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Linear problems

Ax =b

bl [z

Solve using Gaussian Elimination: E2 := E2 — (1/3)E1:
3 2 |[xa]_ [18
0 5.3333| |x2| |16

xp = 16/5.3333 = 3.0000
3x +2-3.0000 =18 = x; = 4.

Solution: x = [g}

Backward substitution:
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Sparse matrices in MATLAB

>> I = eye(3)
I =
1 0 O
0 1 0
o 0 1
>> sparse(I)
ans =
1,1 1
(2,2) 1
3,3 1

>> I = eye(100000000,100000000) ;
7?77 Error using ==> eye
Maximum variable size allowed by the program is exceeded.
>> I = speye(100000000,100000000) ;
>> trace(I)
ans =
100000000
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The meaning of the delsq matrix
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The meaning of the delsq matrix
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The meaning of the delsq matrix

Yitya+y3tys _
4 —Yo= cWo

delsq: the resulting linear system
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The spy command reveals the sparsity

>> spy(delsq(numgrid(’L’,8)));
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The spy command reveals the fill-in

>> [L,U] = spy(lu(delsq(numgrid(’L’,8))));
>> spy(U);
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a large enough matrix will exhaust memory

>> G =
>> A = delsq(G®);
>> u =

>> u0(G>0) = u;
>> surf (-u0);
>> nnz(A)
ans =
35623

>> nnz(1u(A))
ans =

1164679

stien Loisel (Heriot-Watt Universit

numgrid(’L’,100) ;

A \ ones(7203,1);
>> u0 = zeros(size(G));
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2. lterative linear solvers
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Geometric series to avoid running out of memory

Use E =1 — A to get

This will work iff p(E) < 1 ie.
p(l —A) < 1.

We need A ~ /!

>> max(abs(eigs(A-speye(size(A)))))
ans =

6.9961

Not going to work.
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Method of search directions

Idea: pick search directions vy, ..., k.
V = [vl vk].
Set x, = xp + Zf-;l vivi with y1, ..., vk to be chosen later.
Xk = xg + Vy.

Compute the residual r, = b — Axy:
re = rp — AVy.
Choose y1, ..., y, to minimize the residual:
|2 = min = y = ((AV) T (AV)) 1 (AV) T 1.

(Normal Equations; could use other method to solve LS problem.)
How to pick vi,..., vx?
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Krylov search directions

Let vo = rg and vgy1 = Avg.
To get a better basis, use Gram-Schmidt on v, ..., vk.

>> [x,f,r,i,rv] = gmres(A,ones(7203,1),[]1,1e-8,1000);
>> semilogy(rv)
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GMRES as matrix polynomials

Vi = h, Vi = AVk,1 = A2Vk,2 =...= Akro

rk=b—Axx=b—A(xo+ Vy) =r— AVy

p(A)
k-1 _ ’ k—1 N\
=ry— Z pir1 A g = </ - Z Pi+1AI+1> o
i—0 i=0

where p(A) is a polynomial of degree k such that p(0) = 1 and such that
| rk|2 is minimized. Hence,

Iriell2 < llp(A)ll2]roll2
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Convergence analysis of GMRES

Let A be normal with eigenvalues {)\;}

I H mln max
Irill2 < || on n {A}lp( )IE
p(O)—l

A normal so A= UDUT where UTU = I and D = diag(\1, ..., \n).

k terms
Ak = (UDUT)(UDUT)...(UDUT) = UD*UT
=Y pA = U (Z(pr’)) U™ = Up(D)UT

Ircll2 < llp(Alll2lirollz = llp(D)ll2] roll2,

as required. []
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Chebyshev polynomials

Tk(x) = cosh(k acosh(x))

0.5}

—-0.5¢
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Use Chebyshev points for spd matrices

Say A is symmetric positive definite with {)\;} < [a, b].

(22 -1)

pk(x) = ———— % where Ty(x) = cosh(k acosh(x))
T (2,3%1 — )

Assume A is spd and let k = b/a.

VE—1\*
Irell2 < [rollz——F——= = lInoll2 ( ;
Tk (2 —a _ 1) VE+1
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Convergence factor

0 20 40 60 80 100

Small condition number kK = fast convergence.
Big condition number Kk = slow convergence.
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3. Subspace preconditioning
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Preconditioning

Let P be a matrix.
Ax = b is equivalent to P"1Ax = P71b.
Maybe k(P~1A) « k(A).

>> P = blkdiag(A(1:3000,1:3000),A(3001:end,3001:end));
>> eigs(P\A,1)/eigs(P\A,1,’sm’)
36.2759
>> eigs(A,1)/eigs(A,1,’sm’)
ans =
2.0668e+03

J Xu, lterative methods by space decomposition and subspace correction.
SIREV 34, 1992, pp. 581-613.
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Preconditioned GMRES

10°

10

-10
0 50 100 150 200 250

10

Residual norms for preconditioned (red) and unpreconditioned (blue)
GMRES.
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Symmetry and preconditioning

Problem: P~1A is nonsymmetric.

i
p(P~ AV = A 7p (A%P—lA%) Al .
Solution: Minimize the A—norm instead of the 2—norm:
Ip(P~LA) 3 = (A*%p (A%P*1A%) 7) "A (A*%p <A%P*1A%> 7)
= p (AZP1A2) 73

and A2P~1A2 is symmetric. Note that eigenvalues of A2P~1A3 are the
same as for PLAl

Remark: this is how you get PCG from CG.
Remark: Can also use the P-norm — maybe good for GMRES.
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Subspace correction

Parallel search Sequential search

X1+x2

§X0

Use A-inner product (u,v)s := u” Av.
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Implementing an A-orthogonal projection

Theorem (Projection to the column space of R;)

Let Ag = ROAROT. Then Py = ROTAglROA is an A-orthonormal projection:

’Pg = Py and <730u, V>A = <U7P0V>A

Ao
T
P3 = RJ Ayt RoARy Aj1RoA=R] A(;lWROA =P
(u, Povya = uTARJAalROAV = (Pou, v)a O

Parallel subspace correction: P71A=3" RTAIRA=Y" P
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Jacobi example: 7 subspaces

The Jacobi preconditioner is the simplest parallel subspace correction preconditioner.

(17 0] 0] 0] 0] 0] 0]
0 1 0 0 0 0 0
0 0 1 0 0 0 0
RI=|0|R =|0|R =|0|R/ =|1|R  =|0|R =|0|R =]0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0] 0] 0] 0] 1 0] 0] 1]
g }
-1 2 -1
Ao -1 21 ’21 1 A= A=. . =A=2
= - - ) -1 _ A-LRT _
. Pl =Y RART =05/
-1 2 -1
| -1 2

w(A) =25.27 k(P 'A) =25.27.
That did not help at all.
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Multigrid example: 11 subspaces

s /YOO
0.5¢
N AVAVAVA VAR
0 2 4 6 8
1,
O ‘ ‘ ‘ ‘
0 2 4 6 8
R R B R
0.5 /\
o ‘ ‘ ‘ ‘
0 2 4 6 8

Each subspace is V; = span ¢; (a 1d subspace of H}(0,8));
i=1,2,... 11
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Multigrid example, continued

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
RIf =|0|R =|0|Rf =|0|R/ =|1|R =|0|R{ =|0|R/ =]0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0] 0] 0] 1 0] 0] 0] 1]
[0.5] (0] [0 ] [0.25]
1 0 0 0.5
0.5 0.5 0 0.75
Ri =|0|R =|1[|Rh=]0 Rh=11
0 0.5 0.5 0.75
0 0 1 0.5
| 0 | | 0 | 0.5 ]  0.25 |
A= tridiag(fl,Z, *1); A1 = A2 =...= A7 = 2;A3 = Ag = A10 = 1;A11 = 0.5.

k(A) =2527 k(P 'A) = 2.866.
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Domain decomposition

1 000 00 00
01 00 0 0 00
0 010 0000
RIf=]0 0 0 1 Rf=]1 0 0 0
0 0 00 0100
0000 0010
00 00 00 0 1

08 06 04 0.2
06 12 08 04
04 08 12 0.6
Al = Ay = P l=102 04 06 16 06 0.4 0.2
06 12 08 04
04 08 12 06
0.2 04 06 0.8

k(A) =25.27 k(P 'A) =7.23.
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4. Analysis
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Definition (Stable decomposition [SD])

Let Ko < o0. A stable decomposition of v is a choice {v;} such that
v=>" Piviand X7, |vi|3 < Ko|v|%- We assume all v have a stable

decomposition.

Example

Let v € H(a, b) be piecewise linear (grid param h) and let v; = v in
Q1 = (a,c) < (a,b) and v = 0 outside (a, c).

Trace th: |v(c — h)| < C|V|Hg(a,b) hence |V/(x)| < %|v1|,_,1 (a,p) for
x € (¢ — h,c). Hence: {7 |V/(x)]?2 < (1+ C?h71)|v |H1(a b)"

Hence:

Ko <1+2C%h71
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Definition (Limited redundancy [LR])
Forall Sc{1,...,m} x {1,...,m}:

1

Z (Pivi, Piwiya < Ki <i<PfVi7 Vf>A> 2 <Zm:<77iwi, Wi>A)

(ij)es

Say (Pivi, Piwjya < €jj|Pivi| a| Pjvj||a for all vi, wj; then:

1 1
cs m 2 m 2
D Pivi, Piwida < ) el PivilalPiwila < p(e) <Z ||77in|3\> (JZ |PJWJ'A>
i=1

(i.j)es (ij)esS i—1

1
2

Since |ej| < 1 and e is m x m, we have K1 < [|€[|ec < m.

@ In DD and MG, most €;; = 0 since the subspaces V; and V; are “far apart” and
thus p(e) = O(log m).

§
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Theorem (Analysis of parallel subspace correction)
Assume [SD] and [LR]. Then, x(P*A) < KoKi.

D]:va,HA Kolvla  [LR]: Y (Piw, Piw)a < K12<7>,w Wha.

i

Upper bound for [|P7LAv|3 = | 21, Piv|3:
[P~ AV[Z = O Piv, Y Pjvya = Y (Piv, Piv)a
i J ij

LR _ cs _
Kk, 2<7>,-v, Voa = Ki(P T Av, v)a < Ki|[P71AV] a]v]a;

IP7AV|4 < K1HV|\A and hence Amax (P 1A) < K.
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Theorem (Analysis of parallel subspace correction)
Assume [SD] and [LR]. Then, x(P™'A) < KoKi.

SD]:Z\V,HA Ko|v|a  [LR] 2<7>,w Piwda < K12<73,W Wha.

Use stable decomposition to find upper bound for |v[3 = (v, v)a:

Ivia = > (Pivi,vya = Y (Pivi, Piv)a

2

<S <Z<PiVi,PiVi>A> <Z<P;V,P,V>A>
(0] 5 @5
< Vklvia <<Z7%v, v>A> < VKollv]a (|Z7>,V|A|v|A>

Nl

as required. ]
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Sequential subspace correction

Sequential search

Xiep 1 :Xk+% —|—73,-(x—xk+%); hence:
ek+# ek+,'_71 ek+%
r % ) (o8 % ) )
(X—XkJr#) = (X—Xk+%)—73;(x—xk+;_71) = (/—P;)ek+;_71 thus
Em
m
er1=| [ [U=P) | e
i=1

E,, is the “error iterator”. The convergence factor is | Ep | a-
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m

1 .
5 =10 <1with E, = H(I — Pi).

IEmlla <1 — o3
Ko(]. + Kl) i1

Algebra: | — Ei_;1 = 21’;1 ‘P;Ej—1. From the parallel method, we know that

[vla < Kol X3, Piv|a. Because Y. P; is A-symmetric, this gives the Rayleigh quotient

bound 3, Piv, vya/{v, vya < Ko.

5 Y=Y (Piv, ST PiE 1v)a
m m m
Z<73;v7 via = Z<’P;v, Ei_1iv)a+ Z<Piv, (I — Ei—1)v)a
i=1 i=1 i=1

X Cgs (Zm:@),-v, v>A> ’ (Zm:<77;Ei1 v, Ei_1 V>A> i

i=1 =1

1
m 3
<Z<PiEi1 v, Ei_1 V>A>
=

1
2

[LR] =
Y < K <Z<P,-v, v>A>
i=1

O
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Theorem

1 m
S <1withEn=[[U—-P).
Kol 1 Ki)? 6 <1 wit H( Pi)

=1

m
Z<,PiEi71V7 Ei-1vya = ||v|4 — |Enva

lIEmfla <1—

i=1
Check:
|Ei—1v|a — | Eiv|a = (Ei—1v, Ei—av)a — {(I — P))Ei—1v, (I = Pi)Ei—1v)a
= <73,'E,'_1 v, E,'_1 V>A. Hence:
IvIA < Ko(1 + Ki)* (V]2 = |Emv])-
Rearranging terms, we are done. O

A
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Sequential or parallel? 2d example.
2
Pi = (C C';) where ¢ = cosf; and s = sin ;.
cs S

Take 0; = 7. If §; — 0; = /2 then P; + P; = [ but:
1

7
-1 1

-1 -0.5 0 0.5 1 -0.5 0 0.5 1




Dirichlet principle vs Maximum principle

@ We have used the energy norm | - | 4 — implicitly, the Dirichlet
principle.

@ We could have used instead the maximum principle. This gives similar
preconditioners but different analysis.
@ Relevant theory: M-matrix theory.
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Conclusions

Solve large linear problems iteratively.
Preconditioning helps GMRES.
Standard preconditioners are subspace correction methods.

Convergence analysis based on sequential or parallel energy norm
minimization.
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