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The numerical solution of implicit and stiff differential equations by implicit numerical integrators
has been largely investigated and there exist many excellent efficient codes available in the scientific
community, as RADAUS (based on a Runge-Kutta collocation method at Radau points) and DASSL, based
on backward differentiation formulas, among many others. When solving fractional ordinary differential
equations, the derivative operator is replaced by a non-local one and it is reformulated as a Volterra
integral equation (of convolution type), to which these codes cannot be directly applied. The main idea
is to approximate the fractional kernel *~! /T'(a) (& > 0) by a sum of exponential functions, and then
to transform the fractional integral into a set of ordinary differential equations. The augmented system
is typically stiff and of very large dimension, so that a special treatment of the arising linear systems is
required. Published and new approximations of the fractional kernel by a sum of exponential functions
are considered, and optimal parameters for a practical implementation are investigated. Further emphasis
is put on an efficient treatment of linear systems that arise in a stiff time integrator. Numerical experiments
illustrate the accuracy and the efficiency of the proposed method. It is explained how the code RADAUS
can be used for solving fractional differential equations. Driver examples are publicly available from the
homepages of the authors.

Keywords: Fractional differential equations, differential-algebraic equations, Volterra integral equations,
integro-differential equations, Runge-Kutta methods, approximation by sum of exponentials, code
RADAUS, fast solvers for structured linear systems.

1. Introduction

The study of fractional integrals and fractional differential equations (FDEs) has developed incredibly
in recent years; there is now a very large number of articles dealing with various versions of fractional
derivatives and models, as well as their analysis and application. In parallel, the study of suitable
numerical integrators is also a very open and active area of research.

In this paper we will discuss Initial Value Problems (IVPs) mainly for the Caputo fractional
derivative, but also for the Riemann-Liouville fractional derivative, the two fractional derivatives that
are most commonly used, both are defined in terms of the Riemann-Liouville fractional integral. Many
results can be found in textbooks such as [11, 21, 23, 33, 34].

Fractional differential equations are usually written as a special case of Volterra integral and integro-
differential equations. There is a large literature on the numerical discretization of such problems, and
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their accuracy and stability is well investigated (see the monographs by H. Brunner [8, 9]). Especially
for problems with weakly singular kernel the technique of discretized fractional calculus has been
developed by C. Lubich [28] (see also [16]), and the oblivious convolution quadrature [26, 35] for
more general kernels. Recently Khristenko and Wohlmuth [22] have proposed a rational approximation
for the Laplace spectrum of the fractional convolution kernel. Using the adaptive Antoulas—Anderson
(AAA) algorithm, they obtain a small set of real-valued poles. This enables the solution of a fractional
differential equation to be represented as a sum of solutions of a system of ordinary differential
equations, which significantly reduces both computational cost and memory usage.

Further methods which are proposed and analyzed in the literature (see e.g. [19]), are called
L1 methods. They are some of the simplest and most widely used schemes for time-fractional
problems. The L1 method is a direct quadrature-based approach for approximating the Caputo fractional
derivative. It uses piecewise linear interpolation of the solution and approximates the Caputo derivative
on a uniform or graded time mesh. The fast L1 method uses an approximation of the fractional kernel
by a sum of exponential functions.

Available codes mostly make use of constant step size. For a survey about numerical methods
for fractional differential equations, we refer the reader e.g. to [10] and the references therein. A
typical drawback of available methods is the complexity in dealing with the memory associated to the
fractional integral, which increases as time increases and the inherent difficulty to make use of variable
stepsize strategies. However, in realistic situations one is often confronted with initial layers and/or fast
transitions between different states, so that flexibility in the choice of step size is an essential ingredient
for efficiency. Although there exist excellent codes for solving nonstiff and stiff ordinary differential
equations, codes for differential-algebraic equations, we are not aware of a code based on a variable
step size time integrator that can efficiently treat problems with fractional derivatives.

Our approach consists in modifying the fractional differential equation in such a way that any code
for stiff and differential-algebraic equations can be applied. Following the ideas of [15] the fractional
kernel in the integral term is approximated by a sum of exponential functions. The integral term is
then transformed into a set of differential equations. In this way, fractional differential equations can
be solved efficiently and reliably by standard software for stiff and differential-algebraic equations.
The method we propose is an oblivious method which allows to replace the memory by a system
of additional ODEzs, solving in this way all the technical difficulties related to handling the memory
term and to the use of variable step sizes. This is illustrated at the hand of RADAUS [17] for stiff and
differential-algebraic equations.

Related literature. There are essentially two approaches for approximating the fractional kernel k(¢) =
t%~! /T (o) by a sum of exponential functions. Since the Laplace transform of k(¢) is A =% for 0 < a < 1,
the inversion formula gives

_ ! _ 1 thqy—a ~ - tAj

) = gy = 2m/Ae A d)wvjzzlee , (1.1)
where A is a suitable path in the complex plane. Discretizing the integral gives the desired sum of
exponential functions, where w; and A; are complex numbers. The early publication [29, Formula
(1.6)] (see also [30]) proposes to insert this formula into the integral term [;k(r —s) f (s, ¥(s)) ds (see
Section 2.2 below), which then can be transformed into a series of scalar linear ordinary differential
equations. Based on such an approximation, a variable step size algorithm for the numerical solution
of fractional differential equations is presented in [26], for which advancing N steps requires only
O (NlogN) computations and ¢'(logN) active memory.
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In [3, 4], the authors split the fractional integral into a local term (containing the singularity),
[0 k(t —s)f(s,y(s)) ds for a small § > 0, and a more expensive history term [§k(t — ) f(s,(s)) ds.
For the history term they consider a multipole approximation of the Laplace transform of the kernel,
which then leads to an approximation of the form (1.1) with complex w; and A;. Again a transformation
to a series of scalar linear differential equations makes the algorithm efficient.

Another approach is to use the fact that the Laplace transform of the function z~% is I'(1 — o) %!
(for 0 < a < 1), which gives the real integral representation '

1%~ sin(rwa)

0= gy = e e e 2

with real numbers c¢; and ¥;. To get the approximation by a sum of exponentials it is proposed in [25] to
first remove the singularity with the change of variables { = z! =% (for 0 < a < 1), then to write (0, )
as a distinct union of geometrically increasing intervals, and finally to apply to each of these intervals
(away from 0) a Gauss—Legendre quadrature.

In [2], a composite Gauss—Jacobi rule is applied directly to the integral in (1.2) on geometrically
increasing intervals. When applied to fractional differential equations, an integral deferred correction
scheme is combined with an L-stable diagonally implicit Runge—Kutta scheme for the approximation
of the differential equations obtained by the kernel compression. In [5], the authors propose a fast and
memory efficient numerical method for solving a fractional integral based on a Runge-Kutta convolution
quadrature. The method is applied to the numerical solution of fractional diffusion equations in space
dimension up to 3.

A further class of fast methods is analyzed e.g. in [20, 38], where - based on exponential expansions
- a first and a second order efficient schemes are proposed, with a constant stepsize, i.e. on a uniform
grid. They are applied for solving time-fractional diffusion PDEs.

The approach that we follow in the present work is that of [6]. It uses the real integral representation
(1.2), performs the change of variables z = e to get an integral over the real line (—oo,0), and finally
applies the trapezoidal rule. This gives simple expressions for the coefficients c; and y; in the sum of
exponentials.

Fractional partial differential equations are important in applications. Wave propagation in a
viscoelestic medium with singular memory is studied in [27] and a numerical approach is presented. As
long as the dimension in space is one, we are lead after space discretization to problems with banded
Jacobians and the code of the present work can be applied effectively. For higher space dimensions, an
adaptation of the linear algebra routines is recommended for reasons of efficiency. Fractional derivatives
are also used in treating transparent boundary conditions [1].

Outline of the paper. Section 2 recalls the definitions of Caputo and Riemann-Liouville fractional
derivatives and of a class of Cauchy problems for fractional differential equations. These problems
are written in the form of integro-differential equations that are special cases of a general formulation
which can be treated with the approach of the present work. Section 3 explains the linear chain trick,
which permits to transform the integro-differential equations (with fractional kernel in the convolution
integrals) into a large system of stiff ordinary differential equations. The application of the code
RADAUS for solving fractional differential equations is explained in Section 4 with emphasis on the
efficient solution of the arising linear systems. Section 5 presents explicit formulas for an approximation

' Note that the integral representation formula (1.2) can also be derived from (1.1) as a real inversion formula, as is discussed in
[18, Chapter 10, page 284], specifically in Theorem 10.7d and in Example 4, for 0 < o < 1.



4 NICOLA GUGLIELMI AND ERNST HAIRER

of the fractional kernel k(7) = t*~! /T(a) (0 < & < 1) by a sum of exponential functions with those of
[6] and [31] being special cases. It also discusses the effect of such an approximation on the solution of
the problem. The case & > 1 is considered in Section 6. Two approaches, one by splitting the kernel and
the other by differentiating the integral are discussed. The final sections present numerical experiments:
a scalar test equation with known exact solution and a modified Brusselator reaction in Section 7, a
linear fractional partial differential equation and a system of reaction-diffusion problems in Section 8.

2. Fractional differential equations

This section is devoted to a general formulation of fractional differential equation, which can be solved
numerically by the techniques of the present work.

2.1. Integral and differential fractional operators

For a given real number o > 0 and for ¢ > 0 the Riemann-Liouville fractional integral of order a is
defined as an integral (with a possibly weakly singular kernel, if @ < 1) by

JEf(t) = ﬁ /Ot(t —5)*7 L f(s)ds. 2.1)

For ov = 1 we recover the usual integral, and for integer o we have an iterated integral.

For a non-integer o > 0 we let m = [t | be the smallest integer that is larger than . If D denotes the
derivative with respect to ¢, the Riemann-Liouville fractional derivative is then given by D% = D"J"~%,
ie.,

o d" 1 ! a—1
O / (=)™ %1 f(s)ds ). 2.2)
0

T dm\I'(m—a

When considering fractional differential equations it is convenient to use a slightly different
definition of fractional derivative. The Caputo fractional derivative is defined by D% = J"~%D" ie.,

DYf(r) = — ! ) [ s tymsas @.3)

I'm—a
The relation between the Riemann-Liouville and Caputo fractional derivatives is
m—1 tk

DEF) =D (F(1) ~Tur(),  Tuor()= ¥ 7 /P(0). @4
k=0 "°

More information about fractional differential and integral operators can be found in the monographs
[11] and [14].

2.2. Fractional differential equations

We begin by considering initial value problems of the form

Dy(t) = f(t,y()),  YHO0) =y, k=0,....m—1, (2.5)

where f is sufficiently regular, o > 0 and m = [@]. For the existence and uniqueness of a solution we
refer to [11]. For a numerical treatment it is convenient to write such a problem as a Volterra integral or
Volterra integro-differential equation. There are several ways to do this.
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We can apply the operator J% to (2.5) and use J*D¥f(t) = J"D" f(t) = f(t) — Liy FR(0)* k.
This yields the Volterra integral equation

y(t) =Tp—1(t) + ! /t (t— s)“_lf(s,y(s)) ds. (2.6)

(a) Jo

Differentiating this relation (m — 1) times with respect to ¢, gives an equivalent Volterra integro-
differential equation (if & is not an integer and m > 1)

1

(m=1) 1y — -
yr) It F g —m i D)

it
=91 (5.509) s 27)
with initial values y¥) (0) = y; fork=0,...,m —2.

For the case that the fractional derivative is not the highest derivative in the equation (see the

example of Section 7.3), it is possible to insert directly the definition (2.3) of the fractional derivative to
get a Volterra integro-differential equation.

2.3. General formulation as integro-differential equations

The aim of this work is to present a numerical approach that permits us to accurately solve initial value
problems of the form

My(t) = F(1,y(t),1(y)(t)),  y(0) =yo. (2.8)

Here, y(¢) is a vector in R¢, M is a possibly singular square matrix, F (¢,y,1) is sufficiently regular, and
I(y)(t) is a vector in R% with components

|
()

B0 = e [ =976 (5.000) s 9

where a; > 0, and G;(¢,y) is a scalar, smooth function of y.

Both integral formulations of Section 2.2 are special cases of (2.8), and each of them has d; = d.
For the formulation (2.6) we put M =0, a; = &, and Gj(t,y) = f;(t,y), where f;(¢,y) denotes the jth
component of f(¢,y).

For the formulation (2.7) with m > 2 we introduce the variables u; (1) = y)(¢) for j =1,...,m -2,
so that 1, (¢) becomes the right-hand side of (2.7). To close the system we have to add the differential
equations y(t) = uy(t) and #;(t) = uj1(¢) for j=1,...,m—3. We get a system (2.8) with solution
vector (y(¢),u1(t),...,um—2(t)). The matrix M is the identity, and the integral terms have &; = ot —m+
1 €(0,1) and G(t,y) = fj(t,y) as before.

The system (2.8) comprises not only all formulations of Section 2.2 as special cases, but it is much
more general. The system can be a differential-algebraic one, and several fractional derivatives with
different values of «; are permitted.

3. Ordinary differential equations approximating fractional problems

Instead of applying a quadrature formula to the integral in (2.9), our approach consists of approximating
the kernel k(t) = t*~! /T'(«) for 0 < & < 1, by a sum of exponential functions, so that the integro-
differential equation (2.8) can be reduced to a system of ordinary differential equations.
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3.1. Linear chain trick
Assume that we have at our disposal an approximation
ta—l
I(e)

n
~ Zcie—w 3.1
i=1

with real coefficients ¢; and y; > 0 depending on ¢ and on the accuracy of the approximation. Explicit
formulas for ¢; and 7; as well as a study of the effect of such an approximation to the solution of the
fractional differential equation are given in Section 5. Replacing in (2.9) the kernel by (3.1) yields the
approximation

. j t
L)) =) cijai ), w1 = /0 e M) Gy(s,(s)) ds, (3.2)
i=1
where for a = «; the parameters in (3.1) are nj, c}r =(c1,js--- 7cn/.,j) and J; = Diag (=% ;.- -, *an,j)~

Differentiation of z;(r) = (z; j(1));”, with respect to time yields (for j = 1,...,d)),
2j(1) = Jjzj(1) + Gj(1,3()) 1, (3.3)

where 1; denotes the n;-dimensional vector with all components equal to 1. We now substitute /;(r) =
I;(y)(r) from (3.2) for I;(y)(z) into the equation (2.8) to obtain

My(t) F(t,y(t),1i(t),...,14(t)) 1i(t) = ¢} zj(1)
2;(t) Jizi(t)+Gi(t,y(1)1;, j=1,....d.

Initial values are y(0) = yo from (2.8), and z; j(0) = O for all i and ;.
If we insert the definition of /;(¢) into the equation for y(¢), we get a system of ordinary differential
equations

34

MY (1) = F(1,Y(1)), Y(0) =Yy (3.5)

for the vector Y (t) = (y(t),z1(t),...,24(t)). Here, .# is the diagonal matrix with entries from M for
the y-variables, and with entries 1 for the z-variables. The components of .% (¢,Y) are those of (3.4).
The system is of dimension d +nj + ... 4 ng,. Since some coefficients among the 7; ; are typically very
large and positive, this system is stiff independent of whether the original equation is stiff or not.

3.2. Structure of the Jacobian matrix

For notational convenience we assume here that all functions G;(¢,y) are scalar. This can be done
without loss of generality by eventually increasing the number of integrals in (2.8). The Jacobian matrix
of the vector field in (3.5) is

J G G - Gy
Py B, J o --- 0
F . .
= —_—= B 0 ] c. . 3.6
B4 37 2 0L , (3.6)
: : - . 0
By, 0 -+ 0 Jg

where J = dF /dy is the d-dimensional derivative matrix, C; = (dF /dI}) ch and B; =1;(dG;/dy) are
rank-one matrices.
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Remark 1 If one is interested in the values of the integral /;(r) along the solution, one can introduce
va+1(t) =1;(t) as a new dependent variable, replace /; by 4 in (3.4), and add the algebraic relation
0= )::;’ 1€i,jZi,j(t) = ya41(t) to the system. In this way the dimension of the vectors y and F is increased
by 1, and an additional diagonal element O is added to the matrix M. This procedure can be applied to
several or to all integrals /;.

This reformulation of the problem has been used in [15] to monitor the accuracy of the integrals
in the system. If the number of considered integrals is large, it can increase the overhead of the
computation.

4. Solving fractional differential equations by the code RADAUS

The approach of the present article is to aproximate the solution of a fractional differential equation
by that of the system (3.5). Any code for the solution of stiff differential-algebraic problems can be
applied. We focus on our code RADAUS, for which we develop a special treatment of the solution of
linear systems.

All subroutines are publicly available at:

www.unige.ch/~hairer/software.html

4.1. Applying the code RADAUS

The use of the code RADAUS is described in the monograph [17]. For the problem (3.5) one has to
supply a subroutine FCN(N,T,Y,F,...) for its right-hand side. Here, N is the dimension d +n; +...+ng,
of the system, Y(N) is the argument Y (¢), and F(N) the vector ﬁ‘(n Y(t)).

Furthermore, a subroutine for the mass matrix .7 is needed. One has to put IMAS = 1, MLMAS = 0,
MUMAS = 0 in the calling program, and one has to supply a subroutine MAS(N,AM,...), where AM(1,J)
contains the diagonal entries of ./Z .

One has the option to treat the arising linear system by unstructured full matrices of dimension
N. An approximation to the Jacobian matrix (3.6) can be computed internally by finite differences by
putting IJAC = 0, or one can put IJAC = 1 and provide a subroutine for (3.6). Since D = ny +...+ng, is
typically much larger than d, we recommend to exploit the pattern of the Jacobian matrix, as we explain
in the next section.

4.2. Fast linear algebra

A time integrator for the stiff differential equation (3.5) typically requires the solution of linear systems
((}/At)’l,///— /)u =a, where u = (ug,u1,...,uq,) and a = (ag,ai,...,a,,) are partitioned according
to (3.6). Exploiting the arrow-like structure of (3.6) with diagonal blocks (except for the first one,
J € R%*4 and rank-1 off diagonal blocks, it is convenient to solve the system backwards expressing u;
in terms of ug, which has linear complexity in the dimension of u;, and finally computing ug as solution
of a d x d linear system

d .
(yA) "M —Nug=a0, T=J+Y ¢ 9F 9G;

= =2, (4.1)
j=1 J 8Ij 8y
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where ¢; is a scalar, dF /dI; is a column vector and dGj/dy is a row vector, so that their product gives
a rank-one matrix.

This allows to have a linear solver of complexity ¢(d> + D) instead of &((d + D)3) with D =
ny +...+ng, with typically D > d. This is an essential feature of the approach we propose. For details
we refer to [15, Section 3.1], where closely related ideas are discussed for a slightly different problem.

4.3. Use of the fast linear algebra (DC_SUMEXP)

The code RADAUS uses two files, DECSOLL.F for the linear algebra subroutines, and DC_DECSOL.F
for linking the linear algebra subroutines to the main time integrator. For using a linear algebra that is
adapted to the structure (3.6) of the Jacobian matrix, we have written a subroutine DC_SUMEXP.F, which
replaces DC_DECSOL.F. We assume d > 2. For scalar problems (such as the example of Section 7.1) we
recommend to introduce at least one of the integral terms as a new y-variable (see Remark 1).

When the subroutines of DC_SUMEXP.F are used, one has to define the dimension of the system
as N =d+ (m +2)+...+ (ng +2). The subroutines for the right-hand side and the mass matrix
are as in Section 4.1. The additional 2d; variables are considered as dummy variables, and only
used in the subroutine for the Jacobian matrix. In the calling program one has to define JAC = 1,
MLJAC = d (the dimension of the original system), and MUJAC = 0. One has to supply a subroutine
JAC(N,T,Y,DFY,LDFY,...), where the array DFY(LDFY,N) (LDFY is computed by RADAUS and need not
be defined) contains all the information of the Jacobian matrix.

The upper left d x d matrix of DFY(LDFY,N) is that of the Jacobian matrix (3.6). Next to the right
are dj blocks, each of them corresponding to an integral term in the problem (2.8). The jth block
has n; + 2 columns. The first column contains the vector dF /dl;, and the second column contains
the derivative dG;/dy, both are column vectors of dimension d. The first row of this block has the
coefficients ¢y j,...,¢y;,; at the positions 3 to nj + 2. Similarly, the second row has —¥1 j,..., —%,;,; at
the positions 3 to n; + 2. Finally, the last element of the third row is put to a negative number to indicate
the end of the jth block.

For the case that the dimension d is large and the Jacobian gives raise to banded matrices (this
typically happens with space discretizations of 1D fractional PDEs) further options are provided by the
subroutines of DC_SUMEXP.F. This will be explained in Section 8.

5. Approximation of /*~! by a sum of exponential functions

This section is devoted to the development of explicit formulas of the coefficients (3.1) for the case
0 < o < 1. Among the different formulations of fractional differential equations this covers (2.7) for
every o > 0, and the formulation (2.6) for the case 0 < o < 1.

Since the Laplace transform of the function z~%* is T'(1 — o) t*~! for o < 1, we have the integral
representation

%=1 sin(ma) [ i —a sin(ra) [ 12(s) o
= T = ———-—--- —Izs - _1
@) p- /0 ez Ydz p /_me z(s)" %' (s)ds, (5.1

where we have used the identity I'(1 — a)I"(ot) = 7/ sin(zwat), and a substitution z = z(s) that transforms
the interval (—oo,c0) monotonically to (0,e0). Beylkin & Monzén [6] proposes the substitution z(s) =
e*, whereas McLean [31] proposes z(s) = exp(s — e~ ), which convergences much faster to zero for
s — —oo, Further possible substitutions will be discussed later in this section.
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To express the function (5.1) as a sum of exponentials, the integral to the right is approximated by
the trapezoidal rule. With a step size 7 > 0 this yields

T(t,h) = h@ Y e, ci=z(ih)"%Z(ih), v =z(ih). (5.2)
[=—o0
5.1. Error of the trapezoidal rule

It follows from [32, Theorem 5.2] (see also [36, Theorem 5.1]), that the error due to this approximation
can be bounded by

toc—l toc—l 2M,
—-T < —_— .
() W’)‘ = T(a) etmalh _ 1’ ©3)
for every A > 0 and any 0 < a < /2, where
a—1 oo .
! M, = sup / |f(s+iy)|ds, f(w)= Me*’z(wz(w)*az’(w). 5.4
F((X) ye(—a,a) /= T

Here, f(w) is the holomorphic extension of the integrand in (5.1) in the complex strip R x (—a,a). For
the substitution z(s) = e° the constant M, is known from [6, 15] to be M,, = (cosa)*~!. In the following
lemma we give a new sharp estimate for the substitution of [31].

Lemma 1 Consider the trapezoidal approximation (5.2) of the fractional kernel with the substitution
z(s) = exp(s —e ™), then its error is bounded by (5.3) with

Ma — etsina (COS(Z)(X72.

Proof For the transformation z(s) = exp(s —e~*) the function f(w) of (5.4) is

flw)= sin(;roc) exp(—(p(w,t)) (1+e™"), p(w,it)=texp(w—e ")+ (a—1)(w—e").

and we have for the real part of @(w,r) that
Re@(x+1iy,t) =t exp(x—e *cosy)cos(y+e *siny) + (ot — 1) (x —e *cosy).
With the substitution
u=texp(x—e *cosy), du=u(1+e *cosy)dx

we obtain

sin(7et) /m exp(—u cos(y+e *siny)) (u
0

1-o .
“ —x—iy
T u(1+e*cosy) t) [1+e | du

/jo|f(x+iy)|dx:

Using the product formula for I'(@)I'(1 — o) and ] 1+ e’x’iy] < (I+e *cosy)/cosy this yields

t(x—l l oo 1, — O _ —X g1
) / u~%exp(—ucos(y+e *siny)) . 5.5
0

/_oo|f(x+iy)|dx§ ') I'l — cosy



10 NICOLA GUGLIELMI AND ERNST HAIRER

With the identity cosv —cosu = 2sin(“5¥)sin(“;¥) the argument of the exponential of the integrand
can be written as

—X e—)(

cos(y+e *siny)) = cosy+2sin(y+ % siny) sin(— 5

sin y)

implying
X —X

. . (€ .
smy) s (7 smy)) .

Using u < re*, the second exponential in the product is bounded by exp(zsiny). Inserted into (5.5) it
follows with the substitution v = ucosy and the definition of the I'-function that

exp(—u cos(y+e siny)) = exp(—u cosy) exp (2u sin <y+ e2

(@1 otsiny /oo u*“exp(—ucosy) (o1
) Jo

I(a) T(1—« W= gy ©

tsiny (
cosy INa

cosy) *=2,

/_i|f(x+iy)|dx§

This gives the desired formula for M, because |y| <a < x/2. O

Compared to the bound M, = (cosa)*~! for the approximation by Beylkin & Monzén [6], we
note that here is a #-dependent factor ¢/*"® in the bound of Lemma 1. Consequently, the accuracy of
the approximation is significantly affected, if the time interval ¢ € [0,T] is very large. As a remedy,
McLean [31] proposes to restrict the approximation to values ¢ < 1, and to perform a scaling T =1¢/T
for the case T > 1. Assuming that ¢;, }; are the coefficients of the approximation for the fractional kernel
for ¢t <1, it follows from

tafl Tafl tya—l1 oo a1 .
— z ~ 1. o Mt/T
Fa)  T(a) (7) = L 1% e (56)

|—=—o0
that the scaling leads to the coefficients 7% '¢; and ¥ /T instead of ¢; and ;.

5.2. Determination of the parameters in the approximation

For a practical implementation of the approximation (5.2) one has to know the step size h, and one has
to truncate the infinite sum. For the substitution z(s) = e* these parameters are given in [15].

Lemma 2  For the substitution z(s) = exp(s —e™*) and for t < 1 we have

ot ‘ ot 2ma
_T(h)|<e if  h< (5.7)
I'(a) k) I'(a) In(1+ 22 (cosa)®2)
for some 0 < a < /2. The choice
o 2-a)
) (1 In(2e/e) ) 58

gives a step size h that is close to optimal (maximal).

Proof The inequality for & follows from (5.3) and Lemma 1 noticing that M, < e*"¢(cosa)®~2 for
t < 1. The interesting task is to determine a € (0, 7/2) that maximizes the step size A.
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We denote the bound of 4 in (5.7) by F(a) = 27a/D(a), where D(a) = In(1+ @(cosa)“_z).
The function F(a) vanishes at @ = 0 and for a — 7/2, and it has a maximum in between, for which
F'(a) = 0. Assuming a to be close to 7r/2 (which is confirmed by numerical investigations), we write
a=m/2— 4, and we approximate cosa ~ & and sina ~ 1. The condition F’(a) = 0, or equivalently
D(a) = aD'(a), then becomes

1n(1 ¥ %5“—2) - (g —5) (1+ %5“—2)_1% (2— o) 8973,

Since 0 < € < 1 and § is supposed to be small, the term is much larger than 1, which can be

neglected in the formula. We thus get

1n(%) 4 (e—2)Ind = (gfa)(zfa)a—l or ln(%) - (2;“) (g78751n8>.

2e So—2
= 0

Neglecting 6 and 6 In compared to /2 yields formula (5.8). O

Having found a step size & that keeps the relative error of the trapezoidal approximation below &,
we next study a suitable truncation of the infinite series in (5.2),

: N—1
TN (1. h) = h Sm(;w‘) Y et (5.9)
=M

Here, we consider a general transformation z(s), so that the coefficients ¢; and ¥; are those of (5.2). In
the following lemma we use the incomplete Gamma function I'(1 — a,x) = [["e 0~ *do.

Lemma 3 For a transformation z(s), that maps (—eo,00) monotonically to (0,e) and gives the
coefficients c; = z(ih)~%Z (ih) and y; = z(ih), we have

. M—1 a-1 _
hsm(ﬂ:a) Y et < t (_F(l OC,tz(Mh))7

T =, I'a) I'l—a) (5.10)
Sin(7a) & 11 (T(1—a,1z(Nh) '
W e <t (M)

if the function f(s) = exp(—tz(s))z(s)~%Z'(s) is monotonically increasing for —e < s < z(Mh), and
monotonically decreasing for z(Nh) < s < oo,

Proof The monotonicity assumption implies that

in M-l in Ml in
e (:a) i;mcie*”’ = i’ (;roc) i;mf(ih) < @ /j:hexp(—tz(s))z(s)faz/(s) ds
! 1 S (1 —a,tz(Mh))
~ T(a) r(1—a)/,w © dx_r(a)(l_ I(1—a) )

where we have used the product formula for the I'-function and the substitution x = ¢ z(s).
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A similar computation shows that

1% (1 —a,1z(Nh))
S INa) TA-a)

pin(ra) ZN cre 0 < ST [ enp(tz(s)ls) 2 s)ds

which proves the second formula of (5.10). O

Since I'(1 — a,0) =I'(1 — &) and I'(1 — @, ) = 0, the bounds can be made arbitrarily small for
fixed r > 0 by choosing M large negative, and N large positive.

Choice of the parameters. For a given accuracy requirement € we first choose / as large as possible
satisfying (5.7). The bounds (5.10) cannot be made arbitrarily small when ¢ — 0 or t — co. We therefore
restrict our estimates to an interval d <7 < T with § > 0 and T < . For z(s) = ¢* we choose a negative
number M such that T'(1 — o, TeM") > (1 — &)T'(1 — @), and finally we choose a positive number N
such that I'(1 — o, §eM) < eI'(1 — «). This choice of the parameters implies that

ta—l

(a)

l‘a71

I'a)

(5.11)

—T,(,\,’(t,h)’§38

on the interval 6 <t < T. For the substitution z(s) = e° we let T in the choice of M be the endpoint of
integration. The choice of & > 0 (and thus of N) will be discussed in Section 5.4.

For all other substitutions, such as z(s) = exp(s —e™*), we use the scaling 7 =¢/T, we compute
the coefficients for the interval 6 /7 < T < 1, and we transform them back to the original variable as
explained in (5.6). In this case, M has to be chosen such that T'(1 — a,z(Mh)) > (1—¢)I'(1 — &), and
N such that I'(1 — o, (8 /T) z(Nh) < eT'(1 — ).

5.3. Effect of approximating the kernel

We are interested to study the influence of an approximation of the kernel to the solution of the original
problem. For this we consider the fractional differential equation (2.5) with 0 < o < 1, written in its
equivalent form

¥(1) —yo+1_(la>/0t(ts)a—lf(s,y(s))ds, (5.12)

We let 5(¢) be the solution of (5.12), where k(¢) = t*~! /T'(«) is replaced by an approximation k(t). We
are interested in the error ||y(z) — ¥(¢)||. For this we assume Lipschitz continuity

| £(2,9) = £, 9)|| < Lg|ly—7|| (5.13)

as well as || f(t,y)|| < My in a neighbourhood of the solution.
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Theorem 1  Consider the problem (5.12), and assume that the approximation k(t) of the kernel k(t) =
t*71T(@) (with 0 < & < 1) satisfies

safl

! 7. a
/0 F((x)—k(s)’dsge(lﬂ ). (5.14)
Then, we have
[y() =5()|| < eu(d), (5.15)
where u(t) is solution of the scalar equation
A,AEj;, ! _yo—1 a
)= /0 (t — )% u(s) ds+ My (1+19). (5.16)

Proof Subtracting the equation for §(¢) from (5.12) and using the Lipschitz condition and boundedness
of f(t,y) yields
a—1

[(et)
The assumption on () then implies ||y(r) — 5(¢)|| < eu(r) with u(t) given by (5.16). [

t

Ly —k(s)‘ds. (5.17)

[y(t) = 5()| < m/ot(t—s)a71||y(s) —y~<s)\|ds+Mf/0

Remark 2 The scalar equation (5.16) can be solved by using Laplace transforms. For the function
u(t) we denote the Laplace transform by #(w), and we recall that the Laplace transform of t*~! (a > 0)
is T'(o)w™%. Passing to Laplace transforms in (5.16) we get

ﬁ(w):Lfﬁ(W)Jer(HF(““))

wo wo
so that |
~ My Ly~ INa+1)
=—(1-—= 1+ ——=).
w) w ( WO‘) ( + w*

Taking the inverse Laplace transform gives the solution of (5.16).
For example, for o = 1/2, this gives

u(t) = ;”Lf; (2L + V) 4 (erf (Lpv/T) +1).

In general we expect exponential bounds of this kind, similarly as for ordinary differential equations.

5.4. Computing the approximation by a sum of exponentials

To get a good approximation of the solution, the kernel approximation has to satisfy the condition (5.14)
of Theorem 1. In Section 5.2 we have explained how the parameters 4, M, and N have to be chosen to
get an approximation T}y (¢, /) satisfying (5.11). This implies, for § <t < T,

J

which, up to a constant, is compatible with (5.14). We still have to find a &, such that the integral over
(0,0) is O'(€). The estimates (5.3) and (5.10) are valid for all # > 0. For ¢ € (0,0) they give bounds

a—1 1o

N
_ TN <3e__ -
M(S,h) ds 3¢ ( 1),

[(a)

(5.18)
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£t%! /T'(ar), with the exception of the second estimate of (5.10), which is only bounded by r*~! /T'(«).
To satisfy (5.14), we choose 6 > 0 such that
%) tafl 30:
dr = <e. 5.19
o I'(a) Fla+1) ~ (>.19)
For the computation of M and N (see end of Section 5.2) we have to find x, and x* such that

I'Nl—o,x,))>(1—-e)I'(1—a) and T'(l1—a,x") <el(l—a).

Making use of the asymptotic formulas I'(1 — a,x) > I'(1 — &) —x'~%/(1 — @) and T'(1 — a,x) <
x~%e™*, we find the approximations x, = (I'(2 — a) €) V=0 and x* = — In(T(1-a)e).

For a given parameter o € (0,1), an accuracy requirement € and a final time 7, Algorithm 1
summarizes the computation of the parameter 6 as well 4, M,N, such that for the transformation
z(s) = s —e ™ of McLean the kernel approximation T (¢, /) of (5.11) satisfies (5.14).

Algorithm 1 Choice of the parameters for the fractional kernel %! /T"(«t) and z(s) = s —e ™.
Data: o, e, T
Result: 6,7, M,N

begin
Compute § = (T'(ot + 1)£)l/a/T
27a b2 2-a)
th= herea= 2 (1- 2%
se In(1+ 28(cosa)®-2)’ wherea=5 ( ln(2e/£))

Compute M from Mh—e ™" <1In(x,) with x, = ([(2— a)€) 1/{1-a)
Compute N from Ni—e M > In(x*/§) with x* = —In(T'(1 — &) €)
L return

To get an impression of the values for #, M, and N, we present in Table 1 their values for the choice
T = 1, for € = 1073, and for different values of & € (0, 1).

0.05 0.1 02| 035 05| 0.65 0.8 09| 095
0.434 | 0.437 | 0.443 | 0.453 | 0.464 | 0.476 | 0.490 | 0.501 | 0.508
—45| —47| 53| —-63| —80 | —112 | —189 | =369 | =727
857 430 | 216 124 87 66 53 47 44
0.375 | 0.376 | 0.380 | 0.386 | 0.391 | 0.398 | 0.404 | 0.409 | 0.411
-8 -8 -8 -9 -9 —-10| —-12| =13 | -15
993 499 252 145 103 79 65 57 54

Beylkin-Monzon

McLean

ZR 2R ¥

TABLE 1  Parameters for the fractional kernel for € = 1078 and T = 1.

Remark 3 Compared to z(s) = e* (Beylkin & Monzén), the substitution z(s) = exp(s—e™*) (McLean)
converges must faster to O for s — —co, implying that —M can be chosen much smaller, in particular,
for o =~ 1 (see Table 1).
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We could consider the substitution z(s) = exp(s+e*), for which N could be chosen much smaller,
or even z(s) = exp(e’ —e™*), for which —M and N could be chosen smaller. Unfortunately, we are not
aware of an analogue of Lemma 1 for these substitutions. Numerical experiments show that in some
situations these substitutions can give excellent results.

6. The case o > 1

Until now we mainly treated the situation, where 0 < ¢ < 1. Here we consider an integral term (2.9)
with o > 1. One possibility is to introduce the new variable

a0 = g7 ) 0=9"16 ()

Oc)o

For 1 < a < 2, we differentiate it with respect to time and obtain the differential equation

S () = 1) [e=9"26(5) a5, yan) =0

INa-—1

which we add to the original system. Since ot —2 = o — 1 with ¢t € (0, 1), we are in the situation that
can be treated by the approach of Section 5. For an a € (2,3), we differentiate twice, and so on. With
this transformation we can assume without loss of generality that in the problem (2.5) all integral terms
have a; € (0,1). The present section is devoted to another possibility for treating the case ot > 1.

6.1. Splitting of the kernel

The kernel approximation of Section 5 is valid only for 0 < @ < 1. For o > 1, m = [a¢] > 2, we put
op=0a—m+1¢€(0,1).Itis possible to split the kernel according to

tocfl tm71 tocofl .
F(a) (e—1)---(a—m+1) (o)’ 6.1

and to apply the approximation (5.11) to the factor t%~! /T'(atg) (see also [15]). This then gives an
approximation for t*~! /T'(«t) as a sum of exponentials multiplied by a monomial. The linear chain
trick can be extended to this situation, which also reduces the integral equation to a system of ordinary
differential equations.

6.2. Extension of the linear chain trick

For notational convenience we here suppress the index j in the integral (2.9), and also in ¢¢; and G;(t,y).
We assume that the second factor in (6.1) is approximated by

1 n
%l Y e (6.2)
(o) ; l

Since 0 < o < 1, this approximation can be the one of Section 5. We now replace the integral (2.9) by

1
I(a)

i a— ~ 1 - L.
/O(t—s) 1G(s,y(s))dSN (a—l)-~-(a—m+1)i:]qzl’m(t)7 (6.3)
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where z; , (t) is the last function among

t
zix(t) = / (t— s)k7167%(’7‘Y>G(s,y(s)) ds, k=1,...,m.
Jo
Differentiation of this function gives the ordinary differential equations

(kil)zi,k—l(t) k:27"'am

G(t,y(1)) k=1. (64

Zig(t) = —%Zi,k(f)Jr{

If the integral terms in (2.5) with o;; > 1 are replaced by the approximation (6.3), we have to add the m
differential equations (6.4) to the original system.

6.3. Structure of the Jacobian matrix

The Jacobian matrix of the complete system is again of the form (3.6) with a different interpretation of
Jj, Bj, and C; for those indices j, for which of; > 1.

The matrix J; is bi-diagonal of dimension m;-n;, where m; = [«;| and n; is the number of
summands in (6.2). The diagonal elements are m; times ¥; ;, then m; times 9 ; until a block of m;
elements equal to %, j. The subdiagonal consists of n; vectors (1,...,mj — 1) separated by 0. This
means that for 1 < ¢; < 2 the subdiagonal is (1,0,1,0,...,1,0).

The matrix B; = ¢(dG/dy) is a rank-one matrix, where the derivative dG;/dy is a row vector of
dimension d. The column vector e is composed of n; vectors (1,0, ... ,0)—r e R™i,

The matrix C; = (JF /I j)E;.r is also a rank-one matrix. Here, the vector E;F is composed of n;

vectors (0,...,0,¢; ;) € R™ (fori=1,...,n;).

6.4. Use of the fast linear algebra in RADAUS

Similar as in Section 4.3 we can use the subroutines of DC_SUMEXP.F for a fast linear algebra. Here, the
dimension of the system has to be defined as N = d + (mn1 +2) + ... + (mg,ng, +2). The parameters
IJAC = 1, MLJAC = d, and and MUJAC = 0O are the same as in Section 4.3. Also the upper left d x d
matrix of DFY(LDFY,N) is that of the Jacobian matrix (3.6).

Next to the right we still have d; blocks corresponding to integral terms in the problem (2.8). Here,
the jth block has m;n;+ 2 columns. As in Section 4.3 the first column contains the vector dF /dI;, and
the second column contains the derivative dG;/dy, written as column vector.

The first row of the jth block has the coefficients of ¢; at the positions 3 to m;n; + 2, and the
second row has the diagonal of J; at the positions 3 to mn; +2. New is that the third row contains the
subdiagonal elements of J;. The last element of the third row, which is not used by the subdiagonal, is
put to a negative number to indicate the end of the jth block.

7. Numerical experiments

We consider a few illustrative examples. The first one is scalar with known exact solution. The second
one is a modification of the well-known Brusselator equation. Both of them are used as test equations
in a series of publications. Fractional partial differential equations in space dimension 1 are considered
in Section 8.
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7.1. Example 1: scalar fractional ODE with exact solution

As a first test example we consider the equation from Diethelm et al. [12]

I(1+a) 3 *2r(5+a/2) 9B * /3 3
D%y(1) = ( )_ ( /2) 9) +(§ta/2_t4) —y(t)3/2,

4 G-/ @ TO-a) 1)

with y(0) = 0. The inhomogeneity is chosen such that
(1) = 91 _gta/2 8 (éta/z —t4)2
4 2

is the exact solution of the equation. It starts at y(0) = 0, reaches a maximum at t = (30/16)'/(4=/2),
and vanishes at r = (3/2)!/(4=#/2) which, e.g. for & = 1/2, results in a loss of numerical well-posedness
of the problem for # > 1. Hence, in our numerical experiments we integrate the equationup to 7" = 1.

First experiment (comparison of different substitutions). For the numerical integration we apply the
code RADAUS with accuracy requirement 7o/ = € to the augmented system (3.4). We use four different
kernel approximations: for the substitution z(s) = e* the step size hpy is that of [15, Algorithm 1], for
z(s) = exp(s —e™*) the step size hyy, is that of Algorithm 1 in Section 5.4, for z(s) = exp(s+¢*) we
choose i = 0.7 hyyy, and for z(s) = exp(e® —e ™) we choose h = 0.5 hiyyr.. The parameters M and N are
then obtained from Lemma 3 as explained in the end of Section 5.2.

Beylkin & Monzé6n, z(s) =e* McLean, z(s)=exp(s—e™*)

€ h | M | N | err | time | h | M | N | err | time
1031106 —14 | 16 | 1.4-1073[1.5-107* (| 0.77 | —4 | 21 | 48-107* | 1.6-107*
107° (/060 | —47 | 52 | 22-10°]198-107* || 049 | —7 | 63 | 6.9-107°|7.3-107*
10721/ 042 | =100 | 108 | 2.6-107% | 6.8-1073 || 0.36 | —11 | 126 | 4.1-10°8 | 4.3-1073

72(s) = exp(s+e¢°) 2(s) =exp(e’—e )

€ h | M | N | err | time | h | M | N | err | time
103|054 =27 | 5 [19-103[19.-10*||039| —7 | 8 |[1.2-103|1.2-10°*
10034 | —82 | 10 | 1.5-107° | 86-107* || 024 | —14 | 15 | 5.0-107° | 3.9.-10°*
1072 1| 025 | =167 | 15 | 43-1073 | 5.1-1073 || 0.18 | =21 | 22 | 44-107° | 1.4-1073

TABLE 2 Comparison of h, M, N, relative error at T = 1 and the cpu-time for four different
substitutions, when applying RADAUS to the test problem (7.1) with Tol = €.

The result is shown in Table 2 for o = 1/2. We observe that the step sizes are largest for the
substitution of Beylkin & Monzoén, but the truncation indices M and N are large too, in particular,
for high accuracy requirements. For the second substitution (McLean) we have small values of M (as
expected), instead we have small values of N for the third substitution, and for the last one, both, M
and N remain small. Also the cpu time is smallest for the fourth substitution. It would be nice to have a
theoretical justification of an optimal choice of A.

Second experiment. As a second experiment we look at the linear algebra. We apply both the standard
Gauss elimination and the fast algorithm exploiting the structure of the Jacobian. The results are shown
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Tol =€ 1073 1077 107° 10711
cpu (standard) | 1.3-1072 | 6.3-1072 | 2.2-107" | 7.5-107!
cpu (fast) 7.1-107% | 1.3-1073 | 33-1073 | 8.7-1073
err 2,62-107 | 1.12-107% | 4.13-1078 | 9.57-10710

TABLE 3 Comparison of different linear algebra solvers for the system
(7.1) with oo = 1/2 and the substitution z(s) = exp(s —e™*) of McLean.

in Table 3 and show a striking improvement of the CPU time due to the fast linear solver. Since both
approaches are mathematically equivalent, they give the same error in the solution approximation.

Third experiment (dependence on ). For 1 < o0 < 2 we use the formulation (2.7) as a Volterra integro-
differential equation. Table 4 shows, for fixed Tol = € = 10~° the values of M, N, the error and cpu time
as a function of o obtained by the substitution z(s) = e*. We see that the truncation index M becomes
large for o & 2, whereas N becomes large for o & 1. Therefore the substitution z(s) = exp(s —e ™) is
more efficient for o = 2, and z(s) = exp(s + ¢°) is more efficient for & ~ 1, because they reduce the
corresponding truncation indices.

a | 11 | 13 | 15 1.7 1.9

M —28 -35 —47 -75 —212

N 255 86 52 37 28

err 2.25-107° [ 1.07-107% | 4.43-107% | 3.40-1077 | 6.94-107’
cputime | 6.7-1073 | 22-1073 | 1.3-1073 | 1.1-1073 | 2.1-1073

TABLE 4 Values M, N, relative error and the cpu time as a function of o for
the substitution of Beylkin & Monzon.

7.2. Example 2: Brusselator model

The so-called Brusselator is a model of a chemical reaction [24] that possesses periodic solutions and
has applications in the interpretation of biological phenomena. It is often used as a test example for
nonstiff time integrators. A modification, where the time derivative is replaced by a fractional derivative,
is proposed by [13] as a test for codes solving fractional differential equations. It is given by

DIy (t) = A—(B+1)yi(t)+yi1(t)*ya(t)
D2y (1) = Byi(1)—yi(t)*ya(r)

We choose the parameters and initial values as A = 1, B =3, and y;(0) = 1.2, y,(0) = 2.8. The degrees
of the derivatives are o = 1.3, a; = 0.8. Since o > 1, we need a further initial value y;(0) = 1.
Figure 1 shows the two solution components as a function of time.

We apply the code RADAUS to this fractional differential equation on the interval [0,220] with
different values of Tol = €. For the first component (with ¢¢; > 1) we use the approach (2.7). In Table 5
we present for the substitution z(s) = exp(s —e™*) (McLean) the values M and N, the cpu time and the
relative error at the end of integration. The values M and N have two entries: the first one corresponds to
o, the second to 0. The substitution z(s) = e also works well with larger values of M, the substitutions
z(s) = exp(s+e¢*) and z(s) = exp(e’ —e™*) do not give satisfactory results (large errors).

(7.2)
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/\ |
i

100 150 200

FIG. 1. Solution of (7.2) with parameter o;; = 1.3, o; = 0.8 in the time interval [0,220] (y; (¢) is in blue, y»(?) is in red)

An accurate approximation of the solution at T = 220 is given by y;(T) = 1.0097684171 and
y2(T) = 2.1581264031. We note that with a value € = Tol = 10~7 we obtain a relative error 5.7-10~°
in a cpu time of 0.076 seconds. The computation by RADAUS takes 1663 accepted steps, which
corresponds to a mean step size At =~ 0.13.

Tol = ¢ 1073 1073 1077 107° 10~
M -3 -5 -5 —-7]-8 —-10|-10 —13[—-12 —16
N 42 20 | 87 39 | 147 64| 223 94 | 313 130

cpu (fast) | 1.2-107% | 3.5-107% | 7.6-107% | 2.1-107' | 5.7-107!
err 45.10°245-10%(57-10°| 87-10°% | 1.2-107°

TABLE 5 Data for the numerical integration of (7.2) with RADAUS.

Comparison with the codes by Garrappa [13]. We test the problem with the codes at https://www.
dm.uniba.it/it/members/garrappa/software. For these codes the user has to provide a step size instead
of an accuracy requirement 7ol. Applying the implicit code FDE_PI1_IM with step size At = 10~* gives
a relative error err = 2.0665 - 10~# in about 84 seconds. Instead the explicit code FDE_PI1_EX yields a
relative error err = 2.0696 - 10~# in about 63.75 seconds. The peak of memory allocation is about 165
Megabytes for the implicit code and 164 Megabytes for the explicit one. With larger T and smaller step
size h, these codes may encounter memory problems.

Comparison with the codes by Brugnano et al.[7]. We also consider the recent code FHBVM?2
available at https://people.dimai.unifi.it/brugnano/fhbvm/. This code allows only one single fractional
derivative so that we set oo = 0.8 for both equations. Setting 7' = 220 and N = 300 steps, we found an
approximate solution in about 4.6 seconds with a very moderate peak of memory allocation of about 1
Megabyte. With T = 1000 and N = 1200 the CPU time is about 35.5 seconds. With a higher o > 1, the
code becomes slower.

The difference of these codes with respect to our integrator can be seen from Table 5. Since our code
solves an ordinary differential equation, no storage of the solution in the past is needed, and long-time
integration does not give any problems.


https://www.dm.uniba.it/it/members/garrappa/software
https://www.dm.uniba.it/it/members/garrappa/software
https://people.dimai.unifi.it/brugnano/fhbvm/

20 NICOLA GUGLIELMI AND ERNST HAIRER

7.3. Example 3: a multi-term problem

A benchmark problem from [37] (see also [13, Eq. (35)]) is given by (0 < ot < 1)
Y (£) + D% 2y(t) 4+ 5(1) + 45(1) + D%y(t) + 4 y(t) = 6 cost, (7.3)

with initial conditions y(0) = 1, y(0) = 1, J(0) = —1, so that its exact solution is
, T
ﬂg=¢%m0+z) (7.4)

independent of . For studying the stability of this linear differential equation we consider the
characteristic equation of the homogeneous problem, which is given by

Lo(z) =242+ 2+ 2 4z +4=0. (7.5)

A numerical investigation reveals that at a value o* € (0.654298,0.654299) a pair of complex conjugate
roots of (7.5) crosses the imaginary axis from the left complex plane to the right one. The two roots of
%u(z) are approximately +1.656861. For @ > o* the solution of (7.3) is unstable, while for o < ot* it
is stable.

For a numerical computation we insert the definition of the Caputo derivative into (7.3) and we write
the problem as a first order system (three differential equations and one algebraic equation) which gives

yo(t) = wi(t), »i(t) = y(t), y(0) = ()
0 = y3(t) +1a(y3)(t) +y2(t) +4y1(t) + La(y1)(#) +4yo(t) — 6 cost,

where, with op = 1 — «,,

L0 = gy =56 = o [e=9® )

1—o (o
This system is of the form (2.8) and can be solved by the approach of the preceding sections. As
suggested in [13] we consider & = 1/2 and T = 5000. We apply the code RADAUS with the fast linear
algebra routines and € = Tol = 1073 to this system. With 14841 accepted steps the computation gives
an error 0.21- 107 at the final point, and it needs 0.26 seconds cpu time. For values 0 < o < a* we get
similar accurate results. However, for larger values, such as o = 0.655 > a*, we observe a large error
demonstrating the instability of the equation.

8. Solving 1D fractional partial differential equations

We conclude by considering the following fractional PDE with Dirichlet boundary conditions

u 2%u
D%u(x,t) = ﬁ(x,t)‘Ff(x,t) for xe(0,1), r>0. (8.1)
u(0,¢) = wu(l,r) =0

Here, D% denotes the fractional derivative with respect to time ¢. For 0 < o < 1 we impose an initial
condition u(x,0) = up(x), similar as for parabolic problems, and for 1 < a < 2 we impose u(x,0) =

up(x) and % (x,0) = uél) (x) as for hyperbolic problems.
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With the method of lines we transform this problem into a fractional ordinary differential equation.
We consider an equi-spaced grid x; = iAxfori=1,...,d and Ax=1/(d + 1), and we apply central finite
differences to the space derivative. For the solution approximation y;(r) = u(x;,t) at the grid points this
yields the system

1
nyi(t):E(y,ur](t)—2yi(t)+yl;1(t))—I—f(xi,t), i=1,....d, (8.2)

with yo(#) = y4+1(¢) = 0, and initial values y;(0) = uo(x;) for 0 < a < 1 and y;(0) = uo(x;), ¥:;(0) =
u((]l)(xi) for the case 1 < o < 2. According to (2.7), the fractional differential equation (8.2) becomes,

forO< o<1,

1
(o)
where G; (y(s)) represents the right-hand side of (8.2). The dimension d of this system is typically very

large and even the fast linear algebra explained in Section 4.3 is not efficient enough. We have to exploit
the special structure of the arising Jacobian matrix.

yilt) =uo(xi)+1i(r),  L(t) = /0 (t—s)%1G; (v(s)) ds, (8.3)

8.1. Exploiting banded structures

We say that the problem (2.8) has banded structure, if the mass matrix M and JdF /dI are diagonal
matrices, and the matrices dF /dy and dG/dy are both banded with upper and lower bandwidths b, and
by, respectively.

Note that the system (8.3) has a tridiagonal banded structure. In fact, the matrix M is the zero-matrix,
JdF /dI and —dF /dy are the identity, and the matrix dG/dy is tridiagonal.

Lemmad4 Consider a problem that has banded structure with band widths b,, and b;. Then, the matrix
J of (4.1) is banded with the same band widths.

Proof By assumption the matrix J is banded. Moreover, the only non-zero element of dF /dI; is at
position j, and dG;/dy is the jth row of a banded matrix. Therefore, every rank-one matrix in the sum
of (4.1) is banded with the same bandwidths as J. This proves the statement. [

This lemma shows that we can exploit the banded structure in our fast linear algebra routines.

8.2. Use of fast linear algebra for banded problems

In the calling program one has to define the dimension N as in Section 4.3 (or as in Section 6.4 if
some of the exponents satisfy a;; > 1). For banded structures one has to put IJAC= 1, MLJAC= b;, and
MUJAC= b, (the code requires b, > 1).

The information of the Jacobian has to be stored in DFY(LDFY,N) as follows. The b, + 1+ b;
diagonals of J = dF /dy are stored as rows in such a way that columns of J remain columns in DFY. In
this way the element DFY(1,1) is not used by J. We put DFY(1,1)=d, so that the number of columns
is provided. As in Section 4.3 there are d; blocks corresponding to the d; integral terms in the problem.
New is the storage in the first two columns of each block, the rest is not changed. The first column of
the jth block contains the jth element of dF /dI; in position b, + 1. The second column contains the
relevant information of dG;/dy in the positions 1 to b, + 1+ b;. We finally put DFY(3,N)= —d; to
provide also the number of integrals.
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8.3. Numerical experiment

For our numerical illustration we choose

f(x,t):;xu—x)r(g(fl)[ja)tﬁ“+(r’3+1), B>a, (8.4)

for which the exact solution of (8.1) is known to be
! B
u(x,t)zix(l—x) (t —i—l). (8.5)
We choose oo = 1/3, B =5/3, and we consider the numerical integration over the interval [0, 1000].

With &€ = 1079 the fractional kernel %! is approximated by a sum of exponentials with substitution
z(s) = exp(e® —e~*) and parameters M = —13 and N = 17.

d=d; 100 300 1000 3000 10000
cpu (banded) | 2.3-107% | 54-1072 | 1.8-107' | 5.5-107! 1.9-10°
err 2.32-1078 | 3.67-1078 | 6.33-107% | 1.10-1077 | 3.25-1077

TABLE 6 Numerical results for the 1D partial differential equation using the
banded linear algebra routines and the substitution z(s) = exp(e® —e™*).

The cpu time and the relative error obtained by the code RADAUS with Tol = € = 1075 and with
the banded fast linear algebra option are given in Table 6. We can observe that the cpu time increases
linearly with the dimension d of the system. Independent of the dimension, the code takes about 45
steps with step sizes increasing from Ar == 0.05 in the beginning to Ar /= 158 at the end of the interval.

8.4. Further fractional PDEs

Systems of reaction diffusion equations with memory can be modeled by fractional equations of the
from (see e.g., [26])

82u1

D%uy(x,t) = KW(X’I) —kyuy (x,1)up (x,1) + (ka + k3 )uz (x, 1)
2
D%u(x,t) = K%(x,t)fklul(x,t)uz(x,t)+k2u3(x,t) (3.6)
(92
D%usz(x,t) = K “ (o,8) + kyuy (x, 1)ua (x,2) — (ko + k3 )usz (x,1)

0x?

for x € (0,1) and 7 > 0. We consider homogeneous Dirichlet boundary conditions, suitable initial
functions, and parameters K = 0.5, k; = 1, k» = 2, and k3 = 3. After a semi-discretization as in (8.2)
we obtain a system of fractional ODEs for y = (y},...,y%.>1,...,33,37,...,3), where y/ (1) &~ u;(x;,1).
Due to the reaction term the Jacobian matrix is no longer banded. However, since the reaction term is
not stiff (when compared to 9% /dx?), we can remove all elements that are not on the diagonal or on
the first super- and subdiagonals. Neglecting such elements increases slightly the number of simplified
Newton iterations, but the decrease in cpu time is remarkable. Similar as in Table 6 we observe that the
cpu time scales linearly with the number of grid points.
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In the case where the reaction is stiff, such a reduction of the Jacobian matrix to tridiagonal form is
not recommended. If one orders the elements of the vector y according toy = (y},y3,33,...,5},33,53),
then the Jacobian matrix becomes banded with bandwidths b; = b, = 3. This allows for an efficient
treatment of the linear algebra without neglecting elements of the Jacobian matrix.

nfen | njac | nstep error cpu time

3-diagonal | 285 | 31 | 32 |2.51-107° | 0.60
7-diagonal | 188 | 4 | 31 |135-107°| 045

TABLE 7 Numerical  comparison  of  different
approximations of the Jacobian matrix

For our numerical experiment we consider initial values u;(x,0) = 0.5x(1 —x), u2(x,0) = x*(1 —x),
u3(x,0) = 1.5x(1 — x)2, and an equidistant grid with d = 1000 interior grid points. We fix 7ol = € =
1073, and we compute the parameters of the kernel approximation for z(s) = exp(e® —e~*). For ¢ = 1/2
and 7 € [0,30] this gives M = —12 and N = 13, so that the complete system (3.4), which consists of 3d
y-variables and of 3d integral terms, is of dimension 3d + 3d(N —M) = 78d = 78 000. Table 7 presents
the statistics of the code RADAUS for the two approaches: neglecting some elements of the reaction
term (3-diagonal Jacobian matrix) and considering the complete Jacobian with an ordering of variables
to obtain a 7-diagonal structure. We see that the number of steps nstep and the relative error are more
or less identical. The number of function evaluations nfcn and the number of Jacobian evaluations njac
are larger for the 3-diagonal version. This is explained by the fact that due to the non-exact Jacobian the
code requires about 3 simplified Newton iteration per step in contrast to the 7-diagonal version, which
needs only 2 simplified Newton iterations per step. This is also reflected in the cpu time, which is given
in seconds.

9. Conclusions

In this article we have described an efficient memoryless methodology to deal with fractional differential
equations possibly coupled with stiff ordinary and differential-algebraic equations.

The methodology is based on a suitable expansion of the fractional kernels in terms of exponential
functions, which allows to transform the problem into an augmented set of stiff ODEs of large
dimension. Our numerical experiments confirm the efficiency of this methodology which allows to get
a much more versatile code, able to deal with general problems, a feature that makes it very appealing
in disciplines where fractional differential equations have to be solved accurately and efficiently.
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