.3, with
B = 1, and therefore C € G. Also, C satisfies Assumption I, as claimed in (1.15)—(1.16) and
as we verify next. This verification is much simpler than the model-dependent verification
of Assumption I for statistical-mechanical models which lack the Markov property, but it
is an instructive example.

Let 8/,8 € [0,1]. For the finite-difference upper bound (I.1), we use the identity
" —a" = (b—a) Z;‘;& b a" 177 and interchange summations to see that

Cp(x) = Cai(x) = (B=8)D_ 5 D (B)"Ps[Yms1 = al. (2.1)
j=0  m=j
We then observe that, for m > j,
PV =)= Y Py =y|Ps[Yi =2 —y|Py[Vyj =2 - 2]. (2.2)

y,2€24

After insertion of this into (2.1), we find that

Cp(z) — Ca(x) = (B — ') (Cp + J x Cp)(), (2.3)

which is (I.1) with equality.
For the lattice Green function, the differential inequality (I.2) (also (1.13)) holds as an
equality, with Hg = 0. Indeed, dividing (2.3) by § — 4’ and taking the limit 8’ — / gives

95Cs(x) = (Cy T * Cy)(2) (2.4)

Since E(f8) = 0 for all 3, 8(d) = B. for any 6 > 0, and Assumption II is vacuous. We
could therefore be tempted to conclude from Theorem 1.5 that the bound (1.26) applies to
the lattice Green function. However, that would be circular, as our proof relies crucially
on the sharper bound (with no positive ¢ in (2.6)) stated in the following proposition.
Recall that ¢g is the constant occurring in assumed bounds on J in (1.10).

Proposition 2.1 (Anti-concentration and Green function estimates for the J-random
walk.). Let d > 2. There exist c,C > 0, which depend on d and ¢y but not on J, such that
for every B < 1, every m > 1, and every x € 77,

. c 2
Py[Xpm = 2] < T}W exp <—CUJ\/%) ’ (2.5)
C

Cp(z) < do(z) + — <Jj)d2 exp <—CMZ|) : (2.6)

o4 \oyVz|

We prove (2.5) and (2.6) for admissible J in Section A.3 using basic random walk
theory. To the best of our knowledge, the sharp dependence of these bounds on oy
has not appeared previously in the literature. It is worth mentioning the well-known
fact that, for d > 2, at the critical value 5. = 1 the Green function obeys Ci(z) =

ca}Q\x];(d_Q) + O(|z]3%) as |z]z — oo, with ¢ depending only on d [57,87].
When < 1, the bound (2.6) implies a bound on G of the desired form (1.26), thanks
to the finite-difference inequality in Assumption I. Indeed, since Gy = §p and Fy = J,

(I.1) applied to 8/ =0 and 8 < 1 gives

Gp < 6o + (J * Gg). (2.7)
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With J*0 = §y, and J** the convolution of J with itself & — 1 times (for k > 1), repeated
iterations of the above inequality leads, for every x € Z¢, to the inequality

Gﬁ(:li) < Z 5kJ*k($) = Z ﬂk]P)J[Yk = JI] = CB(JZ) (28)

k>0 k>0

For d > 2, the above infinite series converge when 5 < 1. We can thus obtain a bound on
Gp from (2.6). However, it is not quite the bound we seek in Theorem 1.5: the exponential
rate in (2.6) involves /1 — Bo~! = /T — B£(0) 71, and we instead want £(3)~!. The second
inequality in (1.25) allows us to make this replacement if 3 < (1—4) A B(8) with § € (0, 3].
We prove the following proposition in Section 4.2.

Proposition 2.2 (Bounds on G, Fjg for § < 1). Letd > 2. Letc, C be given by Proposition
2.1. Then, for every § € (0,3], every B < (1—68) A B(8), and every z € Z°,

() < bol) + i; ((Uav“’,x‘)d_Q exp (—2'&’)) , (2.9)
Fa(z) < i; ((M)dZexp (—2%) . (2.10)

We think of Proposition 2.2 as an initialisation step. It explains an origin for the
constants ¢, C of Theorem 1.5: they must be “worse” than the constants c, C appearing
in the bound (2.6) on Cg.

The bound (2.8) is useless when 3 > 1. To maintain control of G in terms of random
walk quantities, we replace the random walk of law IP; with a new random walk which we
call the effective random walk.

2.2 The effective random walk

We now define the effective random walk of law Pg, which is a main actor in our
analysis. Throughout the section, we fix an admissible kernel J together with a family of
functions G = (Gg)s>0 € G and assume they obey Assumption I. Recall that Fg = J*Gpg.

Definition 2.3 (Effective random walk). Let 0 < 8’ < (.. We define a random walk
(Xk)r>o0 started at Xy = 0 by the transition probability

_ Fa(y)
- x(8)

We denote by Eg the expectation with respect to Pg/, and we denote the Green function
of the effective random walk, for Z € [0,1] and z € Z%, by

Po[X1 =y (y € 2. (2.11)

Gzyﬁ/(x) = Z kaﬁ/ (X% = z]. (2.12)
k>0

Remark 2.4. By definition, £(8')* = Eg[|X1/3]. Also, when 8 = 0, the measure Py is
equal to the random walk measure P; with step distribution J.

In terms of the effective random walk, the finite-difference inequality (I.1) can be
rewritten, for every x € Zd, as

Gﬁ(l‘) < Gg/(w) + Zg gEg [Gﬁ(:ﬁ - X1)], (2.13)
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with
Zy 5= (B—B)x(B). (2.14)
Bounds on Zg g can be obtained from the differential inequalities for Gz using elementary
calculus, as we show in Proposition 4.3.
The following lemma presents useful iterated versions of the finite-difference inequality

(I.1), expressed in terms of the effective random walk with distribution Pg. It will serve
as a replacement of (2.8) in the regime 5 > 1.

Lemma 2.5. Let 0 < 3/ < 8 < B.. For every T > 1 and every x € 74,

T—1
Gs(x) <> Zh sEp[Gplx — X3)] + Zh sEa [Ga(x — Xr)). (2.15)
k=0

In addition, if Zg g <1 then

Go(2) < 3 25 gBy Gy (w = Xi)]. (2.16)
k>0

The same statements hold when G is replaced by F = J % G.

Proof. Let T > 1 and z € Z%. By (2.13),
G(z) < Gp(x) + Zp gEs [Ga(x — X1)]. (2.17)

By iteration, we obtain

1
Gﬁ(l‘) < Z Zg gEg [Gﬁ:(x - X))+ Z,%’,BEB’ [Gﬁ(l’ — X9)]. (2.18)

For any T > 1, by iterating an appropriate number of times, we obtain (2.15). Then
(2.16) follows from (2.15) after taking the limit 7" — oo. The hypothesis that Zg g <
1, together with the uniform boundedness of Gg(-), implies that the infinite iteration
converges. O

The inequality (2.16) can be rewritten as

G k+1]P)ﬂ/ Xk+1 = iL‘]

B8 k>0 Zp g

(G2, (@) = d0(@). (219

If an analogue of Proposition 2.1 could be established for the Green function of the effective
random walk, we would immediately obtain a bound on G(z). However, we do not obtain
such a result, and our bounds rather involve sums of G 1 5,8 Over sufficiently large boxes
(see Theorem 2.10 below).

Lemma 2.5 provides a mechanism with the potential to transfer an estimate valid at
B’ to an estimate at a larger parameter 3 < 3(d). This enables an inductive procedure
that lies at the heart of the proof. To exploit this mechanism, we will require a uniform
control over the effective random walk Pz for § < 3(6). We formulate this through two
fundamental ingredients: (i) Green function estimates for P3 which hold at scale £(5);
(i) a stability estimate, which controls Pg below the scale £(). We begin with the Green
function estimates, which use the concept of a reqular random walk.
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2.3 Regular random walks
A central concept in our analysis is given in the following definition.

Definition 2.6 (Regular random walks). Consider a random walk X on R? starting from
0 with law P and with variance o2 := E[|X1|3] < co. We assume that the distribution
of the random walk is symmetric in the sense that P[X; = z] = P[X; = y] if y can be
obtained from x by permutation of coordinates and/or replacement of a coordinate by its
negative. Let Creg, Creg > 0. We say that the random walk is (Creg, Creg)-regular if it is
symmetric and if the moment generating function

M(s) = E {exp (e Xl))] (2.20)
satisfies
M(Cueg) < Cras. (221)

We say that the random walk is regular if it is (creg, Creg)-regular for some creg, Creg > 0.
Additionally, a family of random walks is uniformly regular if each of the random walks
in the family is regular with the same pair (creg, Creg)-

Remark 2.7. The constant C,eg is somewhat artificial: what regularity requires is that
the moment generating function M be analytic for s in some neighbourhood of 0. Once
we know the analyticity, since M (0) = 1 we can have any C.eg > 1 by taking cyeg small
enough. Nevertheless, we place stress on C.e; because the constants of Theorem 2.10 below
depend only on the dimension and on (creg, Creg) and on no other property of the effective
random walk.

We will prove the following proposition in Section 4.3.

Proposition 2.8 (Regularity of the effective random walk below ((0)). Let Cieg = 3.
There exist 6reg > 0 (which can be chosen equal to 279) and Creg > 0 (which only depends on
d) such that for every B < [(dreg), the effective random walk at parameter B is (Creg, Creg)-
reqular.

The moment generating function of the effective random walk at parameter g is de-
noted, for s € R, by

s
Mﬁ(s) = E,@ [exp (@(61 . X1)>:| = Z €Sx1/€(B)P5[X1 = :L'] (2.22)
T€ZY
A consistency Check for why Proposition 2.8 could be true is the following. If we knew that
Fy(x) < Clx|~@2) exp[—c|z|/£(B)] with ¢ > 0 independent of 8, then we would have, for
any s < ¢,

C s _ 1> £(8)?
C 5 m/w oelel/e®) <« L / re—(c=s)r/€B) gy < SS9 99
x(8) Z [a]d2¢ ~ x(B ~ x(8) (2.23)

The upper bound on &(3)2/x(3) should in applications be independent of 3. However, we
cannot implement this simple approach because: (i) we can only prove (later) an upper
bound on G (or F) with power |z|~(?=27¢) and (ii) we do not prove that £2 =< y (we can
only prove this up to a power §). So the proof of Proposition 2.8 will be less direct.

An ingredient in the proof is the following corollary of Lemma 2.5. It will allow us to
transfer an estimate on Mg/ (s) to Mg(s) when 8’ < ( are close together. We can then
proceed inductively to show that the effective random walk is regular all the way to 5(d).
This induction proof is given in Section 4.3.
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Corollary 2.9. Let 0 < ' < < . and let s € R. If Zg gMp (s&(8')/€(5))) < 1 then

o< X(B)_ Mp(sE(8)/€(8)
M) = 5(8) 1= 2 oMy GEB) /B
The inequality (2.24) makes apparent a need to control £(5') /£(8) relative to x(8")/x(8).

This is achieved via the differential lower bound (I.2), which provides such a comparison
by means of (1.25).

(2.24)

Proof of Corollary 2.9. By definition, by (2.16), and by the factorisation property of the
moment generating function of a sum of independent random variables,

1
Mg(s) = X(/B)Ezzd Fs(y) exp(s(er - y)/£(B))
< XO) 5 25, s Balexpls(er - Xin)/£(9))
X(P) =
= M) 5~ 78, [0 (s€(8) /€8 (2.25)
X(P) =
By assumption, the geometric series converges and the proof is complete. ]

We use the regularity of the effective random walk in Section 3 to prove our main
result Theorem 1.5. The proof of Theorem 1.5 relies on the following general theorem
about regular random walks, which is of independent interest. Its proof, which uses only
classical random walk techniques, is deferred to Appendix A. To the best of our knowledge,
Theorem 2.10 has not appeared previously in the literature.

We write the Green function of a generic random walk (X ),>0 on R? with X, = 0,
for € [0,1] and A C R?, as

Gu(A) == > u"P[X,, € Al (2.26)

m>0
For z € RY, recall that |z| = max;<;<q|7i|. For k > 1, we define the boxes
By, := [—k, k)%, By(x) := By, + x, (2.27)
as well as their discrete counterparts,
Ap = [k k4NZE,  Ap(z) =Ap+2 (2.28)
of radius k, centred at 0 and at = respectively.

Theorem 2.10 (Anti-concentration and Green function estimates for regular random
walks). Let d > 2. For every Creg, Creg > 0, there exist Crhw = Crw/(Creg, Creg,d) > 0
and cRw = CRW (Creg, Creg, d) > 0 such that, for every (Creg, Creg)-regular random walk X
(started at 0) on R of law P, Green function G, and variance o2, for every p € [0,1],
every m > 1 and for every x € Z¢,

CRW ‘:B|
PLXn € Bola)) < 5% exp (e m)’ (2.29)

Gu(Bs(z)) < Crw ( )d2 exp (-Cmvﬁ'j) : (2.30)

oV |z

19



Remark 2.11. Theorem 2.10 provides estimates for the Green function averaged over
a box whose size is the standard deviation. Pointwise estimates do not generally hold
for regular random walks, as is illustrated in Example A.6. In particular, the regularity
condition is not strong enough to obtain pointwise bounds on Gz s (2.19).

By Proposition 2.8, the effective random walk with 5 < (0yeg) is regular. It therefore
satisfies the anti-concentration estimate (2.29), and its Green function Gz g(x) (defined
in (2.12)) obeys the averaged estimate (2.30).

2.4 Stability below the correlation length

A uniform regularity statement for the effective random walk below 3(d) (for ¢ small
enough) is given in Section 2.3. Proposition 2.8 formulates in a convenient way the fact
that—as we increase 8 to [(d)—we have uniform control over the effective random walk
P5 for all scales larger than or equal to £(3). However, we also require control of the
effective random walk at scales below £(3). The next proposition provides this control at
small scales. Proposition 2.12 is a fundamental tool in our analysis.

Proposition 2.12. Let d > 2. Suppose that J and G both obey Assumption 1. Then there
exist Osiap € (0, ] and Csar, > 0, depending only on d, such that, for every B < B(dstap)

and every (' §75T?
x(8')
x(8)°

To better appreciate Proposition 2.12, we rewrite its conclusion as follows. Let xx(5) :=
>zen, Fp(x). Then, (2.31) is equivalent to

Ppl|X1| < £(8)] < Cstan

(2.31)

X{(ﬁ’)(ﬁ) < CstabX(ﬁl)' (2'32)

Roughly, this inequality says that if 5’ < §, then the value of Fg(z) for |z| < £(f') is
comparable—in an averaged sense—to Fj/(x). To have some intuition for why this might
be true, suppose that we knew that F(z) < o, %(1V|2|)~(?=2) and also that x < (/o).
So armed, we could conclude that

/ 2
< Y ! <(5<5 )) < x(8). (2.33)

2 d—2
el <ecn 701V 12D) 77

However, we know neither of the assumptions for the above computation, so we will need
a more circuitous inductive argument to conclude. The proof of Proposition 2.12 is given
in Section 4.4.

3 Proof of Theorem 1.5

Our main result is Theorem 1.5. Theorem 1.7 is then an elementary consequence
of the assumptions, as we show in Proposition 4.4. The proof of Theorem 1.5 relies on
a bootstrap argument that leverages the Green function and stability estimates for the
effective random walk of Definition 2.3.

We now prove Theorem 1.5 conditionally on the results of Section 2 and three additional
propositions, namely Propositions 3.5, 3.6, 3.7. The results of Section 2 are proved in
Section 4 and the three propositions are proved in Section 5.
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3.1 The bootstrap

Let d > 2, and fix a kernel J and family of functions G € G which satisfy Assumption
I. Our goal is to find ¢,C,d > 0 such that the estimate (1.26) holds for § < g(8). To
prove Theorem 1.5, it suffices to prove the following bound on Fg = J * Gg. Recall the
definition of ¢y from (1.10).

Theorem 3.1. Let d > 2 and € € (0,1). There exist ¢c,C > 0 depending on (d,cp), and
d € (0, %] depending on (d,co,€), such that, if J and G € G obey Assumption 1, then for
every B € [0, 8(8)] and for every x € 7,

Fa(z) < ;;} (JJUVJM)HE exp( cg(ﬂg)> . (3.1)

Proof of Theorem 1.5 using Theorem 3.1. We apply (I.1) with 8/ = 0. This gives, for

every = € Z4,
Gp(x) < o(x) + BF3(x). (3.2)

)
Since § < 1, it follows from (1.25) that (&) < (1 —&)~! < 2. This factor 2 cancels the %
n (3.1), and results in the desired bound (1.26) on Gg(z). O

We now focus on the proof of Theorem 3.1. Several important constants which appear
throughout the analysis are summarised in the following glossary.

Glossary of important constants. There are four pairs of important constants:

* Creg, Creg are the constants for the moment generating function of a regular random
walk; they arise in Definition 2.6 for a generic regular random walk, and are also used
to denote the regularity constants for the effective random walk in Proposition 2.8.
The constant cree depends only on d, and we set Cree = 3.

e crw, Crw are the decay constants for a general regular random walk; they arise in
Theorem 2.10. These constants depend only on d, Creg, and Creg.

e ¢, C are the constants in the anti-concentration and Green function estimates for
the J random walk; they arise in Proposition 2.1. These constants depend only on
d and on the constant ¢y which controls the ratio of o7 and Ry as in (1.10).

e ¢, C are the decay constants for Gz in our main result Theorem 1.5, and also in
Theorem 3.1. These constants depend only on d and cg.

To prove Theorem 3.1, we rely on a bootstrap argument: we will show that an a prior:
estimate on Fj can be improved by using the regularity of the effective random walk
established in Proposition 2.8.

Given z € Z%, 3 > 0, and ¢, C > 0, we define the statements Hs(c,C;x) and Hg(c, C)
(which at this stage are unverified) by

C oy d—2—¢ ’l‘|
C;z): —C—- :
Hole G e Foo) < o (ST ) e (o) (33)
Hp(c,C): Hgp(c,C;z) holds for all z € Z7. (3.4)

For small 3, we can restate the bound on Fj of Proposition 2.2 as follows: for d > 2,
for every C > 4C, every ¢ < %c, and every ¢ € (0, %],

Hp(c, 3C) holds (with e = 0) for 8 < (1 —6) A B(9). (3.5)

21



The fact that Hz(c, %C) holds for small § serves as the initialisation step of the bootstrap
argument. The next proposition plays the role of the contraction step. To state it, we fix
a choice of (¢, C). This choice is explained in detail in Section 3.3. Let
1 1 1 1

C = 5 10g2 A icreg A §C A ZCRVV7 C = 16C. (36)
Proposition 3.2 (Contraction step). Let d > 2 and € € (0,1). Let (c,C) be as in (3.6).
There exists 61 € (0,95 A Oreg N %] depending on (d,co,€), such that the following holds.
Suppose that J and G € G obey Assumption 1. For every 5 < 5(01),

if Hp(c, C) holds for all B < 3 then Hg(c, 3C) holds. (3.7)

Remark 3.3. It follows immediately from Proposition 3.2 that, for every 5 < §(d1), if
Hp (c,C) holds for every §' < 3, then Hg (c, %C) holds for every ' < .

We decompose the proof of Proposition 3.2 into multiscale bounds. Before introducing
the multiscale bounds, we show how (3.5) and Proposition 3.2 can be used to prove
Theorem 3.1.

3.2 Proof of Theorem 3.1

We use a forbidden region analysis which relies on an a priori continuity property. We
first establish the relevant continuity property.

As a simple initial observation, let X be any (creg, Creg)-regular random walk with
variance ¢2. Then, by symmetry and by Markov’s inequality,

PX) = 2] < 2d-P[((e1 - X1)/0 > |2]/0] < 2dCreq exp (-CregT) - (3:8)

In particular, an application of (3.8) to the effective random walk shows that, for every
B < B(dreg) (given by Proposition 2.8) and every ¢ < %creg,

Fg(x) < 2dCreg X () exp (—20%) . (3.9)

Let 61 be given by Proposition 3.2 and 0 < § < 8(d1). Given ¢ < %creg, we define

= Pt (VY el
1(8:) = Fa(wyo (22 e (e ). (3.10)
f(8) = sup, f(B; ). (3.11)

By definition, f(f;z) is continuous in 5 € [0, 5(d1)). We claim that the supremum f(53) is
also continuous in 5 € [0, 3(d1)) (in particular it is finite). To prove the claim, it suffices
to prove continuity in 8 € [0, 51) for every 51 < 3(d1). For g € [0, 1), (3.9) gives

F(B; ) < 2dCregx(B) exp < || > ” (aj v |x’)d—2—6

T o)
d—2—¢
< 2dCegXx(B1) exp (—cgig)) 0? (U‘];f]|$|> , (3.12)

where we used the facts that x(8) < x(81) (by assumption on G) and £(8) < &(51) (by
(1.25)). Note that the monotonicity of £ is not obvious from the definition of £. Since the
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right-hand side of (3.12) goes to zero as |z| — oo, uniformly in § < (31, the supremum
over z in (3.11) is attained on a [S-independent (but f;-dependent) finite set of x values.
The function f is therefore the supremum of finitely many continuous functions, so it is
continuous too.

Proof of Theorem 3.1. Let (c,C) be as in (3.6), and let §; € (0,85 A g A 3] be given by
Proposition 3.2. We prove that Hg(c, %C) holds, i.e., that f(3) < %C, for every 5 < 3(d1).
We can and do assume that § < 3(d1), since otherwise (3.5) immediately gives the desired
result.

Let 8y = . By (3.5) with § = ,
f(pH) < %C for all 8’ < f3p. (3.13)

We will prove that the combination of Proposition 3.2 and (3.13) shows that values in
(3C, C] are forbidden for f(3) for all B < 3(51).

The proof is by contradiction. Suppose that there exists S, < £(d1) such that f(B.) >
%C. By continuity of f and (3.13), there must be a B.x € (B0, 5«] such that f(B.«) €
(3C,C] and also f(8') < C for all 8/ < B... But this last condition is the hypothesis in
(3.7), and the conclusion of (3.7) therefore implies (see Remark 3.3) that f(8’) < 3C for
all 3/ < B This contradicts f(Be) > %C, so B cannot exist, and we have therefore
proved that f(8) < 1C for all 8 < 5(61).

To extend the bound f(5) < %C to 8 = B(01), we argue as follows. We know for each
x and each < B(61) that

Fg(z) < ;;; ((M)d_Q_E exp (—c%) . (3.14)

If B(01) < B, then &(B) and Fg(x) are continuous at 3(61) by our assumptions on Gg.
Thus, (3.14) extends by continuity to 5 = £(d1). Suppose finally that §(d1) = B, (the
case of primary interest, verified under additional hypothesis in Theorem 1.6). By Defini-
tion 1.3(ii), G, () is the supremum over § < . of Gg(x), and hence the same is true for
Fjg.(z). Consequently, by the monotone convergence theorem, limg ~3. x(8) = x(8.) and
limg g, |||z[3Fs]1 = |||#|3F3, |l1- If x(Bc) < oo, we additionally obtain that limg 3. £(83) =
&(Bc). On the other hand, if x(8.) = oo, then (1.25) implies that 1/£(8) — 0as 8 " (.. In
either case, (3.14) extends to 5(01) = . by continuity. Thus, we conclude that f(3) < %C
for all 5 < B(61). This completes the proof, by setting & := d;. O

Remark 3.4. In the above proof, we did not really need (3.5). Indeed, it is sufficient to
know that f is continuous and that f(0) = 0. We have highlighted (3.5) because it plays
a role in the proof of Proposition 3.2.

3.3 Reduction of Proposition 3.2 to multiscale bounds

For x with |z| < 2£(0) = 20, the exponential factor in (3.1) is unimportant. The
following proposition gives a version of (3.1) for these small x. Proposition 3.5 is proved
in Section 5.1, as an elementary consequence of our assumptions and the Green function
estimate of Proposition 2.1.

Proposition 3.5 (Bounds at small scales). There exists 6 = 65(d) € (0, %] such that, for
every B < (ds), and every |z| < 2£(0),
d—2
( o7 ) . (3.15)

oy Vx|

o
@)

Fp(z) <

d
07
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By Proposition 3.5, if ¢ < %log 2, C > 16C, and 8 < (6s), then Hg(c, %C; x) holds for
every |z| < 2£(0). In particular, we do not need to assume the bootstrap hypothesis that
Hp (¢, C) holds for every ' < f to obtain this result for small 2. However, the bootstrap
assumption becomes essential in the treatment of the scales |z| > 2£(0).

We use two different arguments depending on whether |z| 2 £(/5) or not. This threshold
corresponds to the values of |z| for which the exponential term becomes relevant in (3.1).

Proposition 3.6 (Improvement at typical length scales). Let d > 2 and e > 0. Letn > 0.
Assume that C > 16C and ¢ < %c A ich N 1. There exists 63 = 62(n,€,d) < 05 A breg N %
such that the following is true for every B < [(02): if Hg (c,C) holds for every 5" < B,
then, for every |z| > 7E(8) v 2€(0),

Fa(z) < %g (”)d“ exp (—c|x|> . (3.16)

aﬁ oy V |zl £(B)

Proposition 3.7 (Improvement at intermediate scales). Let d > 2 and € > 0. Assume
that C > 16C and ¢ < %c/\ %CRW A1. There existsn € (0,1) such that the following holds.
Let 09 = d2(n, &,d) be given by Proposition 3.6. The following is true for every < 5(d2):
if Hp (c,C) holds for every ' < B then for every 2£(0) < |z| < né(5),

1C oy d—2—¢
F < —— | ——— . 3.17
B(x)_(iaﬁ (UJ\/|:U|> ( )

It is not hard to deduce Proposition 3.2 from Propositions 3.5, 3.6, and 3.7.

Proof of Proposition 3.2. First, observe that the choice of (¢, C) in (3.6) meets all the re-
quirements of Propositions 3.5, 3.6, and 3.7. Let n, §2 be given by Proposition 3.7. Assume
that 5 < 8(d2) and that Hg (c, C) holds for every 5’ < 3. To prove that Hg (c, %C) holds,
we proceed scale by scale using Propositions 3.5-3.7.

We have already observed that Hg(c, 3C;z) holds for every |z| < 2£(0), thanks to
Proposition 3.5. For typical scales, Proposition 3.6 gives more than we need, as it says
that Hz(c, C; z) holds for every |z| > n&(8) v 2£(0). Finally, by Proposition 3.7, for the
remaining intermediate scale 2£(0) < |x| < n&(5), we have

Fy(a) < expéc"?) ;; ((TJUVJM)d_H exp <_c§’(xﬁ‘)) . (3.18)

Since n < 1 and ¢ < %log2 by assumption, this proves that Hg(c, %C;x) holds for the
intermediate scale. This concludes the proof, by setting &1 := 5. O

4 Preliminaries: integration, regularity, stability

In this section, we develop three preliminary ingredients for the proof of Theorem 3.1.
In Section 4.1, we use elementary calculus to derive consequences of the upper and lower
differential inequalities (1.13) and (I.2) provided by Assumption I. This is the only place
in the paper where (1.2) is used. In Section 4.2, we give a first application of the results
of Section 4.1 and prove Proposition 2.2. In Section 4.3, we combine Section 4.1 and
Corollary 2.9 to prove the regularity of the effective random walk stated in Proposition 2.8.
Finally, in Section 4.4, we prove the stability result stated in Proposition 2.12. It plays an
important role in the proofs of Propositions 3.6 and 3.7.
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4.1 Integration of differential inequalities

Throughout Section 4.1, we fix d > 2 and we assume that J and G obey Assumption I.
Recall that Fg = J * Gg and

172' t
=Z%m=2%mﬂMDMWmm@mﬁmb“j

2
= €7 0<t<p §(t)
(4.1)
It is only in this section that we use the definition of E(f5). Subsequently we will only
use the fact that E(8) < 0 for every 5 < ((9), by the definition of 5(J) in (1.24).

Proposition 4.1. For every 0 < 8/ < 8 < f3,

!/ 1 1 /
(6_6)(1_E(6))§X(B’)_mgﬁ_ﬁ’ (4.2)
and, if E(B) < 1,
% = E(ﬁ) x(8) 1-2E(B)
() ) <(@) 3

In particular, if E(B) < 5 then £(B) <&(B).

By taking § € (0,1) and 8 < (), the second inequality of (1.25) is seen to follow
immediately from (4.3). By choosing 3’ = 0 and 8 < 3(9) in (4.2), we find that 5(1—0) <
1/x(0) = 1, which implies that

B < (1-8)7" (4.4)
as stated in the first inequality of (1.25). Also, with § € (0,1), 8/ =0, and 8 < B(d) =
B(8) A (1 —8)~1, (4.2) rearranges to

1 1
- =g

Proof of Proposition 4.1. We begin with (4.2). It follows by summation of the differential
upper bound (1.13) that

(4.5)

Ipx(B) < D (Fs+Gp)(z) = x(8). (4.6)

x€Z4

Similarly, it follows from summation of the differential lower bound (I.2) that

0sx(B) = Y (Fg*[J — Hp] % Gg)(z) = (1 — | Hgll) x(8)* = (1 = E(B)x(B)*.  (4.7)

rEeZd

The combination of (4.6)—(4.7) gives

(1-E(B) < -dsx(B)" <1, (4.8)

and then integration over the interval [3’, 3] gives (4.2). For later use, we also observe
that (4.6)—(4.7) yield

9 log x(B) < x(B) < 9 log x(B). (4.9)

b
1—E(p)
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To begin the proof of (4.3), we note that by definition and by (1.19),

Dp(X(BE(B)") = D [w305Fp(x) < Y |zl3Fs(y)Fa(x — ). (4.10)

xcZd z,y€Zq

We insert |z|3 = |y|3 + 27 - (x — y) + |z — y|3 in the right-hand side, and observe that the
cross term vanishes by symmetry of Fj3. Therefore,

(X (B)E(B)?) < 2x(B)*E(B)*. (4.11)

We apply the lower bound of (I.2) in a similar manner. With the inequality
llzPGslly = lllz*Fally = o7x(8) < lll«]*Fpll1, (4.12)
and with our assumption that Hg(x) = Hg(—x), this leads to

Is(x(B)E(B)?)
> > |wl3 [(Fp * Fs)(z) — (Fg « Hg % Gg)(x)]

x€Z4

= 2x(8)°¢(8)” — x(B8)*lIl13 - Hpllr — x(B)* | H3l1£(8)* — x(B) || Hpllr - Il|[3 - Gl
> 2(B)*€(8)* — x(B)’Ill=[3 - Hpllx — 2] Hallx(8)*&(8)?

> 2(1 - E(8))x(8)%(8)% (4.13)
Together, (4.11) and (4.13) give
2(1 = E(8))x(8) < 95log(x(B)E(B)?) < 2x(B). (4.14)
With (4.9), (4.14) gives
2
2(1 — E(B))9slog x(8) < d3log(x(B)&(8)?) < T gl X(B). (4.15)
Then, (4.3) follows after integration over [, 8]. This completes the proof. O
The following corollary of Proposition 4.1 shows that the ratios % and ( )
comparable up to constants, as long as 3 — 3’ is sufficiently small that the ratlos % (( ))
and Z(%) are not smaller than E(f).
Corollary 4.2. Let 0 < 8/ < 8 < B,.. If E(8) < 1X ((%) 5(55({;')))2 and also E(8) < 1,
then
1x(8) (5(5’))2 X(8)
— < <2 . 4.16
223 < \e@) =30 (10

Proof. The claim follows from (4.3) and basic algebra. Let a = (%) b= (( B/))’ and

E = E(B). Then 0 < b < 1, and since E < % it follows from Proposition 4.1 that also
0 < a < 1. We will use the facts that

1 1 1
tt > 5 and /% > 5 fort>0,  —— <1+2t forteo, 1. (4.17)
The inequalities in (4.3) can be restated as
1
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Suppose first that £ < 1b. Then, a combination of (4.17) and (4.18) gives the required
bounds

1
azb-zﬂ(ﬁ*”zb-b“Ezb-bbzbé (4.19)
and . 1
Now suppose that £ < ta. In this case we restate (4.3) as
J 1
a-aT26 " <b<a-—5. (4.21)
al+E

In the lower bound on b in (4.21), the exponent of the second factor is at most 4F < a, so
the left-hand side is bounded below by %a. The right-hand side of (4.21) is increased if we
increase the power to 2F < %a, so the right-hand side is bounded above by 2a. Together,

this gives the desired bounds %b < a < 2b in this case, and completes the proof. ]
Recall that
Zg 5= (B~ B)x(B). (4.22)
In particular,
Zog = . (4.23)

The following proposition shows that Zg g is close to and less than 1 as long as § — '
is sufficiently small that the ratios 1) ang é(wﬁ are not smaller than F(3). The

i 4 x(8) £(8)
upper bound on Zg g is the useful one in our analysis.

Proposition 4.3 (Bounds on Zg g). Let 0 < ' < 3 < .. Then,

x(8) x(8) 1
=@ <7< (@) imTaEsy (424
In particular, if E(8) < %i((%/)), then
X8 C1x(8)
L@ ST 42
If we assume instead that E(f) < %(55((’%/)))2 A3, then
(A8 C1EB)y?
-2 (G) <mesi-5(5) (4.26)
Proof. The upper bound in (4.2) implies that
1= 0 < (5= ) = 2o (127)

which is the lower bound in (4.24). The upper bound in (4.24) is vacuous if E(5) > 1,
while for E(8) < 1 the lower bound in (4.2) yields

X(B)
x(8)

(1—-E(B)Zgs<1-— (4.28)
which is the upper bound in (4.24).
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For the upper bound of (4.25), we again use (1 —¢)~! < 142t for t < 1, so that (4.24)
and the assumption on E((3) give

WO [+ Ix)\ _ 1ud)
Zos< (1-X5) (1 53) <1 0 (4.29)

@)
Finally, for (4.26), we apply Corollary 4.2 to see that E(3) < %(i((g)))Q < %%, and then

apply (4.25) and again use the bounds of Corollary 4.2. This completes the proof. O

Theorem 1.7 is contained in the following proposition.

Proposition 4.4. For ¢ € (0,1), 8 < 5(5), and E = E(B(6)), we have

1 1
X(B(0)~t+ (B(6) — B) <x(B) < Y(BO) T+ (B(6) — p)(1— B)’ (4.30)
X(B) 7% < SET?Q < X(B)TE. (4.31)
Assume that 5(0) = Be and x(5.) = co. Then,

1< 8. < ﬁ (432
Be— B < x(B) < 1—1E501_5’ (4.33)

L SR () 1 =
(&—5> S §<u—Em%—m> | (4.34)

Proof. The inequality (4.30) follows by replacing (5', 8) by (8,(4)) in (4.2), and (4.31)
follows from (4.3) with 5’ = 0. To prove (4.32), we set ' = 0 and take the limit 5 1 3(d) =
Be in (4.2). The inequalities (4.33)—(4.34) follow by setting x(5.) = oo in (4.30)—(4.31). O

4.2 Proof of Proposition 2.2: bounds on G and Fj for g < 1
We now prove the bounds on Gz and Fj for 8 < 1 stated in Proposition 2.2.

Proof of Proposition 2.2. Let § € (0,1] and 8 < (1 — &) A 3(5). We start with the bound
on Gg(z). It follows from (2.8) and Proposition 2.1 that, for every x € Z¢,

C

Gy() < Cp(z) < do(a) + —

(o) o)

The second inequality in (4.3) gives that

1

£B8) _ (x(B\27°
€0) = (X(O)) - (4.36)

Combining (4.5) with the inequality 1 — ¢ >  yields

x(B) 1 1
X0 ST-(1-0F - 1- 5

(4.37)
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Insertion of (4.37) into (4.36) gives

= G5
2 (141rﬁ>%_5 > <2i5>§_6 = % (4.38)

where last inequality follows from elementary calculus to minimise the penultimate ex-
pression. Combining (4.35), and (4.38), we obtain, for every x € Z,

Gs(x) < Cala) < do(x) + % (Uv"m>d_2 exp (—‘:'f”‘) . (4.39)

This completes the proof of (2.9).
Next we consider Fg = J x Gg. By (2.8),

_!
B

For the case 8 > 3, we immediately obtain (2.10) from the bound on Cg(z) in (4.39), with
Cy = 2C. For the remaining case § < %, it follows from the monotonicity of Fjg, (4.40),
and the bound on C, j5(z) from (2.6) that

Fp(x) < (J * Cp)(2) = Z(Cp(x) = do(2))- (4.40)

Fg(x) < Fija(z) < 2(Cypa(x) — do(z))

C o \4? 1 |z
<2— | —— —c—=—). 4.41
- Tod (U\/]:E|) exp( Cﬁa) (441)

Since £(8) > £(0) = o by (4.36), we then obtain (2.10) with Cy = 2C and ¢ = jc, from
the observation that
(4.42)

This concludes the proof. ]

4.3 Regularity of the effective random walk

We now prove Proposition 2.8, which states that the effective random walk introduced
in Definition 2.3 is uniformly regular for § < [(dreg) With 0y sufficiently small. Con-
sequently, for every 5 < [(dreg), the effective random walk obeys the anti-concentration
and Green function estimates of Theorem 2.10, with uniform constants (cgw, Crw) that
depend only on d. The fact that (creg, Creg) and (crw, Crw) do not depend on J or f3 is
essential for our proof.

Proof of Proposition 2.8. The effective random walk X with law Pg is symmetric by defi-
nition. Let
L:=2"=128. (4.43)

Let 0 > 0, to be chosen small enough. In particular, we assume that § < ﬁ. Fix g < B(6).
Then x(8) < co. Recall that

Mp(s) = Eglexp(s(er - X1)/£(8))]. (4.44)

It suffices to prove that we can choose d,c; > 0 such that Mg(c1) < 3 for every 5 < ((9).
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We define a finite integer K by
K :=min {kz > 0 : there exists By < (1 — 5r) such that x(8y) = L_kx(ﬁ)}. (4.45)
With 5y so defined, for 0 < k < K we introduce [ by setting

X(Bk) = L*x(Bo). (4.46)

In particular, g = 5. We will prove by induction on k that Mg, (c1) < 3, for appropriate
d,c1 > 0.

To start the induction, we prove that Mpg,(c1) < 3, with ¢; > 0 to be chosen. By

Proposition 4.1 and the fact that (by definition of 5(¢))

1 1

E < o< —< =

B <o< <y

we have &(Bp) > €(0) = o5. Let Ao = exp[ei/co] where ¢p is given by (1.10). Then

My(c105/€(Bo)) < exp(clggé))f—j) < Xog- We require that ¢; = c¢i(co, L,d) > 0 be suf-

ficiently small that Ag < 1+ ;5. Then BoXo < (1 — 57)(1 4+ 5-) < 1 and hence, by
Corollary 2.9,

(4.47)

1 Mo(c1o7/£(Bo)) < Mo 1

Maoler) < X(Bo) 1 = BoMo(c1o7/€(Bo0)) ~ x(Bo) 1 — Boo’ (4.43)
Also, since § < ﬁ, (4.5) implies that
1 x(0) _ B _ _ 1
s <= A=0) <1y (1- 1) (4.49)
As a result, we have
1 1—(1— )t
Mg, (c1) < (1 + 4L> te[(iaxi} e ﬁ)t
(o N1 —5p)
(1+4L>1_(1+41L)(1_21L)§3. (4.50)

To advance the induction, we assume that Mg, (c;) < Cp and prove that the same
bound holds when k is replaced by k + 1. To abbreviate the notation, we write

Zg Zﬁkzﬁlﬂ»l' (4'51)
bet §(Br)
L k

TR = f(ﬁk+1) (4.52)

By Corollary 2.9, if Z; Mg, (c1r) < 1 then

x(Bk) Mg, (erry)
X(Br+1) 1 — ZpMg, (crry)

To apply this, we must show that Z; Mg, (c17;) < 1. For this, we will make use of the fact
that (4.47), Corollary 4.2 and Proposition 4.3 imply the upper bounds

X) _ 2 g L xB) 1

X(Brs1) L’ - 2x(Bep1) 2L

M3k+1 (Cl) < (4'53)

r2 <2 (4.54)
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It is elementary that for any 0 < |u| < |v|, we have

u?  ut
coshu <1+ 1 + o coshv, (4.55)

and hence for any real and symmetric random variable U and any 0 < s < ¢,
s? s\*
Elexp(s0)] = Elcosh sU] < 1+ 5 E[U?] + (t) Elexp(tU)]. (4.56)

We apply (4.56) to Eg, with s = ¢17g, t = ¢1, and U = (e; - X1)/&(Bk). By symmetry,
Eg, [U?] = L. Therefore, by (4.54) and the induction hypothesis,

2 2)\? o 12\ 1
We choose c¢; small depending on L, so that the above gives
151
M, (eiry) <14+ 7. (4.58)

15 _
Then, by (4.54), and since 12 = 15 < 1/2,

1 151 1 15\ 1
S T+ ) <1 (2 -2 ) i
Zy, Mgk (clrk) (1 5 ) (1 > 1 (2 ) <1 (4 59)

This allows us to apply (4.53), to obtain

1 1+381 2435
Mg, (c1) < + LI _15)I —1_30" (4.60)
2 L/L L

By choice of L, the right-hand side is less than 3. This concludes the induction and the
proof.

Something important just happened: we gain by Z <1 — 5 and we lose by 1+ L2 in
(4.57) when ¢ is small enough. When we take the product Of these two effects, we still
gain. The potentially bad effect of the constant 15 is overcome by a choice of large L.

To summarise the two cases, we have obtained that for L = 128 and § < 4 7, for every

B < () we have
Mpg(c1) < 3. (4.61)
We now set Oreg 1= ﬁ =279 and (Creg, Creg) = (c1,3). This completes the proof. O

4.4 Stability of the finite-volume susceptibility

We now prove the stability estimate stated in Proposition 2.12 and reformulated in
(2.32). For k > 0, the finite-volume susceptibility is defined by

= Y Fs(x). (4.62)

rENL

Proposition 4.5 (Stability estimate) Let d > 2. Suppose that J and G both obey As-
sumption 1. There exist dstap € (0, 10] and Cgap > 0, depending only on d, such that, for

every 5 < (dstab),
Xe#)(B) < Cstanx(8), Ve < 8. (4.63)
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Remark 4.6. Let (Creg, Creg = 3) be the regularity constants of the effective random walk
from Proposition 2.8, and let Cryw = Crw (Creg, Creg) > 0 be the constants of Theorem 2.10.
The proof of Proposition 4.5 shows that the constant Cg;,1, can be chosen as Cgtap, = 32Crw .

The proof of Proposition 4.5 builds on the following three elementary lemmas. The
first lemma is a straightforward extension of Lemma 2.5. Its bound on Fj(z) serves as the
starting point for bounding x¢(s/)(8) in the proof of Proposition 4.5.

Lemma 4.7. Let 0 < 8/ < < B.. For every T > 1 and every x € 74,

Fy(z) < (Z sV 1T (X(B)(Grp(2) = o)) + Y Fal2)Pa[Xr =z —2]).  (464)
z€Z4
Proof. Let T > 1 and = € Z%. Recall from (2.15) (with G replaced by F) that
T-1
Fa(z) <Y Z% sBp[Fg(x — Xi)] + Z gBa [Fa(z — X7)]. (4.65)

By (4.65), and since Zg 3 < (Zg g V 1), we obtain

T-1

Fy(z) < (Zgr gV 1) 'X(8) Y PolXipa = 2]+ (Zg s V1) Y PolXr = 2] Fp(z — 2)
k=0 2€74
< (Zp5 V1) (X(B) (G () = o(2) + > Fa(2)Py[Xp =2 — 2]). (4.66)
ze74
This completes the proof. O

The second lemma provides a means, given a bound on a finite-volume susceptibility
for one volume, to extract a bound for a larger volume. As is clear from its proof, the
exponent % in (4.68) could be reduced to any exponent a > 2 by choosing ¢ appropriately
small. We use % as a concrete choice; later we only need that d > a, which is satisfied for
every d > 2.

Lemma 4.8. Let § < 55 and 0 < 8/ < B < B(6). Assume that there exists C1 > 1 such
that, for every " < B with g((ﬂ )) > 2, the inequality

Xeam)(B) < Cix(B8”) (4.67)

holds. Then, for every k > 2,

Xre(s)(B) < C16°2x(B)). (4.68)

Proof. Fix § < %0 and 0 < ' < B < B(5). Let k > 2. We consider two cases. First,
suppose that k€(8') > £(B). By (4.3) and the fact that %5 < 3,

5/2
(@ <x(8) = b < (U)o <o) o)

If instead k£(8') < £(), then we define 8” < 8 by the requirement that £(8”) = k&(8').
Since k > 2, we have i((%l,l)) > 2. It then follows from (4.67) that

£8”)
§(8")

This concludes the proof. ]

5/2
Xre(3) (B) = xe(pm (B) < Cix(8") < Cy ( ) X(B') = C1k"2x(B"). (4.70)
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The third and final lemma is an elementary estimate. It will be used in conjunction
with Lemma 4.8 to handle the convolution appearing in the last term of (4.64).

Lemma 4.9. Let a, K > 0 and £ > 1. Suppose that f : Z¢ — [0,00) satisfies, for every
m > 2,

> fly) < Km*~. (4.71)

IGAmg

Then, for every k > 0, there exists Cy = Cy(k, ) > 0 such that, for every T > 4,

> f(x)exp <_“g’\:;|f> < CoKT*/2. (4.72)
x€Z4

Proof. We decompose the sum into annuli centred at the origin. For this, we define radii

ug := 0, uy := VT, and upy1 := 2uy, for k > 1. We also let op(z) = exp(—mg‘%). Then,

as VT > 2, we can apply our hypothesis on f to obtain

Yo f@er@) =) > fl@)er(x)

x€Z4 k>0 up <|z|<up41

< Y f@+ e Y )
z€A£¢T m>1 xGAQm§¢T
< KT? 4+ Y e 2" K(2mVT)e. (4.73)

m>1

The right-hand side is bounded by a constant multiple of K T%/2, with a constant depend-
ing only on x and a. O

With Lemmas 4.7—4.9, we are now in a position to prove Proposition 4.5.

Proof of Proposition 4.5. Let ¢ € (0, %0] to be chosen small enough, and Cg;,p, to be chosen

large enough. Fix § < 3(6). We recursively define a decreasing sequence (¢)¢>o as follows:
e Set [y := f.

e Assume that fy,..., 8¢ have been constructed. If £(5,) € [£(0),2£(0)), we stop the
construction. Otherwise, we define Br1 € [0, B¢) by £(Be41) = 5&(Be)-

e Let M > 0 be the largest ¢ such that 5, has been constructed, and let 8p;+1 = 0.

We now assume that 6 < e, With dreg given by Proposition 2.8. For such 4, the effec-
tive random walk is uniformly (cyeg, 3)-regular for some cyeg = Creg(d) > 0. The bounds
for regular random walks in Theorem 2.10 therefore apply. Let Crw > 1 be given by
Theorem 2.10 for the pair (creg, 3).

We will prove that if § is small enough, then for every 0 < £ < M, we have

Xe(s0) (B) < 4Crwx(Be)- (4.74)

We claim that the above is sufficient to conclude the proof, with Cyiap, := 32Crw. Indeed,
let 8 < 8 (there is nothing to prove if 3’ = ). There exists a unique 0 < ¢ < M such
that 8" € [Bes1, Be). Therefore,

X(Be)
x(B")

Xe3)(B) < xe)(B) < 4Crwx(Be) = 4Crw x(B) < 32Crwx(B), (4.75)
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where in the first inequality we used § < % and Proposition 4.1 to see that £(8") < &(Be),
in the second we used (4.74), and in the last inequality we used (4.3) and the assumption
that § < % to obtain

2
X(BZ) < (£(ﬁ€)> 1-20 < 23 —§. (476)
X(B") — \&(B)

We prove (4.74) by induction on ¢. First, observe that (4.74) for £ = 0 follows from
the fact that 4Crw >4 > 1.

To advance the induction, we fix 1 < ¢ < M and assume that (4.74) holds for all values
m < £ —1. Our goal is to prove (4.74) at ¢. Let ' = f, n := &(8'), Z := Zg g, and
P = Ps. By (4.64), for every T > 1, and every x € Z¢,

Fa() < (ZV )T (X(B)G() + 3 Fa(e)P[Xr =2 —2]), (4.77)
z€Z4%

where G is the Green function associated with the effective random walk at 8 at Z = 1.
Summation of (4.77) over x € A,, gives

(8 £ 2V (GAE) + T Fal2PiXr € Au(2)): (4.78)

2€74

Since it follows from Theorem 2.10 that G(A,) < Cgrw, the first term on the right-hand
side of (4.78) obeys

(ZV1)TG(A)X(B) < (Z V1) Crwx(B). (4.79)

For the last term in (4.78), the anti-concentration estimate (2.29) gives, for every z € Z4

Crw ||
PX7 € An(2)] < 5% exp (—chn ﬁ) . (4.80)
In order to apply Lemma 4.9, we need to show that there exists Co = Cy(d) > 0 such that,
for every k > 2,

Y- Fa(a) = xwn(B) < Cox(8)k. (4.81)

€A,
By Lemma 4.8, (4.81) will follow if we show the existence of C5 = C3(d) > 0 such that for
any 3" < 3 with i((iﬁl,l)) > 2,
Xean)(B) < Csx(B8”). (4.82)

However, if 3” is as above, then 8" > 3,_1. Therefore, by the induction hypothesis and the
same computation as in (4.75), (4.82) is satisfied with C5 = 32Crw. Hence, the conclusion
of Lemma 4.8 holds and so does (4.81) for some Cy = Cy(d) > 0. We can now take T' > 4
and apply Lemma 4.9 with o = % and K = Cox(f') to find Cy = Cy(d) > 0 such that

3" Fs(a)er(z) < Cax(8)T/*. (4.83)
xcZ4

The combination of (4.80), (4.82) and (4.83) gives the existence of C5 = C5(d) > 0 such
that

Y Fa(2)P[ X1 € Ay(2)] < x(8"). (4.84)

l(d_é)
2€7% e 2
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Since d > 3, we may choose T large enough (depending only on d) that

05
— < 4.
This shows that
(Zv )T Y Fa(2)P[X7 € Ap(2)] < (ZV 1)  Crwx(8). (4.86)

2€74

We now insert the bounds (4.79) and (4.86) into (4.78), and obtain

Xn(B) <2(ZV 1) Crwx(8). (4.87)

Finally, it follows from (4.24) that (Z v 1) < (1 — §)~!. We choose § small enough
(depending on d) such that (1—§)~7 < 2. For this choice, (4.87) gives x,(3) < 4Crwx(8'),
and the induction step is complete. This concludes the proof. O

5 Proof of the multiscale bounds

We now turn to the proofs of the three remaining propositions, Propositions 3.5-3.7.
Throughout the section, we fix d > 2 and € > 0. We also suppose that J, G satisfy
Assumption I. For convenience, we drop the subscript J in the notations and write simply
o instead of 0 ;. We always assume that § < dreg A dgtap SO that Propositions 2.8 and 4.5
hold. As a result, by Proposition 2.8, we know that the effective random walk is uniformly
(Creg, 3)-regular for every § < ((d). This allows us to apply Theorem 2.10 with constants
(crw, Crw) which depend on (creg, Creg = 3, d).

5.1 Proof of Proposition 3.5: bound on Fj;(z) for |z| < 20

Recall that the constant C, which appears in (3.15), is the constant arising in the
estimate for the Green function C of the random walk Py, in Proposition 2.1.

Proof of Proposition 3.5. We will prove that there exists ds € (0, %] such that, for every
B < B(3,) and every [z] < 26(0),

d
Fy(2) < 2(Ca(e) — do(x)) +2C (210) . (5.1)

We can bound the right-hand side using Proposition 2.1, which together with |z| < 20

o <c1<x>5o<x>)+C<2la>d§C< ; >d2+c(a)d2' o

o \oV || o \o V |z

With (5.1), this proves our goal (3.15).

It remains to prove (5.1). Let § € (0, %] to be taken small enough, let 8 < 3(d), and
set f/ = 0. Then x(8') =1, Py = P;, and Gy g = C;. We write Z := Zg 3. By (4.64),
for every T > 1 and every z € Z¢, we have

Fy(z) < (ZV )T ((Ci(2) = o)) + Y Fp(2)Ps[Xr =z — 2]). (5.3)
z€Z4
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Our main effort is to bound the second term on the right-hand side of (5.3). We argue as
in the proof of Proposition 4.5. The anti-concentration estimate (2.5) asserts that there
exists (c, C) (depending on d and cq from (1.10)) such that, for every z € Z%,

c 2|
P Xy =2] < —apa2 &P (_CO'\/T) . (5.4)

Since |z| < 2£(0), the choice T' > 4 in (5.4) gives, for every z € Z¢,

Py Xr=2—2] < ¢ e ( c 12 )e (c 2%>
=x— ————=exp | — xp ( c—=
J|AT > O'de/2 p O'\/T p T
Ce€ |2

Proposition 4.5 and Lemma 4.8 then imply that, if § < dgtap, then for every k > 2,

Z Fi(z) < Cstaka/QX(ﬂ/) = Ciabk®?. (5.6)

2€ENLs

We apply Lemma 4.9 with o = %, f = Fz, and K = Cgap, to obtain C; = Ci(c,d) > 0
such that

Z Fg(z)exp <_Co’\z/’T> <o (5.7)

2€Z4

The combination of (5.5) and (5.7) gives Co = Ca(c,d) > 0 such that, for every 7" > 4 and
every [z| < 2€(0),

S Fs(o)Py[Xr =2 2] < C (5.8)
z€Z4 UdTE(d_i)
Since d > 2, we may now choose T' large enough so that
Co C
< —. .
T3(@-3) = 2 (5:9)

Finally, we pick ¢ sufficiently small so that the prefactor on the right-hand side of
(5.3) satisfies (Z v 1)T < (1 —0)~T < 2. With (5.7)-(5.8), we see that the second term
on the right-hand side of (5.3) is at most 2C(2¢)~?. This proves (5.1) and completes the
proof. O

5.2 Proof of Proposition 3.6: contraction step for typical scales

Sections 5.2 and 5.3 are dedicated to the proof of the contraction step of the bootstrap
argument, namely Propositions 3.6 and 3.7. We now prove Proposition 3.6.

Recall that, for every z € Z4, for every f > 0, and for ¢,C > 0, Hp(c,C;x) and
Hp(c, C) are the statements:

C A |z|
; : < —=(—— —C—— .
Hp(c,Ciz): Fg(z) < ~d (g\/ |x|> exp ( Cf(ﬁ)) , (5.10)
Hs(c,C): Hg(c,C;z) holds for all z € Z%, (5.11)

Proposition 3.6 can be reformulated as follows: if n > 0, C > 16C, ¢ < %c A icRW A1,
then there exists 2 small enough such that for every 5 < [(d2), if Hg (c, C) holds for
B’ < 8, then Hg(c, %; x) holds for every |z| > n&(8) V 2£(0). The improved bound will be
obtained by relying on the finite-difference inequality (I.1).
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We stress that the proof of Proposition 3.6 is the only place in the entire paper where
the assumption that € > 0 is used. We begin by stating two simple lemmas. The first one,
an elementary consequence of (I.1), is the starting point of the proof. Recall from (2.12)
that the Green function of the effective random walk is defined, for Z € [0,1] and x € Z4,
by

Gzp(z) =Y Z'Py[X; = al. (5.12)
k>0
Lemma 5.1. Let 0 < ' < 3 < f3. be such that Zg g < 1. For every m > 0 and every
x € Z¢ with |x| > m, we have

xXm(B') sup  Fp(x —y) + Z F/B/(y)GZﬁ,ﬁ”g/ (x —y). (5.13)

Flg (x) S
X(B') yeAm(0) y&Am (0)

Proof. By the finite-difference upper bound in (I.1),

Fy(x) < Fy(x) + (B—8) D Fo(y)Fs(z —y). (5.14)
yezd

The contribution to the convolution sum due to y € A,,(0) can be rewritten and bounded
(since Zg g < 1) by

Zp Fa(y) Fy(a — Xm (5) F - 5.15
B, PO S Sy g e )

This gives the first term on the right-hand side of (5.13).
From (2.16) with G replaced by F, we see that

(B—B)Fs(x) < Zy gy Zk sPa (X1 = 2] = Gz, , o (2) — So(). (5.16)
k>0

By (5.16), the remaining part of the right-hand side of (5.14) is therefore at most
Fﬂ’ Z FB/ Gzﬁlﬁﬂ/( —y)—ég(x—y)] (517)
y&Am (0)

By our assumption that |x| > m, the first term is cancelled by the Kronecker delta. This
completes the proof. ]

To bound the last term on the right-hand side of (5.13), we will use the following
convolution lemma. We defer the elementary proof to Appendix B.

Lemma 5.2. Let a,b,c1,¢0,0,§ > 0, up > 0 and € € [0,1]. Suppose that the functions
f,9:7% —[0,00) satisfy

f(z) < q% ( ) —“Wf, (5.18)

oV x|

) T tlal/e. (5.19)

slhele)) < e

Then, there exists Cq, > 0 (depending on a, p,d) such that for every |xz| > 2(o V §),

1 |z| 6( d —alx|/2¢ ( § )E —b:p|/2§>
— R — - —_— .
E fWglz —y) < o2 [z]d2 ( pn ) 2%gll1e + c2Ca 2] e

Y& e (0)

EV |

(5.20)
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We are now in a position to prove Proposition 3.6. Let cgw and Crw be given by
Theorem 2.10, for the pair (creg; Creg) = (Creg, 3) provided by Proposition 2.8.

Proof of Proposition 3.6. Let d > 2, ¢ >0andn > 0. Let C > 16C and ¢ < %C/\%CRw/\l.
Our goal is to prove that there exists do = d2(n,€,d) < 65 A Opeg A % such that, for every
B < B(02), if Hp(c,C) holds for every 5’ < 3, then, for every |z| > n&(B3) Vv 2£(0),

Fa(x) < % <|§’>E 02|xl]d_2€Xp( cg‘(ag)) . (5.21)

On the right-hand side, we used our assumption that |z| > 2£(0) = 20.

Let 6 < % N Oreg N\ Ostab, Where Oreg and dgar, are respectively given by Propositions 2.8
and 4.5. If 8 < By := (1—=9)AB(9), the desired bound (5.21) is already known from (2.10).
We can therefore assume that 5 € (5y, 3(d)). Fix such a 8. We wish to apply Lemma 5.1,
which states that if 0 < 5’ < 8 are such that Zg g < 1, and if |x| > m > 0, then

/
Fg(x) < Xm(’é) sup Fg(x —y)+ Z Fg(y)Gz, ,p(z —y). (5.22)
X(ﬁ) yEAR(0) Y& Am (0)
Later in the proof, we write the two terms on the right-hand side of (5.22) as (I) and (II).
To apply (5.22), we need to pick 8’ and m. These choices are made in terms of £(f3),
as follows. First, given 0 < 8" < B’ < 3, we set

m=¢(B"), n=£6), N=£0). (5.23)
Given 8" and ', we use u,v € (0,1] to denote the ratios
_m_g@) a8
nTe@) VTN (24

We will want to take p, v to be small, but we must have m = pvN > £(0) in order to have
the existence of 8 with m = ¢(8”). This can be accomplished as follows. First, if § < %
and 5 < 3(9), (4.3) and (4.5) yield

1
£B8) _ (x(BN2° _ (x(B\* 1
0200 zGe) zagaoaow (5.25)

£(50) 1 o1
§0) ~ A-QQ -0+~ (20)/+
Therefore, given any u, v < 1, we can choose §(u, v) to be small enough that m = uvé(g) >
pré(Bo) > (26)1/4¢(Bo) > £(0).
For (5.22), we also need |z| > m = pvé(B). With later needs in mind, we require that
v < in. Then, since we assume that |z| > 1é(53), we (more than) ensure that |z| > m
since m = ,uVN <vN < %nN . In the following, we will first fix u, and then choose a v
satisfying v < 277 (With further restriction below). This adds n-dependence to §. We also
require that § < (u A v)? so that the conclusions of Corollary 4.2 and Proposition 4.3
hold with the pairs (5", 8') and (5, B).
By Proposition 4.5 and (4.16), the ratio in the first term on the right-hand side of
(5.22) obeys

S0,

(5.26)

xm(8) _ xewn(B) x(8”) S (EBN
v =S <2 (5m) Ot o
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By the assumption that Hg(c, C) holds, and by using pun/N = pr < 1 and our assumption
c <1 in the exponent, we see that

_ C( o N (el
B se G (opm) (o) 6

Since |z| > nN, and since pv < v < 37, we have

un 111% 1
] — un > 2] (1—77N> a2 (1_77) > 2ol (5.29)

Therefore, with the choice
1 1
2

= 620202’ (5.30)

I

the first term of (5.22) obeys

I) < %% (a \7|x’>d_2_8 exp <_C§’(xﬁ|)) . (5.31)

To handle the second term on the right-hand side of (5.22), we apply Lemma 5.2 with
f=Fp,9=GCg, p, = &(B'), and with the p we chose in (5.30). The hypothesis on
[ is verified by Hg (c,C) with ¢; = C, a = ¢, £ = n, and the hypothesis on g is verified
by Theorem 2.10 with ¢; = Crw, b = crw+/1 — Zg 3, & = n. It therefore follows from
Lemma 5.2, since |z| > nN > 2n (as v < i7) and Gz, 4l =(1— Zg 5)7 L, that

= o2z]d2 \ o

€ d g
< S (1) (12 7 4 G (1) e—CRW—ZIw/Qn>, (5.32)

where Z = Zg 3. By (4.26) applied to (4, 3), we have

1,/n\2
Z<1- Z(N) . (5.33)
Since ¢ < %CRV\], we also find
1-7 1 c
— >4c— = —. .
CRW on = 4C4N N (5 34)

We use the above, together with |z| > 7N, to conclude that there is a constant C; =
C1(d,n,c, ) > 0 such that

nye C ||\ ([ N\?T¢ _ _
<) ez () () o Pore=i). 6a)
Again using |z| > nN, we see that
lz| |z N |z| _ || N
%_W+(%_1)W2F+(%_l)n’ (5.36)

and hence

2+4¢ 2+e
(JZ) e—clel/2n < =clal/N en (N) 31N/ < Co(e,m )el N, (5.37)



Therefore, by (5.35) and (5.37), there is a constant C5 = C3(d,n, ¢, u,e) > 0 such that
C 2]\ ® |z]
(II) S C3VEW (0‘) exp (—CN> . (538)

The inequality (5.38) holds for any v such that v < %77. In terms of our fixed choice
of p in (5.30), we can now choose v small enough (which entails taking § small) so that
Csrf < %6

From the bound on (I) in (5.31), together with the bound on (II) in (5.38) with our
choice of v, we obtain the desired result that

Fa(z) < (116 + 116> 02’3(;“_2 (T)Eexp (—c‘f)) . (5.39)

This completes the proof. O

Remark 5.3. The need for € > 0 occurs only near the end of the previous proof, to
achieve C30° < %. This is the essential element of the contraction proof for typical scales.
There is no additional need for € elsewhere in the entire paper.

5.3 Proof of Proposition 3.7: contraction step for intermediate scales

The proof of Proposition 3.7 uses the following elementary convolution lemma, whose
proof is deferred to Appendix B.

Lemma 5.4. Let p,a > 0. Fori = 1,2, suppose that f; € £1(Z%) satisfy 0 < fi(x) <
a(1V |z|)7P for every x € Z. Let k > 1. Then, for every x € Z2,

(f1*f2)(:v)<a(k1pr1II1+2p > (fl(y)+f2(y)))- (5.40)

(LV fal)? yEArm (0)

Proposition 3.7 establishes an improvement on the bound on Fg for the intermediate
scales 2£(0) < |z| < n&(B). We do not use € > 0 in the proof of Proposition 3.7—the
parameter € is merely a spectator.

Proof of Proposition 3.7. Let d > 2, ¢ > 0, C > 16C, ¢ < %c A %CRW A1 and let 99 =
d2(n,e,d) be given by Proposition 3.6. Our goal is to prove that there exists € (0,1)
such that the following is true for every 8 < ((d2): If Hg (c,C) holds for every 5’ <
then, for every 2€¢(0) < |z| < 7&(8),

Fy(z) < éa (U v”|x|)”5. (5.41)

Since |z| > 2¢£(0) = 20, the above is equivalent to

1 lz\® 1

Let n € (0,1) to be chosen small enough. Let 8 < £(d2). Fix = with 2£(0) < |z| <
né(B). We may assume that 2£(0) < n&(5), since otherwise there is nothing to prove.
Then, since 2/n > 1,

£(0) < '“’;‘ < €(p). (5.43)
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Since £(f) is monotone increasing in 5 < [(d2) (by Proposition 4.1), we can choose
0 < B’ < B such that || = n&(B’). With this choice, we apply (1.1) to obtain

Fg(x) < Fg(x) + (B — B')(Fp * Fg)(x). (5.44)

For the first term on the right-hand side, we apply Proposition 3.6 at the parameter 5’ to
get

Ifﬂl) 1
Fg(x) < C —_—. 4
@) <50 (2) o (5.45)
The second term on the right-hand side of (5.44) is
Z/B/ 6 2
= (Fgr % Fg)(x) < Fg x Fg)(x 5.46
w5 Fo e Fp)(@) = s (B x Fg) ) (5.46)

X
because, by (4.24), Zg g < ﬁ < 2 since §9 <
to show that, if n is small enough, then

1. As a result, to prove (5.42) it suffices

lz[\* 1

(6’

Given that Hg (c,C) and Hz(c, C) hold, the functions fi = Fjg and fo = F obey the
hypothesis of Lemma 5.4 with p =d —2 — ¢ and a = Co~27%. Since f; < fo, this gives,
for every k > 1,

2\ 1 1 d—2—c Xkjz(B)
e <o (B) o (e e ) eay
We choose k =1~ 1/2 > 1, so that k|z| = kné(B’) = n'/2¢(3'). Since
£(0) < 2Jal = n'/%€(8) < €(8), (5.49)

there is a 3" < f' for which '/2¢(8') = £(8"). Then, the ratio in the last term on the
right-hand side of (5.48) satisfies

" " " 2% <

Xk|$‘(/6) — Xﬁ 5 )//(/8) (B,) S Cstab <§(ﬂ/)> 2 S Cstab,r]l/S’ (550)
x(8") x(8”) x(B') £(8")

where we successively used Proposition 4 5, (4.3), and the fact that the exponent in the

third member is at least 2 3 because 0o < 5. We now choose 7 € (0, 1) small enough that

gd—2—¢ L1(d—2—¢) 1/3 51
(n2 +7) < 5 (5.51)
With (5.48), this completes the proof of (5.47), and concludes the proof of the proposition.
O]

Remark 5.5. In the proof of Proposition 3.7, we showed a weak form of pointwise sta-
bility: the second term in the right-hand side of (5.44) is much smaller than any input
bound on Fp(x). More precisely, we proved that, if £ > 0, for 2£(0) < |z| < n&(f3), if n
(and hence d2) is sufficiently small, we can ensure that

g

K =\
o?|z|
This is the essential element in the contraction proof for intermediate scales.
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6 Applications

In this section, we show that our results apply to several statistical mechanical mod-
els above their upper critical dimensions. The applications are to: self-avoiding walk
for d > 4, percolation for d > 6, spin models (Ising, XY, 1- and 2-component |p|?) for
d > 4, and lattice trees for d > 8. For each of these we: (1) define the model, (2) verify
that its two-point function satisfies Definition 1.3, (3) verify Assumption I, and (4) verify
Assumption II. Throughout Section 6, the kernel J is any admissible kernel as in Defini-
tion 1.1(z)—(4¢). Definition 1.1(i77) does not play a role in Section 6, except for lattice trees
in Section 6.7 (it is also used indirectly in Section 6.8 via application of Theorem 1.5).

Most of the analysis in Section 6 is well-known from literature going back to the
1980s. We include it for clarity and completeness, and to illustrate the parallels between
the various models. Although we work on Z? because that is the setting of our results,
the verification of the bounds of Assumptions I and II presented here apply to general
transitive graphs. If the model has a small parameter as part of its definition, then the
nearest-neighbour J of (1.11) can be used. If there is no small parameter in the definition
of the model, then the verification of Assumption II requires us to use spread-out models
with sufficiently large o ;.

The verification of Assumption II is deferred to Section 6.8 for the sake of efficiency,
since it is similar for all models under consideration.

6.1 Self-avoiding walk
6.1.1 The model

Let d > 1. Detailed introductions to the self-avoiding walk on Z¢ can be found in
[12,68]. To define the model, we introduce the repulsion parameter \ € [0,1]. Since \ is
fixed, we omit it from the notation. For z,y € Z%, we write  ~ y if Jy—z > 0. An n-step
walk from x to y is a sequence (Y(7))o<i<n With v(0) = z, y(n) =y, and (i) ~ y(i + 1)
for all 0 < i < n — 1. Let Wy be the set of all walks in Z¢ with zp = 0. We denote the
length of an n-step walk v by |y| = n.

For vy € Wy, 0 < s <t <|y|, and § > 0, we define

Ust(7) 1= = ALy (5)=(t) (6.1)

p(v) =TI Q+Us(v), (6.2)
0<s<t<|n|

(BJ),Y = H IBJ’Y(i+1)—’Y(i)' (63)
0<i<ly|-1

The two-point function is defined, for every 4 > 0 and every x € Z¢ by

Gs(w) = Y (B)p(v). (6.4)

v:0—x

When A = 0, we recover the Green function of the random walk with step distribution
J. The case A\ = 1 is the strictly self-avoiding walk model. When A € (0,1), we have the
weakly self-avoiding walk (also known as the Domb—Joyce model).

We define cn == 3> cwijy|=n J7p(y). This sequence satisfies the inequality ¢4y <

CmCn, from which we conclude by Fekete’s Lemma (see [68, Lemma 1.2.2]) that c}/ " ap-
proaches a limit

1 f e/, (6.5)

lim ¢!/ = in
n—oo n>1
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This limit can be shown to lie in (0,00). Its reciprocal is defined to be the critical point
Be. The susceptibility is defined by

X(B) =D Galx) =Y cuf™ (6.6)
x€Z4 n=0

By (6.5), f. is the radius of convergence of x. In particular, Gg(z) is finite for 5 € [0, 5.).
Also, since ¢, > 3", we have x(8) > (1 — 8/B.)~! for B < B..
6.1.2 Verification of Definition 1.3
We verify the conditions imposed by Definition 1.3:
(¢) (Initial condition.) It is immediate from the definition that Gy = do.

(i3) (Regularity.) For every z € Z%, the function 3 € [0, 8.) — Gg(z) is a power series
in 8 with positive coefficients, so it is monotone and differentiable.

(i43) (Symmetry.) Since J is Z%-symmetric, so is G.
(iv) (Exponential decay.) Fix 8 € [0,5;) and let 81 = (8 + ;). A walk from 0 to

must take at least |z|/R; steps, so

Gz > < (5)

n=|z|/R;

X(B1)- (6.7)

Since < f1, the right-hand side decays exponentially in |z|.
(v) (Limit as 8 (. when . < o0.) By the Monotone Convergence Theorem,
limgys, Gp(x) = Gp,(2).

6.1.3 Verification of Assumption I
Proof of (I.1). For a,b € R, we have b" — a™ = (b — a) 74 bFa" 1%, As a result,

Ga(x) = Gg(z) = D ((BI) = (B'1))p(v)

v:0—=z
[v[—1
= Z ((5 — 8 Z (IB/J)v[O:k} T (k1) (k) (BJ)'y[kJrl:h”) p(7)
v:0—=z k=0

=B-8) Y > B Temu(BI)2p(r1 0 (uv) 0y2). (6.8

u,veZd 71:0—u
Y2:v—T

By definition, p(y1 o (uv) 0 y2) < p(y1)p(72), so
> (BI)2p(n1 o (wv) 0 y2) < p(1)Galx —v), (6.9)

Y2:v—T

and therefore

Gp(a) = Ga(a) < (B-F) Y (B') Jo—up(v)Gp(z —v)

u,weZ?
v:0—u
This proves (I.1). Figure 2 illustrates the upper bound in (6.10). O
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Figure 2: Diagrammatic representations for (6.10) (left) and (6.17) (right). On the left,
the grey path has parameter 3’ and the black has 3. The dotted lines represent a single-
step walk.

We define the open bubble diagram
B°(p) := (G x J * Gg)(0). (6.11)
and verify the lower differential inequality (I1.2) with
Hy () = \B°(8)50 ). (6.12)

By definition, Hy = 0, Hg(z) = Hg(—x), and Hg is increasing and continuous on [0, 5.),
as required by Assumption I. Also, since Hg is supported on {0}, it certainly decays
exponentially.

Since we have verified (I.1), it follows from (1.13) that

aﬁGg < Gﬁ*J*Gﬁ. (6.13)

We will use this in the proof of the complementary lower bound

08Gp > Gg*xJxGg — Ggx Hg x G, (6.14)
which is (1.2).
Proof of (1.2). By writing |y| = Y ,cz4 Z' vl 1, (i)=z, we see that
. il
0sGa(w) = 3 > BT p(1) Y 1ye)=
veZd v:0—x =1
[v[>1
= XX (BN mu(BI) (1 0 (uv) 0 72). (6.15)
u,w€Zd Y1:0—u
Y2:v—T
We apply the inequality
pn o (uv) 0 72) = p(y1)p(72) = Ao(1)p(2) D Loy (i)=n(s)- (6.16)
0S$§\’Y1|
0<j< |2

Insertion of the first term on the right-hand side into (6.15) gives the first term (Gg * J *
Gp)(x) in our desired bound (6.14).
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To arrive at the remaining term in (6.14), we decompose according to the common
value z of v1(7) and v2(j). The subtracted term in (6.16) becomes

VY X BB Y L

u,weZd 11:0-u 0§z§|vll
V2 0<5< 2l

<A DD (BI)OR T u(BI) P p(y1 0 y2)p(y3 © 74)

u,v,2€7Z4 11:0—2

Y2:z—U
Y3:V—2
Y4:2—T
<A Z Gp(2)Gp(u — 2)Jy—uGp(z — v)Gp(x — 2)
u,v,2€Z%
=AB°(8) Y Ga(2)Gglx — z) = AB°(B)(Gg * Gg)(). (6.17)
2€74
The right-hand side is exactly (G * Hg * Gg)(x) with Hg given by (6.12). O

6.2 Continuous-time weakly self-avoiding walk

We now verify Assumption I for the continuous-time weakly self-avoiding walk. Since
the argument closely follows that of the (discrete-time) weakly self-avoiding walk, we only
sketch the details.

Let d > 1. The study of the continuous-time weakly self-avoiding walk on Z? (also
known as the discrete Edwards model) goes back to [14]. The model is interesting even
for d =1, e.g., [61].

To define the model, we first consider the continuous-time random walk X on Z? which
takes steps according to an admissible kernel J, with Exp(1) holding times. In other words,
the random time spent at a vertex before making a next step has density e *dt, and the
holding times at each step are independent of each other and of the choice of next vertex.
For a walk with trace v taking || steps, let Tp,..., T}, denote the independent Exp(1)

holding times, and let T' = ZM T; denote the total time of ~.
The local time at a vertex y visited by  is the random variable

o] T
Lyy=> Tl gy = /0 Ly (1)—ydt. (6.18)
0
The intersection local time
I(’y / / ]lX(s t)dsdt (6.19)
yeZd

gives an indication of the total time that the walk ~ spends intersecting itself. Given
A > 0, we define a weight p(v) by

p(7) :=E (e M), (6.20)

where E denotes the expectation over the holding times.
When y is visited n, times by the walk v, the local time L, , has a Gamma(n,, 1)
distribution. Therefore, in terms of the measure on (R+)Zd defined by

ny(y)=1
dl/ay(t) = H <1nv(7):060(tv)dtv + ].nv(,y)zlmdtv) 5 (621)
vezd v )
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the weight of ~ is equal to

_ _ 2
p() =E(eMON) = [ e 2t T, (o) (6.22)
The two-point function is defined by
Ga(z) == > (BJ)7p(%). (6.23)
v:0—=z

Verification of Definition 1.3. This is identical to the verification for the self-avoiding walk
model in Section 6.1.2. Indeed, in Section 6.1.2, we did not use the precise form of p(y),
but only the fact that it does not depend on /. This remains true in (6.23).

Proof of (I1.1). Suppose that v = =1 o (uv) o 72. The intersection local time obeys the
inequality
I(y) = I(m) + 1(72)- (6.24)

Since the holding times of v; and 2 are independent, so are the random variables (1)
and I(v2). This leads to the inequality p(y1 o (uv) o v2) < p(71)p(y2) that was used to
verify Assumption I in Section 6.1.3. Then (I.1) follows exactly as in Section 6.1.3. [

Proof of (1.2). We start from (6.15), with the new interpretation of the weight p. Let
v = 71 0 (uv) o 2. The error in the upper bound p(v) < p(v1)p(72) used to prove (1.1)
arises from

e~ M) =M (12) _ o= M) _ o= (1) g=M(72) {1 _ e—/\[f(v)—(f(%)ﬂ(vz))]}
< MOEHONI() — (1) + T (625

By definition, L., = L., + L. ,,. Therefore,
I(7) = (Tn) +1(12)) = D (Lo + Do) = (L2, + L2,,) =2 Loy Ly (6.26)
PIYA 2€Z4
As a consequence,
pn)p(y) = p(1) <2A S (B(eMOVL, )Y (B(e M0, ). (6.27)
z€Z4

Now, we sum over « as in (6.15). The result is
(G # T % Gy) (@) — 05Gp(a)
<23 X0 (BN (BN L)) o 3 (B (BN L) ).

u,0,2€724 71:0—u Y2:v—T

(6.28)

We appeal to [17, Lemma 2.1] to see that
> (@) (B(e MWL, 1)) < Gp(=)Galu - 2), (6.29)

v1:0—=u
and similarly for the sum over v2. We therefore obtain

(G * J x Gp)(x) — 0pGp(x)

<2\ Z Gp(2)Gp(x — z) Z Gp(u — 2)Jy—uGp(z — v). (6.30)

2€74 u,veZ4
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By replacing uw,v by u — x,v — z, this leads to

(G +xJ xGg)(x) — 0sGa(x) < 2X\(Gpg * Hg x Gg)(x) (6.31)

with
Hg(:ﬂ) = 2)\50(1:)(G3 * J * Gﬁ)(O) (632)
This completes the proof. ]

6.3 Bernoulli percolation
6.3.1 The model

For an introduction to percolation theory, see [40]. Let d > 2. We consider Bernoulli
bond percolation on the infinite graph whose vertex set is Z¢ and whose edge set £ = &;
consists of pairs {z,y} with J,_, > 0. Let 8 € [0, (max,cza J;)71]. Edges are indepen-
dently open with probability 5J,_, and otherwise are closed. We write {z = y} for
the event that x and y are connected by a path consisting of open bonds, and define the
two-point function

G(w,y) = Galy —2) = Pyla > y. (6.33)

6.3.2 Verification of Definition 1.3

For d > 2, the properties listed in Definition 1.3 are standard facts about percolation
[40]. The critical value f3. separates the subcritical regime, where Gz decays exponentially,
from the supercritical regime, where there is a positive probability for the existence of an
infinite connected cluster [2,70]. We assume familiarity with two basic techniques: the
BK inequality (van den Berg—Kesten) and Russo’s formula [40, Chapter 2].

6.3.3 Verification of Assumption I

Proof of (I.1). A version of (I.1) appeared in [49, Lemma 2.4]. We use the standard
increasing coupling P, as follows. First, we assign independent uniform random variables
Nu,w in [0, 1] to each edge {u,v}. Given a realisation of these random variables, and given
B € [0, (max,czqa J;) '], we define a percolation configuration ws € {0,1}¢ as follows:
wa({u,v}) = 1if nyp < BJy—y (the bond {u,v} is open), and otherwise wg({u,v}) = 0.
Below, we also view wg as a subgraph of (Z4, &) of vertex set Z? and edge set {{u,v} €

£ ws({u,v}) = 1}. We also define {x & y} to be the event that z is connected to y
by a path which does not pass through any vertex in A¢. By definition of the coupling, if
p < B’ then wg is a subgraph of wg, and, for every z € 7z,

Ga(z) — Go(x) = P[{0 <2 2} \ {0 <2 z}). (6.34)

For 8 € [0, (max,czq J5)~!] and z € Z4, we define Cg(z) to be the cluster of z in wg.
For {u,v} € &, we define wéu’v} to be the percolation configuration obtained from wg by

setting wg({u,v}) = 0, and we define Céu’v}(z) to be the cluster of z in wéu’v}. For fixed
B < B and x € Z%, we claim that the event on the right-hand side of (6.34) satisfies

{0 <25 23\ {0 <25 2}
c U {uets}n{ws(fuvh) =0, wsfuop = 130 {o &2 01 (6.35)
{uv}eé
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Figure 3: Depiction of (Gg * Hg * Gg)(x) for percolation. Lines represent two-point
functions and the gap between w,v represents a factor J,_,. The vertices u,v,y, z are
summed over Z¢.

The claim is justified as follows. For every configuration in {0 & x}\ {0 PN x}, there
must exist u € Cg/(0) and v ¢ Ca/(0) such that wz({u,v}) = 1 and v is connected to = in wg
without using the vertices in Cz/(0). This can be seen by exploring an open self-avoiding
path from 0 to z in wg and marking its edge {u,v} for which w is the last vertex of Cg/(0)
visited by this path.

Since wg ({u,v}) = 0, we can replace Cg (0) by Cé}"v}(O) in (6.35). A union bound
then gives

Gp(x) — Gy ()
w {7’”}
< Y p{uech 0} n{wy{u,v}) =0, ws({u,v}) =1} n {o P LN +}].
{uv}e€
(6.36)

Given {u,v} € &, we condition on the cluster Cfg,w} (0). This gives

wﬁ\c{uﬂ’}

]

P[{uechH(0)} 0 {ws({u,0}) =0, ws({u,v}) =1} n {o
w\C

= 3" Pley ™ (0) = CIPlwp ({u, 0}) = 0, ws({u,v}) = Pl <25 2], (6.37)
C30,u

because the three events on the right hand side of (6.37) depend on disjoint sets of
edges and are therefore independent. By definition of the coupling, Plwg ({u,v}) =
0, wg({w,v}) =1] =Plnuy € [8'Jy—u, BJv—u)] = 5 — ', and by inclusion of events,

wg\C wg

Plv «—— 2] < Plv +— z] = Gg(z — v), (6.38)
3 PlelH0) =€) = Plu e el (0)] < G (). (6.39)
C30,u
The last three observations, combined with (6.36)—(6.37), complete the proof. O

We will prove the lower differential inequality (I.2) with
Hg = (Gﬂ*J*Gﬁ) 'Gﬁ. (6.40)

By definition, Ho(z) = Jy60(x) = 0, and Hg(—z) = Hg(z) for every z € Z¢ and all
B €[0,5.). Since G decays exponentially for 5 € (0, 5.), the same is true for Hg.
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Proof of (1.2). The lower differential inequality (I.2), with Hg given by (6.40), is a minor
modification of a differential inequality for the susceptibility that was first proved in [6]
before the advent of the BK inequality. For a more modern proof, see [82, Proposition 9.11].
Although we have no new insights for the proof, we provide the argument for the sake of
completeness. Let 0 < 8 < .. By Russo’s formula,

03Gg(x Z Jy—uPgl{u, v} closed and pivotal for 0 <= z]
u,veZs
Z Jo—uPgl{0 = u} N {v <= z} N {u <> v}“] (6.41)

u,vEZY

(to focus on the key ideas, we do not address the subtlety that Russo’s formula initially
applies only to events depending on finitely many bonds). It suffices to prove that

P3[{0 <= u} N {v <= 2} N{u <= v}] > Gp(u)Gg(xz —v)
— Y Gs(2)Gplu—2)Gply — 2)Galy — v)Gs(z —y), (6.42)

y,2€Z4

since this yields
93Ga(x) = (Gp * (J — Hp) * Gg)(x). (6.43)

Connections arising in the proof of (6.42) are illustrated in Figure 3.
Given a set A of vertices, we define {x <— y using A} to be the event that x is connected
to y and that every path that realises the connection must contain a vertex in A.
To prove (6.42), we condition on the cluster C(u) of u. This gives,
Ps[{0 <> u} N {v >z} n{ue o} = 3 PglC CIPs[v <5
C30,u

— 1], (6.44)

where we used the facts that Pglv &, xz] = 0 if v € C, and that the events {C(u) = C}
and {v &, x} are independent. It follows by definition of the events that

Pslv & z] = Gg(r —v) — Plv <= x using C]. (6.45)

If {v <> z using C'} occurs, there must exist y € C such that {v <= y} o {y <+ x} occurs.
Therefore, by the BK inequality,

Pslv < a] > Galz —v) = > TyecGaly —v)Galz — y). (6.46)
yeZd

We insert (6.46) into (6.44) and obtain

P3[{0 <= u} N {v =z} N{u <= v}] > Gp(u)Ga(x — v)—
Z Gﬁ —v Gﬁ T — Z ]P)g ] (647)

yezZd C 350,u,y
Finally, we observe that > ¢, , Ps[C(u) = C] = Ps[0,u,y lie in the same cluster]. If
this event occurs, then there must be z € Z? such that {0 <+ 2} o {z <> u} o {z +> y}.
Combining this observation with the BK inequality gives

P5[0,u,y lie in the same cluster] < Z Gp(2)Gg(u — 2)Ga(y — 2). (6.48)
2€74
The combination of (6.48) and (6.47) completes the proof. O
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6.4 1- and 2-component |o|* models
6.4.1 The model

Let d > 2. We define the 1- and 2-component |¢|* models on Z9, as follows. Let
n € {1,2} and let -y denote the dot product of z,y € R™. We denote the Euclidean norm
on R™ by | - |2; context will distinguish this from the norm on Z¢ which is denoted in the
same way. Let A C Z? be finite, 8 > 0, J an admissible interaction, and F : (R")* — R.
The n-component ¢* model on A is the measure (-)5 5 on (R")* given by:

1

(F(p))ap = Zns

/(RH)A F(p) exp(=BHa(p))dsa (), (6.49)
where

Hg)i= 5 3 dyesleargn) Zupi= [ expl-BHAG)IsA(),  (6:50)
T, yEA

and for A > 0 and u € R,

. 1 1
dsa(e)i= [LolleB)der  with  g(t)imemp (~ 308 = Jut). (65
TzEA

Additionally, we denote by dmy ,(¢,) the probability distribution on R™ with density
proportional to g(|¢z|3)dg.. It is a classical consequence of Griffiths’ [39] (for n = 1) or
Ginibre’s [37] (for n = 2) inequalities that the sequence of measures (-)5 g admits a weak
limit as A Z%. We denote the limiting measure by (-)3.

The two-point function is defined for 5 > 0 and x € Z¢ by

Gp(z) = (Poen)ss (6.52)

where p! = ¢ for n = 1 and ¢ = (!, ¢?) for n = 2. By definition, Gy = Ady with

A=A p) = / L (ehama (g, (6.53)

The fact that A is not necessarily equal to 1 violates Definition 1.3(7) but this is not a
problem, as explained in Remark 1.8. As usual, we set Fg = J * Gg.

6.4.2 The Brydges—Frohlich—Spencer random walk representation

To prepare for the verification of the finite-difference upper bound (I.1) of Assump-
tion I, we recall the Brydges-Frohlich-Spencer (BFS) random walk expansion [17] (see
also [56] for a recent alternative perspective). To state the expansion, we introduce the
following definitions.

First, given t = (t;)zepn € R%Y, we define a measure on (R")* and its associated
partition function by

dsat(e) == [] 9(exls + 2ta)des, (6.54)
TEA
Znp) = [ exp(=BHA)dsn (o) (6.55)
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We also define a normalised version of Z, 5 ;(t) by

e glt) = 228, (6.56)

AW

As in Section 6.1.1, a walk v = (7(0),...,7(]7])) is a sequence of points in Z? satisfying

Jy(i+1)—~@) > 0. The local time of v at v € A is defined by £,(v) = Zlillo 1,()=y- Asin
(6.21), we define a measure on (RT)* by
H tfu("/)_l
dVA;y(t) = (1&}(7)050(%)(1% + 1gv(7)21vdtv> . (6.57)
1L (7)) = 1)

Proposition 6.1 (The BFS expansion [17]). Let A C Z? be finite and B > 0. Then

(ehehng = 3 (B [ 2np(®duas(®) (6.5%)
’y::p~>y
where the sum runs overs paths v = (71, - --,%y|), and, as usual, (8J)7 = H‘Zl‘l_l By —i-

The BFS expansion matches the formula (6.23) for the two-point function of the
continuous-time weakly self-avoiding walk if we define the weight

o) = [ 2 a(®)duns (0. (6.59)

However, the fact that this p depends on § makes the arguments of Section 6.1 inapplicable,
and we must proceed more delicately.

Our verification of Assumption I combines the BFS expansion with the following two
monotonicity properties. They use the measure ()5 g on (R™)? defined by replacing dsy
by dsy ¢ in (6.49).

Lemma 6.2. Let A C Z% be finite and 0 < 8/ < B. Then, for every t € (RT)4,

ZAﬁ(t) < ZAwgl(t). (660)
Proof. We first observe that
[T 9(le:13) = r®) Fe(e) TT 9(pzl3 + 2t2), (6.61)
e z€EA
with
Fi(p) :=exp ( Z )\tx|<px|§), f(t) =exp ( Z A2 4 ,utx). (6.62)
z€eA €A
It follows that
Znp=J0) [ F() exp(~BHA@)dsa0 (), (6.63)
and therefore Zns(t) ) )
2pp(t) = 2220 (6.64)

Zyg (O (Fe(@)ape
By Griffiths’ (for n = 1) or Ginibre’s (for n = 2) inequality,

(Fe(o)apt = (Fe(@0)ap t- (6.65)

This implies the desired inequality. ]
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Lemma 6.3. Let A C Z¢ be finite and B > 0. Then, for every t € (RT)Y and every
x,y €A,
(Proihn st < (PrPpIA G- (6.66)

Proof. As in (6.63), with Fy defined by (6.62),

<90xs0yFt( )>A,ﬁ,t

{Pay)n (6.67)
VT (Fl@)ase
Again, by Griffiths’ (for n = 1) or Ginibre’s (for n = 2) inequality,
<g0:cgoyFt( )>A5t 1 1
Bt S (oL . 6.68
<Ft( )>A,B,t - <§0 (py>A,B,t ( )
This completes the proof. O

6.4.3 Verification of Definition 1.3

Let d > 2. Although G does not satisfy Definition 1.3(7), this is harmless, as explained
in Remark 1.8. The remaining properties listed in Definition 1.3 are classical facts about
the 1- and 2-component |p|* model. The monotonicity in (i7) is a consequence of Griffiths’
or Ginibre’s inequality, and the differentiability is proved in [58] for the Ising model and
follows more generally for 1- and 2-component models using the extension of the Lebowitz
inequality in [17]. Property (ii¢) is inherited from J. Property (iv) follows by defining

B, := inf {,3 >0:x(8) =Y Gsla) = oo}, (6.69)

x€Z4

and using the Simon-Lieb [60,80] (for n = 1) or Rivasseau [77] (for n = 2) inequality as
in [27, Section 2.5]. From [27], we additionally obtain that {8 > 0: x(5) = oo} is a closed
set, which forces

X(Be) = oo. (6.70)

Finally, (v) holds as a consequence of the aforementioned correlation inequalities, which
imply left-continuity? of the map 8 — Gg(z) on [0, 8] for every z € Z<.

6.4.4 Verification of Assumption I

The verification of Assumption I proceeds by taking the infinite-volume limit of finite-
volume versions of the two inequalities. We first state two lemmas with the finite-volume
inequalities, then verify Assumption I, and finally prove the two finite-volume lemmas.

For A ¢ Z% and z,y € Z¢, we write Gap(T,y) = (Yapy) 3. By definition, G g(z,y) =
Oifz ¢ Aoryé¢ A We also define

FAg(xy (ZGAgZL‘Z yz> (ZGAgy, ) (6.71)

z€74 2€Z4

so that Fi g(x,y) = Fag(y,x). When A = Z¢, we have F) = F.
The following lemma is a finite-volume version of (I.1).

?Here we use the fact that Gg(z) is the increasing limit of the increasing continuous functions 8 +
(0owi)a.p.s as A approximates Z<.
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Lemma 6.4. Let A C Z% be finite. For every 0 < 3/ < 8 and every x € Z%, we have

GAﬂ(O,.%') < GAﬁ/(O,.%) + (8- B,) Z GAyg(O,u)JvquAﬁ(’U,.%). (6.72)

u,veZ

For the finite-volume version of (I.2), we define

KA,,B(xu y) = GA,B (.T,', Z/) + /BFA,,B(xv y)a (673)
1
S(A%(O’ z) =61 D> Y Gap(0,2)Gap(z,u)Jy—uGa (v, 2)Ga sz, 1), (6.74)
u,v€Z4 z€Z4
2
S( ) 5(0,2) = 3max (AQ’ 1) Z Z K 5(0,2)Kp g(2,u) Jy—uKp (v, 2) Kp g(2, ),
u,veZ4 274
(6.75)
and
Sa5(0,2) = S{5(0,2) A S5 (0,2). (6.76)
Lemma 6.5. Let A C Z% be finite. For every 8 > 0 and every x € Z¢, we have
(95GA 5(0 .T Z GA/B 0 U)Jv uGA 5(11 1’) SA”g(O,a:). (6.77)
u,vEZ?

The choice S for S in Lemma 6.5 comes with a prefactor A, which is perfect for
our application to weakly-coupled and spread-out ]cp\4 models. However, we also wish
to derive the counterpart of Lemma 6.5 for Ising and XY models in Sections 6.5-6.6, by
taking a limit A — oo. For this, we will use the choice S instead.

It is straightforward to deduce Assumption I from Lemmas 6.4—6.5. The lower differ-
ential inequality is in terms of

Hy:=H) NH, (6.78)
H) (x) = 6Ad0(x) (Fp * Gg)(z), (6.79)
HP (z) = 3 max (22 1) (G0 + BJ) * (G0 + B)] () (K # J # K3)(0), (6.80)
with
KBZGﬂ—FﬂFﬁ:Gﬁ*((SO—I—BJ). (6.81)

Proof of (I.1). Let 0 < ' < 3 < 3. and z € Z%. By Griffiths’ or Ginibre’s inequality, for
every u,v € Z%, the sequence Gy, g(0,u)Jy—yGa, s(v,z) increases monotonically to the
limit Gg(u)Jy—uGg(z — v). By applying Lemma 6.4 to the sequence of boxes (Ag)g>1, in
conjunction with the monotone convergence theorem, we conclude that (I.1) holds. O

Proof of (1.2). Let 8 < B. and x € Z¢. For the infinite-volume limit of the right-hand
side of (6.77), by monotonicity we have

lim Z GAk,B(OaU)JvquAk,B(Ua-T) = (Gﬁ x J * Gﬁ)(l‘), (6.82)

k—00
u,vEZ4

hm st ),B(O x) = 6A Z Gp(2)Gp(u — 2)Jy—uGp(z — v)Gp(x — 2)
u,v,2€2%

= (Gg = HY * Gp) (), (6.83)
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and

1
kli)rglo S[(\i)ﬁ(o,x) = 3max (142, 1) Z Kg(2)Kg(u — 2)Jy—uKp(z — v)Kg(x — z)
u,0,2€7Z4
= (Gg* HY + Gg)(x). (6.84)

The function Hg = H él) ANH éz) satisfies all the hypotheses stated in Assumption I. To
complete the proof, it suffices to know that the finite-volume derivative on the left-hand
side of (6.77) converges to the infinite-volume derivative. This latter fact is a consequence
of correlation inequalities; see [58] for the Ising model and [17] for the extension of the
Lebowitz inequality to more general 1- and 2-component spins. This completes the proof.

O

Proof of Lemma 6.4. Let A C Z% be finite, 0 < / < 8, and z € Z®. By Proposition 6.1,

Gap(0,2) = (0hea)ag = Y. (BJ)FY/ZA,B(t)dVA,w(t) (6.85)

v:0—=z

We apply the identity 0" —a™ = (b—a) ZZ;% b¥a"~17F with b = B and a = B’. This gives

Gap(0,2)= 3 (8I) / a5 (t)du - () (6.86)

v:0—=x

+ (5 - rB/) Z Z (ﬁ/J)’Yl Jv—u(:&])w2 /ZA,ﬁ(t)dVA,'ylo(uv)O'yz (t)’
u,weZd y1:0—u
Y2:v—=T
where 77 o (uv) o y2 denotes the concatenation of 1, the step uv, and 7,. By Lemma 6.2
and Proposition 6.1, the first term on the right-hand side of (6.86) is bounded above by
the term G 4(0,2) appearing in (6.72).
For the second term on the right-hand side of (6.86), we use the fact that?

/ZA,B(t)dVA;ylo(uv)o'yz(t) = /ZA,ﬁ(tl —{—tg)dVA’,n(tl)dVA’,m(tg)

z t1+t
_ / v, (£1)2a5(t1) / dvy o, (t) 2B 8) oy
zn,5(t1)
By Lemma 6.3, for every fixed t1,
Zpa.5(t1 + to
> (e [ g ) < (elebns < Gaslvn). (659)
Mermiil zp,6(t1)

We use (6.87)—(6.88) in (6.86) and perform the sum over 7; to obtain the second term on
the right-hand side of (6.72). This completes the proof. O]

Proof of Lemma 6.5. Let A C Z% be a finite set containing 0. Let 8 > 0 and z € Z°.
We consider the 1- and 2-component models simultaneously, by writing ¢ = (!, ¢?) with
¢> = 0 when n = 1. To simplify the notation, throughout the proof we write simply
() = (-)a,p and generally omit these subscripts.

We use Ursell’s four-point functions:

UM (0, z,u,v) = (o5l otol) — (b oupl) — (phoi)plel) — (phpt) (plel), (6.89)

3The first equality can be seen as a kind of binomial theorem for the measures dpa, on the occupation
time t.
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and
U0, z,u,v) = (phore2e2) — (phor) (p2e2). (6.90)

From (6.49), we express the derivative in /3 as:

1 -
p(ebph) = 5 2 Jomu(UD(0,2,u,0)+TD(0,2,u,0)+(phel) (phen) +(0heh) (Phph) ).
u,vEA

(6.91)
By definition,

1
5 2 Jou((ebpi) (Pren) + (e (Pheh) = D Gas(0,w)omuGaplv,x), (6.92)
u,vEA u,vEZ4

which is the first term on the right-hand side of (6.77).
The subtracted term on the right-hand side of (6.77) arises from an upper bound on

—UD(0,u,v,z) = |[UD(0,z,u,v)] and —UTD(0,z,u,v) = |[UD(0,z,u,v)] (6.93)

(the equalities follow from Lebowitz’s inequality [59]). We follow [33, (37)] and use

r
UO0,u0,2) <32 ST (GBI (BI) [ diy (), (B)=(6)(E) [t ), (699

P 71,72

where Y p is a sum over partitions in pairs (or pairings) of {0,u,v,z}, 251772 is a sum
over paths 71,72 which respect the partition P (i.e.,, 71 connects the elements of the first
pair of the partition, and v the elements of the second pair), and

At E) =1—exp (220 Y tle2). (6.95)
2€7%
We use the elementary bound

AEE) < (20 2 A Y Loy, (6.96)

2€7Z4 2€74

The term |U®)(0,z,u,v)| satisfies a bound like (6.94), where instead of a sum over all
pairings P, we only have the term corresponding to the pairing P = {{0,z}, {u,v}}.

Consider the first alternative on the right-hand side of (6.96). It follows from [16,
(3.13)] that, for a fixed z € Z9, and v : a — b,

S (B [ dn (00t < (hed)(ehed). (697)
vy:a—b

Since there are three pairings of {0, w, v, '}, this implies that

2 YY) [ v (6w (82)2(61) ()14

zeZd P 71,72

<6 Y (popi)upi)eoer)(prel). (6.98)
274
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The combination of (6.94) and (6.98) leads to

5 Y e a(UO0,2,u,0) + TV, 2,0,0)) 2

u,VEA

— 6 Z ZG(O,z)G(z,u)Jv_uG(v,z)G(z,x). (6.99)

u,vEZA z€Z4

This gives the first half of Lemma 6.5, i.e., the lower bound with S™1)(0, z).
To obtain the lower bound with S (2)(0, x), we bound f) by the second alternative on
the right-hand side of (6.96). Recall that K (s,t) = G(s,t)+ SF(s,t). We will prove that

P
S X S BIEI® [ vy (#)dvn, ()28 (6 Ly,
ZeZd P 71,72
< 3max (22 1> S K(0,2)K (2, w)K (v, 2)K (,2). (6.100)
2€74

By (6.94), this suffices, since it gives (recall that a bound on [U®)| also bounds [T®)|)

5 Y e a(UO0,2,u,0) + TV, 2,,0)) 2

u,VEN

~ 3max (1;,1) S ST K(0,2)K (2, u)y oK (v, 2)K (2,2), (6.101)

u,v€Z4 z€Z4

which is the desired estimate with S@.
It remains only to prove (6.100). For this, it suffices to show that, for every a,b,

> (BJ)V/dy,Y(t)dz(t)]lzey < max (il’ 1) K(a,z)K(z,b). (6.102)

y:a—b

We assume that a,b,z € A since otherwise the sum on the left-hand side of (6.102) is
equal to 0. If a = b = z, then

S (30)" [ dn(0da(0)1c; = Gla,0) = £ Gla,a)Gho(a,0

y:a—b

1 1
< ZG(CL,CL)G(CL, a) = ZG(a, 2)G(z,b).

We may therefore assume that a,b,z are not all equal. In this case, if z € v then at
least one of the following holds true: (i) there exists 2’ with J,,_, > 0, 71 : a — 2z, and
72 : 2 = bsuch that v = 1 0(22’) oy2 (where (22") denotes the one-step walk from z to 2’);
(1) there exists 2’ with J,_,» >0, v : @ — 2/, and 72 : 2z — b such that 7 = v 0 (2'2) 0 2.
The contributions of these two scenarios to the left-hand side of (6.102) are respectively
denoted (I) and (II). The term (I) is given by

=Y 3 (B BI_.(BI)" / 2(6) 0, o5 2100y (£)- (6.103)
Z’EZd Y1:a—2
va:2' =
Proceeding as in the proof of Lemma 6.4, and using J,, = J_,, we obtain

D) < > Gla,2)BJ.G(<,b) = BG(a,z) > G(b,2)J.— < BG(a,z)F(z,b). (6.104)

2'ezd 2/ €74
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Similarly,

(II) < BF(a, 2)G(z,b). (6.105)
The bounds (6.104)—(6.105) give (6.102), which we have seen to be sufficient. This com-
pletes the proof. O

6.5 The Ising model

To verify Assumption I for the Ising model, we combine Lemmas 6.4-6.5 with Propo-
sition 6.6 below to transfer the desired properties from |¢|* to Ising. Direct proofs can
also be obtained via the random current representation [1,23] of the Ising model.

6.5.1 The model

Let d > 2. Let A C Z% be finite, 3 > 0, J an admissible interaction , and F' :
{-1,1}* — R. The Ising model on A is the measure <-)£\Slgg on {—1,1}" given by

sin, 1
(F(o)p5e =t 2 Fo)en(=BHA()), (6.106)
AB oe{-11}A
where
1 sin,
Hy(0) = =5 3 Jy-a0aoy,  Zyg5= D0 exp(~BHA(0)). (6.107)
RIS oe{-1,1}A

It is again a consequence of Griffiths’ inequalities that the sequence of measures <->5\Sigg

admits a weak limit as A Z9. We denote the limit by (-)I;ing . The two-point function
is defined for # > 0 and z € Z¢ by

Ga(x) = (000a)5 . (6.108)

The 1-component ¢* model and the Ising model are expected to lie in the same uni-
versality class. Support for this conjecture is provided by the fact that the latter is a limit
of the former. Indeed, the normalised single-site distribution with 1 = —\ obeys (in the
sense of weak convergence)

1 _
— exp ( — é(go(z] — 1)2)dg00 — M (6.109)

2\ 4 A—00 2

Easy consequences of (6.109) are formulated in the next proposition. Recall the definition
of (-Ya8,7 = ()a8,7x from (6.49), and of A(\, i) from (6.53).

Proposition 6.6. Let A C Z% be finite and > 0. Then, for every z,y € A,

li = Ising 11

Hm (pay)a,8.00,-2 = (020y)y 5 7o (6.110)

. Isin,

Jim_95(0apy)n g -x = 0s{owoy) N 55 (6.111)
lim A\, —A) = 1. (6.112)
A—00

6.5.2 Verification of Definition 1.3

For d > 2, the properties of the Ising model listed in Definition 1.3 are classical facts
that can be derived using the same arguments as for the 1-component ¢* model. We omit
further details. We stress that we define . as

Bei=inf{B>0:x(8) = Y Gula) = oo}. (6.113)

x€Z4
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6.5.3 Verification of Assumption I

Proof of (I.1). Let A C Z% be finite, 0 < ' < B < B, and = € Z%. The combination of
Lemma 6.4 and Proposition 6.6 leads to

(0002) Slgg < <‘70‘7w>5\81,2;g +(8-8 Z <UOJU>£\S$gJ <Uv‘7w>£\$gg (6.114)
u,veZ4

We can then pass to the limit A * Z? by using Griffiths’ inequalities in the same manner
as for the 1-component ¢* model. This concludes the proof. ]

We will prove the differential lower bound with
Hy () = 3(5o + B.) (50 + B1)] (2) (s = J = K3)(0), (6.115)
where Kg = Gg + (Fs. By definition, Hg satisfies all the properties listed below (I.2).

Proof of (1.2). Let A C Z® be finite, 0 < 3 < f, and =z € Z% The combination of
Lemma 6.5 (with S®)) and Proposition 6.6 (with the contribution from U® omitted)
leads to

05(000%) klgg > Z (000w) ISlggJ <0v0x>klgg

u,vEZ4
=3 3 3T K0, 2) K5 (2, u) Jy— o K55 (v, 2) K58 (2, ), (6.116)
u,v€Z4 z€74

where K Sgg is defined similarly as for the ¢* model. We can again take the infinite-volume
limit by appealing to [58]. This gives

05Ga(x) > (G * (J — Hg) % Gy) (), (6.117)

and completes the proof. O

6.6 The XY model

Assumption I can be verified for the XY model by combining Lemmas 6.4—6.5 with
Proposition 6.7 below to transfer inequalities from the 2-component ||* model to the XY
model. Direct proofs can be obtained using the BFS expansion of the XY model (see [56]).
6.6.1 The model

Let d > 2. Let A C Z¢ be finite, § > 0, and J an admissible interaction. Let S! denote
the unit circle in R?, and let do, denote the Haar measure on S'. Let F : (S1)* — R. The
XY model on A is the measure ()XY B on (SHA given by

1
(F(o)XY = 7 /(SI)A F(o) exp(—BHa(c)) [] dow, (6.118)
zeEA

where

Z Jy—2(0z - 0y), zX A3 —/ exp(—BH) (o Hdo’x (6.119)
{ey}CA ®HA zEA
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By Ginibre’s inequalities, the sequence of measures <>3\(>§ admits a weak limit as A 7 Z%.
We denote it by (>}/§Y The two-point function is defined for > 0 and = € Z¢ by

Gp(z) = (ogo5)5 (6.120)

The 2-component |¢|* model and the XY model are expected to lie in the same universality
class. As in (6.109), there is convergence of the |p|* single-spin distribution:

1
o exp ( — Z(Jol2 - 1)2)dg00 — doyp. (6.121)
A A—+00

Easy consequences of (6.121) are formulated in the next proposition. Recall the definition
of (-)a,8,7 = ()80 from (6.49), and of A(\, i) from (6.53).

Proposition 6.7. Let A C Z% be finite and 8 > 0. Then, for every x,y € A,

: 1.1 1 _1\XY
/\h_>n;o<gpz(py>/\,ﬁ,)\,—/\ = <Ux0y>A,67 (6122)
Jim 93(eleb)aaa - = D5(obob) XY, (6.123)
1
lim AQ\, —\) = = (6.124)
A—00 2

6.6.2 Verification of Definition 1.3

For d > 2, the properties of the XY model listed in Definition 1.3 are classical facts
that can be derived using the same arguments as for the 2-component |p|* model. We
omit the details. Again we define j3. as

Be=inf {B>0:x(8) = Y Gylz) = o0}. (6.125)

x€Z4

6.6.3 Verification of Assumption I

The infinite-volume limit of the derivative is again justified using correlation inequal-
ities [17,58]. We omit the details, which proceed as they do for the Ising model. The
limiting value of A in (6.124) gives rise to an extra factor 4, with the result that

Hp() = 12[(80 + 3) % (5o + BI)) (2) (s = J  K3)(0), (6.126)
with Kﬁ = Gﬁ + ﬂFB.

6.7 Lattice trees
6.7.1 The model

Let d > 2, J be an admissible kernel, and let E = {{z,y} : Jy—; > 0}. A lattice tree
is a finite acyclic subgraph of the infinite graph (Z¢, E). We write |T'| for the number of
bonds (also called edges) in T. For p > 0 and for a lattice tree T, let

)" = [ plowu (6.127)
{uv}eT

Let 7o, denote the set of lattice trees containing the vertices 0 and x, and let 7o = 7o 0.
The two-point function, one-point function, and susceptibility are defined by

Pp(x) = Z (pJ)Ta 9p = Z (pJ)T = Pp(o)a X(p) = Z Pp(x)~ (6.128)

T€T0,x TeTo xcZ4
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We also define

= — Z |23(J * pp)(2). (6.129)
X xEZd

A standard subadditivity argument [15,45] shows that the susceptibility is finite below a
critical point p. € (0,00), and that it diverges at p. at least as fast as

() 2 (pe —p) V2 (6.130)

Since a lattice tree T has |T'| + 1 vertices, g, and {(p) are related by

d(glg)p) ST+ D) =3 Y ()" (6.131)

TeTo TeTo zeT

In dimensions d > 8, lattice trees should have critical exponents v = % and v =
[45,46], so this does not fit immediately into our black box which is designed for situation
where y =1 and v = % To fix this mismatch, we make the following change of variables.
For p € [0,p.), let

5ol

B = B(p) = pgp- (6.132)

We denote the inverse of the strictly increasing function p — B(p) by p = p(5).

The critical point is defined by 8. = sup,<,. B(p). A priori, it is possible that 3. = oo
because we do not initially know that the critical one-point function g,, is finite. The
possibility that 8. = oo is allowed in Assumption I. A posteriori, we do learn that j. is
finite (when d > 8 and o is large).

Let degy(z) denote the number of bonds in the lattice tree T' that are incident to the
vertex z € T'. We consider the following reduced set of trees:

Too=1{0}, T ={T € Toa|degp(z) =1} if 2 # 0, (6.133)
and define a modified two-point function by

Gs0)=1,  Ga(z)= > (BN if x # 0. (6.134)
Ty,

We will show that G satisfies Assumption I, and satisfies Assumption II when d > 8
and o is sufficiently large. This implies that the conclusion of Theorem 1.6 applies to Gg
with

= Y Gola). €0 =5 2 biGsa (6.135)
z€Z? xEZd
In particular, 5. < co. We also show that x(8.) = oo, so the conclusions of Theorem 1.7
also apply to Gg.

Those conclusions do not immediately refer to the original parametrisation of the model
in terms of p, rather than . Therefore, before verlfying Assumptions I and II, we show
how to draw conclusions for p(p), gp, X(p) and £(p).
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Theorem 6.8. Let d > 8. For every admissible J with Ry sufficiently large, for every
P < pe, and with E = O(R;d),

1 oy d—2—¢ ’:L’|
pole) S dofe) + o G2m) e (ey): (6.136)
. 1
1 . 1
— SE&0) — (6.138)
(e —p)i B~ (o p)ieE
e — 9p = (pe —p)"/*. (6.139)

Remark 6.9. It is a consequence of (1.27) that 1 < . <14 O(FE). In fact, this occurs
due to a cancellation in p.gp., because p. ~ e ! and gp. ~ e under the hypotheses of
Theorem 6.8, and also for the nearest-neighbour model for d sufficiently large [55,69,76].

Proof of Theorem 6.8. We assume that Gz has been proven to satisfy Assumptions I and
IT for kernels J with range R; sufficiently large, so that the conclusion of Theorem 1.6
applies to Gg.

A tree T 5 z can be decomposed into at most (2R +1)? trees in 7;193, since the degree
of x in (Z% E) is (2Ry 4+ 1)? — 1. Therefore, together with a trivial lower bound, we have
)(QRJ"Fl)d

Gpg, (2) < pp(z) < Gpgp(iv)(l + max Gpg,(2)

6.140
z:J,>0 ( )

By Theorem 1.6, Gpg,(2) < Co;% Since Ry < o for every admissible kernel (here
we use Definition 1.1(77)), it follows that

g o d—2—¢ o e ‘m‘
Gpg, (2) < pp(x) S Gpg, () < do(x) + o (UJ o !x\> p ( 5(5)) . (6.141)

This proves (6.136).
Equation (6.140) also shows that

X(pgp) < X(p) S x(pgp),  E&(p) =< E(pgp)- (6.142)

In particular, the relation between X and x implies that 8. = p.gp., and then (6.130)
implies that x(8.) = co. This tells us that the conclusions of Theorem 1.7 apply to x(8),
&(B), and B.. In particular, with E = O(R;d) small, we see that

1 1

— < xX(p) S ) (6.143)
PcYp. — PYp PcGp. — PYp
1-F ~ 1+E
1 2 1
B < f(];) < . (6.144)
PcGp. — PIp oy PcGp. — PIp

To obtain the bounds (6.137)-(6.139) from the above, we need to compare p.g,. — pg, and
pe — p- For this, we apply (6.131) to obtain

dp(8) 1

a8~ ) (6:145)
With (6.143), this gives
s.-65 8 < g, (6.140)



and then integration over the interval [, ;] gives

(. — B S p(8) — p(6) < 55 — B (6.147)

Since B = pgp, this implies that

V2(pe = p)'"? < pegp. — pgp S (pe — D). (6.148)

With (6.143)—(6.144), this proves (6.137)—(6.138), and hence that the critical exponents
for the original problem are v = § and v = 1 £ O(E). It also follows from (6.148) that

Y2 (e — 1= (oo — )2 < gy — gy < —(pe — )2, 6.149
o, e 1) [ 5P | <o —9r 3 oo pe—p) (6.149)
which proves (6.139). This completes the proof. O

6.7.2 Verification of Definition 1.3

It follows from its definition that G satisfies the following properties: Go = dg, G is
monotone and differentiable (by the inverse function theorem) for § € [0, 8;), and Gp is
Z%-symmetric.

To see that the function 2 — Gg(x) decays exponentially for each fixed 5 € [0, 5.), we
observe that a tree containing 0,z must contain at least |z|/R; bonds. Given p < p, let
q = 5(p+pc). Then ¢ < p. and

N o (p\R
Gol) <@ < 3 (p) <(2) P <(2) k- ©.150)

IT|>]x|/Ry
Since ¥(g) < oo, this proves the desired exponential decay.
Finally, the limit limgs, Gg(x) = G, (x) exists by monotone convergence.

6.7.3 Verification of Assumption I

Since Gg(0) = G/(0) = 1, there is nothing to prove for = 0. We therefore assume
that = # 0. We begin with a decomposition of a tree T' € 76195 into subtrees. The backbone
Ipe of T is the unique path in T between 0 and z. In particular, T'op = {0}. We order
the backbone vertices by setting y < z for y,z € I'g, if y is closer to 0 than z (for the
graph metric on 7). Similarly, we order the backbone bonds: the least bond is adjacent
to 0 and the last bond is adjacent to «.

Deletion of the backbone bonds from T leaves behind non-intersecting connected sub-
graphs of T" which we refer to as ribs Ry, ..., R;. Given a directed bond e = (u,v) € I'g »
with u < v, we define R, to be the union of the rib R, containing v and the bond {u,v}.
With these definitions, T is the bond-disjoint union of the R, as e ranges over the back-
bone bonds of T'. The requirement that 1" € Tolx ensures that when e, is its last edge, the
tree R., includes the vertex z which is the entire rib R,, so nothing is omitted from 7" in
the union of all R.. Thus, we have

T= || R, TI= > |Re| (6.151)

EGFQ’JC 6€F073¢

For an illustration, see Figure 4.
The verification of Assumption I is a small variant of the skeleton inequality arguments
of [15,45,86], as follows.
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FQx

g ————d

Figure 4: An example of a tree T' € 7611 with its backbone I'g , in black, and its ribs R,
(y € T'oz) in dotted lines. The tree R, is coloured red. The tree R, is coloured blue; in
this case R, is the single vertex {u'}.

Proof of (1.1). As mentioned above, we assume that z # 0. For 0 < ' < 8 < S, let
p=p(B) and p’ = p(B'). The identity

n n n

[Tai—TT0 = (TTbe) (T es)(ai— by (6.152)

i=1 i=1 i=1  0<i J>i

holds for any real numbers a;, b; (an empty product equals 1). In particular, by (6.151),

()" =@ N" = > (P I) et (pg)eelia ((pJ)Re - (p’J)Re) . (6.153)

EGF()@

Given a (directed) backbone bond e = (u,v), we define trees T, € 7g', and T € T.', by

T, =||Ry, TS =][]|Ry (6.154)

f<e g>e

An example of this decomposition is illustrated in Figure 5. With this notation, we have

) =@ N =3 @) ()= @) @) (6.155)

EGF()@

After summation over all T' € 7', this gives

Go(a) = Gople)= Y 3 @) (@) = @)% @)™ (6.156)

1
Te%,w 6€F0,;c

Fix e = (u,v) with u < v. In the summation on the right-hand side of (6.156) there are
avoidance constraints between 7., the rib R,,, the directed edge (u,v), and T (Zv). More
precisely, it is required that they are bond disjoint and that their union forms a lattice
tree. We write 1¢(T~, R, (u,v), T") for the indicator that these constraints hold. We can
then reorganise the summation in (6.156) as

Gs(z) — Gy () (6.157)
= 3 X @D e (p@)) =P WD) ) (T, R, (u,0), TT).

uweZd T=eT4,
ReTuu
THeT) o
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+
ul w L)

T(::,,v)

04

Figure 5: An example of a tree T" € 76171,, backbone bond e = (u,v), and the decomposition
into T, Re, ToF. If u = 0 then T(;v) is empty, and if v = x then T(Z,v) is empty.

To prove (I.1), we simply bound the indicator function by 1 and obtain

Gp(x) — Ga(x) < (Gp * (pgp — 1'gy ) J * Gp) ()
= (ﬁ - ﬂ,)(Gﬁ/ * J % GB)(JJ) (6.158)

This completes the proof of (I.1). O

Proof of (1.2). We divide (6.158) by p — p’ and then take the limit p’ — p. By the chain
rule and the fact that dipp(pJ)R = (1+ |R|)(pJ)®, we obtain

0Gp(x)

PN = X ) e R ) e TR ),
w,v€ZI T~ 67—0,
ReTu,u
TreT},
(6.159)

Since the number of vertices in R is 1+ [R| (i.e., 1 + |R| = >  cz4 Lyer), this gives

0G3( _
8/35 = Z S )T Jeulpd) D) 1o(TT, T, R, (u,0)).
X p y€Zr uweZd T— 675
ReTuy
TTeT),

(6.160)
We then write 1¢ as 1 — (1 — 1¢). As in the derivation of (I.1) above, the contribution
involving “1” in (6.160) is equal to
1
X(p)

X(P)(Gp x J xGp)(x) = (G x J * Gp)(x), (6.161)

which is the leading term in (I1.2).

The factor 1 —1¢ enforces certain intersections to occur. There are three possible (and
non-exclusive) types of intersections: 7~ and R intersect, R and T intersect, or T~ and
T intersect. See Figure 6 for an illustration. Therefore, the contribution coming from

64



the 1 — 1¢ term in (6.160) is bounded by (I) + (II) 4 (III), where

(PN Toulpd) R ()T, (6.162)

yGZd uwEZd weZd T— 675 T~ 3w
wFu ReTu,y: Row
TTeT,),

XYY )" ) en", (6.163)

y€Z4 uweZd wezd T 675 “
ReTu,y: Raw
THeT},: TTow

Z > > o )T ) )T (6.164)
yGZduUEZdeZdT 67'1 cweT~

Re% U
TTeT} - welT™

)

(I11)

>2

The restriction w # u in (I) occurs because the intersection between T~ and R must be
in addition to the common point u that both of these trees are required to contain simply
by definition.

(1) Y () 1Y (1) Y
w z t w [
0, Joulw Z T
0 t u|l v r 0 ul v z
i \w/

Figure 6: An illustration of the error terms (I), (II), (III). For clarity, branches not
contributing to intersections are not shown.

Ty
Figure 7: An example of a decomposition for the tree graph inequality.

To estimate these terms, we use a tree-graph inequality. If a tree T’ contains three
points a, b, ¢, then there exists a unique point z such that the three points are bond-
disjointly connected to z in T'. We can therefore divide 7" into three subtrees: 17 € 7;1%,
T> € 7,', and T3 € 7. .. An example illustrating this decomposition is given in Figure 7.
After rémoving the avoidance constraint between the subtrees, we find that the sums over

65



T~ and T in (6.164) can be bounded above as

> @) =3 > ) e)RE)" < Y Ga)Galz —w)Galu - 2),
T=€T4, weT= 2€2¢ TheTy , z€24
TQETU},Z
T3€7;1,u

(6.165)
o)< S )@ <Y Gat —v)Ga(t — w)Gala —t).
THeT): wel™* teZd TyeT), tezd

Ty ETu%,t
T3€7;}m

(6.166)

The factor 1/x(p) in (III) is cancelled by the sums over R and y. Inserting the above
bounds into (III) yields

(1) < (Gp * |[Gg+ Gl - [Gg * Gyl | + G ) (a). (6.167)

An almost identical calculation for the terms (I) and (II) shows that the sum (I)+(II)4-(III)
is bounded by (G * Hg * Gg)(x), where

Hj = ([Gﬁ[Gg*Gg*Gg]—ég]*J—F[J*Gg]‘[GIB*GB*Gg]—i-[GB*J*Gg]‘[Gg*Gg]). (6.168)

A detail for the bound on (I) is that the square in its depiction in Figure 6 cannot have all
four of its vertices be identical in the intersection of T~ and R, since the sum is constrained
by w # u. The subtracted delta function eliminates the main contribution to this scenario.
This concludes the proof. ]

6.8 Verification of Assumption II for each application

We now verify Assumption II for each of the models discussed in Sections 6.1-6.7.
Recall from (1.23) the definition

_ Nzl - Hills
E(B) = Oiltllg)ﬁ <||Ht||1 + 0L ) , (6.169)

where Hpg is the model-dependent function that occurs in Assumption I. Assumption II
asserts that
E(B(9)) < 6, (6.170)

where é is given by Theorem 1.5. By definition,

E(B) < Eo(B) + E2(B) (6.171)

with

B o B |[|[3 - Helly
Eo(B) = sup (Hill1, Fa(B)= sup — 75—
0<t<p o<t<g  &(1)

The function Hg is identified for self-avoiding walk in (6.12), for continuous-time self-
avoiding walk in (6.32), for percolation in (6.40), for |p|* in (6.79), for the Ising model

(6.172)
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in (6.115), for the XY model in (6.126), and for lattice trees in (6.168). Explicitly, with
Kg = Gg + pFj,
HZ™W = 76o(Gg * Fp), (6.173)
HGTWSAW = 2760(G * Fj), (6.174)
4
HY" = 60d0(Fs * Gpg), (6.175)
HE™ = 3[(00 + BJ) * (00 + BJ)](Kg * J + Kp)(0), ( )
HEY = 12[(J0 + B.) * (8 + BJ)] (K * J  Kg)(0), (6.177)
HE™ = Gg - (Gp * Fp), (6.178)
HE' = (G- [Gs+ G+ Gg] — ) # J + Fs - (Gg x Gg x Gp)
+(G5*Fg) (GE*GIQ) (6179)
By (4.4) and the fact that § < 1, we have 8(8) < 2, so factors of 3 are not problematic.
In all cases, Eo(8) = ||Hgll1, but we do not know that the ratio in the definition of Ey(/3)
in (6.172) is monotone in ¢, so we cannot ignore the supremum for Es.

Since we have verified Assumption I, Theorem 1.5 tells us that, for every = € Z¢ and
every (3 € [0, 5(9)], we have the bound

C o d—2—¢ ’SL’|
Gg(x) < dp(x) + — <> exp (—c) . 6.180
AR v € (0150
Under Assumption I, we also have the bound (3.1), which states that for every z € Z¢
and every (3 € [0, 3(9)],

Fa(z) < ;; (UJ"V‘”x|)d_2_a exp (—a%) . (6.181)

The constants ¢, C,d depend only on c¢y,e,d. In particular, they do not depend on
the admissible kernel J nor on any particular model in our applications. For nearest-
neighbour models (for which o; = 1) with an inherent small parameter A, we will prove
that E(8(d)) < O(XA). This establishes (6.170) once we take A sufficiently small. For
spread-out models (which have large o), we will instead prove that (6.180) implies that
E(B(8)) < O(c;%). This establishes (6.170) once we take oy sufficiently large.

The L' norm of Hg for self-avoiding walk and |p|* is an open bubble diagram, and
for Ising and XY something quite similar is true. The L! norm of HE™ is the open

triangle diagram, and the L' norm of HET involves the open square diagram. The early
mathematical development of the theory of high-dimensional critical phenomena was based
on the observation that when the critical exponent 7 is equal to its mean-field value n = 0,
the critical bubble, triangle and square diagrams are respectively finite above dimensions
4, 6 and 8. This was an important step in the understanding, in the 1980s, that 4, 6 and 8
are the upper critical dimensions for the models [1,6,15,33]. The finiteness of the diagrams
above the upper critical dimension was first proved in various contexts for self-avoiding
walk [19,47], spin systems [1,33], percolation [44], and lattice trees [45]. As outlined in
Section 1.3.2, our contribution is to give a new and unified approach to the subject.

6.8.1 Self-avoiding walk and |p|*
Fix any S € [0, 5(d)]. By (6.173)—(6.175), it suffices to consider
Ha(2) = NG + F5)(0)50 (), (6.152)
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since the factors 2 or 6 are of no significance. In this case, Ey(8) = 0 and E(8) =
MG * F)(0)-
Let Gg = Gg — dp. Then

Gpx Fg = Fg+ Gg * Fg. (6.183)

By (6.181), F3(0) < 079 Also, by (6.180) and (6.181),

o 2d—4—2¢e
(G * F5)(0) S idid 3 < J ) . (6.184)

0505 ‘T oy V |zl

For dimensions d > 4 + 2¢, the sum is bounded for the nearest-neighbour J (for which
o7 =1),s0 E(B) = AMGps * F)(0) = O(N). This bound is uniform in 3, and in particular
it holds at 5(6).

For the spread-out case, by Riemann sum approximation, if d > 4 + 2¢ then

_ 1 1 1
Gg*x F3)(0) < —/ ————du < — 6.185
G FO) 5 g [ pamr S o (6.185)

so E(B) = O(c7%). Again, the bound holds at 3(8).

6.8.2 Ising and XY models

Let t < (d) < 2. By (6.176)—(6.177), it suffices to consider Hy = [(dp + tJ) * (6o +
tJ)] (K * J = K;)(0). Its zeroth and second moments satisfy

> Hy(x) = Y [So(x) + 2ty + t2(J * J)(2)] (K¢ * J * K;)(0)

x€Z4 x€Z4
< [1+4—|—4]( Ky« J % Ky)(0), (6.186)
0L > |xl3H, 0L > Jaf3[00(x) + 2tJp 4+ (] * J)(@)] (K * J * K;)(0)
x€Z4 x€Z4
_5() 51 + 407 + 803] (K + J * K)(0). (6.187)

By Proposition 4.1, £(t) > £(0) = 0. Also, by definition of K,

It therefore suffices to prove that the right-hand side of (6.188) is bounded by a multiple
of a;d. The first two terms are indeed bounded by a multiple of U;d, exactly as in
Section 6.8.1.

For the last term, it suffices to show that

1 oy d—2—¢
J x F < — | — 6.189
VR g (ST (6.159)

since then the computations of Section 6.8.1 can be applied. By (6.181),

(J % F)(z) < & S (”)d_H (6.190)
A f]lyezd YNog vz -yl . .

We divide the sum according to whether (i) |y| < |z|/2, or (ii) |y| > |z|/2. In case (i), up
to a constant we may replace |x — y| by |z| and then bound the resulting sum over y by
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1, so this contribution does satisfy the bound (6.189). In case (ii), since J has finite range
Rj, the summand is nonzero only if |z| < 2R; < QCEIO'J, where ¢y € (0,1] is given by
Definition 1.1. The contribution to the sum (6.190) from case (ii) is therefore bounded by

d—2—¢ d—2—¢
1 1 25" 1 [ 2¢?
(YT,
o 05 \2¢cy 07V x| o5 \ oV |z
This completes the proof.
6.8.3 Bernoulli percolation
For Ey(t), we use

The first term on the right-hand side is O(c~%) by (6.181), and the second term is O(c;%)
by (6.185). For the third term, we again use Riemann sum approximation to see that, for
d> 6+ 3¢,

- 1 1 1 1 d=2=e
o< L T
(Gex G t)(O)NUf} rd Jra \1V |u| 1V |v|1V |u— | v

This shows that Fy(t) = O(o;%).
We did not use the exponential decay for Ey(t), but for Es(t) we will, as follows. Let

(6.193)

9
wal

_ =P _ =P -
Wt(l’) = E(t)2Gt($) = g(t)QGt( ) (6194)
Then
Ey(t) = > Wi(x)(Ge x Fy)(x) = (Wi x Gy + F)(0). (6.195)
reZd

Since 527 is bounded for s € [0, 1], it follows from (6.180) that

1 oy d—2—¢
W, < = | — . 6.196
t(aj) ~ Og (UJ v ’$‘> ( )

The factors in (W, x Gy * F})(0) therefore obey the same estimates as the factors in (6.193),
so we also have Ey(t) = O(c™9).
6.8.4 Lattice trees
By definition of H; in (6.179), and with Gy = G; — do,
Eo(t) = (Gi(0) = 1) + 2(F; x G°(0))
= 3G4(0) + 6G;(0) + 3G*(0) + G;(0)

+ 2F,(0) 4+ 6(F; % G¢)(0) 4+ 6(F; * G (0) + 2(F; « G73)(0). (6.197)

A bound O(0;%) was obtained above for the first three terms in each of second and third

lines of (6.197), assuming d > 6 + 3¢. The last terms on each of those lines obey the same
upper bound, which is a Riemann sum approximation to

1 1 1 1 1 \4 2=
- / / / du do dw. (6.198)
04 Jra Jra Jra \1V [u[ 1V v —u|1V|w—v[1V |w]
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The integral converges for d > 8 + 4e, so Eg(t) = O(o;%).
The estimate for Fy(t) follows similarly, again using (6.196). We present the details
only for the contribution from the first term in (6.179). For this term, we seek a bound

O(c7%) on

5(1)2 S 163Ga()[Gs + Gp + Galy) I (= — y). (6.199)
x,ycZd

We can replace |x|3 by |y|3 + |x — y|3, since the cross term gives zero contribution to the
sum by the Z%-symmetry. For |y|3, we use 3,cz4 J(z — y) = 1 and bound |y[3G+(y)/&(t)
using (6.196). This brings us to an expression that we have treated already for Ey(t). For
|z — y|3, we use

o2 2
()2 gzjdlx yl3J(x —y) = 5(52 = Z((%)Q <1, (6.200)

due to the monotonicity of £ proved in Proposition 4.1. The remaining sum over y has
been shown in the bound on Ey(t) to be O(a}d). This completes the proof.

A Random walk theorems

In this appendix, we prove the averaged and pointwise anti-concentration and Green
function estimates stated in Theorem 2.10 and Proposition 2.1, respectively. We prove
Theorem 2.10 in Section A.2, and use it to prove Proposition 2.1 in Section A.3. An
important preliminary ingredient is the anti-concentration estimate proved in Section A.1.

A.1 Esseen’s anti-concentration estimate

A fundamental ingredient in our proof of Theorem 2.10 is the following result from
Esseen [29]. For its statement, for any M > 0 and 2 € R, we introduce the set

. — d. s o<
D(z; M) :={x € R%: 1211'120[]3:2 zil < M}. (A.1)

Recall from (2.27) that for y € R? we set By(y) = {z € R?: |z —y| < M}, and we also
write By = Bys(0). A random variable Y = (YD ... V(@) on R? is called sign invariant
if the 2 random vectors (£Y' (1), . .., £V (4) have the same distribution.

Theorem A.1 ([29, Theorem 3]). Let d > 1. There exists C = C(d) > 0 such that the

following holds. Let n > 1, and let Y1,...,Y, be mutually independent and sign-invariant
random variables on R?. Set S, :=Y) + ...+ Y,. Then, for every M > 1,
C
sup P[S, € Bu(y)] < —; 72 (A.2)
yeRr (Z (1 — sup P[Yy € D(z; M)]))

z€R4

As stated, Theorem A.1 is not well-suited for regular random walks. Indeed, to use
it directly would require showing that for a generic (Creg, Creg)-regular random walk X
there exists M > 0 such that P[X; ¢ D(z;M)] > co(d, Creg, Creg) > 0, uniformly in z.
This property is false in general: it does not hold for the simple random walk on Z¢ with
z =0and M = 1. Nevertheless, as we will see below in (A.27), (Creg, Creg)-regular random
walks satisfy a closely related bound of the form P[X; ¢ Bjs] > ¢1(d, Creg, Creg) > 0, for
an M depending on the variance o2 of X;. The purpose of the next result is to adapt
Theorem A.1 to apply under this alternative (weaker) assumption.

70



We say that a random variable Y on R? is symmetric if the 2¢d! random vectors
(Y W) 4y (")) where 7 ranges over all permutations of {1,...,d}, have the
same distribution. This is a stronger condition than being sign invariant. A random walk
X = (Xg)r>0 on R? is called symmetric if X; (and therefore X;,1 — X; for every i > 2) is
symmetric.

Corollary A.2. Letd > 1 and a9 > 0. Let X = (Xy)r>0 be a symmetric random walk
started at 0. Let M > 1 and assume that

]PP(1¢~BAH Ejao. (A“3>

Then there exists C = C(ag,d) > 0 such that, for everyn > 1,

sup P[X,, € By (y)] <
y€ER4

C
i (A4)

Proof. By Theorem A.1, it would be sufficient to show that there exists ¢ > 0 such that

sup P[X; € D(z; M) <1-—c. (A.5)
2€R4

However, with our hypotheses, this is not necessarily true. Instead, we prove that there
exists ¢; = ¢1(ap,d) > 0 such that

sup P[Xg € D(z; M)] <1 — ¢y, (A.6)
2€R4

as follows.

For 1<i<d, let & :={r € R:2; > M, x; > 0if j # i}. Since X; is symmetric, we

have
ap

Again by symmetry,
max P[Xy € D(z; M)] = max P[X4 € D(z; M)]. (A.8)
z€R4 z€R%: maxi<;<q 2; <0
Finally, if 2 € R¢ with z; < 0 for all i, then
d
P[Xg ¢ D(z M)] > P[({Xi - X € &} > el = cr. (A.9)
i=1

This proves (A.6).
We now prove (A.4). If n < d — 1, we just bound the probability by 1. Assume that
n > d. In this case, we set £ := |n/d], and for 1 < k < ¢ define

kd
j=(k—1)d+1

so that
Xn=Y1+4+...+ Y1 (A.11)
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The random variables Y1, ..., Yy are mutually independent and sign invariant. Also, for
every 1 < k < £, Y} has the same law as Xy. We apply Theorem A.1 to the random
variables Y1,...,Yyy1 and find C7 = C1(d) > 0 such that for every n > d,

Cy

sup P[Xn € BM(:’J)] < 7

yeRd ((1 —P[Yy41 € D(2; M)]) + Z (1- su]é) P[Yy € D(z; M)]))d/Q
k=1 z€R4
. Cy 5 < ni% (A.12)
(6(1 — sup,cpa P[Xq € D(z; M)]))

where in the second line we used (A.6), and where Co = Cy(ag,d) > 0. As a result, for
every n > 1,

C
sup P[X,, € By (y)] < —3 (A.13)
yGRd n
where C' := d%? v Cy. This concludes the proof. O

A.2 Regular random walk: proof of Theorem 2.10

We now prove Theorem 2.10. Recall from Definition 2.6 that a (creg, Creg)-regular
random walk on R? has Xy = 0, variance 0 = E[|X1]3] < oo, is invariant under permu-
tation of coordinates and/or replacement of a coordinate by its negative, and its moment
generating function M (t) = E[et(e1X1)/7] obeys

M (creg) < Creg- (A.14)

It follows from the elementary inequality (4.56) that, for 0 <t < cyeg,

t2 4 2 (2 4t2C
M) <14+ —4 —M(cree) <14+ —[= - Al
( ) = + 2d + C;Leg (C eg) — + 4 (d + Céeg ) ( 5)

Therefore, for d > 2, we can choose

. Jd—2
tg = —2 AcCes A1 € (0,1 A.16
0 B) dcreg Creg € ( ) ] ( )

2
M) <1+ % for all ¢ € [0, £o]. (A.17)

to achieve

We prove the anti-concentration part of Theorem 2.10, in the next proposition.

Proposition A.3. (Anti-concentration inequality). Let d > 2. There is a constant Cy
(depending on d, reg, Creg) such that for every m > 1, every y € R?, and every T € [0, to],

Cac —
P[Xm € By(y)] < WemTz/Se Tlvl/20 (A.18)

We will apply two special cases of (A.18), obtained from two choices of 7. The first is

eto/8
]P)[Xm € Ba(y)} < C:Ld/Z exp (—to 2;%) (7’ = to/\/E). (Alg)
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The anti-concentration bound (2.29) of Theorem 2.10 follows immediately from (A.19),
once we require that

t
CRw < 50, Crw > Cace'd/®. (A.20)
For the second choice, given s € [0,1], let 7 = sAtg. Then m?7/8 < m?s/8 and —7 < —tgs
(since 0 < s <1and 0<t;<1),so (A.18) implies that

e’ /8 exp (— t0;|y|) (T =sAto). (A.21)
o

The constants C; below depend only on ceg, Creg, and d. Before proving Proposition
A3, we start with a weaker estimate.

Lemma A.4. Let d > 1. There exists C = C(Creg, Creg, d) > 0 such that, for every m > 1
and every y € RY,

C
P[X,, € Bs(y)] < — (A.22)
m
Proof. Let X; = X /o and 0 > 0. By the Cauchy—Schwarz inequality,
1= E[|X1[%] < 8+ E[L g, 55 X1 ] < 62 + B[ X| > SB[ X4 (A.23)
This gives
(1—6%)?
0 < PlXy| > dal. (A.24)
B[, [1X1] ]
By symmetry, for any ¢ > 0 we have
Bl < 2dB[e"© X0 ¢ o] <24 M (1), (A.25)
o A
B < Bfee ] < 240G, (A.20)
Therefore, by choosing § = §(Creg, Creg, d) small enough, we obtain
P[X, ¢ Bso] > 6. (A.27)

The inequality (A.27) is a form of “non-lazyness” of the random walk.
Now, thanks to Corollary A.2 (applied to X, ap = J, and M = o), there exists C; > 0
which depends on cpeg, Creg, and d, such that for every m > 1 and every y € R4,

C
a2

P[Xm € Bda(y)] < (A'28)

Then, after adding the contributions to the big box from small boxes, (A.28) gives the
existence of Cy = C2(Creg; Creg, d) > 0 such that, for every m > 1,

C
sup P[X,, € B,(y)] < 72/2 (A.29)
yeRd m

This concludes the proof. O

We are now in a position to prove Proposition A.3.
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Proof of Proposition A.3. By Lemma A.4, there exists C' > 0 such that for every m > 1

and every y € R%,
C

ma/2
To improve (A.30) with an exponential factor, we proceed as follows. Suppose that X, €
B,(y). If |y| < o then we can insert the exponential factor in the upper bound (A.30) at
the cost of increasing C, so we assume now that |y| > o.

Let k = [m/2]. Either | Xj| < (ly| —0)/2 or | Xk| > (ly| — 0)/2. In the former case,
| Xm — Xk| > (Jy| — 0)/2. Therefore,

P[Xm € Bo(y)] < (A.30)

P[Xyn € By (y)] < P[Xon € Bo(y) | 1Xim — Xel = (ly] — 0)/2]P[| X0 — X| > (ly| - 0)/2]
+P[ X € Bo(y) | 1Xel = (Iy] - o) /2]P[1 X > (ly] - 0)/2. (A31)

For the conditional probabilities, we first observe that (Xg, X1,..., X,,) has the same law
as (X — Xomy -, Xn — Xo). With ¥ = [m/2], this gives

B[ X € Bo(y) | 1Xm — Xil = (Iy] = 0)/2] = P[Xou € Bo () | IXur| > (|ly] - 0)/2]- (A.32)

This allows the two terms in (A.31) to be bounded in the same way. By the Markov
property and (A.30),

P[Xm € Boly) | 1Xu] 2 (Iy] - 0)/2] < (A.33)

C
(m _ k/)d/Q ’
With (A.30), and with £ = k = [m/2] or £ = k' = m—k = |m/2] giving the maximum
of the two options on the right-hand side, this gives the existence of C' such that

PlXn € Bo(y)] < -~ BlIXed > (Iy] — 0)/2] (A34)

Let Z; denote the first coordinate of X;. By symmetry, E[Z?] = d"1¢0? and

PI[Xe| = (Jy] = 0)/2] < (2d)P[Ze = (Jy| = 0)/2]. (A.35)

The moment generating function M (¢ [exp(tZ1 Jo)] is well defined for |t| < cpeq. Let

) =
to be chosen in (A.17) so that M(t) < 1+ 7 for all [t| < t5. By Markov’s inequality, if
T € [0,¢0] then

Tyl —0o 2m
PLZe > (Il - 0)/2) < M exp (- 2T < iz (8 2'§'>. (A.36)

The combination of (A.34) and (A.36) gives the existence of C,. and completes the proof.
O

The following theorem is a restatement of the Green function estimate (2.30) of Theo-
rem 2.10. In order to achieve the constant crw in (2.30), we now strengthen the demand
in (A.20) to require that

to
Crw < —=. A.37
WS e (A.37)
The proof of Theorem A.5 uses the following elementary fact. Given A > 0, for x > 0
let f(z) = 2=%2eMVZ Since f'(z) = f(z =2z + 32 7], the function f has a unique
maximum at x = (A/d)?, and
F(w0) < F(@) < F(OVd)) = (@/0)e™ it ag < 2 < (V). (A.38)
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Theorem A.5 (Green function estimate for regular random walks). Let d > 2. For every
Creg; Creg > 0, there exist Crw = CRrw (Creg, Creg, d) and crw = CRW(Creg, Creg, d) > 0 such
that, for every (Creg, Creg)-regular random walk X (started at 0) on R? of law P, Green
function G, and variance o2, every p € [0,1], and every y € VAS

6uBo(0) < o (7)o (VA= ). (4.39)

Proof. We first consider p = 1, for which there is no exponential decay. For |y| < 20, the
desired bound follows from (A.19) together with the fact that >, -, ﬁ is finite when
d > 2. For the case |y| > 20, we consider large and small m separately. By Lemma A.4,

d—2
Y PXneBw)<C Y mP< oy (") : (A.40)

m>(lyl/)? m>(|yl/o)2 vl

For small m, we use (A.19) and apply (A.38) to see that

P[X,n € Bo(y)] <~ ex (—c £ )<c (")d (A.41)
Therefore,
o\ 42
S P[X, € B,(y)] < Cs (I\) . (A.42)
m(|yl/o)? Y
This proves (A.39) for the case u = 1.
Let

a:t—OM, s=+/1—p. (A.43)

2 0

For as < K (any fixed K > 0) the exponential factor in (A.39) plays no role, so (A.39)
holds in this case for all pu by using monotonicity in p with the result for p = 1. It
therefore suffices to assume in the following that as is bounded below by whatever value
is convenient. Fix s € (0,1]. We again consider large and small m separately, but now
with a different division between large and small.

Consider the contribution to the Green function due to m < d/s?. In this case, we
simply use p < 1, and then apply (A.19). This gives

1
Z WP Xm € Bs(y)] < Cacetg/S Z We_a/\/ﬁ- (A.44)
m

m<d/s? m<d/s?

We apply (A.38) a second time to see that the terms in the sum on the above right-hand
side are bounded above by their value at m = (a/d)?. We can assume that d/s? < (a/d)?,
because this is a statement that as is bounded below and we have already dealt with the
case when as is bounded above. In this case, the terms in the sum on the right-hand
side of (A.44) are bounded above by their value for m = d/s?, and we obtain the desired
estimate via

1
Z 7 eV < s 2gdeas/Vd (A.45)

_ Sdeefas/Q\/a(as)f(de) [(as)d72efas/2\/g]

5 a—(d—2)e—as/2\/g.
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We now turn to the remaining case, which is m > d/s%. We use u™ = (1—s2)™ < e=5'™

and apply (A.21). Therefore ,umeSQm/ 8 <1, and we find that

—as 1
Z :umP[Xm S Ba(y)] < Cyee /2 Z md/2 (A'46)
m>d/s? m>d/s?

S e—as/QSd—Q S a—(d—2)e—as/4’

where the last inequality is as in (A.46).
This completes the proof. ]

The following is an example of a regular random walk which does not obey a pointwise
version of (A.39). The averaging in Theorem A.5 therefore plays an important role.

Example A.6. Let d > 2 and N > 1 be integers. Consider the random walk on Z? whose
transition probabilities are given, for 1 < i < d, by P[X; = +Ne;] = %. Then o = N and

d—1 N cosh(s)
d d

M(s) = E[es(er-X0/e] = (A.47)

Therefore M (1) < 1+ e for every N, so the walk is uniformly regular in N. At criticality,
a non-averaged estimate of (A.39) would have to state that

G1(0, N )<CRW< 7 )HCRW (A.48)
1A =" oV |Ne| - Nd” '

This cannot hold for every N because G1(0, Ney) > 5.

A.3 Pointwise estimates: proof of Proposition 2.1

We now apply Theorem A.5 to prove its pointwise counterpart for any random walk on
Z% whose transition function is given by an admissible kernel, as defined in Definition 1.1.
Let J be an admissible kernel. In particular, there is a constant ¢y > 0 such that

Ry <05,  J.<cg'Ry4 (e (A.49)

Let IP; denote the law of the random walk (X})r>0 started at 0 and of step distribution
given by J, and let 02 := E,[|X;]3]. For p € [0,1] and = € Z¢, the Green function is
Cu(z) = X0 K" Py[X,, = 2], and we define the moment generating function M;(s) =
Ejlexp(s(e1) - X1)].

We restate Proposition 2.1 here as Proposition A.7. For the nearest-neighbour J, it
provides a different proof of the Green function estimate of [84, Proposition 2.1]. For
the specific spread-out J of (1.12), Proposition A.7 improves the Green function estimate
of [65, Proposition B.1], which has less precise control in terms of o ;.

Proposition A.7. Let d > 2. There exist c,C > 0, which depend on d and cy but not on
J, such that for every u < 1, every m > 1, and every x € Z¢,

B c 1 ||
Py X, = z] < ;ﬁmd/Q exp (_CUJ\/H> , (A.50)
C oy d=2 ‘.%"
Culz) <do(w) + — | —— exp [ —cy/1—pu—|. (A.51)
0§ \oy V|| oy
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Proof. To begin, we notice that

Mj(2/oy) = Z exp(2(e1 - x)/oy)Jy < exp(2Ry/o5) < exp(2/co), (A.52)

$EAR

so the random walk is (2,exp(2/cp))-regular, uniformly in R; > 1. We can therefore
conclude from Theorem A.5 that, with the d- and co-dependent constants (crw, Crw)
determined by (Creg, Creg) = (2, exp(2/cp)), and for every y € Z4,

Cu(Ao,(y)) < Crw (W)d_Q exp (—Cme(’i‘) : (A.53)

arVlyl

We first prove (A.51), by “unaveraging” (A.53). For this, we start by using J, <
cg'R;? (by (A.49)) and the definition of R to see that, for m > 1,

1
PJ[Xm = JJ] S Z ]P’J[Xm_l = 'U/]Ju_x S WPJ[Xm_l S ARJ(m)] (A54)
u€h g, (x)\{z} 0%

The Green function therefore obeys

1

Cpu(z) = do(x) + Y W"Py[Xm = 2] < bo(2) + kT
J

m>1

Cp(Ar, (). (A.55)

With (A.53), this is almost what we need, but there is a mismatch between the boxes of
size Ry and 0. To deal with this, we let b = [c5 '] and B = (2b+ 1)¢, so that, by (A.53)

Cu(AR,(x Z Cu(Ay(z 4+ jo)) (A.56)

JENp

d—2 :
< BCgrw sup (UJ) exp <_CRW\/ 1- MW) :

jehy \og VT + jol
Suppose first that |z| < 2bo ;. Then,

aJ aJ

— = <1<2b
UL]\/‘.’L'-F]O'J|

exp (—CRW\/l — MW> <1< erw?exp <—CRW\/1 — u‘x’> . (A.58)
oJ

aJ

A.57
o v ’x‘ ’ ( )

These give the desired bound for the case |z| < 2bo s, with suitable constants ¢, C. Suppose
instead that |z| > 2bo;. In this case, for every j € Ay,

1
2+ jou| = lal = boy = 5lal, (A.59)

which implies the desired bound (A.51) with suitable constants c, C.

We prove (A.50) similarly. For m = 1 it is straightforward, so we assume m > 2.
We start with (A.54) and apply the averaged anti-concentration bound of (A.19), and
oy < Ry, to obtain

Py [Xp = 2] < -2 Cace'/® ( | +JUJ! )
J =z < sup exp
m C()Ujl- (m — 1)d/2 JEAL 20]\/
B 24/2C. eto/8 ¢
< — ch P g2l sup exp <—0 2] > . (A.60)
co0G md/ jen, 4 o5 /m

This gives (A.50) and, after relaxing the values of ¢, C if necessary, completes the proof. [
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B Convolution estimates

In this appendix, we collect two convolution estimates. First, we prove Lemma 5.2,
which we restate as the following lemma.

Lemma B.1. Let a,b,c1,¢c2,0,§ > 0, p > 0 and € € [0,1]. Suppose that the functions
f,9:7Z% —[0,00) satisfy

flz) < 01% ( 7 )d—Q—a e~alel/g, (B.1)

oV |x|

d—2
sac@) < e (gim) e (B.2)

Then, there is a constant Cq,, such that, for every |z| > 2(o V&),

€ €
Z F)g(z —y) < %(@) <2ng”1€—ax|/2§ + @C’aw(i) e—bla:l/2£> . (B.3)
YA (0) o’z “ =1

Proof. We first observe that we may assume that u € (0,1). Indeed, if g > 1 then we can
bound the left-hand side of (B.3) by the left-hand side with y = . That new left-hand
side is bounded by the corresponding right-hand side, which suffices.

The first term in the upper bound on the convolution arises from

¢ o d—2—¢
Y fea-n<%(5g) cE Y ee-w)

YEA || /2(0) Y&¢A 21 /2(0)

C T(\¢
1 (‘ |) 2defa|x\/2§HgH1. (B4)

= o2|z|d2 o

The remaining contribution to (B.3) is due to the sum over y € Ajy/2(0) \ Aue(0).
We do not have a pointwise hypothesis on g, so averaging is required. For k£ > 0, we
define the annulus Ay := {z € Z¢ : 2Fu¢ < |2| < 2F1ugl. We decompose the annulus
Ajz/2(0) \ Aye(0) into the annuli A, with 0 < k < logy(|x|/2u€) — 1. This gives

log, (|=|/2p8)—1
> fWelz-y) < D> > fygle —y). (B.5)
k=0

yEA‘w‘/Q(O) yeAL

By hypothesis, if k£ > 0 and y € A, we have the uniform bound

d—2—¢ d—2—¢
c1 o a2k c1 1 4ok
s (ovmg) () T ®9

Also, since Aye(r —y) C Ae(r — ),

> gl —y) < 2" sup g(Aue(z —y)) < 28 sup g(A¢(z —y)). (B.7)
yEA, yEAg yEAg

It follows from the hypothesis on g, and the fact that |y| < |z|/2, that

€\ blelyoe
sp g(elr ) Sex () (B.8)
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We abbreviate the notation for the annulus of interest by defining A := {y € Aj;/2(0) \
A,g(0)}. Altogether, we find that

> fglz—y) < 0_5; ( L )d_H ( § )ECQG—blxl/zg

<[ (2>d_2 S ematugh2ea)], (B.9)

H >0

The factor in square brackets is bounded by a constant C, , which depends on a, u,d. We
therefore obtain the desired upper bound

c z]\© f . T
e () excm (f57) e .10

This completes the proof. O

Next, we prove Lemma 5.4, which we restate as follows.
Lemma B.2. Let p,a > 0. Fori = 1,2, suppose that f; € (Y(Z%) satisfy 0 < fi(z) <
a(1V |2|)7P for all x € Z%. Let k > 1. Then

C (R Y ()t aw). B

(fi* fo)(2) €
(1 vlz]) YEA L2 (0)
Proof. We divide the sum 3°, fi(x — y)f2(y) into three parts:

Y€ Ng2(®), Y E A (0)\ Apya(®), Yy & Appy(0). (B.12)
For the first case, we have |y| > |x|/2, so by hypothesis, and by A|;|/2(0) C Ay, (0),

2Pq
Z filz —y) fo(y) < W Z fi(y)- (B.13)
YEA |z /2() YEA L (0)
For the second case, |x — y| > |z|/2, so
2Pq
Z filz —y) fa(y) < W Z f2(y). (B.14)
YEA k12| (0\A || /2(2) YEAL|2((0)
For the third case, |y| > k|x|, so
a
hilz=9)fy) < o 1Al B.15
Z a0k < Gl (B.15)
This completes the proof. O
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