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Abstract. “One of the ways to help make computer science respectable is to show that it is
deeply rooted in history (...).” (Donald E. Knuth [106, p. 671]). A great deal of the“respectable”
modern numerical methods proceed iteratively, for which we give an overview in the last Section
11. Also teaching and learning science on a historical basis leads to a “respectable” deeper under-
standing. The first problems requiring iterative processes were square root calculations in Babylon,
Greece and India. More complicated problems such as sine tables in the Arabic, Indian and Me-
dieval calculations including Kepler’s Problem were performed with Fixed Point iterations. With
Newton, Raphson and Simpson we enter “respectable” discussions of methods based on derivatives,
with Mourraille and Cayley their geometric properties in R and C and with Fourier, Cauchy and
Kantorovich rigorous error estimations. Surprisingly, also linear problems became interesting for very
large dimensions, beginning with Gauss, Seidel, SOR, Richardson, Krylov, Domain Decomposition
and Multigrid Methods. We explain all of them and illustrate them on the same “Montreal test
problem”.
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1. Ancient Calculations of Square Roots.
“(...) et diuidatur recta mo. ad punctum .q. in duo equa, et erit (...).”

(Fibonacci, [139, II, p. 250], the main idea of this section, see Fig. 1.2)

It is widely believed that the oldest mathematical problem requiring iterative
methods, somehow urged by the application of Pythagoras’ Theorem, was the calcu-
lation of the square root of a given number N .

1.1. The Babylonian Tablet YBC7289. This clay tablet (first third of the
second millennium BC, [128, pp. 42–43]) shows a square with both diagonals and
contains, in base 60, the numbers

1; 24, 51, 10 = 1 +
24

60
+

51

602
+

10

603
≃

√
2 (1.1)

and

42; 25, 35 = 42 +
25

60
+

35

602
≃ 30

√
2 ,

with all hexadecimal digits correct (see Fig. 1.1). The latter is the length of the
diagonal of the square of side length 30. The value (1.1) improves the Babylonian
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Fig. 1.1. The tablet YBC 7289 (diameter about 7 cm, ©Yale Babylonian Collection) and a
drawing by the authors.

approximation
√
2 ≃ 1; 25 and also occurs in an other tablet containing a list of

coefficients [128, p. 136]. As the “decimal point” of the numbers is not indicated by
the scribe, the interpretation 0; 30 = 1

2 for the side of the square is also possible and
thus

0; 42, 25, 35 =
42

60
+

25

602
+

35

603
≃ 30

60

√
2 =

1√
2
,

so that the tablet gives a pair of reciprocal numbers, an important matter of interest
in Babylonian mathematics, because it allows to replace divisions by multiplications.

Unfortunately, it is not known how the accurate value (1.1) was calculated. Neuge-
bauer and Sachs [128, p. 43] propose a general procedure attested by another tablet.

1.2. Heron’s Method. For a given N , we search
√
N , the side length of the

square with area N . We let a be a first approximation and consider the rectangle
with sides a and N/a which has the desired area but is not necessariliy a square (gray
in Fig. 1.2, left). We therefore divide (in a very similar way to Eucl. II.5) the surplus
of this rectangle beyond the square a2, i.e., the residual r = N − a2 = a(Na − a), into
two equal parts at the arithmetic mean of a, N/a and display them symmetrically
around a2 (Fig. 1.2, middle). This creates approximately a square with sides

a′ = a+ b = a+
r

2a
=

1

2

(
a+

N

a

)
. (1.2)

One of the oldest documents attesting the use of the formula (1.2) is the demotic
papyrus BM10520 kept at the British Museum (probably dating of the early Roman
period of Egypt, i.e., 30BC to 641AD). The scribe uses it to obtain

√
10 with a = 3

and b = 10−32

2·3 = 1
6 (see Fig. 1.3). Here is a translation of this text1:

1After these few lines the scribe also calculates using the same formula
√

1
2

under the form
√

18
36

=
√

18
6

=

√
42+2
6

= 1
6
(4+ 1

4
) = 2

3
+ 1

24
. Unfortunately, “the scribe was very careless or did not

understand what he was writing, and so made numerous errors (...).” [137, p. 70]
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Fig. 1.2. Picture for Heron’s method (1.2) (left and center); Leonardo’s picture for his equation
(1.5) below with “the rectangle mo divided in duo equa at the point q” (right, [139, II, p. 250]).

“Cause that 10 reduce to its square root.
You shall reckon 3 times 3: result 9, remainder 1; 1

2
(of 1): result 1

2
.

You shall cause that 1
2
make part of 3: result 1

6
.

You shall add 1
6
to 3: result 3 1

6
. It is the square root.

Causing knowing it. Viz.
You shall reckon 3 1

6
times 3 1

6
: result 10 1

36
.

Its difference with the square root 1
36
.” [137, p. 69]

10 sr

3t3r9
1

1
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1
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1
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1
63r
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1
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31
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t
31

6
r101

36

1
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Fig. 1.3. Reproduction of part of the papyrus BM10520 where the scribe extracts the square
root of 10 with arabics numbers and words “square root” (sr), “times” (t), “result” (r) [137, Plate
23].

We remark that the same geometric intuition behind formula (1.2) allowed Al-
Khwārizmı̄ (Al-jabr w’al muqâbala, 830 AD) to solve x2+10x = 39, his first quadratic
equation (Fig. 1.4). Indeed, treating the rectangle 10 × x in the same way as above
allows to conclude that (x + 5)2 = 39 + 25 = 64, hence x + 5 = 8. Also Leonardo
Pisano’s solution (c. 1175–1250, also known as Fibonacci) of equation (1.5) below is
the same algorithm.

The first ancient author to more explicitly explain this method was Heron of
Alexandria (1st century AD) in his Metrica discovered in 1896 (see [161, p. 18]).
Heron presents as example the computation of

√
720 as follows:

“But as 720 has not a rational square root, we shall take the root with a
very small difference. As the square lying next to 720 is 729 and has the
square root 27, divide 720 by 27, result 26 and two thirds. Add 27, result
53 and two thirds. One half of these, result 26 1/2 1/3. Thus the square
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Fig. 1.4. Al-Khwārizmı̄’s solution of x2 + 10x = 39; right: from Ms.Huntington 214, folio 4R
(Bodleian Library, Oxford).

root of 720 shall be very near to 26 1/2 1/3}. For the square of 26 1/2 1/3
is 720 1/36, so that the difference is one thirtysixth part of a unit. If we
should wish that the difference becomes smaller than a thirtysixth part,
we shall put instead of the 729 the 720 1/36, which has now been found,
and operating thus we shall find that the difference becomes much smaller
than one thirtysixth part.” [17, III, p. 189]

We see that Heron used Formula (1.2) with a = 27 to obtain the new approximation
a′ = 26 + 1/2 + 1/3 = 27 − 1/6. He also states that the method can be repeated
with this new approximation. We see in the Figure 1.2 that the new residual is
r′ = N −a′2 = −b2, the negative square of the last correction. This allows to improve
considerably the result by a second iteration

a′′ = a′ +
r′

2a′
= a′ − b2

2a′
= a+

r

2a
− ( r2a )

2

2(a+ r
2a )

. (1.3)

For Heron’s example the new residual is −1/36, with which a second iteration (1.3)
would give

√
720 ≈ 27− 1

6
−

1
36

2 · (27− 1
6 )

= 27− 1

6
− 1

1932

with an error of 5 · 10−9 .
We now recompute the Babylonian iterations for

√
2 with high precision in basis

60. We start with a = 3
2 = 1; 30. The fist result a′ = 1; 25 = 3

2 − 1
12 = 17

12 (an ap-

proximation also given by Heron in his Metrica) has residual 1
144 . The value obtained

at the second iteration, 577
408 , is the above celebrated result (1.1) in basis 60, and we

obtain

1; 30, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00

1; 25, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00

1; 24, 51, 10 , 35, 17, 38, 49, 24, 42, 21, 10, 35, 17, 38, 49, 24, 42, 21, 10, 35, 17, 38, 49, 24, 42, 21, 10, 35

1; 24, 51, 10, 07, 46, 06, 09, 12, 43, 00, 48, 48, 44, 20, 05, 15, 37, 42, 36, 57, 28, 25, 29, 41, 49, 58, 50, 16

1; 24, 51, 10, 07, 46, 06, 04, 44, 50, 28, 51, 20, 34 , 33, 22, 54, 33, 23, 42, 31, 43, 40, 01, 56, 26, 21, 51, 00

1; 24, 51, 10, 07, 46, 06, 04, 44, 50, 28, 51, 20, 34, 26, 20, 04, 31, 02, 38, 30, 53, 27, 38, 34, 05, 46, 18 , 42
(1.4)

We can nicely observe the quadratic convergence of the method.
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Fig. 1.5. Bouton’s geometrical interpretation for the convergence of (1.2).

Another geometric interpretation. In 1909, Charles Leonard Bouton (1869–1922) still
feels the need to revisit the convergence of the sequence (1.2) to

√
N [12]. He also

gives a nice picture for illustrating the convergence of method (1.2) by drawing the
hyperbola y = N

x (see Fig. 1.5). The points A and B of Figure 1.2 lie symmetrically
on this hyperbola. If C1, which is their mid point, is projected back to this hyperbola,
vertically and horizontally, we obtain the next iterates A1, B1 and so on. The rapid
convergence of the method then becomes clearly visible.

1.3. The Bakhshāl̄ı Manuscript. Another appearance of the same algorithm
is contained in an ancient Indian collection of mathematical fragments written on birch
bark and found in 1881 near the village of Bakhshāl̄ı, not far from Peshawar (now in
Pakistan). It is probably the oldest surviving document of Indian mathematics and
seems to be a copy of the second half of the first millennium of an older text2.

Among the seventy folios containing problems and prose commentary, we find on
folio 56r the following method to obtain a square root:

“In the case of a number whose square root is to be found, divide it by
the approximate root (the root of the nearest square number) ; multiply
the denominator of the resulting śes.a (the ratio of the remainder to the
divisor) by two ; square it (the fraction just obtained) ; halve it ; divide
it by the composite fraction (the first approximation) ; subtract (from the
composite fraction) ; the result is the refined root.” [29, p. 121]

This sequence of steps

N

a
=
a2 + r

a
= a+

r

a
,

r

2a
,
( r
2a

)2
,

1

2

( r
2a

)2
,

(
r
2a

)2

2
(
a+ r

2a

) , a+
r

2a
− ( r2a )

2

2(a+ r
2a )

yields precisely the two iterations of formula (1.2), i.e., formula (1.3). The folio 57v
proposes the example (see the red numbers in Fig. 1.6)

√
41 =

√
36 + 5 ≃ 6 +

5

12
−

25
144

2
(
6 + 5

12

) .

2About recent debates regarding the dating of the manuscript and the use of zero as a “number
in its own right” or as “placeholder” see [141].
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Fig. 1.6. The folio 57v of the Bakhshāl̄ı manuscript (Bodleian Library, Oxford, [98, p. 148 &
Pl. XXXIX]): for easier understanding, we have coloured the numbers in red.

1.4. A Problem by Leonardo Pisano. In a passage of his Epistola ad mag-
istrum Theodorum, Leonardo Pisano (c. 1175–1250), also known as Fibonacci, solves
the following problem [139, II, pp. 249–250]: Inscribe an equilateral pentagon in an
isosceles triangle with base 12 and legs 10, so that one vertex of the pentagon is at
the apex of the triangle, one on each leg and two on the base (see Fig. 1.7).

x

x x

x

x
2

x
2

10 8

6

A

B C

D

E

F

G

HI

K

L

Fig. 1.7. Reproduction of Leonardo’s figure in [139, II] (left).

Let x be the side of the pentagon and draw the perpendiculars DI, GL and DK
(Leonardo’s picture, or that of his graphic artist, is not very precise). The triangles
BHA andDKA are similar to the Pythagorean triangle 3, 4, 5. This gives usDK = 3x

5
and KA = 4x

5 . Computing DE by Pythagoras (“angulus .d.i.e est rectus”) we have

x2 =
(3x
5

− x

2

)2
+
(
8− 4x

5

)2
⇒ x2 +

(
36 + 4

7

)
x = 182 + 6

7 . (1.5)

Here, the square x2 together with the rectangle (36 + 4
7 ) × x is a given quantity.

Exactly as in the first problem of Al-Khwārizmı̄ (“et sic reducta est questio ad unam
ex regulis algebre”), Leonardo divides the rectangle “in duo equa”, so that all three
parts together with the square (18 + 2

7 )
2 can be assembled to a complete square (see

Figs. 1.2 and 1.4). We thus get

(
x+ 18 + 2

7

)2
= 182 + 6

7 +
(
18 + 2

7

)2
= 517 + 11

49 . (1.6)
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The only positive solution is x = −18− 2
7 +

√
517 + 11

49 , for which he writes without

any further explanation 18 + 2
7 = 18; 17, 8, 34, 17 and

√
517 + 11

49 = 22; 44, 33, 15, 7 so

that x = 4; 27, 24, 40, 50 (in base 60). Apparently, around 1200, precise square root
calculations were no longer a difficult challenge. Indeed, Leonardo explains in Chapter
14 of his Liber Abaci [159, pp. 490–491] a procedure equivalent to formula (1.2) (see

also [79, p. 293]) and which converges to
√
517 + 11

49 starting with a = 22 as follows:

22; 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00

22; 45, 18, 22, 02, 26, 56, 19, 35, 30, 36, 44, 04, 53, 52, 39, 11, 01, 13, 28, 09, 47, 45, 18, 22, 02, 26, 56, 19, 35, 30, 36

22; 44, 33, 15 , 51, 48, 26, 49, 04, 42, 20, 47, 19, 56, 15, 58, 04, 01, 49, 22, 49, 33, 41, 53, 26, 37, 32, 50, 29, 42, 22, 26

22; 44, 33, 15, 07, 05, 00 , 30, 09, 52, 37, 15, 31, 42, 26, 50, 23, 25, 50, 37, 02, 54, 02, 05, 38, 16, 53, 31, 14, 20, 19, 19

22; 44, 33, 15, 07, 05, 00, 29, 25, 54, 05, 16, 37, 22, 37, 16, 25, 49, 58, 53, 42, 38, 32, 20, 25, 09, 24, 31, 14, 05, 20, 41

22; 44, 33, 15, 07, 05, 00, 29, 25, 54, 05, 16, 37, 22, 37, 15, 43, 19, 01, 04, 16, 29, 54, 20, 51, 43, 13, 39, 42, 30, 29, 27
(1.7)

1.5. Bombelli’s Continued Fraction for
√
N . Our last example deals with

the computation of
√
N according to Rafael Bombelli (1526–1572). In his book

L’Algebra parte maggiore dell’arimetica published in 1572 in Bologna, he presents
“a rule which may be more acceptable than those given in the past” for calculating√
13 which is equivalent to the expansion of this square root into a continued fraction.
We thus have to find x from

√
N =

√
a2 + r = a + x. After expanding (a + x)2

and simplification, this leads to

r = 2ax+ x2 or x =
r

2a+ x
. (1.8)

Bombelli’s algorithm corresponds to solve the equation to the right for x iteratively,
starting from x0 = 0. We obtain

x1 =
r

2a
, x2 =

r

2a+ r
2a

, x3 =
r

2a+ r
2a+ r

2a

etc. (1.9)

Bombelli uses this method with
√
13 =

√
32 + 4 and obtains so the approximations3

√
13 = 3+xi with xi =

2

3
,
3

5
,
20

33
,
66

109
,
109

180
,
720

1189
, . . . or

√
13 = 3+

4

6 + 4
6+ 4

6+...

. (1.10)

Fig. 1.8. Bombelli’s computation and check of x3 for
√
13 [11, p. 36].

We show in Figure 1.8 how Bombelli explains the computation of 20
33 by “aggionga”

the “rotto” 3
5 to 6 and divide 4 by that. Then the “quadrato” of 3 20

33 becomes 13 4
1089

which is declared to be “più prossimo”.

3Bombelli forgets to give the value x4. He goes directly from x3 to x5 [11, p. 36].
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According to C.Brezinski this is “the birth” of the theory of continued fractions4.
The golden age of such expansions will culminate during the next centuries in the
work of Euler, Legendre and Lambert. We will see in the next section other examples
of equations solved by iterations.

2. Early Fixed Point Iterations.
“(...) the lines of development for these methods within each textual
tradition, and the potential links between them, are still very poorly
understood.” (K.Plofker, [140, p. 259])

Solving equations of the type

x = f(x) by iterating xn+1 = f(xn) (2.1)

is rooted in Arab mathematical practice as well as in Indian one, but the relationships
between the two are not so clear. Today, standard error analysis assures convergence,
if in a neighbourhood of the solution point |f ′(x)| ≤ q < 1.

For example, for Bombelli’s computation of
√
13 (see equation (1.10) above) we

have

f(x) =
4

6 + x
, x =

√
13− 3 = 0.605551 . . . , f ′(x) = − 4

(6 + x)2
= −0.09167 . . .

which explains the (for continued fractions typical) alternating convergence and the
fact that each iteration improves the result by approximately one digit:

n p q 3 + p
q (3 + p

q )
2

1 2 3 3.6666666666667 13.4444444444444
2 3 5 3.6000000000000 12.9600000000000
3 20 33 3.6060606060606 13.0036730945822
4 66 109 3.6055045871560 12.9996633280027
5 109 180 3.6055555555556 13.0000308641975
6 720 1189 3.6055508830950 12.9999971705874
7 2378 3927 3.6055513114337 13.0000002593810
8 3927 6485 3.6055512721665 12.9999999762217
9 25940 42837 3.6055512757663 13.0000000021798
10 85674 141481 3.6055512754363 12.9999999998002

2.1. Al-Kāsh̄ı’s and Nityānanda’s Calculation of sin 1◦. The trisection of
a given angle was one of the great problems which the ancient Greeks could not resolve
precisely. In particular, the value of sin 1◦ was required as first step for the calculation
of any table of sines. The value of sin 3◦ = sin(18◦−15◦) can be obtained from the
dimensions of the regular pentagon and hexagon as

sin 3◦ =
1

16

(√
2(
√
5−1)(

√
3+1)−2

√
5 +

√
5 (

√
3−1)

)
= 0; 3, 8, 24, 33, 59, 34, 28, 14...

(2.2)
and computed to any precision. But the calculation of sin 1◦ is more difficult. Ptolemy
(c. 100–c. 170) obtained from sin 3◦ by repeated halving of the angle and linear inter-
polation sin 1◦ = 0; 1, 2, 50 (see for example Chapter 4 in [2]).

4About the history of continued fractions see [15], especially pp. 61–70 about the work of Bombelli
and Pietro Cataldi (1548–1626).
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Al-Kāsh̄ı. A tremendous progress for more precision was made by the Treatise on
the Chord and the Sine by the Iranian astronomer Jamsh̄ıd Gh̄ıāth ud-Dı̄n al-Kāsh̄ı
(c. 1380–1429), director of the Ulugh Beg Observatory in Samarkand. The paper
[147] by Rosenfeld and Hogendijk gives a presentation of the surviving manuscripts
and begins with “One of the highlights of the medieval Islamic mathematical tradition
is (...)”. An earlier presentation of the underlying idea is the paper [1] by Asger Aaboe
(1922–2007), which was based on [153], a translation of a text by Mı̄rim Cheleb̄ı, a
grandson of the Turkish astronomer S.alāh. al-Dı̄n Mūsā Qād. ı̄-Zādeh al-Rūmı̄ (1360–
1437, teacher of Ulugh Beg).

Al-Kāsh̄ı’s, and thus Cheleb̄ı’s, text starts with Ptolemy’s Lemma, which leads
to the addition properties of the sine functions. By applying addition formulas to
sin(α+ 2α) we obtain the triple angle formular for sine,

sin 3α = 3 sinα− 4 sin3 α hence x =
sin 3◦

3
+

4

3
x3 , (2.3)

a third degree equation to be solved for x = sin 1◦.
Al-Kāsh̄ı computes from this equation the sexagesimal digits of x = 0; a1, a2, a3, ...

one after the other. Suppose that we have already x2 = 0; 1, 2 and want to find
x3 = 0; 1, 2, a3. Inserting this into (2.3) and using (2.2) gives for a3 the condition

0; 1, 2, a3 = 0; 1, 2, 48, 11, ...+
4

3
(0; 1, 2, a3)

3 ≈ 0; 1, 2, 48, 11, ...+
4

3
(0; 1, 2)3.

The error committed to the right by neglecting a3 is of size 4·(0; 1, 2)2·a3 ·60−3 ≈ 60−5.
So a3 can just be computed by subtracting 0; 1, 2 on both sides and evaluating the
leading sexagesimal digit. The general algorithm is thus the following

an+1 = Int.part
[
60n+1 ·

(sin 3◦
3

+
4

3
x3n − xn

)]
. (2.4)

We have coded this 600 year old algorithm in a 6-line Maple procedure in high preci-
sion, which produces for sin 1◦ the following sequence of sexagesimal digits5:

0; 01,02,49,43,11,14, 44,16,26,18,28,49, 20,26,50,41,13,06, 46,25,26,26,34,06,
40,18,50,31,06,35, 20,44,06,39,18,05, 38,58,02,00,05,04, 33,59,11,35,33,50,
34,07,56,43,38,30, 15,49,36,42,06,43, 10,38,45,53,15,59, 07,19,46,22,23,42,
12,01,52,27,42,58, 47,42,58,28,56,53, 07,50,58,27,11,17, 14,38,29,51,35,44,
52,04,34,18,19,41, 56,39,49,23,38,33, 32,52,06,36,13,45, 25,03,20,47,44,22,
02,18,30,28,22,07, 33,05,15,38,54,20, 07,05,27,28,18,52, 25,41,16,56,20,33,
24,34,27,28,10,01, 02,31,08,34,40,34, 16,20,17,15,34,13, 01,34,47,48,03,04,
27,05,18,40,40,16, 13,02,45,22,42,05, 38,34,51,38,34,31, 42,56,46,59,38,01, ... .

Nityānanda. The Hindu astronomer Nityānanda described in his monumental as-
tronomical treatise Sarvasiddhāntarāja (1639) first a method similar to Al Kāsh̄ı’s,
and then continued (Verses 63 (second half)–64 (first half), [124, p. 14]):

“And I will explain this by another method (prakāra). [Considering] the

Sine of three degrees [and] removing one third of it, [may one put it down]

separately. The cube of this is divided by three. When this result [obtained

thus] is divided by the square of the Radius [and] added to [the initial result

that was stored], [and the process] is repeated, half of it (i.e. the iterated

value) is the Sine of one degree.”

5The formula, as it stands, produces a few times an an+1 > 59. An Arabic scribe, doing his
calculations by hand, would then recognize that the previous an must be increased by 1 and the new
an+1 decreased by 60. We, too, have made the same corrections in our list.
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The “Radius” in this text is 60, the standard radius back then for expressing the sine
values. And “half of it” means that Nityānanda was computing y = 2 · 60 sin1◦, for
which equation (2.3) becomes y = 2

3 60 sin 3
◦ + y3

3·602 . Nityānanda thus describes the
iteration

yn+1 =
2

3
60 sin3◦ +

y3n
3 · 602 or, for (2.3), xn+1 =

sin 3◦

3
+

4

3
x3n . (2.5)

Starting with y0 = x0 = 0, these formulas produce the following results:

Nityānanda’s method

2.093438249717753308884745184363
2.094287736663828315042153435267
2.094288771212046996374290307845
2.094288772472484016744106641437
2.094288772474019665097061718702
2.094288772474021536048031298080
2.094288772474021538327496856609
2.094288772474021538330274034267
2.094288772474021538330277417831
2.094288772474021538330277421953

Iterations for sin 1◦

0.017445318747647944240706209870
0.017452397805531902625351278627
0.017452406426767058303119085899
0.017452406437270700139534222012
0.017452406437283497209142180989
0.017452406437283512800400260817
0.017452406437283512819395807138
0.017452406437283512819418950286
0.017452406437283512819418978482
0.017452406437283512819418978516

.

Since f ′(x) = 4x2 ≈ 0.0012, we understand why at each iteration we gain approxi-
mately three additional digits.

2.2. Theon of Smyrna’s Iteration. Theon of Smyrna (c. 70–c. 135) writes in
his Mathematics Useful for Understanding Plato:

“Let two units be laid out, of which we take one as the side and the other
as the diagonal (...); add to the side the diagonal and to the diagonal two
sides (...). (...) the side is now 2 (...) [and] the diagonal 3. Again, to the
side 2 add the diagonal 3 (...) [and] to the diagonal 3 twice the side (...) so
that the diagonal is now 7 and the side 5 (...). And so on by continuing the
addition. The ratio alternates: the square on the diagonal being now one
more now one less than twice the square on the side (...). Therefore the
squares of all the diagonals are the double of the squares of all the sides
(...); indeed, what is missing in the preceding diagonal is found in excess
in the following diagonal.” ([41, pp. 71–75], transl. [170, p. 675])

Starting with a1 = d1 = 1, Theon thus describes the recursion6

an+1 = an + dn
dn+1 = 2an + dn

⇒
(
an
dn

)
=

(
1
1

)
,

(
2
3

)
,

(
5
7

)
,

(
12
17

)
,

(
29
41

)
,

(
70
99

)
, . . . . (2.6)

Expanding the squares a2n+1 and d2n+1 we see that always

(d2n+1 − 2a2n+1) = −(d2n − 2a2n) , (2.7)

thus, as Theon claimed, d2n = 2a2n±1. Therefore, according to Heath7, “no one familiar
with the truth of the proposition stated by Theon could have failed to observe that,

6The sequence (ai) is today know as Pell numbers and the sequence (2di) as Pell–Lucas numbers.
7[85, I, p. 399]. At the beginning of the quoted passage, Theon writes: “As the unity is the

principle of all figures, according to the highest and generating reason, so also is the ratio of the
diagonal to the side found in the unit” [41, p. 71]. So as a1 = d1 = 1, Vedova suggests that Theon,
a know Pythagorean, is still trying, some 600 years after the death of Pythagoras, to defend the
Master’s doctrine that the unit is the constituent element of all things [170, p. 677].
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AD = a+ d = λa

DE =2a+ d = λd

λ = 1 +
√
2

Fig. 2.1. Eigenvector of Theon’s algorithm.

(...) the successive fractions dn/an would give nearer and nearer approximations to
the value

√
2”.

A geometric interpretation. Theon’s use of the words “side” and “diagonal” indicates
that he may have had some geometric intuition in mind. Indeed, if we start with half
a square ABC of sides a and diagonal d (see Fig. 2.1) and twist it twice around B and
C respectively by 135◦, then ECBD is part of a regular octagon and ADE is similar
to ABC with similarity factor 1 +

√
2. Thus

(
1 1
2 1

)
has dominant eigenvector

(
1√
2

)
and dominant eigenvalue 1 +

√
2

and Theon’s method (2.6) can be seen as the oldest use of what is known today as
the Power Iteration Method for an eigenvalue problem.

2.3. Jost Bürgi’s Calculation of his Sine Table. One and a half millennia
later, but still four centuries before the power iteration method in von Mises [123]
(see [91] and [166] for more information on the history of the power method), Jost
Bürgi (1552–1632) applied a similar algorithm around 1584 to linear maps sn 7→
sn+1 for computing the sine values at m equidistant points between 0◦ and 90◦.
This algorithm (Kunstweg) is defined as follows: Given approximate values for the
sine values sn1 , . . . , s

n
m on an equidistant grid, Bürgi computes approximations for the

cosines cn1/2, . . . c
n
(2m−1)/2 on the staggered grid as (here written form = 3, see Fig. 2.2,

neglecting the constant K = 2 sin δ)

cos(α−δ)− cos(α+δ) = K sinα

sin(α+δ)− sin(α−δ) = K cosα
⇒

0 0cn1/2 − cn3/2=s
n
1

sn1 sn+1
1 = cn1/2

cn3/2 − cn5/2=s
n
2

sn2 sn+1
2 − sn+1

1 =cn3/2
cn5/2 = 1

2 s
n
3

sn3 sn+1
3 − sn+1

2 =cn5/2

Here, the new cosine values are calculated from bottom to top. Bürgi carefully re-
placed the starting condition cos 90◦ = 0 (which is not located on the staggered grid)
as cn7/2 = −cn5/2, which leads to 2cn5/2 = sn3 . In the second step, we compute new sine

values from top to bottom, starting from the boundary condition sn+1
0 = 0. Bürgi

calculated his table by usingm = 90. We demonstrate here its convergence for m = 3:

0◦ 0 0 0 0 0 0
7 26 97 362 1351

30◦ 2 7 26 97 362 1351
5 19 71 265 989

60◦ 3 12 45 168 627 2340
2 7 26 97 362

90◦ 4 14 52 194 724 2702
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x

x0 = 0 x1/2 x1 x3/2 x2 x5/2 x3 = π
2

x7/2

sn0 = 0 cn
1/2 sn1 cn

3/2 sn2 cn
5/2 sn3 cn

7/2

Fig. 2.2. Variables in Burgi’s algorithm in a staggered finite difference setting.

The obtained sine values are correct up to a common factor and must be scaled to
achieve sin 90◦ = 1. Due to the clever choice of the initial guess (inspired by Bürgi
himself), the results for sin 30◦ = 1

2 are correct for all n. The result for sin 60◦ ≈ 2340
2702 ,

after 5 iterations, is correct to 6 digits8.
Written in matrix notation, the two steps of Bürgi’s algorithm become



1 −1

1 −1
2






cn1/2
cn3/2
cn5/2


 =



sn1
sn2
sn3


 ,




1
−1 1

−1 1






sn+1
1

sn+1
2

sn+1
3


 =



cn1/2
cn3/2
cn5/2


 . (2.8)

Inserting the second expression of (2.8) into the first we obtain



1 −1

1 −1
2






1
−1 1

−1 1






sn+1
1

sn+1
2

sn+1
3


 =




2 −1
−1 2 −1

−2 2






sn+1
1

sn+1
2

sn+1
3


 =



sn1
sn2
sn3


 .

(2.9)
We thus recognize the finite difference Laplacian with a Neumann condition at the
right boundary. Bürgi’s algorithm can therefore be interpreted in modern terms as
an inverse power iteration on the discrete Laplacian and thus converges to the lowest
eigenmode, which is the sine function sinx.

We admire in Bürgi’s work the systematic use of symmetric formulas on, as we say
today, a staggered grid (“Doch etwas umb eine halbe Zall erhoben”). Unfortunately,
he did not show it to competent readers as Kepler, but offered it in 1592 to the
emperor Rudolph II, who discarded it, so that it was only rediscovered four centuries
later by Menso Folkerts (see [55], [88, p. 145]). Bürgi’s algorithm is a discrete version
of an algorithm of Joh.Bernoulli relating to iterated involutes (see [86]) which is also
the subject of a manuscript of Lagrange (see [88]).

2.4. Indian Astronomical Tables and H. abash’s Problem. Not all pro-
cesses representing smooth periodic phenomena observed by ancient Indian and Ara-
bic astronomers behaved like a nice sine function with the maximal value precisely
in the middle of [0, π]. Therefore they started to develop tables of “sine” functions
whose maximum has been moved out of this mid point. A manuscript by H. abash
al-H. āsib al-Marwaz̄ı (Baghdad, 9th century), explaining such a procedure, has been
kept in Istanbul and analysed by Edward Stewart Kennedy (1912–2009) (see [103],
[101] and [102]).

We reproduce from [101, p. 52] the following values (in base 60) of H. abash com-
pared to the values of al-Khwārizmı̄:

30◦ 60◦ 90◦ 120◦ 150◦

H. abash 1; 10, 56 1; 35, 28 1; 28, 52 1; 6, 12 0; 35, 8
al-Khwārizmı̄ 1; 11, 5 1; 35, 27 1; 28, 51 1; 6, 1 0; 34, 51

0 30 60 90 120150180

8This, together with sin 60◦=
√

3
2

= 3
2·
√

3
, leads to

√
3 ≈ 1351

780
, a value known to Archimedes.
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1

S0S(x)

0

1

S0S1S2S3S4

π

m sin τ

sin τ

x τ

m

π
2

πτ1τ2x τ τ1τ2x τ

m

π
2

Fig. 2.3. The shear transformed S(x) (dotted) of S0(x) = sin(x) for m = 0.75 (left); the
convergence τi → τ and the functions Si(x) = sin(τi(x)) for i = 1, 2, 3, 4 (right).

Apparently, in this function, the highest point has been moved from π
2 to a point

π
2 −m with the help of a shear transformation applied to a symmetric sine function.
For simplicity, we take the maximal value equal to 1 and move every point of y = sin τ
horizontally from τ to x by an amount depending linearly on y (see Fig. 2.3, left):

x = τ −m · sin τ . (2.10)

The problem is thus, for a given x, to find the value of τ satisfying (2.10), in order
to have S(x) = sin τ . According to Kennedy, “H. abash (...) gives a neat recursion
relation. (...) in all the sources the processes are written out as verbal statements”
[103, p. 82]. This “neat recursion relation” was the fixed point iteration

τ0 = x , τi+1 = x+m · sin τi (i = 0, 1, 2, . . .) . (2.11)

Geometrically, this means that the lines connecting (x, sin τi) with (τi+1, 0) are all
parallel with slope − 1

m (see Fig. 2.3, right). The algorithm is thus a movement along
zig zag lines and convergence can nicely be observed, as long as m < 1. If we set
Si(x) = sin τi, we obtain a sequence of functions converging to the required S(x).

Recomputing the historical values. Most of the old tables used the value of m = 24◦,
which is close to the obliquity of the ecliptic, so that the maximal value of S moves
to x = 66◦. They also multiplied the sine values by k = 1; 36, which is 4m. So we
use m = 24π

180 = 0.41887902 and k = 1.6 and represent the final values in base 60
with one additional digit in Table 2.1. We can clearly observe that H. abash computed
precisely four iterations, while the values of al-Khwārizmı̄, calculated by trigonometric
interpolation, are more precise. We see also that towards the borders of [0, π], where
f ′(τ) = m · cos τ is largest, the convergence slows down.

According to Kennedy “H. abash does not claim to have originated the algorism
[sic], and there is reason to think that it came to him along with many other techniques
used by the astronomers of India” [102, p. 248] because “the techniques in which this
section of H. abash’s work is embedded are demonstrably Hindu” [103, p. 83].

2.5. Kepler’s Laws and Kepler’s Problem. One of the great moments in the
history of science was when Johannes Kepler (1571–1630) extracted from the precise
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It. 30◦ 60◦ 90◦ 120◦ 150◦

S0 0; 47, 59, 60 1; 23, 8, 18 1; 36, 0, 0 1; 23, 8, 18 0; 47, 59, 60
S1 1; 4, 14, 12 1; 34, 45, 39 1; 27, 42, 1 1; 0, 41, 41 0; 29, 39, 56
S2 1; 9, 7, 31 1; 35, 25, 6 1; 29, 3, 24 1; 7, 40, 34 0; 36, 52, 1
S3 1; 10, 31, 50 1; 35, 26, 54 1; 28, 50, 34 1; 5, 34, 16 0; 34, 3, 51
S4 1; 10, 55, 43 1; 35, 26, 59 1; 28, 52, 36 1; 6, 12, 44 0; 35, 9, 33
S5 1; 11, 2, 27 1; 35, 26, 59 1; 28, 52, 17 1; 6, 1, 3 0; 34, 43, 55
S6 1; 11, 4, 21 1; 35, 26, 59 1; 28, 52, 20 1; 6, 4, 36 0; 34, 53, 55
S7 1; 11, 4, 53 1; 35, 26, 59 1; 28, 52, 20 1; 6, 3, 31 0; 34, 50, 1
S8 1; 11, 5, 2 1; 35, 26, 59 1; 28, 52, 20 1; 6, 3, 51 0; 34, 51, 32
S9 1; 11, 5, 4 1; 35, 26, 59 1; 28, 52, 20 1; 6, 3, 45 0; 34, 50, 57
S10 1; 11, 5, 5 1; 35, 26, 59 1; 28, 52, 20 1; 6, 3, 47 0; 34, 51, 11

Table 2.1

Recomputing the historical values with m = 24◦ and k = 1; 36.

τ

1

y

e

A

B

O

PQ

S

L

Fig. 2.4. Kepler’s Laws (left: Kepler’s Picture from [104, p. 676]).

measurements of the orbit of Mars9 by Tycho Brahe (1546–1601) the two laws (see
Fig. 2.4): • Planets move on elliptic orbits with the Sun in one of the foci [104,
Chap. 56];

• The surface of the area enclosed by the dotted line (see Fig. 2.4 right) is
proportional to the time [104, Chap. 40].

We take the semi-major axis a as 1 10, then OS = e is the eccentricity. The angle
τ is called the eccentric anomaly and determines the position P of the planet. By
homothety P 7→ Q, the dotted area is proportional to the area dashed in grey, which
is the union of the circle sector OBQ of area τ

2 and the triangle SOQ of area e
2 sin τ .

Therefore, if t denotes the time, we have

Const. t = τ + e sin τ . (2.12)

9Mars was the planet with the largest eccentricity and refused to obey all the ancient theories of
circular movements.

10Kepler, in his calculations, did nearly the same, he used a = 105 in order to avoid decimal
fractions.
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If 0 ≤ t ≤ T runs through an entire period of the orbit, τ performs an entire revolution
2π, while sin τ returns to 0, hence the constant in (2.12) is Const. = 2π

T .
Kepler’s Problem is now the question: For a given time t, find the position of the

planet, i.e. find the eccentric anomaly τ , such that equation (2.12) is satisfied. It is a
nice coincidence that this equation is precisely the same as H. abash’s equation (2.10),
and that Kepler solves his equation with the same iteration (2.11), i.e.

τi+1 = Const. t− e sin τi . (2.13)

Kepler’s numerical example [105, pp. 695–696]. In his calculations, Kepler used
degrees for the angles and normalised the time t to angles, also measured in degrees.
We thus multiply equation (2.13) by 180

π , insert 0.09265 for the eccentricity of Mars
and use Kepler’s value 50◦9′10′′ for the normalised time t. This gives the recursion11

τi+1 = 50◦9′10′′ − 11910′′ sin τi (2.14)

with starting approximation (“prima positione”) τ0 = 44◦25′, and leads to the results

from the recursion Kepler’s values
τ0 44◦25′00′′ 44◦25′

τ1 47◦50′15′′ 47◦50′

τ2 47◦42′02′′ 47◦42′17′′

and the next following correct values from (2.14) are τ3 = 47◦42′21′′ and τ4 =
47◦42′20′′.

2.6. Fourier’s zigzags. A better understanding of solving equations by itera-
tion began with the work of Leonhard Euler (1707–1783) and Joseph Fourier (1768–
1830).

In his monumental treatise [60] on heat conduction, Fourier discussed in Chapter V
the propagation of heat in a solid sphere. By his method of separation of variables,
adjusting mixed boundary conditions at the surface leads for the eigenvalues ε to the
equation

tan ε =
ε

λ
, (2.15)

where λ is a fixed constant 0 < λ < 1. We have thus to find the intersections of the
curve u = tan ε with the straight line u = ε

λ of slope > 1. This problem has apparently
“an infinite number of real roots” for each of the branches of tan ε. Fourier explains
his method on the first non-trivial root 0 < ε < π

2 as follows ([60, §286], see Fig. 2.5,
left and his Fig. 13): start from an ε, u = tan ε above the solution point, move down
vertically to our line, i.e., u′ = ε

λ and move horizontally back to the curve, i.e.,
ε′ = arctanu′. Apparently, the sequence of values ε, ε′, ε′′, ε′′′, ... would converge from
above to the solution. Similarly, by starting from below ([60, §287], see Fig. 2.5, right,
his Fig. 14) the same sequence converges from below to the solution. In our notation,
we thus have the iteration procedure

εn+1 = arctan
εn
λ

(2.16)

11Unfortunately, Kepler had the misprint 11910′′ instead of the correct 19110′′; the computed
values are therefore mathematically correct, but astronomically wrong.
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u = tan ε

u = ε
λ

u

ε

u′

ε′

Fig. 2.5. Fourier’s figure for computing the first positive root of (2.15), starting with an
overestimate (middle) and an underestimate (right).

converging for any initial value 0 < ε0 <
π
2 .

Fourier concludes by saying that he has explained “this approximation procedure,
because it is based on a remarkable construction and can be useful in many other
cases” and makes visible at once ”the nature and the limits of the roots” [60, §288].

2.7. Euler’s iterated exponentials. Many phenomena of fixed point iterations
were discovered by Euler in [49, E489] by studying his exponentialibus replicatis.
Inspired by the profundissimas speculationes of Illustr.Marchio de Condorçet, Euler
wanted to understand the effects of repeating infinitely often the exponential function.
The problem is thus: for a given constant r and initial value α, study the behaviour
of

rα = β , rr
α

= rβ = γ , and simili modo rγ = δ , rδ = ε , rε = ζ etc. (2.17)

For r = 2 and α = 2 the iterates are 2, 4, 16, 65536, and already the next term ex 19729
figuris, a sequence which multo rapidius in immensum esse excreturam. Hence, let us
choose a smaller value of r and examinemus casum r = 3

2 . For calculating numerically
powers like β = rα, taking logarithmos turns the exponential into a product, and a
second similique modo turns the product into a sum. So Euler computed, by adding
up 7-digit logarithms,

1.5000 7→ 1.8371 7→ 2.1062 7→ 2.3490 7→ 2.5920 7→ 2.8604 7→ 3.1893 7→ 3.6443 .
(2.18)

For this slowly increasing sequence (lente increscunt) we have doubts as to its con-
vergence (dubitare queamus (...) convergant).

For a better understanding, Euler made numerous numerical tests and tried to
represent the algorithm using a picture (Solutio geometrica eiusdem problematis). We
represent here, in Fig. 2.6, some of Euler’s calculations in “Fourier style” for various
values of r: for r = 3

2 there is no solution to rx = x (this happens for r > e
1
e = 1.44467,

[49, §8]), see Figure 2.6 (top left); for r =
√
2 there are two solutions ϕ = 2 (stable)

and ψ = 4 (unstable), see Figure 2.6 (top right); for r = 1
2 the derivative f ′ becomes

negative and we have alternating convergence, see Figure 2.6 (bottom left); finally for
r = 1

20 the derivative f ′ < −1 (this happens for r < 1
ee = 1

15.154 , [49, §39]), thus the
algorithm converges alternatingly to two values, see Figure 2.6 (bottom right).
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Fig. 2.6. Representation of Euler’s calculations for various values of r (from [49]).

3. Emergence of Newton’s Method.
“Isaac Newton was not a pleasant man. His relations with other aca-
demics were notorious, with most of his later life spent embroiled in heated
disputes.” (S.Hawking, A Brief History of Time, 1988, p. 181)

“Il est facheux que Mr. NEWTON se soit contenté d’étaler ses découvertes
sans y joindre les Démonstrations, & qu’il ait préféré le plaisir de se faire
adminer à celui d’instruire.”

(G.Cramer, Introduction à l’analyse &c., 1750, pp.XIII–IX)

Like for the fixed point iterations, also Newton’s method, today written as

xi+1 = xi −
f(xi)

f ′(xi)
for solving a nonlinear equation f(x) = 0 , (3.1)

emerged slowly over the centuries. Ypma [184, p. 76] traced back the influence of
François Viète (1540–1603) and William Oughtred (1574–1660) on Newton’s interest
for solving nonlinear equations. Although the origin of the methods in the body of
knowledge at Newton’s disposal presents some gray areas, it is clear that already the
Babylonian algorithm in Section 1.1 as well as the Indian version in Section 1.3 can
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Fig. 3.1. Newton’s calculations to find the root ≃ 2.09455148 of x3 − 2x− 5 = 0 [130, p. 7].

be seen of being the same as (3.1) with

f(a) = a2 −N, f ′(a) = 2a ,

for which the rapid convergence (1.4), (1.7) is typical.

3.1. Newton’s Famous Example. In his book The Method of Fluxions and
Infinite Series (manuscript of 1671, published “translated from the author’s Latin
original not yet made publick”, London 1736), Newton explains how to solve x3 −
2x − 5 = 0 (see Fig. 3.1; the same array was published by Wallis fifty years earlier
[176, p. 338] and also appears in Newton’s (unpublished) De analysi per aequationes
infinitas, 1669).

By computing some values of this polynomial, one sees that x = 2 is a good
approximation to the wanted root. Newton thus defines x = 2 + p (with p small);
inserted into x3 − 2x− 5 = 0, this gives the “SOMME” (see the third box in Fig. 3.1)

− 1 + 10p+ 6p2 + p3 = 0 . (3.2)

Usually in Algebra, the higher the degree of the polynomial is, the harder the solution
process becomes. But here p is small, thus the higher powers p2 and p3 can be
neglected and we obtain p = 1

10
12.

The next step is to put p = 1
10 + q (with q even smaller than p), which inserted

into (3.2) gives (Fig. 3.1, fifth box)

0.061 + 11.23q + 6.3q2 + q3 ⇒ q = − 0.061
11.23 = −0.0054 (3.3)

and finally with q = −0.0054+ r we obtain (Fig. 3.1, seventh box)

0.0005416+ 11.162r+ . . . ⇒ r = − 0.0005416
11.162 = −0.00004852 . (3.4)

12Newton does not tell the reader that −1 is the value of this polynomial at p = 0 and 10 the
corresponding Fluxion, so that 1

10
is the correction in (3.1).

19



τ

1

y
1
e

x

e

A

B

O

P Q R

S

L

τ
e

π
e

0

Fig. 3.2. Wren’s contracted cycloid; upper right: Newton’s picture from the Principia, Prop. 31.

All these corrections together, 2 + p+ q + r = 2.09455148, give an excellent approxi-
mation for the root. If we continue like this with high precision, we obtain a “so very
fast” convergence (see the Newton quote in the next subsection after equation (3.6)):

2 .100000000000000000000000000000000000000000000000000000000000000000000000000000000

2.094568121104185218165627782724844167408726625111308993766696349065004452359750668

2.094551481698199302883823703544265865480663245555184701899797299345913774193982985

2.094551481542326591496064847153713995469461240058543407800340846337222863834424107

2.094551481542326591482386540579302963857411436776905586271895363800201413283382167

2.094551481542326591482386540579302963857306105628239180304128529045312189983483673

(3.5)

3.2. Newton and Wren’s Graphical Solution of Kepler’s Problem.
“It is extraordinary how much Kepler sweated over this problem ——
volvens nitendo neque proficit hilum13. Finally, out of breath, he implored
the help of geometers; meanwhile fearing that on account of the hetero-
geneity of arcs and sines the problem would be found insoluble. Which
nonetheless by the help of the contracted cycloid (“Cycloidis protractæ”)
traced out we resolved some time ago as follows.”

(Wallis [175, p. 80 (72)], trans. [179, pp. 127–128])

The famous architect Christopher Wren (1632–1723) discovered that, if the time
2π
T t = e sin τ + τ from Kepler’s law (2.12) is properly scaled and “traced out” against
the distance LO = y = cos τ in Fig. 2.4, we obtain

x =
2π

Te
t = sin τ +

1

e
τ , y = cos τ .

Here the first term in the expression of x constitutes a circular movement of radius 1,
while the second term is a linear movement 1

e times faster than the rotational speed.
This curve is thus a contracted cycloid and constitutes a graphical solution to Kepler’s
Problem (see Fig. 3.2). Wren concludes: “since the cycloid is a mechanical line, non
geometric, the problem is not really solved but mechanically finished” [175, p. 82 (74)].

Wren’ solution was published at the end of John Wallis’ treatise on the cycloid
[175, pp. 80–81 (72–73)] and republished by Newton (without mentioning Wren) in

13An allusion to Cicero’s Tusculanae Disputationes, desrcibing the vain efforts of Sisyphus
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his Principia as Proposition 31 of Book 1. In the scholia following this proposition,
Newton writes:

“But since the description of this curve [the contracted cycloid] is difficult,
a solution by approximation will be preferable.” [Cæterum ob difficultatem
describendi hanc curvam præstat constructiones vero proximas in praxi
Mechanica adhibere.] [129, p. 109] or [131, p. 157]

This is followed by a long text in Latin prose, describing a correction E for τ0, which
can be deciphered as follows (see also [184])

E =
N −AOQ +D

1− e cos(AOQ)
and similar further corrections G and I. (3.6)

Newton observes [131, p. 158]:

“(...) the infinite series AOQ+E+G+I+&c. converges so very fast, that
it will be scarcely ever needful to proceed beyond the second term E.”

It was only John Couch Adams (1819–1892), famous for the invention of multistep
methods as well as the co-discovery of Neptune, who discovered two centuries later
(see [3], “We need not be surprised that Newton (...)”) that formula (3.6) is (in our
notation and with our signs) the same as

τ1 − τ0 =
t̃− τ0 − e sin τ0
1 + e cos τ0

, (3.7)

which is Newton’s method (3.1) for f(τ) = t̃ − τ − e sin τ . If we recompute Kepler’s
values from (2.14) with this new method and the same initial position, we see again
this “so very fast” convergence:

44◦, 25, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00, 00

47◦, 42 , 06, 45, 55, 18, 39, 15, 12, 48, 01, 24, 34, 50, 47, 08, 59, 50, 12, 07, 22, 48, 02, 14, 14, 59, 34

47◦, 42, 20, 12, 30 , 08, 26, 30, 53, 11, 16, 27, 48, 11, 14, 27, 02, 05, 55, 45, 47, 59, 59, 56, 07, 43, 12

47◦, 42, 20, 12, 30, 12, 19, 55, 12, 03, 17, 56 , 39, 42, 55, 52, 28, 10, 08, 22, 29, 43, 58, 58, 55, 53, 02

47◦, 42, 20, 12, 30, 12, 19, 55, 12, 03, 17, 56, 59, 15, 40, 46, 11, 13, 28, 22, 54, 32, 28, 42, 48 , 29, 31

(3.8)

3.3. Newton’s method for mth roots. Newton wrote an entire letter (to John
Collins dated July 24, 1675 [146, II, pp. 371–372]), explaining how to compute an mth
root with “his” method, i.e. applying formula (3.1) to the equation xm−N = 0. This
letter was followed by a second one (dated August 27 [146, II, pp. 372–373]) where
he wrote that “In the theorems that I sent you I perceive I committed a mistake,...”
followed by “I would have given you examples in numbers, but that I have lent my
books of logarithms to a person, who is out of town.”

Let us thus compute here “in numbers” a famous ancient problem, the cube root
3
√
2, necessary for ‘doubling the cube’ in the Oracle of Delphi, which gives14

f(x) = x3 − 2 ⇒ xn+1= xn − x3
n−2
3x2

n

= 1
3 (2xn + 2

x2
n
)

1.3000000000000000000000000000000000
1.2611439842209072978303747534516766
1.2599222353938849848924466907627159
1.2599210498959886363627969514689288
1.2599210498948731647672115948614430
1.2599210498948731647672106072782283

.

14Newton, in his first letter, forgot the division by 3 in the last expression.
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Fig. 3.3. Raphson’s method for solving equation (3.9) [142, p. 8]. (In line 9, read g + z = a = . . ..)

3.4. Raphson’s contribution. Very often, Newton’s method is called “Method
of Newton-Raphson”. The reason for this is the book entitled Analysis æquationum
universalis [142] (first published as a tract in 1690) written by Joseph Raphson
(c. 1648–c. 1715), which contains thirty-four problems that require solving polynomial
equations [142, pp. 9–39]. Raphson knows Newton’s approach15 but, according to him,
his method “is not of the same origin” and does not have “the same development”
[184, p. 548].

One of the problems treated by Raphson was the trisection of the angle 60◦ in a
circle of radius 10, for which the chord becomes a = 20 sin10◦. If we insert this into
equation (2.3), we obtain the equation

300a− a3 = 1000 which Raphson writes generally as ba− a3 = c , (3.9)

a cubic equation to solve. We see in Fig. 3.3 that Raphson takes g as a first approxi-
mation and searches a correction z such that g + z = a. Inserting this into (3.9) we
have

bg − g3 + (b− 3g2) · z − 3gz2 − z3 = c .

Newton would here neglect z2 and z3 and conclude that z = c+g3−bg
b−3g2 . Raphson, since

his method “is not of the same origin”, called this quantity x and developed in three
additional lines of calculations the formula containing the additional error term16

z = x+
3gz2 + z3

b− 3g2
. (3.10)

For a numerical application [142, p. 20], Raphson starts with g = 3 and obtains
the iterates 3.4, 3.472, 3.4729636, 3.472963553338607 with all 15 digits correct (see
Fig. 3.4).

The end of Raphson’s book contains a set of tables giving the appropriate formulas
of the correction x for a list of sixty-four polynomial equations up to degree four [142,

15He also solves Newton’s equation x3 − 2x − 5 = 0 in the tract of 1690, see [184, p. 546] or
[8, p. 151]. This second source gives an original reproduction of the calculations. Raphson’s final
solution is 2.0945514815427104141 (where the last 7 digits are incorrect).

16This error term can however not really be used effectively, so Raphson’s method is identical to
Newton’s method.
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Fig. 3.4. Raphson’s method to calculate 20 sin 10◦ = 3.472963553338606977 . . ..

pp. 41–45]. However, Raphson does not give a general expression involving a derivative
as in (3.1). He will never associate the calculus with his iterative technique and he
never extended it to problems other than polynomial equations17.

3.5. Simpson’s fluxion approach. In the sixth essay of his book [160, pp. 81–
86], published in 1740, Thomas Simpson (1710–1761) explains “a new method for the
solution of all kinds of algebraical equations in numbers”. According to him, “as it
is more general than any hitherto given, [this method] cannot but be of considerable
use18”. Simpson is the first to use explicitly the (then) modern calculus19, but was
afraid that “(...) it perhaps may be objected, that the Method of Fluxions, whereon it
is founded, being a more exalted Branch of the Mathematicks, cannot be so properly
applied to what belongs to common Algebra20”. Here is the explanation of his method:

“Take the Fluxion of the given Equation (be it what it will) supposing,
x, the unknown, to be the variable Quantity ; and having divided the
whole by ẋ, let the Quotient be represented by A. Estimate the Value of
x pretty near the Truth, substituting the same in the Equation, as also in
the Value of A, and let the Error, or resulting Number in the former, be
divided by this numerical Value of A, and let the Quotient be substracted
from the said former Value of x ; and from thence will arise a new Value
of that Quantity much nearer to the Truth than the former, wherewith
proceeding as before, another new Value may be had, and so another, &c.
’till we arrive to any Degree of Accuracy desired.” [160, p. 81]

17[107, pp. 349–350], [184, p. 547].
18[160, p. vii].
19Thereby Kollerstrom [107, p. 351] suggests to consider Simpson as the inventor of this method!
20[160, p. vii].
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We see how cumbersome the statement of Formula (3.1) was without proper notation.
The text “the Fluxion of the given Equation (...) having divided the whole by ẋ, let

the Quotient be represented by A” is Newton’s notation ḟ
ẋ = A (whereas Leibniz

wrote df
dx and Lagrange f ′(x) for the same quantity).

Simpson then presented two examples, the first being the same as Raphson’s
computation in Fig. 3.4, giving after three iterations from the starting value 3.5 the
solution x = 3.47296351 “which is true, at least, to 7 or 8 Places”. The second
example is the solution of

√
1− x+

√
1− 2x2 +

√
1− 3x3 = 2

for which, starting from x0 = 0.5, he obtained x1 = 0.557 and x2 = 0.5516 (correct
value 0.551586152497047117247685268).

Systems of equations. While the origin of Newton’s method in one variable can be
debated, the first use of this method for systems of nonlinear equations

f(x, y) = 0, g(x, y) = 0 (3.11)

is clearly in this work of Simpson. He stated the method as follows:

“Take the Fluxions of both the Equations, considering x and y as variable,
and in the former collect all the Terms, affected with ẋ, under their proper
Signs, and having divided by ẋ, put the Quotient = A ; and let the re-
maining Terms, divided by ẏ, be represented by B : In like manner, having
divided the Terms in the latter, affected with ẋ, by ẋ, let the Quotient be
put = a, and the rest, divided by ẏ, = b. Assume the Values of x and y
pretty near the Truth, and substitute in both the Equations, marking the
Error in each, and let these Errors, whether positive or negative, be signi-
fied by R and r respectively : Substitute likewise in the Values of A, B, a,
b, and let Br−bR

Ab−aB
and aR−Ar

Ab−aB
be converted into Numbers, and respectively

added to the former Values of x and y ; and thereby new Values of those
Quantities will be obtained ; from whence, by repeating the Operation,
the true Values may be approximated ad libitum.” [160, p. 82]

Here, “the former” is f(x, y), so that (“divided by ẋ”) A = ∂f
∂x and (“divided by ẏ”)

B = ∂f
∂y ; “the latter” is g(x, y), so that a = ∂g

∂x and b = ∂g
∂y ; “and let these errors...”

R = f(x0, y0), r = g(x0, y0). With these notations, Simpson’s algorithm

x1 = x0 +
Br − bR

Ab− aB
, y1 = y0 +

aR−Ar

Ab− aB
(3.12)

is
(
x1
y1

)
=

(
x0
y0

)
− 1

Ab−Ba

(
b −B
−a A

)(
R
r

)
=

(
x0
y0

)
−
(
∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

)−1(
f0
g0

)
, (3.13)

which is the same as (3.1) with 1
f ′(x) replaced by the inverse of the Jacobian J .

Moreover, Simpson observes that the method converges quadratically: “when x and
y are near the Truth, (the method) doubles the Number of Places at each Operation
(...)” [160, p. 83]. Let us present in detail three examples given by Simpson.

Example 1. This is the very first solution by Newton’s method of a nonlinear system
ever published. Solve

{
y +

√
y2 − x2 − 10 = 0,

x+
√
y2 + x − 12 = 0 .

0 5

5
(3.14)
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


−x√
y2−x2

1 + y√
y2−x2

1 + 1

2
√
y2+x

y√
y2+x




Fig. 3.5. Simpson’s calculation of the Jacobian for the system (3.14) (with 1 printing error).

See in Fig. 3.5 how Simpson computed the Jacobian of the system. He then performed
two iterations using Formula (3.12) from the initial values (5, 6) as

x(0)=

(
5
6

)
, x(1)=

(
5.23
6.37

)
, x(2)=

(
5.23263
6.36898

)
, correct: x=

(
5.2326413353
6.3690267672

)
.

He added that the equations “had been much easier solved, had they been first reduced
(...) to 20y − xx − 100 = 0, and yy − xx + 25x− 144 equal 0”.

Example 2. Solve





49
(
x− x

(x+ y)2

)
− 25

(
1− x2

(1 + y)2

)
= 0,

81
(
1− x2

(1 + y)2

)
− 49

(x
y
− xy

(1 + x)2

)
= 0. 9 7

5

1

yx

Here, Simpson states the Jacobian

J =

(
49(1 + x−y

(x+y)3 ) +
50x

(1+y)2
98x

(x+y)3 − 50x2

(1+y)3

− 162x
(1+y)2 + 49( y

(1+x)2 − 1
y − 2xy

(1+x)3 )
162x2

(1+y)3 + 49x( 1
y2 + 1

(1+x)2 )

)

without comment and writes that an initial guess (0.8, 0.6) is facilitated by knowing
“the Nature of the Problem from whence those Equations are derived”, namely “when
it is known, that 1, x, and y, are the Sides of a Plain Triangle, wherein Lines, drawn
to bisect each Angle and terminate in those Sides, are to one another, respectively, as
5, 7, and 9”. Then he obtains with formula (3.12)

x(0)=

(
0.8
0.6

)
, x(1)=

(
0.799
0.582

)
, x(2)=

(
0.79912
0.58138

)
, correct x=

(
0.799178525272
0.581448098856

)
.

Example 3. Solve
{
xx + yy − 1000 = 0
xy + yx − 100 = 0.

We leave it to the reader to decipher and check Simpson’s formulas for the Jacobian
A = 1 + L :x × xx, B = 1 + L :y × yy, a = y

x × xy + yxL : y, b = x
y × yx + xyL : x.

The solutions are symmetric for x ↔ y; we take x to be the greater number. Since,
from the first equation, xx should be close to 1000, we take x as 4.5; “and from the
first and second together, that the Difference of x and y must be pretty large”. “I
therefore take y = 2.5”. This leads with formula (3.12) to the sequence of values

x(0)=

(
4.5
2.5

)
, x(1)=

(
4.55
2.45

)
, x(2)=

(
4.5519
2.4495

)
, correct x=

(
4.5519514195775
2.4496246279281

)
.
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Fig. 4.1. Mourraille’s illustrations for the convergence of Newton’s method [125, Fig. 41–48].

4. Geometry of Newton’s Method.
“Needless to say, computer based observations do not provide a substi-
tute for actual proofs (...) but mathematical study of my observations
on the M∗ set turned out to be fruitful and useful, witness Douady and
Hubbard 1982 and forthcoming works. Needless to say (again) this mathe-
matical study could not have been undertaken without my computer based
observations.” (B.Mandelbrot, [117, p. 231])

4.1. Mourraille’s Geometrical Interpretation. In his Traité de la résolution
des équations from 1768 [125], Jean RaymondMourraille21 (1721–1808, Mayor of Mar-
seille 1791–1793) writes (§103, p. 346): “NEWTON & les autres Auteurs” (“Newton
and the other authors”) did, perhaps, not pay attention that the terms (...) are the
successive tangents of the curve described by the Equation”. Mourraille was the first
to illustrate the convergence of Newton’s method by pictures which are nowadays
in many books, not only for simple roots, but also for double and triple roots (see
Fig. 4.1).

He then went on to demonstrate the difficulties of the method (“Inconvéniens de
cette Méthode”) with a less trivial example (his “Fig. 54”, our Fig. 4.2): a polynomial
of degree 4 with two real roots A and B close together. If the starting point x0 moves

21According to Cajori, this book “has remained quite unnoticed by mathematicians” [21, p. 133].
For biographical information about Mourraille, see the references in [21].
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Fig. 4.2. Mourraille’s “Fig. 54” to explain different types of behaviour for Newton’s method;
below: ultimate convergence to A (red) and B (green) for 1000 equidistant initial values x0 between
Π and π for the equation (x+ 1)x((x − 4)2 + 0.2) = 0.

from B to A, then the correction x1 moves from B to N “d’un mouvement très-
accéléré”. When x0 crosses the point Π, where the polynomial is minimal between
A and B, the correction x1 would disappear “à une distance infinie du point B” and
come back from the other side “à une distance presque immense” [125, p. 341]. Then
come three points π (in red), π′ (in green) and π′′ (in blue), extremely close together,
with totally different convergence behavior:

• The iteration starting in π (red) would, via τ and ν, come back to the point π
where it has started (“dans le même point d’où l’on est parti”, [125, p. 343])
and thus represents a two-cycle.

• The iteration starting in π′ (green) would, via τ ′ and ν′, lead directly after
two steps to the exact solution in B.

• The iteration starting in π′′ (blue) would, via Q, come to R, the inflection
point; as a consequence, the error of x2 at T has a local maximum: neigh-
bouring points on either side of the inflection point R would lead to an x2
with smaller error.

Mourraille claims that the point π is “the limit between the convergence and the
divergence of the sequence” and therefore that the initial points between Π and π
lead to divergence [125, p. 343], which is not true (see Fig. 4.2, below). Indeed, this is
an interval where the basin of attraction is of fractal nature (see also Fig. 4.11).

4.2. Cayley’s “Newton-Fourier Imaginary Problem”. The first to pro-
pose the application of “the Newtonian method as completed by Fourier22” in the
complex plane was Arthur Cayley (1821–1895). Apparently, he judged the subject
sufficiently important for six publications: beginning with the “Smith’s Prize Exami-
nation, Jan. 28, 1879”, then in a section “Desiderata and Suggestions” of the American
Journal of Mathematics (March 3d, 1879), then with proofs in the articles [25], [26],
[27] and, more than ten years later, in the note [28] for the French public.

22See Section 5.1 below.
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“(...) throwing aside the restrictions as to reality, we have what I call the
Newton-Fourier Imaginary Problem, as follows.
Take f(u), a given rational and integral function of u, with real or imag-
inary coefficients; ξ, a given real or imaginary value, and from this derive
ξ1 by the formula ξ1 = ξ − f(ξ)

f ′(ξ)
, and thence ξ1, ξ2, ξ3, . . . each from the

preceding one by the like formula.
A given imaginary quantity x+ iy may be represented by a point the coor-
dinates of which are (x, y): the roots of the equation are thus represented
by given points A, B, C, . . . and the values ξ, ξ1, ξ2, . . . by points P , P1,
P2, . . . the first of which is assumed at pleasure, and the others each from
the preceding one by the like given geometrical construction.” [26, p. 97]

The problem is to determine the behaviour of the iterations in the different regions
of the plane. In the case of the quadratic equation f(z) = z2 − a2 (a ∈ C), “the
solution is easy and elegant” [26, p. 97] and “the division into regions is made without
difficulty” [27, p. 232].

In order to simplify the calculations, we suppose with Cayley a = 1. For a given
z0 ∈ C, one step of Newton’s method “as completed by Fourier” is then

z1 = z0 −
z20 − 1

2z0
=
z20 + 1

2z0
=

1

2

(
z0 +

1

z0

)
, (4.1)

(remember that the last expression is Heron’s (1.2)) “and the question is, under what
conditions do we thus approximate to one determinate root (selected out of the two
roots at pleasure), say a[=+1], of the given equation23.”

We immediately see that for a purely imaginary starting point z0 = iy0 we obtain
z1 = i

2 (y0 − 1
y0
), again purely imaginary, so that “all the points [z1, z2, . . .] will also

be on the y axis so that we will approach neither the point A [+1] nor the point B
[−1]” [28, p. 217]. In the same way, the negative as well as the positive half-planes
remain invariant.

Cayley’s main tool for studying the precise movement is the ratio of the distances
of a point z from the roots 1 and −1 respectively, i.e., the ratio of z−1 and z− (−1) =
z + 1, as a new complex variable

q =
z − 1

z + 1
⇔ z =

1 + q

1− q
. (4.2)

By construction, k = |q| < 1 if and only if z is closer to 1 than to −1, i.e., ℜz > 0
(green in Fig. 4.3). Furthermore, a Newton step (4.1) in the z-plane corresponds in
the q-plane to

q1 =
z1 − 1

z1 + 1
=
z20 + 1− 2z0
z20 + 1 + 2z0

=
(z0 − 1)2

(z0 + 1)2
= q20 , (4.3)

just taking the square. Thus, whenever q0 moves on a circle of radius k < 1, q1 moves
twice as fast on the circle of radius k2 and all subsequent q2, q3, . . . of moduli k4, k8, . . .
tend to 0. This proves that the corresponding Newton iterates z2, z3, . . . converge to
1, “and that very rapidly”.

A simple geometrical construction. If q0 moves, with |q0| = k, on a circle with di-
ameter [−k, k], the corresponding z0 moves, using (4.2), on a circle with diameter

23[25, p. 179].
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Fig. 4.3. The map z 7→ q of (4.2); a sequence of q0 with k = 1
2
, the corresponding z0 moving on

C 1
2

with corresponding z1 moving on C 1
4

, the red ones approach the limit of inequality (4.5), while

the corresponding q0 approach (4.6); the “segment of unfitness” S in blue.

[
1−k
1+k ,

1+k
1−k

]
24. We denote this circle by Ck. Consequently, the corresponding values

z1 move on the second circle Ck2 . With the help of V = 1−k2
1+k2 , the left intersection of

Ck2 with the real axis, Cayley shows how “to get z1 from z0”:

the points z0, z1 and V “are in a right line” [25, p. 181] (4.4)

(see Fig. 4.3 and the lines z0 = A1, V2, z1 = A2 in Fig. 4.4). This means in the q-plane,
since the point 1 goes to ∞, that the points −k2, q1, q0, 1 are concyclic.

Proof of (4.4). Denote the complex numbers q1 = k2e2iφ, q0 = keiφ, −k2 = a,
1 = b (see Fig. 4.5, right). The angles ω1 and ω2 are parallel and thus equal. The
sides of the triangle q0, 0, a are in ratio k : k2 = 1 : k with exterior angle φ, hence
ω2 = arctan k sinφ

1+k cosφ . However the complex argument ω3 of the ratio

q1 − b

q0 − b
=
k2e2iφ − 1

keiφ − 1
= 1 + keiφ

has the same value. Hence the equality of ω1 and ω3, the peripheral angles at a and
b to the arc q0q1, implies that the four points are concyclic.

Regular and irregular steps. Cayley distinguishes carefully between regular and irreg-
ular steps. A step zi 7→ zi+1 is irregular if the new correction zi+1 is not closer to
the solution than zi,

|zi+1 − 1| ≥ |zi − 1| (4.5)

24Mappings like (4.2) are so-called Möbius transforms and are known to map circles (including
straight lines) to circles (including straight lines).
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Fig. 4.4. Cayley’s figure for the “Newton-Fourier imaginary problem” [25, fig. 48]. In the right
picture, the point z0 is not in S, but the point z1 is. Hence the second step is not regular. Only the
sequence z2, z3, z4, ... (in red) as well as z′0, z

′
1, ... (in orange) are “regular from the beginning”.
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Fig. 4.5. Left: region for initial values of q0 (in green) for which the corresponding se-
quence z0, z1, z2, . . . “is regular from the beginning”; dotted: Cayley’s “safe circle” in the q-plane;
q0, q1, q2, q3 the points for z0, z1, z2, z3 of Fig. 4.4. Right: proof of property (4.4).

and regular otherwise. Their characterization becomes simpler in the q-plane because
zi − 1 = 1+qi

1−qi − 1 = 2qi
1−qi and thus (4.5) becomes with (4.3)

∣∣∣ 2q2i
1− q2i

∣∣∣≥
∣∣∣ 2qi
1− qi

∣∣∣ ⇒
∣∣∣ qi
1 + qi

∣∣∣≥ 1 ⇒ ℜqi ≤ −1

2
. (4.6)

Cayley calls the intersection of ℜq ≤ − 1
2 with the unit circle, i.e. in the z-plane

the intersection of the circle with diameter [−1, 13 ] and the positive half-plane, the
“segment of unfitness” (the set S in blue in Fig. 4.3). Cayley claimed that for any
z0 inside “the safe circle” |z − 1| < 2

3 the sequence z0, z1, z2, . . . “is regular from
the beginning”. The corresponding circle in the q-plane is compared in Fig. 4.5 (left,
dotted) to the green set of “regular-from-the-beginning” initial values and can be seen
to be far from optimal.

It is nice to observe the dynamics of the map q 7→ q2 in this figure: Initial values
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with k very close to 1 might be in one of the little red lunes25. These are then mapped
again and again to the next larger lune to the left, finally ending up in the large lune S
for an irregular step. Thereafter, the border of S is mapped to the entire arc between
e−

2iπ
3 and e

2iπ
3 and the value of q, in dependence of the actual size of k, might begin

another lune walk towards another irregular step or spiral regularly inside the green
set towards the solution.

In 1890, when Cayley again presented the previous results, but this time to the
French public, he had hope of generalizing them to degree 3 [28, p. 218]:

“J’espère appliquer cette théorie au cas d’une équation cubique, mais les
calculs sont beaucoup plus difficiles.” (“I hope to apply this theory to the
case of a cubic equation, but the calculations are much more difficult.”)

Cayley’s dream had to wait for several decades, until more progress in the notions for
“set of points” was available, and the French public was the right choice.

4.3. Basins of Attraction.
“The problem is to determine the regions of the plane, such that P being
taken at pleasure anywhere within one region we arrive ultimately at the
point A; anywhere within another region at the point B; and so for the
several points representing the roots of the equation. (...) [The] (...) case
of the cubic equation appears to present considerable difficulty.”

(Cayley, [26, p. 97])

“(...) it is anything but obvious what the division is, and the author had
not succeeded in finding it.” (Cayley, speaking about himself, [27, p. 232])

“If Ahlfors, the creator of one of the main tools (...) needed pictures to
come to terms with the subject, what can one say of lesser mortals? (...)
It took me some time to discover that no one knew, and even longer to
understand that the question really meant: what do the basins of the
roots look like? (...) Adrien Douady and I poured over these pictures,
and eventually got a glimpse of how to understand some of them, more
particularly Newton’s method for z3 − 1 and z3 − z.”

(John Hubbard, [113, pp. xiii-xiv]).

In 1976, John Hubbard needed to teach undergraduate analysis to students at Orsay
university and wanted to include some numerical content. So he decided to teach
Newton’s method and the question of choosing the first estimate did not fail to arise
(Hubbard cited by Douady, [138, p. 170]):

“Now, for equations of, say, degree three, the situation seems more com-
plicated. I will think of it and tell you next week.”

Hubbard explained that “he assumed that although he didn’t know where to start,
the experts surely did” and added that “it took some time to discover that no one
knew anything about the global behavior of Newton’s method“ [92, p. 233].

An early important paper for understanding the structure of these sets, i.e., ex-
plaining “l’insuccès de la tentative de Cayley” (the failure of Cayley’s attempt [95,
p. 158]) was a memoir written for the Grand prix des sciences mathématiques in 1918
[95] by Gaston Julia (1893–1878). One of his tools for understanding the structures
created by iteration processes was to study repeated inverse images (“antécédents
successifs” [95, p. 160]) of the method.

We explain this method for the simplest of all cubic equations z3 − z = 0 (see
Fig. 4.6) with three real roots −1 (in blue), 0 (in green) and 1 (in red).

25The authors had used ’moon’ for the German ’Mond’, but an anonymous reviewer said the
correct term in English is the French ’lune’.
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Fig. 4.6. Basins of attraction in the real for the three roots of x3 − x = 0.

zoom

zoom of zoom

Fig. 4.7. Basins of attraction in the complex plane for the three roots of z3 − z = 0 with zoom
and double zoom. In orange: the Mourraille point

√
3/3 and its three preimage Newton points.

The real case. Already on the real line, Cayley’s “regions of the plane”, nowadays
called basins of attraction, are complicated: the separation between the blue root

and the red root happens at the points26 ±
√
3
3 , where the tangent is horizontal. We

compute from there repeatedly Newton’s method backwards

zn+1 = zn − z3n − zn
3z2n − 1

=
2z3n

3z2n − 1
⇒ z3n − 3

2
zn+1z

2
n +

1

2
zn+1 = 0 . (4.7)

Starting from the point
√
3
3 (in red), we compute backwards one, two, etc. preimages,

which lead to an infinite red spiral, inside of which lies the blue spiral starting at

−
√
3
3 . These spirals create an infinity of alternating red and blue regions (only the

first two are visible with this resolution). They converge to a 2-periodic orbit {±
√
5
5 },

inside of which is the basin of attraction for the green root 0.
The complex case. Here, the three basins of attraction become particularly spectacular
(see Fig. 4.7). The reason for this complexity is the fact that the inverse formula in
(4.7) (right) gives in the complex plane three preimages zn from each zn+1. If, for

example, we choose for z1 the Mourraille point
√
3
3 , we get for z0 three possible

26They correspond to Mourraille’s point Π in Fig. 4.2.
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Fig. 4.8. The image of Fig. 4.7 by z 7→ 1
z

(left) and Julia’s schema to represent the Julia set
(“which is obviously just a schema”, p. 170).

preimages (drawn in orange in Fig. 4.7). These preimages have together 9 preimages
to be mapped to z1 after two iterations, then 27 for three iterations, and so on. It is
understandable that Cayley found their analysis “anything but obvious”.

Precisely the same problem had been studied “à fond” (17 pages) by Julia [95,
pp. 158-175]. He thereby brought the point ∞ to zero by setting z 7→ w = 1

z , such
that (4.7) becomes

wn+1 =
3wn − w3

n

2
(4.8)

(see Fig. 4.8, left). Julia observed that “the total domain of convergence towards a
root consists of infinitely many separate areas” [95, p. 158], and that the points for
which there is no convergence form “a continuous closed curve having double points
everywhere dense on itself” [95, p. 52], today called a “Julia set”:

“It is quite difficult to imagine exactly what this continuous E′ can be.
But it is not impossible to get an idea of it using a constructive process
which I will now expose and which will show that there is no impossibility,
for example, that an area R∞, simply connected, is limited by a linear
continuum E′ having multiple points everywhere dense on it, a continuum
which divides the plane into an infinity of regions, each of which touches
R∞ through its entire boundary; the frontier of each small region being
moreover a simple curve (...) I found the idea in a beautiful paper by M.
Helge von Koch, Acta Mathematica de 1906 [171]” [95, pp. 169–170].

His “constructive process” consists of starting from two equilateral triangles and con-
stantly adding smaller triangles on the sides (see Fig. 4.8, right). This allows him to
explain that “the structure of the whole E′ is the same as that of any part E ′ of E′”
[95, p. 99]: “On voit bien de quelle étrange espèce est ce continu (. . . )” [95, p. 168].

The equation z3−1 = 0. This is the other “simplest of all cubic equations”, and it was
studied in 1983 by J.-P.Eckmann [45] and the same year by J.H.Curry, L.Garnett
and D. Sullivan [38] as particular case of a more general equation. Here, Newton’s
algorithm (see Sect. 3.3) reads as

zn+1 =
1

3

(
2zn +

1

z2n

)
or equivalently z3n − 3

2
zn+1 z

2
n +

1

2
= 0 . (4.9)

The only singular point in Newton’s iteration is the point z = 0. Fig. 4.9 (left) shows
the original picture of Eckmann. As before, the complexity of the basins is best

33



zoom ×6

zoom ×3

Fig. 4.9. The equation z3 − 1 = 0: original picture of Eckmann [45] (left) together with the
first and second preimages of z = 0, two of them with a zoom of their neighbourhood (right).

Fig. 4.10. Wall Carpet for the Mandelbrot set computed by Martin Hairer on his Macintosh II.

understood by looking at the 3 preimages zn for zn+1 = 0 by solving (4.9) (right),
then the next following 9 points which attain 0 after two iterations (drawn in orange
in Fig. 4.9, right) and so on. The Newton steps are holomorphic maps, and thus angle
preserving, between the neighbourhoods of these points of which we draw two of them
as a zoom.

The Mandelbrot set. On March 1, 1980 Benoit Mandelbrot discovered that already
the simplest “Cayley map” (4.3) q 7→ q2 becomes a highly interesting (and since
become very famous) object, if one adds a complex parameter c as q 7→ q2 + c and
discusses convergence (or the lack of it), starting with q = 0, in dependence of c. We
present in Fig. 4.10 the picture of a wall carpet for which young Martin Hairer, when
he was still in school, had computed on his Macintosh II computer, pixel by pixel, the
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Π π
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Fig. 4.11. Basins of attraction of Mourraille’s equation “Fig. 54” with zoom on the interval [Π, π].

corresponding colours.
Mourraille’s equation. By looking at the basins of attraction of Mourraille’s equation
of Fig. 4.2 in the complex plane (in four colours), the exceptional situation of the inter-
val [Π, π] becomes clearly visible (see Fig. 4.11). This is again an occurrence of Julia’s
maxim that Mandelbrot repeatedly heard during his lectures at École Polytechnique:
“To simplify, you should complexify” [118, p. 272].

5. Error Estimates for Newton’s Method.
“On voit qu’il est nécessaire d’assigner un caractère certain, d’après lequel
on puisse toujours distinguer si les limites sont assez voisines pour que
l’application de la règle donne nécessairement des résultats convergens.”

(J. Fourier, [58, p. 62])

While Newton, Raphson and Simpson “knew” how fast their method converges,
the first rigorous proofs were given by Fourier and Cauchy. These proofs are based
on Lagrange’s formula for the error of a Taylor series (see [109]; see also [61, p. 22],
[23, Huitième Leçon])

(1) f(x) = f(x0) + (x − x0)f
′(ξ) (for f in C1)

(2) f(x) = f(x0) + (x − x0)f
′(x0) +

(x− x0)
2

2!
f ′′(ξ) (for f in C2)

etc.

(5.1)

where ξ is an unknown intermediate value between x0 and x.

5.1. Fourier’s Estimate. Joseph Fourier (1768-1830) published his results in a
paper submitted to the Société Philomatique in 1818 [58] and later, in a much more
elaborated version, in his last work [61], published posthumously in 1831. This book
is divided into two Livres, the first is discussing at length the position and separation
of real roots of a polynomial based on sign changes of all its derivatives27. Livre II
(pages 157–248) is dedicated to the Calcul des Racines, giving neat rigorous estimates,
once a root has been isolated by the methods of Livre I. We thus suppose to have a
polynomial f(x) and an interval [a, b] knowing that

• f(x) has exactly one root inside [a, b];

27In 1820, Fourier published the paper [59] about this problem which was analysed by Darboux
(Œuvres de Fourier II, pp. 310–314). He emphasizes that Fourier brings “absolutely new views” on
this question (p. v). It is interesting to note that this part was at the origin of Charles Sturm’s
discovery of Sturm sequences [164].
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Fig. 5.1. Fourier’s Error Estimation (left: from Fourier [61, p. 258]).

• f ′(x) and f ′′(x) have constant signs on [a, b].
To search “la mesure de la convergence” [61, p. 169], Fourier treats in detail the case
where f ′(x) > 0 and f ′′(x) > 0, and computes (see Fig. 5.1)

• b′ with a Newton step using t(x), the tangent in b with slope f ′(b);
• a′ using the parallel p(x) through (a, f(a)), also with slope f ′(b).

Because of f ′′(x) > 0, we have f ′(x) < f ′(b) = t′(x) = p′(x) inside [a, b]. Hence using
Formula (1) in (5.1) twice, we have t(x) < f(x) < p(x) inside [a, b]. As a consequence,
the interval [a′, b′] is a new pair of rigorous bounds for the root. Evaluating f(a)−t(a)
from Formula (2) in (5.1), we obtain the difference k′

k′ =
(b − a)2

2
f ′′(ξ) , hence (b′ − a′) = (b − a)2 · f

′′(ξ)

2f ′(b)
, (5.2)

because k′ = f ′(b) · (b′ − a′) [61, p. 201]. This is the famous (“très remarqué”
[61, p. 170]) quadratic convergence, and repeating the algorithm with [a′, b′] etc.,
leads to a sequence of rapidly shrinking nested intervals. As an application, Fourier
computes in [61, pp. 209–217] the root of Newton’s example x3 − 2x − 5 = 0 as
x = 2.09455148154232659148238654057930, where all digits are declared to be cor-
rect (they are).

5.2. Cauchy’s Estimate. Following Fourier’s article [58], Augustin-Louis Cauchy
(1789–1857) appended the “Note” [23] to his Calcul Différentiel published in 1829.
His emphasis was not only algebraic equations, but also transcendental ones. As a
consequence, there is no Livre I giving nice intervals to start with. So Cauchy begins
with a starting point x0 and a first Newton correction x1 with

x1 = x0 + η , where η = − f(x0)

f ′(x0)

(we suppose here for simplicity f(x0) < 0, f ′(x0) and η > 0; see Fig. 5.2). We then
choose the interval I = [x0, x0+2η] = [x0, b] of length 2η, for which x1 is the mid
point, and suppose that f ′(x) 6= 0 on I. The stripes in Fig. 5.2 represent by Formula

(2) of (5.1) the error term f(x)− t(x) = (x−x0)
2

2! f ′′(ξ), so we obtain for x = x0 + 2η

|f(b)− t(b)| ≤ 2η2K if we define K = max{|f ′′(x)|; x ∈ I} . (5.3)

Using t(b) = ηf ′(x0) one direction of this inequality implies

η(f ′(x0)− 2ηK) ≤ f(b) .
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Fig. 5.2. Cauchy’s Error Estimation; right: maximal intervals for x0, x1, x2, x3, etc. ([23,
p. 263]; Cauchy uses ρ instead of η).

Therefore, under the condition

f ′(x0)− 2ηK ≥ 0, or equivalently
2ηK

f ′(x0)
≤ 1, (5.4)

we have f(b) ≥ 0, hence f(x0) and f(b) have opposite signs. This leads to Cauchy’s
2.e Théorême: Under condition (5.4) the equation f(x) = 0 has exactly one root in
[x0, x0 + 2η].

Cauchy continues on several pages with another theorem and a corollary for prov-
ing the other estimates. We here shortcut this part by using another of Cauchy’s in-
ventions in another of his works [22, Chap.VI, §1, p. 126] (“la convergence de la série
est assurée”), that of “Cauchy sequences”. Besides (5.3) we need also a bound for
f ′(x) on the entire interval28:

B = max
{ 1

|f ′(x)| ; x ∈ I
}

and set the abbreviation ε =
η KB

2
. (5.5)

Then we have alternatingly, starting with |x1 − x0| = η,

from (5.1) (2) and (5.3) from (5.5)

|f(x1)| ≤
η2

2
K |x2 − x1| =

|f(x1)|
|f ′(x1)|

≤ η2KB

2
= η ε

|f(x2)| ≤
η2ε2

2
K |x3 − x2| =

|f(x2)|
|f ′(x2)|

≤ η2ε2KB

2
= η ε3

|f(x3)| ≤
η2ε6

2
K |x4 − x3| =

|f(x3)|
|f ′(x3)|

≤ η2ε6KB

2
= η ε7

(5.6)

etc, see Cauchy’s rigorous error intervals displayed in Fig. 5.2, right. These estimates
remain valid, as long as the points x2, x3, ... remain in I. To assure this, we estimate

|x1 − x2|+ |x2 − x3|+ |x3 − x4|+ ... ≤ η ·
(
ε+ ε3 + ε7 + ...

)
<

η ε

1− ε2
, (5.7)

and have that the condition

ε

1− ε2
≤ 1 or ε ≤

√
5− 1

2
or η KB ≤

√
5− 1 (5.8)

28Cauchy used A for our 1
B
, B for our K; the notations used here are those of Kantorovich (see

Section 5.3).
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implies |x1 − xk| < η for all k. We then have a Cauchy sequence, whose xk remain in
I and converge to an x∗ with f(x∗) = 0 and with maximal error

|xk−x∗| ≤ |xk−xk+1|+|xk+1−xk+2|+... ≤ η·
(
ε2

k−1+ε2
k+1−1+...

)
<
η ε2

k−1

1− ε2k
. (5.9)

5.3. Systems of Equations; Banach and Kantorovich. The above study of
Cauchy is not valid for systems of equations, since the results are based on the study
of sign changes for f(x). During the nineteenth century, more and more applications
of iteration processes to more general problems arose such as ordinary differential
equations (Picard, Lindelöf), which are described in Section I.8 of [84]. In partic-
ular the study of integral equations (Volterra, Fredholm, Hilbert) and variational
calculus (Hadamard) led to the emergence of functional analysis and the notion of
abstract spaces, due largely to Peano, Volterra, Fréchet and above all Stefan Banach
(1892-1945) [5], [6]. Treating n-tuples of numbers, infinite sequences, or functions as
“points” in such a space, renders proofs about these subjects nearly as simple as in
one dimension. These ”Banach” spaces are equipped with a vector space structure,
a norm |x| with corresponding operator norm |A| and must be complete, i.e., any
Cauchy sequence converges to an x in the space. While the proof for completeness
is relatively simple for spaces of continuous functions with the max-norm, it is more
difficult for integral norms, such that [6] starts right away with “We assume that the
reader knows measure theory and the L e b e s g u e integral”.

Banach’s Fixed Point Theorems. After having defined his space X , Banach
states29 that any map f : X → X which is contractive, i.e., |f(x)− f(y)| ≤ q |x− y|,
with a fixed q < 1, posesses a unique fixed point x with x = f(x) and the iterations
xn+1 = f(xn) converge to x ∈ X for any starting value x0 ∈ X . This extends our
observations from Section 2 (where |f ′(x)| ≤ q < 1 had been sufficient for convergence)
to any dimension. We illustrate in Fig. 5.3 (left) this result for a two-dimensional map
arising from Fourier’s iteration (2.16) εn+1 = arctan εn

λ , when it is extended to the
complex plane. We show the four iterations from blue to red, which Fourier had
drawn in Fig. 2.5, now with various initial values ε0 runnung through a mathematical
animal30.

In the next theorem31 Banach treats the important particular case where f is
a contractive linear map followed by a shift, i.e., the equation x = Hx + y with
|H | = q < 1. We illustrate this in Fig. 5.3 (right) by our cat which is mapped by
Hx + y to its own picture sticked to its nose, and the iteration xn+1 = Hxn + y
reproduces it infinitely often, converging to a point which is x = (I − H)−1y. We

observe in the picture that |x| ≤ |y|+ q |y|+ q2 |y|+ . . . = |y|
1−q . Thus

If |H | = q < 1 then I −H is invertible and |(I −H)−1| ≤ 1

1− q
. (5.10)

Kantorovich’s Theorem for Newton’s Method. The classical paper is due to
Leonid Kantorovich (1912-1986) [96] in 1948. Assume we need to solve in the space
X an equation f(x) = 0. We start from an x0 and apply a first Newton step (see

29[5] Théorème 6, part II, §2, p. 160, Travaux de Stefan Banach p. 330
30which frequently bears the name “Arnold’s cat”
31[5] Théorème 7, part II, §2, p. 161, Travaux de Stefan Banach p. 331; [6], Chap. X, Théorème

17, p. 158; Kantorovich [96], Glava I, §3, Teorema 3, p. 102
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(3.13))

x1 = x0 − f ′(x0)
−1f(x0) (= root of t(x) = f(x0) + f ′(x0)(x− x0)). (5.11)

We suppose x0 to lie inside a ball I and need an extension of definition (5.3). An
easy access to this is to suppose a Lipschitz condition for the matrix f ′(x) (see Fenyő
[54]),

|f ′(x) − f ′(y)| ≤ K|x− y| for x, y ∈ I . (5.12)

We then have with x1 − x0 = ∆x, because of f(x0) = t(x0),

f(x1) = f(x1)− t(x1) =
∫ 1

0
d
dθ

(
f(x0 + θ∆x)− t(x0 + θ∆x)

)
dθ

=
∫ 1

0

(
f ′(x0 + θ∆x) − f ′(x0)

)
∆x dθ .

Taking norms, moving them inside the integral, using the Lipschitz condition (5.12)

and
∫ 1

0
θ dθ = 1

2 , this gives

|f(x1)| ≤
1

2
K|∆x|2, (5.13)

exactly as in (5.6). Kantorovich proves this with the help of formuly Tĕılora.
The next tool we need is an analogue of (5.5). Computing the maximum of

|f ′(x)−1| over an entire domain I is not practical, since it requires the inversion of
infinitely many matrices. Therefore Kantorovich defines only

B0 = |f ′(x0)
−1| (5.14)

and expands for other points x (see [96], p. 171)

f ′(x)−1 =
[
f ′(x0)− (f ′(x0)− f ′(x))

]−1
=
(
f ′(x0)

[
I − f ′(x0)−1(f ′(x0)− f ′(x))

])−1

=
[
I − f ′(x0)−1(f ′(x0)− f ′(x))

]−1
f ′(x0)−1
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using, as he says, ravenstvom (AB)−1 = B−1A−1. Here it is required to invert a
matrix as in (5.10) with H = f ′(x0)−1(f ′(x0) − f ′(x)). By using (5.14) and (5.12)
and reading this expansion backwards, we see that

If B0K|x−x0| < 1 then f ′(x) is invertible and |f ′(x)−1| ≤ B0

1−B0K|x− x0|
. (5.15)

Now, starting from |x1 − x0| ≤ η0, we obtain by combining (5.13) and (5.15) that

|x2 − x1| = |f ′(x1)
−1f(x1)| ≤

B0

1−B0Kη0
· Kη

2
0

2
=

1

2

h0η0
1− h0

= η1,

where we have introduced h0 = B0η0K.
For the next round, we prepare

B1 =
B0

1− h0
and h1 = B1η1K =

B0

1− h0

1

2

h0η0
1− h0

K =
1

2

h20
(1− h0)2

,

and we see that we have in general |xn+1 − xn| ≤ ηn if we define recursively

Bn+1 =
Bn

1− hn
, ηn+1 =

1

2

hnηn
1− hn

, hn+1 =
1

2

h2n
(1− hn)2

. (5.16)

The recursion for hn is a fixed point iteration to which we apply what we have learned
from Fourier in Section 2.6 and Euler in Section 2.7 (see Fig. 5.4). There is a (unstable)
fixed point h0 = 1

2 for which we get ηn = 2−nη0. If h0 <
1
2 , the hn exhibit a rapid

quadratic convergence to 0 together with the ηn. For h0 >
1
2 we have divergence with

chaotic dynamics around the point 2 (see Fig. 5.4, below), so we must require

h0 ≤ 1

2
or B0 η0K ≤ 1

2
, (5.17)

the famous Kantorovich condition. We then have to estimate expressions like

|x0 − x1|+ |x1 − x2|+ |x2 − x3|+ ... ≤ η0 + η1 + η2 + ... (5.18)

For this, Kantorovich states a nice identity and proves it in two lines, but its discovery

seems not trivial. We may use 1 − 2hn+1 = 1 −
(

hn

1−hn

)2
=
(
1 + hn

1−hn

)(
1 − hn

1−hn

)

which gives

√
1− 2hn+1 =

√
1− 2hn
1− hn

hence 1−
√
1− 2hn+1 =

1− hn −
√
1− 2hn

1− hn
.

We finally multiply this on the left and right by
ηn+1

hn+1
= (1− hn)

ηn
hn

and obtain

ηn = ηn ·
1−

√
1− 2hn
hn

− ηn+1 ·
1−

√
1− 2hn+1

hn+1
. (5.19)

From here it is easy to formulate all the theorems and error results, similar to (5.7)
and (5.9), because an estimation like (5.18) with (5.19) becomes just a telescoping
series.

Later, in his book with Akilov [97], an entire chapter was devoted to the proof of
convergence of Newton’s method, see also Ortega [133] and Deulfhard [42] for later
improvements. The article [37] by Ciarlet and Mardare gives a nice overview on these
developments together with a new version of the theorem “with only one constant”
and a substantially simpler proof.
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Fig. 5.4. Top: Beginning of “Glava IV” (METOD NIUTONA) in [96, p. 163] as well as the
recursion for hn and the famous condition for h0 [96, p. 170,172]. Middle: The iterations for hn

(right: in double logarithmic scale). Below: initial values for h0 which, after 1, 2, 3, ..., 9 iterations,
end up at hn = 1 (and then infinity, in red), at hn = 2

3
(and then to the fixed point hn = 2, in blue);

at hn = χ = 3−
√
5 (giving rise to the periodic two-cycle 3 ±

√
5, in yellow). There exist periodic

m-cycles for any m = 3, 4, 5, ..., for example h0 = 0.8520440955209 (m = 3), h0 = 0.9155259248665
(m = 4), h0 = 0.9545792886408 (m = 5).

6. Stationary Iterative Methods for Large Linear Problems.
“Solving linear algebraic equations can be interesting.”

(George E. Forsythe, Bull. Amer. Soc. 59(4), 299-329 (1953); beginning
with: “The subject of this talk is mathematically a lowly one.”).

During four millennia, iterative methods were used for nonlinear problems. Linear
equations, apparently a “lowly” subject, were simply solved, already centuries before
Gauss, by eliminating one variable after the other, or other suitable tricks32. Only
when, at first human, later electronic, computers started to treat larger and larger
problems, the importance of iterative methods was discovered (Gauss 1823: “You
will hardly ever again eliminate directly, at least not when you have more than 2 un-
knowns”, translation by Forsythe [57] of [78]). This becomes particularly important,
when linear systems arise from the approximation of partial differential equations, and
such systems are sparse. While one could theoretically still use Gaussian elimination
to solve such systems, the substitution process makes the sparse system more and
more densely populated. In this case, the cost of Gaussian elimination can rapidly
become prohibitive33.

32See for example the Section 6 in [168].
33For a comprehensive journey through the history of numerical linear algebra, see the recent

monograph [16].
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Fig. 6.1. Temperature distribution in a room in Montreal, with a symbolic door on the left
and a wall at a fixed temperature, the other walls having the fixed temperature zero, and a stove in
the middle that also heats the room a bit. The level set of temperature 1

2
is also indicated for later

comparisons with iterative approximations.

We start to follow in this section the detailed historical development of these
methods, using as our model problem to illustrate them the simple example of a
temperature distribution in a room in two spatial dimensions we call the “Montreal
problem”34, modeled by the Poisson equation

−∆u = f in Ω := (0, 1)2, u = g on ∂Ω, (6.1)

which we discretize by a standard centered finite difference method, see e.g. [69,
Chapter 2], to obtain the corresponding linear system of equations

Au = f . (6.2)

The solution we want to compute then looks like shown in Figure 6.1, where we used
the mesh size h = 1

32 . We thus have m = 31 interior mesh points in each direction,
and the matrix A is of size m2 ×m2 = 961 × 961. We chose a zero temperature on
three sides of the room, and on the left side a door for y ∈ (0.5, 0.9) with temperature
equal to 1, and along the wall on the left the temperature 0.3. In the middle of the
room we put a stove, which is modeled by a non-zero source function f = 50 in the
zone (0.4, 0.6)× (0.4, 0.6), and leads to the bump in the temperature in the middle of
the room. We also show the level curve of temperature 1

2 in Fig. 6.1.

The first iterative methods for linear systems were stationary iterative methods,
i.e. methods which perform the same steps at every iteration, going back to Gauss
and Jacobi.

34Which other example would you expect from one of the authors, who has lived five Canadian
winters in Montreal?
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6.1. A Letter of Gauss. Carl Friedrich Gauss (1777–1855) loved to travel, from
1818 on, for months through the Kingdom of Hannover, surveying the geodesic survey
of this country. He computed during long evenings myriads of linear systems arising
from the least squares approximation for the positions of triangulation points which,
as he wrote [78], was “against the monotony of the surveying business, (...) always a
pleasant entertainment” and “can be done half asleep”. But he never published any
details.

6.2. The Method of Jacobi. Unaware of the Gauss procedure, Carl Gustav
Jacobi (1804-1851) presented in [93] “eine neue” (a new) method for solving the
linear system (6.2) Au = f , in particular systems arising from the method of least
squares. He acknowledges the computations that were performed by his friend Dr.
Seidel35. Motivated by the fact that the problems Jacobi encountered were diagonally
dominant, he moved the off-diagonal terms to the right to obtain

ui =
∑

j 6=i
bijuj + gi or u = Bu+ g where bij := −aij

aii
, gi :=

fi
aii

, (6.3)

and solved (6.3) by fixed-point iteration,

un+1
i =

∑

j 6=i
biju

n
j + gi or un+1 = Bun + g with, say, u0 = 0 . (6.4)

Starting with a zero initial guess, this leads to the approximate solution

un = (Bn−1 +Bn−2 + . . .+B + I)g . (6.5)

Example. For the system (6.2), corresponding to our model problem (6.1), Gerhard
Wanner wrote the matrix for his students by hand some 30 years ago,

B = . (6.6)

Remark. Jacobi denoted aij by (ij), (i, j = 0, 1, 2, ...) and the corrections Big by ∆i;
which led to the formulas for their recursive calculation shown in Fig. 6.2.

Convergence. For studying the convergence of Jacobi’s method, we have to compute
the eigenvalues of the matrix B in (6.6). Such eigenvalues, in one dimension and
without calling them so, have been obtained by Lagrange [40]. Extending his result

35“Man wird dort aus den von einem meiner gelehrten Freunde, Herrn Dr. Seidl in München, mit
grosser Sorgfalt geführten Rechnungen ersehen, dass . . . ” [93, p. 304], and Jacobi used indeed the
spelling Seidl for Seidel.
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Fig. 6.2. Jacobi’s recursive formulas for the corrections [93, p. 297].

to two dimensions, we obtain the first and last eigenvector as follows:

uij = sin
( iπ
m

)
· sin

(jπ
m

)

λmax = cos(
π

m

)
,

(6.7)

For large m, λmax ≈ 1 − π2

2m2 is close to 1 and requires O(m2) iterations in order to
attain some accuracy.

Numerical Example. If we apply this method to the Montreal problem in Fig. 6.1,
starting with a zero initial guess, we obtain the sequence of approximations in Figure
6.3, shown for iteration numbers n that are powers of two. Comparing with the level
set at 1

2 in the solution in Figure 6.1, we see that indeed an accurate solution is only
reached around iteration 1024, which is for the m = 31 we used here indeed O(m2)
like predicted by our eigenvalue analysis.
Jacobi’s “preconditioner”. Realizing that the method can be slow or even fail if the
system is not diagonally dominant enough, Jacobi then presents the groundbreaking
idea of preconditioning using Jacobi rotations36, see Fig. 6.4:

“As an example we use the method for the equations from Theoria motus p.
219. The original equations are (see Fig. 6.4). If we remove the coefficient
6 in front of q in the first equation, the angle of rotation is α = 22030′,
and the new equations are...” (translated from [93, p. 304]).

After preconditioning, it takes then only three Jacobi iterations to obtain three accu-
rate digits, which one would nowadays call textbook multi grid convergence! A year
after his seminal publication [93], Jacobi showed that his rotations can also be used
to compute eigenvalues and eigenvectors [94].

6.3. The Method of Seidel. Philipp Ludwig von Seidel (1821–1896) was a
student of Jacobi in Königsberg and had the “honour” (“ich habe noch als Studieren-
der die Ehre gehabt, für ihn dazu die numerischen Rechnungen auszuführen.” [154,
p. 86] of performing painful numerical calculations for Jacobi. Later, as professor in
Munich, he made various applications of linear systems (of dimension up to 72) to
scientific research, in particular the determination of the luminosity of fixed stars. He
thereby realised that it was preferable, once the first component un+1

1 was calculated,

36We will get back to preconditioning in Section 8.4.
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Fig. 6.3. Jacobi iterations for the Montreal problem.

Fig. 6.4. Jacobi’s idea of preconditioning the linear system using Jacobi rotations [93, p. 304].
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Fig. 6.5. Gauss-Seidel iterations for the Montreal problem.

to use this new value for the determination of un+1
2 etc. We thus have, instead of

(6.4),

un+1
i =

∑

j<i

biju
n+1
j +

∑

j>i

biju
n
j + gi or un+1 = Lun+1 + Uun + g, (6.8)

where

L =




0
b21 0
: : ·.

bm1 bm2 .. 0


 , U =




0 b12 .. b1m
·. : :

0 bm−1,m

0


 . (6.9)

Numerical Example. We now perform the same calculations as in Fig. 6.3 with the
Gauss-Seidel method (see Fig. 6.5). Observe that 2n iterations of Jacobi produce an
equivalent result as n iterations of Gauss-Seidel.

A general description of the method was given by Seidel in [154], who also proved
convergence of the method for the case of the normal equations, proposed to do the
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Fig. 6.6. The calculations of Gauss in his letter for Gerling (Cod.MS.Gauss Briefe B : Gerling,
Nr 65 / 1&2, SUB Göttingen, [177]).

relaxations cyclically, and also to distribute them to two computers (humans) to do
parallel computing (“... sich unter zwei Rechner so vertheilen lässt ...” [154, p. 101]).
Seidel also considered block variants and using variable precision.

6.4. Back to Gauss’ letter. After the death of Gauss in 1855, hundreds of
notes were discovered in his desk and all his correspondence was collected. The enor-
mous work of editing and publishing all these discoveries required half a century. Only
in 1903 volume 9 of his Werke was published, containing a letter to Christian Ludwig
Gerling (1788–1864) from 1823 [78]. In this letter, Gauss explained that solving an-
gle measurements between the locations Berger Warte, Johannisberg, Taufstein and
Milseburg, required to solve the system

0 = +6 +67a −13b −28c −26d
0 = −7558 −13a +69b −50c −6d
0 = −14604 −28a −50b +156c −78d
0 = +22156 −26a −6b −78c +110d

Gauss then continues (translation by Forsythe [57]):
“In order to eliminate indirectly, I note that, if 3 of the quantities a, b, c, d
are set to 0, the fourth gets the largest value when d is chosen as the fourth.
Naturally, every quantity must be determined from its own equation, and
hence d from the fourth. I therefore set d = −201 and substitute this
value. The absolute terms then become: +5232, −6352, +1074, +46; the
other terms remain the same”

(see the second column of Fig. 6.6). The next value to be corrected would be b :=
b + 92 (third column) and so on. After 7 iterations he then presents the solutions
a = −60 + 5− 1 = −56, b = +92− 2 = +90, c = +12 and d = −201.

We see that Gauss’ method was the same as Seidel’s, with the difference that
Seidel just cycled though all variables, while Gauss chose at every step the variable
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Fig. 6.7. SOR iterations for the Montreal problem. Note that we only show up to iteration
n = 128, since there is no visible change any more from n = 64 onward!

with the maximal correction. Therefore method (6.8) is nowadays called the Gauss-
Seidel method.

6.5. Successive Overrelaxation Method (SOR) of David Young. In his
PhD thesis in 1950 [183], David Young (1923-2008) discovered a drastic improvement
of the Gauss-Seidel method by applying Richardson’s idea of overrelaxation (see equa-
tion (7.2) below) cleverly component-by-component:

“The successive overrelaxation method combines the use of successive dis-
placements and the use of systematic overrelaxation proposed by Richard-
son [9] as early as 1910” [182, p. 94].

His method, which he called successive overrelaxation (SOR), converges for our model
problem as shown in Fig. 6.7. The improvement over the Gauss-Seidel method for the
same cost is spectacular, the method provides already very accurate approximations
after 32 iterations, whereas Gauss-Seidel needs over 512!

The idea is to overrelax Formula (6.8) by introducing an overrelaxation factor
ω > 1 and increase for each component the displacement un+1

i − uni by this factor
ω (see also Frankel and the earlier work of Southwell as described in the historical
review [151]). In this way, we obtain from (6.8) the SOR algorithm

un+1
1 − un1 = ω ·

(
−un1 +b12u

n
2 +b13u

n
3 +...+g1

)

un+1
2 − un2 = ω ·

(
b21u

n+1
1 −un2 +b23u

n
3 +...+g2

)

un+1
3 − un3 = ω ·

(
b31u

n+1
1 +b32u

n+1
2 −un3 +...+g3

)

etc. etc.

(6.10)

48



or, when written in matrix form,

( 1
ω
I − L

)
un+1 = Uun − ω − 1

ω
un + g . (6.11)

Convergence. For studying the speed of convergence of the algorithm (6.11), we have
to compute the maximal eigenvalue µ of the generalized eigenvalue problem

( 1
ω
I − L

)
· µx = Ux− ω − 1

ω
x (6.12)

or

(µL+ U)x =
ω − 1 + µ

ω
x . (6.13)

The idea is to divide this equation by
√
µ:

(√
µL+

1√
µ
U
)
x =

ω − 1 + µ

ω
√
µ

x . (6.14)

The “Property A”. In order to treat this seemingly hopeless task, D.Young had an-
other great idea: We say that the matrix B = L + U has Property A, if for every
α 6= 0 the matrix Bα = αL+ 1

αU has the same eigenvalues as B.

Examples.


0 1
1 0 1

1 0





x1
x2
x3


 = λ



x1
x2
x3


 ⇒



0 1

α
α 0 1

α
α 0






x1
αx2
α2x3


 = λ




x1
αx2
α2x3


 ,

If λ is eigenvalue for the left matrix, it is also eigenvalue for the right one and the
coefficients of the eigenvector to the right are scaled by powers of α. The same is true
for more general matrices, in particular for the matrix B in (6.6), which is seen as
follows:



0 1 1
1 0 1
1 0 1

1 1 0







x1
x2
x3
x4


 = λ




x1
x2
x3
x4


 ⇒




0 1
α

1
α

α 0 1
α

α 0 1
α

α α 0







x1
αx2
αx3
α2x4


 = λ




x1
αx2
αx3
α2x4


 .

We thus see at once from (6.14): If B has Property A, the maximal eigenvalue λ of
B and the maximal eigenvalue µ for the SOR method (6.11) are connected by

λ =
ω − 1 + µ

ω
√
µ

or ν2 − λων + ω − 1 = 0 .

1 2

.7

.8

.9

1.0

ω

µ

(6.15)

The second line in (6.15) is a quadratic equation for
√
µ = ν . We have plotted the

values of µ as function of ω for the value of λ = cos π
32 = 0.9952, which corresponds

to all the Figs. 6.3, 6.5 and 6.7. Apparently, the best value for ω appears where this
quadratic equation has double roots, which happens for

ω =
2

1 +
√
1− λ2

for which µbest = ω − 1 =
1−

√
1− λ2

1 +
√
1− λ2

. (6.16)
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In our example µbest = 0.8215 for ω = 1.8215, which explains the drastic improve-
ment of the method observed in Fig. 6.7.

If ω is 1, which corresponds to Gauss-Seidel, we have µ = λ2, hence, under
Property A, Gauss-Seidel converges twice as fast as Jacobi, as we have observed by
comparing the results in Figures 6.3 and 6.5 37. An advantage however of the Jacobi
method is that all steps can be executed in parallel.

For more information see [35, Section 2.7], including a very elegant result of Kahan
from 1958 which shows that the relaxation parameter must lie in the interval (0, 2),
otherwise the SOR method cannot converge! Note that Ostrowski and Reich had
previously shown (1947) that if A is SPD, the condition is also sufficient.

7. Non-Stationary Extrapolation Methods. The stationary iterative meth-
ods we have seen so far perform the same relaxation step at each iteration, their
action is stationary. Non-stationary iterative methods vary in what they do pre-
cisely from one step to the next, and this section is devoted to such non-stationary
iterative methods based on the principle of extrapolation. We start by describing
a spectacular paper of Lewis Fry Richardson (1881–1953) [143], where he treats the
complete numerical solution process from modeling using differential equations, over
their discretization to the solution of the resulting discrete equations. In addition to
Richardson’s now widely known h2-extrapolation, he also introduced an important
new extrapolation idea for the iterative solution of linear systems, leaving the domain
of stationary iterative methods. Richardson’s approach was brought to perfection in
1959 by Gene Golub (1932–2007) in his PhD thesis [80], based on earlier work by
John von Neumann (1903–1957) [172, 173], as we will see.

The seminal underlying fundamental idea for Richardson’s iterative method for
solving linear systems lies in the extrapolation of a sequence of converging numerical
values S1, S2, S3, . . . , Sn, . . . for n → ∞. Originally initiated in 1926 by Aitken [4],
generalized in 1955 by Shanks [155], this led to the famous ε-algorithm by Wynn [180]
from 1956, and was subsequently generalized byWynn to vector sequences [181]. Once
one can accelerate vector sequences, approximate solution sequences for linear systems
can be accelerated, which led to the minimal polynomial extrapolation method of
Cabay and Jackson [18], and the methods in the seminal early book by Brezinski
[14]. We mention fundamental analyses and algorithmic improvements by Sidi [158]
for minimal polynomial extrapolation and also reduced rank extrapolation, which was
invented by Eddy [47], and is a direct generalization to vector sequences of the classical
Aitken acceleration. These modern extrapolation methods have strong connections
with the Krylov methods we will see in Section 8, and Anderson acceleration also
falls into this category of extrapolation methods [50, 174]. It is interesting that all
these methods can also be used to accelerate non-linear iterative solvers, see [121] for
a recent overview.

7.1. Richardson’s 1911 Paper.
“It is known (W.F.Sheppard, “Central-Difference Formulæ,” ‘Proc. Lond.
Math. Soc.,’ vol. xxxi. (1899)) that (...) the error of the represen-
tation of any differential expression by central differences is of the form
h2F2(x, y, z)+h4F4(x, y, z)+ terms in higher powers of h2,. . . ”. (Richard-
son, [143, p. 310])

Richardson’s h2-extrapolation. Based on this observation of Sheppard (see quotation),

37This is not always the case. For an example where Jacobi converges but Gauss-Seidel does not,
see [35, Section 2.6]
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16
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32

u 1
32

= 0.63569

exact:

Fig. 7.1. Richardson’s h2-extrapolation for a Dirichlet Problem (⋆ is at the point (0.5, 0.75)).

Richardson expected that also the errors of numerical discretization results with vary-
ing grid-sizes h would behave, at the same point, like C2h

2 + C4h
4 + . . .. Hence, if

two numerical values uh and u2h have been computed for a certain point, one can
eliminate the constant C2 from u = uh + h2C2 and u = u2h + (2h)2C2 to obtain
u = uh + 1

3 (uh − u2h), a much better numerical value at nearly no additional cost;
because “numerical cost” was important to Richardson:

“[one has to pay] about m
18

pence per co-ordinate point, m being the number
of digits [...] the quickest boys averaged 2000 relaxations of ∆h

38 per week
with 3 digits, those done wrong being discounted” [143, p. 325].

Richardson [143, §3.1, p. 315] illustrates this method for the Laplace equation ∆u = 0
on the unit square with 0, 1, 0, 1-constant boundary conditions on the four edges (see
Fig. 7.1). For h = 1

8 , due to symmetry, only six unknown values have to be computed,
which “was accomplished in an hour”. Of special interest is the value u 1

8
= 0.63235 at

the point (0.5, 0.75), since this point is the only remaining grid-point for the grid h = 1
4

giving u 1
4
= 0.62500. This allows Richardson to extrapolate (Fig. 7.1) to u = 0.6348

“and this is only 1
10 th per cent. in error” from the value “by infinitesimals” u = 0.6354

39.

Initial value problems. The entire §2 of Richardson’s paper treats problems where
“the Conditions allow the Integral to be Marched out from a Part of the Boundary”.

He chooses the example of the heat equation ∂2u
∂x2 = ∂u

∂t with initial values u = 1 for
t = 0 and boundary values u = 0 for x = ± 1

2 . Although he refers to classical work by
Runge (1895), Heun (1900), Kutta (1901) and Ganz (1903) (see [143, p. 311-312] for
references) with results “of remarkable accuracy”, he turns to methods “less accurate,
but simpler”: “In satisfying the equation, we must be careful to equate values of 40”

un−1,m − 2unm + un+1,m

∆x2
=
un,m+1 − un,m−1

2∆t
,

“which are centered at the same point. This causes a little difficulty at starting” [143,
p. 313]. In fact, one needs two columns of values for time tm−1 and tm for obtaining
a column for time tm+1. Therefore for the first step, Richardson used the implicit

38This is the discretized Laplacian matrix A.
39Computed by adding up Fourier series during 3 hours; in fact, the correct solution is 0.63594,

so the extrapolation error is actually only 1
6
th per cent.

40Richardson had a particular notation for these differences which are no longer in use.
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Fig. 7.2. Richardson’s solution of Fourier’s problem [143, p. 313]; right: results for 20 steps.

mid-point rule centered at ∆t
2 . He also knew, by referring to his §3.2.1, that the step-

size ∆t must be small, therefore he chose ∆t = 0.001 for ∆x = 0.1 and presented the
numerical values for 5 steps given in Fig. 7.2. Had he asked his boys to compute 20
steps, he would have seen that any ∆t > 0 creates instability (Dahlquist [39]).
Richardson’s non-stationary relaxation method. In § 3.2, Richardson starts to discuss
his method of “Successive Approximation to the Integrals”, i.e. solving equation (6.2)
iteratively. For its motivation, let us suppose that diagA = αI with all entries equal.

Then the quantities in equation (6.3) become B = I − A
α and g =

f
α , and hence the

Jacobi iteration (6.4) becomes

un+1 − un =
1

α
(f −Aun) . (7.1)

We recognize on the left the correction from un to the new un+1 and on the right the
residual f −Aun of un. The idea is now to vary the factor 1

α from one iteration step
to the next in order to possibly over- or under-relax the correction and thus accelerate
convergence, i.e., to set

un+1 = un +
1

αn+1
(f −Aun) , (7.2)

where αn+1 is a parameter chosen differently at each iteration.

Study of convergence. We subtract equation (7.2) from (6.2) and obtain for the error
en := u− un the equation

en+1 = en − 1

αn+1
Aen . (7.3)

Richardson assumes now an expansion of e0 in terms of the eigenvectors vk of A with
eigenvalues λk as41

e0 =
∑

k

e0kvk ⇒ e1 =
∑

k

(
1− λk

α1

)
e0kvk ⇒ e2 =

∑

k

(
1− λk

α2

)(
1− λk

α1

)
e0kvk . . .

or, in general,

en =
∑

k

Pn(λk)e
0
kvk where Pn(λ) =

(
1− λ

α1

)(
1− λ

α2

)
· · ·
(
1− λ

αn

)
, (7.4)

and “a diagram of the kind shown in figs. 1 and 2 is a great help” (here Fig. 7.3).

41Richardson wrote originally “φ1 − φu =
∑

k AkPk” and called the Pk the “Principal modes of

Vibration” and attributed them to “Pockels in his book ‘Über die Gleichung, ∆2u+ k2u = 0.’ See
also Rayleigh, ‘Sound,’ vol. I. chap. IV.”; following Pockels, he wrote λ2

k for our λk [143, p. 319 and
351].
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λL = 7.9807

M = 0.80231
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h = 1
32

Fig. 7.3. Top: Richardson’s “Fig. I” for P7 in dependence of α1, ..., α7; below: The Chebyshev
distributions for three grid-sizes on the unit square with |P |max for the λ’s, i.e. M = 1/T7(µ).

Choice of the Parameters. The goal is clearly to render the product Pn as small as
possible for all eigenvalues of A. For this it is required to have a rough estimation
of an interval (λS , λL) containing these eigenvalues42. For rectangular domains the
eigenvectors are exactly known (see (6.7)), and for other domains they have to be
estimated. Then, Richardson distributed the (α)’s somehow uniformly over this in-
terval43 (see Fig. 7.3, above). We show in Fig. 7.4 how Richardson’s method performs
on the Montreal problem when his seven α’s are distributed in the best possible way
as indicated in the bottom part of Fig. 7.3, see the next subsection for more details.
Convergence of Richardson’s method is very good, but not as good as SOR in Fig. 6.7:
Richardson’s iterate n = 32 is comparable to SOR iterate n = 8, for essentially the
same cost per iteration.

7.2. John von Neumann’s Letter. Richardson did not search for the optimal
choice of the zeros in order to minimize |Pn| over (λS , λL). The solution became
clear later, in particular by a letter of von Neumann [172, 173] to the authors of [10],
written “with his characteristic brilliance and clarity of style” [10, p. 5]. The main
ingredients are the Chebyshev polynomials

Tn(x) = cosnθ with x = cos θ

zeros: xi = cos(π(n−i+ 1
2 )/n)

recursion: T0(x) = 1, T1(x) = x ,

Tn+1(x) = 2xTn(x) − Tn−1(x) since

cos(n+1)θ+ cos(n−1)θ = 2 cosnθ cos θ .

−1 0 1

−1

1 1

x

T7(x)

(7.5)

They were originally published 1853 in the paper [34] on steam engines44. Over
the years their theory was simplified and extended mainly by Russian authors. Von

42The λL is Richardson’s own notation (without the square); the λS is analogous by replacing
“large” by “small”.

43“This graph was arrived at by trial.”
44It is less known that T2, T3, T4 were found by Jakob Bernoulli in 1699, see [87, formula (26)].
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Fig. 7.4. Richardson iterations for the Montreal problem with seven optimized parameters.

Neumann, who carefully explained how the three-term recursion formula in (7.5) is
obtained from the addition theorem of cos θ, gave as reference: “L.Bernstein: Leçons
sur les propriétés extrémales etc., Gauthier-Villars, Paris, 1926 – pp. 7,8”45. The
optimal Pn(λ) is then obtained by shifting Tn from the interval (1,−1) (in this order)
to (λS , λL) and scaling such that Pn(0) = 1. This leads to

Pn(λ) =
Tn(µ− µνλ)

Tn(µ)
with µ =

λL + λS
λL − λS

, ν =
2

λL + λS
. (7.6)

In Fig. 7.3, we show these curves for three different grid sizes on the unit square. The
pictures for the Montreal Problem in Fig. 7.4 were computed with h = 1

32 for which
the reduction factor is M := 1/T7(µ) = 0.8023, similarly spectacular as the value
0.8215 for SOR in (6.15).

Use of the Recursion Formula. The idea of John von Neumann is now, instead of
realizing the polynomial Pn(λ) in (7.4) via the iterates for un in (7.2), to use the
three-term recursion formula in (7.5). We use this recursion for both the numerators
and denominators of Pn in (7.6). In the latter case, we divide the formula by Tn(µ),
after which it becomes the two-term recursion formula

an+1 =
1

2µ− an
, a1 =

1

µ

for an =
Tn−1(µ)

Tn(µ)
.

.5 1.5

.5

1.5

a1 .9 1.0
.9

1.0 zoom

(7.7)

45The “L” was wrong, it was Sergei Natanovich Bernstein; by the way: both famous Bernstein’s
originated from Jewish families living in Ukraine.
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These govern the maximal error after n iterations,

Mn =
1

Tn(µ)
=
Tn−1(µ)

Tn(µ)
· 1

Tn−1(µ)
= ... = anan−1...a3a2a1, (7.8)

and we see in (7.7) the enormous gain in precision where, for h = 1
32 , µ = 1.004838,

hence a1 = 0.99518, a2, a3 . . . continuously descend towards a∞ = µ −
√
µ2 − 1 =

0.906348. The recursion for the numerators then gives

Pn+1(λ) = 2µ(1− νλ)an+1Pn(λ) − an+1anPn−1(λ) .

Here, von Neumann writes “it is convenient to introduce bn = µan” [172, p. 175], and
we obtain, after using − 1

µ2 bn+1bn = 1− 2bn+1, the final formulas

Pn+1(λ) = 2bn+1

[
(1− νλ)Pn(λ)− Pn−1(λ)

]
+ Pn−1(λ) , bn+1 =

1

2− 1
µ2 bn

, (7.9)

with P0 = 1, P1(λ) = 1− νλ and b1 = 1. Based on these formulas, with the audacity
of a great mind, he now defines the

Algorithm: un+1 = 2bn+1

[
(un + ν(b−Aun)− un−1

]
+ un−1 , (7.10)

with u0 arbitrary; u1 = u0 + ν(b−Au0). In order to see that it works, we subtract
on the left and right the exact solution u, for which b− Au = 0, and obtain for the

Error: en+1 = 2bn+1

[
(en − ν(Aen)− en−1

]
+ en−1 , (7.11)

with e0 arbitrary; e1 = e0 − νAe0. If we now expand, as above, e0 =
∑

k e
0
kvk

in the space of eigenvectors, the formulas (7.11) become, for each component, the
same as (7.9), hence we obtain exactly the same result as (7.4). For a fixed n, both
methods are thus equivalent, but the advantage here is that we have for all n the
optimal solution. If, for example, in order to double the precision after 7 Richardson
iterations, one has to redo 7 new steps, 3 additional von Neumann iterations suffice to
double the precision. A numerical illustration of the algorithm (7.10) for the Montreal
problem is given in Fig. 7.5. We see that iteration 8 is slightly better than iteration
8 of the Richardson method in Fig. 7.4, iteration 7 would have been identical. From
then on the Chebyshev iterations are however much much better, but SOR is still a
bit better, as one can see from comparing iterate 32 for example with Fig. 6.7, where
the bump in the middle is a bit higher already.

7.3. Golub’s Modified Chebyshev Semi-iterative Method. The authors
of [10] wrote at the end of their “Preface”: “The conversion of these methods into a
computational form has gone through several phases and has occupied several of us
over a much longer period”. Eventually, one of them, Abraham Haskel Taub (1911–
1999) from the University of Illinois, suggested this subject to one of his brilliant
students, Gene Golub (1932–2007), and the acceleration of stationary iterative meth-
ods became his PhD thesis [80]: instead of comparing the performance of the best
Chebyshev polynomial at each step in Fig. 7.5 with SOR in Fig. 6.7 which is still a bit
better, why not try to combine the power of these two approaches? Gene carefully
studied this and provided the essential insight in his PhD thesis46

46According to Dianne O’Leary [135], when Golub was finishing his thesis, Richard Varga visited
and told Golub’s advisor, Abraham Taub, that he had independently obtained very similar results.
Taub then told Gene that if Varga publishes first, he will have to write a new thesis. Golub went
to see Varga and the latter agreed to joint publication [81], thereby allowing Golub to receive his
degree.
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Fig. 7.5. Chebyshev iterations for the Montreal problem.

“If cm = bm [. . . ] then (1.4) describes the modified Chebyshev method,
and if cm = b, then (1.4) describes the successive over-relaxation method”
[80, p. 4].

Gene had discovered that one cannot just accelerate the simple Richardson iteration
with αn = α constant using the Chebyshev polynomials and their recursion to find an
optimized residual polynomial, one can in fact accelerate any stationary iteration of
the form (7.15) that satisfies certain assumptions. Writing this Chebyshev acceleration
for SOR led to his quote above, the method he calls modified Chebyshev Semi-iterative
Method, and allowed him to prove that then again the accelerated version converges
much faster than SOR alone. With this, Gene layed the foundations of modern
preconditioning techniques we will see in Subsection 8.4: the Chebyshev acceleration
will be replaced by a Krylov method which is even better as we will see in Section 8,
and then preconditioned by SOR or any other even more effective stationary iterative
method like domain decomposition or multigrid covered in Sections 9 and 10.

7.4. Cabay and Jackson: Modified Polynomial Extrapolation. The main
drawback of the Chebyshev Semi-iterative Method is that one needs to know the
spectrum of the iteration operator in order to estimate the interval (λS , λL) on which
the residual polynomial needs to be small. In 1976, Cabay and Jackson [18] proposed
a new idea for an extrapolation method for accelerating the convergence of vector
sequences un, for example generated by the stationary iterative method SOR (6.11),
but in contrast to the Chebyshev acceleration in the previous subsection, without the
need of knowing either the iteration matrix and an estimate of its spectrum, or the
right hand side:

“The extrapolation method is intended primarily for those problems where
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the iterates u
0, u1, u2, . . . only are known” [18, p. 735].

The method can thus even be used for non-linear stationary iterations, only the iter-
ates are needed! The underlying idea is as for the Chebyshev Semi-iterative Method:
one tries to form a linear combination of the iterates, vn :=

∑n
j=0 γju

j ,
∑n

j=0 γj = 1,
that converges more quickly to the desired solution u. If we introduce the error
en := u− un, we obtain by isolating u, multiplying by γn and summing

n∑

j=0

γju
j = u

n∑

j=0

γj −
n∑

j=0

γje
j , (7.12)

and since the sum of the γj equals 1

vn = u−
n∑

j=0

γje
j . (7.13)

A good choice of the coefficients γj should thus make the sum of the errors as small
as possible, to make vn as close as possible to the solution u. To solve however a
least squares problem

n∑

j=0

γje
j −→ min, (7.14)

one would need to know the errors ej , which is not possible without knowing the
solution. To overcome this problem, we need to find a related computable quantity
that can be made small, and we show now that the differences of iterates dn :=
un+1 − un can play this role: in the case of a general stationary iteration for the
linear system Au = f using a matrix splitting A =M −N47,

un =M−1Nun−1 +M−1f , (7.15)

the exact solution satisfies

u =M−1Nu+M−1f ,

and subtracting the stationary iteration (7.15), we obtain for the error

en = u− un =M−1N(u− un−1) =M−1Nen−1. (7.16)

By induction, denoting the iteration matrix by G :=M−1N , we thus obtain

en = Gne0.

Hence the least squares problem (7.14) becomes

n∑

j=0

γje
j =

n∑

j=0

γjG
je0 = pn(G)e

0 −→ min, (7.17)

which means we have to find a polynomial pn(G) in the iteration matrix that makes
the sum small. If pn(G) was the minimal polynomial of the matrix G for the vector e0

47For example M = diag(A) for Jacobi.

57



we would in fact obtain zero, and thus the exact solution at step n of this procedure.
Taking the difference of (7.15) at two consecutive iterates, we find for the difference
dn := un+1 − un the same iteration formula as for the error,

dn := Gdn−1 = Gnd0.

The idea of modified polynomial extrapolation (MPE) is to make the quantity

n∑

j=0

γjd
j =

n∑

j=0

γjG
jd0 = pn(G)d

0 −→ min, (7.18)

because the dj can be computed, in contrast to the ej in (7.17). This is further
motivated by the fact that if pn(G)e

0 = 0, then also pn(G)e
m = 0 and pn(G)d

m = 0
for m ≥ 0: the first result holds since polynomials in G commute, and we thus have

0 = Gmpn(G)e
0 = pn(G)G

me0 = pn(G)e
m.

The second result uses that dm = um+1 − um = u − um + um+1 − u = (I −G)em,
which implies for m ≥ 0

0 = (I −G)pn(G)e
m = pn(G)(I −G)em = pn(G)d

m.

In MPE, one solves the minimization problem (7.18) approximately by solving the
least squares problem

n−1∑

j=0

γ̃jd
j = −dn,

and the resulting polynomial

pn(G) = γ̃0 + γ̃1 +G+ . . .+ γ̃n−1G
n−1 +Gn

is then an approximation of the minimal polynomial, and MPE gives the exact solution
as soon as pn(G) is the minimal polynomial! The normalized coefficients for the
extrapolation are simply obtained by

γj =
γ̃j∑m
j=0 γ̃j

.

We show in Fig. 7.6 the results of MPE for the Montreal problem. We see that
MPE converges rapidly to the solution48, even a bit faster than the Chebyshev Semi-
iterative Method (compare the bump at iteration 32 which is a bit higher for MPE),
and we will see in Section 8 on Krylov methods that MPE is in fact equivalent to
the conjugate gradient method, and thus in general faster than the Chebyshev Semi-
iterative Method, and this without knowing the spectrum of the iteration operator.

MPE is not the only possibility to solve the minimization problem (7.18) ap-
proximately. Eddy [46] and Mesina [122] proposed a different variant called reduced
rank extrapolation (RRE). Brezinski focused in his early book [14] on the ε-algorithm
which is a further extrapolation technique:

48We used for the stationary iteration (7.15) the scaled identity M = 4
h2 I. Using an unscaled

identity would work as well in theory, but produces rapidly growing iterates which leads to problems
in floating point arithmetic.
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Fig. 7.6. MPE iterations for the Montreal problem.

“Nous effectuerons toujours ces transformations à l’aide de modifications
appropriées de l’ε-algorithme et cela pour deux raisons:

• l’ε-algorithme est le plus puissant de tous les algorithmes que nous
avons étudiés pour des suites de nombres.

• II n’existe de resultats théoriques sur les suites non scalaires que pour
l’ε-algorithme” [14, p. 136].

Sidi studied both MPE and RRE in great detail [156] and also compared them to the
vector ε-algorithm of Wynn [181] and the topological ε-algorithm from the seminal
work of Brezinski [14], and observed that MPE and RRE have similar convergence
properties and are in general more efficient than the ε-algorithm based vector acceler-
ation techniques. Sidi also established a fundamental relation to Krylov methods [157]
which have become the mainstream iterative solvers for linear systems of equations,
for more details, see [77, Section 11.6 and 11.7], and in particular [77, Theorem 11.32]
for the precise equivalence of MPE with the Krylov method FOM. This implies that
MPE for symmetric positive definite problems like our model problem is equivalent
to the Conjugate Gradient method, which is the first Krylov method we will see in
the next section.

8. Krylov Methods. Krylov methods were invented in the early 1950’s inde-
pendently by Lanczos [111] based on work on an algorithm to compute eigenvalues
[110], Forsythe, Hestenes and Rosser [56], and Stiefel [163], in the form of the con-
jugate gradient method (CG) for symmetric positive definite systems. The structure
they use, namely the Krylov space, goes back to work by Krylov [108] in 1931, not
related to the solution of linear systems however, but to the concept of characteristic
polynomials for the solution of systems of second order ordinary differential equa-
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tions describing vibrations. The conjugate gradient method was so successful in the
1970’s that many variants were developed for indefinite symmetric and general non-
symmetric problems, and their relation to extrapolation methods was discovered, see
Subsection 7.4. Since Krylov methods can still exhibit slow convergence, the research
field of preconditioning developed, which builds a natural connection between the sta-
tionary methods in Section 6 and Krylov methods, and is still currently an intensively
researched field in numerical analysis, as we will explain at the end of this section.

8.1. Relaxation and the Method of Steepest Descent.

“On peut tirer des principes ici exposés un parti très-avantageux pour la
détermination de l’orbite d’un astre [. . . ]”

(Cauchy, [24, p. 538])

In analogy to Riemann [145], who reduced a hopeless differential equation to a hope-
fully solvable Minimization Problem (see also [74, Eq. (2.7)]),

−∂
2u

∂x2
− ∂2u

∂y2
= f ⇐⇒

∫∫

Ω

(
1

2

((∂u
∂x

)2
+
(∂u
∂y

)2)− u · f
)
dx dy → min, (8.1)

we can also reduce the corresponding “hopeless” system (6.2) of myriads of linear
equations to a Minimization Problem for one real function,

Au = f ⇐⇒ F (u) :=
1

2
uTAu− uTf → min, (8.2)

where our matrix A in (6.2) is symmetric and positive definite. The equivalence in
(8.2) is seen by computing the gradient

F ′(u) =
1

2
Au+

1

2
ATu− f = Au− f . (8.3)

Since the gradient F ′(u) is the vector indicating the direction in which F (u) increases
fastest, we denote, for a given position u, by

r := −F ′(u) = f −Au (the “residual”) (8.4)

the vector indicating the direction “of steepest descent”. Both, F ′(u) as well as r,
are perpendicular to the level set of F through the point u.

General relaxation step. Given a position un and a search direction pn, which is often
the residual rn from (8.4), we search a new point

un+1 = un + αnp
n . (8.5)

This method was suggested and used several times during the centuries, often in order
to minimize Least Squares errors. An early paper was Cauchy [24], written during the
years of enthusiasm for the discovery of new asteroids as well as of Neptune in 1846
(see the quotation). Also one step of Richardson’s method (7.2) as well as Jacobi’s
iteration in the form of equation (7.1) are the same as (8.5) with (8.4), where the α’s
have a different meaning. A complete discussion of this method and its generalizations
is given in the wonderful paper by Stiefel [163].

Determination of αn. The standard determination of the free parameter αn at each
step, already suggested by Cauchy49, is such that along the straight line un + αnp

n

49Stiefel calls this idea of optimizing on a subspace “der Ritzsche Gedanke” (idea of Ritz).
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u0

r0

u1

r1

u2

r2

Fig. 8.1. Illustration for a relaxation step in Stiefel [163, p. 9] (left), Steepest descent method
(right).

u0

u50

Stiefel [163]: “Das Auftreten von Käfigen ist eine allge-
meine Erscheinung bei Relaxationsverfahren und sehr
unerwünscht” (The appearance of such cages is very
common in relaxation methods and not at all desirable).

Fig. 8.2. Stiefel’s “Käfig” (left: original picture from Stiefel [163, p. 10]).

the function F (u) becomes minimal, i.e., at un+1 this line with direction pn is tangent
to the level set, hence the residual vector rn+1 (using (8.4) and (8.5))

rn+1 = f −Aun+1 = f −Aun − αnAp
n = rn − αnAp

n , (8.6)

must be perpendicular to pn (this is “Satz 2” in Stiefel [163]). Solving the condition
(pn)T rn+1 = 0 for αn, we get for the optimized distance

αn =
(pn)T rn

(pn)TApn
. (8.7)

If pn = rn for all n, we have the steepest descent method. Illustrations for dimension
2 are given in Fig. 8.1.

Stiefel’s “Käfig”. We now present in Fig. 8.2 the steepest descent method applied to
a matrix A whose eigenvalues have a large ratio, i.e., where the corresponding ellipses
become narrow. Here, Stiefel imagined the computing “animal” trapped in a cage
(“Käfig”), running up and down, far away from the desired solution. Also in Fig. 8.3,
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n = 0

F = 0.0000

n = 1

F = −3.3369

n = 2

F = −4.1116

n = 3

F = −4.4440

n = 128

F = −6.6601

n = 129

F = −6.6638

n = 130

F = −6.6675

n = 131

F = −6.6711

100 101 102 103

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100
F (un)− Flim

n

Conj.Grad.

Steepest.D.

Fig. 8.3. Steepest descent for the Montreal Problem struggling in Stiefel’s “Käfig”; below:
the errors of F (un) compared to Flim = −7.0291170905542 in double logarithmic scale; in blue: the
values for n = 1−3, 128−131 of the above figures; compared to the values of the Conjugate Gradient
Method; in red: results for single precision.

where the Montreal Problem, of dimension 312 = 961, has been calculated with the
standard steepest descent method, we observe that our “animal” has problems to get
rid of the “Käfig”.

Ways out of the “Käfig”. Stiefel then proposes in [163] several innovative remedies
for this failure:

• Block relaxation, which is a simultaneous relaxation of several equations by
the same averaged amount, and thus corresponds to a block Jacobi method,
which can be interpreted as a Schwarz domain decomposition method, see
Subsection 9.1, and [35, Chapter 4 and Problem 55] for more details.

• An approach Stiefel calls “Scheibenrelaxation”, either choosing search di-
rections related to eigenfunctions on subdomains, or solving directly small
subproblems for low modes by relaxation. Stiefel recommends for a given
operator to precompute such directions:

“Es ist zweckmässig, für einen gegebenen Operator eine Sammlung
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von Scheiben anzulegen50.”
He thus already foresaw the coarse correction in multigrid methods, and more
specifically the new coarse spaces designed in recent domain decomposition
methods like GenEO and SHEM, see [127, 162, 71, 70], precisely by eigen-
function computations; for a historical introduction, see [66].

• The method of conjugate search directions: in this case, one can eliminate
completely error components in the direction of each pn, independently of
the other directions.

While the first ideas with their many possibilities of choosing good procedures were
thought for “ein geübter Rechner” (experienced (human) calculator), Stiefel claimed
that the steepest descent and conjugate gradient methods “die zwangsläufig fortschrei-
ten” (with precisely prescribed operations) were “suitable for use on sequence-control-
led computing machines”, in particular the “programmgesteuerte Zuse-Rechenmaschi-
ne in Zürich”, the very first freely progammable computer working in binary floating
point arithmetic51.

We show in Figure 8.4 for the Montreal Problem the results of Steepest Descent
for the same iteration steps as we did for all the earlier iterative methods. We see
that steepest descent is comparable to Jacobi in Figure 6.3, a very slow method (the
level set indicates at iteration 256 that it is slightly faster). We see that even doing
locally the best, which is called a good tactic, is not enough for obtaining an overal
globally good strategy (according to Stiefel, who was a colonel in the Swiss army). A
better strategy is needed for iteratively solving linear systems.

8.2. The Conjugate Gradient Method.

“Rosser (...) returned to INA (Institute for Numerical Analysis) in the
summer of 1951 to pursue his studies of solutions of linear equations and
to attend a conference on “Solutions of Linear Equations and the Deter-
mination of Eigenvalues” to be held at INA in August 1951. In June
or July 1951, after almost two years of studying algorithms for solving
systems of linear equations, we finally “hit” upon a conjugate-gradient
method. I had the privilege of first formulating this new method. How-
ever, it was an outgrowth of my discussions with my colleagues at INA. In
particular, my conversations with George Forsythe had a great influence
on me. During the month of July 1951, I wrote an INA report on this
new development. When E. Stiefel arrived at INA in August to attend
the conference on solutions of linear equations, he was given a copy of my
paper. Shortly thereafter he came to my office and said about the paper,
“This is my talk.” (...) Accordingly, I invited Stiefel to remain at UCLA
and INA for one semester so that we could write an extensive paper on
this subject (the paper [90]). In the meantime, Lanczos observed that the
conjugate-gradient method could be derived from his algorithm for finding
eigenvalues of matrices.” (M.R.Hestenes [89, pp. 173–174])

Magnus R.Hestenes (1906–1991), originally expert in optimization and variatonal
calculus, was invited in 1949 by J.Barkley Rosser (1907–1989) to join his group at
INA for studying the solution of large linear equations (see [89] and the above quote).
After two years of struggle, the conjugate-gradient method (CG) came finally out from
discussions among this group. An early unpublished paper of Hestenes was certainly

50It is very useful for a given operator to precompute a collection of such directions.
51Stiefel [163, p. 29]: “[...] dauerte ein Zyklus etwa 2 h 20 m” (a cycle took approximately 2 h 20

min).
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Fig. 8.4. Steepest Descent iterations for the Montreal Problem. Note that we plot again up to
iteration 1024 because of slow convergence.

helpful52.

The surprise was that E. Stiefel (1909–1978), from ETH Zürich, had invented in-
dependently the same method. Stiefel had sent already (July 14, 1951) his manuscript
[163] to the editors of ZAMP and acknowledged (p. 23) in a “Zusatz bei der Korrektur”
the independent discovery of Hestenes.

Simultaneous Relaxation. Following Stiefel [163, §3], we start by presenting the idea
of a simultaneous relaxation from a given point u0 along several directions, we take
here p0 and p1, as

u2 = u0 + α0p
0 + α1p

1 (8.8)

52“It is interesting to recall that in 1936, I developed an algorithm for constructing a set of
mutually conjugate directions in Euclidean space for the purpose of studying quadric surfaces. I
showed my results to Professor Graustein, a geometer at Harvard University. His reaction was that
it was too obvious to merit publication” [89, p. 168].
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Fig. 8.5. Eduard Stiefel 1909-1978 (left); Magnus R.Hestenes 1906-1991 (right).

Fig. 8.6. For such a Zuse machine Stiefel developed CG (admired by Gerhard Wanner, pho-
tographed by Peter Deuflhard, left); Dr. h.c. (for half an hour) Konrad Zuse, congratulated by Walter
and Martin Gander at ETH (right).

(instead of (8.5)) with the new residual

r2 = f −Au2 = f −Au0 − α0Ap
0 − α1Ap

1 = r0 − α0Ap
0 − α1Ap

1 , (8.9)

similar to (8.6). Restricted to the plane through u0 spanned by p0 and p1 as in
(8.8), the function F (u) represents an elliptic paraboloid, whose minimum u2, the
“Ritzsche Gedanke” again, we are looking for. At this minimum, the residual r2, in
generalization to (8.7), must be perpendicular to both p0 and p1. These conditions
now become with (8.9) the following system for α0 and α1 (see [163, equation (34)]):

(
(p0)TAp0 (p0)TAp1

(p1)TAp0 (p1)TAp1

)(
α0

α1

)
=

(
(p0)T r0

(p1)T r0

)
. (8.10)

Here comes the great idea of Siefel: If the directions p0 and p1 were chosen in such a
way that (see [163, Section 3.b])

(p0)TAp1 = 0 and, by symmetry, (p1)TAp0 = 0 , (8.11)

then the system (8.10) becomes diagonal and leads directly to the solutions

α0 =
(p0)T r0

(p0)TAp0
, α1 =

(p1)Tr0

(p1)TAp1
, (8.12)
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u0

p0

u1p1

p1ũ1

u2

A

B

C
D

E

F

X
G

Fig. 8.7. Left: Simultaneous relaxation with conjugate directions; Right: Apollonius’ theorem
drawn for an ellipse.

Fig. 8.8. Conjugate directions by Apollonius drawn for the hyperbola (from Isaacus Barrow,
Apollonii Conica : Methodo nova illustrata, & succinctè demonstrata, London, 1675, p. 50).

which both are the same as (8.7).
We now have a situation as in Fig. 8.7, left: Since the function F (u), restricted to

the straight lines u0+α0p
0 respectively u0+α1p

1, represents parabolas, the minimal

points u1 respectively ũ1 lie in themiddle between the points on the same level ellipse.
We thus arrive at a 22 century old theorem (Apollonius, end of IIIrd cent. B.C.; see
Fig. 8.7, right and Fig. 8.8), where each of the two conjugate diameters intersects the
parallels to the other in the middle (“CE=ED & ... FG=GC. ... ergo AB, & EX
sunt conjugatæ diametri”). Unlike as in Fig. 8.2, the line search departing at u1 in
direction of a conjugate direction p1 leads directly to the minimum u2. Based on this
idea, Stiefel thus defined in [163] the following algorithm: Beginning at u0, define
search directions53

p0 = r0

pn = rn + εn−1p
n−1 n = 1, 2, 3, ..

(8.13)

where the coefficients εn−1 are chosen such that pn and pn−1 are conjugate, i.e. from
(8.11), (pn−1)TApn = 0, which leads to

εn−1 = − (pn−1)TArn

(pn−1)TApn−1
. (8.14)

This is then followed by a standard line search (8.5) un 7→ un+1 in direction of pn

using (8.7). An induction proof then shows that all search directions p0, . . . ,pn−1 are

53Stiefel used ε for the distance to go along the search direction.
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Fig. 8.9. CG iterations for the Montreal problem.

pairwise conjugate and the algorithm leads after m iterations to the exact solution,
where m is the size of the matrix54. We see the immense progress of this method, if
we compare the results with those for the steepest descent in Fig. 8.3.

In modern notation, to solve approximately Au = f , where A is a symmetric
and positive definite matrix, CG starts with an initial guess u0 with initial residual
r0 := f −Au0, and finds at step n in the affine Krylov space

Kn(A, r0) := u0 + span{r0, Ar0, . . . , An−1r0}

an approximate solution un which satisfies

||u− un||A −→ min, (8.15)

where the norm ||u||A :=
√
uTAu is the natural energy norm associated with the

problem matrix A, see [35, Section 3.2]. CG thus finds the best possible solution in
the Krylov space in this norm, it is not possible to do better than this, and CG does it
iteratively, without the need to globally minimize, a truly optimal iterative approach.

We show in Fig. 8.9 the results of Conjugate Gradients. Comparing CG with
steepest descent in Fig. 8.4, we see that they are worlds apart: steepest descent con-
verges about as slowly as Jacobi in Fig. 6.3, whereas CG converges precisely as MPE
in Fig. 7.6, the fastest we have seen so far, and in exact arithmetic, they are equiva-
lent, but CG is a more robust formulation, since it uses the structure of the problem,
while MPE just accelerates a sequence of vectors of potentially unknown origin.

54More precisely m is the degree of the minimum polynomial of the matrix, and the statement
holds only in exact arithmetic.
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8.3. General Krylov Methods. The conjugate gradient method became so
successful that intensive research efforts were undertaken to develop such methods
for more general linear systems, not just symmetric and positive definite ones. Since
such matrices however do not define an inner product and associated norm any more,
the key ideas of CG above can not be used any more. Inspired by other important
properties satisfied by CG, two main classes of such more general Krylov methods
were developed.
Minimum residual methods (MR): as stated in (8.15), CG is minimizing the error in
the A norm, and we have for symmetric positive definite A

||u− un||2A = (u− un)
TA(u− un) = (u− un)

TAA−1A(u − un)
= (Au −Aun)

TA−1(Au−Aun) = ||f −Aun||2A−1 .

CG thus also minimizes the residual in the A−1 norm. For a general matrix A, one
can thus try to also minimize the residual, simply in the 2-norm,

||f −Aun||2 −→ min . (8.16)

This leads for symmetric but not necessarily positive definite matrices A to the MIN-
RES method [136] invented by Paige and Saunders in 1975, which runs at a compu-
tational cost comparable to CG. For arbitrary matrices A, this gives GMRES [150]
proposed by Saad and Schultz in 1986, which however needs to store and work with
the entire Krylov space and thus is computationally more expensive than CG. Ap-
proximations were therefore also developed that solve the minimum residual problem
(8.16) only approximately, like the quasi minimum residual method (QMR) from 1991
by Freund and Nachtigal in [62], with computational cost comparable to CG.
Methods based on orthogonalization (OR): since in CG, the new residual is orthogonal
to the current Krylov space (see e.g. [35, Remark 1, Section 3.2]), for a general matrix
A one can also determine the new iterate un ∈ u0 + Kn(A, r0) such that the new
residual satisfies this orthogonality property

f −Aun ⊥ Kn(A, r0). (8.17)

This leads for symmetric but not necessarily positive definite matrices A to the
SymmLQ method [136] invented by Paige and Saunders in 1975, whose computational
cost is comparable to CG. For general matrices A one obtains the Full Orthogonaliza-
tion Method (FOM) [148] introduced by Saad in 1981, which requires however again
to store the complete Krylov space and is thus computationally more expensive than
CG. There are however also very successive methods using this orthogonality condi-
tion in different ways to keep computational costs comparable to CG, for example
BiCGstab [167] by Van Der Vorst in 1992.

8.4. Preconditioning. For normal matrices, i.e. when ATA = AAT , all these
Krylov methods converge well, if the spectrum of the matrix A is clustered around 1,
because they can be interpreted as polynomial approximation problems. This can be
seen for CG as follows: since the iterate un of CG lies in the affine Krylov space,

un ∈ u0 + span{r0, Ar0, . . . , An−1r0},

there exist coefficients γj such that

un = u0 +

n−1∑

j=0

γjA
jr0 = u0 +

n−1∑

j=0

γjA
j(f −Au0) = u0 +

n∑

j=1

γj−1A
j(u− u0).
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The quantity minimized by CG in the A-norm is therefore

u− un = u− u0 −
n∑

j=1

γj−1A
j(u− u0) = pn(A)(u − u0),

where pn(A) is a so-called residual polynomial of degree n with pn(0) = 1. CG chooses
this polynomial such that

||u − un||A = ||pn(A)(u − u0)||A → min,

and thus a bound can be obtained by using the eigendecomposition of A (see e.g. [35,
Section 3.2, Theorem 25])

||u− un||A ≤ max
j

|pn(λj(A))|||u − u0||A,

where λj(A) are the eigenvalues of A. CG thus finds at each iteration n a residual
polynomial pn(λ) with pn(0) = 1 which is small on the spectrum of A. For symmetric
positive definite matrices A their spectrum lies in an interval on the positive real axis,
and the shifted and scaled Chebyshev polynomials are the smallest polynomials on
such intervals, equaling 1 at zero, see Subsection 7.2, and [35, Section 3.2] for more
details. They become especially small when the spectrum is clustered around 1.

For more general matrices A, residual polynomials found by Krylov methods again
often become small especially if the spectrum of A is clustered around 1; but what can
one do if the system matrix A does not at all have eigenvalues that cluster around 1,
and an optimized residual polynomial obtained by a Krylov method does not become
small on the spectrum of A, even after many iterations?

This is where preconditioning, which is a very active field of research, comes
in: instead of solving the original system, one solves a preconditioned system with
preconditioner M ,

Au = f =⇒ M−1Au =M−1f ,

where M should be close to A such that M−1A has a spectrum clustered at 155, but
M−1 should be inexpensive, since linear solves with M have to be performed at each
iteration of the Krylov method, that now works with the preconditioned Krylov space

Kn(M−1A, r0) := u0 + span{r0,M−1Ar0, . . . , (M−1A)n−1r0},

with the preconditioned initial residual r0 := M−1(f − Au0). The main insight for
preconditioning is that all stationary iterative methods we have seen in Section 6
(and we will see in the upcoming sections!) can be written using the matrix splitting
A =M −N , i.e.

Mun+1 = Nun + f ⇐⇒ un+1 = un +M−1(f −Aun).

For example for Jacobi, M = D, the diagonal of A. Now the stationary iterative
method converges well, if the spectral radius of the iteration matrix M−1N is small,

55Note that there are also other preconditioners, see for example [126] where the preconditioned
system should have a minimum polynomial of low degree, or [7] where the preconditioner is tuned
to obtain two distinct tight clusters.
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i.e. the eigenvalues of M−1N are all close to zero. This means however that the
eigenvalues of the associated preconditioned matrix

M−1A =M−1(M −N) = I −M−1N

are all close to 1, i.e. clustered at 1. We thus see that rapidly converging stationary
iterative methods have spectra of the preconditioned system matrix M−1A clustered
at 1 which is often very good also for Krylov methods. Now if the stationary iterative
method already converges fast, why bother with a Krylov method? This is because
the residual polynomial of the stationary iterative method is the simple polynomial
qn(M

−1A) = (I −M−1A)n, since

u− un = u− un−1 −M−1(f −Aun−1)

= u− un−1 −M−1A(u− un−1) = (I −M−1A)n(u− u0),

whereas the Krylov method applied to the preconditioned system finds a residual
polynomial pn(M

−1A) which is tuned to be small on the specific spectrum of M−1A
and thus in general much smaller than qn(M

−1A) there. All stationary iterative
methods should thus in practice never be used as such, but as preconditioners for
Krylov methods: like Extrapolation methods, Krylov methods are accelerators for
stationary methods; they find in general much better residual polynomials and thus
give much faster convergence than the stationary iteration. This is why even the
best stationary iterative methods for PDEs like domain decomposition and multigrid,
which we will see in the next sections, are always used as preconditioners for Krylov
methods in practice, even though their design and analysis is often simpler and more
transparent as stationary iterations.

9. Domain Decomposition Methods. All the methods we have seen so far
were based on the solution of a sparse linear system arising from the discretization of
partial differential equations, but the most successful iterative methods tackle directly
the underlying partial differential equation using their structure. Domain decompo-
sition methods following the principle of divide and conquer are doing this, and they
are in addition naturally parallel.

9.1. Schwarz Methods. Domain decomposition methods go back to 1869, when
the alternating Schwarz method was invented [152]. Earlier, Bernhard Riemann
(1826–1866) after his PhD thesis [144] had coined the expression Dirichlet Princi-
ple by claiming that he had heard it in Dirichlet’s lectures. Riemann also claimed in
his PhD thesis that any Dirichlet Problem, e.g.

∆u = 0 in Ω, u = g on ∂Ω, (9.1)

always had a solution, just by finding the function u(x, y) which minimizes the Dirich-
let Integral

∫∫

Ω

((∂u
∂x

)2
+
(∂u
∂y

)2)
dxdy = min! , u = g on ∂Ω . (9.2)

In the subsequent years, more and more mathematicians had doubts about Riemann’s
claim, in particular Karl Weierstrass (1815–1897) with the counter-example [178]∫ +1

−1
(x · y′)2 dx = min!, y(−1) = a, y(+1) = b, whose “solution” was discontinu-

ous at x = 0 if a 6= b, see also [74, Sec. 2.2]. As a consequence, the Dirichlet Problem
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Fig. 9.1. Original example of Schwarz (left: from [152]).
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Fig. 9.2. Alternating Schwarz method for the Montreal problem (Ω1 := (0, 0.5625) × (0, 1) and
Ω2 := (0.4375, 1) × (0, 1), overlap on the narrow strip between grid points number 14 and 18 out of
33 (including the boundary points) in the x-direction).

remained only solvable for rectangular domains and circular disks (using the methods
introduced by Fourier [60]).

As an escape from this dilemma, Hermann Amandus Schwarz (1843-1921) in-
vented his alternating method [152] by choosing as domain Ω the union of a disk Ω1

and an overlapping rectangle Ω2 (see Figure 9.1). He then computed alternatingly
on the disk and on the rectangle the Dirichlet problem by always carrying the newly
computed solution on the dotted boundary curves Γ1 or Γ2 over to the other side as
new boundary condition for the next round:

∆un1 = 0 in Ω1, ∆un2 = 0 in Ω2,
un1 = g on ∂Ω ∩ Ω1, un2 = g on ∂Ω ∩ Ω2,
un1 = un−1

2 on Γ1, un2 = un1 on Γ2.

In [152] Schwarz proved convergence (the convergence rate depends on the size of
the overlap) using the maximum principle. In Fig. 9.2 we show the iterates 1, 2 and
4 on the left and right subdomain of the alternating Schwarz method when applied
to the Montreal problem, i.e. with a non-zero right hand side f from the heater56.
We see that convergence of this PDE based method is very fast, compared to the

56In order to obtain these plots, it suffices to discretize the alternating Schwarz method, which
would then correspond to a block Gauss-Seidel iteration applied to the overall discretized problem;
for more information on the relation between continuous and discrete Schwarz methods, see [64].
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point-wise iterative methods like Jacobi or Gauss-Seidel. However, at each iteration
smaller subdomain problems have to be solved which are of the same type as the
original problem. It is therefore of interest to divide the domain into more than two
subdomains, so that the subdomain solves become cheap, and then also to solve the
subdomain problems in parallel, as proposed by Lions in [115], .i.e. to replace the
transmission condition on Γ2 by un2 = un−1

1 . One can show that Schwarz methods
converge independently of the mesh size, provided the overlap does not depend on the
mesh size, see e.g. [63, Section 6.1]. An additive variant of the Schwarz alternating
method due to Dryja and Widlund [44] led to substantial further development and
the abstract Schwarz framework [165], but the additive Schwarz method is a precon-
ditioner for the conjugate gradient method, and does not converge when used as a
stationary iterative method [64]. Of course, convergence can be obtained by means
of sufficient damping.

9.2. Dirichlet-Neumann Methods. In Schwarz methods, Dirichlet conditions
are used to transmit information from one subdomain to the next, and overlap is
needed for the methods to converge, since without overlap, the initial guess along the
interface would never change. The idea of the Dirichlet-Neumann method is to also use
Neumann transmission conditions, so that the method can converge without overlap.
The Dirichlet-Neumann method was proposed by Bjørstad and Widlund in 1986 [9].
For the same model problem (9.1), including a possibly non-zero right hand side f ,
and two now non-overlapping subdomains Ω1 and Ω2, Ω1 ∩ Ω2 = ∅ with interface Γ,
the Dirichlet-Neumann method starts with an initial guess λ0 for the Dirichlet trace
of the solution on the interface Γ, and then computes for iteration index n = 1, 2, . . .

∆un1 = f in Ω1, ∆un2 = f in Ω2,
un1 = g on ∂Ω ∩ Ω1, un2 = g on ∂Ω ∩Ω2,
un1 = λn−1 on Γ, ∂n2

un2 = ∂n2
un1 on Γ,

where ∂n2
denotes the outward normal derivative for Ω2 along the interface Γ. The

new Dirichlet condition for subdomain Ω1 is then computed on the interface Γ using
a relaxation factor θ,

λn := θun2 + (1− θ)λn−1.

As example we show the Dirichlet-Neumann method applied to the Montreal prob-
lem in Fig. 9.3 for a symmetric decomposition into two subdomains and relaxation
parameter θ = 0.4. We observe that the method converges also rapidly, compara-
ble to the alternating Schwarz method in Fig. 9.2. It is interesting to know that for
a perfectly symmetric problem and domain decomposition, the Dirichlet-Neumann
method converges in two iterations, provided that the relaxation parameter is chosen
to be θ = 1

2 ; the method becomes a direct solver! Now in a diffusion problem, when
the mesh is refined, high frequency components of the error are damped rapidly by
the diffusion operator and thus do not travel far. This means that high frequencies
only ’see’ the neighborhood of the interface in a symmetric way. In practice one thus
should always choose θ = 1

2 , and then obtains convergence of the Dirichlet-Neumann
method independent of the mesh parameter, like in the Schwarz method when the
overlap does not depend on the mesh parameter.

For three subdomains, it is also possible to choose relaxation parameters to obtain
a direct solver, but for more than three subdomains this is only possible in certain spe-
cial situations [30]. The Dirichlet-Neumann method however retains good convergence
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Fig. 9.3. Dirichlet-Neumann method applied to our model problem for a symmetric domain
decomposition and θ = 0.4.

properties (only logarithmic dependence on the mesh size) for general decompositions
with cross points, but only when used as a preconditioner for a Krylov method, oth-
erwise the method is violently divergent at cross points [33]. A disadvantage of the
Dirichlet-Neumann method for general decompositions is that one has to choose for
each interface which domain will use Dirichlet and which domain will use Neumann
conditions.

9.3. Neumann-Neumann Methods. The Neumann-Neumann method was
introduced by Bourgat, Glowinski, Le Tallec, and Vidrascu in 1989 [112]. In con-
trast to what one could expect from its name, it first solves Dirichlet problems on
each subdomain, followed by Neumann problems on each subdomain, i.e. it removes
the cumbersome choice between Dirichlet and Neumann in the Dirichlet-Neumann
method. For the model problem (9.1) with a possibly non-zero right hand side f ,
and two non-overlapping subdomains Ω1 and Ω2, Ω1 ∩ Ω2 = ∅ with interface Γ, the
Neumann-Neumann method starts with an initial guess λ0 for the Dirichlet trace of
the solution on the interface Γ, and then solves for iteration index n = 1, 2, . . . first
Dirichlet subdomain problems

∆un1 = f in Ω1, ∆un2 = f in Ω2,
un1 = g on ∂Ω ∩ Ω1, un2 = g on ∂Ω ∩ Ω2,
un1 = λn−1 on Γ, un2 = λn−1 on Γ,

followed by Neumann correction problems, i.e problems with f and g equal to zero,

∆ψn1 = 0 in Ω1, ∆ψn2 = 0 in Ω2,
ψn1 = 0 on ∂Ω ∩ Ω1, ψn2 = 0 on ∂Ω ∩ Ω2,

∂n1
ψn1 =

∂n1
un
1 +∂n2

un
2

2 on Γ, ∂n2
ψn2 =

∂n1
un
1 +∂n2

un
2

2 on Γ,

where ∂nj
denotes the outward normal derivative for Ωj along the interface Γ. The

new Dirichlet condition for subdomain Ω1 is then computed on the interface Γ using
a relaxation factor θ,

λn := λn−1 − θ(ψn1 + ψn2 ).
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Fig. 9.4. Neumann-Neumann method applied to our model problem for a symmetric domain
decomposition and θ = 0.2.

As example we show the Neumann-Neumann method applied to the Montreal prob-
lem in Fig. 9.4 for a symmetric decomposition into two subdomains and θ = 0.2. We
observe that the method converges also rapidly, and the Neumann-Neumann method
for a symmetric problem and domain decomposition becomes a direct solver for the
special choice θ = 1

4 . This is also the choice in practice even for non-symmetric
domain decompositions, because like for Dirichlet-Neumann, the method then con-
verges independently of the mesh size. Convergence in general is twice as fast as for
Dirichlet-Neumann, but one also solves two subdomain problems on each subdomain
in each iteration, so the two methods are comparable and the convergence mechanism
is the same.

For more than two subdomains, one cannot obtain a direct solver any more,
and the Neumann-Neumann method often becomes divergent, see e.g [31]. It only
retains its good convergence properties when used as a preconditioner for a Krylov
method. Like the Dirichlet-Neumann method, the Neumann-Neumann method is
violently divergent at cross-points, see e.g. [32].

9.4. FETI (Finite Element Tearing and Interconnect). FETI domain de-
composition methods were introduced by Farhat and Roux in [51] based on the min-
imization interpretation (9.2) of the Dirichlet problem (9.1). The resulting methods
are very much related to the Neumann-Neumann methods, only the order of the sub-
domain solves is interchanged: one first solves Neumann problems, and then Dirichlet
problems as correction problems in each subdomain. Their convergence properties
are therefore as for the Neumann-Neumann method.

9.5. Optimized Schwarz Methods. Research on optimized Schwarz methods
was launched when Lions designed a Schwarz method that converges without overlap.
To achieve this, he replaced in [116] the Dirichlet transmission conditions with Robin
transmission conditions in the Schwarz algorithm,

∆un1 = f in Ω1, ∆un2 = f in Ω2,
un1 = g on ∂Ω ∩ Ω1, un2 = g on ∂Ω ∩ Ω2,

(∂n1
+p1)u

n
1 = (∂n1

+p1)u
n−1
2 on Γ1, (∂n2

+p2)u
n
2 = (∂n2

+p2)u
n
1 on Γ2,

where following Lions pj can be constants, or functions along the interface, or even
operators. The choice of the pj greatly influences the convergence speed of the method,
and optimizing their value in a class of operators leads to the so called optimized
Schwarz methods, a term coined in [68]. These methods can be used with and without
overlap, and there exist operators which lead to convergence in a finite number of
steps also for general decompositions into many subdomains arranged into a sequence,
in contrast to the Dirichlet-Neumann and Neumann-Neumann methods. We show
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Fig. 9.5. Sweeping optimal Schwarz method.

in Fig. 9.5 the convergence of such an alternating optimal Schwarz method57 which
sweeps over four subdomains forward and backward for the Montreal problem, and
converges after one such sweep. The operators used for pj here are the Dirichlet
to Neumann maps of the underlying partial differential equation solved, and at the
algebraic level one can interpret the process as an exact block-LU factorization with
a forward and backward solve of the linear system, see also the Analytic Incomplete
LU preconditioner [72, 73]. With local approximations to these Dirichlet-Neumann
operators one can obtain very powerful optimized Schwarz methods for very difficult
equations, see for example [75, 76] and references therein.

10. Multigrid Methods.
“(...) serve mainly the direct contact and exchange of experience of re-
search groups which work geographically far away (...)”

(The organizers of the Oberwolfach meeting in July 1976, R.Bulirsch,
R.D.Grigorieff, J. Schröder)

In July 1976 W.Hackbusch presented in an Oberwolfach Meeting his new method
on “iterative improvement through approximation and smoothing”. Olof Widlund
(see Fig. 10.1) in the audience then remarked that a similar idea had independently
been discovered by A.Brandt in Israel. Widlund had also told A.Brandt that another

57The term optimal Schwarz method for Schwarz methods with transparent boundary conditions
appeared already in [67] for time dependent problems, and this use of optimal means really faster is
not possible, in contrast to the other common use of optimal meaning just scalable in the domain
decomposition literature.
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Fig. 10.1. Signatures of O.Widlund and W.Hackbusch in the “Gästebuch IV” of MFO Ober-
wolfach 1976

publication on this method was [52] in Russian by R.P. Fedorenko in 1961; see also
Fedorenko’s note on the discovery [53]. Still another path to the method was the early
work by Nicolaides [132], inspired by ideas from grids in composition methods. In
our presentation below we follow the seminal contributions [13] and [83] and private
discussions with Achi Brandt.

For the Laplace and Poisson problems, multigrid methods are so effective that
they are difficult to beat by other methods, they require 23 floating point operations
per grid point and V-cycle, independently of the problem size, and the number of
iterations also does not depend on the problem size [82].

10.1. Two Grid Method. While domain decomposition methods operate on
several domains for a PDE, multigrid methods operate on several grids, by taking
advantage of the qualities of each of the grids for the error reduction process. The
simplest version operates on two grids, typically with the second grid using twice the
mesh size as the first:

h 2h

P

R

In order to move data from one grid to the other, one uses a restriction map R : uh 7→
u2h as well as a prolongation map P : u2h 7→ uh; in our example as follows:
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On the fine grid, Gauss-Seidel converges very slowly for low frequencies (see (6.7)),
but has excellent convergence properties for high frequencies (thus called a smoother):

orig. data 1 GS another GS

On the coarse grid, however, the solution of the problem is much faster. Multigrid
uses this to reduce the errors of the low frequencies and one obtains the following
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Fig. 10.2. Convergence of the two-grid method.

two-grid algorithm (see Figure 10.2, where we demonstrate convergence by solving
−∆u = 0 with zero boundary conditions, starting from a very ugly initial guess uh in
Picture 1):

1 7→ 2 : Perform 2 Gauss-Seidel iterations on the fine grid;
2 7→ 3 : Compute the residual dh = −Auh;
3 7→ 4 : Restrict this residual dh to the coarse grid d2h = Rdh;
4 7→ 5 : Solve on the coarse grid Acv2h = d2h;
5 7→ 6 : Prolongate v2h to the fine grid as vn = Pv2h;
6 7→ 7 : Add uh + vh 7→ uh;
7 7→ 8 : Perform 1 Gauss-Seidel iteration.

We see that all error components are very effectively removed by one such two grid
cycle.

10.2. Multi Grid Method. For a general linear system of equations

Au = f

which represents a discretized PDE, multigrid starts with an initial guess u0 on the
fine grid, and then computes

un = S(A,un,f , ν1) ;
un = un + PA−1

c R(f −Aun) ;
un+1 = S(A,un,f , ν2) ;

(10.1)

Here S(A,un,f , ν) denotes ν iterations of a smoother, for example damped Jacobi or
Gauss-Seidel, P is the prolongation operator we have seen already, often performed
by interpolation of missing values from the coarse to the fine grid, R is a restriction
operator, which can either just select the necessary values from the fine grid to be used
on the coarse grid (called injection). One often also uses R = CPT , where C is an
appropriate scaling constant (called full weighting). The coarse problem represented
by the matrix Ac can either be a coarse discretization of the underlying problem on a
coarse grid, or a coarse matrix obtained from the fine one using the prolongation and
restriction operators, Ac = RAP (called Galerkin approach).

The key step in the algorithm (10.1) is not to compute the coarse solution rep-
resented symbolically by A−1

c , but to apply the algorithm recursively, using a further
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Fig. 10.3. Multigrid for the Montreal problem using V-cycles.

even coarser grid. Doing so leads to the so called V-cycle multigrid method, because
one goes from the finest grid down to the coarsest and then back, like a V shape. It is
however also possible to visit the different grids differently, which leads to the popular
W-cycle, or also to the full multigrid cycle, which starts on the coarse grid and then
just does one sequence of inverted V-cycles to visit finer and finer grids.

An example of a multigrid V-cycle applied to the Montreal problem using a
damped Jacobi smoother for iteration 1, 2 and 4 is shown in Figure 10.3. We see
that convergence is extremely fast, the treatment of different frequency components
of the error on appropriate grids is highly effective.

It is important however to note that such excellent convergence depends strongly
on the properties of the PDE from which the linear system is obtained. For more
general diffusive, Laplace like problems, the performance is always outstanding. For
non-symmetric problems one needs to use specially adapted multigrid components,
and for time harmonic wave propagation problems like the Helmholtz equation, it is
hardly possible to make the multigrid idea an effective, simple solver. This applies
however to most of the other iterative methods we have described as well; time har-
monic wave propagation problems are simply hard to solve by iteration [48], and the
best current methods are based on domain decomposition, see [75, 76] and references
therein.

11. Current research and outlook.
“For guidance to the future we should study not Gaussian elimination
and its beguiling stability properties, but the diabolically fast conjugate
gradient iteration (...) or the convergence in O(1) iteration achieved by
multigrid methods for many kinds of problems – or even Borwein and
Borwein’s magical AGM iteration for determining 1,000,000 digits of π in
an eyeblink. That is the heart of numerical analysis.” (Nick Trefethen,
The Definition of Numerical Analysis, Cornell University, 1992).

The field of iterative methods is more active than ever in numerical analysis, and
it is at its core for research and discovery in science and engineering. State of the art
books on Newton’s method and its variants like [134, 100, 42] are available, and also
for iterative methods for large scale linear systems [169, 91, 149, 114, 36]. There are
also works treating both fields [99], and their combination leads to the very powerful
Newton-Krylov solvers, which are methods based on inner and outer iterations58: the
underlying non-linear problem is treated with a Newton method, the outer iteration,
and in each iteration the arising linear system in the Newton step is then treated
by a second, linear, inner iteration. Furthermore, if the inner iterations need to be

58Inner and outer iterations were a key reserach interest of the late Gene Golub.
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preconditioned for performance, methods like the Newton-Krylov-Schwarz methods
[19] arise, which are currently among the most powerful parallel solvers for nonlinear
partial differential equations. More recently, the preconditioning idea we explained
for large scale linear systems has also been introduced directly for non-linear itera-
tions [20]. This is best understood in analogy with the linear case [65]: like one can
accelerate convergence of a stationary iterative method for a linear problem using
a Krylov method, see Subsection 8.4, one can also accelerate the convergence of a
non-linear fixed point iteration using Newton’s method [43]. This way one could also
accelerate the multigrid full approximation scheme, which is a nonlinear multigrid
fixed point iteration, using Newton’s method. Newton’s method, however, does not
have the global acceleration properties that Krylov methods have in the linear case,
and non-linear preconditioning is currently not yet well understood: it can even lead
to chaotic behavior, while the underlying non-linear fixed point method converges
very well [119, 120]. Globalization strategies for Netwon’s method, coming from opti-
mization, could then alleviate the situation. A further, not yet well enough explored
research avenue is when the extrapolation methods we have seen for linear problems
are applied to non-linear vector sequences [121]. In our opinion, as Volker Mehrmann
once said for numerical analysis, the golden years of iterative methods are still ahead.

Acknowledgments: The authors are greatful for the insightful remarks of the
referees that helped to improve the manuscript.
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[154] P. L. Seidel. Über ein Verfahren, die Gleichungen, auf welche die Methode der kleinsten
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la théorie des courbes planes. Acta mathematica, 30(1):145–174, 1906.
Cited on page 33.

[172] J. von Neumann. Appendix II in A study of a numerical solution to a two-dimensional hydro-
dynamical problem. Technical report, Los Alamos Scientific Laboratory of the University
of California, 1958.
Cited on pages 50, 53 and 55.

[173] J. von Neumann. Collected Works: Vol. 5: Design of Computers, Theory of Automata and
Numerical Analysis. General Editor: A. H. Taub. The Macmillan Company, New York,
1963.
Cited on pages 50 and 53.

[174] H. F. Walker and P. Ni. Anderson acceleration for fixed-point iterations. SIAM Journal on
Numerical Analysis, 49(4):1715–1735, 2011.
Cited on page 50.

[175] J. Wallis. Tractatus Duo: Prior, de cycloide et corporibus inde gentis. Posterior, epistolaris;
in qua agitur, de cissoide, et corporibus inde gentis: et de curvarum (...). Oxoniæ, 1659.
Cited on page 20.

[176] J. Wallis. A treatise of algebra, both historical and practical. Shewing, the original, progress,
and advancement thereof, from time to time ; and by what steps it hath attained to the
heighth at which now it is. John Playford, London, 1685.
Cited on page 19.

[177] G. Warnecke. Ein Brief von C.F Gauß an C.L Gerling–Kleinste Fehlerquadrate und das Gauß-
Seidel-Verfahren. Mathematische Semesterberichte, 67(1):57–84, 2020.
Cited on page 47.
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