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1 Introduction

Substructured Schwarz methods are interpretations of classical volume Schwarz
methods as algorithms on interface variables. While most of the time understood
as non-overlapping methods, substructured methods can in fact also benefit from
overlap: see [10] for a historical account of substructuring in domain decomposition
from the origins to the first substructured overlapping optimized Schwarz method
introduced in [13]. Recent work on overlapping substructured formulations includes
the references [4, 5, 6, 7]. This work is a follow-up on [5], in which we compared the
performance of classical volume overlapping Schwarz methods to equivalent over-
lapping substructured methods, using the PETSc library [1, 2, 3]. This comparison
was performed at scale on HPC infrastructures and we are not aware of other similar
comparisons at scale, except for [12] which compares the performance of a classical
volume overlapping Schwarz method to a non-overlapping substructured Schwarz
method (but does not consider overlapping substructured Schwarz methods) for the
Helmholtz equation with multiple right-hand sides.

In our previous work [5], the trace (i.e. interface) elements constitutive of the
substructure (also called skeleton) were identified geometrically using the regular-
ity of the mesh. Here, after recalling the substructured formulation (Section 2), we
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propose (Section 3) a new implementation to identify these elements algebraically
in a parallel context. Next, we consider (Section 4) a two-level substructured method
(geometric only for now) with coarse space functions defined exclusively on the
skeleton, and we propose an additive version of the two-level preconditioner which
conserves the number of iterations (compared to the multiplicative approach) and
significantly decreases the computing time. Weak scaling numerical results up to
several thousands of CPU cores (one per subdomain) are presented in both Sec-
tions 3 and 4, for one- and two-level methods respectively, comparing substructured
and classical volume methods. Our reference volume results are based on PETSc’s
PCASM additive Schwarz method implementation (with direct exact local solves) and
use the mat increase overlap scalable option.

2 Substructured formulation

We consider the system 𝐴𝑢 = 𝑓 for the Laplace problem with Dirichlet boundary
conditions discretized with the classical finite difference scheme. Considering for
ease of presentation the 1-D case (namely the (0,1) interval subdivided into 𝐽 + 1
mesh cells of size ℎ with discretization points numbered from 0 to 𝐽 − 1 as shown in
Fig. 1) with a two-subdomain overlapping decomposition, the substructured parallel
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Fig. 1: Two subdomain decomposition in the 1-D case.

Schwarz method, which is equivalent to RAS [9], can be written [5] as

𝑇𝑔 = 𝑓 𝑔, (1)

with

𝑇 =

(
𝐼 − 1

ℎ2 𝐺1 𝐴
−1
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− 1
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)
and 𝑓 𝑔 =

(
𝐺1 𝐴

−1
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2 𝑓2

)
, (2)

where 𝐴1 ⊂ R𝑏×𝑏 and 𝐴2 ⊂ R(𝐽−𝑎−1)×(𝐽−𝑎−1) are the (overlapping) diagonal
subblocks of 𝐴 corresponding to the two subdomains, 𝑓1 and 𝑓2 are the corresponding
subvectors of 𝑓 , the trace operators 𝐺𝑖 (𝑖 = 1, 2) are defined as

𝐺1 : (𝑣0, . . . , 𝑣𝑎, . . . , 𝑣𝑏−1) → 𝑣𝑎, 𝐺2 : (𝑣𝑎+1, . . . , 𝑣𝑏, . . . , 𝑣𝐽−1) → 𝑣𝑏,

and the extension by zero operators 𝐸𝑖 as
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𝐸1 : 𝑣𝑏 → (0, . . . , 0, 𝑣𝑏) ⊂ R𝑏, 𝐸2 : 𝑣𝑎 → (𝑣𝑎, 0, . . . , 0) ⊂ R𝐽−𝑎−1.

Note that the local solves 𝐴−1
𝑖

in (2) must be performed exactly since they are part
of the system operator, and their approximation would lead to a different solution.

3 Algebraic trace characterization
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Fig. 2: Global numbering for the 8 point two subdomain configuration in 1-D.

For ease of presentation, let us consider (Fig. 2) an 8 point global domain split
into two equal-sized subdomains with overlap 1 in the PETSc sense, namely one
extra point for each subdomain (that is an algebraic overlap of 2; unknowns 0, 1,
2, 3 and 4 are in Ω1, unknowns 3, 4, 5, 6 and 7 are in Ω2). The matrix 𝑇 has size
2 × 2 and the trace value vector 𝑔 = (𝑔1, 𝑔2)𝑇 is made out of the two elements of
global number 2 and 5. Using (1)-(2), we have that the 𝐴−1

1 matrix in the upper
right part of 𝑇 will have to be applied to the vector 𝐸1𝑔2 = (0, 0, 0, 0, 𝑔2)𝑇 , i.e., a
vector in subdomain 1 with value 𝑔2 in local index 4 (PETSc indexing starting from
0). Similarly, the 𝐴−1

2 matrix in the lower left part of 𝑇 will have to be applied to
the vector 𝐸2𝑔1 = (𝑔1, 0, 0, 0, 0)𝑇 , i.e., a vector in subdomain 2 with value 𝑔1 in
local index 0. Then, the trace operator 𝐺1 will extract the element of global index 2
out of 𝐴−1

1 𝐸1𝑔2, and 𝐺2 will extract the element of global index 5 out of 𝐴−1
2 𝐸2𝑔1.

Adapting a technique introduced in [4, Section 3.1], we define

𝑅𝑠, 𝑗 = 𝑅 𝑗 𝐴 − 𝑅 𝑗 𝐴 𝑅𝑇
𝑗 𝑅 𝑗 , (3)

where the 𝑅 𝑗 ( 𝑗 = 1, 2) are the restriction operators to the two overlapping subdo-
mains. For subdomain 1 we have

𝑅𝑠,1 =
−1
ℎ2

©­­­«
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©­­­«
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0 1 −2 1 0 0 0 0
0 0 1 −2 1 0 0 0
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ª®®®¬ , (4)

so that 𝑅𝑠,1 has only one nonzero element, namely −1
ℎ2 on row 4 and column 5

(again with indices starting from 0). Thus the row and column indices of the nonzero
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element of 𝑅𝑠,1 respectively give us the local index 4 (in subdomain 1) where the
𝑔2 value has to be assigned in the extension by zero phase before applying 𝐴−1

1 in
(2), and the global index 5 corresponding to this 𝑔2 value. Similarly for subdomain
2, we have that 𝑅𝑠,2 has only a nonzero element in row 0 and column 2, which gives
us the local index 0 (in subdomain 2) where 𝑔1 has to be assigned in the extension
by zero phase, and the global index 2 corresponding to this 𝑔1 value.

We therefore state (and this can be verified on a less basic example) that the
nonzero elements of the 𝑅𝑠, 𝑗 matrix give us the necessary information for the
algebraic characterization of the skeleton: for each nonzero element in 𝑅𝑠, 𝑗 ,

• its row gives the local index where the corresponding trace element has to be
assigned in the extension by zero phase before the local solve in (2),

• its column gives the global index of the corresponding skeleton element,
• its value gives the scaling coefficient (−1/ℎ2) to be applied to the trace value.

Definition (3) uses the full 𝐴 matrix but the information necessary for the trace
characterization lies, for each subdomain, only “one unknown away” from it (in case
of stencil width 1 as we consider here) and can be extracted by computing

𝑅̃𝑠, 𝑗 = 𝑅𝑠, 𝑗 (𝑅𝑒𝑥𝑡
𝑗 )𝑇 = 𝑅 𝑗 𝐴 (𝑅𝑒𝑥𝑡

𝑗 )𝑇 − 𝑅 𝑗 𝐴 𝑅𝑇
𝑗 𝑅 𝑗 (𝑅𝑒𝑥𝑡

𝑗 )𝑇 (5)

where 𝑅𝑒𝑥𝑡
𝑗

is the restriction matrix to a subdomain with an overlap increased by
1. Definition (5) (where the first term is a submatrix of 𝐴 and the second term the
extension of the submatrix 𝑅 𝑗 𝐴 𝑅𝑇

𝑗
with some columns of zeros) avoids scalability

issues and amounts to about 2% of the computing time in our tests below.
Another point to notice in view of large-scale parallel experiments is that the

column information of 𝑅𝑠, 𝑗 (or 𝑅̃𝑠, 𝑗 ), i.e., the global index of the data to be received
from a neighboring element, is non-local. In our above example, 𝑅𝑠,1 is computed
on subdomain 1 but unknown to subdomain 2, so the value of its non-zero column
(namely 5) has to be sent (in a setup phase) to subdomain 2 so that this subdomain
knows which data it has to send (in the subsequent GMRES iterations) to subdomain 1.
A simple way to do this is through PETSc’s ISgetTotalIndices (which amounts
to MPI Allgather) operation on the whole communicator followed by ISGlobal-
ToLocalMappingApply. In more than 1D, one can then, in a way to apply a partition
of unity, ignore the indices in the overlap, and this is equivalent to the “with diagonal
transfers” option of the geometric implementation [5]. However, applying ISget-
TotalIndices on the whole communicator is not scalable with respect to memory
consumption in more than 1D. Therefore, we designed and implemented another way
to proceed, where ISgetTotalIndices is applied sequentially on unidirectional
sub-communicators, each of them being one-dimensional in one of the problem
dimensions. This is equivalent to the “without diagonal transfers” option of the
geometric implementation [5]. Note that taking unidirectional sub-communicators
is non-algebraic by nature, but the trace characterization remains algebraic.

One-level 2D weak scaling results for the Laplace problem (on the unit square
and with a cartesian mesh) obtained with the new algebraic trace characterization
are presented in Fig. 3. System (1) is solved using GMRES without preconditioner
(the Schwarz method being already embedded in the formulation). The no-restart
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a Computing time b Number of iterations

c Memory use d Memory increase per Krylov space increment

Fig. 3: One-level weak scaling experimental results with 512 × 512 local mesh and
square domain decompositions using up to 8100 subdomains (i.e., CPUs), using
GMRES acceleration with optimal or no restart.

volume results are displayed only up to 256 subdomains because at 1024 subdomains
the memory limit was reached. While using an optimized (w.r.t. computing time)
restart parameter improves the volume results, the no-restart option always appeared
the best for the substructured case. We observe a very clear computing time and
memory gain in using the substructured method. The memory gain is due to the
fact that the Krylov space in the GMRES process is built on the substructure, and is
thus much smaller than in the volume case where it is built on the whole domain.
The number of iterations of the volume (with or without restart) and substructured
methods nearly coincide up to 256 subdomains, where the time and memory gain
are already visible, and these gains grow even more beyond 256 subdomains, where
the volume number of iterations grows larger than the substructured one. One can
estimate the memory increase per Krylov space increment as the total memory use
increase during the solve phase divided by the minimum of the restart parameter and
the number of iterations: Fig. 3d shows that the difference between the substructured
and volume values tends to a value higher than 2MB.
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4 Two-level parallel implementation and results

The two-level parallel Schwarz method for (1) reads

𝑔𝑛+1/2 = 𝑔𝑛 + 𝐼 ( 𝑓 𝑔 − 𝑇𝑔𝑛), (6)
𝑔𝑛+1 = 𝑔𝑛+1/2 + 𝑅𝑇

𝑐 𝑇
−1
𝑐 𝑅𝑐 ( 𝑓 𝑔 − 𝑇𝑔𝑛+1/2), (7)

where 𝐼 is the identity and 𝑇𝑐 = 𝑅𝑐 𝑇 𝑅𝑇
𝑐 is the substructured coarse matrix, 𝑅𝑐

being the restriction matrix to the substructured coarse space. The (geometric)
substructured coarse functions used here are the same as in [5, Fig. 6], namely
Nicolaides (one constant function per substructure portion), Linear4 (same num-
ber of functions as Nicolaides but with linear functions), Linear (two linear
functions per portion) and Enriched (three linear functions per portion), see [5] for
details.

As for the implementation of (6)-(7), first note that, while 𝑇 is implemented
matrix-free, 𝑇𝑐 is built by applying it to the identity matrix. Then PETSc has its
LU decomposition computed once and an LU solve performed at each application.
Moreover, note that since 𝑇 has identity diagonal blocks (see (2)), it can be written
as 𝑇 = 𝐼 − 𝐺. Using this and inserting 𝑔𝑛+1/2 from (6) into (7), we obtain that the
two-level multiplicative preconditioning of (6)-(7), namely

𝑅𝑇
𝑐 𝑇

−1
𝑐 𝑅𝑐 ◦ 𝐼 (8)

can be replaced by the two-level additive one

𝐼 + 𝑅𝑇
𝑐 𝑇

−1
𝑐 𝑅𝑐𝐺. (9)

Next, since for any two matrices 𝑀1 and 𝑀2, their products 𝑀1 𝑀2 and 𝑀2 𝑀1 share
the same nonzero eigenvalues (𝑀1𝑀2𝑣 = 𝜆𝑣 ⇒ 𝑀2𝑀1𝑤 = 𝜆𝑤 with 𝑤 = 𝑀2𝑣;
𝑤 ∉ ker 𝑀1 and 𝑣 ∉ ker 𝑀2 since 𝑀1𝑀2𝑣 = 𝜆𝑣 ≠ 0), this has the same convergence
behavior as

𝐼 +𝑄𝑇
𝑐 𝑇

−1
𝑐 𝑅𝑐 (10)

where 𝑄𝑇
𝑐 = 𝐺 𝑅𝑇

𝑐 . Note that 𝑄𝑐 in (10) is known from the 𝑇𝑐 = 𝑅𝑐 (𝐼 − 𝐺) 𝑅𝑇
𝑐

computation and thus comes at no extra cost, and that (10) yields the recurrence

𝑔𝑛+1 = 𝑔𝑛 + (𝐼 +𝑄𝑇
𝑐 𝑇

−1
𝑐 𝑅𝑐) ( 𝑓 𝑔 − 𝑇𝑔𝑛).

This recurrence implies only one residual computation and thus only one subdomain
solve per iteration instead of two in (6)-(7), and this comes with quasi constant number
of iterations given the identical convergence behavior. This derivation parallels the
proof of Theorem 8 (b) in [6].

Fig. 4 presents the two-level weak scaling results with the above mentioned coarse
spaces for the substructured case, and with the Q1 coarse space (using four coarse
points around each cross point [8, 11]) for the volume case. For substructured results,
solid lines correspond to results with multiplicative preconditioning and dashed lines
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a Number of iterations b Memory use

c Computing time d Multiplicative vs. additive solving time ratio

Fig. 4: Two-level weak scaling results with 512× 512 local mesh and square domain
decompositions using up to 16384 subdomains, using GMRES acceleration without
restart unless otherwise stated. In abc, solid/dashed lines correspond to multiplica-
tive/additive substructured preconditioning, respectively.

with additive preconditioning, the latter yielding quasi the same number of iterations
as expected (Fig. 4a), the same memory consumption (Fig. 4b), but better computing
time results (Fig. 4c) due to the halving of the number of residual computations.
Fig. 4d shows the multiplicative vs. additive ratio of the solving time (i.e., the
KSPSolve time in PETSc), excluding the time for the coarse solve 𝑇−1

𝑐 . This ratio
remains close to the expected value of 2.

Comparing volume vs. best substructured results, we observe similar computing
times (at least with the enriched coarse space) up to 9216 CPU cores, and at 16384
CPU cores some scalability issues appear for the substructured case (from the log
files, within the communication routines used in the coarse solve phase). On the
other hand, we observe in Fig. 4b a memory gain in using the substructured method.
The memory use of the volume method can be reduced by introducing restarts (see
the restart 30 results in Fig. 4b), but this comes at the cost of an increased computing
time (see Fig. 4c). The substructured memory gain can be explained in part by the
Krylov space size as in the one level case (but here the number of iterations is
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smaller so the influence is smaller), and, probably for the most part, because of the
lower dimensionality of the coarse space defined exclusively on the substructure.
Therefore, we hope that the (still to be implemented) 3D two-level substructured
method will generate a bigger advantage compared to the classical volume method.

Acknowledgements This work was performed using HPC resources from GENCI-CINES.
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