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Abstract

The Method of Reflections was historically introduced to obtain approximate solutions as series expan-
sions for the motion of particles in suspension. It can however equally well be used for solving multiple
scattering problems numerically. We show for Helmholtz multiple scattering problems that the Method of
Reflections, whether applied in its alternating or parallel version, suffers from convergence problems when
scatterers are close. We use boundary integral equations to formulate the methods, and then identify their
discretization as algebraic Schwarz methods, thereby interpreting them as boundary domain decomposition
techniques. This connection allows us to introduce remedies such as overlap (which can be partial, covering
only the illuminating region of the obstacles) and coarse spaces from domain decomposition into the Method
of Reflections. This leads to substantially accelerated variants, and also naturally makes them suitable pre-
conditioners for GMRES. These new approaches are particularly efficient for closeby obstacles. Moreover,
numerical experiments show that the number of iterations increases only very slowly with respect to the
wavenumber.

1 Introduction

The Method of Reflections is an elegant technique to obtain approximate solutions for problems involving
particles in a solution. It was invented in 1833 by Murphy [23], and works as follows: suppose a single spherical
particle in a solution. Then in simple settings, its motion can be given in closed form. If there is a second
particle, its motion is influenced by the first particle, so a correction must be added to its motion. This in
turn requires a correction again for the first particle, and so on. This algorithm is the Method of Reflections;
for a detailed historical introduction, see [8]. In scattering problems, one can imagine a similar procedure: the
solution for a single scatterer will be influenced if a second scatterer is present, and this influence thus requires
a correction on the first scatterer, which in turn will require again a correction on the second scatterer, and so
on.

When multiple scattering problems are formulated using boundary integral equations, the Method of Re-
flections provides an iterative solver for the resulting dense linear systems. It also defines a preconditioner for
Krylov acceleration, see [7] for a general introduction to this equivalence. In this paper, we are interested in
understanding the Method of Reflections within the framework of boundary domain decomposition methods.
This approach decomposes the multiple scattering problem into a sequence of single scattering problems. In
a volume setting, however, establishing a connection to classical domain decomposition methods is challenging
due to the very large overlap, which corresponds to the entire exterior domain. Moreover, the single scattering
problems provide solutions that are formally defined even inside the other scatterers [9]. By contrast, within the
boundary integral framework for multiple scattering problems, and upon discretization by boundary element
methods, we demonstrate that the Method of Reflections provides a natural way to apply domain decomposition
techniques to the resulting dense linear systems.

We are not the first to exploit single-scattering information to tackle multibody scattering problems and
to precondition the dense matrices. Under the name ’single scattering preconditioner’, the parallel Method
of Reflections was considered as a preconditioner for boundary integral equations in [31] [30], and a condition
number estimate for the case of a multiple scattering problem by disks of the same radius was derived at low-
frequency. It was shown that the condition number depends on the mesh size, the wavenumber, and the distance
between the obstacles. The Method of Reflections was also studied as a boundary decomposition technique for
Helmholtz and Maxwell scattering problems in the PhD thesis [32]. An abstract convergence analysis for low-
frequency problems can be found in [2], and further results are presented in [1]. Projection techniques were
also used to obtain convergence proofs for the Method of Reflections in [19], for Stokes flow in a suspension; for
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Laplace type problems, see the more recent results in [18]. A different approach based on the phase information
for preconditioning Krylov subspace methods has been proposed to handle high frequencies in [3].

More generally, domain decomposition methods for boundary integral equations have historically received less
attention than those developed for partial differential equations. A parallel Schwarz algorithm was introduced
for strongly elliptic integral equations in [15], and the Additive Schwarz preconditioner has been numerically
tested for boundary integral equations of the first kind in [22]; see also [29] for h-p versions, and [26] for an
example in electromagnetics. In contrast to these approaches, the Boundary Element Tearing and Interconnect
(BETI) methods [17] (see also the earlier development in [16]) use boundary integral equation techniques for
the subdomain solutions in classical volume domain decomposition methods, which can provide advantages if
some subdomains are unbounded [25]. This approach was also followed in the first part of the PhD thesis [20],
while the second part is more close to our approach here, albeit in an abstract Schwarz setting.

We investigate the numerical behavior of the classical Method of Reflections in a boundary element setting,
with particular emphasis on increasing wavenumbers and decreasing inter-scatterer distances, adopting a fresh
perspective inspired by domain decomposition methods. To address the degradation observed in these regimes,
we develop robust variants capable of handling closely spaced scatterers. The relation to domain decomposition
permits the application of techniques such as overlap and coarse spaces to accelerate the Method of Reflections.
This viewpoint leads to a new interpretation of overlap in the context of dense-matrix domain decomposition.
We further show that coarse spaces not only ensure scalability, but also improve convergence for a fixed number
of subdomains (here, the scatterers).

This paper is organized as follows. In Section 2, we introduce the multiple scattering problem for the
Helmholtz equation and its integral representation, which will serve as the model problem throughout this
paper. In Section 3, we present the original (alternating!) and parallel Method of Reflections for scattering
problems written in integral equation form, both at the continuous and discrete levels. We then demonstrate
their performance through numerical experiments, which clearly indicate that convergence may be significantly
hampered, or even completely destroyed when obstacles are positioned too close to one another. Even though
Krylov acceleration can help alleviate this, as we demonstrate as well in Section 3, we prove in Section 4 that the
Method of Reflections, in both its alternating and parallel versions, is very much related to classical algebraic
Schwarz domain decomposition methods. This allows us to view the Method of Reflections as a boundary
domain decomposition method, and to introduce overlap (even partially, for the illuminating region only) of
obstacles, as well as coarse space corrections, which can greatly enhance the performance when obstacles are
close to each other. In Section 5, we present a large-scale illustration of diffraction by a school of fish using our
new, enhanced methods. We conclude in Section 6.

2 Acoustic multiple scattering problems and boundary integral equa-
tions

This section establishes the theoretical and numerical framework of the study, presenting the exterior Helmholtz
problem, its integral formulation in the form of the EFIE, and its discretization using the boundary element
method.

2.1 Integral representation

Let O C R% d = 2,3, be a bounded domain representing an impenetrable body with a smooth boundary
I' := 0. We denote by n the unit outer normal vector to I, i.e. exiting O, and by Q := R%\ O the homogeneous
domain of propagation. For a time-harmonic incident wave u"¢ and a wavenumber k, the sound-soft scattering
problem consists in computing the scattered wave u that solves the exterior problem

Au+k*u=0inQ,

u=g:=—u"onT, (1)
lim  |z|@~1)/2 (Vu L zk;u) =0 (Radiation Condition).
|| —+o00 \w\

The analysis of Problem (1) can be found in [10, 24]. Tt establishes the existence and uniqueness of the scattered

wave u € HL (), and the single-layer potential representation

u(@) = S(g) () = / Gz, y)a(w)d(y), = € 2, ()

1We will not always mention in what follows ’alternating’, since the original Method of Reflections was alternating, and distinguish
it by systematically saying 'parallel method of reflections’ for the parallel variant.
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Figure 1: Hlustration of a multiple scattering configuration for I = 7 obstacles.

where G is the fundamental solution of the Helmholtz equation? in R? with wavenumber k, and the single-layer
density ¢ = —0p(u + u'™°) is the normal derivative of the total wave, with ,u = Vu-n. If g € H%(F), then
qge H _%(F). The density g becomes the unknown of the problem and can be determined by setting the trace
of u from (2) onto I" equal to g, and solving the resulting boundary integral equation (namely the Electric Field
Integral Equation or, EFIE) defined on T for g. Once ¢ is computed, the solution u of (1) is given by (2).

We consider here a collection of I disjoint bounded domains {O;}1<i<s of R¢ with smooth boundaries
{Ti}1<i<r. Let Q= RZ\ UL_,0; be the associated domain of propagation, see Figure 1. The corresponding
multiple scattering Helmholtz problem [21] is then given by

Au+Ek?u=0inQ, 3
{ u=g;:=—uonly, fori=1,...,I + Radiation Condition, (3)

where g; € H%(l"i)7 t = 1,...,1. Since the obstacles O; are disjoint, the single-layer representation of the
solution u of problem (3) can be written as a sum of I single-layer potentials,

I I
u(@) =Y Si(qi)(x) = Z/ G(x,y)q(y)dli(y), © € Q, (4)
i=1 i=1 7T
where ¢; := —0p, (u + ui’“c) is the normal derivative of the total wave u + u'™® on I';. We denote by n; the unit
outer normal vector to I'; in , i.e. exiting O;. The layer densities ¢;, i = 1,..., I, serve as the new unknowns

of the problem (3).
By taking the traceon T';, i = 1,..., I, in the integral representation (4) and imposing the Dirichlet boundary
condition ujp, = g;, we get a system of I integral equations. The boundary integral formulation for problem (3)

is to find (q1,¢2,...,q1) € H_%(Fl) X ... X H_%(FI) such that

I
> S0 = guon T i =11 o

j=1

where S;; : H -3 (r;) = H 3 (T;) is the boundary integral operator defined by
Sy(9)@) = [ Glav)pu)m). = e (6)
J

We consider here a single-layer potential representation, although other representations using the double-layer
potential can also be considered, see e.g. [3]. System (5) is well posed except at interior Dirichlet eigenvalues
(e.g., [30]). Even at these frequencies, the radiating exterior solution remains uniquely determined by the
boundary value problem (3) [10].

2.2 Discretization by Boundary Element Methods

We discretize Problem (5) using a Galerkin Boundary Element Method (BEM) (see e.g [27]). We consider Py
boundary finite elements on polygonal meshes I'; ;, approximating I';. The number of vertices on I'; j, is N;p,

2@ is a radial distribution, equal to ﬁe””/r for d = 3 and H[()l)(kr) ford=2,r = |x—yl|, © #y, where H[()l)(kr) is the Hankel
function of the first kind and order zero.



I
and the total number of vertices is N, := Z N; . We then get the linear system

i=1
Sit Si2 ... Sy q1 g1

Sq=g& | : : : =) (7)
Sri Srz ... Spr qar gr

where S;; € My, , xn;, (C) is the dense matrix associated with the discretization of the single-layer boundary
integral operator S;; in (6), q; € Ci is a Py approximation of the unknown density ¢;, and g; € CNir is the
interpolation on the boundary mesh of the data g;. The matrix S is thus partitioned into dense blocks, each
representing the interaction between a given pair of obstacles. From q;, ¢ = 1,...,1, an approximation of the
scattered wave u is computed by discretizing the integral representation (4).

We are interested in interpreting the Method of Reflections as a solver and preconditioner for the system
(7), and improving its performance using techniques from Domain Decomposition.

3 Block Iterative Methods and the Method of Reflections

We introduce block iterative methods of Gauss-Seidel and Jacobi type for the solution of the linear system (7),
and explain how they are related to the Method of Reflections.

3.1 Block Gauss-Seidel and the alternating Method of Reflections

To apply a block Gauss-Seidel method for solving (7), we consider a block decomposition of the matrix S into
its lower triangular, diagonal, and upper triangular parts, S =L + I 4 U and, at iteration index n, solve

D+L)q" =-Uq" ' +g. (8)

With the I vectors q* € CNir i =1,...,I, and q" := (q7,...,q}) € CVr| we obtain Algorithm 1.

Algorithm 1 Block Gauss-Seidel, to be identified as Method of Reflections in (11)

Initialize q? for i = 1,...,I;

forn=1,2,... do
fori=1,...,1do

i—1 I
J=1 j=i+1

end for
end for

The vector solution q}' corresponds to the boundary element discretization of a density ¢}' on I'; j, (approxi-
mation of g; at iteration n). This approximation provides a way to compute, for each scatterer O;, a numerical
approximation ul of a scattered wave u} (see (11)). Given the discrete densities q, the corresponding ap-
proximate exterior fields at points in Q; = R?\ O; (with Q C €2;) are obtained by discretizing the single-layer
representation

W@ = [ Gayamdy), weo. Q

The full approximate solution at iteration n is then formed by summation over all indices i = 1,...,I, based
on the representation (4)

1
u™ = Zu?m. (10)
i=1

The iterates u(™ satisfy for all  in Q that hIf u™ () = u(x) where v is the solution of (3).
n—-+0oo

Algorithm 1 is illustrated in Figure 2. We present the steps for a model problem with three well-separated
obstacles. The problem involves an incoming plane wave from the top, with wavenumber & = 87, and a zero
initial guess. The reference solution is at the top left, and the results are read from left to right and top to
bottom. The first block solve, corresponding to the lower-left obstacle O, yields a solution that involves only
that obstacle; the other two obstacles have not yet influenced the solution. The second block solve, which
incorporates the right obstacle Oz, adds a correction, while the top obstacle O3 still has no effect at this stage.
The first plot in the second row shows the result after completing the first Gauss-Seidel iteration over all three
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Figure 2: Top left: solution of a model problem with three well-separated obstacles for an incoming plane wave
from the top and k = 8m, and after the three steps of the first block Gauss-Seidel iteration, followed by the two
steps of the second block Gauss-Seidel iteration, using a zero initial guess.

obstacles, which already provides an accurate approximation of the reference solution. The first and second
block solves at the next iteration of Algorithm 1, shown to the right, further improve the solution.

Algorithm 1 could also be written at the continuous level using the boundary integral operators S;; from (6)
instead of their discretizations S;;. This demonstrates that it provides an iterative BEM solver for the multiple
scattering problem, based on the successive solution of I exterior problems defined as follows: for given initial
data u® = {u¥},1 ;€ HL (1) x ... x H}_(Q5), compute at the iteration n the sequence u" = {u?};,—1 . s
such that u]" solves the problem

Aul + k*ul =0 in Q;,

1—1 I
ul' = g; — Z uj — Z u?_l onI'; + Radiation Condition. (11)
j=1 j=it1
This is known as the alternating Method of Reflections, as each step involves solving the problem (11) for
a single obstacle while incorporating the influence of the others through updated boundary data, effectively

modeling the reflections between obstacles, see e.g. [8, 9] and references therein. These iterative reflections
progressively capture the complex multiple scattering behavior.

3.2 Block Jacobi and the Parallel Method of Reflections
Using the same block decomposition S = L+D+U from Section 3.1, we can also apply the block Jacobi iteration

Dq" = (-L -U)q" ' +g, (12)

which leads to Algorithm 2.

The approximate diffracted field for Problem (3) is recovered as in the block Gauss-Seidel method from
vectors 7, using a BEM discretization of the single-layer integral representations (see (9)). We could also have
expressed Algorithm 2 at the continuous level in terms of the integral operators in (6). It thus corresponds to
starting with an initial guess u® = {u?}izl’m’[ € Hlloc(ﬂl) X ... X Hlloc(Q[), and then, at iteration n, solving
the exterior problems

Aul + E*ul =0 in €,
I
uy = g; — Z u?_l on I'; + Radiation Condition, (13)
=1



Algorithm 2 Block Jacobi, to be identified as Parallel Method of Reflections (13)
Initialize q for i =1,...,[;
forn=1,2,...do
fori=1,...,I do
I
Solve Siiq) =g — Y Sia) s
j=1

i

end for
end for

d

Figure 3: Obstacle configurations for the numerical study. Left: aligned obstacles O; centered at (—1,0) (red)
with radius r; = 1, Oy centered at (2,0) (blue) with radius 7, = 0.5, and obstacle O3 (green) at distance d of
O with radius r3 = 1. Right: non-aligned obstacles with radius r; = 1, Oy centered at (—c/\/§7 —c/\/ﬁ)7 O at
(c,0) and O3 at (0,c¢), ¢ > 0 a parameter. The distance parameter is the distance d between Oy and Os, and

c=(2+d)/V2.

by applying boundary integral equations. This is known as the parallel Method of Reflections, since all obstacles
can be treated now in parallel, see e.g. [8, 9].

3.3 Numerical Study

The following numerical experiments investigate the impact of the inter-obstacle distance and the wavenumber
on the convergence behavior of the alternating and parallel versions of the Method of Reflections, considered
both as standalone solvers and as preconditioners for GMRES.

3.3.1 Method of Reflections as solvers

We study the performance of the alternating and parallel Method of Reflections represented by the block Gauss-
Seidel and block Jacobi Algorithms 1 and 2 for solving Helmholtz scattering problems involving three obstacles
in two configurations (see Figure 3).

We use Py boundary finite elements for the discretization and 20 points per wavelength A = 27 /k. In Figure
4, we show the spectral radius of the block iteration matrices —D~*(IL 4+ U) and —(IL + D)~'U as a function of
the distance d between the obstacles and for various values of the wavenumber.

From these results, we observe that the spectral radius decreases as the distance d between the obstacles
increases, and therefore both algorithms are expected to converge faster. A linear regression indicates that, in
these experiments, the spectral radius scales like 1/ V/d with respect to the distance for both the alternating
and parallel Methods of Reflections. In absolute terms, however, the parallel Method of Reflections converges
significantly more slowly than the alternating method. Furthermore, as the distance parameter d becomes small,
both methods deteriorate, and the parallel version may even diverge when the spectral radius exceeds 1.

Concerning the dependence on the wavenumber k, a closer inspection of the spectral radii (for example, for
the parallel variant at d = 5) reveals only a mild deterioration. A linear regression suggests a dependence of
order log(k). This weak deterioration is due to the fact that we are dealing with exterior problems, in contrast
to problems posed in bounded domains such as cavities or waveguides. Free-space Helmholtz problems can, in
some cases, even be solved in a manner fully robust with respect to k£ using domain decomposition methods
[13].

A final important remark concerns the peaks (local maxima and minima) observed in the spectral radii, which
we believe are related to a local resonance phenomenon between the obstacles. In the aligned configuration for
the parallel variant, these peaks appear to occur at distances d = ¢A/2 = ¢x/k, with £ € N*. In Figure 5, we
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Figure 4: Spectral radius of the block iteration matrices for the alternating and parallel Method of Reflections
as a function of the distance d for various wavenumbers (Left: aligned obstacles. Right: non-aligned obstacles;
note that ¢ varies with d here, since d = v/2¢c — 2).
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Figure 5: Parallel Method of Reflections. Modulus of the mode corresponding to the largest eigenvalue (in
modulus), for the iteration block matrix. k¥ = 8m. (Left: d = 1. Right: d = 1.0625).

show the modulus of the mode corresponding to the largest eigenvalue (in modulus) of the iteration matrix
of the parallel variant for k& = 87 and for the two distances d = 1 = 4\ (left, corresponding to a maximum)
and d = 1.0625 (right, corresponding to a minimum). We observe that when d = 1 (maximum of the spectral
radius), the signal between Os and O3 at distance d = 1 is as strong as that between O; and Oy, which are
separated by a distance of 1.5. In contrast, for d = 1.0625 (minimum of the spectral radius), the signal between
O, and Oz remains strong, while it is significantly weaker between O; and Os and its phase is inverted. At
present, we do not have a more precise understanding of these resonance-like phenomena.

To see how well the spectral radius predicts convergence, we run the algorithms for several values of the
distance parameter d and wavenumber k. We directly simulate the error equations, i.e., we use zero data and a
random initial guess. For the importance of this setting in thoroughly testing iterative methods, see [11, end of
Section 5.1]. We use the residual ||g — Sq||2 as the stopping criterion with a tolerance of 1078. The number of
iterations in Tables 1 and 2 clearly reflects the value of the corresponding spectral radius, as expected in such
tests using a random initial guess.

3.3.2 Method of Reflections as preconditioners for GMRES

Having identified the two versions of the Method of Reflections with block iterations, it is natural to employ
them as preconditioners® for Krylov subspace methods [34]. Rewriting the alternating Method of Reflections
or block Gauss-Seidel method (8) in residual form, we get

q"=D+L) ' D+L-8S)q" '+ D+L) 'g=q" '+ D+L)"(g—-Sq" ).
Similarly for the parallel Method of Reflections (12), we obtain

qn _ qn—l +D_1(g _ Sqn—l).

3For more details, see [7, Chapter 4.1], where it is shown that in practice, one should always use Krylov acceleration.




Wavenumber k

Method d o A .

P #iter p #iter p F#iter

0.02 0.82 82 0.81 74 0.79 72
0.27 15 0.29 14 0.27 14

Alternating
0.20 13 0.23 13 0.23 12
5 0.17 12 0.20 12 0.22 12
0.02 1.13 — 1.12 — 1.08 —
Parallel 091 174 093 244 092 213

0.77 63 0.80 80 0.82 87
5 0.70 46 0.73 57 0.76 62

Table 1: Aligned obstacles (Figure 3 left): number of iterations (#iter) for the alternating and parallel Method
of Reflections and corresponding spectral radius (p) for various distance parameters d and wavenumbers k. Zero
right hand side and random initial guess. Tolerance 10~8.

Wavenumber k

Method d o dnr 8

p #iter p #iter p F#iter

0.02 0.85 96 0.96 423 0.84 85
0.42 21 0.40 21 0.41 20

Alternating
0.25 13 0.26 14 0.24 12
5 0.15 10 0.15 10 0.20 11
0.02 1.06 — 1.04 — 1.02 —
Parallel 0.76 64 0.68 46 0.68 44

0.55 30 0.47 24 0.50 24
5) 0.40 19 0.40 20 0.44 20

Table 2: Corresponding results as in Table 1 but for non-aligned obstacles (see Figure 3 right). Zero right hand
side and random initial guess. Tolerance 10~8.

So these methods are fixed point algorithms, or simple stationary Richardson iterations* for the preconditioned
systems
MD+L)"'Sq=(D+L)'g and D 'Sq=D"'g. (14)

Tt is much more effective to use a Krylov method to solve the systems in (14). Furthermore, in practice, neither
the preconditioners (D + L)~! and D~! nor the system matrix S are ever assembled. Instead, the Method of
Reflections is applied to evaluate in a fast way (only by solving local systems) the preconditioned right hand
side and the preconditioned iteration. Note that preconditioning GMRES with D! corresponds to the so-called
“single scattering preconditioner” commonly used in the BEM community (e.g., [30]).

We show in Table 3 the number of GMRES iterations required to solve the linear systems associated with
(7), both without preconditioning, and with preconditioning using either the alternating (Alt) or the parallel
(Par) Method of Reflections. We fix the tolerance to 10~8. Without preconditioning, GMRES converges slowly
in all cases, while preconditioning significantly accelerates convergence. Comparing with Tables 1 and 2, both
versions of the Method of Reflections are significantly more efficient as preconditioners than as stationary
iterative solvers. Although the parallel Method of Reflections is less effective as a preconditioner and can
sometimes even diverge, Krylov acceleration ensures that convergence is always achieved.

4Richarson’s original iteration was much more sophisticated, in contained a variable parameter at each iteration step to be
optimized, which today Krylov methods do automatically, see [7, Chapter 4.2].



Wavenumber k

Obstacles d o i 8
No Prec  Alt Par No Prec Alt Par No Prec Alt Par
0.02 488 11 22 888 11 26 697 11 24
. 1 405 7 12 898 7 14 657 9 14

Aligned
3 397 6 12 819 7 11 643 7 14
5 395 6 10 848 6 11 645 8 13
0.02 812 15 35 667 15 40 1030 18 53
. 1 551 8 14 405 9 17 742 11 19
Non-aligned

3 515 7 13 340 8 13 634 8 15
5 446 6 11 322 7 11 642 7 13

Table 3: Number of GMRES iterations (without restart, tolerance 10~8) for the two configurations in Figure 3
and various distance parameters d and wavenumbers k: without preconditioning (No Prec), preconditioned with
the alternating (Alt) or parallel (Par) Method of Reflections. Zero right-hand side and random initial guess.

4 Domain Decomposition and the Method of Reflections

We have seen that the Method of Reflections provides powerful preconditioners to solve multiple scattering
problems with boundary integral equations. They converge faster when obstacles are far away, and show only a
mild deterioration as the wavenumber increases. However, when obstacles are close, convergence becomes slower.
In the following, we relate the Method of Reflections to classical algebraic domain decomposition methods, and
we introduce techniques from domain decomposition to further enhance performance, namely overlap and coarse
spaces, see [33].

4.1 Multiplicative Schwarz and the Method of Reflections

In domain decomposition, Schwarz methods use overlap to improve convergence, and in many cases, increasing
the overlap leads to faster convergence. To address the slow convergence caused by closely spaced obstacles,
nearby obstacles can be grouped into larger overlapping subdomains and solved together within the Method of
Reflections. For clarity, we explain the approach for three obstacles as in Figure 3. The generalization to more
obstacles does then not present any difficulties. The linear system (5) for three obstacles becomes

Si1 Si2 Sia q1 g1
So1 Sa2 Sos q2 = 22 (15)
Sg1 Sg2 Ss3 a3 83

For the aligned example from Figure 3 (left), the middle obstacle Os is close to one of its neighbors, depending
on the value of d. It is therefore natural to alternate between grouping it with O; to form the cluster O; U Oo,
and with Oz to form the cluster O U Os, solving each cluster in turn within the Method of Reflections. This
leads to the overlapping Method of Reflections

S11 Sia q;lié Si13 | n-1 g1
1 - - 5 16
[ Sa1 S22 } ( q Sos | B T\ g (16)
Soo  Sas qy ) [ Sa1 } n—1i ( 82 )
= _ 2 . 17
[ Ss2 Sa3 ] ( qs Sy | g3 (17)

A disadvantage of this approach is that larger subproblems must be solved, and the unknowns on the overlapping
obstacle must now be stored twice, once as qg_E and then as q3.

In domain decomposition, there exist algebraic methods which avoid operating directly on the global system
and still make overlaps possible. This is achieved by using restriction matrices, which are simple to handle. In
particular, the Multiplicative Schwarz (MS) method employs this approach: it can be applied without detailed
knowledge of the obstacle configuration and even allows overlapping partial obstacles, as we will see. The
restriction matrices are constructed using the identity matrix® I. For the example with the three obstacle

dimensions N; p, @ = 1,2,3 with N, = Nj j, + N3 j, + N3 p, the rectangular restriction matrices for overlap with

5Not to be confused with the number of obstacles.



the middle obstacle would be

Ri = I(1:(Nip+ Nap):) = H ? 8}
(18)
Ry = I((Nip+1):Nyp,:) = {8 é ?}

MS is then defined for the three obstacle problem (15) and the two cluster example in a purely algebraic fashion
as the two step residual correction iteration

N

= "'+ RI(RSRN)'Ri(g —Sq" ), (19)

" = q 7+ RY(R,SRY) 'Ro(g — Sq"?). (20)

(’:"177/

This is very easy to implement and generalizes immediately to many restriction operators R;. We prove in
Theorem 1 that MS in (19)-(20) and the overlapping Method of Reflections (16)-(17) produce identical iterates.
Thus MS applied to the boundary integral equations (5) defines a general, algebraic, overlapping Method of
Reflections, which also allows for partially overlapping obstacles.

Theorem 1. Starting the MS method in (19)-(20) with an initial guess q° satisfying a3 = q3, where q3 is the
initial guess used in the overlapping Method of Reflections (16)-(17), the two methods yield equivalent iterates,
.e., form>1,

n—3 1

IR B S I A
aE= | g | 4" = q? . (21)
q;”! qs

Proof. First, using the form of the restriction matrix R;, we obtain that

Cqan—1y _ 8\ _ | Su1 Si2 air ™'\ [ Sis | anot
Rl(g Sq )_ ( g9 ) |: S21 S22 :| < 61721—1 823 a3 . (22)

Applying next the local solve from (19), namely

Si1 Sz ]
Sa1 Seo

(misrl) ™ = |

on both sides of (22) and reordering terms, we get

~ T Si; S12]7" Si3] -
RSETY-1R sl = _ (311_ > { 11 12] ((&)[ 13} n—1>_ 2
( 1 1) 1(g q ) (qg 1 + 821 822 g 823 qs ( )

Extending this result according to the first half step in MS in (19) by multiplying it with R{ and adding it to
the previous iterate q" ! yields

~n—1 -1
~n—1 _ -n—1__ pT q; 7| S11 Sig g1 - S13 | ~n—1
a r=d e ( ay ! ) i { So1 Sao } <( g2 ) [ Sos a3 ' (25)

Now two of the old subdomain approximation values in "' cancel, because
(~ln71 0
at-rf (E) = o ), (26)
q n

and we therefore obtain

.

~ {Su Si2 }_1 (( g1 >{S13 ]qn—1>
q' 2 Sa1 Sao g2 Sz | 3 . (27)

~n—1
a3

Similarly for the second half step, we obtain going through each step in (20) that

q" = {szg Sas }1 (( g > B [ So1 ]qn_;> : (28)
S3a  Sas g3 S31 !

10



The proof is now by induction. Comparing (27,28) with (16,17), we see that starting with qg = qg, we compute
1
3
i

(
1 1 1
q; =q; for j =1,2, and then from qf = q;, we compute (1]1- = qjl- for 7 =2,3, ie.

3 1
2
d=| g | a-{
Q@ |’ a2
q8 q3
q?
1
So the property holds at the first step. We now suppose that q™ = qy . Then by (27), we compute
az
-1 -1
o S11 Si2 g \ | Sz oL qul j
q" 2 = So1 S22 g2 Soz | 2 | @ ? |
n—1 n—1
q; qa;
and )
n1 _1
~n —1 ql ’ q? i
a = Sg2 Sa3 g \ | Sa q = a3 ’
S32 Sss g3 Sap | M qy
which concludes the proof. O

The proof of this result can be easily generalized to the case of multiple obstacles, as is commonly done
when MS is applied directly to the discretization of partial differential equations, see e.g. [11]. We have thus
shown that the Method of Reflections formulated with boundary integral equations can be identified with MS
to obtain equivalent iterates, both with and without overlapping obstacle boundaries, for an arbitrary large
number of obstacles.

The key insight of the present work is that the Method of Reflections becomes a boundary domain decom-
position method regardless of the number of obstacles [1]. This is not the case for the Method of Reflections
seen as a volume domain decomposition method, which differs from MS as soon as there are more than two
obstacles [9, Section 3.4].

4.2 Restricted Additive Schwarz and the parallel Method of Reflections

Corrections in the overlapping Method of Reflections (16)-(17) can also be performed in parallel yielding a
parallel overlapping variant, namely

S11 Si2 qr S13 n—1 g1
_ 29
[ S21 Sao } ( a5 Sog | T g )’ (29)
Sa2  Sos qz2 ) [ Sa1 } n-1 ( g2 >
; - _ . 30
[ S32 Ss3 } < qs Sy | T T g3 (30)

This corresponds to a block Jacobi method applied to the augmented system (see [28, Section 3.4])

S11 Si2| O Sy3 qi g1

So1 Sga | O Sos 92,1 _ | 8 (31)
So1 O | Sga Sos q2,2 g2 ’

Ss1 O | S32 Sa3 qs g3

where the middle corresponding to the middle obstacle Oy and its unknowns are written twice.

The parallel Method of Reflections (29)-(30) shares the same drawbacks as the original alternating methods
(16)-(17), namely multiple storage of overlapping domains (there could be many and multiple overlaps) and
the need to solve larger subproblems. There is again a clever alternative in the Schwarz domain decomposition
community, called the Restricted Additive Schwarz (RAS) method [4]6. In addition to the restriction matrices
(18) of MS, RAS needs modified restriction matrices R;, i = 1,2 of the same size as the R; that contain a

partition of unity,
- [I 0 0 - [o fz 0 - -
Rl.{o i O] R2.|:O 0 I]’ L+L=1

6RAS reduces to the Additive Schwarz method in the absence of algebraic overlap but differs when overlap is present [11], and
we consider both overlapping and non-overlapping cases here.

11



From a partition of unity expressed as diagonal matrices x; with > . x; = I, we define R; = R;x;, such that
>, RTR; = 1. An iteration of RAS is then defined purely algebraically as the residual correction

2
a"=q" '+ ) RI(RSR])'Ri(g—Sq""), (32)
i=1
and the extension to multiple obstacle clusters is straightforward. Theorem 2 establishes that the overlapping
parallel Method of Reflections (29)-(30) is equivalent to RAS applied to the original dense system (15). It
provides a direct relation between the parallel Method of Reflections and RAS for an overlapping boundary
domain decomposition.

Theorem 2. Starting the first iteration of RAS defined in (32) with an initial guess q° satisfying @9 = qY and
a3 = qf, where q° is the initial guess used in the overlapping parallel Method of Reflections (29)-(30) for the
augmented system (31), the two methods yield equivalent iterates, i.e., for n > 1,

~n:RT q7lql1)+éT(qg,2> 33
q 1 < a3, 2 a (33)

Proof. Similarly to the proof of Theorem 1, we obtain from RAS, for the term corresponding to i = 1 in (32),
exactly the same sequence of results as in (22)-(24); only the application of RT differs. A similar modification
is used for the term corresponding to ¢ = 2 in (32). Combining these two expressions, we get

-1 ~n—1
_ o N Si1 S g1 S13 | <n— q
n _ gn—1 RT 11 212 _ n—11) _ o
q q + [Sm S22 g2 Sa3 1 a5 !
5 Sgz Sa3] 7 <<g2> {521] - —1> (51”1>
RT - " —| 22_
+ [832 S33} g3 S !

The proof is again by induction. For n = 1, using the initial assumption q} = q{ and @} = q} in (34) and
(29)-(30), we obtain

e ((E)-()w(H)-(5) e

Applying the partition of unity, the three old terms cancel,

(34)

~0 =0
o amr( @\ s @ g
q—R1<~o>—R2<~o>: a5 —Lg)—1q) | =0,
a2 a3 ~0 _ =0
qs — qs

which shows (33) for n = 1. Now suppose that (33) holds for n — 1. Then, using (34) and again (29)-(30) gives

n ~n—1 n ~n—1
~n __ ~n—1 T q: ay )) »T <( q22 > ( q; )>
- +R - ~n— +R : - ~n— )

4 4 ! (( qg,l ) < q2 ! 2 qs qs !

and as for n = 1, the three terms from step n — 1 cancel, which concludes the proof of (33) for n > 1. O

4.3 Effect of Overlap on the Method of Reflections

The effect of overlap can be studied when the methods are used as standalone solvers or as preconditioners for
GMRES, and both are considered in this section.

4.3.1 As solvers

We now compare numerically the performance of the Method of Reflections for various overlapping configura-
tions. We show in Figure 6 the real part of the error at iteration n = 1 of the alternating Method of Reflections,
both without overlap and with overlap involving obstacle O3, for a fixed distance parameter d = 0.2, wavenum-
ber k = 87, and an incoming plane wave from above; see Figure 3 (left) and Figure 7 (top left) for illustrations of
the geometry and overlap. The introduction of an overlap reduces the error already at iteration n = 1, particu-
larly in the zones between the obstacles, where the non-overlapping variant exhibits quasi-trapping modes. The
version with overlap converges to the given tolerance 10~% in 4 iterations, compared to 29 iterations required
without overlap.

We next study the error behavior for partially overlapping configurations shown in Figure 7, for a fixed
distance parameter d = 0.02. For these tests we use a random initial guess and solve the homogeneous problems,
and study convergence to zero. For all cases with overlap, convergence is achieved within a few iterations.
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22646 10657 3 13319 25307 17199 -0.84135 0 0.91568 17942 -0.99601  -0.49661 0 050218 1.0016
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o=

Figure 6: Difference between the real parts of the reference solution and the numerical solution with the Method
of Reflections. Incoming plane wave from the top and wavenumber & = 87. Distance d = 0.2. Top: iteration
n = 1 without overlap, solve on Oy then Oy then Osz. Bottom: with overlap Os, solve on O1 U O, then solve
on 02 U 03.

Overlap O» Overlap half O, Overleaf part of O3
d d da\
Iteration 1 2 3 4 #iter

No overlap | 7.87 6.49 5.29 4.14 72

Overlap O, | 1.36 8.2910~% 3.96 10~7 1.91 10710
Overlap half Oy | 1.44 9.86 10~* 4.2710~7 1.81 1010
Overlap part of O3 | 3.02 3.19 1072 4.2210~* 5731076

CU s

Figure 7: Euclidean norm of the the first four iterations (zero reference solution) for the three aligned obstacles
without and with various overlaps using the alternating Method of Reflections. Zero right hand side and a
random initial guess, k = 87 and d = 0.02.

4.3.2 As preconditioners for GMRES

In Table 4, we examine the effect of overlapping obstacle Oz on the performance of GMRES preconditioned
with the alternating Method of Reflections. The test setup is the same as in Table 3, with the addition of higher
wavenumbers k. Results show that overlap considerably accelerates convergence, often reducing the number of
iterations by a factor of two, or more especially for small d, and significantly decreases the sensitivity to the
obstacle distance, for both aligned and non-aligned configurations.

The good preconditioning capabilities of the overlapping Method of Reflections for GMRES can be seen
in the improved eigenvalue distribution (see Figure 8). The eigenvalues of the original system matrix S are
clustered around the origin, which leads to poor GMRES convergence. The Method of Reflections used as a
preconditioner shifts them away from the origin, and the overlap leads to a further, much tighter clustering
around the point (1,0); a desired behavior for GMRES.

4.4 Impact of coarse space correction on the Method of Reflections

The identification of the Method of Reflections (1) and (2) as algebraic Schwarz methods MS (19)-(20) and
RAS (32) also allows one to easily add a coarse space correction, see e.g. [12]. Assume that an eigenvalue of
the iteration matrices G := [[,(I — ]%J»T(RjSR?)*lRJ—S) for the alternating and G :=1— 3", Rf(RjSRjT)’leS
for the parallel Method of Reflections, has been noted as a source of slow convergence, and that an associated
eigenvector can be computed. This can be achieved for example by running the method like a power iteration, or
for multiple vectors by using the orthogonal iteration, see e.g. [14, Section 7.4.3]. Denoting Gv; = A;v; for the
largest eigenvalues in modulus |A;|, 7 = 1,2,..., J, we put these vectors row wise into a coarse restriction matrix
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Wavenumber k

Obstacles d o Ar 87 167 247

Alt Over Alt Over Alt Over Alt Over Alt Over

0.02 11 4 11 3 11 3 11 3 11 3
4 4
Aligned 7 7 9 3 8 3 8 3
6 3 7 4 7 3 3 7 3
5 6 3 6 3 8 3 7 3 7 3
0.02 15 6 15 7 18 8 26 10 35 12
Non-aligned 8 5 9 6 11 6 12 7 13 7
7 5 8 5 8 5 9 6 9 6
5 6 4 7 4 7 5 8 5 9 5

Table 4: Number of GMRES iterations (without restart, tolerance 1078) as a function of the distance parameter
d for various wavenumbers, preconditioned with the alternating Method of Reflections without overlap (Alt)
and with overlap of Oz (Over), zero right-hand side and a random initial guess.

0.1 - 0.1
0.0 w & 0.0 % »

+  No preconditioning +  No preconditioning
Alternating Alternating *
@ Alternating with overlap @ Alternating with overlap

Imaginary part
Imaginary part

0.0 02 0.4 0.6 08 1.0 12 14 0.0 0.2 0.4 0.6 0.8 1.0 12 14
Real part Real part

Figure 8: Eigenvalue distribution of the matrix of the global linear system (7) before and after preconditioning
for k =8 and d =1 (Left: aligned obstacles. Right: non-aligned obstacles, see Fig. 3).

R :=[vy,...,vy]. Then after each iteration of the underlying Method of Reflections we perform algebraically
the coarse correction

G = G+ RY(RSRY)  Ra(g — S§) (36)

in order to remove these modes. The new convergence factor is given by the modulus of the first eigenvalue
|[As+1| that has not been removed with the coarse space.

As an illustration, we consider an incident plane wave from the top and k = 47 on the non-aligned obstacles
in Figure 3 (right) with distance parameter d = 0.2. Using a zero initial guess and a stopping criterion of
e = 1078, the alternating Method of Reflections converges in 121 iterations. We show in Figure 9 (left) the
modulus of the final error for the scattered wave and, on the right, the modulus of the quantity radiated by the
first mode of the associated iteration matrix. We see that it is precisely this mode that hinders convergence.
When the contribution of the first mode is removed, the second dominant mode becomes the main factor limiting
convergence, and so on. In Figure 10, we show in log10 scale the relative residual ||g —Sq™||2/|/g|l2 as a function
of the iteration n for the alternating Method of Reflections without and with J =1 and J = 2 coarse functions
in the coarse space correction. The expected convergence rates are observed.

Finally, in Table 5 we compare the alternating Method of Reflections without and with coarse space cor-
rections (J = 2 and J = 6). We consider a zero right-hand side, a random initial guess, and a tolerance of
108, while fixing k = 47 and d = 0.02. In this configuration, the three non-aligned obstacles are very close to
each other and the spectral radius is p = 0.96. In this challenging setting, the coarse space correction yields a
marked improvement in convergence over the standard method.

5 Diffraction by a school of fish

To conclude, we consider the diffraction by multiple NACA-shaped scatterers, chosen here to simulate the
diffraction by a school of fish (Fig. 11). We use the NACA 0035 profile, which is a symmetric airfoil characterized
by a substantial relative thickness of 35% of the chord, and can be parameterized by its chord length, with the
maximum half-thickness defining its width. We consider an incident plane wave coming from the top. Our goal
is to study numerically the influence of the number and size of the fish and the frequency on the number of
iterations required for convergence.

Table 6 shows the effect of the number and size of the fish on the number of iterations required by the
Method of Reflections, both with and without overlap, and used as iterative solver itself or as preconditioner
for GMRES. The overlap is chosen in the simplest way by taking the fish immediately to the right, as in the

14



5.1179e-16 5.6948e-10  1139e-09  1.7084e-09 2.2779e-09 1146e-09 0.0031795 0.006359 0.0095386 0.012718

Figure 9: Left: Modulus of the error after the alternating Method of Reflections has converged to the tolerance
le — 8 with an incident plane wave from the top, kK = 47 and d = 0.2. Right: Modulus of the quantity radiated
by the first eigenmode of the associated iteration matrix G.

—#—Alternating

Coarse =1
—+— Coarse |=2
— logio (A7)
== logio (A7)

Norm Residual

0 20 40 60 80 100 120
Iteration n

Figure 10: Alternating Method of Reflections without and with coarse space correction (A1 & 0.85, A2 ~ 0.62).
Incident plane wave from the top. k = 4nw. d = 0.2.

Figure 11: Definition of parameters for the school of fish.

previously considered aligned case. We emphasize that unpreconditioned GMRES for the original system always
fails to converge for these examples. As expected, the convergence rate deteriorates as either the size or the
number of fish increases. Indeed, a larger size results in shorter distances d, and d,. GMRES preconditioned
with the overlapping Method of Reflections consistently performs best, with very low iteration counts, and the
dependence is approximately proportional to the number of fish. In future work, we will study strategies to
automatically cluster; and overlap configurations based on the distances between the obstacles.

Table 7 shows the number of preconditioned GMRES iterations for the same configurations and size s = 1
for three different frequencies. We observe that iteration numbers increase slowly as the frequency increases, and
the small variations are due to the oscillations we also observed in Figure 4 depending on how the wavelength
is aligned with the distance. Figure 12 gives the real part of the total field for arrays of 2 x 2 (left) and 4 x 7
fish (right) for the wavenumber k = 24.

As a final illustration, we present additional simulations with randomly distributed fish positions and ori-
entations (see Fig. 13 for the configurations). Table 8 reports the number of preconditioned GMRES iterations
for configurations involving 4, 9, 16, 20, and 28 fish, for £ = 27 and k = 24w. For comparison, we note that
GMRES without preconditioning requires an impractically large number of iterations. Even for the most fa-
vorable configuration considered, namely 4 fish at k£ = 27, convergence is achieved only after 1390 iterations.
These results further confirm the effectiveness of the overlap-based preconditioner, which consistently reduces
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Iteration 1 2 3 4 10 #iter
Alternating | 8.28 6.28 3.74 2.13 0.86 423
Coarse J =2 | 823 6.26 3.35 1.48 0.16 46
Coarse J =6 | 6.43 3.58 1.54 0.66 4.881073 23

Table 5: Three non-aligned obstacles. Euclidean norm of the numerical solution (zero reference solution) for
the alternating Method of Reflections without and with coarse space correction. Zero right hand side and a
random initial guess. Tolerance 1078, k = 4r. d = 0.02.

Fish size s
Fish 05 1
Alt Over Prec Alt Prec Over Alt Over Prec Alt Prec Over
4 17 11 7 5 47 22 8 6
9 35 25 12 10 86 70 15 13
16 71 36 18 15 - - 31 23

Table 6: Influence of the number of fish and their size on the number of iterations for the alternating Method
of Reflections, both with and without overlap, used iteratively and as preconditioners for GMRES (without
restart, tolerance 1078, k = 27). Incident plane wave coming from the top.

Figure 12: Diffraction by a school of fish. The obstacles are NACA 0035 profiles, with centers regularly spaced
by 2 units in both horizontal and vertical directions. Two configurations are shown: 2 x 2 (left) and 4 x 7
obstacles (right). The real part of the total field for a wavenumber k = 247 is plotted. Incident plane wave
coming from the top.

the number of GMRES iterations for all configurations considered. Figure 14 provides a visualization of the
influence of the distance between fish and the number of scatterers on the total field at k = 24w. Furthermore,
tests with different incident wave directions showed no significant influence of the direction of incidence on the
convergence of the preconditioned GMRES solver.

For the case of 28 scatterers, Table 9 reports the number of preconditioned GMRES iterations as a function of
the wavenumber k. A dependence on the wavenumber is observed, as in the aligned configurations. Nevertheless,
the overlap-based preconditioning strategy improves the convergence for these randomly distributed test cases.
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‘Wavenumber

Fish

k=2m k=4m k=6m
Prec Alt Prec Over Prec Alt Prec Over Prec Alt Prec Over
4 8 6 9 6 9 8
9 15 13 18 16 23 19
16 31 23 40 34 39 37

Table 7: Influence of the frequency and number of fish (s = 1) on the number of preconditioned GMRES
iterations, alternating Method of Reflections, both with and without overlap (without restart, tolerance 10~%).
Incident plane wave coming from the top.

Figure 14: Diffraction by a school of fish. The real part of the total field is shown for a school of 4 fish (left)
and 28 fish (right), with k& = 247. Incident plane wave coming from the top.
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Wavenumber

Fish
k=27 k =24r
Prec Alt Prec Over Prec Alt Prec Over
4 7 6 8 7
9 20 12 57 32
16 70 19 91 42
20 116 37 179 70
28 214 101 227 142

Table 8: Configuration of randomly distributed fish. Influence of the frequency and number of fish on the number
of preconditioned GMRES iterations, alternating Method of Reflections, both with and without overlap (without
restart, tolerance 10~%). Incident plane wave coming from the top.

Wavenumber Prec Alt Prec Over

2m 214 101
4n 312 175
8w 278 148
167 255 132
24m 227 142
32m 209 121

Table 9: Configuration of 28 randomly distributed fish. Influence of the wavenumber on the number of precon-
ditioned GMRES iterations using the alternating Method of Reflections, with and without overlap (no restart,
tolerance 10~8). The incident plane wave propagates from the top.

6 Conclusion

We have combined boundary integral equation methods with domain decomposition techniques to address
Helmholtz multiple scattering problems. For each obstacle, the solution is expressed through a single-layer
boundary integral representation, although the method is not limited to this choice. Various formulations of
the Method of Reflections are analyzed, with a focus on frequency, inter-scatterer distance, and geometry. The
convergence of both the alternating and parallel forms exhibits only a mild dependence on the wavenumber
under Dirichlet boundary conditions. When the scatterers are closely spaced, convergence may slow down or,
in the parallel formulation, the method might even fail. By connecting the Method of Reflections to algebraic
Schwarz methods, we introduce overlap and coarse space corrections that significantly improve convergence.
The main strength of the approach lies in its effectiveness as an algebraic preconditioner for Krylov methods,
effectively reducing iteration counts as scatterers become closer and depending only slightly on the wavenumber.
Combining these ideas with concepts from analytical preconditioners [5, 6] could define a promising avenue for
future developments.

Although validated in two dimensions, the proposed framework naturally extends to three dimensions and
to other PDE models. The main challenge lies in the treatment of large-scale three-dimensional high-frequency
problems, where an appropriate balance must be achieved between the improved convergence provided by
overlap or coarse-space techniques and the additional computational cost associated with these strategies. Fur-
thermore, although the proposed methods remain effective as the number of obstacles increases, we plan to
further investigate their scalability for very large configurations in future work.
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