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1 Introduction

Non-overlapping domain decomposition methods for PDE-constrained optimization
problems have a long history. The early treatment by Benamou and Després [1]
focused on the extension of the P.L. Lions algorithm for elliptic problems [15] to
Helmholtz problems and then elliptic optimal control problems using a complex
formulation. For parabolic optimal control problems, Lee [12] used an artificial
control (that we would now call a virtual control) at the interface and a penalization
of the mismatch of the states at the interface. Heinkenschloss and Herty [10] used
a semi-discrete setting to apply a Neumann-type DD-technique. For more recent
contributions, see e.g. Leugering [13] and Leugering et al. [ 14] for fractional diffusion
equations on networks. We do not dwell here on the rich literature on time-domain
decomposition of parabolic optimal control problems, for examples, see Gander et
al. [6, 5], and for hyperbolic problems, we refer to the monograph [11] and also [3].

2 Augmented Lagrange approach for virtual controls at the
interface

We consider a standard optimal control problem for a parabolic equation in x (0, T),
where Q = Q; U €, with common interface I' = dQ; N 9Q;. We introduce the pivot
space H = L*(Q), the energy space V = Hé(Q), as well as the domain space
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D(A) := H*(Q) N Hj(Q) and refer to the Gelfand triple V. c H C V*, the setting in
which the mathematical analysis takes place. The set of distributed controls U = H
represents unconstrained distributed controls , and the problem reads

T T

min J* (u, y) := g/ / ly = y¥ | Pdxdr + %/ / lulPdxdt st (1)
u,y
Q 0 Q

0
Oy—Ay=u, inQ:=Qx(0,7),
y=0 ondQx(0,7),
y(-,0) =y? inQ.

The problems of well-posedness in terms of so-called weak-, mild- and strong solu-
tions and the characterization of the corresponding optimality system are standard
an can be looked up in the text-book literature. We, therefore, just write down the
optimality system corresponding to (1),

1
Oy — Ay = ;p, inQ:=Qx(0,7T),

dp+Ap=«k(y-y%), inQ:=Qx(0,7), )
y=0, p=0 ondQx(0,7),
y(-,0) =y, p(-,T) =0 in Q.

The problem that we discuss in these notes concerns the decomposition of the
optimal control problem (1) or the optimality system (2) with respect to the domains
Q1,€; in terms of iterative non-overlapping domain decomposition procedures.
Dealing with the optimality system as the object of decomposition can be framed as
optimize-then-decompose, since the optimization problem has been replaced be the
optimality system before considering decomposition with respect to the domains.
The question then is whether it is possible to design a domain decomposition of
the original optimal control problem (1) which would then be an example of the
decompose-then-optimize principle. This question has been posed by the first author
during his lecture at DD28, and he also provided a novel algorithm in that respect
for an elliptic optimal control problem, see [4]. We would like to put this approach
for parabolic problems into the context of virtual controls, a context that has been
established in the work of J.L.. Lions and O. Pironneau [16] and that has been used
intensively thereafter. An equivalent formulation of the equality constraints in (1) is
given by

Oryi —Ay; = u;, inQ;:=Q; x(0,7),

8n1y1 + 8n2y2 = 0, Y1 =Yy2, onI" X (0, T), (3)
y; =0 onodQ\I'x (0,7),

yi(,0) =y inQ;, i=1,2.
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The idea is to introduce virtual controls g; satisfying g; + go = 0 such that the
transmission conditions 0,,y1 + 0p,y2 = 0 are satisfied and the controls are used
to eliminate the discrepancy between yp, y, on the interface, i.e. to fulfill the state
constraints y; — y, on I' X (0, T'). The algorithm in [4] for elliptic problems consists
in relaxing the continuity condition, i.e. the linear state constraint, by an augmented
Langrangian approach as follows: we first extend the cost function by an augmented
Lagrangian relaxation of the constraints,

TP (u, 8, y; ) =T (u, y) + / Alyr = y2) + gl)’l ~yaolPdydr. (4)
I'x(0,7T)

The control set U := {(u,g) € L*(0,T;Q xT')}|g + g2 = 0)} reflects the control
constraint for the virtual controls g;. The admissible setthenis X = {(u, g, y)|(u, g) €
U,y s.t. y satisfies (5)}, which is

dyi — Ay; = u;, inQ; == Q; x(0,T), (5)
On.yi = gi, onI'x(0,7),

yi =0 ondQx (0,7),

yi(50)=yY inQ, i=1,2.

The constrained saddle-point problem then reads

min _max J“"(u, g, y; ).
(u,8,y)ex A

In fact, the problem is then treated in the so-called reduced formulation set-up, where
the solutions y; (u;, g;) = Si(u;, g;) are given by the solution operator,

min maxJ""(u, g, S(u,g); ). 6
(hin  max (u,8,8(u,8); 1) (6)

The Hestenes-type saddle-point iteration for (6) consists in gradient-descent steps
for J*-¥-F followed by updating rules for the Lagrange multiplier A and the penalty
parameter p. Due to space limitations, we omit the details. Rather, we now have
a closer look at the role of the constrained virtual controls. We first remark that,
according to the classical work of Glowinski and LeTallec [9], we may introduce an
extra variable ¢ in Hr := L*(I" x (0,T)) such that y; = ¢,i = 1,2. Moreover, we
may also introduce another variable z € Hp such that gy = z = —g, on I" X (0,T),
hence the control constraint g + g, = 0 is satisfied. We then introduce an augmented
Lagrange relaxation of the two constraints. To this end, we introduce the function
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2
K 4
TP (u,8,y,4,23.4,1) 1= Z/ (Eb’i -y + §|“i|2) dedt (7
Q

i=1
, T
>/
0

\

(mi((=1'gi =2 + ZI(=1'gi = ) dyds

i=1 T
T
+ // A= a) + Slvi — gf?) v
=y T
We then look for a saddle-point of the problem

min max JV* 7 (u, g, v,q,2;4,1). 8)
(u.g.y)€X,(q,2)eHE A1

As in primal-dual optimization, we introduce the Lagrangian

L(u,8.q,2,y;4,m,p) =T (u,8,y,9.2:4,1m) )
T
+ //(@%Pz + Vy;Vp; —u;p;) dxdt.
i=1 0 .

Q;

In order to solve the corresponding saddle-point problem iteratively, we invoke
the Uzawa-type algorithm given by Glowinski and LeTallec [9][Alg.3] which is a
fractional step algorithm,where pk Lok >0,k=0,1,... are given numbers.

Algorithm 1. Given qk‘l,zk‘l,/lk,nk,

2. Solve for u*, gk, y¥ and p* the equation
Ougyp L. gy, ¢ 2 p Ak nk) =0
3. Update A* and n* (fractional step)

i |
k+3 k+1

ko kook _ k-1 k k ik _ k-1
A P=A 40— ), o =+ ot (S -,
4. Solve for g* and z* the equation

aq,ZL(uk7 gk’ yka q7 2, Pk,/lk+%’77k+%) = O

5. Complete the update of A*! and n*+*!,

e+t k+3 i
/l{'cﬁ-l :/li 2 +pk(y{< _qk)’ 771k+1 =7, 2 +O_k((_])lgl(< _Zk)~

6. Check the convergence and stop if satisfied, otherwise increase k — k + 1 and
return to 1. t
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Remark 2 Tt should be noticed that in steps 2. and 4. one can use a gradient procedure
instead of solving the corresponding optimality systems. As in [4], we can resort to
the reduced approach, where one uses the solution operator, denoted by y(u, g),

Tt (u,g,q.2:.4,m) —Z/ ~yiu,g) — yIP + —Iu )dxdt (10)

lIQ

_+_
NG
O\H

(02 + G118 - 2P) ayar
r

+

NG

T
// Ai(yi(u,g) —q) + = Iyz(u g~ f]|)d7dt
0 T

—_

i=

In particular, as seen in Glowinski and LeTallec [9, Algorithm 3], one can replace
step 2. by

Find uf, gf s.t. 7507wk, g%, ¢" 1 21 A5 %) < T80 (u, g.4% 1 241 A ),
V(u, g) admissible , while step 4. is replaced by

Find g%, 2 s.t. T80T (uk, g%, "1, 257 aK b)) < T8 (kL g, g, 2, 4K ),
V(g, z) admissible . The (reduced) algorithm above can thus also be used in the
decompose-then-optimize framework, and adds to the new procedure from [4].

We are however going to show now that for a special choice of p*, o, namely
pk=p,ck=0= %, Algorithm 1 can be interpreted as an optimize-then-decompose
method, i.e. a domain decomposition method for the global optimality system (2).
To do so, we go back to Algorithm 1, with the special choice of p*, ¥, and derive
for (9) the optimality conditions, namely

0 y; —Ay=u;, inQ :=Q; x(0,7),

dpi+Api = k(yi —y{), inQ:= Qi x(0,7),

yi=0, pi=0 ondQ\T x (0,7), (11)
On,yi = 8is On;pi = —Ai —p(yi —q), onI' x(0,T),

y(~0) =y’ p(.T) =0 inQ,

for the state and the adjoint state, and
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1

u; = —pi, in Qi X (O, T),
v

g =ppi— (=1)'(pni —z) onT x (0,7), (12)
| < 1<

q=— A+ = y; onIT' x(0,T),

2 2
! i p
= 5;(—1) 8i+§;77i onI"x (0,7),

for the controls (virtual and real). We now solve, in step 2. of Algorithm 1, the system

(11) for (y¥, p¥) given the values of ¢g*~!, z5=1, A%, nk. After the fractional step 3.

of Algorithm 1, we obtain

plwe okl e 1y igh 4 P ke
q :Zzﬁi +§Zyis Z :E;(_l) 52 : (13)

The major step now is the update 5., where we use step 3. and (13),

2 2
kel _ K+ K ky_ |k L
T =4 2+p(y,-—61)—(ﬂ,»— Z ])+2p(yl—iz )

This shows that 1¥*! = —/lj‘ffl. Similarly, we obtain

nE = e Lnygk - 2 (n —1i ) 3(( D' —1i(—1>fg’f>)
i i p i i 2 P 0 21‘:1 J7

which shows similarly that also 7**! = —7];?“.

We can now move to the next step k + 1. We obtain y**!, p**! and, using the last
identity

gt = ppftt - (—1)1( ot - k)

=ppit = (1) (—pn,k- —2(-1)/gk +zk‘1)
= ppitt - (-1)/ (m’f - zk") -2¢%
=ppit! - ppk - gb.
We therefore obtain for the normal derivatives
9, yk+1 k+1 k+1

wyi T =gl = ppit - pph -0y =

On it = ppi = —ppl = 00,y (14)

We now look at the interface condition for p&*!
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+1 _ _/1{;+1 _p(y{ﬁl _ qk)
= —pyi ok + A+ (O -4 (15)

= pyi !+ py§ = dn;

anipf

which shows that

k k k k
Onpi !+ oyt = pyh = 04, ph.

We can now rewrite the local optimality system (11) at step k + 1 using (14), (15) as

L 14

1
Oy = Ay = —pftl in Q= Qi x (0.7),

OpFt + ApFH = k(YF =y, inQ = Q; x (0,7),

yith =0, pf*'=0 on0Q\T % (0,7), (16)
Oyt = it = —ppf = By,
On !+ pyit = pyh = 0n,pf onT'x, (0,7)

¥(,0) =)’ p(~T) =0 inQ.
This leads to the following important remarks:

* The system (16) corresponds precisely to the non-overlapping domain decompo-
sition method suggested by P.L. Lions for elliptic problems.

e The iteration (16) is, thus, also the result of a non-overlapping domain decompo-
sition method applied directly to the global optimality system (2), which puts the
method into the optimize-then-decompose framework.

* Based on the derivation of (16) from the augmented Lagrangian saddle-point
iteration, however, we see that only the local optimality system (11) in the step
2. of Algorithm 1 comes into play, while the decomposition is governed by the
updates of the Lagrange multipliers and the virtual controls at the interface. In
this sense, the iteration can also be seen as a decompose-then-optimize technique,
in particular if one relaxes the computation of the solution of (11) to gradient
descent steps as indicated in Remark 2.

* The proof of convergence of the method can be done along the lines of e.g. [13],
[14].

e The optimal choice of the parameters o and p has been discussed already in
[7]1[Thm. 5.4], where convergence rates are given, and [8].

e In [11], under-relaxation of a similar scheme in the context of PDE-constrained
optimal control problems has been discussed.

* Complexitiy and performance of augmented Lagrangian algorithms have been
considered for instance in [2].

e The method can be extended to the parabolic p-Laplace equation (see [13]).
Moreover, currently for 1-d problems, we can extend the method to space-time-
fractional parabolic problems on graphs, which, in fact, was the subject of the
presentation at DD28 of the second author.
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We also note that given the iteration at step k, the system (16) can be interpreted
as the optimality system of a local optimization problem on the domain €2;. Due
to space limitations, we can not elaborate on this feature further and refer to [13].
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