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1 Odd Fourier series for studying Schwarz methods

The analysis and optimization of Schwarz methods is well understood for Laplace
type problems on unbounded domains, and the main tool is Fourier transforms.
We present here a new approach for studying and optimizing Schwarz methods in
bounded geometries, applied to anisotropic diffusion, and also in a fully discrete
setting when using finite volume discretizations. To this end, we extend the Fourier
analysis to odd Fourier transforms, and combine it with asymptotic techniques relying
on known equioscillation results for simpler cases. We show that this allows us to
gain the main highly accurate insight and optimization results of Schwarz methods.

Let 𝑢 ∈ 𝐻1 (0, 𝑌 ) with boundary values 𝑢(0) = 𝑢(𝑌 ) = 0. We extend 𝑢 classically
to 𝑢̃, a periodic function onR, first by an odd extension for 𝑦 ∈ (0, 𝑌 ), i.e. 𝑢̃(𝑦) = 𝑢(𝑦)
and 𝑢̃(𝑦) = −𝑢(−𝑦) for 𝑦 ∈ (−𝑌, 0), and then by periodicity with period 2𝑌 , i.e.
𝑢̃(𝑦 + 2𝑚𝑌 ) = 𝑢̃(𝑦) for 𝑦 ∈ (−𝑌,𝑌 ) and 𝑚 ∈ Z. The odd Fourier series of 𝑢 is
then defined as the Fourier series of 𝑢̃, 𝑢̃(𝑦) =

∑
𝑘∈Z 𝑢̂(𝑘)𝑒𝑖𝜔𝑘𝑦 with 𝜔 = 𝜋

𝑌
, and

𝑢̂(𝑘) =
∫ 𝑌

−𝑌 𝑢̃(𝑦)𝑒−𝑖𝜔𝑘𝑦 𝑑𝑦

2𝑌 .
The odd Fourier series is an essential analysis tool for studying and optimizing

Schwarz methods in rectangular geometry applied to anisotropic diffusion,

𝜂𝑢 − 𝐴𝑥𝑥𝜕𝑥𝑥𝑢 − 2𝐴𝑥𝑦𝜕𝑥𝑦𝑢 − 𝐴𝑦𝑦𝜕𝑦𝑦𝑢 = 𝑓 , Ω = (−𝑋1, 𝑋2) × (0, 𝑌 ), (1)
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Fig. 1 Domain decomposition in the 𝑥 direction for anisotropic diffusion. Left: new situation
considered here with rectangular subdomains Ω1 = (−𝑋1, 𝐿) × (0, 𝑌 ) and Ω2 = (0, 𝑋2 ) × (0, 𝑌 ) .
Right: half-plane subdomains Ω1 = (−∞, 𝐿) × R and Ω2 = (0,∞) × R, well understood using
Fourier transforms.

with homogeneous Dirichlet boundary conditions. Consider two subdomains, as
shown in Figure 1 on the left. The iterates 𝑢ℓ

𝑗
of an alternating Schwarz method with

Ventcell transmission conditions are defined by equation (1) in the subdomains, and
the transmission conditions

(𝜕𝜈𝐴 + 𝑝 − 𝑞𝐴𝑦𝑦𝜕𝑦𝑦)𝑢ℓ1 (𝐿, 𝑦) = (𝜕𝜈𝐴 + 𝑝 − 𝑞𝐴𝑦𝑦𝜕𝑦𝑦)𝑢ℓ−1
2 (𝐿, 𝑦),

(−𝜕𝜈𝐴 + 𝑝 − 𝑞𝐴𝑦𝑦𝜕𝑦𝑦)𝑢ℓ2 (0, 𝑦) = (−𝜕𝜈𝐴 + 𝑝 − 𝑞𝐴𝑦𝑦𝜕𝑦𝑦)𝑢ℓ1 (0, 𝑦),
(2)

where 𝜕𝜈𝐴 = 𝐴𝑥𝑥𝜕𝑥 + 𝐴𝑥𝑦𝜕𝑦 is the normal derivative in the metric defined by 𝐴. The
coefficients 𝑝 and 𝑞 are positive, and 𝑞 = 0 corresponds to Robin operators. Note
that the transmission operators include the classical Dirichlet case by letting 𝑝 tend
to infinity. The algorithm is well defined when starting with an initial guess 𝑔(𝑦)
applied at iteration step ℓ = 1 inΩ1, (𝜕𝜈𝐴+ 𝑝−𝑞𝐴𝑦𝑦𝜕𝑦𝑦)𝑢1

1 (𝐿, 𝑦) = 𝑔(𝑦). We denote
the odd and periodic extensions of 𝑓 , 𝑔, 𝑢 and 𝑢ℓ

𝑗
in the variable 𝑦 with a tilde. Then

the equations (1) and (2) are satisfied for the tilde functions in Ω̃ = (−𝑋1, 𝑋2) × R.
The error at step ℓ, (𝑒ℓ1, 𝑒

ℓ
2), is solution of the homogeneous equation ( 𝑓 = 0), with

the same transmission conditions. We apply the odd Fourier series in 𝑦 to equation
(1) with 𝑓 = 0, with 𝑒ℓ

𝑗
(𝑥, 𝑘) the odd Fourier series error coefficients which satisfy

−𝐴𝑥𝑥𝜕𝑥𝑥𝑒
ℓ
𝑗 − 2𝑖𝜔𝑘𝐴𝑥𝑦𝜕𝑥𝑒

ℓ
𝑗 + (𝜂 + (𝜔𝑘)2𝐴𝑦𝑦)𝑒ℓ𝑗 = 0. (3)

The characteristic polynomial for (3) has two roots,

𝑟± (𝑘) =
−𝑖𝜔𝑘𝐴𝑥𝑦 ± 𝐷 (𝜔𝑘)

𝐴𝑥𝑥

, 𝐷 (𝜉) =
√︁
𝜂𝐴𝑥𝑥 + 𝜉2 det 𝐴 > 0. (4)

With the notation 𝐷̃ (𝜉) = 𝐷 ( 𝜉 )
𝐴𝑥𝑥

, the solutions in the subdomains are

𝑒1 (𝑥, 𝑘) = 𝛼1 (𝑘)𝑒
−𝑖𝜔𝑘𝐴𝑥𝑦

𝐴𝑥𝑥
(𝑥+𝑋1 )sinh(𝐷̃ (𝜔𝑘) (𝑥 + 𝑋1)), (5)

𝑒2 (𝑥, 𝑘) = 𝛼2 (𝑘)𝑒
−𝑖𝜔𝑘𝐴𝑥𝑦

𝐴𝑥𝑥
(𝑥−𝑋2 )sinh(𝐷̃ (𝜔𝑘) (𝑥 − 𝑋2)). (6)
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Fig. 2 The odd and periodic extension for the vertex and cell centered schemes. 𝑁ℎ𝑦 = 𝑌 , 𝑁 = 3.

The convergence factor 𝜌 is obtained by successive application of the transmission
conditions (2), and with 𝑆(𝜉) = 𝑝 + 𝑞𝐴𝑦𝑦𝜉

2 , we obtain after a short computation

𝜌(𝑘, 𝐿, 𝑋1, 𝑋2) =
𝑆(𝜔𝑘) sinh(𝐷̃ (𝜔𝑘) (𝑋2 − 𝐿)) − 𝐷 (𝜔𝑘) cosh(𝐷̃ (𝜔𝑘) (𝑋2 − 𝐿))

𝑆(𝜔𝑘) sinh(𝐷̃ (𝜔𝑘)𝑋2) + 𝐷 (𝜔𝑘) cosh(𝐷̃ (𝜔𝑘)𝑋2)

× 𝑆(𝜔𝑘) sinh(𝐷̃ (𝜔𝑘)𝑋1) − 𝐷 (𝜔𝑘) cosh(𝐷̃ (𝜔𝑘)𝑋1)
𝑆(𝜔𝑘) sinh(𝐷̃ (𝜔𝑘) (𝑋1 + 𝐿)) + 𝐷 (𝜔𝑘) cosh(𝐷̃ (𝜔𝑘) (𝑋1 + 𝐿))

. (7)

In the infinite case in Figure 1 (right), 𝑋1 = 𝑋2 = +∞, the convergence factor
simplifies to

𝜌∞ (𝑘, 𝐿) =
(
𝑆(𝜔𝑘) − 𝐷 (𝜔𝑘)
𝑆(𝜔𝑘) + 𝐷 (𝜔𝑘)

)2
𝑒−2𝐿𝐷 (𝜔𝑘 )/𝐴𝑥𝑥 , (8)

where the exponential term is the convergence factor for Dirichlet transmission
conditions , i.e. as 𝑝 tends to infinity. It is clearly smaller than 1, and it is also smaller
for Ventcell transmission conditions than for Dirichlet transmission conditions. The
analysis for the rectangular case is the same as in the discrete case of Theorem 2
below.

2 Discretization and the odd discrete Fourier transform

We consider both vertex and cell centered finite volume discretizations. They differ
not only by the location where the values are taken (node 𝑦 𝑗 for vertex-centered, and
𝑦−
𝑗
= 𝑦 𝑗 −

ℎ𝑦

2 for cell-centered, see Figure 2), but as a consequence also by the way
boundary conditions are imposed. The extension ũ of the vector u = (𝑢0, . . . , 𝑢𝑁 ) in
the vertex-centered case or u = (𝑢−0 , . . . , 𝑢

−
𝑁+1) in the cell-centered case (in magenta

in Figure 2), is obtained by odd extension (in green) and periodisation with period
2𝑁 (in blue). More precisely the piecewise affine function linking the nodes is odd
and periodic.

The odd discrete Fourier transform of the vector u is defined using the classical
discrete Fourier transform of ũ: for −(𝑁 − 1) ≤ 𝑘 ≤ 𝑁 , we have in the vertex-
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Fig. 3 FV4 schemes in 2D: Cell-centered (left), Vertex -centered (right). Overlap 𝐿

centered (vc) case 𝑢̂(𝑘) = ∑𝑁
𝑛=−(𝑁−1) 𝑢̃𝑛 𝑒

−𝑖 𝜋𝑘 𝑛
𝑁 , and in the cell-centered (cc) case

𝑢̂(𝑘) = ∑𝑁
𝑛=−(𝑁−1) 𝑢̃

−
𝑛 𝑒

−𝑖 𝜋𝑘 𝑛
𝑁 .

We use finite volumes in both directions, 𝑥 and 𝑦, for the discretization of Problem
(1), see Figure 3 for an illustration. Assuming that 𝐴𝑥𝑦 = 0 in the anisotropic diffusion
equation (1), the discrete equation for the error (with 𝑓 = 0) is

−𝐴𝑥𝑥𝐷
+
𝑥𝐷

−
𝑥 u − 𝐴𝑦𝑦𝐷

+
𝑦𝐷

−
𝑦 u + 𝜂u = 0,

were 𝐷+ and 𝐷− are the classical forward and backward finite difference operators,
e.g. 𝐷+

𝑥𝑢(𝑚, 𝑛) = 1
ℎ𝑥

(𝑢(𝑚 + 1, 𝑛) − 𝑢(𝑚, 𝑛)). We extend the equation to 𝑛 ∈ Z, with
solution ũ, and Fourier transform it in the discrete 𝑦 direction to

(𝜂 +
4𝐴𝑦𝑦 sin2 ( 𝜋𝑘

2𝑁 )
ℎ2
𝑦

)𝑢̂(𝑚, 𝑘) − 𝐴𝑥𝑥

ℎ2
𝑥

(𝑢̂(𝑚 + 1, 𝑘) − 2𝑢̂(𝑚, 𝑘) + 𝑢̂(𝑚 − 1, 𝑘)) = 0,

where 𝑚 stands for the discrete index in the 𝑥 direction, and 𝑘 for the discrete Fourier
index in the 𝑦 direction. This is a difference equation which can be solved in the
subdomains. Let uℓ

𝑗
be the discrete iterate in domain Ω 𝑗 , and eℓ

𝑗
= u − uℓ

𝑗
be the

discrete error. Suppose that 𝑋1 = 𝑀1ℎ𝑥 , 𝑋2 = 𝑀2ℎ𝑥 , and 𝐿 = 𝑀ℎ𝑥 . With the
definitions

𝛽(𝑘) = 2
ℎ𝑦

sin( 𝜋𝑘
2𝑁

), 𝜇(𝑘) = ℎ2
𝑥

𝐴𝑥𝑥

(𝐴𝑦𝑦𝛽
2 (𝑘) + 𝜂), 2 sinh (𝜈/2) = √

𝜇, (9)

we find after a short calculation the errors in the subdomains for the vertex centered
scheme to be

êℓ1 (𝑚, 𝑘)=𝑏ℓ1 (𝑘) sinh (𝜈(𝑘) (𝑀1 + 𝑚)), êℓ2 (𝑚, 𝑘)=𝑏ℓ2 (𝑘) sinh (𝜈(𝑘) (𝑀2 − 𝑚)), (10)

and similarly for the cell-centered scheme, with 𝑚− replacing 𝑚. The discretization
of the transmission conditions is achieved with the discrete operator 𝐴𝑥𝑥𝐷

±
𝑥 + 𝑝 −

𝑞𝐴𝑦𝑦𝐷
+
𝑦𝐷

−
𝑦 . We then obtain after a short computation as in the continuous case the

convergence factor for the vertex centered scheme in bounded domains with Ventcell
transmission conditions to be
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𝜌𝑣𝑐 (𝑘, 𝑀, 𝑀1, 𝑀2) =
𝑆(𝛽) sinh(𝜈(𝑀2 − 𝑀)) − 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈 cosh(𝜈(𝑀2 − 𝑀))

𝑆(𝛽) sinh(𝜈𝑀2) + 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈 cosh(𝜈𝑀2)

×
𝑆(𝛽) sinh(𝜈𝑀1) − 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈 cosh(𝜈𝑀1)

𝑆(𝛽) sinh(𝜈(𝑀1 + 𝑀)) + 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈 cosh(𝜈(𝑀1 + 𝑀))

, (11)

where 𝛽 = 𝛽(𝑘) and 𝜈 = 𝜈(𝛽(𝑘)).
It is similar to the continuous convergence factor in (7), with 𝐷̃ (𝜔𝑘) replaced by

𝜈(𝑘)/ℎ𝑥 . The convergence factor of the cell-centered scheme is obtained by simply
exchanging sinh 𝜈 with 2 tanh 𝜈

2 in (11). In the infinite case of Figure 1 (right),
𝑀1 = 𝑀2 = +∞, the convergence factors simplify to

𝜌𝑣𝑐,∞ (𝑘, 𝑀) =

(
𝑆(𝛽) − 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈

𝑆(𝛽) + 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈

)2

𝑒−2𝑀𝜈 ,

𝜌𝑐𝑐,∞ (𝑘, 𝑀) =

(
𝑆(𝛽) − 2 𝐴𝑥𝑥

ℎ𝑥
tanh

(
𝜈
2
)

𝑆(𝛽) + 2 𝐴𝑥𝑥

ℎ𝑥
tanh

(
𝜈
2
) )2

𝑒−2𝑀𝜈 .

(12)

Theorem 1 (Infinite subdomains, Figure 1 (right)) In the case of infinite sub-
domains, 𝑀1, 𝑀2 → ∞, the Schwarz algorithm discretized with a vertex or cell
centered scheme, with Dirichlet transmission conditions and overlap 𝑀 > 0 is con-
vergent. When Ventcell transmission conditions are used with 𝑝 > 0 and 𝑞 ≥ 0, it is
convergent with and without overlap. With overlap it converges faster with Ventcell
transmission conditions than with Dirichlet transmission conditions.

Proof. In the Dirichlet case, the convergence factor for both discretizations is the
same, we call it 𝜌𝐷

𝑑,∞ = 𝑒−2𝜈𝑀 < 1. Furthermore the factors in front of 𝜌𝐷
𝑑,∞ in (12)

are also smaller than 1, and hence the result follows. ⊓⊔

Theorem 2 (Bounded subdomains, Figure 1 (left)) In the case of bounded sub-
domains, the Schwarz algorithm discretized with a vertex centered or cell-centered
scheme, with Dirichlet transmission conditions with overlap 𝑀 > 0 is convergent.
When Ventcell transmission conditions are used with 𝑝 > 0 and 𝑞 ≥ 0, it is conver-
gent with or without overlap. If 𝑀 ≥ 1, there exists a 𝑝0 depending on the coefficients
of the problem such that if 𝑝 > 𝑝0, the algorithm converges faster with Ventcell trans-
mission conditions than with Dirichlet transmission conditions i.e. for any 𝑘 with
−(𝑁 − 1) ≤ 𝑘 ≤ 𝑁 , |𝜌𝑑 (𝑘, 𝑀, 𝑀1, 𝑀2) | < |𝜌𝐷

𝑑
(𝑘, 𝑀, 𝑀1, 𝑀2) |, for 𝑑 = 𝑐𝑐 or 𝑣𝑐.

Proof. In the Dirichlet case, the convergence factor for both discretizations is the
same, depending on 𝜈 directly, namely

𝜌𝐷𝑑 (𝑘, 𝑀, 𝑀1, 𝑀2) =
sinh (𝑀1𝜈)

sinh ((𝑀1 + 𝑀)𝜈)
sinh ((𝑀2 − 𝑀)𝜈)

sinh (𝑀2𝜈)
, (13)

and each factor is smaller than 1 since the function sinh is increasing. For the Ventcell
condition in the vertex centered case, we need a lemma:
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Lemma 1 For any real numbers 0 < 𝑥 < 𝑦, and any positive real numbers 𝑎 and 𝑏,

−1 <
𝑎 sinh 𝑥 − 𝑏 cosh 𝑥
𝑎 sinh 𝑦 + 𝑏 cosh 𝑦

< 1. (14)

Proof. The proof is obtained by multiplying with the denominator on both sides,
and using the monotonicity properties of sinh and cosh. ⊓⊔

We now apply Lemma 1 successively to each factor in (11) with (𝑥, 𝑦) = (𝑀2 −
𝑀, 𝑀2) for the first one, and (𝑥, 𝑦) = (𝑀1, 𝑀1 + 𝑀) for the second one to conclude
that the convergence factor in modulus is smaller than 1.

To compare the Ventcell and Dirichlet case, setting 𝛼 = 𝐴𝑦𝑦𝛽
2, we factor out the

convergence factor for Dirichlet as

𝜌𝑣𝑐 (𝑘, 𝑀, 𝑀1, 𝑀2) =

(𝑝 + 𝑞𝛼) − 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈 coth(𝜈𝑀1)

(𝑝 + 𝑞𝛼) + 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈 coth(𝜈(𝑀1 + 𝑀))

×
(𝑝 + 𝑞𝛼) − 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈 coth(𝜈(𝑀2 − 𝑀))

(𝑝 + 𝑞𝛼) + 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈 coth(𝜈𝑀2)

𝜌𝐷𝑣𝑐 (𝑘, 𝑀, 𝑀1, 𝑀2). (15)

The first two factors on the right are clearly smaller than 1. They are both greater
that -1 if and only if

2(𝑝 + 𝑞𝛼) > 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈(coth(𝜈𝑀1) − coth(𝜈(𝑀1 + 𝑀))),

2(𝑝 + 𝑞𝛼) > 𝐴𝑥𝑥

ℎ𝑥
sinh 𝜈(coth(𝜈(𝑀2 − 𝑀)) − coth(𝜈𝑀2))).

(16)

Consider the function Φ1 (𝜈) = sinh 𝜈(coth(𝜈𝑀1) − coth(𝜈(𝑀1 + 𝑀))). Since coth
is decreasing from +∞ to 1, Φ1 is a positive function, and by a first order Taylor
expansion of sinh 𝑥 ∼ 𝑥 as 𝑥 → 0, we have

lim
𝜈→0

Φ1 (𝜈) =
1
𝑀1

− 1
𝑀1 + 𝑀

> 0.

To expand at infinity, we use that coth 𝑥 ∼ 1+ 2𝑒−2𝑥 at infinity to see that, as 𝜈 tends
to infinity,

Φ1 (𝜈) ∼ 𝑒𝜈 (𝑒−𝜈𝑀1 − 𝑒−𝜈 (𝑀1+𝑀 ) ) ∼ 𝑒𝜈 (1−𝑀1 ) → 0.

The function Φ1 is therefore bounded on R+, and similarly also the function Φ2 (𝜈) =
sinh 𝜈(coth(𝜈(𝑀2 − 𝑀)) − coth(𝜈𝑀2))). So if 𝑝 is larger than the corresponding
two maxima in the inequalities (16), they hold and for any 𝛼, that is any frequency,
|𝜌𝑣𝑐 (𝑘, 𝑀, 𝑀1, 𝑀2) | < |𝜌𝐷𝑣𝑐 (𝑘, 𝑀, 𝑀1, 𝑀2) |. For the discrete cell centered case, the
calculations are analogous, using the properties of the hyperbolic tangent. ⊓⊔



Odd discrete Fourier transforms for the analysis of discretized Schwarz methods 7

3 Value for Domain Decomposition Analysis

The convergence factor in bounded domains (11) announced in [3] contains all
simplified situations from [5, 4]: the classical Dirichlet case is obtained by letting
𝑝 tend to infinity in (11); the nonoverlapping case is obtained by letting 𝑀 go to
0; the unbounded case is obtained by letting 𝑀1 and 𝑀2 tend to infinity as in (8,
12). Existence results for the optimized parameters on the interval (1, 𝑁) in the
continuous case when 𝑋1 = 𝑋2 (subdomains of equal size) and 𝑀 = 0 (no overlap)
can be found in [4], where also exact formulas in the Robin case, and a set of
algebraic equations in the Ventcell case can be found. These results were obtained by
homographic best approximation introduced in [1], characterized by equioscillation
properties. Equioscillation also allows one to obtain asymptotic formulas which can
be a useful and efficient replacement for implicit equations. The best approximation
results also hold in the discrete case, building on general results in [5].

However, when the subdomains are not of equal size, 𝑋1 ≠ 𝑋2, or there is overlap,
𝑀 ≠ 0, proving existence results seems to be a difficult task and is currently out
of reach. There are two alternative strategies: the first one is to compute optimized
parameters using numerical optimization for specific values of the parameters arising
in a domain decomposition simulation. The second is to use asymptotic analysis
in order to obtain closed form formulas for the optimized parameters which are
valid when the mesh size (or other parameters) become small (or large). Such
asymptotic parameters can be very useful, and also give more insight (for applications
to nonlinear problems for instance, see [2]).

As an example, we show now in detail how one can asymptotically optimize pa-
rameters for the continuous convergence factor for Ventcel l transmission conditions
(𝑝 > 0, 𝑞 > 0) without overlap, 𝐿 = 0. In the case 𝑋1 = 𝑋2, it was proved in [4] that
𝜌 in (7) has an extremum point 𝑘̄ ∈ (1, 𝑁), i.e. 𝜕𝑘𝜌( 𝑘̄) = 0. The coefficients (𝑝, 𝑞)
are then characterized, by the Theorem of de la Vallée Poussin, by the condition that
the values of 𝜌 at (1, 𝑘̄ , 𝑁) equioscillate. This gives 3 equations for the 3 unknowns
𝑝, 𝑞 and 𝑘̄ , which can be solved asymptotically for large 𝑁 . Based on this insight,
we can obtain asymptotically optimized parameters for the general case 𝑋1 ≠ 𝑋2 as
follows: we assume as for the case 𝑋1 = 𝑋2 the asymptotic behavior

(i) 𝑝 = 𝐶𝑝𝑁
1/4, (ii) 𝑞 = 𝐶𝑞𝑁

−3/4, (iii) 𝑘̄ = 𝐶𝑁1/2, (17)

and study 𝜌 in (7) asymptotically for 𝑘 large. For 𝑘 large, the hyperbolic sine and
cosine terms are equivalent, and the fact that we know the asymptotic behavior from
(17) simplifies the asymptotic expansion computations considerably. We find

𝜌(1) ∼ 1 − 4
𝐶𝑝

𝐷12𝑁
−1/4, 𝜌(𝑁) ∼ 1 − 4

√
det 𝐴

𝐶𝑞𝐴𝑦𝑦
𝑁−1/4,

𝜕𝑘𝜌( 𝑘̄) = 0 =⇒ 𝐴𝑦𝑦𝐶
2
𝑘̄
𝐶𝑞 − 𝐶𝑝 = 0, 𝜌( 𝑘̄) ∼ 1 − 4 2𝐶𝑝√

𝑑𝑒𝑡 𝐴𝐶
𝑁−1/4,

(18)

with det 𝐴 = 𝐴𝑥𝑥𝐴𝑦𝑦 − 𝐴2
𝑥𝑦 , and 𝐷12 = 𝐷 (𝜔) (coth(𝑋1𝐷̃ (𝜔)) + coth(𝑋2𝐷̃ (𝜔)).

Equating asymptotically the values of 𝜌 at the three points gives closed form asymp-
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Fig. 4 Convergence factors 𝜌 for 𝑋1 = 1, 𝑋2 = 4, 𝑌 = 1. Left: 𝑁 = 10. Right: 𝑁 = 100.
𝑃 = [𝑝, 𝑞 ].

totic formulas for the best parameters and best convergence factor,

𝑝𝑎𝑠 (0, 𝑋1, 𝑋2) ∼
det 𝐴1/8𝐷3/4

12√
2

𝑁1/4, 𝑞𝑎𝑠 (0, 𝑋1, 𝑋2) ∼
det 𝐴5/8𝐷−1/4

12
𝐴𝑦𝑦

√
2

𝑁−3/4,

𝜌𝑎𝑠 (0, 𝑋1, 𝑋2) ∼ 𝜌(1, 0, 𝑋1, 𝑋2) ∼ 1 − 4
√

2𝐷1/4
12 det 𝐴−1/8𝑁−1/4.

We show as an example the results for diagonal diffusion 𝐴𝑥𝑥 = 16, 𝐴𝑦𝑦 = 1,
𝐴𝑥𝑦 = 0 and Ventcell transmission conditions at the continuous level without overlap
in Figure 4. The blue curve represents the convergence factor with a numerical
optimization to find the best parameters, the red curve uses the asymptotic parameters
for bounded domains, and the green line uses the optimized parameters for the infinite
domain. We see how close the asymptotic parameters are to the best parameters, and
how important the bounded analysis is. The complete analysis and results for all
continuous and discrete cases will appear in [6].
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