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Abstract

One of the most classical pairs of symplectic and conjugate-symplectic schemes is given by the Midpoint
method (the Gauss–Runge–Kutta method of order 2) and the Trapezoidal rule. These can be inter-
preted as compositions of the Implicit and Explicit Euler methods, taken in direct and reverse order,
respectively. This naturally raises the question of whether a similar composition structure exists for
higher-order Gauss–Legendre methods. In this paper, we provide a positive answer by first examining
the fourth-order case and then outlining a generalization to higher orders.

Keywords: Ordinary differential equations, Hamiltonian systems, multi-derivative methods,
symplectic methods

1. Introduction and main result

In the context of the numerical solution of initial value problems, it is well known that composing
the Explicit and Implicit Euler methods (denoted EE and IE, respectively) with halved stepsize gives
rise to two fundamental numerical integrators: the trapezoidal rule (TR), obtained by composing EE
followed by IE, and the implicit midpoint rule (MP), obtained by reversing their order:

TR = IE ◦ EE, MP = EE ◦ IE.

Both methods are of order two and exhibit remarkable structure-preserving properties when applied to
Hamiltonian systems of the form

y′(t) = f(t, y) := J∇H(y(t)), y(t0) = y0 ∈ R
2m, y =

(

q
p

)

, q, p ∈ R
m, (1)

where H : R2m → R is the Hamiltonian function, and J is the canonical symplectic matrix

J =

(

0 I
−I 0

)

,

with I denoting the m×m identity matrix. In this setting, the implicit midpoint method is symplectic,
whereas the trapezoidal rule is its conjugate-symplectic counterpart.

Symplectic integrators enjoy important geometric properties, such as volume preservation of closed
surfaces in phase space, conservation of all quadratic first integrals, and near-conservation of the Hamil-
tonian function over exponentially long time intervals [1, 2]. By their very nature, conjugate-symplectic
integrators inherit the same qualitative behavior [3].

A prominent family of symplectic implicit Runge–Kutta methods is given by the Gauss–Legendre
collocation schemes, whose second-order member coincides with the implicit midpoint rule. This nat-
urally raises the question: does a similar composition structure exist for higher-order Gauss–Legendre
Runge–Kutta methods? In particular, one may ask whether these methods can also be represented as
compositions of suitable high-order extensions of the Euler schemes, and whether such compositions
admit meaningful conjugate-symplectic counterparts.
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In this paper, we first address this question for the two-stage, fourth-order Gauss–Legendre method,
defined by the tableau
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By exploiting discrete variants of two multi-derivative high-order one-step formulae (see [4, 5]), we
construct two two-stage Runge–Kutta methods, denoted Φh and Ψh, with the following Butcher tableau:

Φh :=

1−
√
3
3

1
2

1
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√
3
3
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3
3

1
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√
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Ψh :=
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√
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√
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√
3
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3
4

(2)

It turns out that the composition Ψh/2 ◦ Φh/2 yields the Gauss–Legendre method of order four, while
the reverse composition Φh/2 ◦ Ψh/2 gives rise to a novel conjugate-symplectic Runge–Kutta method
with the following tableau:
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√
3

24 0 0
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Since for the Dahlquist test equation the application of Runge–Kutta methods commutes, both
methods (the Gauss–Legendre method of order 4 and the method (3) have the same stability function.
Moreover, although both Φh and Ψh are implicit, their repeated composition requires solving only one
nonlinear system at each time step.

By analyzing the relationship between the coefficients defining the methods Φh and Ψh defined in
(2), we were able to extend the construction to Gauss–Legendre methods of arbitrarily high order.

The paper is organized as follows. In Section 2, we introduce the multiderivative methods and their
discrete variants obtained by replacing derivatives with suitable finite-difference formulae. In Section 3,
we show that, for an appropriate choice of the discretization parameter, the Gauss method is recovered.
Section 4 introduces the corresponding conjugate scheme. In Section 5, we present the generalization
to higher-order integrators, while Section 6 contains our concluding remarks.

2. Background

Our focus is on two conjugate classes of fourth-order multi-derivative one-step methods: the multi-
derivative midpoint (MDMP) and trapezoidal (MDTR) schemes [4, 5]. Denoting by ET4 and IT4 the
fourth-order multi-derivative extensions of the explicit and implicit Euler methods, respectively, we
define:

MDMP4 := ET4 ◦ IT4 :

y1 = y0 + hf(y1/2) +
h3

24
D2f(y1/2),

⇐⇒















y1/2 = y0 +
h

2
f(y1/2)−

h2

8
D1f(y1/2) +

h3

48
D2f(y1/2),

y1 = y1/2 +
h

2
f(y1/2) +

h2

8
D1f(y1/2) +

h3

48
D2f(y1/2),

MDTR4 := IT4 ◦ ET4:

y1 = y0 +
h

2
(f(y1) + f(y0))−

h2

8
(D1f(y1)−D1f(y0)) +

h3

48
(D2f(y1) +D2f(y0)) ,

⇐⇒















y1/2 = y0 +
h

2
f(y0) +

h2

8
D1f(y0) +

h3

48
D2f(y0),

y1 = y1/2 +
h

2
f(y1)−

h2

8
D1f(y1) +

h3

48
D2f(y1).
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The symbols D1 and D2 denote the first and second order Lie derivatives of the vector field. As
shown in [4], both integrators are conjugate to a symplectic method up to order six.

In this work, we aim to approximate D1 and D2 using suitable finite-difference schemes. Since these
terms are multiplied by h2 and h3, respectively, preserving both the order of accuracy and the symmetry
of the method requires employing symmetric finite-difference formulas of at least second-order accuracy.
For r = 0, 1/2, 1, we adopt the following standard centered differences:

D̂1fn+r =
f(yn+r+α)− f(yn+r−α)

2αh
, (4)

D̂2fn+r =
f(yn+r+α)− 2f(yn+r) + f(yn+r−α)

α2h2
, (5)

where α > 0 is a parameter, and the auxiliary times are given by tn+r±α = tn+r ± αh.
These formulas require the auxiliary local stages yn+r±α, which must be computed at each step.

In [5], these additional approximations were generated using two distinct approaches: a second-order
explicit Runge–Kutta method and the trapezoidal rule. In the latter case, for a suitable value of α, a
novel symmetric and symplectic fourth-order Runge–Kutta method, along with its conjugate-symplectic
twin, was obtained.

This result motivates the question: can an alternative approximation of the auxiliary stages yn+r±α

lead to the recovery of the Gauss–Legendre integrator of order four and its conjugate-symplectic coun-
terpart? As we shall demonstrate in the following sections, the answer is affirmative when a degree-two
collocation polynomial is used.

3. An MDMP4 variant based on a quadratic collocation polynomial

In this section, we approximate the auxiliary stages yn+1/2±α by evaluating a collocation polynomial
of degree two at the points tn+1/2±α. The resulting method, denoting f(yr) = fr, reads:

yn+ 1

2
−α = yn+ 1

2

− hα
3

4

(

fn+ 1

2
−α +

1

3
fn+ 1

2
+α

)

, (6a)

yn+ 1

2
+α = yn+ 1

2

+ hα
3

4

(

1

3
fn+ 1

2
−α + fn+ 1

2
+α

)

, (6b)

yn+ 1

2

= yn +
h

2
fn+1/2 −

h2

8
D̂1fn+1/2 +

h3

48
D̂2fn+1/2, (6c)

yn+1 = yn + hfn+1/2 +
h3

24
D̂2fn+1/2. (6d)

Expressed as a Runge–Kutta scheme, the method is described by the following tableau:

1/2− α − 3
4α+ 1

16α + 1
48α2

1
2 − 1

24α2 − 1
4α− 1

16α + 1
48α2

1/2 1
16α + 1

48α2

1
2 − 1

24α2 − 1
16α + 1

48α2

1/2 + α 1
4α+ 1

16α + 1
48α2

1
2 − 1

24α2

3
4α− 1

16α + 1
48α2

1
24α2 1− 1

12α2

1
24α2

(7)

We denote this method by AMDMP4_C2 (MDMP4 approximated by a collocation polynomial of
degree 2).

Theorem 1. The Runge–Kutta scheme defined by the tableau (7) is symplectic if and only if α =
√
3/6.

In this case, the method coincides with the Gauss–Legendre method of order 4 and can be obtained as
the composition Φh/2 ◦Ψh/2, where Φh and Ψh are defined in (2).

Proof. Setting α =
√
3/6, the first and third abscissae coincide with the shifted roots of the Gauss

orthogonal polynomial of degree two on the interval [0, 1]. The coefficient matrix A of the method (7)
has the second column identically zero, which implies that the nonlinear system associated with the
method does not involve the second stage (i.e., the one corresponding to tn+1/2). Hence, the second row

3



and column can be removed. A direct computation then shows that the reduced scheme corresponds
to the Gauss method of order four, which is known to be symplectic.

Moreover, α =
√
3/6 is the unique value for which the symplecticity condition

biaij + bjaji − bibj = 0, i, j = 1, . . . , 3,

is satisfied (see [1, Theorem 4.3]). Substituting equations (6a) and (6b) into (6c) and (6d), one recovers
the two-stage Runge–Kutta methods defined in (2).

We emphasize that equations (6c) and (6d) share the same internal stages, computed via the coupled
system (6a)–(6b). This means that, when used in composition, only a single nonlinear system must be
solved per time step of size h.

We observe that the 1st and 3rd internal stages approximate the local solution with an error O(h3),
whereas the 2nd stage, yn+1/2 approximates it with an error O(h4). After evaluating f(yn+1/2), we

compute D̂1 and D̂2 in (4)-(5) and we define the polynomial in the variable τ ∈ [−1/2, 1/2]

yn+1/2+τ = yn+1/2 +
τh

2
f(yn+1/2) +

τ2h2

2
D̂1f(yn+1/2) +

τ3h3

6
D̂2f(yn+1/2). (8)

Note that for τ = ±1/2 this dense output passes through the approximations yn and yn+1, so that it
provides a globally continuous approximation of the solution.
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Figure 1: Maximum absolute error in the continuous extensions for the polynomial in (8) (solid blue line) and the
collocation polynomial (dotted red line)).

We recall that the collocation polynomial associated with the Gauss method of order four has
degree two and its error is O(h3). In contrast, the dense output (8) involving discretized derivatives
has degree three and its error is O(h4). Consequently, with only one additional function evaluation we
get a fourth-order continuous extension of the Gauss method.

h error for the polynomial in (8) rate error for the collocation polynomial rate

1/8 4.7402 · 10−5 0 4.2624 · 10−4 0

1/16 3.4239 · 10−6 3.79 5.7704 · 10−5 2.88
1/32 2.3042 · 10−7 3.89 7.4913 · 10−6 2.94

1/64 1.4949 · 10−8 3.94 9.5368 · 10−7 2.97

1/128 9.5203 · 10−10 3.97 1.2028 · 10−7 2.98
1/256 6.0064 · 10−11 3.98 1.5102 · 10−8 2.99

1/512 3.7718 · 10−12 3.99 1.8919 · 10−9 2.99

Table 1: Maximum absolute error in the continuous extensions for the polynomial in (8) (continous blue line) and the
collocation polynomial (dotted red line).

To show the behavior of the derived continuous extension we have solved the following linear bound-
ary value problem:

ǫy′′ = y,
y(0) = 1, y(1) = 0,

(9)

rewritten as a first order system, whose exact solution is

e−x/
√
ǫ − e(x−2)/

√
ǫ

1− e−2/
√
ǫ

4



The results using constant stepsize and ǫ = 0.1 are reported in Figure 1 for h = 1/8 and Table
1. A comparison with the continuous extension produced by the collocation polynomial associated
with the fourth-order Gauss method shows the better performance of formula (8) in terms of order of
convergence.

4. An MDTR4 variant based on a quadratic collocation polynomial

We repeat the approximation procedure of the two Lie derivatives appearing in the MDTR4 method:
the auxiliary stages are now yn±α and yn+1±α. Evaluating a collocation polynomial of degree two at
the points tn±α and tn+1±α yields the method:

yn+r−α = yn+r − hα
3

4
(fn+r−α +

1

3
fn+r+α), (10a)

yn+r+α = yn+r + hα
3

4
(
1

3
fn+r−α + fn+r+α) (10b)

yn+ 1

2

= yn +
h

2
fn +

h2

8
D̂1fn +

h3

48
D̂2fn, (10c)

yn+1 = yn+ 1

2

+
h

2
fn+1 −

h2

8
D̂1fn+1 +

h3

48
D̂2fn+1. (10d)

Equations (10a) and (10b) provide the internal stages of the method (10c) for r = 0 and of the
method (10d) for r = 1. The method resulting from the composition, denoted AMDTR4_C2 (MDTR4
approximated by a collocation polynomial of degree 2), has the form

yn+1 = yn +
h

2
(fn + fn+1)−

h2

8

(

D̂1fn+1 − D̂1fn

)

+

+
h3

48

(

D̂2fn+1 + D̂2fn

)

.

(11)

This method is of order 4 and is conjugate to the AMDMP4_C2 method when used with the same
parameter α. The conjugate symplectic twin associated with the Gauss method of order four is obtained
by choosing α =

√
3/6 and is reported in (3). For this value of α, the stability function of (11) coincides

with the Padé rational function of order (2, 2). Furthermore, the two methods (10c) and (10d), used
with step size h, correspond to the Runge–Kutta methods Ψh and Φh defined in (2), respectively.

5. Generalization to higher-order formulae

A straight forward extension of the approach of Section 2, by using higher degree Taylor polynomials,
does not lead to Gauss methods of higher order. We therefore consider an alternative approach.

We start with an s-stage Runge–Kutta method with coefficient matrix A, distinct quadrature nodes
c = A1 and weights b⊤. Here, 1 denotes the s-dimensional vector with all entries equal to 1. We then
consider the two Runge–Kutta methods:

Φh : with Runge–Kutta matrix A1 = 2A, quadrature nodes c1 = 2c and weights bT1 , such that the
underlying quadrature formula is at least of order s,

Ψh : with Runge–Kutta matrix A2 = 2A − 1b⊤1 , nodes c2 = 2c − 1 and weights b⊤2 such that the
underlying quadrature formula is at least of order s.

We first note that for the implicit midpoint rule we have A = (1/2), so that Φh becomes the implicit
Euler method and Ψh the explicit Euler method. For the 2-stage Gauss method, this gives precisely
the two methods of (2).

The coefficients of the s-stage Gauss method of order 6 (s = 3) are tabulated in [6, page 72]. The
explicit formulas for Φh and Ψh then give the desired composition.

Theorem 2. For a given s-stage Runge–Kutta method Θh = (A, c, b⊤) of order at least s, the compo-
sition Ψh/2 ◦ Φh/2 is equivalent to Θh.

5



Proof. The composition Ψh/2 ◦ Φh/2 can be considered as a 2s-stage Runge–Kutta method with
coefficients

Ψh/2 ◦ Φh/2 =

c1/2 A1/2 0

1/2 + c2/2 1b⊤1 /2 A2/2

b⊤1 /2 b⊤2 /2

=

c A 0

c 1b⊤1 /2 A− 1b⊤1 /2

b⊤1 /2 b⊤2 /2

.

This Runge–Kutta method is S-reducible (see Definition IV.12.17 of [6]). In fact, the internal stages of
the first block are identical to the internal stages of the second block. Therefore, this method reduces
to (A, c, (b1+ b2)

⊤/2). The assumption on the order of the underlying quadrature formulas implies that
(b1 + b2)/2 = b.

Corollary 3. For a symmetric s-stage Runge–Kutta method Θh = (A, c, b⊤) of order at least s, Φh

and Ψh satisfy the relations
Φ∗

h = Ψh, Ψ∗
h = Φh, (12)

where Φ∗
h := Φ−1

−h denotes the adjoint method of Φh (and analogously for Ψ∗
h) [1, Definition II.3.1].

Proof. Relations (12) can be proven by exploiting the general results provided in [7, Theorem II.8.3,
Theorem II.8.8]. The symmetry of the method Θh implies that

bj = bs+1−j , ai,j + as+1−i,s+1−j = bj , i, j = 1, . . . , s,

and, consequently, ci + cs+1−i = 1. We first prove (b1)i = (b2)s+1−i for the weights of the methods Φh

and Ψh. These weights are defined by

s
∑

i=1

(b1)i (2ci)
k−1 =

1

k
,

s
∑

i=1

(b2)s+1−i (1− 2ci)
k−1 =

1

k
, k = 1, . . . , s,

where we have used the relation 2cs+1−i − 1 = 1 − 2ci. Using the binomial identity one can prove by
induction on k that

∑s
i=1(b2)s+1−i (2ci)

k−1 = 1
k , so that (b1)i = (b2)s+1−i.

With this preparation we obtain

(A2)i,j = 2 ai,j − (b1)j = 2 ai,j − 2 bj + (b2)j

= (b2)j − 2 as+1−i,s+1−j = (b1)s+1−j − (A1)s+1−i,s+1−j .

which, together with (b2)j = (b1)s+1−j , proves that Ψh is the adjoint of Φh.

6. Conclusions

Starting from a pair of multiderivative Explicit and Implicit Taylor methods, and discretizing the
involved derivatives, we have shown that their composition leads to the fourth-order Gauss–Legendre
Runge–Kutta method, along with its associated conjugate symplectic scheme. This construction has
naturally provided a higher-order dense output formula, intrinsically linked to the scheme, which re-
quires only a single additional function evaluation.

Analyzing the coefficients of the two composing methods has revealed a way to extend the approach
to Gauss–Legendre methods of arbitrary order.
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