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1. Introduction. Solving time-dependent partial differential equations (PDEs)15

efficiently is a crucial challenge in many scientific and engineering applications. Tra-16

ditional time integration methods can be computationally expensive, particularly for17

complex models and long simulation times. The Parareal algorithm [25] offers a com-18

pelling approach to parallelizing the solution of time-dependent PDEs. By combining19

coarse-grained and fine-grained parallelism, it provides significant speedups compared20

to traditional serial or spatially-parallel methods, particularly for problems with many21

time steps. The core principle of Parareal involves decomposing the time domain into22

a coarse temporal grid, solving with a coarse solver on that grid, and then iteratively23

refining the solution using local fine-scale computations that can be computed in par-24

allel without communication. The efficiency and accuracy of Parareal are critically25

dependent on the performance of the coarse solver used to advance the solution on26

the coarse grid, see, e.g., [17, 12, 33, 23].27

We present and analyze a new approach to improve the performance of Parareal28

by using localized-in-time reduced basis techniques for the definition of the coarse29

solver. More precisely, we consider as coarse solvers low-rank approximations of the30

transfer operators mapping arbitrary initial values for a given time interval to the31

corresponding solution at the end of the interval. Using randomized singular value32

decompositions (SVDs), we can efficiently construct approximations of these transfer33

operators in an embarrassingly parallel manner. Our approach is mainly targeted at34

linear (systems of) PDEs of parabolic type, for which the transfer operators exhibit a35

rapid singular value decay, which means that small truncation ranks will be sufficient36

to obtain a good approximation. This includes diffusion-advection-reaction equations37

with a sufficiently large diffusion term. Other applications might include time-domain38

simulations of large, asymptotically stable ODE systems. As the construction of the39
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coarse solvers is independent of the inhomogeneous part of the PDE, the same coarse40

solvers can be reused for new source terms without relevant additional computational41

work (see Remark 2.2). Our method can be easily implemented on top of existing42

PDE solvers, as long as the solver allows evaluating the adjoint transfer operator for43

the given PDE.44

We refer to [2, 22, 28] for a review on reduced basis methods and to [3] concern-45

ing localized reduced basis constructions. Concepts based on the approximation of46

transfer operators using randomized SVDs have been studied both with respect to47

localization in space [4, 30] and localization in time [31].48

The Parareal algorithm typically employs a coarser time discretization as its49

coarse solver, leaving the spatial component unchanged from the fine-scale integrator.50

In that case, the convergence of the Parareal algorithm is well understood, show-51

ing superlinear rates with rapid convergence for parabolic problems, and convergence52

difficulties for hyperbolic problems [17, 12, 13, 1].53

Our approach diverges from this standard practice by using coarse solvers that54

rely on low-dimensional, problem-adapted approximations in space, but have the same55

accuracy in time as the fine solver. A first Parareal variant using reduced basis56

models for the coarse solver was introduced in [21]. However, no practically feasible57

algorithm for constructing the reduced basis was provided. In [6], using ideas from58

the Krylov subspace Parareal approach [9, 10], a global reduced basis was constructed59

on the fly from the linear span of the fine solver values obtained during the iteration60

of the Parareal algorithm. Our approach differs from [6] as it computes near-best61

approximations of the fine solver for arbitrary initial values instead of only considering62

the convergence history. Further, in contrast to [6], our coarse solvers are constructed63

in an embarrassingly parallel manner before any Parareal iterations take place. Our64

construction is entirely local and does not require any communication between nodes65

associated with different Parareal time intervals.66

Regarding further Parareal methods with coarse solvers that use reduced approx-67

imations in space, see [18], where reduced models obtained from asymptotic expan-68

sions for highly oscillatory differential equations were considered. For problems with69

matrix-valued solutions that can be approximated by low-rank matrices, a Parareal70

method was introduced in [5], which uses dynamical low-rank approximations of dif-71

ferent ranks for the fine and coarse solvers. We also refer to our recent discussion of72

the Parareal algorithm without coarse solver, which includes a convergence analysis73

based on separation of variables and Fourier analysis [16].74

This paper is organized as follows: In section 2 we define our new Parareal algo-75

rithm with low-rank coarse solvers and discuss the algorithmic aspects of the construc-76

tion of the coarse solvers via randomized SVDs. We provide a complete convergence77

analysis for our algorithm in section 2, demonstrating superlinear and linear conver-78

gence rates depending on the singular value spectra of the transfer operators. We79

also provide an easily computable a posteriori error bound. In section 4, we finally80

illustrate our theoretical findings with a series of numerical experiments on one-, two-,81

and three-dimensional parabolic problems, demonstrating the practical efficiency and82

robustness of the proposed approach.83

2. Definition of the Algorithm. Consider a partition 0 = t0 < t1 < . . . <84

tN = T of the time interval [0, T ] and a Hilbert space V . Let u0 ∈ V . For each85

1 ≤ n ≤ N , let an operator Fn : V → V be given. We assume that Fn = F (·, tn−1, tn)86

is a fine solver for a given linear system of differential equations with solution u(t) ∈ V ,87

t ∈ [0, T ]. In other words, we assume that un ≈ u(tn), where the sequence un ∈ V is88
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given by89

un+1 := Fn+1un, 0 ≤ n < N.90

We further assume the fine solver to be sufficiently good so that our only goal is91

to accurately approximate the sequence un. To that end, we define coarse solvers92

Gn : V → V , 1 ≤ n ≤ N , and consider Parareal algorithms of the form93

(2.1) uk+1
n+1 := Fn+1u

k
n +Gn+1u

k+1
n −Gn+1u

k
n, 0 ≤ n < N, k ∈ N0,94

where uk0 := u0 for all k ∈ N0 and95

u0
n+1 := Gn+1u

0
n, 0 ≤ n < N.96

Our goal is to find suitable coarse solvers Gn such that ukn quickly converges to un as97

the number of Parareal iterations k increases. At the same time, each Gn should be98

fast to evaluate, since for each Parareal iteration (2.1), only the fine solvers Fn can99

be evaluated in parallel, whereas the Gn have to be evaluated sequentially. A typical100

choice for Gn would be a time stepping scheme with a coarse time-step size.101

In this work, we consider Gn which are obtained from a low-rank approximation102

of the corresponding fine solver Fn. To do so, we will always assume that each Fn is103

a continuous, affine linear operator. In particular, we can write each Fn as104

(2.2) Fnv = F ′nv + bn, bn := Fn0,105

where F ′n : V → V is a continuous linear operator. Finally, we assume that each106

F ′n is a compact operator, which is always the case in a discrete setting with finite-107

dimensional V . In particular, this means that F ′n has a singular value decomposition108

of the form109

(2.3) F ′nv =

rankF ′n∑
r=1

ψn,r · σn,r · (ϕn,r, v)V .110

Here, (·, ·)V denotes the inner product on V , σn,1 > σn,2 > . . . > 0 are the uniquely111

defined singular values of F ′n, ϕn,r ∈ V , ‖ϕn,r‖ = 1 are the corresponding right- and112

ψn,r ∈ V , ‖ψn,r‖ = 1 the corresponding left-singular vectors. We note that when V is113

finite dimensional, (2.3) is the matrix-free formulation of the generalized SVD of F ′n114

that takes the inner product on V into account.115

We now define the coarse solver Gn by considering a truncated singular value116

decomposition of F ′n and adding the same affine part bn:117

(2.4) Gnv :=

Rn∑
r=1

ψn,r · σn,r · (φn,r, v) + bn,118

where 0 ≤ Rn ≤ rankF ′n is the freely choosable truncation rank.119

Note that120

(Fn −Gn)v =

rankF ′n∑
r=Rn+1

σn,r · (φn,r, v) · ψn,r121

is linear with122

(2.5) ‖Fn −Gn‖ = σn,Rn+1.123
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In particular, Gn can be made an arbitrarily good approximation of Fn by increasing124

Rn. We are mostly interested in the case of linear parabolic PDEs, where the ana-125

lytical solution operators for the initial-value problems on each time interval can be126

expected to have rapidly decaying singular values. We expect F ′n to be a sufficiently127

good approximation of the corresponding analytical solution operator in the sense128

that it inherits its singular value decay (see subsection 4.3.1 for further discussion), so129

small values of Rn will be sufficient. Indeed, in [16] we have shown that for the heat130

equation with homogeneous Dirichlet conditions in one spatial dimension, the Parareal131

iteration (2.1) even converges for Gn = 0. We have further shown the exponential132

decay of the singular values of F ′n when Fn is chosen to be the exact solution of the133

heat equation (see also experiment 1 below). The argument can be easily extended134

to higher spatial dimensions. In the context of model order reduction, the maps F ′n135

are called transfer operators in time. In [31] the compactness of F ′n was shown for a136

large class of parabolic PDEs.137

Remark 2.1. While assuming that the fine solvers Fn are affine restricts the class138

of possible time integrators, we note that this condition is satisfied by all Runge-Kutta139

schemes, as long as the underlying system of differential equations is linear. Further,140

even when the time discretization leads to non-affine Fn, these Fn still approximate141

the affine exact solution operator of the underlying system of differential equations,142

and we can interpret the randomized SVD algorithm discussed below as a numerical143

approximation of the truncated SVD of the exact solution operator. Thus, the as-144

sumption that the Fn are affine is mainly a simplification for the theoretical analysis.145

In particular, the error bounds in section 3 could be extended to also take the error146

between the fine solver and the exact solution operator into account.147

Remark 2.2. Note that the Parareal iteration (2.1) can also be written as uk+1
n+1 =148

Fn+1u
k
n + G′n+1u

k+1
n − G′n+1u

k
n, where G′n is the linear part of Gn. Thus, adding149

bn in the definition of Gn only has an effect in the initialization phase where the u0
n150

are computed. We choose to include bn in the definition of Gn as this will give us a151

much better initial approximation of the solution without any additional sequential152

computations.153

2.1. Computation of Gn. Even when V is finite dimensional, computing a154

truncated SVD of F ′n using direct matrix-based algorithms is not an option: deter-155

mining the matrix of F ′n would mean to locally solve the PDE for every degree of156

freedom of the solution space. Instead, we consider the following basic randomized157

SVD algorithm to compute Gn:158

1. DrawRn+p random vectors ωi ∈ V according to some appropriate probability159

distribution on V , and compute F ′nωi.160

If we draw enough random vectors, W := span{F ′nω1, . . . , F
′
nωRn+p} will be161

a good approximation of the image of F ′n with high probability. In particular,162

we can approximate the SVD of F ′n by computing the SVD of PWF
′
n, where163

PW is the V -orthogonal projection onto W .164

2. Compute an orthonormal basis w1, . . . , wRn+p of W , e.g., by using the mod-165

ified Gram-Schmidt process.166

3. Compute F ′∗n wi, 1 ≤ i ≤ Rn + p, where F ′∗n : V → V is the adjoint of F ′n167

given by (F ′∗n w, v)V = (w,F ′nv)V for all v, w ∈ V .168

4. Compute an orthonormal basis v1, . . . , vRn+p for span{F ′∗n w1, . . . , F
′∗
n wRn+p}.169
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Then we have:170

PWF
′
nv =

Rn+p∑
i=1

wi · (wi, F ′nv)V =

Rn+p∑
i,j=1

wi · (F ′∗n wi, vj)V · (vj , v)V .171

172

5. Compute a singular value decomposition of the small-dimensional matrixM ∈173

R(Rn+p)×(Rn+p), Mi,j := (F ′∗n wi, vj)V .174

Since the orthonormal bases wi and vj span imgF ′n and (kerF ′n)⊥, it is easy175

to show that the singular values of M agree with the singular values of PWF
′
n.176

Further, if ψ
r
, ϕ

r
∈ RRn+p are the r-th left and right-singular vectors of M ,177

then178

ψr :=

Rn+p∑
i=1

ψ
r,i
· vi, ϕr :=

Rn+p∑
i=1

ϕ
r,i
· wi179

are the r-th left and right-singular vectors of PWF
′
n.180

6. Return the first Rn singular values and vectors σr, ϕr, ψr, 1 ≤ r ≤ Rn.181

The p additionally drawn random vectors are called oversampling vectors, and p182

has to be chosen large enough to ensure that the first Rn singular values and vectors183

of PWF
′
n are close to the first Rn singular values and vectors of F ′n. In the case of184

V = Rm, extensive analysis is available that permits controlling the approximation185

error with arbitrarily high probability [20]. In particular, adaptive algorithms are186

available that choose p a posteriori, based on a prescribed (typically small) failure187

probability. An analysis for general finite-dimensional Hilbert spaces can be found188

in [4].189

Randomized SVD algorithms perform well when the singular values decay rapidly.190

For operators with slow singular value decay, algorithms with power iterations are con-191

sidered where W := span{(F ′nF ′∗n )qF ′nωi | 1 ≤ i ≤ Rn + p} with q ≥ 1. For parabolic192

problems, the singular value decay is generally fast enough such that power iterations193

are not necessary. In fact, for the numerical examples considered in section 4, already194

a single oversampling vector (p = 1) turns out to be sufficient.195

2.2. Computational costs. Compared to classical coarse solvers, using low-196

rank coarse solvers involves an additional setup phase where the truncated singular197

value decompositions of the F ′n as well as the bn have to be computed. To compute198

a G′n of rank Rn, Rn evaluations of Fn are required, followed by Rn evaluations199

of F ′∗n . The costs for computing the randomized SVD from these evaluations are200

negligible compared to evaluating the fine solvers. Additionally, a single evaluation of201

Fn is required to obtain bn. Overall, after k Parareal iterations, which each require a202

further fine solver evaluation,203

(2.6) KF,n := 2(Rn + p) + k + 1204

fine solver evaluations per time interval are required, compared to only k evaluations205

for Parareal with classical coarse solvers. However, since our coarse solvers lead to206

faster converging methods, a smaller number k of sequential Parareal iterations is207

required, whereas all 2(Rn + p) + 1 fine solver evaluations for computing Gn can be208

carried out in parallel for all time intervals [tn−1, tn] without communication. Fur-209

thermore, the individual evaluations of Fn, F ′n and F ′∗n can be carried out in parallel210

as well. Hence, choosing Rn allows us to freely balance the amount of parallel work211

with the number of required communication events. Moreover, since the same initial212
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value problem is solved locally for Rn+p initial values at the same time, our approach213

can benefit immensely from using direct linear solvers or SIMD vectorization (see dis-214

cussion in subsection 4.4). Parallelism can be further increased at the expense of215

numerical accuracy by evaluating F ′∗n on an additional set of random vectors instead216

of evaluating it on w1, . . . , wRn+p (e.g., [26, section 15]). Finally, we will see in sub-217

section 4.4 that, in some cases, the convergence of our method can be so much faster218

that KF,n can actually be smaller than the number of Parareal iterations required219

using classical coarse solvers.220

After the setup phase, an evaluation of Gn only requires the computation of Rn221

inner products and the linear combination of Rn + 1 vectors. Thus, evaluating Gn is222

typically much cheaper than using a single backward Euler step as coarse solver.223

3. Convergence analysis. We now show a priori and a posteriori error bounds224

for our algorithm. For the a priori estimates, we follow the analysis approach in [12]225

under the assumption that we are solving a linear system of differential equations,226

see also [15] and the recent book [14] for more details. Similar a priori error bounds227

for time-independent, jointly diagonizable F ′ = F ′n, G′ = G′n were obtained in [8] for228

the MGRIT method. Our analysis is based on the following abstract error estimate229

which holds for arbitrary Parareal algorithms with affine Fn and Gn. As before, we230

denote the linear parts of Fn and Gn by F ′n and G′n.231

Lemma 3.1. Assume that ‖F ′n −G′n‖ ≤ ε and ‖G′n‖ ≤ δ for all 1 ≤ n ≤ N . Let232

ekn := ukn − un denote the Parareal error at time index n and iteration k. Then we233

have234

(3.1) ‖ekn‖ ≤ ε‖ek−1
n−1‖+ δ‖ekn−1‖235

for all n, k ≥ 1. Further, we have236

(3.2) ‖ekn‖ ≤ ε
n−1∑
m=1

δn−m−1‖ek−1
m ‖.237

Proof. We have238

(3.3)

ekn = (Fnu
k−1
n−1 +Gnu

k
n−1 −Gnuk−1

n−1)− Fnun−1

= F ′ne
k−1
n−1 +G′ne

k
n−1 −G′nek−1

n−1

= (F ′n −G′n)ek−1
n−1 +G′ne

k
n−1.

239

Hence, (3.1) follows from the triangle inequality and the bounds assumed on the240

norms of F ′n −G′n and G′n. We show (3.2) by induction on n. For n = 1, (3.1) yields241

‖ek1‖ = 0, since ‖ek−1
0 ‖ = ‖ek0‖ = 0. For the induction step, we use (3.1) again to242

obtain243

‖ekn‖ ≤ ε‖ek−1
n−1‖+ δ‖ekn−1‖244

≤ ε‖ek−1
n−1‖+ δ

n−1−1∑
m=1

δn−1−m−1‖ek−1
m ‖ = ε

n−1∑
m=1

δn−m−1‖ek−1
m ‖.245

246

Using the inequalities from Lemma 3.1, we obtain the following superlinear and247

linear convergence results:248
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Theorem 3.2. Let249

(3.4) δ := max
1≤n≤N

σn,1, ε := max
1≤n≤N

σn,Rn+1.250

Then for any 1 ≤ n ≤ N we have251

(3.5) ‖e0
n‖ ≤

n−1∑
m=0

min
(

2δ, (n−m)ε
)
δn−m−1‖bm‖,252

where b0 := u0. Furthermore, for any 1 ≤ n ≤ N and k ∈ N we have253

‖ekn‖ ≤ εk
n−k∑
m=1

(
n−m
k − 1

)
δn−m−k‖e0

m‖(3.6)254

≤ 2εk
n−k−1∑
m=0

(
n−m
k

)
δn−m−k‖bm‖.(3.7)255

256

If δ ≤ 1, we have for k ∈ N that257

(3.8) max
1≤n≤N

‖ekn‖ ≤
(
N

k

)
εk max

1≤m≤N−k
‖e0
m‖.258

If δ < 1, we have for k ∈ N that259

(3.9) max
1≤n≤N

‖ekn‖ ≤
(

ε

1− δ

)k
max

1≤n≤N−k
‖e0
n‖.260

Proof. We have ‖G′n‖ = ‖F ′n‖ = σn,1 and (2.5). In particular, the assumptions of261

Lemma 3.1 are satisfied.262

To show (3.5), note that263

u0
n − un =

(
n−1∑
m=0

G′n · · ·G′m+1bm + bn

)
−

(
n−1∑
m=0

F ′n · · ·F ′m+1bm + bn

)
264

=

n−1∑
m=0

G′n · · ·G′m+1bm − F ′n · · ·F ′m+1bm.265

266

Each of the terms in the sum can be bounded by 2δn−m‖bm‖ using the triangle inequal-267

ity and that ‖G′n‖, ‖F ′n‖ ≤ δ. Alternatively, we get the bound (n−m)εδn−m−1‖bm‖268

by induction on n,269

‖G′n · · ·G′m+1bm − F ′n · · ·F ′m+1bm‖270

≤ ‖(G′n − F ′n)G′n−1 · · ·G′m+1bm‖271

+ ‖F ′n(G′n−1 · · ·G′m+1 − F ′n−1 · · ·F ′m+1)bm‖272

≤ εδn−m−1‖bm‖+ δ · (n− 1−m)εδn−1−m−1‖bm‖273

= (n−m)εδn−m−1‖bm‖.274275

Next, we show (3.6) by induction on k. For k = 1, (3.6) is precisely (3.2). For the276
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induction step, we use (3.2) again to obtain277

‖ek+1
n ‖ ≤ ε

n−1∑
m=1

δn−m−1‖ekm‖278

≤ ε
n−1∑
m=1

δn−m−1εk
m−k∑
l=1

(
m− l
k − 1

)
δm−l−k‖e0

l ‖279

= εk+1
n−1−k∑
l=1

n−1∑
m=l+k

(
m− l
k − 1

)
︸ ︷︷ ︸

≤(n−l
k )

δn−l−k−1‖e0
l ‖.280

281

The bound on the sum of binomial coefficients follows from the hockey-stick identity.282

The bound (3.7) follows by combining (3.6) with (3.5),283

‖ekn‖ ≤ εk
n−k∑
m=1

(
n−m
k − 1

)
δn−m−k

m−1∑
l=0

2δm−l‖bl‖284

≤ 2εk
n−k−1∑
l=0

n−k∑
m=l+1

(
n−m
k − 1

)
︸ ︷︷ ︸

≤(n−l
k )

δn−k−l‖bl‖.285

286

If δ ≤ 1, the bound (3.8) follows directly from (3.6),287

‖ekn‖ ≤ εk max
1≤m≤n−k

‖e0
m‖

n−k∑
m=1

(
n−m
k − 1

)
≤ εk max

1≤m≤n−k
‖e0
m‖ ·

(
n

k

)
,288

289

for each 1 ≤ n ≤ N . Thus, taking the maximum w.r.t. n and using
(
n
k

)
≤
(
N
k

)
yields290

the claim.291

Finally, to show (3.9), note that for δ < 1, (3.2) can be further bounded by292

‖ekn‖ ≤ ε
n−1∑
m=1

δn−m−1‖ek−1
m ‖ < ε max

0≤m≤n−1
‖ek−1
m ‖ 1

1− δ
.293

Applying this inequality k times yields the claim.294

We see that for stable fine solvers (in the sense that δ ≤ 1), we obtain from The-295

orem 3.2 similar superlinear and linear convergence results as in [17]. These assump-296

tions are satisfied, for instance, for the heat equation or finite-element discretizations297

thereof, when F is the exact solution operator in time or the result of an appropriate298

stable time-discretization. More precisely, we have δ < 1 when (homogeneous) Dirich-299

let boundaries are present and δ = 1 in the case of pure Neumann boundaries. For300

δ < 1, (3.6) and (3.7) show that the influence of the error or source term contributions301

associated with time index m on the error at time index n decreases exponentially302

as n − m increases. We further note that the bound (3.7) does not depend on T303

or the number of time intervals N . Since the construction of the coarse solvers Gn304

is entirely local, we obtain weak scalability in the sense that the truncation rank R305

does not need to be increased to maintain a constant convergence rate as N grows306

proportionally with T .307
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As an important special case, we consider the case of a time-independent system308

with fixed fine solver F ′, where G′ is obtained by projecting F ′ onto an invariant309

subspace. In that case, we have the following exact representation of the error:310

Theorem 3.3. Assume that F ′ = F ′n, G
′ = G′n for all n ∈ N and that P is a311

projection (continuous, linear, idempotent operator) with PF ′ = F ′P and G′ = PF ′P .312

Then for all n, k ≥ 0 we have313

(3.10) ekn =

{
(F ′ −G′)ke0

n−k n > k,

0 otherwise.
314

Assuming ‖F ′ −G′‖ ≤ ε, we obtain the improved estimate315

(3.11) max
1≤n≤N

‖ekn‖ ≤ εk max
1≤n≤N−k

‖e0
n‖.316

Proof. The proof is the same as for the heat equation in [16]. Multiplying the317

error identity (3.3) from the left with P yields318

Pekn = P (F ′ − PF ′P )ek−1
n−1 + P (PF ′P )ekn−1 = G′Pekn−1.319

Hence, Pekn = (G′)nPek0 = 0. Thus, multiplying (3.3) by I−P and using (I−P )G′ =320

(I − P )(PF ′P ) = PF ′P − PF ′P = 0 yields321

ekn = (I − P )ekn = (I − P )(F ′ −G′)ek−1
n−1 = (F ′ −G′)(I − P )ek−1

n−1 = (F ′ −G′)ek−1
n−1.322

Recursively applying this identity yields 0 when the time index reaches 0 before the323

iteration count. Otherwise, we get ekn = (F ′ −G′)ke0
n−k.324

When F ′ is a normal operator on a Hilbert space and P an orthogonal projection,325

‖F ′ −G′‖ is given by the maximum absolute value of the neglected spectrum. In the326

general (possibly) infinite-dimensional case, we can formulate this as follows:327

Corollary 3.4. Assume that F ′ = F ′n, G
′ = G′n for all n ∈ N. Assume that F ′328

is normal with spectral decomposition329

F ′ =

∫
σ(F ′)

λdµF ′(λ), and let G′ =

∫
Γ

λdµF ′(λ),330

for some Borel measurable Γ ⊆ σ(F ′). Then we have331

(3.12) max
1≤n≤N

‖ekn‖ ≤
(

sup
λ∈σ(F ′)\Γ

|λ|
)k
· max

1≤n≤N−k
‖e0
n‖.332

In particular, when F ′ is self-adjoint, the SVD of F ′ agrees with its spectral decom-333

position, and we obtain:334

Corollary 3.5. Assume that F ′ = F ′n, n ∈ N, is self-adjoint and G the low-rank335

coarse solver for truncation rank R. Then336

(3.13) max
1≤n≤N

‖ekn‖ ≤ σkR+1 · max
1≤n≤N−k

‖e0
n‖.337

To calculate the error bound (3.7), only the quantities (3.4) and ‖bm‖ are required,338

which are all known after the setup phase of the algorithm. However, while (3.7)339

provides some insight into the expected convergence speed of the Parareal algorithm,340

it significantly overestimates the error in practice. Thus, we further derive an a341

posteriori error bound, which takes the current Parareal updates ukn − uk−1
n into342

account:343
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Theorem 3.6. With the assumptions of Theorem 3.2, for any 1 ≤ n ≤ N and344

k ∈ N we have the a posteriori error bound345

(3.14) ‖ekn‖ ≤ ε
n−1∑
m=1

δn−m−1‖ukm − uk−1
m ‖.346

If δ < 1, we additionally have347

(3.15) max
1≤n≤N

‖ekn‖ ≤
ε

1− δ
· max

1≤n≤N
‖ukn − uk−1

n ‖.348

Proof. We use the error identity349

ekn = ukn − Fnukn−1 + (Fnu
k
n−1 − Fnun−1)350

= Fnu
k−1
n−1 +Gnu

k
n−1 −Gnuk−1

n−1 − Fnukn−1 + F ′ne
k
n−1351

= (F ′n −G′n)(uk−1
n−1 − ukn−1) + F ′ne

k
n−1.352353

Taking norms then leads to354

‖ekn‖ ≤ ε‖ukn−1 − uk−1
n−1‖+ δ‖ekn−1‖.355

Applying this inequality repeatedly to its own right-hand side and noting that ek0 =356

uk0 − uk−1
0 = 0, we obtain (3.14). For δ < 1, we obtain (3.15) from (3.14) using357 ∑n−1

m=1 δ
n−m−1 ≤ 1/(1− δ).358

As for the a priori bound (3.7), the quantities δ and ε are known after the setup phase.359

Thus, to evaluate (3.14) and (3.15) while the algorithm converges, only the norms of360

the Parareal updates have to be computed.361

4. Numerical experiments. We study the efficiency of the proposed low-rank362

coarse solvers in several experiments of increasing complexity. In all cases, we use363

linear finite elements for the spatial discretization and backward Euler time-stepping364

with equidistant time-step size as the fine solver F . The error between the fully365

discrete solution and its Parareal approximation is measured in the Euclidean norm366

of the solution degrees of freedom vectors (denoted as `2-error). Within each Parareal367

time-interval [tn−1, tn), we approximate the solution by considering the trajectory368

obtained from evaluating the fine solver Fn on ukn−1.369

Our software implementation is based on the pyMOR1 model order reduction library370

[27]. In particular, we use pyMOR’s randomized SVD algorithm with no power itera-371

tions and a variable number p of oversampling vectors to compute the low-rank coarse372

solvers. We will compare the proposed randomized SVDs with “exact” SVDs com-373

puted using SciPy’s2 [32] ARPACK [24] wrapper. In all cases, we use a fixed truncation374

rank R for all G′n. For the one- and two-dimensional test-cases, we use pyMOR’s built-375

in discretization toolkit, whereas experiment 4 uses scikit-fem3 [19] for the three-376

dimensional finite-element discretization. The Parareal algorithm is implemented with377

distributed-memory parallelization using mpi4py4 [7]. All code and data needed to378

conduct the numerical experiments is available on GitHub5 and Zenodo [29].379

1https://pymor.org
2https://scipy.org
3https://scikit-fem.readthedocs.io
4https://mpi4py.readthedocs.io/
5https://github.com/sdrave/LowRankParareal/tree/v2
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Fig. 1. Experiment 1: Solutions of test problem (4.1) with different final times T and boundary
conditions.

All experiments were executed on a dual-socket server equipped with two Intel380

Xeon Gold 6254 CPUs with 18 physical cores each. A single thread per MPI rank was381

used for all computations. The server was running under Ubuntu 22.04, using CPython382

3.11.10 from the python-build-standalone6 project. All Python packages were ob-383

tained from PyPI7 in the exact versions specified by the uv.lock8 file contained in384

[29].385

4.1. Experiment 1. As the most basic test case, we consider a one-dimensional386

heat equation on the unit interval,387

(4.1)
ut(x, t)− uxx(x, t) = f(x, t) := 100 · sin(5πt) · (1 + cos(3πx)),

u(x, 0) = u0(x) = 10χ[0.6,0.8],
388

x ∈ (0, 1), t ∈ [0, T ] for varying final time T . If we apply homogeneous Dirichlet389

boundary conditions390

u(0, t) = 0, u(1, t) = 0,391

6https://github.com/astral-sh/python-build-standalone
7https://pypi.org
8https://docs.astral.sh/uv/
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Fig. 2. Experiment 1 with homogeneous Dirichlet conditions: `2-errors of Parareal approxima-
tions over time for an increasing number of Parareal iterations; Gn = 0, 10 Parareal subintervals
of different length by varying the final time T .
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Fig. 3. Experiment 1 with homogeneous Neumann conditions: `2-errors of Parareal approxi-
mations over time for an increasing number of Parareal iterations; left: Gn = 0, right: rank-1 Gn

with constant Fourier mode.

then from Fourier analysis we know that the analytical solution of (4.1) is given by392

(4.2)

u(x, t) =

∞∑
m=1

ûm(t)
√

2 sin(mπx)

ûm(t) = û0,me
−m2π2t +

∫ t

0

f̂m(τ)e−m
2π2(t−τ) dτ,

393

where f̂m and û0,m denote the coefficients of the Fourier sine series for f and u0.394

Discretizing using a uniform mesh with 100 elements in space and 100 · T time steps,395

we obtain the solutions shown in the top row of Figure 1.396

Now, for each T we partition the time domain [0, T ] into 10 subintervals of the397

same length, resulting in 10 · T time steps per interval. From (4.2), we can expect398

that the linear part F ′ of the fine solver has an exponentially decaying spectrum and399
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Fig. 4. Experiment 1 with different boundary conditions and coarse solvers Gn. Maximum
`2-errors over time vs. number of Parareal iterations for different final times T = 2l (top left/right,
bottom left) and ranks R of Gn (bottom right). The dashed line in the bottom-right plot indicates
the Parareal errors when the Gn are given by a single backward Euler step.

that the decay rate increases with the length of the Parareal time intervals. As all400

Fourier modes decay exponentially over time, we expect convergence even for G = 0,401

similar to the results in [16]. Indeed, in Figure 2, which shows the error of the Parareal402

iterates over time, we observe that the Parareal algorithm converges with a rate that403

rapidly accelerates with increasing interval length. The `2-in-space l∞-in-time error404

is shown in the top-left plot of Figure 4.405

If we replace the Dirichlet boundary conditions by Neumann boundary conditions,406

ux(0, t) = 0 ux(1, t) = 0,407

we obtain a constant Fourier mode, which is not damped over time. Hence, an error408

in the mean of the solution is propagated over the entire time interval [0, T ], and409

simply choosing G = 0 fails miserably (Figure 3, left and Figure 4, top right). To410

account for the constant mode, we now consider our first low-rank coarse solvers of411

the form (2.4) with the a priori choices Rn = 1, σn,1 = 1 and ϕn,1 = ψn,1 being the412

finite-element coefficient vector corresponding to the constant function with value 1.413

In order to correctly project onto the constant Fourier mode, we choose the L2-inner414

product in the definition of the Gn (2.4). To make the results more comparable with415
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Fig. 5. Experiment 2: Solution of test problem (4.3) (left) and singular values of the fine

solvers F ′n (right). The singular values only differ slightly with respect to the chosen time interval.

the case Gn = 0, we set bn = 0 for all n.416

As shown in the right plot of Figure 3 and the bottom-left plot of Figure 4,417

we successfully recover the convergence of the Parareal algorithm as observed in the418

Dirichlet case.419

Returning to Dirichlet conditions, we finally study the effect of including higher-420

order Fourier modes
√

2 sin(mπx) into the definition of G (again setting bn = 0). In421

the bottom-right plot of Figure 4, we see that already two Fourier modes suffice to422

let Parareal converge to machine precision after only five iterations. This observed423

exponential convergence of our low-rank Parareal algorithm w.r.t. the rank of Gn424

agrees with Corollary 3.5 if we take into account that by (4.2), we have425

σR+1 = e−(R+1)2π2∆T .426

A direct analysis of this case is contained in [16]. We stress that already with a single427

Fourier mode, our algorithm converges much faster than a classical Parareal method428

using a single backward Euler step as coarse solver (dashed line in Figure 4).429

4.2. Experiment 2. In experiment 1, we considered the special case where all430

fine solvers Fn are equal and known analytically (up to discretization). We now lift431

both these assumptions by considering a one-dimensional heat equation with a heat432

conductivity that varies both in space and time:433

(4.3)
ut(x, t)− ∂x[(1 + 0.9 sin(7πt+ 2πx))ux(x, t)] = f(x, t),

u(x, 0) = u0(x), ux(0, t) = 0, ux(1, t) = 0.
434

Here, the source term f is again given by (4.1), x ∈ (0, 1) and t ∈ [0, 1]. As before,435

we discretize the problem with a uniform mesh with 100 elements in space and 100436

time steps. The solution is shown in Figure 5 on the left.437

We partition the time domain [0, 1] into 10 equally-sized subintervals of 10 time438

steps each. Due to the time-dependence of the heat conductivity, the resulting fine439

solvers F ′n are no longer normal. We plot the decay of the singular values of each F ′n440

in Figure 5 on the right. We observe that the singular values decay rapidly and almost441

identically for each time-interval [tn−1, tn]. Thus, we expect good performance of the442

low-rank coarse solvers already for a small truncation rank R. In Figure 6, we show the443

maximum `2-error over time with respect to the number of Parareal iterations k and444

truncation ranks R for different choices of coarse solvers. The top-left plot shows the445
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Fig. 6. Experiment 2: Maximum `2-errors over time vs. number of Parareal iterations for
different choices and ranks of Gn. The dashed lines indicate the Parareal errors when the Gn are
given by a single backward Euler step.

error for a naive a priori choice of the Gn using the Fourier modes
√

2 cos(mπx). We446

compare this choice to SVD-based coarse solvers, where the SVD is either computed447

exactly (top-right plot), or using a randomized SVD with no (p = 0) or a single448

(p = 1) oversampling vector (bottom plots). We now include bn in the definitions of449

both the Fourier- and SVD-based coarse solvers.450

In all cases, for R ≥ 3, Parareal with theses coarse solvers converges significantly451

faster compared to Parareal with Gn given by a single Euler step. We also observe452

that using an SVD to define Gn instead of using Fourier modes greatly improves the453

convergence speed when higher-order modes (R ≥ 2) are used. In particular, for R = 5454

the SVD-based Parareal reaches an error of 10−13 already for k = 2, whereas with455

Fourier modes, this error is only reached at k = 5. As computing an exact SVD of456

the fine solvers F ′n using standard methods is prohibitively expensive, it is important457

to note that using a randomized SVD with only a single oversampling vector already458

performs almost as well as using an exact SVD. Using no oversampling at all, however,459

the randomized SVD cannot improve the convergence speed for R ≤ 2 compared to460

using Fourier modes.461
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Fig. 7. Experiment 3: Solution of test problem (4.4) at different times t.

4.3. Experiment 3. We proceed with a computationally more challenging prob-462

lem by considering the two-dimensional heat equation given by463

(4.4)

ut(x, y, t)−∇x,y · [d(x, y, t)∇x,yu(x, y)] = f(x, y, t) (x, y) ∈ Ω,

u(x, y, 0) = u0(x, y) (x, y) ∈ Ω,

u(x, y, t) = 0 (x, y) ∈ ∂Ω,

464

with Ω := (0, 1)2, t ∈ [0, 1] and465

d(x, y, t) = 1 + 0.9 sin(7πt)χ[0,1/2]2(x, y) + 0.9 cos(5πt)χ[1/2,1]2(x, y),466

f(x, y, t) = 100 sin(5πt)(1 + cos(3πx))(1 + sin(4πy)),467

u0(x, y) = 10 · χ[0.6,0.8]2(x, y).468469

For the discretization, we use a triangular mesh with 4 · 100 · 100 elements and 100470

time steps (∆t = 0.01). The solution at times t = 0.25, 0.5, 0.75, 1.0 is visualized in471

Figure 7.472

As before, we consider 10 equally-sized time intervals of 10 time steps each. Com-473

pared to experiment 2, we observe a slower decay of the singular values of the fine474

solvers in Figure 8 (left), and the decay rate now visibly depends on the selected475

time interval. Still, the decay is exponential and SVD-based coarse solvers of rank 1476

are already sufficient to outperform single Euler-step coarse solvers (Figure 9). For 5477

Parareal iterations, which require at least half the time to solve the PDE sequentially478

in time, Parareal with single Euler-step coarse solvers only reduces the error to 10−2.479

Using an exact SVD with truncation rank R = 1, an error of 10−7 is attained for the480
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Fig. 8. Singular values of the fine solvers F ′n (left: experiment 3, right: experiment 4).
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Fig. 9. Experiment 3: Maximum `2-errors over time vs. number of Parareal iterations for
different ranks R of Gn. The dashed lines indicate the Parareal errors when the Gn are given by a
single backward Euler step.

same number of iterations. With truncation rank R = 5, an error of 10−6 is reached481

already for k = 2, whereas with single Euler-step solvers, this error is not attained482

until the fine solvers have propagated through the entire time domain. When a ran-483

domized SVD with a single oversampling vector (p = 1) is used instead of an exact484

SVD, convergence is slightly slower. R = 1 is still sufficient to obtain a significantly485

faster error decay compared to single Euler-step coarse solvers. To reach an error of486

10−6 at k = 2, the rank of the coarse solvers has to be incremented by one to R = 6.487

4.3.1. Effect of time discretization. The effectiveness of our method depends488

on the rapid singular value decay of the fine solvers F ′n. While such a decay is489

theoretically guaranteed for problems of parabolic type when F ′n is the analytical490

solution operator, the chosen time-stepping method might have a negative effect on491

the singular value decay. To study such a potential effect, we repeat experiment 3492

for two different second-order Runge-Kutta methods (SDIRK2, SDIRK2-L) with the493
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Fig. 10. Experiment 3: Effect of the choice of time-stepping method on Parareal convergence;
left: Maximum `2-errors over time vs. number of Parareal iterations for different ranks R of Gn,
right: singular values of the fine solvers F ′n for different time intervals [tn−1, tn]. The time-stepping
method used is indicated by the line style and marker type. “∆t/2” and “∆t/100” indicate that the
time-step size of the fine solver has been scaled by a factor of 1/2 or 1/100 compared to the standard
time-step size for this experiment.

following Butcher tableaus:494

SDIRK2:
1 1
0 −1 1

1/2 1/2
SDIRK2-L:

γ γ
1 1− γ γ

1− γ γ
γ =

2−
√

2

2
.495

Both methods belong to the class of singly-diagonally implicit Runge-Kutta (SDIRK)496

methods. When using direct linear solvers, SDIRK-2 is attractive for solving linear497

ODE systems with time-dependent operators, as it does not require any additional ma-498

trix factorizations compared to the backward Euler method. SDIRK-2 is not L-stable,499

however. In contrast, the SDIRK2-L method is L-stable, but requires twice as many500

matrix factorizations.501

For both time steppers, we consider the corresponding Parareal method with502

randomized-SVD-based coarse solvers. The convergence of these schemes is compared503

against the backward Euler method in the left plot of Figure 10. In all cases, the error504

is computed with respect to the time-discrete solution obtained with the same time-505

stepping method.506

We observe that for truncation rank R = 1, all three time-stepping methods yield507

comparable convergence rates, with SDIRK2-L showing the fastest convergence. For508

R = 6, however, the convergence rate for SDRIK2 stagnates compared to the other509

methods. Indeed, for SDIRK2, the decay of the singular values of the corresponding510

fine solvers F ′n (right plot of Figure 10), stagnates already at a value of 10−3. This511

effect can be explained by the lack of L-stability, which causes a bad approximation of512

solution components associated with small singular values of the analytical solution513

operator. For SDIRK2-L, we observe a much faster singular value decay, although514

a plateau with slow decay at 10−7 is still present. We attribute this plateau to515

the fact that, while being L-stable, the stability function R(z) of the SDIRK2-L516

method is not monotonically decreasing for z → −∞. In contrast, we observe no517

such plateau for the backward Euler method, which has a monotonically decreasing518
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Fig. 11. Experiment 4: Solution of (4.5) at times t = 0.25 (top left), t = 0.5 (top right),
t = 0.75 (bottom left) and t = 1 (bottom right).

stability function. However, being a first-order method, the overall approximation of519

the analytical solution operator is not very good: When considering a significantly520

smaller time-step size (∆t/100), we observe a much faster singular value decay of the521

F ′n, which is well-matched by SDIRK2-L before reaching the plateau.522

Overall, we see that a bad approximation of the analytical solution operator by523

the chosen time-stepping method can indeed affect the performance of our method.524

In the case of experiment 3, halving the time step size (SDIRK2/SDIRK2-L with525

∆t/2 in Figure 10) is already sufficient for obtaining similar convergence rates for all526

considered time-stepping methods.527

4.4. Experiment 4. Finally, we consider a larger three-dimensional test prob-528

lem on the heat-sink geometry shown in Figure 11. The geometry is scaled to fit into529

a cube with side length 1. We partition the domain Ω into subdomains correspond-530

ing to the fins (Ωfin), heat pipes (Ωpipe) and the baseplate (Ωbase) of the heat sink.531

Further, we let Γfin denote the boundary of the fins and Γbot the bottom boundary of532
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Fig. 12. Experiment 4: Maximum `2-errors over time vs. number of Parareal iterations for
different ranks R of Gn. The dashed lines indicate the Parareal errors when the Gn are given by a
single backward Euler step.

the baseplate. We solve the following heat equation with mixed boundary conditions:533

(4.5)

ut(x, t)−∇ · [d(x)∇xu(x)] = 0 x ∈ Ω, t ∈ [0, 1],

−d(x)∇xu(x, t) · n(x) = (
1

2
+ t) · u(x, t) x ∈ Γfin,

−d(x)∇xu(x, t) · n(x) = −g(t) x ∈ Γbot,

−d(x)∇xu(x, t) · n(x) = 0 x ∈ Γ \ (Γfin ∪ Γbot),

u(x, 0) = 0.

534

Here, d(x) is given by535

d(x) =


10 x ∈ Ωfin,

100 x ∈ Ωbase,

1000 x ∈ Ωpipe,

536

accounting for different heat conductivities of the materials that make up the heat-537

sink components. We assume that the heat inflow at the baseplate g(t) is given by538

different load patterns of the form539

g(t) =


50 · t

0.3 t ≤ 0.3,

50 ·
(
1 + sign

(
sin
(
t−0.3

0.3 · 8 · π
)))

0.3 < t ≤ 0.6,

50 ·
(
1 + cos

(
t−0.6

0.4 · 20 · π
))

0.6 < t.

540

The time-dependent Robin parameter (1/2+t) roughly models the cooling of the heat541

sink by a fan that speeds up over time.542

For the discretization in space, we use a tetrahedral mesh with 1,405,317 ele-543

ments, yielding a finite-element space with 444,693 degrees of freedom. For the time544

discretization, we use 500 equidistant backward Euler steps. The solution at times545

t = 0.25, 0.5, 0.75, 1.0 is visualized in Figure 11.546

For the Parareal algorithm, we partition the time domain into 25 intervals of equal547

size with 20 time steps each. The singular values of the fine solvers Fn decay quickly,548
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Table 4.1
Experiment 4. Total runtimes in seconds (total number of fine solver and adjoint fine solver

evaluations per time interval) for different coarse solvers. “Gn” refers to the computation of the
rank-R coarse solvers using randomized SVDs with oversampling parameter p. The required number
of fine solver evaluations per time interval is given by KF,n + 1, where KF,n is given by (2.6). One
additional fine solver evaluation is needed to obtain an approximation at intermediate time points.
The total time for a sequential solution is 3,290 seconds.

Gn u0 u1 u2 u3 u4

p = 0 r = 0 169 (1) 336 (2) 503 (3) 671 (4) 838 (5) 1,005 (6)
p = 0 r = 1 337 (3) 506 (4) 674 (5) 843 (6) 1,013 (7) 1,182 (8)
p = 0 r = 2 339 (5) 507 (6) 676 (7) 844 (8) 1,013 (9) 1,182 (10)
p = 0 r = 3 342 (7) 510 (8) 678 (9) 846 (10) 1,014 (11) 1,182 (12)
p = 1 r = 0 335 (3) 502 (4) 669 (5) 837 (6) 1,005 (7) 1,174 (8)
p = 1 r = 1 339 (5) 509 (6) 678 (7) 847 (8) 1,017 (9) 1,186 (10)
p = 1 r = 2 342 (7) 509 (8) 677 (9) 845 (10) 1,014 (11) 1,183 (12)
p = 1 r = 3 345 (9) 513 (10) 682 (11) 851 (12) 1,020 (13) 1,189 (14)

with the third singular value being almost three orders of magnitude smaller than the549

first (Figure 8, right). The singular values show a very similar decay throughout all550

time intervals, up to a factor that decreases as the time index n and, hence, the Robin551

parameter (1/2 + t), increase.552

We consider low-rank coarse solvers Gn that are computed using randomized553

SVDs with no (p = 0) or one (p = 1) oversampling vector and compare their perfor-554

mance with single Euler-step coarse solvers in Figure 12. We observe that the Euler555

coarse solvers perform very badly for this example, reaching machine precision only556

at k = 18, whereas using constant Gn (R = 0), machine precision is reached already557

after half as many iterations. Using low-rank coarse solvers, we can further halve558

the number of required iterations when we set the truncation rank R to 2 or higher.559

When we are willing to accept a slightly larger error of around 10−13, k = 2 iterations560

suffice, whereas for k = 1, we can still reach an error of 10−7. The use of oversampling561

in the SVD computation only has a relevant impact for R = 1, where the error can562

improve several orders of magnitude. For R > 1, there is no significant difference.563

For this experiment, we also report algorithm runtimes along with the number of564

required (adjoint) fine solver evaluations in Table 4.1We see that the required time for565

the randomized SVDs does not significantly increase for larger R. This is due to the566

fact that we have chosen a direct linear solver (SuperLU) for the time stepping: in each567

time interval, we need to evaluate Fn for R+p+1 initial values. As all initial values are568

known at the same time, we can perform the time stepping simultaneously by solving569

the same linear system for R + p + 1 right-hand sides in each time step. Since for570

direct solvers, the bulk of the computational time lies within the LU decomposition of571

the system matrix, solving for additional right-hand sides comes at only a very small572

additional cost. After having evaluated Fn, we can proceed in the same way with the573

R+ p evaluations of F ′∗n .574

While using a direct linear solver might not be realistic in many typical Parareal575

applications, we remark that also with iterative solvers significant optimizations are576

possible, for instance by using block Krylov methods or vectorized software implemen-577

tations. Additionally, all individual initial and terminal value problems are completely578

independent, so their solution can be trivially parallelized.579

Finally, the number of required fine solver evaluations when using low-rank coarse580
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Fig. 13. Experiment 4: Maximum `2-errors over time vs. speedup w.r.t. a sequential solution
for different ranks R of Gn and different numbers of Parareal iterations. The marker indicates
the Parareal speedup when the Gn are given by a single backward Euler step.

solvers is actually smaller than for the Euler coarse solver due to the much higher581

Parareal convergence speed. For instance, to reach an error below 10−7, no more582

than 7 evaluations of Fn and F ∗n per time interval are required, whereas with Euler583

coarse solvers, 10 evaluations of Fn are needed.584

We plot the overall speedup factor achieved by the different Parareal variants in585

comparison to a completely sequential solution of (4.5) in Figure 13. To achieve an586

error of 10−7, an optimal speedup of 5 is achieved with R ≥ 1 whereas with Euler587

coarse solvers, only a speedup of around 1.8 is possible. For an error of 10−13, there588

is almost no speedup with the Euler coarse solvers, whereas with low-rank coarse589

solvers, we can still reach a speedup of around 4 for R ≥ 2.590

4.5. Error estimator efficiency. For experiments 3 and 4, we evaluate the591

efficiencies ηk of the a posteriori error estimator (3.14) given by592

(4.6) ηk :=
maxt∈[0,T ] ‖uk(t)− u(t)‖

max1≤n<N ε
∑n−1
m=1 δ

n−m−1‖ukm − uk−1
m ‖

,593

where, as in the previous experiments, we consider the L∞-in-time error by extending594

ukn−1 into [tn−1, tn) via Fn. The constants δ and ε are obtained from the computed595

randomized SVDs, where we use the additional oversampling vector (p = 1) to ap-596

proximate σn,R+1. We plot ηk for different values of R in Figure 14. We observe597

that in some cases, ηk can become larger than 1, which means that the error is598

underestimated. However, this only happens when the actual error is below 10−13599

(dashed segments), so we attribute these cases to limited floating point accuracy. For600

both experiments, the efficiency of the error estimator is quite good with ηk > 0.1601

in most cases. In general, we cannot expect to be able to bound ηk from below:602

except for the special case in Theorem 3.3, the actual convergence rate might be bet-603

ter than what is predicted by the SVD truncation error, since dominant left-singular604

vectors of F ′n might be projected onto less significant right-singular vectors of F ′n+1.605

Thus, it is not surprising that we observe cases where ηk � 0.1. However, since606

‖uk+1
n − ukn‖ ≤ ‖ek+1

n ‖+ ‖ekn‖ ≤ 2‖ekn‖ when ‖ek+1
n ‖ < ‖ekn‖, we expect no more than607
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Fig. 14. Efficiencies ηk (4.6) for the a posteriori error bound (3.14) vs. number of Parareal
iterations for different ranks R of Gn, p = 1. The plots are drawn dashed when the maximum error
falls below 10−13.

one unnecessary Parareal iteration in general.608

5. Conclusions. We have shown that using low-rank coarse solvers can dramat-609

ically accelerate the convergence of Parareal for problems of parabolic type. Thus,610

low-rank coarse solvers can increase the overall parallelism of Parareal by trading611

global iterations for embarrassingly parallel fine solver evaluations in the algorithm’s612

setup phase. After the setup phase, low-rank coarse solvers are very fast to evaluate,613

which reduces the runtime of the sequential coarse corrections and, hence, increases614

parallelism even further. At the same time, as we have seen in experiment 4, low-rank615

coarse solvers can even lead to a reduction of the overall computational work.616

In this work we have focused on the solution of a single linear PDE. While this617

approach cannot be expected to perform well for purely hyperbolic problems [11], an618

extension of the approach to parametric or non-linear problems by applying further619

techniques from the reduced basis methodology seems promising. For large-scale620

problems, the approximation of space- and time-localized transfer operators could621

accelerate the setup phase of the algorithm by replacing expensive globally-coupled622

fine solver evaluations with small independent time-evolution problems that could be623

solved on a single compute node.624
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son, C. J. Carey, İ. Polat, Y. Feng, E. W. Moore, J. VanderPlas, D. Laxalde,720
J. Perktold, R. Cimrman, I. Henriksen, E. A. Quintero, C. R. Harris, A. M.721
Archibald, A. H. Ribeiro, F. Pedregosa, P. van Mulbregt, and SciPy 1.0 Contrib-722
utors, SciPy 1.0: Fundamental Algorithms for Scientific Computing in Python, Nature723
Methods, 17 (2020), pp. 261–272, https://doi.org/10.1038/s41592-019-0686-2.724

[33] S.-L. Wu, Toward parallel coarse grid correction for the parareal algorithm, SIAM J. Sci.725
Comput., 40 (2018), pp. A1446–A1472, https://doi.org/10.1137/17M1141102.726

This manuscript is for review purposes only.

https://doi.org/10.1016/S0764-4442(00)01793-6
https://doi.org/10.1017/S0962492920000021
https://doi.org/10.1017/S0962492920000021
https://doi.org/10.1017/S0962492920000021
https://doi.org/10.1137/15M1026614
https://doi.org/10.1137/15M1026614
https://doi.org/10.1137/15M1026614
https://doi.org/10.1007/978-3-319-15431-2
https://doi.org/10.1007/978-3-319-15431-2
https://doi.org/10.1007/978-3-319-15431-2
https://doi.org/10.5281/zenodo.20442179
https://doi.org/10.5281/zenodo.20442179
https://doi.org/10.5281/zenodo.20442179
https://doi.org/10.1137/20M1384294
https://doi.org/10.1137/22M1481002
https://doi.org/10.1137/22M1481002
https://doi.org/10.1137/22M1481002
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.1137/17M1141102

	Introduction
	Definition of the Algorithm
	Computation of Gn
	Computational costs

	Convergence analysis
	Numerical experiments
	Experiment 1
	Experiment 2
	Experiment 3
	Effect of time discretization

	Experiment 4
	Error estimator efficiency

	Conclusions
	References

