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The length-vector function

VCT Yen RM

i % len(p) == (|p1l,- -, |pml)

Ni'
If ¢ = (Zl,...,gm) ERZ&:
N () := Len 1 (¢)
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Definition: ¢ € R7, Is If, equivalently:

e [(Is aregular value ofen.

Vm len Len_mm
len
® ZEZ& =+ 0 whene; = +1. Nc"gn

Lemma If ¢ Is generic then
NI (0), N5 (0) and N (¢) are smooth manifolds

Examples:

¢ N3H(€) | N3 (0) | N3 ()

(1,---,1,m = 2) cpm3 |RP™3 qm—3
(e,-++,e,1,1,1) (32)777’_3 Tm—3 Tm—SL'JTm—S
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Theorem Let ¢/ € R™ be generic. Then

1) N3'(¢) is a Kaehler manifold of complex
dimensionnm — 3. (A. Klyachko 1992)

2) the orthogonal reflection through any
hyperplane is an anti-holomorphic involution on

NI(¢) with fixed point setNZ" (/).

Moreover, there Is a ring iIsomorphism

H (N3"(0); Z) = H (N3"(£); Zo)
dividing the degrees Iin half¢ A. Knutson — JCH, 1997-98)

In fact, N3"(0) is a .(T. Holm - V.
Puppe — JCH, 2005)
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Symplectic reductions

N () = {pe (B L pi=0, |pl =6 } /50(3)
s0(3)" Oy

N (0).w0) = ([Tow) ) so:
Pol (¢) =t 0

PROPOSITION
wy] Is integral < ¢; € Z[1/2] and) /¢, € Z.
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The Walker’'s Conjectureoss

Generic planar polyon spaces are determined
by their integral cohomology ring:

N (€) = Ny (l') <= H*(N;"();Z) = H*(N;"(0'); Z)

THEOREM (M. Farber — JCH — D. Séitz, 2007

N§'(0) = N3"(l') <= H*(N3"(0); Z3) = H*(N3"({'); Zs)
COROLLARY

NGH(0) m NG(E) <= H*(N3*(0); Zs) = H*(N'(0'); Zo)

Theorem not true for real cohomology:
{=(ee,1,1,1) '=(e,1,1,1,2)
NZ(0) = S? x §? N3 (0') = CP*CP?

H*(N3(0);R) ~ H*(N3(0'); R)

—n. 8/



Chambers



Chambers
Forl C {1,...,m}, define

Hp = {(617 > 0 7€m) = RTZnO’ Zié]éi — Zygﬂgj}

—n. 9/



Chambers
Forl C {1,...,m}, define

Hp = {(617 > 0 7€m) = RTZnO’ Zie]éi — Zg%]ﬁj}

H = |J; H; is an hyperplane arrangement in the space
RZ, of m-length-vectors, dividing it Int@hambers

—n. 9/



Chambers
Forl C {1,...,m}, define

Hp = {(617 > 0 7€m) = RTZnO’ Zie]gi — ngﬂgj}

H = |J; H; is an hyperplane arrangement in the space
RZ, of m-length-vectors, dividing it Int@hambers

PROPOSITION Let/, ¢" be generien-length-vectors. Then

¢, 0" In the Ml P\ ~o m(
same chamber N () ~aigs Ni*(F)

—n. 9/



Chambers
Forl C {1,...,m}, define

Hp = {(817 > 0 7€m) = RTZnO’ Zie]gi — ngﬂgj}

H = |J; H; is an hyperplane arrangement in the space
RZ, of m-length-vectors, dividing it Int@hambers

PROPOSITION Let/, ¢" be generien-length-vectors. Then

¢, 0 in the MmO\ ~~ m( pf
same chamber N () ~aigs Ni*(F)

REMARK: this “classification” does not depend dn

—n. 9/



Chambers
Forl C {1,...,m}, define

Hp = {(617 > 0 7€m) = RTZnO’ Zie]éi — Zg%]ﬁj}

H = |J; H; is an hyperplane arrangement in the space
RZ, of m-length-vectors, dividing it Int@hambers

PROPOSITION Let/{ ¢" be generien-length-vectors. Then

¢, 0" In the Ml P\ ~o m(
same chamber N () ~aigs Ni*(F)

REMARK: this “classification” does not depend dn

Number of chambers up to permutations (JCH-Rodriguez, 2002
m| 3 4 5 6 7 8 9

2 3 7 21 135 2470 175428
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Short subsetsk. walker)
Letl/ = (¢4,...,¢,) be generic. Lef C {1,...m}

I'is it > b >
el j¢lI
S(¢) = poset of short subsets (simplicial complex
PROPOSITION Let/¢ andl¢’ be generic. Then

S(l) =S(l') < ¢ andl' in the same chamber.

~ , ¢ and/? in the same chamber
S() = Sl) up to permutation.

REMARK: If £ is generic, theib (/) is determined by
S (¢) = Link({m},S(¢))
STRATEGY: for{ generic, show that
H*(Pol ({); Z,) determiness,, (¢).
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r: Pol (/) — CP™ *



Cohomology classes

U;, Vi, R € H2(Pol (¢): Z)
UZ‘/;:O R:::Ui::‘/;‘
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(convex polytope limited by the hyperplanes
Fi=A{z e R" | (z,w;) = A\j}).
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Symplectic toric manifold

LetT = (S')" acting Hamiltonianly
on a symplectic manifold/?", with ---
moment mapb : M — t* = R".

Write
OPM)={zeR"| (z,w;) <A, j=1...,p}
(convex polytope limited by the hyperplanes
Fi=A{z e R" | (z,w;) = A\;}).

THEOREM (Danilov) H*(M;A) = A[Fy, ..., F,|/T
wherel is the ideal generated by the families
OZ§:1<6i,UJj>Fj (Z: 1,...,77/)

F1
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O(M) = [ [, ] Vi
2O
X
7
g H*((S*)™; A) = A[V;, U] quotiented by
[ /% ® UZ—V; iZl,...,m—l
® UZV; Z':l,...,m—l

Q
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M = UPol (¢)

_____ ]_ V.

- / H*((S*)™: A) = A[V;, U;] quotiented by

Upper polygon space

2

;)2\

7

!
’ i e Ui—V,
Albg o UZV;
0,

|

l

1=1,...,m—1
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M = UPol (¢)

Upper polygon space
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N4

t L
- ¢ Ui—V
& A%
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I

:

_____ ]_ D,

. / H*(UPol (¢); A) = A[V;, U;] quotiented by

1=1,....m—1

r=1,....m—1
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M = UPol (¢)
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2
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7
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|
a
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M = UPol (¢)
Upper polygon space
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N
il / H*(UPol (¢); A) = A|V;, R] quotiented by
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M = Pol (¢)
Polygon space v,

_____ ]_ .

/ N / H*(Pol (¢); A) = A[V;, R] quotiented by

— ‘Q(‘Q'+']3) i=1,....m—1
] e [[icpV] B ¢Sy,

-
i o Z (RIH-ISI-1 H V)
o> 5252 jeo
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THEOREM (JCH-A. Knutson, 1998)
H*(Pol (£); A) = AlV;, R] quotiented by

e Vi(Vi+R) i=1,...,m—1

¢ HjeBVj B ¢ S

o Z(R'L‘—‘S‘—lﬂvj) LcA{l,...,m—1}, Llong
SCL jES

SeSm
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LEMMA  Let/, ! be dominated length vectors.
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algebra isomorphism. th > 5, thenh(R) = R'.
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LEMMA1 Lett, £ be aominated lengtn vecltors.
Leth: H*(Pol (¢); Zy) — H*(Pol (¢'); Zy) be an
algebra isomorphism. th > 5, thenh(R) = R/

LEMMA2 Let/ be a dominated length vector. Then
H*(Pol (£);Zs)/(R) = E(S,,(¢)) where

ESn(0) = ZaVi] [ (VA TLjes Vi (B¢ Sul0) )

THEOREM (Gubeladze, 1998)
Let K andK' be finite simplicial complexes. Then

EK)=E(K') «— K=~ K.

H*(Pol (£); Zs) ~ H*(Pol (¢'); Zy) <= E(S(0)) = E(S, ()
S (0) = S (1)
— Pol (¢) =~ Pol (¢)
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