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Abstract

We consider the Dirichlet problem of the indefinite Helmholtz equation in 1D, u” + k*u = f
in (0,1), u(0) = go, u(l) = g1, with a constant wavenumber k € (0,00)\7N and a source term
f € HE(0,1), p > 4. We propose an approach based on Fourier analysis to derive wavenumber explicit
sharp estimates of absolute and relative errors of finite difference methods. Such results have been
well known for finite element methods (FEM). We use the approach to analyze the classical centered
finite difference scheme. For the Fourier interpolants of the discrete solution with homogeneous (or
inhomogeneous) Dirichlet conditions, we show rigorously, under the two assumptions & > 20 and
k(kh)? /o) < 4/(m — 2) with o := dist(k,7N), that the worst case attainable convergence order
of the absolute error with Zi:o E7P|If®2 = O(1) (or |gi| =< k=) is (kh)?/o? in the L*-norm
and k(kh)?/o} in the H'-semi-norm, and that of the relative error is k(kh)?/oy in both L*- and
H'-semi-norms if ||[u®|p2/||u?~? |2 =< k? for p = 2,3. In particular, the lower bounds of these
error estimates are established rigorously in the same orders as the upper bounds, which is the main
novelty of this work. We show also that the Fourier analysis approach can be used as a convenient
visual tool for evaluating finite difference schemes in presence of source terms, which is beyond the
scope of dispersion analysis. The results from the theory and visual analysis are corroborated by
numerical experiments.
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1 Introduction

The Helmholtz equation Au + k*u = f is a common model of time-harmonic waves in acoustics [26],
geophysics [39] and electrical engineering [4], etc. Standard discretization of the Helmholtz equation
suffers from the so-called “pollution effect”, explained by [13] as that “the rule of the thumb taking a
certain number of elements per wavelength” is insufficient to “keep the total error under control” albeit
“sufficient to keep the interpolation error constant”. It is proved in [28] that the linear finite element
method for the 1D scattering problem on (0,1) with «(0) = 0 and «/(1) — iku(1) = 0 has the error in
the H'-norm bounded from above by C(hk + h2k3)||f||z2 with C' > 0 independent of h, k and f, where
Ch?E3||f|| 12 is called the “pollution term” which indicates the accuracy deterioration with the “rule of
thumb” keeping kh constant. Since then, a lot of progress has been made in wavenumber explicit error
estimates of finite element methods [14,34,361141}[48}[53], including the recent extension to heterogeneous
media [6,8[9L23}/32] and multiscale methods |7},/10L20%/24}35.[38].

While finite element methods are more advanced and powerful, finite difference methods are still
used for their simplicity in some applications [2}25,|37,42,/43]. In particular, it was found in [43] for
full waveform inversion that “a 27-point stencil on a regular Cartesian grid” is “more computationally
efficient” than “a Ps finite element method on h-adaptive tetrahedral mesh”. It is pressing to have a
theoretical support for methods in use. But wavenumber explicit error estimates are rarely seen in the
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literature of finite difference methods [18,|40}/45./47,[50]. Error estimates of some compact fourth order
schemes in 2D are given in |21] based on the assumption that the coefficient matrix of the discretized
system is positive definite (which is true only for small wavenumber k). In [46], arbitrarily high order
and dispersion free schemes in 1D are derived, and an error analysis following the approach of [21] is
given. Recently, in [11] it is shown for a dispersion free 3-point scheme in 1D that the maximum-norm
error is bounded from above by (£ [|f”|lL= + k|| f||z>)h? up to a constant factor. An earlier dispersion
free scheme in 1D was proposed in the seminal paper [5] and analyzed in the finite element framework
giving the H'-semi-norm error less than ch||f||z for the scattering problem with ¢ seemingly O(k).

It has been well noted that the pollution effect is intuitively related to the fact that the numerical
solution “has a wavelength that is different from the exact one”, called “dispersion” |13]. Therefore, [13]
advocated “a tool in order to measure quantitatively the dispersion for various of the proposed methods
as a measure of the pollution”. “This measure allows to compare the different methods that have been
proposed to reduce the pollution and compare their efficiency.” The tool called “dispersion analysis” [1]
had been used before mainly for time-dependent problems [44].

The idea of dispersion analysis in 1D is to find Fourier modes e'¢* satisfying the discretized homoge-
neous Helmholtz equation, e.g. €€ 4 (k2h2 — 2)elé® 4 i€(*+1) — (0 and from the resulting constraint
on &, e.g. 2cos(€h) = 2 — k2h?, find the discrete wavenumber k" := |¢|. If the original Helmholtz equa-
tion (e'6%)" + k2ei¢” = 0 is used instead of the discretized one, then we find the constraint |¢| = k. Such
Fourier modes e'** are called “plane waves”. The “phase difference” |k — k| measures the dispersion
error between the original plane wave e*** and the discretized dispersive (k" # k) plane wave eti*"®.

It is shown in [29] for polynomial finite element methods in 1D that the pollution term is of the same
order as the phase difference. That partially explains why reducing the phase difference leads to reducing
the pollution effect. Sharp dispersion error estimates are obtained in [3]. By providing a practical
criterion, dispersion analysis can also guide optimization of the discretization parameters; see [52] for
the continuous interior penalty finite element method and [11}(12}142,/49] for finite difference methods.
Recently, dispersion reduction has been generalized in [33] to unstructured meshes by minimizing the
residual of the original plane waves in the discretized equation; see also the earlier work [19]. A similar
approach based on minimizing “average truncation error of plane waves” is adopted in 18| for some high
order finite difference methods.

Albeit intuitive, it is not trivial to translate the “dispersion error” into the “pollution effect”. As
remarked in [27]: “dispersion analysis gives valuable information on several physical phenomena inherent
to the discrete solution and thus leads to qualitative insight into the sources of numerical error,” but “it
does not yield, by its nature, quantitative statements on the numerical error itself”. That is why so many
efforts have been made in wavenumber explicit error estimation, as we mentioned above.

Moreover, dispersion analysis is insufficient because it considers only the zero source problem and the
Fourier modes constrained by the dispersion relation, while nonzero source terms and the other Fourier
modes stimulated by the source term are not taken into account. We shall see in Section {4 that three
dispersion free schemes in 1D can behave differently with a source term. Indeed, in [5] a discretization
in 1D was proposed with zero truncation error “for as many right hand sides as possible”, not only the
zero right hand side. An eigenvalue (Fourier) analysis is carried out in [15] for the Dirichlet boundary
value problem with a point source.

Inspired by [15] which calculated the eigenvalue difference of the continuous and discrete Helmholtz
operators, we develop here an approach to wavenumber explicit error estimation based on Fourier analysis
for general smooth source terms, Dirichlet boundary conditions and non-resonant wavenumbers k ¢ N
in 1D. We analyze in detail a classical centered finite difference scheme in 1D because it is simple yet
not fully understood. Actually, we have not found any other wavenumber explicit estimate for finite
difference schemes than that in |11], and in particular none for the classical centered finite difference
scheme, though the folklore says a pth order finite difference scheme has the (relative) error O(kP+1hP)
(see e.g. |15]).

It should be well noted that such results have been proved and considered as standard for finite
element methods. For example, as pointed out by an anonymous reviewer, for arbitrary order finite
element methods in a general domain 2 C R%, combining [9, Theorem 4.11] with the estimate v < Ck/d§
gives a sharp upper bound for the Dirichlet problem.

Regarding our work here for the classical centered finite difference scheme in 1D, all the upper bounds



are attainable and the equality cases are given explicitly. The pollution term is located in Fourier
frequencies, and its exact order in k and h is found by two-sided bounds. In particular, the lower bounds
contribute to the main novelty of this work. We also give a sharp estimate for relative errors with source
terms. Wavenumber explicit estimates for relative errors have not been studied as much as for absolute
errors. Recent progress for finite element methods can be found in [22/31].

Moreover, by plotting the symbol errors we can see clearly how the error is distributed over Fourier
frequencies. In this sense, it becomes a practical tool for comparing different schemes, e.g. those of the
same order and those before and after dispersion correction, which complements the dispersion analysis for
working with or without a source term. This aspect has been briefly demonstrated in [51] for some compact
high order schemes, where sharp orders in k, h are found in Fourier domain and verified numerically.

In the following sections, we first introduce the model problem and Fourier decomposition in Section 2]
then carry out the theoretical analysis of the classical scheme in Section (3} and illustrate the practical
aspect of the tool in Section[d] Those results are corroborated numerically in Section[5} Some discussions
are included at the end.

2 Model problem in 1D and downsampling error

We first introduce the 1D Helmholtz equation in a closed cavity, and the Fourier form of the solution.
Then we analyze the component of the discretization error due to sampling of the solution on grids.

2.1 Model problem

Let £ > 0 be the wavenumber. The Helmholtz equation with Dirichlet boundary conditions in 1D is
WP = fin (0,1), u(0)=go, u(l)=gr. (1)
For well-posedness of , we assume that k/7 is not an integer. By linearity, we separate the two cases:
(i) homogeneous Dirichlet boundary condition go = g; = 0, and
(ii) zero source f = 0.

In case (i) go = g1 = 0, we assume f € H}(0,1) with p > 1. For f € L?(0,1), we have u € H?(0,1) N
H}(0,1). For the corresponding theory, we refer to [17]. Smoothness of f is a crucial assumption and
needed in our analysis of discretization schemes for . For example, |5] used the condition f € H1(0,1).
Here f € HEF(0,1) and u € H?(0,1) N H}(0,1) admit odd extension to the domain (—1,1) and the
convergent sine series in the corresponding spaces H?(—1,1) and H?(—1,1):

e 1
fo)= > F©sinia), f©=2 [ fa)sintee) dz,
(&/m=1 0
0o 1
u() = Y dad)sin(€r), @(¢) =2 /O u(x) sin(éx) da.

(¢/m)=1

From and the sine series, we have (k2 — £2)a(€) = f(¢). Well-posedness of amounts to (&) :=
k? — €2 #£0 for all £ € 7N. In case (ii) f = 0, the exact solution is

g1 — gocosk
u(r) = =—————

ok sin(kx) + go cos(kz). (2)

To analyze the discretization error for the homogeneous problem (ii), one just needs to find the closed form
solution of the discretized problem. Usually, the discretization incurs a perturbation of the wavenumber
k in the solution basis {sin(kx), cos(kx)}, which explains the error, and requires dispersion analysis.



2.2 Downsampling error

We shall discretize on uniform grids with grid points z; := jh, j =0,..., N where Nh = 1. Suppose
W= % < O, for a constant C,, € (0, 7). In a finite difference scheme, f is snnply evaluated at the grid
points x; to give f"(z;) := f(z;). This causes aliasing of the sinusoidal modes in case (i), and gives the
discrete sine transform

N—

Z fh )sin(§x;), fh = Z sin(éx;) f"(x) = Z Zfs§—|—2mN7r)

(¢/m)=1 j=1 s=+1 m=1
where the last equality comes from the fact fh(mj) = f(z;) and the rearrangement of
oo N—1 X oo
Z )sin(éx;) = Z <f(§) + Z s Z f(s&+ 2mN7T)> sin(§x;)
(&/m)=1 (¢/m)=1 s=+1 m=1

permitted by the absolute convergence

oo oo oo
1

> RO, Y gy X R <o

(§/m)=1 (§/m)=1 (¢/m)=1

Indeed, it is well known that Y7 , and by Parseval’s identity E (&/7)= EfOPr =2 fol |f/|? da.
Let u"(x;) be the finite difference solutlon defined by some scheme, e.g. @D To calculate the error

nlnz_

el := u —uM for case (i), we interpolate u"(x;) to the domain z €(0, 1) by the discrete sine transforrrl
N-1 N—
ul(z) = Z uh(€)sin(€x), = € (0,1), uh Z sin(éx;)u”(x;).
(6/m=1 =1

So the error for case (i) can be expanded in the sine basis into

N—-1 o]
eh(z) = Z (4 — uh)( )sin(€z) + Z )sin(éx) =: el (x) + el (z). (3)
(&/m)=1 (¢/m)=N

We first estimate the H'-semi-norm of e}. Note that

Y@= Y aOceos(en) = > g€ cos(éa). (@)
(&/m)=N (¢/m)=N

Parseval’s identity for the above cosine series reads
h2 L 1« ¢ 22
A= [ Pd=g 3 ol AOR, )
0 2 (k> — &%)
(§/m)=N
By our assumption that % < C, < %, it holds k < N7, and for { > N,

§2 (N7T)2 7T2h2 7T2h2

(k2 _ 52)2 =< ((NTF)Q _ k2)2 - (7-‘-2 _ k2h2)2 < (7.‘-2 _ 403)2 :

Hence, we obtain
o0

w2h? 1 A
|62|1 = m'§ Z IF (.
" (§/m)=N

1The sine interpolation is chosen to facilitate our analysis because the continuous solution u is expanded to sine series.
In [5], piecewise linear interpolation is used for analysis of a linear finite element method.



We distinguish the quantities that can and can not be resolved on the mesh,

e 3 FOsinEn). fum = S F@sino). |f] = / @) da, (6)
(&/m)=1 (&/m)=N

where low and high are w.r.t. m/h, but not k (similarly, we also distinguish oy and unign = 62) An
ideal mesh is such that the low frequenmes cover k i.e. k < w/h, and fnign is small compared to fiow-.
Then, it follows that

lefl < 402 || fhign |-

Using higher regularity f € Hy(0,1) allows the split mgﬁ\fpf(f)ﬁ in and yields

h(kh)P

leb]1 < (72— 4C2)mr1 | fuignlps | flp = IIFP | with £ the pth derivative, (7)

and also the L2-norm of the downsampling error estimate

h2(kh)P _
les ] < M,k P| fnighlp- (8)
m

Remark 1. Note that the separation f = fiow + fhigh depends on the mesh size h = 1/N. We have
fiow = f and fhigh — 0 in HP(0,1) as N — oco. By Parseval’s identity or orthogonality of the basis, we
see that | f|? = | fiow|? + | fuignl? for all I = 0,..,p. If | fuignlp, = O(kP) and kh = O(1), then and
say |ef|; = O(h) and ||e|| = O(h?), so the higher regularity does not improve the estimates.

The estimation of e? in case (i) and the error in case (ii) both depend on the particular finite difference
schemes, which we shall discuss as follows.

3 Analysis of classical 3-point centered scheme
The scheme uses the approximation u”(x) ~ (u(z + h) — 2u(z) + u(z — h))/h? to find u" satisfying

(¥ — 2 (a5) + (g 0) + o (@) = f(@), o) =g w'ew) =g ()

In case (i), go = g1 = 0, applying the discrete sine transform to the above equation gives

(;:2 - % sin’ 5h> WhE) = [HE) = fO+ Y s> flse+2mNm), &/r =1, N~ 1.

s=+1 m=1
In case (ii), f = 0, the solution of @ can be found in closed form,

g1 — go cos k"

u(ay) = sin kh

sin(k"xz;) 4 go cos(k"z;), x; = jh, j=0,1,..,N, (10)

where k" := iarcsm ¢ is the discrete wavenumber. The r.h.s. of . is valid if and only if k" ¢ Zn
which we assume to hold. The problem (J) is well-posed if and only if kh € [2, 00) or k" ¢ {1,..,N —1}.
Indeed, () can be written as an (N—1) x (N—1) linear system whose coefficient matrix has the eigenvalues
k2 — % sin? % and the eigenvectors sin({z;) for £ € {1,.., N—1}m. The formula permits the grid
function u” to be densely defined in [0, 1]. Then the error ¢”(z) := u(x) —u”(z) can be explicitly written

as
heoy _ sin(kz) sin(k"x)
e (z)=Ao(2)go+A1(2)g1, Ai(2)=—— —
We shall first analyze the case (ii), f = 0, in subsection and then case (i), go = g1 = 0, in the
remaining subsections.

5 Ao(l‘) = A1(1 — Ll?) (11)



3.1 Error for the Dirichlet problem with zero source

From , we have
"] < 140l - lgol + 1 A1l - lga] = [ Ax[I(lgo] + |91 )-

This inequality is sharp by considering go = 0 or g1 = 0. So the key is to estimate ||A;]|. We calculate

1.2 1
k 1 1-— 2k 1 1
/ SIIT (2 x) p— / cos(2kx) dr = ——5— <1 - = sin(2k)) ,
o sin“k sin“k Jo 2 2sin” k 2k

1 i 2(1.h
sin®(k"x) 1 1 A
———dr=——-%—1|1— — 2k
/0 skt 0 2sin’kh < 2kh sin )> ’

U sin(kz) sin(k"x) 1 1/t W A
/0 (sin k) sin kP dr = (sin k) sin k" 2 /0 cos((k — k")z) = cos((k + k%)z) dw
B 1 sin(kh — k) _ sin(k + kM)
~ 2(sink) sin k" kh —k k + kh

Therefore, we have

A )? = /0 1 {Sm(’”’ - Si“(’“h”r d

sin k sin k"

1 1 cos k cos k" 1 sin(k" — k) sin(k + k")
Tosn’k | 2sin’kh | Zkeink | 2RPsmAR (sin k) sin kP ( K —k k4 kb )
B 1 [1 sink" 1 sink (sink")cosk (sink)cosk" sin(k"—k) sin(k—i—kh)}

(sink)sink? |2 sink = 2sink” 2k 2k" kh—k k+kh
1
::(Sink) sin k" (S1+52),

where we separated the terms in the brackets into two parts

_ (sin k") cos k _ (sink) cos kb sin(k + kM)

Isink” 1 sink  sin(k" — k)
1 1 N — 12
T ok T 2smkh Kk 2 oh o ke (12
where S; mainly accounts for the dispersion error, and Ss is small for large k. Note that
sink”  sin(k" —k+k) sin(k" — k)cosk h
sink sin k B sin k + cos(k™ k),
sink  sin(k — k" + k") sin(k — k") cos k" A
= = k—K").
sin k" sin k" sin k" + cos( )
So we have \
1 in(k" — k
S = 3 sin(k" — k) (cot k — cot kh) + cos(k" — k) — % (13)
We have also
g (sin k") cos k _ (sink) cos k" (sink)cosk + (sin k") cos k
2 2k 2kh k+kh
kM —k  [(sink)cosk" _ (sin k") cos k
2k + kM) | kh k
kM —k [ (sink)cosk” — (sink")cosk 1 1 h
= — — — | (sink k"
2k | A + (kh k) (sink) cos }
kM —k [sin(k—k") k—k" A
= ink k™. 14
kTR | 3 + o (sink) cos } (14)

Lemma 1. Let 0}, := mingeqn [k — | > 0. Then |sink|=sinoy, € (2,1)0y.



Proof. Let nj, € N be such that |k —ngm| < 7. Since sinz > 2 =z for 0 <z < 7, we have

— 2’
: . . 2
|sink| = sin |k — ngm|=sinog € | —, 1) o,
T

where in the last equation we used the definition of oy. O

Lemma 2. Let k" := Zarcsin 22 and 0 < c < 1. If 0 < 22 < 1, then Lk3h* < k" — k < ZZ2k3h%. If in

addition o, := mingeqn |k — £ > 0 and k3h* < 5% then k‘h k < cop and |sink"|e (@, 14 c)og

Proof. Since x + £ ? < arcsinz < z + (% 1)a® for 0 < & < 1, we have k+57k%h? < k" < k+T2k3h? <
k+coy. Then [E—k| + |k"—k| > |€—k"| > |€—K| — |k" — k| gives mingenn |§ kM e (1—c1 +c)ak So
| sin k" | 6(@,1—1—0)0;6. O

Remark 2. Tt is important to require k3h? being small for convergence of the finite difference scheme.
Otherwise, Lemma, says that k" — k can be large. For example, when k is large and k" — k = 7, we

have Sy = —1, Sp < fiz and [[Ay]| > 1 — 4k3
Lemma 3. Under the assumptions of Lemma@, for S1 in it holds that

2

SR (55(1—7T(:)20,% i é) (k" = k)%, (15)

where, if (1+ c)oy, > %, v(oy) := 5, and if (14 c)oy < 3,

(o) = ma 1 31
o)) (=maxq ———————s — —, — o.
F m(l+¢)%0f 8 8

Proof. Let k € ((n} — 1)m,n}7) for an integer n; . By Lemma it holds that 0 < k" — k < cop, < %.
Moreover, (n; — 1)7r + o <k <k <k+cop <nfm—(1-c)og. Hence (nf — 1) < k < k" <nfrm
(nj — 3)m € (k, k") only if (1 + c)oy, > %, and cotk — cot k" = f:ﬂ;g for some k € (k, k). Since

1 42 . 14 1, T
maxqx — =z, —x p <sinzx <x—-zx°, 1— -z <cosz <1, formE(O,f),
6 7 8 2 2

it can be deduced from that

1 (k" — k)2 < 1, 2) . -
1<s 1= 1= =k)7); andif (1+ i
! 2min{sin2 k,sianh} 6( ) and if ( c)o 2
12 (K" — k)? Lo.n 2 Lon 2
S > —— +1—*k—k 1t .
! 2 m max{sin? k, sin® kh} 2( ) ( 8( )%)

By Lemma |l{ and |2 the two bounds in are obtained. The other lower bound is derived from ,
Lon 2 Lon 2

where 0 < k" —k < Z, (nf — 1)m <k <k" <njfmand x + 2 > 2 for z > 0 are used. O

Lemma 4. Let k" := %arcsin % and Sy given in . If0 < % < 1, then it holds that

_ L L h 1 L h  1)\2
<4k2+4k3>(k )<SQ<(4k2+4k3>(k k).

Proof. The conclusion follows directly from k" > k > 0, |sinz| < |z, |sinz| < 1 and |cosz| < 1. O



Theorem 1 (L? Error for f = 0). Under the assumptions of Lemma@ for the L?>-norm of Ay in ,
it holds that

11
+ =+ —k‘*hQ

\/7\/ 81_c)o? "6 a2 D

where o), = mingeny [k — & > 0, k?’hz% < ¢ <1 and v(oy) is defined in Lemma E Moreover, the
error e = u —u satisfies ||le"|| < ||A1||(lgo| + |g1]) with equality attained when go = 0 or g1 = 0, and the

relative error satisfies
™| < V2| sin k|

ul| in 2k
Full = 1 s

with equality attained when go =0 or g1 = 0. Note also that |sink| < oy, by Lemma .

1 1
- S g,
2Moi/I T c\/y(g’“) %2 Ak 1A <

ALl

Proof. The absolute error estimate is obtained by combining Lemmas and @ The relative error
estimate follows from

sin(kx) sin(k(1 — z))
> AN | i S S 4
L A e R
with equality attained when gy = 0 or g; = 0. O

It is also interesting to estimate the H'-semi-norm of A;(z) in . Some calculations lead to

! k) cos(k"z)\ kKM .
A2 cos(kz) _
[Auli /0 (k sin k k sin kM dz sin k sin kP (51 + 52),
where we introduced
=  lksin kh 1k sink B sin(k" — k) g (sin k") cos k n (sin k) cos k" _ sin(k + kM) (16)
VT S %hsink | 2ksmkh | KP—k 0 2T oph 2k k+kh
More calculations as previously done for S; and Ss yield
-~ 1 A A sin(k" — k)
51:§s1n(k — k) (cot k — cot k") + cos(k —k;)—W
N - on cotk  cotkh N kh —k
_ (s _ o TR AN 1
+ (K" — k) [ (sin(k" — k)) ( STk + o7 + (cos(k"™ — k)) Stk | (17)
~ kM —k  [sin(k — k") kM —k A
= i . 1
S D [ : + i (sink )cosk} (18)
Lemma 5. Under the assumptions of Lemma@ for Sy in it holds that
2
~ h 132 _ & 7T 1 m(2—c¢) 1 h 2
ok, k)(E" —k)* < 51 < (8(1 —oPo? + 5 + Ton(I = Ok + 5 (k" — k)=,
where, if (1+c)o, > 5, (o, k) == %, and if (1+ c)or < 5,
. 1 3 (2 —¢) 2—c?o} 1
k) = —=— — .
o, k) = max T1102%2 8 dop(l-ok = 82 8

Proof. The lower bound (k" — k)? is derived from similarly to the proof of Lemma For the other
bounds, note that the first line of equals Sy, and by Lemma [1] and [2] the remaining line satisfies

co cot k" " -
(" — k) {—(Sin(k‘h — k) (thhk 4 ;:) + (Cos(kh _ k))kgkkhk}

9 m(2—¢) 1—L(k" — k)2 (2 —¢) 1
(K"~ k) <_4ak(1 ok T T R Top(l kT 2k2> '

We conclude by using k" — k < coy, k" = h arcsin £ < 3k <2k and Lemma O



Lemma 6. Let k" := h arcsin 22 and Sy be given in CIf0o< kh < 1, then it holds that

B LI WA
(4k2 * 4k3> (K = 1* < 5 < (4k2 * 4k3> (K" k)

Proof. The conclusion follows directly from k" > k > 0, |sinz| < |2/, |sinz| < 1 and |cosz| < 1. O

Theorem 2 (H' error for f =0). Under the assumptions of Lemma@, for Ay in , we have

7!‘ 1 (2—(2) +i+i]€ h2
160 \/1—c l—c )20} 3 ZUk(l—C)k‘ 2k% ° 2k3 ’

1
@7471{:3k4h2 < |A1|1 <

24a,ﬂ/1 ¥ c\/ (on. &
where o, = mmgeﬂN |k —¢&| >0, k3h? (77 2) <c<1, and v(og, k) is defined in Lemma @ Moreover, the
error e = u —u" satisfies |e"|; < |A1|1 (\g0| + |g1|) with equality attained when go = 0 or g1 = 0, and the
relative error satisfies

|€h|1 < \/§|Sll’lk| ) |A1|1

ulpy — in 2k k
SRS

with equality attained when go =0 or g1 = 0. Note also that |sink| < oy, by Lemma .

Proof. The conclusion is obtained by combining Lemmas @, and kP = % arcsin % < gk <2k O

3.2 Well-posedness of the classical 3-point centered scheme

The discretized problem is well-posed if and only if \*(¢) := kg—% sin? % # 0 for £ € {1,.., N=1}m.
Given that the continuous problem is well-posed, we can expect for all sufficiently small h that the
discretized problem is also well-posed. A corresponding upper bound for h is:

Lemma 7. Suppose o), := mingen [k — & > 0. Let nj € N such that (nj—1)7 < k < njm. If

3/2 )
0<h= N < hy == 2307/ ( +niw ) = O(y/ark™%?), (19)
or k(kh)?/or < 1 (as found in [9] for general FEMs), then
: 2 . Eh|_ o
h
= - — = > =
Tk (5/7r)1:n11,].ﬂ.,1v—1 K DY (20)
and A" := k?—% sin® & > max{2k — %,k + 212
Proof. If %sin% > TLE:TF or %sin% < (n 1)m, then ‘kz — fsm ‘ > op. If € <k, then
2 . &h 2 . &h 2 . &h
Zsint < Cilein | m k- SsinS s k—t=|k—¢& >0y
hsm2_§<kand ’k hst‘ k h51n2_k E=k—=¢ > o
We need only to consider the case (nk - < h sin gh < nk mand £ > nk m. It suffices to show that
ngﬂ - E sin % < %, which is equivalent to
¢h . th _oxh  Eh—njmh
2 —sin>- < — 42— —,
2 2 4 2

It is thus enough to show that 6 — sin@ < oyh/4 for 6 = ¢h/2. Since sinf > § — & for 6 € (0,7/2), it
suffices to show %—T < oih/4, which is equivalent to sin@ < sin {/304h/2 =: sinv. Since sinf < n;7h/2

and sinv > v — %, it is enough to show that n;ﬁh/2 < v — %y, which is
nimh/2 < {/301h/2 — (oxh/4).
Solving the inequality for h gives the conclusion. O
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Figure 1: Admissible mesh size h for well-posedness of @D Left: Upper bounds hy (19) and h} SO
that all smaller h verifies with o = 1. Right: Existence of h = O(k~1) verifying (20) with o}, = 1.

Remark 3. If we define h} > 0 as the largest reciprocal of an integer such that

2

. fh‘ o
min
(€/m)=1,, N1

for all h =1/N € (0, h}), then hz is likely of the same order in k as the upper bound Ay in is. This
is illustrated on the left of Fig. [1 But Lemma [7] does not prohibit using larger mesh size. The existence
of a mesh size h ~ k! that verifies ok > 01 /2 is shown on the right of Fig. |1

3.3 Aliasing error of the classical 3-point centered scheme

From now on, we assume that A" # 0. Then the derivative of the partial error e/ in is

N—
S (&) —u(©)) g cos(éa) = (EDY' (@) - (B (x)
(&/m)=1

;1 (—) £(8) cos(éx) — Z Z Zf s€ +2mN) cos(Ex).

.5/71—)1 s:tlml

To estimate EY, we first note that

oo 1 o0

. 2
Z m . ‘(:I:ﬁ +2mN7)Pf(£€ +2mN7)| | (23)
m=1

> f(EE+2mNT)| <

m=1 m=1
and for 0 < ¢ < (N — 1)7 that
= 1 1 1 [*™ 2p 1
< + — dt < 24
mz::l (£& +2mNm)2» = (££+2N7)?»  2N7 /i§+2N7r t T 2p—1((2 £ 3)Nm)% (24)

10



We can then estimate

2

N-1 oo
& ;
ESR= D == |3 > fls¢+2mNm)
(&/m)=1 |>\ | s=4+1m=1
9 N-1 oo 2
< e D Z Z Z f(s€ +2mNr)
(¢/m)=1 s=+1m=1
62 N-1 o 2 0 2
< 256{111}?\;(71% e Z Z f(E+2mNm)| + Z f(=&+2mNm)
’ (¢/m=1 [Im=1 m=1
Therefore, for p > 1, using (24), we have
hP
|E£L|1 <2 |fhigh|p~ (25)

max —
ge{1,..N—1}r [A\P| 7P
Lemma 8. Suppose k> m, 0 < % < Cy <1, and there is a sequence of h = % going to zero such that

2 h
k— 7 sini‘ >0 over £ € {1,...,N — 1}m and the sequence of h going to zero.

Ok := min
&h

Then, for \' = k? — % sin? %, the H'-semi-norm of the aliasing error EY in satisfies

(kh)?

h
|E2 |1 S O'kﬂ'p_l

k_p‘fhigh|p- (26)
Proof. Based on (25)), it suffices to find an upper bound of

£ £

IAP[ k2 — 4 sin® &

over (¢ € {1,...,N — 1}m.

Denote 6, := arcsin % and 0 := % Then

£ _h 0 _.h T
W—2|Sin20k_sin29| = 2¢(0) f0r9€{1,...,N ].} 9 = (")

When 60 < 6y, the function ¢(6) increases with 6. Let _ := max{6 € © : 0 < 0;}. So

5(0) < 0_ L2 0_ <2 0_ _
T sin® @ —sin®@_ ~ hoy sinf +sinf_ T ha, 26, + 20_  2hay,

when 6 € © N (0, 6y).

When 6 > 60y, the function ¢(6) has the derivative

sin? 6 — sin” 0, — 0sin(260)
(sin? @ — sin? 6;,)2

¢'(6) =

So any stationary point 6. of ¢ satisfies sin? 6, — sin® 6, — 0. sin(26.) = 0 and

P P —

sin?f, —sin?@),  sin(26.)

Le 04 :=min{f € ©: 6 > 0} and Opax := max O. If 6, < 7, then the numerator of ¢'(0) satisfies

sin? 0, — sin® ), — 0, sin(20) = sin(20)(0; — O;) — 04 sin(260,) < 0,

11



because by the mean value theorem 6 < 6. Note that the derivative of the numerator of ¢/(f) is
—260 cos(26). So if 6, < 7, then ¢ < 0 on [f, F]. Therefore, no matter 6, < § or not, any stationary
point 6, of ¢ in [0, Omax] must satisfy 6. > F. It follows that

1 1 1 1

P0e) = 0] ~ SV~ D)~ Singah) = 2

Since k > 7, the numerator of ¢’ (fmax) satisfies

h 2p? k2n?
sin? = — gin? O — (1 — h)E sin(mwh) < Tt — (1 —=h)mh < 0.
2 2 4 4
Note that 9 5 9 5 0
)= — F = < R S . S L
¢(6+) sin? @, —sin?6, ~ héy sinfy +sinf,  héy sinfy  hoy
So we obtain ) ¢
0 T
— d
max 9(8) < maX{M ond T e MM T S
Substituting this into gives the conclusion. O

Remark 4. By Lemma [§] the second part (E%) of (e?)" in is controlled, similarly to (ef) in (4],
by source fuigh not resolved by the grid, when k > , % <Cy <1and gy > 0. But |E§’\1 behaves as
O((kh)?/5},), much larger than |ef |y = O(h(kh)P), if | fuignlp = O(KP).

The L2-norm of the aliasing error can also be derived. Recall that

N-1

@) = Y (a(€) — uh(©)) sin(¢e) = Bl (z) - B ()
(¢/m)=1
N-1 1 1 N-1 1 e} (27)
= Z ()\ - )\h) f(&)sin(éx) — Z G Z f(s€ +2mNm)sin(éx).
(§/m)=1 (&/m)=1 s=+1 m=1
Lemma 9. Suppose k > 7, 0 < kb < Cyu <1, and there is a sequence of h = = going to zero such that
- : 2 . &h .
O = I?lhn k— 7 sm? >0 over £ € {1,...,N — 1}m and the sequence of h going to zero.

Then, for \' = k? — h% sin? %, the L?-norm of the aliasing error E} in satisfies

2h(kh)P~1
g

El <
By < P

kip‘fhigh|p~

Proof. Based on and , we have

N-1
IERIP= > — > Zf 5§+2mN7r)
(¢/m)=1 ‘)\ | s=+1m=1
1 oo 2
S et g P Z > > f(se+2mNm)
(¢/m)=1|s=t1m=1
;N 00 2 - 5
<2 e pE 2 || fEremNm| 130 fE - amN)
(&/m)=1 m=1 m=1
Therefore, for p > 1, using (24), we get
1 hP
Eb| <2 1
” 2”— fe{l N e |)\h| |fhgh‘p

12



Note that

1 1 1 1 < 1
h -2 Eh ==
(A" k2 — % sin %| |k — Zsin | [k + 2 sin | k
Combining the above two inequalities gives the conclusion. O

Remark 5. By Lemma@ the L?-norm of the aliasing error is O ((Ifh)p) if | fuigh|p = O(kP). This can be

compared to the H'-semi-norm of the aliasing error which is O (( h)? ) see Lemma

3.4 Absolute error estimates of the classical 3-point centered scheme

We now turn to estimate the first part of (e})’ given in and (22),

N—-1
By = 3 (55 f©wsca) (28)
(&/m)=1

the only part of (e") = (E}')" — (E}) + (e})’ controlled by the grid well-resolved source fioy. Since

LS e ¢) ¢’
2 _ 4 S _ S 2 2 s S
BlE=5 3 |5 | VOP < lol? _max |5~ 5] (29)
(¢/m)=1
we need only to find the maximum of
£ ¢ £ 3 h| 6 0
=2 —-=|= — =— — =: —¢(0

for pn:=kh/2 and 0 := &h/2.
Remark 6. The inequality in is sharp. Let &, 1= argmaxecqy, nv—1}x ¥(§). Then the inequality holds

with equality if fiow = f (&) sin(&xx). In the convergence test, one usually takes a fixed f as h — 0. So
the sharpness may be perturbed if £, depends on h. This is not an issue, if £, is independent of h or
if &, varies slightly around a fixed number, Wthh is the case for &, being the continuous frequencies &
closest to k, or their discrete counterparts 2 % sin 7 closest to k, as we shall see in Lemma m However,
for the case & = (N — 1)7 which we shall also see in Lemma the sharpness will require a changing f
at higher and higher frequency as h — 0. In that case, we Will derive an alternate estimate to using

the smoothness of a fixed f.
Lemma 10. Suppose k > 2w, p := % < C, <1, o := mingexn |k — & > 0, and there is a sequence of
h =+ (N >4) going to zero such that

Ok := min
&h

2
k— 7 sin ‘ >0 over £ € {1,...,N — 1}m and the sequence of h going to zero.

Let k" := Zarcsin Bt &ax = (N — 1), and ki € 7N (resp. k!t € nN) be the closest points such that
k- <k <ky (resp. k" <k <kl). Then, ki < &max, and

56{1}({1,%\}7(—1}# w(é) = max{w(k*)v 1/)(/@), d}(k}i)a ¢(ki)v ¢(£max)}a

where 1 is given in , Y(kR) can be removed if k. > Enax, and ky (resp. k™) equals kff_ (resp. k_)
when 7NN (k, k") = (. Moreover, we have

E3h? k3h?
<YPk_) < ;
(2400 + k3h2)60_ (240 + k3h2)20_
1 (k+oy)%n? 2 k3h? _ N
— k) < E—————— if N (k, k") £ 0,
15 0 (4o + k3h2) Soho, /1-C2

13



(1—ZC?)(k+0,)3h? i k3h?

80 ' p h ' "
<y < Tk NN (k, k 0,
120" (4o, + 802 ) <35 oloy /1 -C2 e
14 2
(1- (870)02)%4-01)3}12 <Pk < (14 m)* k2 if C,, < cos oih
¥ oh ) H ’
3(4oh + k3h2)2 16 oh (240h 4 k3h2) cos(8, + Z5°) ?

h (9m? 4(m% — 4)mh
T (64_1> < {Gmax) < (cos? %h—Cﬁ) (972 — 64)

h
if C,, < cos %,

where oy = |k — ki| > o), = min{o_,o.}, ot == k" — k| > &), and 0, := arcsin C,,.

Remark 7. Note that 7NN (k, k") # 0 if and only if ky < k. Using p?/6 < arcsinp — p < (7 — 2)u®/2
for 0 < p < 1, we find a sufficient condition for k. > k" is that k*h? < 80, /(7 — 2) and a sufficient
condition for k < k" is that k3h% > 240,

Remark 8. On the one hand, if k3h?> o_, then the lower bound of v(k_) is greater than a positive
constant times 1/o_, independent of k and h, no matter how small kh is. On the other hand, if kh? < C,
then based on Lemma [10] we can find the bounds

k3h? k3h?
<YPlko) < —.
(2400_ + C)60_ vlk-) 4802
In particular, if k¥3h? < oy and o = oy, then (k_) < k3h?/oi. If o4 = o4 and the assumptions of

Lemma [2] hold, then o} < o, and (k") < k*h?/o?.

Proof of Lemma[10 Let © := {1, ..,N—l}%b7 Ok = arcsin i, Opax = %ﬁmax =5(1—h), pt = %ki, and
04 := Bk . We first show that o/, > ;. Indeed, by the mean value theorem, it holds

Kih| 2 2 2 . khh
arcsin — — —=— :h|9;€—9i|>h|sin0k—sin9i|=‘k—SinjE .

2
h _ 1.h P
K% = k| h 2 2 h 2

Recall the definition of ¢ in . When 0 < 6 < pu, the function

(62 — sin? 0)6
(1% = 62)(p? — sin” )

$(0) =

is increasing because the numerator is increasing and the denominator is decreasing. Indeed, (6% —
sin )’ = 20 — sin(260) > 0. So the max ¢(f) over [0, ] is attained at 0 = u_.
When p < 6 < 0, we have

S R VA S U U W G
02— 2 —sin?0 2\0—-p  O+u 2u \u—sinf  p+sinf /)’

Note that 1/(0 & u) is convex for 6 € (p, 00). We calculate

0 /_ 1 B 40 cos 0 0 ”_ ¥2c059i951n9+ 26 cos? 0
pEsingd)  ptsing  (u£sinh)?’ pEsing)  (u+£sinh)? (p+sin )3’
Since 1 > p = sinfy > sinf > 0 and 6 > 0, we have

2cosf - 2cosf 20 cos? 6 fsinf
(p—sinf)2 = (p+sin0)2’  (u—sinf)3 = (u—sinfh)?’

Hence, ¢ is convex for 6 € (u,0;). If py < 6_ (that is, © N (u,0;) # 0), then ¢(0) for § € [u,_] attains
its maximum at either py or 6_.
When 6, < 6 < 5, we have
0 0

0(0) = —— 5 g s o local maxinnm for 6 < 6 < g and 0 < p1 < 1. (31)
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The proof can be found in Appendix [Al Hence, ¢(6) on 0 € [0, Oax] attains its maximum at either 6,
Or Omax when 0, < nax (otherwise, there is no such interval to consider). Note that if p < C), < % and

h h
k > m then it holds that 6 < O.x. Indeed, we have h < % < Wf 7+ S0 Sin(@max — %h) = Cos(Tr ;* h) >
T+
h\2
1— THoe) pa 1> singy.
Next, we shall estimate the candidates for max¢(f). Using sinz > z — 4a° for z € (0,%) and

= = 05h > 0, we have

po —sinp_  p_ +sinp_ - 1

d)(/if) = : . - . .
p—sinpg psings gt pe p—pe
1.3 3 3
C— (e = 3 1 2 1 k*h
che oo mget) 1 17

p— (p— — %) 2 o_h 30_h+ud o_h - (240 _ + k3h2)o_"

Note that o_ < 7 < % implies 1 < 2 — o_h = 2u_. Using also  — L2 < sinaz < z — L3 + La° for

3! 3! Bl
ze(0,3)and p_ < p <1, we get

P(p-) > u_i(lu_iﬁl?i%/?) .M—Jru—*lg.,u_ R
po= (- = gp> 4+ gpd)  ptpe —gpd 3 o-h
2 (1= 55p2) potpo =gt 102
3o_h+pd(1— g5u2) . pAt pe — g 3 o_h
S %2(1_210) ,/‘—"H‘—_%“_ 12 > Kh
30_h—+ %(1 — Ly 2p +p — %/},_ 3 o_h ~ (2400_ +k3h2)30_"

20

If py < O ie. © N (u,0;) # O, then ¢(py) and ¢(6_) need to be counted as candidates for the
maximum. Since 6, = arcsin p, we know sin gy < p, and

_ Mg —sinpg py dsinpg g 1
O(py) = - ' - - : -
e O LY L U o L L

Using 1 > C,, > p =sinby, py <0 < 6y and 0" h/2 =0, — 0_ < wh/2 we find

h

p—sinpuy =sinf, —sinpuy > (0 — py) cos Oy > ((7_2h+0_ —,u+) \/1-CZ,
pw—sinpy =sinfy —sinpy <O —py= (0 —0_) 4+ (0— — puy).
Note that 8, > 6_ > py > pand arcsinz —z < 23 for 0 <z < 1. So
0<60_ —py <Op —p=arcsiny —p < p.

5

Using x — @—T + %>sinx>x—% for x€(0,7/2) and p<py <2u < 2 (for p>mh/2>py —p), we have

2uf 4} wi , w4
s S A D - T
5 6 90 ) S M+ TS < T < gH

Combining all this, we obtain
2 (k+op)’h 2l < dluy) < 2 p 4 4 Kn
1504 (402 +k302) 15 72h n oih A “h iz orh Bghg, fi—c2

If 0_>pie. ON(p,0;)#D, $(0_) is a candidate for max ¢. For u=sin 6y and 6 >6_, we have

0_ —sinf_ O_ +sinf_ 0_ 1

)= : , , .
$(0-) p—sinf_  p+sinfd. pu+6_ 0 —p

15



Using 1 > C,, > p = sin 6, and o"h/2 =0, —0_, we find

o h ) . . ol h
< =0k —0_>p—sinf_ =sinfy —sinf_ > (0, — 6_) cos b > T,/I—Cﬁ.

Using z — 3‘ + ,>smx>x7—forx€(0 Z) and p+20 <O_ <Zpu (for _ <0, <Zsinfy), we have

(1-ZC2)(u+tor)® 63 62 63 73
1= o =0
6 < — 5 ( 20) <46 sinf_ < 5 < 48”

Combining all this and using also 6_ — = 0_ — py + py — p < p + 2 we obtain

( —g003)(k+0+)3h<¢(9 )<7T3'u73 E 1 i_ﬁk?’—h
60" (40, + k3h?) 80 h /1_02 2 oth 1920110+ 1_02

If 0, < Opax, then 64 needs to be considered. For p=sin ;. and 0 <6, we have

0+ — SiIl 9+ 9+ + Sin 9_;,_ 9+ 1

9(0+) = sinfy —p  p+sinfy 'u+9+‘9+—,u

Using 1 > C), > p=sinb, o h/2 =0, — 0, < mh/2 < & = £ and C,, =sin6, < cos(c’th/2) (so that
0, + % < 3), we find

. hh O’ih
0 —pu>sinfy —p=sinf; —sinf; > (04 — ;) cosby > —— 5 COS 0, +T
. . T . 23 - aih aih 1 T
Using x— % + %y >sine >x— %7 for €(0, §) and p+—4- <0, =% (3 + §)u, we have
- MR
(1 _ 1+ 02)( 42r )3 93 92 93 (1 +7r)3
. 1- = 0, —sinf LB
6 <% 20 ) SV TIMOr S s g

Note that %afﬁ + % <Op—p=(04+—0)+0r—p) < a+ + u3 Combining all this, we get

(1+m)3 u? 1 N z) 6
48 2h COb(Q + ‘7+h) 22 3h0’i + u?
(14wt k3h

8 oh(240h + k3h2) cos(6, + Z

o(04) <

h )

)
) ol h T
(- MO (u + 55" (1—%(15)(%0&)32@

9(6+) > 12(5 h L B)2 - 3(40" + k3h2)?

For p=sin 0y and 0 <6,.x, we have

. 2
¢(9 ) 91211ax SII emax Omax
max -

2 2°
sin gmax - ,U/2 emax —H

2

Note that sin® Oax = cos® 22 > (1 — %)Q >1-=r h 02 = (1—2h+h?). So
9 2
6l4 1< 02, — sin® Oy < % —1,

where to get the first inequality we used the assumption 0 < h < %. We have also

—1
2 1 O max o
z — =1
T O B 2 2 (64 ) ’

max
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where for the second inequality the assumption 0 < h < i is used. Note that

Th
1>sir129max ,u > cos ——C’Z

mh

Combining all this and using the assumption C), < cos 5, we get
9 2 wh “tx /o -t
—(—-1 max — -1 2 _? —(—-1 .
7T<64 ><¢( )< <4 ><COS 2 Cﬂ) 2(64 )
We conclude by multiplying % with ¢ to get ¢ . O

From Lemma and Remark [8] we can see that, when k3h is greater than a certain constant it
holds that ¥ (&max) < maxe), and the error is of order k2h? for a fixed f in the worst case; otherwise,
max ) = ¥ (Emax) Will be of order h. As discussed in Remark @ in the case of max1) = (&max) i-e. k3h
less than a certain constant, we will derive an alternate estimate using the smoothness of f.

Before doing that, we first check whether the smoothness of f improves the convergence order of
¥(k_) (the discussion of ¥ (k. ), ¥ (k%) would be similar). If f € H(0,1), then the estimate (29)) can be
modified to

N-1 2 2
1 1 1 A 1 1
h2 _
Bl =5 3 |5 | 160OF <l _max |55 (52)
(&/m)=1
So we need only to find the maximum of
1 1 1 1 h? 1 1 h?
== - == — = — — =: —¢(6).
0= |5 - 3|~ e e e | = a0, )

The subscript ‘e’ indicates the quantity is mainly useful for the evanescent modes with £ > k‘ff_, which we
shall see as follows. For 6 € (0, ), we have

1 1
60: - ’ () =
60) = m — g 40

20(u? — sin? )% — (u? — 62)?sin(20)
(4 — 62)2(p? — sin® 0)>
So Max(o,,, ] @e = ¢e(p—). The estimate of ¢(x—) needs only a small modification of the estimate of

¢(p—) in the proof of Lemma[I0} More prec1se1y, the term 1/(/14—# ) is used now instead of p_ /(pu+p—).
We already know pu_ < pu < 2u_. So 7 <1/(p+pu_)< 7 replaces + < pu_/(p+ p—) < 1 and gives

> 0.

k2 < o) < 12 ' 8k?
(2400_ + k3h2)o_ - P S 30T h v 8 " 30_h T (240 + k3h?)30_

Hence, in terms of ¢, we have

k%h? 2k%h?
373 <We(k-) < 379
(2400_ + k3h2)4o_ (240_ + k3h2)30_

The upper bound says that 1. (k_) converges to zero no slower than of order k2h2. This has no difference
in h to the order k*h? of ¥)(k_), but it has one order less in k. However, does this really mean |E}|
converges at the same speed? Note that to make the inequality sharp, or more precisely here make
the estimate for E? restricted to ¢ € [r, k_] sharp, we need to take fio, along sin(k_z) whose derivative
will contribute to | fiow|1 With an extra factor k. In other words, when the frequency k_ is active, |E}|;
is still of order k3h?, not improved by the smoothness of f. This is actually observed in numerical
experiments. Let f(z) = C(sin(107z) + sin(207z) + sin(407x) + sin(807x)) with C' such that || f]| = 1,
and k € {10,20,40,80}7+1. For each k, we use a very fine mesh with N ~ 8k? to get a reference solution,
and a sequence of doubly refined meshes starting with N = k to compute the H'-semi-norm of the errors.
The results are shown in Figure [2| which corroborates the order k3h2. For example, at a fixed h, the
marked points from low to high correspond to successively doubled k’s, and form roughly a geometric
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—+—k=107+1
—o—k=207+1
—a—k=407+1
—4A—k=807+1

—10%n?

105 ¥ :
1074 107 1072

Figure 2: Errors in the H'-semi-norm for f(z) = C(sin(10mz) + sin(207z) + sin(407x) + sin(807x)).

progression with the common ratio eight. Also, there are pairs of marked points, approximately at the
same height but on different curves, which correspond to k-values in a ratio of 4 (or i) and h-values in
a ratio of § (or 8).

Having understood that we would not gain more from smoothness of f for the propagating modes (i.e.
with £ < k'), and in the need of a better estimate when k3R is sufficiently small (so that max 1) = ¥(&max)
which is merely of order h), we derive the following alternate estimates. By the way, we show all the
evanescent modes (i.e. with & > k_’f_) can not converge faster than of order h2.

Lemma 11. Under the assumptions of Lemma[I1( and using the notation therein, it holds that

max we = max{%(k—), we(k-i-)’ %(If}l), we(k-}il-)’ we(gmax)}a

where the function . is defined in . Moreover, 1. is conver on (k, 7]. Let & be the unique minimal
point of 1. over (k,7]. Then

k2h? < (k) < 2k2h?
(2400 _ + k3h?)do_ o (240 + k3h2)30_"
1 k+0.)?h? k2h?
B o) < wely) <

1

e 272 4 272
(= GOIEF o) gy o T R if aN O (k, kY £ 0,

30" (24 ) (4o y + k3h2) 8 5hg, J1—C2
- I

if iNQ (k, EM) # 0,

1 — WP o2y (g 4 gh)2p2 L4 Ap2p? -
( 80 h u)(3 2‘;+) < we(ki) < (14 m)*k*h - e <cos%,
3(4ol + k3h?) 320" (240" +k3R2) cos(6, + 77)
(or* — 64)n A — 4)h?

< Ye(€max) <

h2
E < we(ge) < ¢e(€maX)'

h
if Oy < cos%,

6472 (cos2 Zh — C2) (972 — 64) ’

Remark 9. Lemma gives the better and exact order h? for the evanescent modes, compared to
Lemma [I0] It can be seen also from Lemma [1] that the propagating modes usually converge slower

18



than the evanescent modes because the 1), at the former frequencies have the extra factor k2. We
propose to use and Lemma only when k®h is sufficiently small (so that maxt = 1)(&max); see
Lemma . In that case, the estimates of Lemma can be further improved, but we will not make
more efforts here.

Remark 10. Lemma [11]is useful also for the L?-norm of E} because

N-1 2 2

1 1 1 1 1

Eh 2:7 - W - — —
B =5 X [35] 1O <lnl? e |5

Hence, the exact order of |[E|| is k2h2.

Proof of Lemma [T Recall the notation used in the proof of Lemma The estimate of ¢.(k_) has
been given in the above discussion, along with the result max;_j e = Ye(k-).
When p < 6 < 0, we have

7 P RS S U (N0 SN S S B A S
N2 -2 2 —sin?0 2u\0-p O+up 2u \pp—sin@ = p+sinf )’
To show that ¢ is convex on (u, 6x), we calculate

2 2 sin 6 sin 6 2cos? 6 2cos? 6

2000 =GB T G P (i sm®? | (it smBP T (- snBP | (it smOP

Using 0 <sinf < pu < 6 < 5, we find

2 N 2 2cos? 0 . sin 6
O—p)3?  (O+p)?  (p—sind)? " (n—sind)?
Hence, ¢ > 0 on (u, 0)). So the candidates for max ¢ on (u, i) are ¢e(p4) and ¢ (6_) if puy < 6). The

estimate of ¢.(p) is quite similar to the estimate of ¢(p) in the proof of Lemma We need only to
replace p /(1 + py) there with 1/(p + py) here. Since 0 < pu < py, we find

< sinf +sin?0 < 2.

1 1 1 1
< — instead of =< Ht

— < <1
2pp ptpye 20 2 pt g

should be used. Therefore, we get

1 (k+oy)Rn?
15 0, (40" + K3h2)

k*h?

o J_H/lsz

In a similar way, noting that p +6_ < pq + 0 < py + Fp and using

< o(ky) < , if TN (k, k") # 0.

w\»—t

2 < ! <1 instead of 1< b <
Z ins Z
2+mpusr  p+6- 2 2 p+6-
we find
1— 2 C2)(k 4 0.)2h? 4 k2h2
(1~ Cuk + o) < (kM) < o — T i NN (k, k") £ 0.

30’ (2+7T)(40'++k3h2) 768 O'EO'+ /1_03

When 0, < 6 < 5, with = sin 6 we have that

1 1 T
L(0) = - has no local maximum for 6 € (6, ~) and 0 1. 34
¢e(0) Y S R as no local maximum for 6 € (6 2) and 0 < p < (34)

The proof can be found in Appendix So the candidates for max ¢, on O N (0, Omax) are ¢(04) (if
04 < Omax) and @e(Omax). To estimate ¢.(04), we can again modify the estimates of ¢(0,) in the proof

of Lemma Using

1 1 1 1 0,
— < —— < — instead of =<

<1,
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we can find

1 41.272 hh
(L4 m) "k h = ,1fC’M<CObUL
L 2

(= SO+ A
e\fq
3(40+—|—k3h2) 320" (240" + k3h?) cos(6,, +

For p=sin 0y and 0 <6,.x, we have

G (Orme) = HYQnax — sin? Opax 1
e sin 9max - ,u2 0r2nax K

5
Recall from the proof of Lemma

72 92 S. 20 <72_1 1>S 20 > COS 7—02
111 s 111 2 .
64 max max | max ,UJ 2

max

Since 62 :%(172h+h2) 0<p<land0<h< 1, wefind

2 2
s 9 9
— — — — L

Combining this and using the assumption C,, < cos %h, we obtain

972 4 72 o Th 9 1 /on? -t
<64 - ) < Qbe( max) <4 — 1> (COS ? — CH) <64 — 1) .

Denote 6. := £.h/2. To find the minimal point 6. of ¢. on [0, 5], we calculate

o) =~y e 6 (D) >0 ) <

(sin?@ — p2)2 (62 — p2)?’ 0—05+0
Since ¢, is convex in [0y, §] and 0. = argming, /o e, we have ¢/ (6.) = 0, from which we find

1 el 1
sin?6, — p2  \/ sin(20,) 62 — p2

Substituting this into ¢.(f.), and using >1+% * for O<z<7and VIt az> 145 for 0<x <3, we get

sinz

2, 1 42 1 2
- -1 e. 2
de(0e) ( sin(26,) > 02 — u? ~ 18 62 9

Multiplying ¢, with %2 gives the conclusion for .. O

Putting all the results on the downsampling, aliasing and operator errors together, we have an estimate
of the total error in the H!'-semi-norm and L?-norm.

Theorem 3 (Absolute error with nonzero f). Suppose the problem . has k> 2w, o = mingean |k —
&l > O f e HF(0,1) withp > 1, go = g1 = 0. Suppose 0 < B < Cy < cos 2 , and there is a sequence of
h =+ (N >4) going to zero such that

Ok := min
&h

2 h
k— 7 sini‘ >0 over& €{l,...,N — 1}m and the sequence of h going to zero.

Let f be decomposed as @ Then the finite difference scheme @D has a unique solution u". Moreover,

h(kh)? (kh)P
_ ol <
lu —u |1_(772—4Cﬁ+ G

) 7Tl_pk_p|fhigh|p + ‘Eml)
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h2(kh)P 2(kh)P
_ M <
[|lu U”—( 2_4C;2L+ Gk

with ET given in , and equality is attained when fuignh = 0. In turn, E? satisfies

) 7Pk gl + B2

h2 . hQ
T8|f10w,e|1 S ‘E{l‘l S mln{C(k’, h)”flow”aCe(kah)|flow|l}a T8||flow,e|| S ||E{l|| S Ce(k7h’)||flow||a

where fiow e 1= Z(s/ﬂ [k /] f(€)sin(ex), kM = iarcsm , the upper bounds are attainable, and there
exist positive constants Cy, Cs, ¢, ce, C and C. mdependent of k and h such that, when k>h? < Cioy, it
holds that y :

ck®h?/o? < C(k,h) < Ck3h?Jo?, c.k®h?/o? < kCo(k,h) < C.k®h? /o2,
and when k3h? > Cgmax(ak, kY it holds that C(k,h) or kC(k,h) is greater than a positive constant
times 1/, where o is defined in Lemma .

Remark 11. Here C,(k, h) is multiplied with k because |E}|; < Ce(k, h)|fiow|1 holds with equality when
fiow = sin(&x) for some & € wN satisfying | — k| < m and in this case | fiow|1 is of order k. Note that the
upper bound is attained when f is chosen dependently on k and as a result | f |p = O(kP).

Proof. The proof is obtained by combining (|3 . . Lemma' Lemma@ , , Lemmau .
and Lemma [T}

3.5 Relative error estimates of the classical 3-point centered scheme

To estimate the relative error, we recall the solution u of and the solution u" of @[) in case (i),
90 = g1 =0, are

N-1 —
e N PO

ﬁ(f)zf(f)-i- Z 82f(s£—|—2mN7T), for £ e {1,...,N —1}m.

s=x1 m=1

We have already shown that fpign = Z(()E/vr): N4l f(€)sin(€x) causes the downsampling error and
aliasing error . Let us see how they behave in the relative sense.

Lemma 12. Suppose k > ﬂ_\/‘lﬁ ~ 18.88, 0 < % < Cu < 1. Then, for p > 1, the downsampling
error el in satisfies

lle3 ] < (k)P k7P| fignlp |€}2L|1<(kh)p_1k_p‘fhigh|p.
Fall = 7 Thowl * uls ™=t kT fiow |

Remark 12. Recall from Remark [1| that as N — oo we have fuigh — 0 and fiow — f for a fixed
f € Hf(0,1). So the relative errors converge faster than the displayed powers of h. But if | fuign|p, = O(kP)
and kh = O(1), then Lemma says the relative error is bounded in L? and H!.

Remark 13. Compared to the absolute errors of downsampling and , the exponents of h here are
decreased by two. This is caused by the fact that fiow depends on h and the bound for uio, becomes
sharp only for increasingly oscillatory f (see the following proof). If f and k are fixed, then w is fixed
and the relative error should be of the same order in h as the absolute error is.

Proof of Lemma[I3. By Parseval’s identity, we have

00 1 R 2
leb|? 2(¢/m=n e 1 (©)] ek

2 oo 2 B 2 hi|2°
el (Z(g/ )= 1+Z(5/7r):N) mﬁ(ap trow* + [lezl
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Note that )

h < 179 <91 lelm i ow > i 179 ~o9| OW ||+
||€2 H = 51121%)7(7 |k‘2 — £2| ] |£‘p|fh gh|Pa ||U1 || = 56{1?.1.111{71*1}77 |k‘2 — 2‘ H.fl ||
. 2,2 2 2 .
We consider the case of (N —1)27% — k? > k? — 2 > 0. This is guaranteed by 2 7 >k> - \/W
2 —V16—72
(N=1772 =k > k=7 & (N=1)2+1)n? > 2k < (1=h)*+h?)r?>8 < h < T < ”27”
7r
In this case, we have
1 1 1 1 1
= max = .
ge{l, N 1}7r |k2 — €2 (N —1)272 — k2’ é>Nn |k2—€2|-€|P N2m2 — k2 Npqp
Therefore, it holds that
[leb]] < leb]] < (N =17 =k 1 | fighlp < f | frigh|p
||U|| N Hulow“ B N2m? — k2 Npqp ”flow” P ”flow”
For the H'-semi-norm of €%, we note that
el < max ;Uc}ligﬂ v lwowlt > min oo flowl1-
T eNw k2 - &2 gt g T ge{l N-1}m [k2 — £
The estimation of the relative error is similar to the previous one in the L?-norm. O

4

Lemma 13. Suppose k > e N ~ 18.88, 0 < & < Cyu < 1, and there exists a sequence of h = N
going to zero such that

0 := min
&h

2 h
k— 7 sini‘ >0 over £ € {1,...,N — 1}m and the sequence of h going to zero.

Then, for \" = k? — };% sin? % and p > 2, the aliasing error E} in satisfies

1E2N _ 2k(kR)P =2 k7P| fuignly  [E2l1 _ k(KR)P™2 k7| fuignly

u &kﬂ- B low ’ |u|1 5k7rp73 kil‘flow‘l .
[l P72 frowll

Proof. We invoke Lemma@ and Lemma [8| for bounds of EZ, and recall from the proof of Lemma [12| that

Jutowl] > min Vol Tl > min oo
ow || Z 1 117.9 9| ow ||y Ulow il L 11.9 ¢9| ow |1,
! ce{1,.,N—1}r |k? — &£2| ! lowl1 ce{1,.,N—1}r |k? — 2| low|1
1 1
56{1, N 1}7r |k2 — 2| (N —1)272 — k2’
Combining all this gives the upper bounds for ||E||/||wow|| > [|EL||/||u|l and |E%|1/|wow|1 > |E2 |1/ ul:.
O
Now we start estimating the relative error due to operator discretization. That is, for E} in ,
1124 N-1
IEVE _ Sl 3= e[ VOF RS M@ =M@ (35)
2 2 PAR(E)[2
el ol N DUG]
where the weight function w”(€) is given by
~ A N-1 2
h Era)l> _ 1€ f©)? h |wow |5
w'(§) = = , and w' (&) = . (36)
a2~ DRI Ry Jul?
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Note that as b = + — 0, |wow|p — |ulp. It can be deduced from and that

A=A
2y

IZ2] _ [towlp

lul| = lu|l ¢e{r,..N=1}x

; (37)

which holds with equality if and only if f(&) = 0 for & € {m,...,(N — D)x}\{€.} where {£,} is the
maximizer set of [\ — A*|/|¢P\"| over &€ € {1,...,N — 1}x. So, if & does not change with N, then the
equality holds for the fixed f(z) = sin(&.x) and |uiowp/|lull = €2, Our intention is to find, for a given
wavenumber k, a source f independent of the mesh size h = 1/N (but f may depend on k) such that the
upper bound is attainable. We will see that p = 2 is an appropriate choice.

The relative error in the H'-semi-norm can be analyzed in a similar way. Specifically, we have

BN Yime |5 — el EF©F P GG ERNIG I

ul [l G A DUGER
which leads to B el Ny
WS T eet™ | E | (38)
So for both the L2- and H'-norms it is essential to find the same maximum.
Lemma 14. Suppose 27 < k & 7N, % <C,< % and a sequence of h = % < i satisfying
0k = min |k — isinih‘ >0 over £ € {1,...,N — 1}m and the sequence of h going to zero.
Let émax == (N — V)7, k" = %arcsin %, ki € 7N such that k" < k' < ki and kfﬁ — kM =7
Denote &% := |k — Zsin kiTh| Let A := k? — €2, A := k2 — %sinz% and Ve (€) == )ég—i‘,i . Then

maxeeqy,. . N—1}x Yret(§) is attained at one of kP, kff_ and Emax with

L ph2 <o a(ih) < i 2 L ey )< ST
1965 T N ) TS 350

9
100

2
kh2; h2 < 1prel (gmax) < §h27

where ™ > 51 > 0.

Proof. Let p:= 5 0 := & We find 0 (€) = &5 . 5s2 0 —. b2 6 1 (9). When sinf < p,

4 02[pc—sin20]

1— sinz [ T
Gret(0) = 27.92 increases with 6 for 0 < § < — and sinf < pu.
2 —sin® 6 2

So k" is the unique maximizer of 1,.¢;(€) on (0,k"]. When sinf > p, we have

6% — sin” 0 h
S has no local maximum for 0 < 6, := —k" = arcsinp < 0 < T

Te 0) = 55—
drai(f) 02(sin® 0 — 1i2) 2 2

Indeed, we calculate

6% (sin2 0 — 112)” ¢!, (0) = —2 (6% sin B cos 6 — sin* 0 + p® sin® 6 — 62 sin 6 cos )

rel

and a critical point 6y € (arcsin p, 5) of ¢re is a root of

63 cos 6 — sin®
2 _ _.
b= hcosO—sing v(0)- (39)

By calculations, we find

(0 cosf — sin)*v'(0) = (0 — sin0)(0 + sin ) (0sin® § + 30 cos® § — 3sin 6 cos ) > 0,
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because (6sin” 6 + 36 cos? § — 3sin 6 cos 9)/ = 4sin® @ — 40sinf cosd > 0 for 6 € (0, %). Hence, v'(6) > 0
and there is at most one critical point of ¢,;. Suppose 6y € (arcsin y, §) is a critical point of ¢,e;. By
substitution with (39)), we find

05 (98 — sin® 90) ¢!, (0p) = 2sin Oy cos Oy (tan 0y — O) (390 + 6y tan® 0y — 3tan 90) > 0,

rel

because (36 + 6 tan?§ — 3tan (9)/ = 2tanf (fsec? § — tand) > 0 for 6 € (0,%). That means 6y can only
be a local minimum.
It remains to estimate all the candidates ¢r.e;(0-), drei(04) and ¢re(Omax) for max ¢rq;, where 61 :=

kb _ .

—— and Opax = m, corresponding to 1,.¢;(€) at € = k%, &max. Note that %T&' > %|kzh — kb =
. . . khn - - .

|0 — 04| > |sinfy —sinfy| = %‘k—%sm% = B5h > b5 kM < k" = Zaresin B < Tk, KM >

Eh—m > k7> %, and k < k% < k" + 7 < Zk+ 3k < 3k. These are useful in the following.
First, at 0_, we have

bralt) = gt = (1 B ) (1 ) |

02 (sin® 0, — sin® 0_) sinfy —sinf_  sinfy + sinf_

Note that = — % <sinz <z — % and x < §sinz for z € (0, 5). We get

Grat(0.) < (kM 2p2. 2. 2T ~
rel\PE) S g\ hé"  (k+kM)h T 122+ 7)eh

1 2 2 1
ret(0-) > —(k")%n% - 1. : > k
Gra(6-) > 55 (K2) he"  h(k+kh) T 486h

Second, at 6, we have

bret(0,) = 02 —sin® 0, B (1sin9+) <1+sin9+> 1 1

B 02 (sin® 04 — sin® 6y) B 04 0, ) sinfy —sinf, sinfy+sinf,

Similar to the estimate of ¢,.¢;(0_), we get

i <3ik
heh  (k+kh)h ~ 8h

1 h\21,2
Gret(61) < 57 (K})*h? -2

1 2 2 1
¢rel(9+) > @(ki)th -1 '

> k.
heh  h(k+ kL) T 1657

Finally, at fpax = 5(1 — h), we have

2 2 2 2 rh
Gren(Bunane) = 02, — sin® Orax T =h)? —cos®
rel\Ymax) — ) ) - 2 2R2N "
02 0 (5IN° Oppax —sin? 0) (1 — h)2(cos? T — E212)
From the assumption 0 < h < %, using also cosx > 1 — %xQ for x € (0,%) we have cos? %h =

(1 + cos(wh)) > 1 — ”24h2 > 13 Combining this with the assumption £ < 2 gives

9 4 Th 4 1 8
— =1l <sec? — — s < et (Ornax) < ————s < =
25 m2(2 - L)z 2 7w2(1—h)? cos? Th  Kh% "3
To conclude for ,.;, we need only to multiply ¢,..; with %2. O

Now we can summarize the relative error.
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Theorem 4 (Relative error with nonzero f). Suppose the problem has k > #\/h ~ 18.88,
ok = mingenn |k — & >0, f € HJ(0,1) withp > 2, go = g1 = 0. Suppose 0 < % <C, < i, and there is
a sequence of h = % going to zero such that

2 h
) = I?Ihn k— 7 sing‘ >0 over& €{l,...,N — 1}m and the sequence of h going to zero.

Let k" = %arcsin %, kb € 7N such that k" < k" < kzi and ki — kM = 7. Let f be decomposed as in
@. Then the finite difference scheme @ has a unique solution u". Moreover,

lu—u] _ ((kh)p 2k(kh)f"‘z) k7P| fuignlp | 1ET]
+ ;
[l [ fiow | [l

Ju—u' _ (koch)p—l N k(kh)H) 7 fuenlp PR
F fowls  Tult”

with Ef given in , and equality is attained when fuignh = 0. In turn, E{L satisfies

P opmP—2

|u| Pl GpTP2

”E{l” k72|UIOW‘2 2 |E{L|1 k73|UIOW|3 2
S k Crel(ka h)v S k Crel(k» h)v
[ [ |ulx k= Huly

where the upper bounds are attained when f(f) =0 forall ¢ € {1,...,N — 1}m but one of k't, and there
erist positive constants cy; and C’Tel independent of k, Eri and h such that

Crek®h? /57 < K2Crei(k, h) < Crok®n? /57,

where 6 = min{é"}, and 6% are defined in Lemma . In particular, when the upper bounds for EN
relative to u are attained, e.g. f(x) = 2sin(klix), we have

i 171
ERICAR = (P

11 (2 )

[[ull = W,

U= |u|p = |ulovv|p =

and hence the exact order of the relative errors are k3h2/&£‘, or more precisely

HE{L||_|E{L|1_ h\2 h\27.3,2(~h\—1 ~
= = (k3)"Cre(k, h) € (k1)kR™(6%) ™ (cret, Crer)-
lull - fuh
Proof. The proof is obtained by combining Lemma Lemma [13] (37) (38) and Lemma[14] O

Remark 14. Under the assumptions of Lemma [2} we have k_ < k < k" < k, for some ki € 7N and
ky —k_ =m. Then ki = k4, and for 0 < ¢ < 1 from Lemma k > 6m, it holds that

2 kMR 1 c
~h __ 29 — _ _ 1.3 32 _ e
o'__‘k ~sin =~ | € <k ko k k_+24k_h>c(k k_)<1,1+3),
_ 2 . k'h 1 e
aﬁz‘k—hsm; e<k+—k—24kih2,k+—k> C (ky — k) (1—633,1).

So ¢! = min{G } in Theorem [4|is of the same order as o} = min{|k — k4|}.

4 Visual analysis of dispersion correction schemes

We have already seen from , and Section that for the zero source problem the discretization
error is essentially in the discrete wavenumber &". This becomes the motivation of dispersion correction.
In 1D, k" is simply a constant depending on kh for a given linear scheme, and the error in k" can be
completely removed; see e.g. [5}/16].
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For the classical 3-point centered scheme @D, one possibility adopted in [16] is to modify the wavenum-
ber k to be used in the scheme @D and get the new scheme

2 1 1
(k* — ﬁ)uh(%) + ﬁuh(%fl) + ﬁuh(mj+1) = f(z), u"(z0) = g0, u"(xn)=g1. (40)
When f = 0, the solution of is given by which is copied here,

go cos k"

ul(a;) = i T sin(k"xz;) + go cos(kz;), x; = jh, j=0,1,.,N,

but with k" := }QL arcsin & (k replacing k). The idea is to let k" = k by well choosing k. That is, solve

2 kh -2
—arcsin— =k tofind k= —sin—.
, aresin o fin 7, sin =
Then, the discretization error of the new scheme vanishes when f = 0. An error analysis when f # 0 is
given by [11] using the framework “consistency + stability = convergence”, which shows the maximum
error is bounded from above by (4| f”||ze + k?||f||L~)h?* up to a constant factor.

Another possibility adopted by [5] is to scale the discrete Laplacian but retain the original wavenumber

k. This amounts to multiply the left hand side (only) of with g—z

2

and get

, k22 o K1, K1, h L
k TR (%‘)"‘ﬁﬁu (xj,l)—i—ﬁﬁu (j41) = f(zj), u'(x0) = g0, u'(xn)=g1. (41)

When f = 0, the scheme is equivalent to . The original work of [5] is in the finite element
framework with the source treated by integral. The idea is to “eliminate the phase lag k — k" for as
many right-hand sides as possible”, not only for f = 0 but also for piecewise constant f. For a different
problem than with the right boundary condition being «' —iku = 0, it was shown in [5] that the
H'-semi-norm of the error is bounded from above by h||f|| g1 up to a constant factor.

Remark 15. If we multiply f (only) in with & kQ, then we obtain a scheme equivalent to (41)).

As we have seen, the 1D dispersion correction is determined up to a constant factor. If we follow a
third approach proposed by [42] originally for 2D and 3D problems, then we would get

ks 2 kK21 k21 kh kh
(-2 ) e+ oy o )= ot B ), o) =0, (o) =1 (42

To evaluate the three dispersion free schemes , and , we use the Fourier analysis as a
visual tool. Since the downsampling and aliasing errors are smaller (for smooth f) than the operator
error, we will focus on the latter. The operator symbols of , and , that map u” to f", are

)\ 7‘]{:2 4 25 h ]C2 kzi . 2§h’ h 2

1
fh—sm B AR = Y sin” -, )\Ayfzzﬁtan MN,o¢e{1,..., N-1}x for hzﬁ. (43)
Recall that the continuous symbol is A = k? — &2, and the symbol errors are defined as
e ¢ ! o a=An 1
Y= YO ¢e~:X*Va wrebzwa f€{1a~~~aN_1}77f0rh:Na (44)

where A is the discrete symbol. For the classmal centered scheme N = k2 — 42 sin? 5’7 . For the scheme

. . or ., it is )\2, )\h or )\h Apin . From ({29 . and (38| ., it is essentlally the symbol
error 1, . or Y. that determines the convergence in terms of absolute/relative error in the L2- or
H'-semi-norm.

Figure [3| shows the symbol errors . for the four schemes under h-refinement. We see that the
dispersion free schemes have lower maxima of ¢, than the classical one, at the price of larger 1. at smaller
¢ (roughly < %k or < %k) We also see that the scheme modifying both the discrete Laplacian and
the source performs the best. The order of maxt. is h%, which corroborates Lemma
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Figure 3: Symbol errors ). for the classical @D & dispersion free , , : h-refinement

Next, the influence of the wavenumber k is demonstrated, see Figure [d]in which & is quadrupled while
kh is halved. This clearly shows that the classical scheme can not converge in this setting with k3h?
fixed. This corresponds to the order k3h? proved in Lemma Figure EI shows also that the schemes
and have the symbol error of order k2h? which translates to the same order of |u —u"|; by ,
while the scheme is even better and of [ order k3/2h2.

Next, the relative symbol error v,..; is visualized in Figure [5| where kh is fixed while k is doubled.
According to (38)), max b, has to be multiplied with |uiow|3/|ul1 to give the upper bound of [u—u"|y /|ulx,
and when the upper bound is attained, |uiow|3/|u[1 may contribute some powers of k (see Theorem[d]). For
the classical scheme, we see from Figurethat re; is of order kh? which corroborates Lemma For the
dispersion free schemes and , the relative symbol error ¢, does not decrease with h (while kh
is fixed) at the first frequency £ = 7, which slows down also the convergence at the other low frequencies.
The dispersion free scheme modifying the discrete Laplacian has an almost equidistributed ,..; over
¢ as seen in the figure, and max ), is attained at & = (N — 1)1 (order k) and is of order h%. So the
relative error |u — u”|; /|ul; of the scheme is of order k%h2.

Finally, the scaling with oj, for the relative symbol error ,.; divided by k3h? is demonstrated in
Figure EI where k + o, = 217, o}, is halved, and h = 1/[1/1/0/k3]. We see that the maximum relative
symbol error of the classical scheme is inversely proportional to o, while all the dispersion free schemes
are independent of o;. In particular, for the third dispersion free scheme from , the symbol value
near k even decreases linearly with oy.

5 Numerical Experiments

We study numerically the scaling with &k, h and o,. We take g9 = g1 = 0, f(x) = sin(éx) for some
cen{l,..., % — 1}. So & depends on the finite difference scheme and the error being considered.

First, we fix oy = 1, double k — o}, choose ¢ to maximize the absolute error, and let h = 1/[k%/?].
The absolute errors are shown in Figure[7] which confirms the results from the visual analysis in section [

2This is because the order in h for fixed k must be 2, and it is observed that the scaling k — 4k, h — h/8 makes the
error scaled by 43/83 =273, s0 that 4”‘/82 = 273 gives the right exponent o = % for k.
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One needs to be careful to read the scaling shown in the figure. For example, the L? error of in
Figure [7| appears to scale as (kh)® when k doubles and h < k=3/2, but since the actual order should
be in the form k*h?, we find (2 -273/2)6 = 22 . (273/2)2 gives a = 0. Then in Figure |8 we study the
dependence on oy, which corroborates Theorem [3] and the results from the visual analysis in section [4]

In the same settings as for the absolute errors, we numerically compute the relative errors. But
note that the estimates and depend on |u|py2/|ul, for p = 0,1. In particular, when o = 1,
h < k=32 and f(z) = sin(r(1 — +)z), we have |u,42/|ul, =< k®, and we observed the numerical relative
errors of order k3h? = O(1) for all the finite difference schemes. Also, for the scheme and (42)), taking
f(z) = sin(wz) results O(1) relative errors. Therefore, we shall assume here f(z) = sin(z) with £ < k.
First, the scaling with & and & is shown in Figure )] Then we study the depdence on oy, in Figure [10]
which corroborates Theorem [4| as well as the results from the visual analysis in section

6 Conclusions and Discussions

Based on Fourier decomposition, we analyzed the classical centered finite difference method for the
Helmholtz equation in 1D with Dirichlet conditions. Such results have been considered standard for
the closely related finite element method. Our estimates are guaranteed by two-sided bounds on the
attainable worst case, and the lower bounds are the main novelty. That is, for each wavenumber k, we
can choose a source term to maximize the error order in k, and the maximal error is bounded from below
and above. The distance o of k to the square-root of the spectrum of the continuous negative Laplacian
is revealed in the error estimates. We also used the Fourier decomposition for evaluating three dispersion
free finite difference methods, which was impossible by the dispersion analysis (because all have zero
dispersion error).

There are some limitations of the proposed approach in this work. First, it only works on uniform grids
of simple geometry. Second, with radiation boundary conditions the generalized Fourier decomposition
based on the Sturm-Liouville problem will lead to a non-orthogonal basis, and the current approach does
not work directly. It might be interesting to try the singular value decomposition i.e. consider the least-
squared (L£*L) Sturm-Liouville problem, which diagonalises the Helmholtz operator with two orthogonal
bases. Third, it works only for constant coefficient problems.
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However, the proposed approach provides a new tool for quantitatively evaluating linear schemes, in
complement to dispersion analysis. The latter considers only the zero source case and does not lead to
error estimates. In other words, the approach can be thought of as a quantitative tool for finite difference
methods in analogy to the local (or rigorous) Fourier analysis for multigrid methods. It will be helpful
for evaluating and designing finite difference methods for the Helmholtz equation. Some ideas have been
presented in [15] which inspired this work.

For future work, it is interesting to consider models in 2D /3D with simple geometries and analyze some
compact high-order schemes, which is more challenging e.g. in finding the maximum of a multivariate
symbol. Moreover, it is worthwhile to try optimizing discretization parameters based on the Fourier
decomposition.

We note that wavenumber explicit error estimates have been well developed for low and high order
finite element methods. A parallel development for finite difference methods would be good to have,
given that they are actually used in applications (e.g. [43]) for variable coefficient Helmholtz problems.
The variational theory of finite difference methods developed in [30] may be useful.
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Proof of the claim (31))

The claim is

0 0
sin?0 —p2 62 —p

¢(0) =

5 has no local maximum for 6 <0 < g and 0 < p < 1,

where 6y, := arcsin . The following is a proof.
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Proof. We calculate

, 202 1 1 20 sin 0 cos 6 P(6)
¢ (9) = 2 2 ) + . 92 2 3 = 3 3"
(02 —p2)” 02— p*  sin0—p®  (sin?6 - p2) (sin6 — u2)” (62 — p2)

Let v = p2. Then a critical point 6, of ¢(#) is the root of
P(0) = —20°sinf cos O + * sin® 0 + 6 sin® 0 + (—6* + 46° sin 0 cos 6 — 46% sin®  + sin® ) v+
(392 — sin® § — 26 sin 6 cos 9) v =0.
The above equation is quadratic in v. By calculation, we find

04 — sin* 6 — 4603 sin 0 cos @ + 462 sin® 6 + ﬁ(%Q + cos(20) — 1)VE
o 2 (3602 — sinO(sin 6 + 26 cos 0)) =: w4 (0),

where
t = 1286 sin 0 cos  + 8(6? — sin* 9).

We calculate
9 1 (6% —sin® 9) (46% — 80sin(26) + 2 cos(20) — 2 + V/2t)
w4 (0) —sin“ 0 = - . ,

8 3602 — sinO(sin 6 + 26 cos §)

The second factor in the numerator is actually positive, which makes w (0) > sin? 0. Indeed, we have
2t — (46 — 80'sin(26) + 2 cos(26) — 2)2 = 640sin 0 cos 0 (66° — 20'sin(26) + cos(20) — 1)

and
(66 — 26'sin(20) + cos(26) — l)l =120 — 4sin(20) — 460 cos(260) > 0 for 0 < 6 < g

So a critical point of ¢ must satisfy v = w_ (). We are going to show that w’ (6) > 0 for 0 < 6 < 7. By

calculation, we get
, 166v(0)

“(0) = 5 with
8 (392 —sin? 6 — 26 sin 6 cos 9) Vi
v(0) = — 16v/265 + 261v/26° sin” 6 + 161/26° sin® 6 cos 6 — 36v/26° sin 0 cos § — 106v/26* sin* -+
92v/20* sin®  + 16v/26° sin® 0 cos § — 24v/26% sin® 0 cos  + 14v/26% sin® 6 — 8v/26% sin* O+
2v/2sin® 0 — 4v/2sin® 6 — 4v/260 sin® 0 cos 0 — 64/t + 56*/t sin? 0 + 203Vt sin 6 cos —
40%V/tsin* 0 — v/t sin® 0 + Vtsin* 0 — 20Vt sin® 6 cos 6.
For 0 < 6 <1, we claim

)= 8v3 — V2 i 32‘% SV a2 o). (45)
Indeed, t = 646 sin(20) + 8(6 — sin(#))?( + sin(6))? can be enlarged using
3 5 7
0 —sin(9) < %*%Jr 5340
VAN
0+sin(0) <297€+m
sin(26) <29—£+@—8;07+ 107

3 15 315 2835
for 0 < 6 < 7. Denote the enlarged ¢ as t. Then we have
b(0)2 — T = 584010 2173012 53014 1933616 1968 1921620
S\ 945 22680 18900 11907000 2976750 11430720000
31922 924
(11430720000 45722880000

)>0for0<0<1.
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Hence, v/t < b(f). We can shrink ¢ using

. 63 0°
9-8111(9) > g_m
93
0 +sin(6) > 260 — -
460° 465 867
in(20) >20 - — + = _ >
sin(20) > 26 3 + 5 315

for 0 < 6 < 5. Denote the shrunk ¢ as £. Then we have

8 9910 47012 9pla 16
t—a(9)2:<566 _ 3520 )+(79 f )+ 0 >0for0<6<1.

~ 15 189 2025 2025 64800
Substituting and

63 CANNE

0— — inf <0 — —+ —

6<sm < 6+120
62 g4 4 62 94
l——+ == = 0<1l——+—
5 T2 T S Ty Ty

into v(#) with upper bounds into negative terms and lower bounds into positive terms, yields

90v2  270v2 54002 2025 2916000v/2  144000v/2
14078962 126374962 58373026 49411628
(38880000\/5 4199040000+/2 ) (3110400000\@ - 55987200000\0)
17221630 139632 634 7636
(559872000000\@ ~186624000000v/2 > <89579520000\/§ ~ 89579520000000v/2 >

v(9)>(389910 1871912> (17071914 914\/5916> (575611918 4573920>

1871° 1871 ~ 10° 6 =Y>
Mathematica to show v(6) > 0. The code is given below.

for 0 < 6 < /387 Note that /157 > T For = <4 < 5, we make use of interval arithmetic in

a=7/10; b = Pi/2; n = 100; (*Number of subdivisions*) subintervals = Subdividel[a, b, n];
allIntervalsPositive = True; (*Check each subintervalx)
For[i =1, i <= n, i++,

smallInt = Interval[{subintervals[[i]], subintervals[[i + 1]]1}];

vSmallInt = v[smallInt];

If [Min[vSmallInt] <= 0, alllntervalsPositive = False; Break[];];];
If[allIntervalsPositive, Print["v(x) > O in [", &, ", ", b, "I"],

Print["Potential root found in subinterval: ", smallInt]]

In summary, w’ (6) > 0 on 6 € (0, 5). Therefore, in 6 € (0, F), v = w_(#) has at most one root, and
®(0) has at most one critical point. Note that P(# = arcsin u) = —260(6 — sin §)? sin #(6 + sin §)? cos § < 0
for 0 <p<1,and P(0=7%)=—%(p?—1)((16 —127%)p? + 7' + 47%) > 0 for 0 < p < 1. So ¢(6) in
0r < 0 < 7 is decreasing before the only critical point and then increasing after. That means ¢(6) has
no local maximum in 6y < 6 < 3. O

B Proof of the claim (34

We fist copy the claim here:

1

69: -
%(6) sin?@ —p2 62 —p

. ™
5 has no local maximum for 6 € (6, 5) and 0 < p <1,

where 6y, := arcsin . Then we give the proof as follows.
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Proof. We calculate

4(0) 20 2sin 6§ cos P(6)

B (02— u2)? (2 — sin”0)"

(02— 1) (sin20 — p2)°
Let v = p2. Then a critical point 6, of ¢.(#) is the root of

P(0)

—0*sin 0 cos 0 + fsin® 0 + (20%sinf cos § — 20 sin” 0) v + (6 — sin 6 cos )v> = 0
By solving for v from the above equation, we find 6, must satisfy one of the following equations

#sin? 0 — 02 sin 6 cos 6 + vVO+/sin 0 cos 0 (62 — sin? 9)
v= - =: w4 (0).
0 — sinf cos 0
We calculate and use x > sinz > 0 for 0 < x < 7 to find

62 — sin? 0
a2 g U TSIU : o
w4 (0) — sin“ 0 29 v (\/ 20+/sin(26) sm(QG)) > 0.

So the only equation that 6, needs to satisfy is v = w_(#). We claim that w’ (6) > 0 and thus w_(6) is
increasing for 0 < 6 < g This will be shown for 0 <0 <land1<6< g separately. We calculate

(2\/5\/ sin 6 cos O(sin 6 cos § — 0)2) w’ (6)

=20%/2 gin? 0 cos® Ov/sin 6 cos O — 20772 cos? 0/sin 0 cos O — 203/2 sin* 0v/sin 0 cos O+
207/2 sin? 6+/sin 0 cos O + 20°/% sin 0 cos OV/sin 0 cos 6 + 0* sin® 6 — 6* cos® 6 — 6° sin 0 cos® O+
62 sin® 0 cos 6 — 30° sin 0 cos 6 — 62 sin 6 + 1062 sin® 0 cos® 0 — 30 sin® 6 cos® 6 — sin? 6 cos® H—
fsin® 6 cos § — Osin® O cos § — 2v/@sin® 0 cos Ov/sin 6 cos § =: v(6).
We note that v(6) is a sum of positive terms and negative terms.

For 0 < 6 < 1, we first show that

95/2 09/2 913/2
\f

Vendoosg< vg_ 2 L o 46
~ 3 tgo " sp < Veinfeost<vO- =+ o (46)
or equivalently
403 465 67  310° @1 613 405 465 207 @°
) =20 — 420 7 _ < sin(20) < 20— 2 4 22
a(0) 3 T 15 27 T 1050 1050 " 16200 < (20) +

- — =: b(0).
3 15 135 + 4050 (©)
By Maclaurin series, we can show for 0 < # < 1 that

403 405 80T 490 8' 43 405 80T 40°
9):=20— 0 2 2 - in(20) < 20 —
«(9) 5t 15 T 315 2835 1msozs -~ om0 <

5375 35 = 4©)
3 15 315 2835
We note for 0 < § <1 that

c(0) — a(h)

1107 596° 611t g1 207 116°
— ) >0, b6)—d®) =
(945 9450) * <311850 16200) >0, b(8) - d(6)

=189 1m0
We substitute and

93 5 o 93 65
0- 4 Y inf<h— =
6 7120 oa0 MU i
92 gt gb 92 o4
12 472 7 . 1 4+
5 Ta1 7y Sl <l-5t5
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into v(#) with upper bounds into negative terms and lower bounds into positive terms, and get

o(8) > 92610 7619912) (5207014 678781916> <267361918 9557620 > ( 11827622 )

( 315 37800 85050 63504000 228614400 120960000 4572288000
( 2998070% 224001762° ) ( 7843362® 5797760 )

5761082880000  230443315200000 172832486400000  5530639564800000
73932 934
<592568524800000 ~ 1185137049600000

>>0 for0<6<1.

Therefore, w’ (§) > 0 for 0 < 6 < 1.
For1 <60 < g, we make use of interval arithmetic in Mathematica. The code is similar to that in
Appendix Running the code, we get the result v(x)>0 in [1,Pi/2]. Hence, w’ () > 0for1 <6 < 7.
Now we have proved w_ is increasing in 6 € (0, 5). So v = w_(#) has at most one root in 6 € (0, 7).
That is, ¢.(¢) has at most one critical point in 6 € (0, 7). Note that

P(6 = arcsin p) = — (0 — sin6)?sin (0 + sin #)? cos§ < 0 and P(H = g) = g(y —1)?>0.

So ¢,(0) is negative before the only critical point of ¢. and positive after for 6 € (arcsin p, ). The only
critical point of ¢ is a local minimum. That shows ¢, for € (arcsin u, §) has no local maximum. [
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