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1 Introduction

In the context of multilevel domain decomposition methods, we are interested in
understanding the iteration process for Schwarz domain decomposition methods in
the presence of cross points. In the short proceedings manuscript [2], we investigated
for the first time directly which error components remain in classical and optimized
Schwarz methods, and identified them with the eigenfunctions of the Schwarz itera-
tion operator with eigenvalues close to 1.

It is therefore of interest to understand the spectral properties of the Schwarz iter-
ation operator. General results are known for operators with specific properties, like
self-adjoint and/or compact operators. For instance, when discretizing the Laplace
equation with finite elements, the variational formulation produces a symmetric and
positive definite matrix, and the convergence properties of iterative methods like
Jacobi or Conjugate Gradients can be derived from the knowledge of the eigenvalues
of this matrix, see [9].

When using more sophisticated iterative methods of domain decomposition type,
the subproblems in the subdomains inherit the same symmetry and positivity proper-
ties from the global operator, the Laplacian in our case, but the domain decomposition
iteration operator might have different properties depending on the domain decom-
position method used. The additive Schwarz method leads to a preconditioner that is
also symmetric and positive definite in the Laplace case, see [5] for an analysis at the
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Fig. 1 Model geometry and domain decompositions with and without cross point.

continuous level, but it is different from the parallel Schwarz method introduced by
Lions [6] which solves on all overlapping subdomains in parallel and then exchanges
Dirichlet data with neighbors. It is Restricted Additive Schwarz that represents a
discretization of Lions’ parallel Schwarz method [4], but it is also non-symmetric
like Lions’ method, even for the Laplace problem. Symmetry is also lost when using
other transmission conditions, for example of Robin type, also introduced by Lions
to obtain non-overlapping Schwarz methods [7].

We present here for the first time for the Laplace problem and four square subdo-
mains (see Figure 1 middle), the tools and techniques needed to obtain a complete
description of the spectral properties of the Schwarz iteration map when using Robin
transmission conditions and no overlap, as introduced by Lions in [7].

2 The Robin-Schwarz operator

Using the non-overlapping parallel Schwarz method of Lions with Robin transmis-
sion conditions [7], the solution u of the Poisson problem —Au = f in the domain
Q := (-H,H) x (-H, H) (see Figure 1 left) with zero boundary conditions, u = 0
on 9Q, is computed as the limit of the sequence of solutions of the same problem in
the subdomains €2;; (see Figure 1 middle), with Robin transmission conditions with
real positive parameter p on the interfaces,

—Au;’j = f in Qi]’,
M:lj =0 on BQHGQU, (1)
8,,17 M?J + pu?j. = 8yij M?]:l + pu?}:l on (99,-/- N an']‘

Here, 0Q;; denotes the boundary of €;;, the index i] the corresponding neigboring
subdomain of i j, and we will use J€; ;j to denote the internal boundary of Q;; equal
to 0Q2;; \ Q. We define the function space

U:= {uz(un,ulg,u21,u22)eHi,J-H%(QU), —Auij =01in Qij, Uij =0on aQ,-jOBQ} .
2
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Fig. 2 Two subdomains. From left to right: continuous and discontinuous eigenmodes for k = 1,
and continuous and discontinuous eigenmodes for k = 19.

The Robin-Schwarz iteration operator with parameter p is defined by
T:uelU—-velU with 8y, + puij = 0y, uz; + puyy on 0Q;; N 95 (3)

It can be proved that 7 is continuous in U. A crucial observation is that on each
subdomain €;;, the trace yu;; € H, (9€;), which transfers the analysis from U to
(H'(0, H))? with compatibility condition (space W below). Here is the outline on
the study of the spectrum of 7°:

1. Identification of those eigenvalues and eigenfunctions of 7~ obtained by separation
of variables.

Association of the eigenfunctions with the special functions sin {xx sinh {xy.
Study of the dispersion equation and counting of the eigenvalues.

Prove that the sin {3x form Schauder or Riesz bases.

Study the operator A that maps the sin {xx to the sinh {xx.

Define a proper operator B to treat 7~ on the boundary of the subdomain.
Deduce the density of the traces of the eigenmodes from item 1.

Finally characterize the complete spectrum.

NI R LD

3 Eigenvalues and Eigenfunctions by separation of variables

In [2], we studied how to find (4, u) with u # 0 such that 7u = Au by separation of
variables. For 2 subdomains (see Figure 1 right) this can be done by Hilbert analysis.
Since the sequence ¢ (y) = sinay(y + H), ax = 53, for k > 1 is a Hilbert basis in
Hé (I'), T = (-H, H), the modes can be written as u = (uy, uy),

uy = aysinhag (x + H)er(y), uz = axsinhayg(x — H)pi(y),

which makes the spectral analysis easy. For each frequency k, there are two opposite
real eigenvalues, and two eigenmodes, one is continuous along the interface, and the
other discontinuous. We show in Figure 2 the modes corresponding to the lowest
frequency, k = 1 and to a high frequency k£ = 19, with H = 1 and p = 7.3. We will
next see that the determination of a basis of eigenmodes is much more involved with
a cross-point.
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Fig. 3 Continuous and discontinuous affine modes in the presence of a cross point.

3.1 Cross-point case: bi-affine modes

In the case with a cross-point (see Figure 1 middle), there are bi-affine modes of the
form
up =an(x+H)(y-H), wup=anlx-H)(y-H),

uyr = an(x+H)(y+H), up=anx-H)(y+H). @

The real coefficients a;; are determined, up to multiplicative constants, by replacing

(4) into the transmission conditions in (1). Defining pg := :S Z, there are two

simple eigenvalues (see Figure 3 for the corresponding eigenfunctions)

A=po,a=a(l,1,1,1), A=-pg,a=a(l,-1,-1,1), acR\O.

Note that pH = 1 is the only case where 7~ has a kernel.

3.2 Cross-point case: exponential modes

In the case with a cross-point (see Figure 1 middle), there are also exponential modes,
U(x,y, ¢, a) with £ € C\ 0, defined in the subdomains by

uyp =apsind(x + H)ysinh(y — H), ujp = appsin{(x — H)sinh (y — H),

upy = a sin(x + H) sinh (y + H), ux = axsin(x — H) sinh {(y + H). )

The transmission conditions in (1) give > = p(Z; p)?, where  is solution of the
dispersion equation p(Z; p)? = pn(¢, p)? with

lcos{H - psin{H
lcos{H+ psinZH’

lcosh{H — psinhH

lcoshH + psinhH' ©

pn(Lip) =

p(L;p) =

By the symmetry of the problem, changing { into i{ corresponds to changing x into
y. For each A, there is an eigenspace of dimension 2, corresponding to ¢ and i{,
giving rise to two types of modes:
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Type 1:  p(<; p) = pr(L, p), with eigenvalues and eigenfunctions of subtype

L1: A=pn(dsp), a(g) =a(ig) =(1,1,1,1),
1.2: ﬂ:—ph({;p), a(é’):a(ié,):(L_l’_l’l)

Type2: p(¢;p) = —pn(<, p), with eigenvalues and eigenfunctions of subtype

a() = (1,-1,1,-1),
a(io) = (1,1,-1,-1),
a() = (1,1,-1,-1),
a(ic) = (1,-1,1,-1).

21: A=pn(lsp),
22: A=-pn(p),

Note that all eigenvalues satisfy || < 1, and if £ is a solution, then also —¢, i{, —i{
are solutions. So the following Theorems only characterize the solutions ¢ in the
quarter plane defined by Q = {Re ¢ > 0, Im ¢ > 0}.

Theorem 1 (Type 1) p = p;, &= tanH = tanh {H, whose solutions { in Q form
a sequence {]1, with g(} =0, and {liH ~ (k + %)ﬂ — e 2k for k large.

Theorem 2 (Type 2) p = —p, &= p’tan{HtanhH = (?, whose solutions {
in Q form a sequence g,%, with §,% e R: fork > 1, g“]%H ~ (k + %)n - (%)2 for
k>l andly=(1+0)lq, La€Rforp>1,¢ € (0,%)f0rp <L

These results are obtained by classical analysis, the little Picard Theorem and the
Rouché Theorem, see for instance [8]. Furthermore, let V = {f € H'(0, ), f(0) =
0}; then, by complex analysis, in particular nonharmonic Fourier series, see [10, 3],
we can prove with & = ¢ %:

Theorem 3 (Completeness) The sin(¢ ix) are a complete family in 'V, the sin(fzx)
form a Riesz basis in' V (when p > 1, for k = 0 take real and imaginary parts).

4 Interface operators

The i defined above are used to define the trace of the eigenfunctions. Consider
for instance the north west subdomain Q;;, and map 4Q,; to (0,7) X (0,7) as
indicated in Figure 4, which maps the trace of the basis function (— sinh /H sin ¢ (x +
H),sin {H sinh £ (y — H) to (sinh &7 sin £x, sin £ sinh éx). We already have density
results of the sinéx in V, but we must extend these results to the mixed traces in
Figure 4 in W = {(f,g) € VXV, f(n) = g(7)}. Define

i sinfl](x i sinhfix I A

‘pk_j. j_ Tk ; j_’ .?I(pk—gbk,k—(),
& singm Esinh &

It is crucial to define this properly and give the properties of A/. By density the
definition above will allow us to define each of the A/ on V, and then to combine in
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Fig. 4 Mapping of the traces for the top left subdomain Q.

Winto B/ (f,g) = (f + Alg, g + A’ f). We can first extend the results in Theorem
3:

Theorem 4 The family {gz:}(} is a Schauder basis in V. Consequently the operator
A extends to a linear bounded operator with norm smaller than or equal to 1. It is
furthermore self-adjoint.

Idea of the proof. To pass from complete to Schauder, we use the dispersion equation
for the family of Type I in Theorem 1 to compare (¢, ¢x) and (¥, ¥x) in the semi
H' norm. A frame inequality then follows for the set of ¢; minus the affine function
©0, and we then complete the proof by approximation and orthogonalization.

This result is crucial to to prove finally the density result for the first family:

Theorem 5 The range of B' is dense in W.

The proof uses the equivalence with the fact that the orthogonal of the adjoint is
zero. For the moment we have a partial result on 8

Theorem 6 For p < 1, the range of B is dense in W.

The proof relies on precise estimates on the norm of A%. We have no proof yet for
p > 1, but we have numerical evidence for the estimates.

5 Back to the operator 7 and its spectrum

Recombining and counting the traces in the subdomains, we obtain

Theorem 7 For p < 1, the traces of the eigenmodes of T on the skeleton S =
[10Q;}. are a complete system in U.

Let us conclude now on the spectrum. For the fundamental results in functional
analysis that we use, see [1]. The spectrum o (77) of 7~ is the set of complex numbers
A such that 7~ — A1 does not have a bounded inverse. Since 7 is a bounded operator
on U, the open mapping theorem implies that if 7 — Al is bijective, the inverse is
bounded. Therefore the spectrum is the set of complex numbers A such that 7 — A1
is not a bijection. The spectrum of 7~ is a compact subset of the disk of center 0 and
radius ||77||. The spectrum consists of three parts.
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* The point spectrum o, (7") is the set of 1 € o-(7") such that 7~ — A/ is not injective.

* The continuous spectrum o is the set of 1 € o (7") such that 7~ — A1 is injective
with dense range.

¢ The residual spectrum o is the set of A € o-(7") such that 7~ — A[ is injective but
its range is not dense.

We have now all elements to provide an almost complete description of the spectrum:
Theorem 8

1. 1 € o (7). . '

2. All the eigenvalues /lt’J = +pp(¢ ,i, p) obtained by separation of variables from

the ]i in Section 3 belong to the point spectrum.
3. There is no residual spectrum.

If moreover the family of eigenvectors Ui’j =U(x,y,¢ ,J( ,a*J) obtained by separa-
tion of variables in Section 3.2 is a Schauder basis, then

4. there is no other eigenvalue than the /li’j .

5. 0.(T) = {1}

To conclude, we show for p = 4 the first real modes of type 1 and 2 in Figures 5 and
6, and the diagonal mode in Figure 7, where the eigenvalues are purely imaginary.

p =4, A= -0.0088692 p=4, X =0.0088692
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Fig. 5 View of the first mode of type 1, { = 3.9266

p=4,A=-0.011892 p=4, A= 0.011892

Fig. 6 View of the first real modes of type 2, £ = 3.9028
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Fig. 7 View of the first modes of type 2 on the diagonal £ = (1 +i)2.8123. Top: 2 = —0.41i.
Bottom A = 0.41i. Left: real part. Right: imaginary part.
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