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A PARAREAL ALGORITHM WITH LOW-RANK COARSE SOLVERS*

MARTIN J. GANDER', MARIO OHLBERGER!, AND STEPHAN RAVE}

Abstract. We consider a new class of Parareal algorithms, which use ideas from localized
reduced basis methods to construct the coarse solver from truncated SVD approximations of the
transfer operators mapping initial values for a given time interval to the solution at the end of the
interval. By leveraging randomized singular value decompositions, these low-rank approximations
are obtained embarrassingly parallel by computing local fine solutions for random initial values. We
show a priori and a posteriori error bounds in terms of the computed singular values of the transfer
operators. Our numerical experiments demonstrate that our approach can significantly outperform
Parareal with single-step coarse solvers. At the same time, it permits to further increase parallelism
in Parareal by trading global iterations for a larger number of independent local solves.

Key words. Time parallel time integration, Parareal, low-rank coarse solver, approximate
transfer operators, reduced basis method.

MSC codes. 65M20, 656M55, 65Y05, 65Y20

1. Introduction. Solving time-dependent partial differential equations (PDEs)
efficiently is a crucial challenge in many scientific and engineering applications. Tra-
ditional time integration methods can be computationally expensive, particularly for
complex models and long simulation times. The Parareal algorithm [25] offers a com-
pelling approach to parallelizing the solution of time-dependent PDEs. By combining
coarse-grained and fine-grained parallelism, it provides significant speedups compared
to traditional serial or spatially-parallel methods, particularly for problems with many
time steps. The core principle of Parareal involves decomposing the time domain into
a coarse temporal grid, solving with a coarse solver on that grid, and then iteratively
refining the solution using local fine-scale computations that can be computed in par-
allel without communication. The efficiency and accuracy of Parareal are critically
dependent on the performance of the coarse solver used to advance the solution on
the coarse grid, see, e.g., [17, 12, 33, 23].

We present and analyze a new approach to improve the performance of Parareal
by using localized-in-time reduced basis techniques for the definition of the coarse
solver. More precisely, we consider as coarse solvers low-rank approximations of the
transfer operators mapping arbitrary initial values for a given time interval to the
corresponding solution at the end of the interval. Using randomized singular value
decompositions (SVDs), we can efficiently construct approximations of these transfer
operators in an embarrassingly parallel manner. Our approach is mainly targeted at
linear (systems of) PDEs of parabolic type, for which the transfer operators exhibit a
rapid singular value decay, which means that small truncation ranks will be sufficient
to obtain a good approximation. This includes diffusion-advection-reaction equations
with a sufficiently large diffusion term. Other applications might include time-domain
simulations of large, asymptotically stable ODE systems. As the construction of the
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2 M. J. GANDER, M. OHLBERGER, AND S. RAVE

coarse solvers is independent of the inhomogeneous part of the PDE, the same coarse
solvers can be reused for new source terms without relevant additional computational
work (see Remark 2.2). Our method can be easily implemented on top of existing
PDE solvers, as long as the solver allows evaluating the adjoint transfer operator for
the given PDE.

We refer to [2, 22, 28] for a review on reduced basis methods and to [3] concern-
ing localized reduced basis constructions. Concepts based on the approximation of
transfer operators using randomized SVDs have been studied both with respect to
localization in space [4, 30] and localization in time [31].

The Parareal algorithm typically employs a coarser time discretization as its
coarse solver, leaving the spatial component unchanged from the fine-scale integrator.
In that case, the convergence of the Parareal algorithm is well understood, show-
ing superlinear rates with rapid convergence for parabolic problems, and convergence
difficulties for hyperbolic problems [17, 12, 13, 1].

Our approach diverges from this standard practice by using coarse solvers that
rely on low-dimensional, problem-adapted approximations in space, but have the same
accuracy in time as the fine solver. A first Parareal variant using reduced basis
models for the coarse solver was introduced in [21]. However, no practically feasible
algorithm for constructing the reduced basis was provided. In [6], using ideas from
the Krylov subspace Parareal approach [9, 10], a global reduced basis was constructed
on the fly from the linear span of the fine solver values obtained during the iteration
of the Parareal algorithm. Our approach differs from [6] as it computes near-best
approximations of the fine solver for arbitrary initial values instead of only considering
the convergence history. Further, in contrast to [6], our coarse solvers are constructed
in an embarrassingly parallel manner before any Parareal iterations take place. Our
construction is entirely local and does not require any communication between nodes
associated with different Parareal time intervals.

Regarding further Parareal methods with coarse solvers that use reduced approx-
imations in space, see [18], where reduced models obtained from asymptotic expan-
sions for highly oscillatory differential equations were considered. For problems with
matrix-valued solutions that can be approximated by low-rank matrices, a Parareal
method was introduced in [5], which uses dynamical low-rank approximations of dif-
ferent ranks for the fine and coarse solvers. We also refer to our recent discussion of
the Parareal algorithm without coarse solver, which includes a convergence analysis
based on separation of variables and Fourier analysis [16].

This paper is organized as follows: In section 2 we define our new Parareal algo-
rithm with low-rank coarse solvers and discuss the algorithmic aspects of the construc-
tion of the coarse solvers via randomized SVDs. We provide a complete convergence
analysis for our algorithm in section 2, demonstrating superlinear and linear conver-
gence rates depending on the singular value spectra of the transfer operators. We
also provide an easily computable a posteriori error bound. In section 4, we finally
illustrate our theoretical findings with a series of numerical experiments on one-, two-,
and three-dimensional parabolic problems, demonstrating the practical efficiency and
robustness of the proposed approach.

2. Definition of the Algorithm. Consider a partition 0 = ¢y < t; < ... <
ty = T of the time interval [0,T] and a Hilbert space V. Let ug € V. For each
1 <n < N, let an operator F,, : V — V be given. We assume that F,, = F (-, t,—1,tn)
is a fine solver for a given linear system of differential equations with solution u(t) € V,
t € [0,T]. In other words, we assume that u,, ~ u(t,), where the sequence u,, € V' is
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A PARAREAL ALGORITHM WITH LOW-RANK COARSE SOLVERS 3

given by
Up41 = Frp1un, 0<n<N.

We further assume the fine solver to be sufficiently good so that our only goal is
to accurately approximate the sequence u,. To that end, we define coarse solvers
G, :V =V, 1<n <N, and consider Parareal algorithms of the form

k41 1
(2.1) unil = Fnﬂuﬁ + Gn“uff — Gnﬂuﬁ, 0<n< N,k e Ny,
where u§ := ug for all k € Ny and
udq = Gpyrul), 0<n<N.

Our goal is to find suitable coarse solvers G,, such that uf quickly converges to u,, as
the number of Parareal iterations k increases. At the same time, each G,, should be
fast to evaluate, since for each Parareal iteration (2.1), only the fine solvers Fj, can
be evaluated in parallel, whereas the G,, have to be evaluated sequentially. A typical
choice for G,, would be a time stepping scheme with a coarse time-step size.

In this work, we consider G,, which are obtained from a low-rank approximation
of the corresponding fine solver F),. To do so, we will always assume that each F), is
a continuous, affine linear operator. In particular, we can write each Fj, as

(2.2) Fov=F\v+ by, b, = F,0,

where F! : V — V is a continuous linear operator. Finally, we assume that each
F! is a compact operator, which is always the case in a discrete setting with finite-
dimensional V. In particular, this means that F, has a singular value decomposition
of the form

rank 1'7'7'l
(23) F;lv = Z wn,r Onr (Qan,wv)v-

r=1

Here, (-,-)v denotes the inner product on V, 0,1 > 052 > ... > 0 are the uniquely
defined singular values of F), ¢, € V, ||@n|| = 1 are the corresponding right- and
Ynr €V, |n|| = 1 the corresponding left-singular vectors. We note that when V' is
finite dimensional, (2.3) is the matrix-free formulation of the generalized SVD of F),
that takes the inner product on V into account.

We now define the coarse solver G,, by considering a truncated singular value
decomposition of F! and adding the same affine part b,:

R,
(2.4) Gpv = an,r *On,r* (¢n,rav) + bn,
r=1

where 0 < R,, < rank F}, is the freely choosable truncation rank.

Note that
rank FT/L

(Fn - Gn)v = Z On,r* (¢n,r;v) . ¢n,r

r=R,+1

is linear with

(2.5) [ Fn — Gull = On,R,+1-

This manuscript is for review purposes only.
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4 M. J. GANDER, M. OHLBERGER, AND S. RAVE

In particular, G,, can be made an arbitrarily good approximation of F,, by increasing
R,. We are mostly interested in the case of linear parabolic PDEs, where the ana-
lytical solution operators for the initial-value problems on each time interval can be
expected to have rapidly decaying singular values. We expect F to be a sufficiently
good approximation of the corresponding analytical solution operator in the sense
that it inherits its singular value decay (see subsection 4.3.1 for further discussion), so
small values of R,, will be sufficient. Indeed, in [16] we have shown that for the heat
equation with homogeneous Dirichlet conditions in one spatial dimension, the Parareal
iteration (2.1) even converges for G,, = 0. We have further shown the exponential
decay of the singular values of F), when F,, is chosen to be the exact solution of the
heat equation (see also experiment 1 below). The argument can be easily extended
to higher spatial dimensions. In the context of model order reduction, the maps F,
are called transfer operators in time. In [31] the compactness of F), was shown for a
large class of parabolic PDEs.

Remark 2.1. While assuming that the fine solvers F), are affine restricts the class
of possible time integrators, we note that this condition is satisfied by all Runge-Kutta
schemes, as long as the underlying system of differential equations is linear. Further,
even when the time discretization leads to non-affine F,,, these F,, still approximate
the affine exact solution operator of the underlying system of differential equations,
and we can interpret the randomized SVD algorithm discussed below as a numerical
approximation of the truncated SVD of the exact solution operator. Thus, the as-
sumption that the F;, are affine is mainly a simplification for the theoretical analysis.
In particular, the error bounds in section 3 could be extended to also take the error
between the fine solver and the exact solution operator into account.

Remark 2.2. Note that the Parareal iteration (2.1) can also be written as uﬁii =
Foyiuf + Gl uf™ — Gl uF, where G, is the linear part of G,,. Thus, adding
b, in the definition of G,, only has an effect in the initialization phase where the u?
are computed. We choose to include b, in the definition of G,, as this will give us a
much better initial approximation of the solution without any additional sequential
computations.

2.1. Computation of G,. Even when V is finite dimensional, computing a
truncated SVD of F), using direct matrix-based algorithms is not an option: deter-
mining the matrix of F/ would mean to locally solve the PDE for every degree of
freedom of the solution space. Instead, we consider the following basic randomized
SVD algorithm to compute G,,:

1. Draw R, +p random vectors w; € V according to some appropriate probability
distribution on V, and compute F!w;.
If we draw enough random vectors, W := span{F,w1,..., Flwr, +,} will be
a good approximation of the image of F, with high probability. In particular,
we can approximate the SVD of F) by computing the SVD of Py F),, where
Py is the V-orthogonal projection onto W.

2. Compute an orthonormal basis wy,...,wr, +p of W, e.g., by using the mod-
ified Gram-Schmidt process.

3. Compute F*w;, 1 < i < R, + p, where F/* : V — V is the adjoint of F),
given by (F*w,v)y = (w, Fjv)y for all v,w € V.

4. Compute an orthonormal basis v1, ..., vg, +p for span{F, w1, ..., F*wr, 1p}.

This manuscript is for review purposes only.
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A PARAREAL ALGORITHM WITH LOW-RANK COARSE SOLVERS 5

Then we have:

R,+p R,+p
PyFlv= Z w; - (w;, Flv)y = Z w; - (Frrwi, vi)y - (v,0)v.
i=1 ij=1

5. Compute a singular value decomposition of the small-dimensional matrix M €
R(R"+p)X(R"+p), Mi,j = (F;l*wz, ’Uj)v.
Since the orthonormal bases w; and v; span img F, and (ker F),)*, it is easy
to show that the singular values of M agree with the singular values of Py F),.
Further, if gr, ¢, € REn+P are the r-th left and right-singular vectors of M,

then
R,+p Rp+p
T T
=1 =1

are the r-th left and right-singular vectors of Py F),.
6. Return the first R,, singular values and vectors o, @, ¥, 1 <7 < R,.

The p additionally drawn random vectors are called oversampling vectors, and p
has to be chosen large enough to ensure that the first R,, singular values and vectors
of Py F), are close to the first R,, singular values and vectors of F),. In the case of
V = R™, extensive analysis is available that permits controlling the approximation
error with arbitrarily high probability [20]. In particular, adaptive algorithms are
available that choose p a posteriori, based on a prescribed (typically small) failure
probability. An analysis for general finite-dimensional Hilbert spaces can be found
in [4].

Randomized SVD algorithms perform well when the singular values decay rapidly.
For operators with slow singular value decay, algorithms with power iterations are con-
sidered where W := span{(F, F/*)1F}w; |1 <i < R, + p} with ¢ > 1. For parabolic
problems, the singular value decay is generally fast enough such that power iterations
are not necessary. In fact, for the numerical examples considered in section 4, already
a single oversampling vector (p = 1) turns out to be sufficient.

2.2. Computational costs. Compared to classical coarse solvers, using low-
rank coarse solvers involves an additional setup phase where the truncated singular
value decompositions of the F! as well as the b,, have to be computed. To compute
a G, of rank R,, R, evaluations of F, are required, followed by R, evaluations
of F/*. The costs for computing the randomized SVD from these evaluations are
negligible compared to evaluating the fine solvers. Additionally, a single evaluation of
F, is required to obtain b,. Overall, after k Parareal iterations, which each require a
further fine solver evaluation,

(2.6) Kpp=2(Ry+p)+k+1

fine solver evaluations per time interval are required, compared to only k evaluations
for Parareal with classical coarse solvers. However, since our coarse solvers lead to
faster converging methods, a smaller number k of sequential Parareal iterations is
required, whereas all 2(R,, + p) + 1 fine solver evaluations for computing G,, can be
carried out in parallel for all time intervals [t,_1,¢,] without communication. Fur-
thermore, the individual evaluations of F,, F), and F/* can be carried out in parallel
as well. Hence, choosing R,, allows us to freely balance the amount of parallel work
with the number of required communication events. Moreover, since the same initial

This manuscript is for review purposes only.
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6 M. J. GANDER, M. OHLBERGER, AND S. RAVE

value problem is solved locally for R, + p initial values at the same time, our approach
can benefit immensely from using direct linear solvers or SIMD vectorization (see dis-
cussion in subsection 4.4). Parallelism can be further increased at the expense of
numerical accuracy by evaluating F* on an additional set of random vectors instead
of evaluating it on wy,...,wr, +p (e.8., 26, section 15]). Finally, we will see in sub-
section 4.4 that, in some cases, the convergence of our method can be so much faster
that K, can actually be smaller than the number of Parareal iterations required
using classical coarse solvers.

After the setup phase, an evaluation of GG,, only requires the computation of R,
inner products and the linear combination of R,, + 1 vectors. Thus, evaluating G,, is
typically much cheaper than using a single backward Fuler step as coarse solver.

3. Convergence analysis. We now show a priori and a posteriori error bounds
for our algorithm. For the a priori estimates, we follow the analysis approach in [12]
under the assumption that we are solving a linear system of differential equations,
see also [15] and the recent book [14] for more details. Similar a priori error bounds
for time-independent, jointly diagonizable F' = F), G’ = G, were obtained in [8] for
the MGRIT method. Our analysis is based on the following abstract error estimate
which holds for arbitrary Parareal algorithms with affine F,, and G,,. As before, we
denote the linear parts of F,, and G,, by F), and G/,.

LEMMA 3.1. Assume that ||F), — GL|| <& and |G| < § for all1 <n < N. Let
k._ .k

e,y = u, — U denote the Parareal error at time index n and iteration k. Then we
have

k k— k
(3.1) le |l < ellen=1ll + dllen |l

for alln,k > 1. Further, we have

n—1
(3.2) lenl <& amm ep |l
m=1

Proof. We have

= (Fy uk_1 +Gnuk 1—Gnuk 1) Foy—1
(33) = F/ n 1 + Gn €n—1— nel'rczfi
= (F. —G)ekt +Gle

nnl

Hence, (3.1) follows from the triangle inequality and the bounds assumed on the
norms of F), — G, and G},. We show (3.2) by induction on n. For n = 1, (3.1) yields

lle¥|l = 0, since ||eO Yl = |lek|l = 0. For the induction step, we use (3.1) again to
obtain
lenll < ellen il +dllen 1 |
n—1-1
Seleimtli+a 3 e 1||—EZ<5" ol

Using the inequalities from Lemma 3.1, we obtain the following superlinear and
linear convergence results:

This manuscript is for review purposes only.
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A PARAREAL ALGORITHM WITH LOW-RANK COARSE SOLVERS 7

THEOREM 3.2. Let
(3.4) 0= | ax on.1, €= Max onR,i1-
Then for any 1 <n < N we have
n—1
(3.5) el < 37 min (26, (n = m)e) 6"
m=0
where by := ug. Furthermore, for any 1 <n < N and k € N we have

n—=k
n—m n—m-—
(3.6 EIEE Sl (R L EY
m=1
n—k—1 n—m
(3.7) < 9¢ ( . )6"‘m‘k||bm||.
m=0
If 0 <1, we have for k € N that
N
) k < k 0 )
(33 ekl < () _max e
If 0 < 1, we have for k € N that
k
. kIl < < on.
(39) ekl < (55) a2

Proof. We have ||G),|| = ||F),|| = on,1 and (2.5). In particular, the assumptions of
Lemma 3.1 are satisfied.
To show (3.5), note that

n—1 n—1

ud —u, = <Z G;~~~G;n+1bm+bn> - <Z F,;...F;n+1bm+bn>
m=0
= ZG%"'G;nﬂbm*F;z“‘Fr/ngm

Each of the terms in the sum can be bounded by 2§~ "™||b,, || using the triangle inequal-
ity and that ||G% ||, || FL|| < 6. Alternatively, we get the bound (n — m)ed™ ™7 1|b,,||
by induction on n,

1Gr - Graabm — Ep - Frp |
<G = F)Gh 1+ Gryr b
(G Gy = Fmy - Frp g )b
<ed" T b 46 - (n =1 —m)ed" by |

=(n— m)s(;"*m*l 162 ]

Next, we show (3.6) by induction on k. For k = 1, (3.6) is precisely (3.2). For the

This manuscript is for review purposes only.
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8 M. J. GANDER, M. OHLBERGER, AND S. RAVE

induction step, we use (3.2) again to obtain

n—1

len < e 6 el

m=1

n—1 m—k
Sezé'nfmflgk ( )§m 1— k” l”
m= =1
—1-k n-—1
S (FI)ee.
k

The bound on the sum of binomial coefficients follows from the hockey-stick identity.
The bound (3.7) follows by combining (3.6) with (3.5),

n—k m—1
=M\ cn_m— m—
ETEED D (R L SE
m=1 =0
n—k—1 n—k
“ 3 3 (W)t

=0 m=l+1

S(n;l)
If 6 <1, the bound (3.8) follows directly from (3.6),

n—k
k|| < ok 0 Z n—my ok oy (™
lenll <& lgggglgkl\emllw1 po1) Se e lenll-{ )

for each 1 <n < N. Thus, taking the maximum w.r.t. n and using (Z) < (]Z) yields
the claim.
Finally, to show (3.9), note that for § < 1, (3.2) can be further bounded by

n—1

1
k —m—1)| k— -1
el < 32 el < e max by
m—
Applying this inequality k& times yields the claim. 0

We see that for stable fine solvers (in the sense that § < 1), we obtain from The-
orem 3.2 similar superlinear and linear convergence results as in [17]. These assump-
tions are satisfied, for instance, for the heat equation or finite-element discretizations
thereof, when F' is the exact solution operator in time or the result of an appropriate
stable time-discretization. More precisely, we have § < 1 when (homogeneous) Dirich-
let boundaries are present and § = 1 in the case of pure Neumann boundaries. For
d < 1, (3.6) and (3.7) show that the influence of the error or source term contributions
associated with time index m on the error at time index n decreases exponentially
as n — m increases. We further note that the bound (3.7) does not depend on T
or the number of time intervals N. Since the construction of the coarse solvers G,
is entirely local, we obtain weak scalability in the sense that the truncation rank R
does not need to be increased to maintain a constant convergence rate as N grows
proportionally with T'.

This manuscript is for review purposes only.
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As an important special case, we consider the case of a time-independent system
with fixed fine solver F’, where G’ is obtained by projecting F’ onto an invariant
subspace. In that case, we have the following exact representation of the error:

THEOREM 3.3. Assume that F' = F!, G' = G}, for all n € N and that P is a
projection (continuous, linear, idempotent operator) with PF' = F'P and G' = PF'P.
Then for all n,k > 0 we have

1 _ Nk 0
(3.10) eﬁ{(F Gre) . n>k,

0 otherwise.

Assuming ||F' — G'|| < e, we obtain the improved estimate

(3.11) max_|lef|| <& max [|€Y].
1<n<N 1<n<N-—-k
Proof. The proof is the same as for the heat equation in [16]. Multiplying the
error identity (3.3) from the left with P yields
Pef = P(F' — PF'P)ef=} + P(PF'P)ek | = G'Pek

n—1-
Hence, Pek = (G")"Pek = 0. Thus, multiplying (3.3) by I — P and using (I — P)G’ =
(I - P)(PF'P)=PF'P— PF'P =0 yields

ek = (I = P)ek = (I - P)(F' = G')ek=t = (F/ — &')(I - P)e=h = (F/ — &)k,

n

Recursively applying this identity yields 0 when the time index reaches 0 before the
iteration count. Otherwise, we get el = (F/ — G')*el_, . 0

When F” is a normal operator on a Hilbert space and P an orthogonal projection,
|[F" — G|l is given by the maximum absolute value of the neglected spectrum. In the
general (possibly) infinite-dimensional case, we can formulate this as follows:

COROLLARY 3.4. Assume that F' = F, G' = G!, for alln € N. Assume that F’
is mormal with spectral decomposition

F’ :/ Adpgr (N, and let G' = / My (M),
o(F") r
for some Borel measurable T C o(F’). Then we have

k
12 kIl < ( A ) : o
(3.12) (ax flenll < AE:&Q)\FI ) - cmax el
In particular, when F’ is self-adjoint, the SVD of F” agrees with its spectral decom-
position, and we obtain:

COROLLARY 3.5. Assume that F' = F), n € N, is self-adjoint and G the low-rank
coarse solver for truncation rank R. Then
k k 0
. < . .
(3.13) e ekl < oy max ]

To calculate the error bound (3.7), only the quantities (3.4) and ||b, || are required,
which are all known after the setup phase of the algorithm. However, while (3.7)
provides some insight into the expected convergence speed of the Parareal algorithm,
it significantly overestimates the error in practice. Thus, we further derive an a
posteriori error bound, which takes the current Parareal updates uf — uf~! into
account:

This manuscript is for review purposes only.
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THEOREM 3.6. With the assumptions of Theorem 3.2, for any 1 < n < N and
k € N we have the a posteriori error bound

n—1
(3.14) lexll <&y ™ g, —up |l

m=1
If 6 < 1, we additionally have

k € K k—1
. <= . _ )
(3.15) 1glnaggvllenll ST ax [ V|

Proof. We use the error identity

k k k k
€n = Up — Fnun—l + (Fnun—l - Fnuﬂfl)

k—1 k k—1 k Ik
=Fou,_1+Guu, 1 —Guu,_1 — Fhu, 1+ Fe

n—1
= (F, = Gp)(uh =} —upy_y) + Flep ;.
Taking norms then leads to
k—
lenll < ellur_y —uy =3[l + dller 1 -

Applying this inequality repeatedly to its own right-hand side and noting that ef =
uf — ub™ = 0, we obtain (3.14). For § < 1, we obtain (3.15) from (3.14) using
S anmmel < 1/(1— ). 0

As for the a priori bound (3.7), the quantities § and & are known after the setup phase.
Thus, to evaluate (3.14) and (3.15) while the algorithm converges, only the norms of
the Parareal updates have to be computed.

4. Numerical experiments. We study the efficiency of the proposed low-rank
coarse solvers in several experiments of increasing complexity. In all cases, we use
linear finite elements for the spatial discretization and backward Euler time-stepping
with equidistant time-step size as the fine solver F'. The error between the fully
discrete solution and its Parareal approximation is measured in the Euclidean norm
of the solution degrees of freedom vectors (denoted as ¢>-error). Within each Parareal
time-interval [t,_1,t,), we approximate the solution by considering the trajectory
obtained from evaluating the fine solver F, on uf_;.

Our software implementation is based on the pyMOR! model order reduction library
[27]. In particular, we use pyMOR’s randomized SVD algorithm with no power itera-
tions and a variable number p of oversampling vectors to compute the low-rank coarse
solvers. We will compare the proposed randomized SVDs with “exact” SVDs com-
puted using SciPy’s? [32] ARPACK [24] wrapper. In all cases, we use a fixed truncation
rank R for all G],. For the one- and two-dimensional test-cases, we use pyMOR’s built-
in discretization toolkit, whereas experiment 4 uses scikit-fem® [19] for the three-
dimensional finite-element discretization. The Parareal algorithm is implemented with
distributed-memory parallelization using mpidpy* [7]. All code and data needed to
conduct the numerical experiments is available on GitHub® and Zenodo [29].

Thttps://pymor.org

2https:/ /scipy.org

Shttps://scikit-fem.readthedocs.io
4https://mpidpy.readthedocs.io/
Shttps://github.com/sdrave/LowRankParareal /tree/v2
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Dirichlet, T =1 Dirichlet, T' = 2

Fic. 1. Ezperiment 1: Solutions of test problem (4.1) with different final times T and boundary
conditions.

All experiments were executed on a dual-socket server equipped with two Intel
Xeon Gold 6254 CPUs with 18 physical cores each. A single thread per MPI rank was
used for all computations. The server was running under Ubuntu 22.04, using CPython
3.11.10 from the python-build-standalone® project. All Python packages were ob-
tained from PyPI” in the exact versions specified by the uv.lock® file contained in
[29].

4.1. Experiment 1. As the most basic test case, we consider a one-dimensional
heat equation on the unit interval,

ug(x,t) — ugg(x,t) = f(z,t) := 100 - sin(b7t) - (1 + cos(3mz)),

4.1
(1) u(z,0) = ug(z) = 10x0.6,0.8]»

€ (0,1), t € [0,T] for varying final time 7. If we apply homogeneous Dirichlet
boundary conditions

U(O,t) =0, u(lvt) =0,

Shttps://github.com/astral-sh/python-build-standalone

"https:/ /pypi.org
8https://docs.astral.sh/uv/
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G,=0,T=1 G,=0,T=2
10% T T T T 10? T T T T
e~ N
ool pRa=—= wl [TREEEES
§ 1074 | F\ 104 N
2

q, 107% 1078 .
10712 | 10712 | |

—16 LI \ \ ! —16 LI \ \ !

10 0 0.25 0.5 0.75 1 10 0 0.5 1 1.5 2
k= —0 —1 —2 —3 ——14 5 —6 7 —8

F1G. 2. Ezperiment 1 with homogeneous Dirichlet conditions: €2-errors of Parareal approzima-
tions over time for an increasing number of Parareal iterations; Gn, = 0, 10 Parareal subintervals
of different length by varying the final time T'.

G,=0,T=2 rank(G,)=1,T =2
10* T T T T 10% T T T
] -
10° |- 8 10° |- ’_‘ .
= _ _ N~
g 10 e . 1074 ~\
= :

L 107 1108 |
10_12 [ — 10—12 [ r,._l |
10—16 L \ \ ! 10-16 \J ! ! ! !

0 0.5 1 1.5 2 0 0.5 1 1.5 2
k= —0 —1 —2 —3 —14 5 —6 7 —8

FiG. 3. Experiment 1 with homogeneous Neumann conditions: (?-errors of Parareal approxi-
mations over time for an increasing number of Parareal iterations; left: G, = 0, right: rank-1 Gn
with constant Fourier mode.

then from Fourier analysis we know that the analytical solution of (4.1) is given by

(4.2) m=1
i (1) = 1 e~ T 4 / fu(r)em T =0 ar,

V2sin(mrx)

where fm and 4g ., denote the coefficients of the Fourier sine series for f and wu.
Discretizing using a uniform mesh with 100 elements in space and 100 - T" time steps,
we obtain the solutions shown in the top row of Figure 1.

Now, for each T we partition the time domain [0,7] into 10 subintervals of the
same length, resulting in 10 - T time steps per interval. From (4.2), we can expect
that the linear part F” of the fine solver has an exponentially decaying spectrum and
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Dirichlet, G,, =0, T = 2! Neumann, G, =0, T = 2!
10* T T T T T 10* T T T T T
10° [ ) 10° 8
-
S
g 107 1107t :
3
S 1078 1 : 1078 | A
L
10-12 | | 1012 b N
—16 | | | —16 | | | | |
10 0 2 4 6 8 10 10 0 2 4 6 8 10
Neumann, rank(G,,) =1, T = 2! Dirichlet, rank(G,) =1, T =1
10* T T T T 10% T T T T
10° ) 10°
-
2
5 1074 1 1wtp
3
S 1078 1 : 1078 |
L
10-12 | | 1012 |
—16 | | | | | —16
10 0 2 4 6 8 10 10
k
——[=0 =-[=1 =2 ——[=3 --- Euler

Fic. 4. Experiment 1 with different boundary conditions and coarse solvers Gn. Mazximum
£2-errors over time vs. number of Parareal iterations for different final times T = 2! (top left/right,
bottom left) and ranks R of Gp (bottom right). The dashed line in the bottom-right plot indicates
the Parareal errors when the Gy, are given by a single backward Euler step.

that the decay rate increases with the length of the Parareal time intervals. As all
Fourier modes decay exponentially over time, we expect convergence even for G = 0,
similar to the results in [16]. Indeed, in Figure 2, which shows the error of the Parareal
iterates over time, we observe that the Parareal algorithm converges with a rate that
rapidly accelerates with increasing interval length. The ¢2-in-space [*°-in-time error
is shown in the top-left plot of Figure 4.

If we replace the Dirichlet boundary conditions by Neumann boundary conditions,

uz(oat) =0 uz(]-»t) =0,

we obtain a constant Fourier mode, which is not damped over time. Hence, an error
in the mean of the solution is propagated over the entire time interval [0,7], and
simply choosing G = 0 fails miserably (Figure 3, left and Figure 4, top right). To
account for the constant mode, we now consider our first low-rank coarse solvers of
the form (2.4) with the a priori choices R, =1, 0,1 = 1 and ¢, 1 = 9,1 being the
finite-element coefficient vector corresponding to the constant function with value 1.
In order to correctly project onto the constant Fourier mode, we choose the L?-inner
product in the definition of the G,, (2.4). To make the results more comparable with
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10!
2 Q

_ =
99
o
T
A
|

singular value
—
o
&
I
| |

1011 |-
10-14 |- '%% N

10—17 | | | ‘M

Fic. 5. Ezperiment 2: Solution of test problem (4.3) (left) and singular values of the fine
solvers F! (right). The singular values only differ slightly with respect to the chosen time interval.

the case G,, = 0, we set b,, = 0 for all n.

As shown in the right plot of Figure 3 and the bottom-left plot of Figure 4,
we successfully recover the convergence of the Parareal algorithm as observed in the
Dirichlet case.

Returning to Dirichlet conditions, we finally study the effect of including higher-
order Fourier modes v/2sin(mnx) into the definition of G' (again setting b, = 0). In
the bottom-right plot of Figure 4, we see that already two Fourier modes suffice to
let Parareal converge to machine precision after only five iterations. This observed
exponential convergence of our low-rank Parareal algorithm w.r.t. the rank of G,
agrees with Corollary 3.5 if we take into account that by (4.2), we have

Ot = e~ (R+1)?n?AT
A direct analysis of this case is contained in [16]. We stress that already with a single
Fourier mode, our algorithm converges much faster than a classical Parareal method
using a single backward Euler step as coarse solver (dashed line in Figure 4).

4.2. Experiment 2. In experiment 1, we considered the special case where all
fine solvers F,, are equal and known analytically (up to discretization). We now lift
both these assumptions by considering a one-dimensional heat equation with a heat
conductivity that varies both in space and time:

ug(x,t) — 0. [(1 + 0.9sin(7nt + 27x) )uy (2, t)] = f(

z,t),
u(z, 0) = uo(z), u,(0,t) =0, uz(1,t) = 0.

(4.3)

Here, the source term f is again given by (4.1), z € (0,1) and ¢ € [0,1]. As before,
we discretize the problem with a uniform mesh with 100 elements in space and 100
time steps. The solution is shown in Figure 5 on the left.

We partition the time domain [0, 1] into 10 equally-sized subintervals of 10 time
steps each. Due to the time-dependence of the heat conductivity, the resulting fine
solvers F!" are no longer normal. We plot the decay of the singular values of each F),
in Figure 5 on the right. We observe that the singular values decay rapidly and almost
identically for each time-interval [t,_1,t,]. Thus, we expect good performance of the
low-rank coarse solvers already for a small truncation rank R. In Figure 6, we show the
maximum £2-error over time with respect to the number of Parareal iterations k and
truncation ranks R for different choices of coarse solvers. The top-left plot shows the
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Fourier modes SVD
102 |- - 10% |- -
107 1 107 1
8
5107 10t .
[«5]

g 1077 4 1077k .

)

c&: 10710 | N 10710 |- N
10713 - | 10713 - |
10-16 : 10-16

10°| % 8 10° | 8
107 1 107 1
8
5107 10t .
[«5]

g 1077 4 1077k .

)

cl{: 10710 | N 10710 |- N
10713 - - 10713 - |

—16 —16 | | | | |
10 10 0 2 4 6 8
k k
—+—R=0 +—R=1 —+«—R=2 — R=3 —+—R=14 R=5 --- Euler

FIG. 6. Experiment 2: Mazimum €2-errors over time vs. number of Parareal iterations for
different choices and ranks of Gy,. The dashed lines indicate the Parareal errors when the Gy are
given by a single backward Euler step.

error for a naive a priori choice of the G,, using the Fourier modes v/2 cos(mmz). We
compare this choice to SVD-based coarse solvers, where the SVD is either computed
exactly (top-right plot), or using a randomized SVD with no (p = 0) or a single
(p = 1) oversampling vector (bottom plots). We now include b,, in the definitions of
both the Fourier- and SVD-based coarse solvers.

In all cases, for R > 3, Parareal with theses coarse solvers converges significantly
faster compared to Parareal with G,, given by a single Euler step. We also observe
that using an SVD to define GG,, instead of using Fourier modes greatly improves the
convergence speed when higher-order modes (R > 2) are used. In particular, for R = 5
the SVD-based Parareal reaches an error of 10712 already for k& = 2, whereas with
Fourier modes, this error is only reached at kK = 5. As computing an exact SVD of
the fine solvers F using standard methods is prohibitively expensive, it is important
to note that using a randomized SVD with only a single oversampling vector already
performs almost as well as using an exact SVD. Using no oversampling at all, however,
the randomized SVD cannot improve the convergence speed for R < 2 compared to
using Fourier modes.
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t=0.25 t=0.5

1
0.8
0.6
0.4
0.2

0

0 02 04 06 08 1 0 02 04 06 08 1

t=0.75 t=1.0

1
0.8
0.6
0.4
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0
0 02 04 06 08 1 0 02 04 06 08 1
T T

F1G. 7. Experiment 3: Solution of test problem (4.4) at different times t.

4.3. Experiment 3. We proceed with a computationally more challenging prob-
lem by considering the two-dimensional heat equation given by

Ut(wvy,t) - Vny : [d(xay,t)vw,yu(xay)] = f(xayat) (x,y) € Q,
(44) u(x, Y, O) = UO(m7 y) (ZIJ, y) €,
u(z,y,t) =0 (x,y) € 09,

with © := (0,1)2, ¢ € [0,1] and

d(x,y,t) = 14 0.9sin(77t)x[0,1/2)2 (%, y) + 0.9 cos(57t) x[1/2,1)2 (@, ¥),
f(z,y,t) = 100sin(57t) (1 + cos(37z))(1 + sin(4my)),
ug(z,y) = 10 X[o.a,o.s]z(l“, Y)-

For the discretization, we use a triangular mesh with 4 - 100 - 100 elements and 100
time steps (At = 0.01). The solution at times ¢ = 0.25, 0.5, 0.75, 1.0 is visualized in
Figure 7.

As before, we consider 10 equally-sized time intervals of 10 time steps each. Com-
pared to experiment 2, we observe a slower decay of the singular values of the fine
solvers in Figure 8 (left), and the decay rate now visibly depends on the selected
time interval. Still, the decay is exponential and SVD-based coarse solvers of rank 1
are already sufficient to outperform single Euler-step coarse solvers (Figure 9). For 5
Parareal iterations, which require at least half the time to solve the PDE sequentially
in time, Parareal with single Euler-step coarse solvers only reduces the error to 1072,
Using an exact SVD with truncation rank R = 1, an error of 10~7 is attained for the
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Experiment 3 Experiment 4

10°

singular value

! !
0 5 10 1

! ! ! -8
5 20 25 30 10
T r

F1c. 8. Singular values of the fine solvers F), (left: experiment 3, right: experiment 4).

randomized SVD (p =1)

102 |- - 102 | -
10° 1 ) 10° 1 8
5 1077} 1107 :
5107t 1 1tp 8

[}
g 107°F : 107 | A
1078 : 1078 -
L, 10710 | | 10710 | |
10712, | 10712, |
10_147\ T R Ny | 10" |

01234567389
k

—-R=0 - R=1 +~~R=2 < R=3 —+ R=4 R=5
—— R =06 R=7 —+—R=8 —<+—R=9 —«— R=10 --- Euler

Fi1G. 9. Ezperiment 3: Mazimum (-errors over time vs. number of Parareal iterations for
different ranks R of Gy,. The dashed lines indicate the Parareal errors when the Gy, are given by a
single backward Euler step.

same number of iterations. With truncation rank R = 5, an error of 107 is reached
already for k = 2, whereas with single Euler-step solvers, this error is not attained
until the fine solvers have propagated through the entire time domain. When a ran-
domized SVD with a single oversampling vector (p = 1) is used instead of an exact
SVD, convergence is slightly slower. R = 1 is still sufficient to obtain a significantly
faster error decay compared to single Euler-step coarse solvers. To reach an error of
1079 at k = 2, the rank of the coarse solvers has to be incremented by one to R = 6.

4.3.1. Effect of time discretization. The effectiveness of our method depends
on the rapid singular value decay of the fine solvers F!. While such a decay is
theoretically guaranteed for problems of parabolic type when F), is the analytical
solution operator, the chosen time-stepping method might have a negative effect on
the singular value decay. To study such a potential effect, we repeat experiment 3
for two different second-order Runge-Kutta methods (SDIRK2, SDIRK2-L) with the
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randomized SVD (p = 1) singular value decay
T T T T T T ’ ’ :
10° | —R=11| 107 &
0 [ H
1o —R=6 o 107°|
5 107° ¢ = .
E 10-4 | g 107°
g 107°F g 1077
A (s B 10-°|
= 10710 1 i=
10712 | %] 10711 [
10_14 L1 | | | | | | 10713 7\ | | OOOONOOOCry |
012345617289 0 5 10 15 20 25 30
k T

— Euler +SDIRK2 xSDIRK2 At/2 oSDIRK2-L oSDIRK2-L At/2 --Euler At/100

Fic. 10. Ezperiment 3: Effect of the choice of time-stepping method on Parareal convergence;
left: Mazimum (2-errors over time vs. number of Parareal iterations for different ranks R of Gn,
right: singular values of the fine solvers F, for different time intervals [tn—1,tn]. The time-stepping
method used is indicated by the line style and marker type. “At/2” and “At/100” indicate that the
time-step size of the fine solver has been scaled by a factor of 1/2 or 1/100 compared to the standard
time-step size for this erperiment.

following Butcher tableaus:

1 Yo 9_
SDIRK2: 0| -1 1 SDIRK2-L: 1|1—v v ~= 5

1/2 1/2 1—7v ~

Both methods belong to the class of singly-diagonally implicit Runge-Kutta (SDIRK)
methods. When using direct linear solvers, SDIRK-2 is attractive for solving linear
ODE systems with time-dependent operators, as it does not require any additional ma-
trix factorizations compared to the backward Euler method. SDIRK-2 is not L-stable,
however. In contrast, the SDIRK2-L method is L-stable, but requires twice as many
matrix factorizations.

For both time steppers, we consider the corresponding Parareal method with
randomized-SVD-based coarse solvers. The convergence of these schemes is compared
against the backward Euler method in the left plot of Figure 10. In all cases, the error
is computed with respect to the time-discrete solution obtained with the same time-
stepping method.

We observe that for truncation rank R = 1, all three time-stepping methods yield
comparable convergence rates, with SDIRK2-L showing the fastest convergence. For
R = 6, however, the convergence rate for SDRIK2 stagnates compared to the other
methods. Indeed, for SDIRK2, the decay of the singular values of the corresponding
fine solvers F, (right plot of Figure 10), stagnates already at a value of 1073, This
effect can be explained by the lack of L-stability, which causes a bad approximation of
solution components associated with small singular values of the analytical solution
operator. For SDIRK2-L, we observe a much faster singular value decay, although
a plateau with slow decay at 1077 is still present. We attribute this plateau to
the fact that, while being L-stable, the stability function R(z) of the SDIRK2-L
method is not monotonically decreasing for z — —oo. In contrast, we observe no
such plateau for the backward Euler method, which has a monotonically decreasing

IS
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1.7e+00

e
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B
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Fic. 11. Experiment 4: Solution of (4.5) at times t = 0.25 (top left), t = 0.5 (top right),
t =0.75 (bottom left) and t =1 (bottom right).

stability function. However, being a first-order method, the overall approximation of
the analytical solution operator is not very good: When considering a significantly
smaller time-step size (At/100), we observe a much faster singular value decay of the
F!, which is well-matched by SDIRK2-L before reaching the plateau.

Overall, we see that a bad approximation of the analytical solution operator by
the chosen time-stepping method can indeed affect the performance of our method.
In the case of experiment 3, halving the time step size (SDIRK2/SDIRK2-L with
At/2 in Figure 10) is already sufficient for obtaining similar convergence rates for all
considered time-stepping methods.

4.4. Experiment 4. Finally, we consider a larger three-dimensional test prob-
lem on the heat-sink geometry shown in Figure 11. The geometry is scaled to fit into
a cube with side length 1. We partition the domain €2 into subdomains correspond-
ing to the fins (Qgay), heat pipes (Qpipe) and the baseplate (Qpase) of the heat sink.
Further, we let I'g,, denote the boundary of the fins and I'y,o; the bottom boundary of

This manuscript is for review purposes only.



Ut
w
ot

536

537
538
539

20 M. J. GANDER, M. OHLBERGER, AND S. RAVE

randomized SVD (p = 0) randomized RSVD (p =1)

1077
10710
10—13

—16 L1 1
10 0 4 8§ 12 16 20 24

02-0>_error

——-R=0 =« R=1 - R=2 ——R=3 --- Euler

Fic. 12. Experiment 4: Mazimum (2-errors over time vs. number of Parareal iterations for
different ranks R of Gy. The dashed lines indicate the Parareal errors when the Gy are given by a
single backward Euler step.

the baseplate. We solve the following heat equation with mixed boundary conditions:

ut(x,t) — V- [d(x)Vxu(x)] =0 x€eN, te][0,1],
—d(x)Vxu(x,t) -n(x) = (% +1t)-u(x,t) x € gy,
(4.5) —d(x)Vyu(x, ) n(x) = —g(t) X € I'bot,
—d(x)Vxu(x,t) -n(x) =0 x €T\ (Tin UThot),
u(x,0) = 0.
Here, d(x) is given by
10 X € Qﬁn,

d(x) =<¢100 x € Qpase,
1000 x € Qpipe,
accounting for different heat conductivities of the materials that make up the heat-

sink components. We assume that the heat inflow at the baseplate g(t) is given by
different load patterns of the form

50 oL <03,
g(t) = {50 (1 +sign (sin (5% -8-7))) 0.3<t<0.6,
( —&—cos(t U690 - 7r)) 0.6 <t.

The time-dependent Robin parameter (1/2+t) roughly models the cooling of the heat
sink by a fan that speeds up over time.

For the discretization in space, we use a tetrahedral mesh with 1,405,317 ele-
ments, yielding a finite-element space with 444,693 degrees of freedom. For the time
discretization, we use 500 equidistant backward Euler steps. The solution at times
t = 0.25, 0.5, 0.75, 1.0 is visualized in Figure 11.

For the Parareal algorithm, we partition the time domain into 25 intervals of equal
size with 20 time steps each. The singular values of the fine solvers F), decay quickly,
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TABLE 4.1
Experiment 4. Total runtimes in seconds (total number of fine solver and adjoint fine solver
evaluations per time interval) for different coarse solvers. “Gp” refers to the computation of the
rank-R coarse solvers using randomized SV Ds with oversampling parameter p. The required number
of fine solver evaluations per time interval is given by Kg pn + 1, where K, is giwen by (2.6). One
additional fine solver evaluation is needed to obtain an approximation at intermediate time points.
The total time for a sequential solution is 3,290 seconds.

G, ud ul u? ud ut
p=0r=0 169 (1) 336 (2) 503 (3) 671 (4) 838 (5) 1,005 (6)
p=0r=1 337(3) 506 (4) 674 (5) 843 (6) 1,013 (7) 1,182 (8)
p=0r=2 339(5) 507 (6) 676 (7) 844 (8) 1,013 (9) 1,182 (10)
p=0r=3 342(7) 510 (8) 678 (9) 846 (10) 1,014 (11) 1,182 (12)
p=1r=0 335(3) 502 (4) 669 (5) 837 (6) 1,006 (7) 1,174 (8)
p=1r=1 339(5) 509 (6) 678 (7) 847 (8) 1,017 (9) 1,186 (10)
p=1r=2 342(7) 509 (8) 677 (9) 845(10) 1,014 (11) 1,183 (12)
p=1r=3 345(9) 513 (10) 682 (11) 851 (12) 1,020 (13) 1,189 (14)

with the third singular value being almost three orders of magnitude smaller than the
first (Figure 8, right). The singular values show a very similar decay throughout all
time intervals, up to a factor that decreases as the time index n and, hence, the Robin
parameter (1/2 4 t), increase.

We consider low-rank coarse solvers G, that are computed using randomized
SVDs with no (p = 0) or one (p = 1) oversampling vector and compare their perfor-
mance with single Euler-step coarse solvers in Figure 12. We observe that the Euler
coarse solvers perform very badly for this example, reaching machine precision only
at k = 18, whereas using constant G,, (R = 0), machine precision is reached already
after half as many iterations. Using low-rank coarse solvers, we can further halve
the number of required iterations when we set the truncation rank R to 2 or higher.
When we are willing to accept a slightly larger error of around 10713, k = 2 iterations
suffice, whereas for k = 1, we can still reach an error of 10~7. The use of oversampling
in the SVD computation only has a relevant impact for R = 1, where the error can
improve several orders of magnitude. For R > 1, there is no significant difference.

For this experiment, we also report algorithm runtimes along with the number of
required (adjoint) fine solver evaluations in Table 4.1We see that the required time for
the randomized SVDs does not significantly increase for larger R. This is due to the
fact that we have chosen a direct linear solver (SuperLU) for the time stepping: in each
time interval, we need to evaluate F}, for R+p+1 initial values. As all initial values are
known at the same time, we can perform the time stepping simultaneously by solving
the same linear system for R + p 4+ 1 right-hand sides in each time step. Since for
direct solvers, the bulk of the computational time lies within the LU decomposition of
the system matrix, solving for additional right-hand sides comes at only a very small
additional cost. After having evaluated F;,, we can proceed in the same way with the
R + p evaluations of F)*.

While using a direct linear solver might not be realistic in many typical Parareal
applications, we remark that also with iterative solvers significant optimizations are
possible, for instance by using block Krylov methods or vectorized software implemen-
tations. Additionally, all individual initial and terminal value problems are completely
independent, so their solution can be trivially parallelized.

Finally, the number of required fine solver evaluations when using low-rank coarse
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F1c. 13. Experiment 4: Mazimum {%-errors over time vs. speedup w.r.t. a sequential solution
for different ranks R of Gy and different numbers of Parareal iterations. The marker * indicates
the Parareal speedup when the Gy, are given by a single backward Euler step.

solvers is actually smaller than for the Euler coarse solver due to the much higher
Parareal convergence speed. For instance, to reach an error below 10~7, no more
than 7 evaluations of F,, and F¥ per time interval are required, whereas with Euler
coarse solvers, 10 evaluations of F,, are needed.

We plot the overall speedup factor achieved by the different Parareal variants in
comparison to a completely sequential solution of (4.5) in Figure 13. To achieve an
error of 10~7, an optimal speedup of 5 is achieved with R > 1 whereas with Euler
coarse solvers, only a speedup of around 1.8 is possible. For an error of 107'3, there
is almost no speedup with the Euler coarse solvers, whereas with low-rank coarse
solvers, we can still reach a speedup of around 4 for R > 2.

4.5. Error estimator efficiency. For experiments 3 and 4, we evaluate the

efficiencies n* of the a posteriori error estimator (3.14) given by

(4.6) ot = maxyeo,r) ||u* () — u(t)]|

maxs <n <y € Yyt " luf, — )

where, as in the previous experiments, we consider the L*°-in-time error by extending
uk_| into [t,_1,t,) via F,,. The constants § and ¢ are obtained from the computed
randomized SVDs, where we use the additional oversampling vector (p = 1) to ap-
proximate o, gr1. We plot n* for different values of R in Figure 14. We observe
that in some cases, n* can become larger than 1, which means that the error is
underestimated. However, this only happens when the actual error is below 107!3
(dashed segments), so we attribute these cases to limited floating point accuracy. For
both experiments, the efficiency of the error estimator is quite good with n* > 0.1
in most cases. In general, we cannot expect to be able to bound n* from below:
except for the special case in Theorem 3.3, the actual convergence rate might be bet-
ter than what is predicted by the SVD truncation error, since dominant left-singular
vectors of F; might be projected onto less significant right-singular vectors of F,
Thus, it is not surprising that we observe cases where 1, < 0.1. However, since

lurt =gl < llei ™l + llex]l < 2[lef | when [l < ||e; ||, we expect no more than
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FIG. 14. Efficiencies n* (4.6) for the a posteriori error bound (3.14) vs. number of Parareal
iterations for different ranks R of Gn, p = 1. The plots are drawn dashed when the mazimum error
falls below 10~13,

one unnecessary Parareal iteration in general.

5. Conclusions. We have shown that using low-rank coarse solvers can dramat-
ically accelerate the convergence of Parareal for problems of parabolic type. Thus,
low-rank coarse solvers can increase the overall parallelism of Parareal by trading
global iterations for embarrassingly parallel fine solver evaluations in the algorithm’s
setup phase. After the setup phase, low-rank coarse solvers are very fast to evaluate,
which reduces the runtime of the sequential coarse corrections and, hence, increases
parallelism even further. At the same time, as we have seen in experiment 4, low-rank
coarse solvers can even lead to a reduction of the overall computational work.

In this work we have focused on the solution of a single linear PDE. While this
approach cannot be expected to perform well for purely hyperbolic problems [11], an
extension of the approach to parametric or non-linear problems by applying further
techniques from the reduced basis methodology seems promising. For large-scale
problems, the approximation of space- and time-localized transfer operators could
accelerate the setup phase of the algorithm by replacing expensive globally-coupled
fine solver evaluations with small independent time-evolution problems that could be
solved on a single compute node.
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