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We consider Hermitian and symmetric random band matrices H = (hyy) in d > 1 dimensions. The
matrix entries hqy, indexed by z,y € (Z/ LZ)d, are independent, centred random variables with variances
Suy = E|hyy|?. We assume that sy, is negligible if |z — y| exceeds the band width W. In one dimension
we prove that the eigenvectors of H are delocalized if W > L*®. We also show that the magnitude
of the matrix entries |G4y|? of the resolvent G = G(z) = (H — z)™ ' is self-averaging and we compute
E|Gy|?. We show that, as L — oo and W > L*/®, the behaviour of E|G4,|? is governed by a diffusion
operator whose diffusion constant we compute. Similar results are obtained in higher dimensions.

1. Introduction

Random band matrices H = (hyy )z yer represent quantum systems on a large finite graph I' with random
quantum transition amplitudes effective up to distances of order W. The matrix entries are independent,
centred random variables. The variance sy, := E|h,,|? depends on the distance between the two sites = and
y, and it typically decays with the distance on a characteristic length scale W, called the band width of H.
This terminology comes from the simplest one-dimensional model where the graph ' = {1,2,... N} is a
path on N vertices, and the matrix entries hy, are negligible if |x — y| > W. In particular, if W = N and
all variances are equal, we recover the well-known Wigner matrix, which corresponds to a mean-field model.
Higher-dimensional models are obtained if I' taken to be the box of linear size L in Z?. In this case the
dimension of the matrix is N = L.

Typically, W is a mesoscopic scale, larger than the lattice spacing but smaller than the diameter L of
the system: 1 < W <« L. These models are natural interpolations between random Schrédinger operators
with short range quantum transitions such as the Anderson model [3] and mean-field random matrices
such as Wigner matrices [40]. In particular, random band matrices may be used to model the Anderson
metal-insulator phase transition, which we briefly outline.

The key physical parameter of all these models is the localization length £, which describes the typical
length scale of the eigenvectors of H. The system is said to be delocalized if the localization length is
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comparable with the system size, { ~ L, and it is localized otherwise. Delocalized systems are electric
conductors, while localized systems are insulators.

Nonrigorous supersymmetric calculations [28] show that for random band matrices the localization length
is of order £ ~ W? in d = 1 dimension. In d = 2, the localization length is expected to be exponentially
growing in W, and in d > 3, it is macroscopic, ¢ ~ L, i.e. the system is delocalized. We refer to the overview
papers of Spencer [36,38] and to the paper of Schenker [33] for more details on these conjectures.

These predictions are in accordance with those for the Anderson model, where the random matrix is
of the form —A + AV here A is the lattice Laplacian, V' a random potential (i.e. a diagonal matrix with
i.i.d. entries), and A a small coupling constant. The localization length is £ ~ A=2 in the regime of strong
localization, which corresponds to the whole spectrum for d = 1 and a neighbourhood of the spectral edges
for d > 1. This result follows from the rigorous multiscale analysis of Frohlich and Spencer [27] as well as
from the fractional moment method of Aizenman and Molchanov [2]. The two-dimensional Anderson model
is conjectured to be in the weak localization regime with ¢ ~ exp(A~2) throughout the spectrum [1], but this
has so far not been proved. In dimensions d > 3, the prediction is that there is a threshold energy, called the
mobility edge, Fy, that separates the localized regime near the band edges from the delocalized regime in the
bulk spectrum. The localization length is expected to diverge as the energy E approaches the mobility edge
from the localization side. The increase of the localization length as an inverse power of E — E; has been
rigorously established up to a certain scale in [5,37], but this analysis does not allow E to actually reach
the conjectured value of Ey. A key open question for the Anderson model is to establish the metal-insulator
transition, i.e. to show that the mobility edge indeed exists.

For random band matrices, the metal-insulator transition can be investigated even in d = 1 by varying
the band width W. The prediction that the localization length ¢ is of order W?2 can be recast in the form that
the eigenvectors are delocalized if W > L'/2. Currently only lower and upper bounds have been established
for £. On the side of localization, Schenker [33] proved that ¢ < W, uniformly in the system size, by
extending the methods of the proofs of the Anderson localization for random Schrédinger operators. As a
lower bound, ¢ > W was proved in [24] by using a self-consistent equation for the diagonal matrix entries
G .. of the Green function G = G(z) = (H — 2z)~!. In particular, Wigner matrices (W = L) are completely
delocalized; in fact this has been proven earlier in [18,19,21] using a simpler self-consistent equation for
the trace of the Green function, TrG. This lower bound was improved to £ > W7/6 in [6,7] by using
diagrammatic perturbation theory. In fact, not only was the lower bound on localization length established,
but it was also shown that the unitary time evolution, e, behaves diffusively on the spatial scale W,
i.e. the typical propagation distance is v/tWW. Thus, the mechanism responsible for the delocalization of
random band matrices is a random walk (in fact, a superposition of random walks) with step size of order
W. Showing that the localization length is greater than the naive size W therefore requires a control of
the random walk for large times. For technical reasons, in [6,7] the time evolution could only be controlled
up to time ¢ < W'/, which corresponds to delocalization on the scale W'*/6 The work [6,7] was partly
motivated by a similar result for the long-time evolution for the Anderson model [15-17] combined with an
algebraic renormalization using Chebyshev polynomials [26,34].

In the current paper we develop a new self-consistent equation (see (4.2)) which keeps track of all matrix
entries of the Green function G, and not only the diagonal ones as in [24]. We show that |G,,|? is self-
averaging and E|G,,|? behaves as the resolvent of a diffusion operator associated with a superposition of
random walks with step size of order W. This result can then be translated into a lower bound on the
localization length.

More precisely, for d = 1 we obtain full control on |G, (2)|? for relatively broad bands, W > N*/°  and
for n = Imz > (W/N)2. The condition W > N*/% is technical. The condition on 7 comes from the facts



that t = n~! corresponds to the time scale of the random walk, and a random walk with step size W in a box
of size N reaches equilibrium in a time of order (N/W)?2. As a corollary, we prove that most eigenvectors
are delocalized if W > N%/°. This improves the exponent in [6,7], where delocalization for W > N 6/7 was
proved. However, unlike in [6,7], here we do not obtain a lower bound on the localization length ¢ uniformly
in N. We also prove analogous results in higher dimensions. In addition, we investigate the case where the
variances s, of the matrix entries decay slowly according to the power law |z — y|_(1+6) for 0 < B < 2.
In this regime the system exhibits superdiffusive behaviour. In particular, we may allow decay of the form
|z — y|~2, which is critical in the sense of [30].

One key open question for random band matrices is to control the resolvent G(z) for n = Imz < W1
None of the results mentioned above yield a nontrivial control below W~!. In the regime > W ~! robust
pointwise bounds on G, have been obtained with high probability [24]. For +E Tr G(z) and for n > W99,
a more precise error estimate was derived for a special class of Bernoulli entries in [35]. However, controlling
the quantity +-ETrG(z) does not yield information on the localization length. In the current paper we
obtain much more precise bounds on |Gy, |? in the regime n > (W/N)? > W~1/2 | which in particular imply
delocalization bounds.

Supersymmetric (SUSY) methods offer a very attractive approach to studying the delocalization transi-
tion in band matrices, but rigorous control of the ensuing functional integrals away from the saddle points
is difficult. This task has been performed for the density of states of a special three-dimensional Gaussian
model [4]; this is the only result where a nontrivial control for n < W~ (in fact, uniform in 1) was obtained.
The SUSY method has so far only been applied to the expectation of single Green function, EG, and not to
its square, E|G|2.

The analysis of the trace of the single Green function yields the limiting spectral density of H which is
the Wigner semicircle law provided the band width W diverges as L — oo. For band matrices the semicircle
law on large scales, corresponding to spectral parameter > 0 independent of N, was given in [31]. More
recently, a semicircle law on small scales, in which n < 1, was derived in [24] and generalized in [10]. The
results of [10,24] are summarized in Lemma 3.4 below. As an application of our method, we prove a further
improvement of the semiricle law in Theorem 2.2 below.

The main new ingredient in this paper is the self-consistent equation for the matrix 7', whose entries

Txy = Z 5xi|Giy|2
i

are local averages of |Gy,y|?. We show in Theorem 4.1 below that T satisfies a self-consistent equation of the
form

T = |m|>ST + |m|*S + &, (1.1)

where S is the matrix of variances (s;y), m = m(z) is an explicit function of the spectral parameter z = E+in
(see (2.14) below), and £ is an error term. Neglecting the error term &, we obtain

T ~ M .
1—|m|2S

In this paper we implement the band structure of H using a symmetric probability density f on R?, by
requiring that s, ~ W~4f((i — j)/W) (see Section 2.1 below for the precise statement). Using translation
invariance of S and the Taylor expansion of its Fourier transform S (p) in the low momentum regime, we
obtain for [p| < W1 that

g(p) ~ 1-W3@p-Dp)+---, (1.2)



where D is the matrix of second moments of f (see (8.1) below). In order to give the leading-order behaviour
of T, we use |m|> =1 —an+ O(n?) (see (3.5) below), where

= = 72 = nez
o= alB) = =0 (E=Res). (1.3)

Therefore the Fourier transform of T is approximately given by

ot D
o

where Deg = , 1.4
n+W2(p- Dest p) f (1.4)

in the regime |p| < W' and n < 1. This corresponds to the diffusion approximation on scales larger than
W with an effective diffusion constant Deg. In the language of diagrammatic perturbation theory, the change
from D to Deg has the interpretation of a self-energy renormalization. This result coincides with Equation
(1.5.5) of [36], which was obtained by computing the sum of ladder diagrams in a high-moment expansion.

The main result of this paper is a justification of this heuristic argument in a certain range of parameters.
The error term £ contains fluctuations of local averages. Roughly speaking, we need to control the size of
> 2 [|Gayl? — Pu|Gay|?], where P, denotes partial expectation with respect to the matrix entries in the z-th

row (see Ty, in (4.5) below). Unfortunately, |Gy |? and |Gy |? for 2 # 2/ are not independent; in fact they are
strongly correlated for small 7, and they do not behave like independent random variables. Estimating high
moments of these averages requires an unwrapping of the hierarchical correlation structure among several
resolvent matrix entries. The necessary estimates are quite involved. They are a special case of the more
general Fluctuation Averaging Theorem that is published separately [8], and was originally developed for
application in the current paper. There have been several previous results in this direction; see [23, Lemma
5.2], [25, Lemma 4.1], [11, Theorem 5.6], and [32, Theorem 3.2]. The Fluctuation Averaging Theorem
generalizes these ideas to arbitrary monomials of G and exploits an additional cancellation mechanism in
averages of |G, |? that is not present in averages of Gy,. For more details, see [8].

2. Formulation of the results

2.1. Setup. Fix d € N and let f be a smooth and symmetric (i.e. f(z) = f(—x)) probability density on R.
Let L and W be integers satisfying
L°<W <L (2.1)

for some fixed 6 > 0. The parameter L is the fundamental large quantity of our model. Define the d-
dimensional discrete torus
T¢ = [-L/2,L/2)¥nZ%.

Thus, TdL has N := L% lattice points. For the following we fix an (arbitrary) ordering of TdL, which allows
us to identify it with {1,..., N}. We define the canonical representative of i € Z? through

[i]r == (i+LZH)NT¢,

and introduce the periodic distance
lile = |[i]L],

where |-| denotes Euclidean distance in R



Define the N x N matrix S(L, W) =S = (s;; : i,j € T¢) through

Sij = Z;W f<[i Wj]L) : (2.2)

where Zp, v is a normalization constant chosen so that S is a stochastic matrix:

ZSZ']' =1 (23)

for all i € T¢. Unless specified otherwise, summations are always over the set T¢. By symmetry of f we
find that S is symmetric: s;; = sj;. As a stochastic matrix, the spectrum of S lies in [—1,1]. In fact it is
proved in Lemma A.1 of [24] that there exists a positive constant ¢, depending only on f, such that

—1406 < S<1. (2.4)

We let (¢ @@ < j), where 4,5 € T4, be a family of independent, complex-valued, centred random
variables (;; = Q(JN ) satisfying

E¢j; = 0, ElGj)* = 1, Gi € R. (2.5)
For ¢ > j we define -
Cij = G-
We define the band matrix H = (h;); jersa through
hij = (si)"% Gij - (2.6)
Thus we have H = H* and
Elhij|* = si5. (2.7)

In particular, we may consider the two classical symmetry classes of random matrices: real symmetric and
complex Hermitian. For real symmetric band matrices we assume

Gij €R forall i<j. (2.8)
For complex Hermitian band matrices we assume
2 . .
E¢; =0 forall i<j. (2.9)

in addition to (2.5). A common way to satisfy (2.9) is to choose the real and imaginary parts of ¢;; to be
independent with identical variance. As in [8], our results also hold without this assumption, but we omit
the details of this generalization to avoid needless complications.

We introduce the parameter

M = My = # (2.10)

maxs; ; Sij
From the definition of S it is easy to see that Zy w = W? + O(W<~1). In particular,

M = (W*+O0W*) /[ fllos -



We assume that the random variables (;; have finite moments, uniformly in IV, 4, and j, in the sense that
for all p € N there is a constant p, such that

E|Ci;P < pp (2.11)

for all N, i, and j.
The following definition introduces a notion of a high-probability bound that is suited for our purposes.

DEFINITION 2.1 (STOCHASTIC DOMINATION). Let X = (XN (u) : N € Nyu € UN)) be a family of random
variables, where UN) is a possibly N-dependent parameter set. Let U = (\I'(N)(u) :NeNuce U(N)) be a
deterministic family satisfying WN )(u) > 0. We say that X is stochastically dominated by ¥, uniformly in
u, if for alle >0 and D > 0 we have

sup P[|X(N)(u)|>NE\I'(N)(u)} < NP
ueUN)

for large enough N = Ny(e, D). Unless stated otherwise, throughout this paper the stochastic domination
will always be uniform in all parameters apart from the parameter § in (2.1) and the sequence of constants
tp i (2.11); thus, No(e, D) also depends on § and w,. If X is stochastically dominated by U, uniformly in
u, we use the equivalent notations

X <V and X = 0<(9).
For example, using Chebyshev’s inequality and (2.11) one easily finds that
hij < (sij)¥? < M~Y2, (2.12)

so that we may also write h;; = O~((s;;)'/?). The relation < satisfies the familiar algebraic rules of order
relations. The general statements are formulated later in Lemma 3.3.

We remark that Definition 2.1 is tailored to the assumption that (2.11) holds for any p. If (2.11) only
holds for some large but fixed p then all of our results still hold, but in a somewhat weaker sense. Indeed,
the control of the exceptional events in our theorems is expressed via the relation <. If only finitely many
moments are assumed to be finite in (2.11), then the exponents € and D in the definition of < cannot be
chosen to be arbitrary, and will in fact depend on p. Repeating our arguments under this weaker assumption
would require us to follow all of these exponents through the entire proof. Our assumption that (2.11) holds
for any p streamlines our statements and proofs, by avoiding the need to keep track of the precise values of
these parameters.

Throughout the following we make use of a spectral parameter

z = E+in, F e R, n>0.

We choose and fix two arbitrary (small) global constants v > 0 and k£ > 0. All of our estimates will depend
on x and «y, and we shall often omit the explicit mention of this dependence. Set

S = SW(k,y) == {E+in: 2+rx<E<2—x, M << 10}, (2.13)

We shall always assume that the spectral parameter z lies in S(k,v). In this paper we always consider
families X M) (u) = XZ»(N)(Z) indexed by u = (z,4), where z € S(k,~v) and 7 takes on values in some finite
(possibly N-dependent or empty) index set.



We introduce the Stieltjes transform of Wigner’s semicircle law, defined by

1 [?/4—¢2
= — —d£. 2.14
me) = 5o | Ve (2.14)
It is well known that the Stieltjes transform m is characterized by the unique solution of
1
— =0 2.15
M)+ s 2 (2.15)

with Imm(z) > 0 for Im z > 0. Thus we have

—z+ V22 —4

m(z) = 5

To avoid confusion, we remark that the Stieltjes transform m was denoted by ms. in the papers [9,11-14,
18-25], in which m had a different meaning from (2.14).
We define the resolvent of H through

G =G() = (H-2",

(2.16)

and denote its entries by G;;(z). In the following sections we list our main results on the resolvent matrix
entries.

We conclude this section by introducing some notation that will be used throughout the paper. We use C'
to denote a generic large positive constant, which may depend on some fixed parameters and whose value may
change from one expression to the next. Similarly, we use ¢ to denote a generic small positive constant. For
two positive quantities Ay and By we sometimes use the notation Ay =< By to mean cAy < By < CAy.
Moreover, we use Ay < By to mean that there exists a constant ¢ > 0 such that Ay < N~ °By; we also use
AN > By to denote By < An. (Note that these latter conventions are nonstandard.) Finally, we introduce
the Japanese bracket (z) := /1 + |x|2. Most quantities in this paper depend on the spectral parameter z,
which we however mostly omit from the notation.

For simplicity, here we state our main results assuming that d = 1 and that f satisfies the decay condition

|f(z)] < Cplx)y™" for all n € N. (2.17)

Since d = 1, we have N = L and we shall consistently use IV instead of L. Similarly, M =< W, and we shall
consistently use W in estimates. We also abbreviate T}, = T.

The generalization of our results to d > 1 and slowly decaying f is straightforward, and will be given in
Section 8. We emphasize that the core of our argument, given in Sections 3-5, is valid in general, independent
of the dimension.

2.2. Improved local semicircle law for resolvent entries and delocalization. Throughout this section we
assume d = 1 and (2.17). The Wigner semicircle law states that the normalized trace, & Tr G(z), is asymp-
totically given by m(z). In fact, this asymptotics holds even for individual matrix entries. Our first theorem
controls the (z-dependent) random variable

Az) = Igzx‘Gwy(z) — Saym(z)|.

For the following we introduce the deterministic control parameter ® = ®)(z) through

1 1
P2 = max{,}. 2.18



THEOREM 2.2 (IMPROVED LOCAL SEMICIRCLE LAW). Assume d =1 and (2.17). Suppose moreover that
N< W4 > N2/Wws. (2.19)
Then we have
A < @2 (2.20)
for z € S.
Clearly, the assumption 7 > N2/W? can be replaced with the stronger assumption 7 > W12 The

assumption N < W54 is technical; to see why it is needed, see (6.3) in the proof of Theorem 2.2 below. In
the regime (2.19), Theorem 2.2 improves the earlier result

1
A < — 2.21
= (2:21)
proved in [24] (see Lemma 3.4 below). In fact, the estimate (2.20) is optimal, as may be seen from (2.38)
and the first estimate of (2.30) below. By spectral decomposition of G one easily finds that
1 2 1 1 TrG Imm A
—_— I = — T * = 7]: = —_— —_— .
22 |Gal = MEC = i = T +O*<Nn>

Thus, in the regime where A is bounded, the average of |G,,|? is of order (Nn)~!. Here we introduced the
notation G*(2) := (G(z))* = (H — z)~!, which we shall use throughout the following.

REMARK 2.3. The bound (2.20) implies an estimate on the Stieltjes transform of the empirical spectral
density, my(z) := N~! Tr G(z). Under the assumptions of Theorem 2.2 and the conditions (2.19), we have

mpy(z) —m(z) < ®? (2.22)
for z € S. Once A < ® is established, (2.22) easily follows from
1
N Z QrGrr < o2 ; (2.23)
k

we leave the details to the reader. We remark that (2.23) is the simplest form of the fluctuation averaging
mechanism (see Section 3.1). A concise proof of (2.23) can be found in [10, Theorem 4.6].

For n < (W/N)? we have ®2 = (Nn)~!, and the bound (2.20) therefore shows that all off-diagonal
entries of G have a magnitude comparable with the average of their magnitudes. We say that the resolvent is
completely delocalized. Complete delocalization of the resolvent implies that the eigenvectors are completely
delocalized in a weak sense. The precise formulation is given in Proposition 7.1 below. By choosing n such
that W~1/2 <5 < (W/N)? and invoking Proposition 7.1 we obtain the following corollary.

COROLLARY 2.4 (EIGENVECTOR DELOCALIZATION). Assume d = 1 and (2.17). If N < W5/* then the
eigenvectors of H are completely delocalized in the sense of Proposition 7.1 below.

This corollary improves the result in [6,7], where complete eigenvector delocalization (in a slightly weaker
sense; see Remark 2.7 below) was proved under the condition N < W7/6. It was observed in Section 11 of [7]
that the graphical perturbative renormalization scheme of [6,7] faces a fundamental barrier at N = Wo/s,
The reason for this barrier is that a large family of graphs whose contribution was subleading for N < W%/5
in fact yield a leading-order contribution for N > W%/% if estimated individually. The cancellation mechanism
among these subleading graphs has so far not been identified. As evidenced by Corollary 2.4, our present
approach goes beyond this barrier.



2.3. Diffusion profile. In this section we assume d = 1 and (2.17). In the previous section we saw that for
n < (W/N)? the profile of |G,,|? is essentially flat. In the complementary regime, n > (W/N)?, the averaged
resolvent E|G,,|? is determined by a non-constant deterministic profile given by the diffusion approximation

. |m|2S
Oyy = (1 ~mPs )., (x,yeT). (2.24)

Note that the matrix © = (O,,) solves the equation
0 = |m|*SO + |m|*S,

which is obtained from (1.1) by dropping the error term . Clearly, O, is translation invariant, i.e. ©,, =
Ouo with v = [z — y]n. Moreover, O, > 0 for all z,y. Indeed, this follows immediately from the geometric
series representation
Oy = Y ImP (5™ (2.25)
n=1
which converges by |m| < 1 (see (3.6) below) and the trivial bound 0 < (S™),, < 1, as follows from (2.3).
The representation (2.25) in fact provides the following interpretation of ©,, in terms of random walks.
From (3.5) below we find that |m|? ~ e~ (recall the definition of  from (1.3)). Thus the right-hand side of
(2.25) may be approximately written as Zn>1 e~ "*(S™) ;. By definition, S is a doubly stochastic matrix
— the transition matrix of a random walk on T whose steps are of size W and whose transition probabilities
are given by p(z — y) = Sgy. The normalized variance of each step is given by the unrenormalized diffusion

constant ,
1 u
D = Dy = Q;T(W) Su0 - (2.26)

(We normalize by W =2 to account for the fact that the distribution s, has variance O(W?).) It is easy to

see that )

D = Do +OW™) where Dy := 3 /xzf(x) dz. (2.27)
We conclude that O, is a superposition of random walks up to times of order (an)~!. In this superposition
the random walk with n steps carries a weight |m|?" ~ e~ so that walks with times larger than (an)~!

are strongly suppressed. The total weight of ©,q is

> 0w = Y ImP" & (an); (2.28)

n>1

a precise computation is given in (5.2) below.

The following theorem shows that an averaged version of |G,,|? is asymptotically given by ©,, with high
probability. The averaging can be done in two ways. First, we can take the expectation E|G,,|*. In fact,
taking partial expectation Py|Gyy|? is enough; here P, denotes partial expectation in the randomness of the
x-th row of H (see Definition 3.2 below). Second, we can average in the index z (or y or both) on a scale of
W for simplicity we consider the weighted average

Toy = > s0il Giy|*. (2.29)

Note that 7" is not symmetric, but our results also hold for T}, replaced with the quantities ) y Syi|Gaj]? or
Zi,j S8y |Gz |*.



THEOREM 2.5 (DIFFUSION PROFILE). Assume d = 1 and (2.17). Suppose that N < W5/* and (W/N)? <
n < 1. Then

u@—®w|<§;, |Gy ? — buylml? — [m|?0,, <;%+j%. (2.30)
In addition, we have the upper bounds
Ty < Tay (2.31)
and
|Gy — 5zym|2 < Toy, (2.32)

where we defined
Lo NG L /ilz —ylv \ "
Toy = Y = — 4 exp|—-Y—L|z— — (AR . 2.33
A RN e I TV i R A T (2.33)
Here K is an arbitrary, fized, positive integer. All estimates are uniform in z € S and x,y € T.

Note that the total mass of the distribution |G |? may be computed explicitly by spectral decomposition
of G: assuming A < ¥ we have

ImG Imm
Do Teo = YlGaof = T = TR+ 04(W), (2:34)

in agreement with the corresponding statement (2.28) for the deterministic limiting profile.

REMARK 2.6. We expect that (2.30) should in fact hold under the weaker conditions n > % and N < W2.
The improved local semicircle law (2.20) should also hold under these weaker conditions. In particular, this
would imply complete delocalization of the eigenvectors for all N < W2. One obstacle is that a non-trivial
control on A in the regime 7 < % is difficult to obtain.

REMARK 2.7. In [6,7] a diffusion approximation was proved for I[E|(e’“5H)9¢y|2 up to times t < W1'/3; this
result was established only in a weak sense, i.e. by integrating against a test function in z — y, living on the
diffusive scale Wt!/2. The formula

1 [ it By
_ = ! ) dt 2.35
H-E i IA ¢ (2.35)

relates the resolvent with the unitary time evolution. Notice that the time integration can be truncated
at t < to with ¢y slightly larger than n~'. Hence, controlling the resolvent whose spectral parameter has
imaginary part greater than n is basically equivalent to controlling the unitary time evolution up to time
t = n~'. Although it was not explicitly worked out in [6,7], the control on e~ up to t < W3 allows one
to control the resolvent for 7 3> W~1/3. Theorem 2.5 (combined with Theorem 2.2) is thus stronger than

the results of [6,7] in the following three senses.
(i) The resolvent is controlled for 7 > W~1/2 (instead of n > W~1/3),
(ii) The control on the profile is pointwise in z and y (instead of in a weak sense on the scale Wn~1/2).

(iii) The estimates hold with high probability (instead of in expectation).
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However, the result in the current paper is not uniform in N, unlike that of [6,7].

We conclude this section with an asymptotic result on the deterministic profile ©,y. Since we are
interested in large values of x, we need to consider the small-momentum behaviour of the Fourier transform
of ©,0. Using the small-p expansion (1.2) and (1.4), we therefore find that 0,9 ~ 0,,, where we defined the
N-periodic function

[m|? i 1 |m|? Jan
0, = — P = — kEN||; 2.36
N Z € an + W2Dp? 9W/Dan ];ZQXP WD |z+ | ( )

pEZXZ

here the second equality follows by Poisson summation and the Fourier transform [ e'?*(14p?)~!dp = me I,
The following proposition, proved in Appendix A, gives the precise statement.

PROPOSITION 2.8 (DETERMINISTIC DIFFUSION PROFILE). Assume d = 1 and (2.17). For each K € N we

have K
1 1/l —yln\"~

uniformly for x, y, and z € S with n < 1.
In particular,
maxQ,, =< &?. (2.38)
Ty

Moreover, if (W/N)? <n <1 and N < W2, we have the sharp upper bound ©,, < CY,.

REMARK 2.9. The leading-order behaviour of (2.37) is given by (2.36). If n < (W/N)? then 0 is essentially
a constant, i.e. the profile is flat. Conversely, if n > (W/N)? then the leading term on the right-hand side
of (2.36) is given by the term k& = 0 (by periodicity of § we assume that = € T). This is an exponentially
decaying profile on the scale |z| ~ Wn~1/2. The shape of the profile is therefore nontrivial if and only if
n > (W/N)2. Note that in both of the above regimes the error terms in (2.37) are negligible compared with
the main term.

The total mass of the profile >~ _. 60, is given by N times the term p = 0 in the first sum of (2.36):

zeT

|m|? Imm
Dbe= - = ——(1+0(), (2.39)
zeT an U

where in the last step we used the elementary identities (3.3) and (3.5) below. In fact, the calculation (2.39)
is a mere consistency check (to leading order) since ) 0,9 = Ime; see (5.2) below. We conclude that the

average height of the profile is of order (Nn)~!. The peak of the exponential profile has height of order
(W/m)~*, which dominates over the average height if and only if n > (W/N)2. The regime n > (W/N)?
corresponds to the regime where 7 is sufficiently large that the complete delocalization has not taken place,
and the profile is mostly concentrated in the region |z —y| < Wn~ /2 < N.

These scenarios are best understood in a dynamical picture in which 7 is decreased down from 1. The
ensuing dynamics of 6 corresponds to the diffusion approximation, where the quantum problem is replaced
with a random walk of step-size of order W. On a configuration space consisting of N sites, such a random
walk will reach an equilibrium beyond time scales (N/W)?2. As observed in Remark 2.7, n~! plays the role of
time ¢, so that in this dynamical picture equilibrium is reached for t ~ =1 > (N/W)2. Figure 1 illustrates
this diffusive spreading of the profile for different values of 7.
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—N/2 N/2 —N/é ‘

FIGURE 1. A plot of the diffusion profile function at five different values of 7, where the argument = ranges over the
torus T. Left: the graph x — nf, (see (2.39) for the choice of normalization). Right: the graph x +— log6,. Here we
chose N = 25W and = 5% for k = 1,2,3,4,5. The cases k = 1,2,3 (where n > (W/N)?) are drawn using dashed
lines, the case k = 4 (where n = (W/N)?) using solid lines, and the case k = 5 (where n < (W/N)?) using dotted
lines.

REMARK 2.10. The W-dependent quantity D in the definition (2.36) may be replaced with the constant
D4 on the right-hand side of (2.36), at the expense of a multiplicative error (1 + O(W~tlogW)) and
an additive error O(W~2). Indeed, the replacement D +— D, in the prefactor is trivial by (2.27). In
order to estimate the error arising from the replacement D +— D, in the exponent, we use the estimate
e C0FO/W)) = 6=€(1 4 O(x/W)) with € ~ Y|z —y + kN|. If € < CologW then z/W < CoW ' log W,

which is small enough. On the other hand, if £ > Cylog W then e=¢ < W~ so that the resulting error is
an additive error O(W~2).

2.4. Delocalization with a small mean-field component. In this section we continue to assume d = 1 and
(2.17). We now consider a related model

H. = (1-¢)Y2H +/eU, (2.40)

where H is the band matrix from Section 2.1, U = (u;;) is a standard Wigner matrix independent of H, and
e < % is a small parameter. We assume that U has the same symmetry type as H, i.e. either (2.8) or (2.9).
Its matrix entries are normalized such that Eu;; = 0 and E|u;;|? = 4. Moreover, in analogy to (2.11), we

make the technical assumption that for each p there exists a constant p, such that E|N 1 2u;|P < py for all
N, i, and j.

Let S, = (SEJE)) denote the matrix of variances of the entries of H, = (hgj)), ie. sz(-j-) = E|hz(j5) ?. We find
Se=(1—-¢)S +cee”,
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where we introduced the vector e :== N~1/2(1,1,...,1)T. (Hence ee* is the matrix of the variances of U.)
Clearly, 0 < S; <1 and S. is a symmetric stochastic matrix satisfying (2.3) and (2.10).

The effect of adding a small Wigner component of size ¢ is that the imaginary part of the spectral
parameter effectively increases from 7 to n+ ¢ in the local semicircle law and in the diffusion approximation.
In particular, we can eliminate the condition N < W% and still obtain delocalization for H, provided ¢ is
not too small. These results are summarized in the following theorem. In order to state it, we introduce the

control parameter
1 1
P2 = — 2.41
. maX{Nn’W\/m}’ (241)

which is analogous to ® defined in (2.18).

THEOREM 2.11 (DELOCALIZATION WITH SMALL MEAN-FIELD COMPONENT). Assume d =1 and (2.17). The
following estimates hold uniformly for z € S.

(i) Suppose that n(n+ ) > W=, Moreover, suppose that N < W°/* orn+e > W12, Then

A < @2, (2.42)

(ii) Suppose that e +1 > W2 and

< Wvetn (2.43)

Then the resolvent is completely delocalized:

1
A? —.
< Ny

(iii) If e > (N/W?)2/3 then the eigenvectors of H. are completely delocalized in the sense of Proposition 7.1.

This theorem formulates only the bounds concerning delocalization, i.e. the counterparts of Theorem 2.2
and Corollary 2.4. Similarly to Theorem 2.5, a non-trivial profile can be proved for the average of |G, |*.
The profile is visible in the regime N7 > W,/ + 7, and it is given by

o = (S ) o U9 [ JO-gm
( 1—|m[®5: /,, W\/D((l—e)an+e) wvD

where the approximation is valid in the regime |z — y| < N. The details of the precise formulation and the
proof are left to the reader.

3. Preliminaries

In this subsection we introduce some further notations and collect some basic facts that will be used through-
out the paper. Throughout this section we work in the general d-dimensional setting of Section 2.1.
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DEFINITION 3.1 (MINORS). For T C {1,...,N} we define H) by
(HM)ij = 1(i ¢ T)1(j ¢ T)hij -
Moreover, we define the resolvent of HT) through

() . -1
Gy'(2) == HT —2);".

ij
We also set
IR
% g T
When T = {a}, we abbreviate ({a}) by (a) in the above definitions; similarly, we write (ab) instead of

({a,b}). Unless specified otherwise, summations are over the set {1,2,...,N}. Recalling the identification
of T¢ with {1,2,..., N}, this convention is in agreement with the one given after (2.3).

DEFINITION 3.2 (PARTIAL EXPECTATION AND INDEPENDENCE). Let X = X (H) be a random variable. For
1€ {1,...,N} define the operations P; and Q; through

PX = E(X|HY), QX = X-PX.
We call P; partial expectation in the index i. Moreover, we say that X is independent of T'C {1,..., N} if
X =PFPX forallieT.

The following lemma collects basic algebraic properties of stochastic domination <. We shall use it
tacitly throughout Sections 4-7. Roughly it says that, under some weak restrictions, < satisfies all the usual
algebraic properties of < on R.

LEMMA 3.3. (i) Suppose that X (u,v) < ¥(u,v) uniformly in w € U and v € V. If [V| < N© for some

constant C then
ZX(U,U) = Z\I/(u,v)
veV veV

uniformly in u.
(11) Suppose that X (u) < Uy (u) uniformly in v and Xo(u) < Ua(u) uniformly in . Then
X1(u)Xao(u) < ¥y(u)Va(u)
uniformly in u.

(iii) Suppose that U(u) = N~C for allu and that for all p there is a constant C,, such that E|X (u)[P < N
for all u. Then, provided that X (u) < ¥(u) uniformly in u, we have

P.X(u) < ¥(u) and QX (u) < U(u)
uniformly in u and a.

PROOF. The claims (i) and (ii) follow from a simple union bound. The claim (iii) follows from Chebyshev’s
inequality, using a high-moment estimate combined with Jensen’s inequality for partial expectation. We
omit the details. O
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Note that if for any € > 0 and p > 1 we have
E|X|? < N°UP (3.1)

for large enough N (depending on & and p) then X < ¥ by Chebyshev’s inequality. Moreover, if X < ¥
almost surely, then X < W. Hence O (V) describes a larger class of random variables than O(¥).
We need the following bound on A.

LEMMA 3.4. We have

Az) < (3.2)

1
v Mn

uniformly for z € S.

Away from the spectral edges, i.e. for z € S, this bound was proved in Proposition 3.3 of [24]. In [24], the
matrix entries z;; were assumed to have at most subexponential tails (a stronger assumption than (2.11) for
all p), but the proof of [24] extends trivially to our case. See [10] for a simplified and generalized alternative
proof.

The following result collects some elementary facts about m.

LemMA 3.5. We have the identity

n|m/[?
L—|mp? = ——. 3.3
mf? = A0 (33)
There is a constant ¢ > 0 such that
c < |ml <1 (3.4)
on z € S. Furthermore,
m> = 1—na+0() (3.5)
for z € S, with a given in (1.3). We also have the bounds
Imm =< 1, 1—|m]* <9 (3.6)

for z € S. (The implicit constants in the two latter estimates depend on k.)

PrOOF. The identity (3.3) follows by taking the imaginary part of (2.15). The estimate (3.4) was proved
in [23], Lemma 4.2. From (2.16) we find Imm = 1/a + O(n), from which (3.5) follows easily using (3.3).
Finally, (3.6) follows from Lemma 4.2 in [23] combined with (3.3) and (3.4). O

The following resolvent identities form the backbone of all of our proofs. They first appeared in [24,
Lemmas 4.1 and 4.2] and [9, Lemma 6.10]. The idea behind them is that a resolvent entry G;; depends
strongly on the ¢-th and j-th columns of H, but weakly on all other columns. The first set of identities
(called Family A) determine how to make a resolvent entry G;; independent of an additional index k # ¢, .
The second set (Family B) identities express the dependence of a resolvent entry G;; on the entries in the
i-th or in the j-th column of H.

LEMMA 3.6 (RESOLVENT IDENTITIES; [8, LEMMA 3.5]). For any Hermitian matric H and T C {1,...,N}
the following identities hold.
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Family A. Fori,j, k¢ T and k # 1, j, we have
Gy Gy (R SN €/ i</
e e e e e

o = g 4

iJ iJ

Family B. Fori,j ¢ T satisfying i # j we have

(T) (T3)
IR IR CNC ) picr I
k k

DEFINITION 3.7. The deterministic control parameter ¥ is admissible if
M~Y?2 < \I/(N)(z) < M2
for all N and z € S. (Recall the parameter v from (2.13).)

A typical example of an admissible control parameter is

1

U(z) = ——.

VM

If ¥ is admissible then the lower bound in (3.9) together with (2.12) ensure that h;; < ¥.
The following lemma gives an expansion formula for the diagonal entries of G.

LEMMA 3.8. Suppose that A < U for some admissible V. Defining
Z; = Qi(hikG;(fl)hli),

we have
G = m+m2Zi+O<(\P2+M*1/2), Z; = W,

(3.10)

(3.11)

PROOF. The claim is an immediate consequence of Equations (9.1) and (9.2) in [8]. (Related but less explicit

formulas were also obtained in [25]).

O

3.1. Averaging of fluctuations. In this section we collect the necessary results from [8]. The following

proposition is a special case of the Fluctuation Averaging Theorem of [8].
PROPOSITION 3.9. Suppose that A < ¥ for some admissible control parameter W. Then

() (1)
Z SpaG/JaGaV < \II(\I] + M_1/4)2 ) Z SPGGMGGZM =< \112 ’
a a

and
(1) (1)

Y 500Qa(GraGap) = U2, Y 5,0Qu(GruaGly) < W2(U + MV

as well as

(1) (w)

> $pa5abGraGanGry < W20+ MY > $0a50aGraGanGly ~ (U + M2

a#b a#b
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PROOF. All of these estimates follow immediately from Theorem 4.8, Lemma B.1, and Proposition B.2 of [§],
recalling that by assumption Imm > ¢, by (3.6). O

The important quantity on the right-hand sides of (3.12), (3.13) and (3.14) is ¥. The additional factors
M~Y* are a technical' nuisance, but their precise form will play some role in the large-n regime, where
M~'/* is not negligible compared to W.

To interpret these estimates, we note that each summand in (3.12), (3.13), and (3.14) has a naive size
given by U¥ where k is the number of off-diagonal resolvent entries in the summand. Without averaging, this
naive size would be a sharp upper bound. In the second estimate in (3.12) the averaging does not improve
the bound since GG, = |G a|? is positive. In all other estimates, the monomial on the left-hand side
either has a nontrivial phase or its expectation is zero thanks to @),. Proposition 3.9 asserts that in these
cases the averaged quantity is smaller than its individual summands. Note that this averaging of fluctuations
is effective even though the entries of G may be strongly correlated. How many additional factors of ¥ one
gains depends on the structure of the left-hand side in a subtle way; see Theorem 4.8 of [8] for the precise
statement. For the applications in this paper the second bound in (3.13) is especially important; here the
averaging yields a gain of two extra factors of W.

We remark that all these bounds also hold if the weight functions s,, are replaced with a more general
weight function. The precise definition is given in Definition 4.4 of [8]. All the weights used in this paper
satisfy Definition 4.4 of [8].

We also note that averaging in indices can be replaced by expectations. We shall need the following
special case of Theorem 4.15 of [8].

PRrROPOSITION 3.10. Suppose that A < U for some admissible control parameter V. Then for a # u,v

Po(GuaGay) < W(U + M~H/42, (3.15)

4. Self-consistent equation for 7T’

After these preparations, we now move on to the main arguments of this paper. Throughout this section we
work in the general d-dimensional setting of Section 2.1. In this section we derive a self-consistent equation
for T', given in Theorem 4.1, whose error terms are controlled precisely using the fluctuation averaging from
Proposition 3.9. In Section 5 we solve this self-consistent equation; the result is given in Proposition 5.1.

THEOREM 4.1. Suppose that A < U for some admissible control parameter V. Then we have
Tpy = |m|® Z SziTiy + [m|*say + O< (! + ‘I’QM_l/Q) . (4.1)
In matrixz notation,
T = |m]*ST + |m[*S + & (4.2)

where the matrix entries of the error satisfy

Evy < UL UL (4.3)

I This nuisance is necessary, however, and Proposition 3.9 would be false without the factors of M~1/4, See [8, Remark 4.10].
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The naive size of Ty, is of order ¥2. Notice that the error term in the self-consistent equation (4.2) is
smaller by two orders. This improvement is essentially due to second estimate of (3.13).

REMARK 4.2. Instead of averaging in the first index of the resolvent in the definition of T' (2.29), we could have
averaged in the second, resulting in the quantity Ty, := > ;|Gy;[*sj,. Then T" satisfies the self-consistent
equation

T = |m|>T'S + |m|?S + &',

where £ also satisfies (4.3).

Before the proof we mention that this result also gives a self-consistent equation for the two-sided averaged
quantity

Y:vz = (TS)ZDZ = sti|Giy|2Syz = (ST/)wz
1y
Taking the average Zy sy» of (4.1), we get the following corollary.
COROLLARY 4.3. Suppose that A < U for some admissible control parameter W. Then we have
Y = |m[2SY + |m[?S?+ €&  and Y =|m|’YS+|m|?S? + &, (4.4)
where & and & each satisfy (4.3).

The rest of this section is devoted to the proof of Theorem 4.1. We begin by writing
Ty = D suiPlGul + Ty, Tay i= 3 50iQilGay*. (4.5)

Then by the second formula in (3.13), we have
Tyy = O (W + W2 M ~1/2) (4.6)

Notice that (3.13) applies only to the summands ¢ # y in (4.5). The estimate for the summand ¢ = y follows
from
Sa:qu|ny|2 = SayQy|Gyy — mf* + 255y RemQy(Gyy —m) = O-<(l1’2M_1/2) )

where we used that (G, —m) < ¥ (see (3.11)) and that ¥ is admissible, and in particular WM ~1 < W2)/~1/2,
We shall compute ), s$iPi|Giy|2 up to error terms of order ¥4, We have the following result.

LEMMA 4.4. Suppose that A < U for some admissible control parameter V. Then
PGy > = |mPPPiTyy + |m[?6; + O< (¥4 + W2M ~1/2) 4 6,0 (9% + M~1/2) (4.7)

and
ZsmPi\Giy\z = |m|? ZSmTw + |m|?sgy + O< (U* + \112M_1/2) . (4.8)

?

(It is possible to improve the last error term in (4.7), but we shall not need this.) Before proving Lemma
4.4, we show how it implies Theorem 4.1.

PROOF OF THEOREM 4.1. Equation (4.1) is an immediate consequence of (4.8), (4.6), and (4.5). Hence
Theorem 4.1 follows from Lemma 4.4. O
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PROOF OF LEMMA 4.4. Throughout the following we shall repeatedly need the simple estimate

1 1 1
& - roTw 1 0<w) = 0.0, (19)
where the first step follows from A < ¥, the second from the fact that ¥ is admissible, and the last from
(3.4). In particular, for k # 4, j, from (3.7) we get the estimate

GG

= 0100 + VU +¥?) = O-(;; + V). (4.10)
Gk

k
Gz(‘j) = Gij —

We start the proof of Lemma 4.4 with the case ¢ # y. Using (3.11) we get

(1)
1Giil? > ha GG
k,l

ky "yl

‘Gin

®
2 . .
= [P+ mZ+ 0 (W2 4 MY 7Y ha GG
Kl

(1)
m?(1+2Re(mZ)) > hanGa G hys + O (W + W2M /) (4.11)
k.l

where in the last step we used Z; < ¥ and the large deviation bound (see Lemma B.2)

(i)
S haGl) < W, (4.12)
k

We may now compute the contribution of the main term in (4.11) to P;|Gyy|?. Still assuming i # y, we find

() - () |
P, Z hikGS;G;ZI)*hli = Z Sik’Gg; |2
k,l k

GriGiy ?

Gii

(4)
= 5ik|Gry —
k
g 2 ral GkiGiy 4
= Zsik |ka| — 2Re ka G +O<(\II )
k

(X3

(4)
= Tiy — 2Re Z Szkéky% + O< (\114 + \I/QM_I) . (413)
k

(2

In the third step we used (4.9), and in the last step we added the missing term k£ = i to obtain Tj,; the
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resulting error term is O~ (W2M ~1) since i # y. Next, using (4.9) we get

() (0
— GG, 1 N
E $ikGry My - E SikaiGinyk+O<(‘I’4)
e

GZ’L

(i)
= fzsmcm@wayk + O (U, (4.14)

In the second step, using (3.7) and (4.9), we inserted an upper index ¢ as a preparation to taking the partial
expectation P;. We obtain

@

P, thaky $hy = Ty — 2Re281k—G;ﬂGwG Vo OL (W v MY, (4.15)

Now we take the partial expectation in ¢ in (4.15). Using that
PAGRGHG) = G PGHGr) < (Bt W) (w -4 M1/

by Proposition 3.10 and (4.10), we find that P; applied to the second term in (4.15) results in a quantity
O (T2(¥ 4+ M~Y/4)2). Thus the contribution of main term in (4.11) to PG, |? is

(@)
m2P; > ha Gy G iy = |[m|*PTy, + O (W + w2M~1/2), (4.16)
k1l

Next, we look at the contribution of the term with a Z in (4.11):

(0
m|*P; {(mZ,' +mZy) Y hsz,SyGy?*h”}
k,l

(1)
= B[S0 @ (Gl £ O i) 3 GG ]

c,d k,l

Im|? Zszksll( GGG + mG >*G§CyG;}*)+o<(qf2M-1+M-2)

|m|22Re< ZsmsllG )G(l © >—|-O (UM~ + M%),

In the second step we assumed for simplicity that we are dealing with the complex Hermitian case (2.9);
thus, thanks to @;, the only allowed pairing of the entries of H imposes ¢ = [ and k = d. (In the real
symmetric case (2.8), there is one other term, (4.18) below, which is estimated in the same way.) The error
terms stem from the summands ¢ = d =l=k#yand c=d=1[=k =y, respectively. Here we used (4.10)
as well as the bound E|h}| < CM~1ts;. < CM~2, an immediate consequence of (2.11) and (2.12). In the
last step we switched the indices k& and .
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Now we remove the upper indices at the expense of an error of size O-(¥%), and then add back the
exceptional summation index i as before. This gives

Q)
Im|2P, (2 Re (mZ) hikG,(j;G;’l)*h”) = |m[*2Re [m > siksﬂalkakya;} FOL(U + UM+ M)
k.l k.l

= O (U* +¥2M 12 (4.17)

where in the second step we used (3.14); the various cases of coinciding indices k, [,y are easily dealt with
using the bound M~1/2 < .

As remarked above, in the real symmetric case (2.8) the pairing ¢ = k, d = [ is also possible. This gives
rise to the additional error term

Z SiksileleyGZl < oty w212 , (4.18)
kil

where we used (3.14).
Combining (4.11), (4.16) and (4.17) yields

PG> = |m[*PT;y + O (T* + W2M~1/2) (4.19)

for ¢ # y. This proves (4.7) for the case i # y.
If ¢ = y we compute

Py|ny|2 = |m[* + Py|Gyy — m[* + 2P, Re [m(ny - m)] = |m[* + O (\I/Q + M_l/z) : (4.20)

Here we used that Gy, —m < ¥ and that P,(Gy, —m) < ¥2 + M~'/2 by (3.11). It is possible to compute
this term to high order in ¥, but we shall not need this.

For the proof of (4.8) we run almost the same argument as above but now we aim at removing all upper
indices i. We first consider the summands i # y. From (4.15) we get

. (&) () 1
Pi Y hinGyGyl"hi = Ty —2Re Y _sin—GriGiy G + O« (W' + W2M12) (4.21)

k.l k
where we removed the upper index i using (3.7), and included the summand k = ¢ at the expense of a
negligible error term. Taking the average Egy) 544 of the second term on the right-hand side yields

(v)

1 " 1 " 29 r—1 —2 4 24 7—1/2
2 Ek swisik—GriGay Gy = E-k srisik—GriGiy Gy + O< (WM™ + M%) = O (V" + 2172,
K3 ik

(4.22)
In the first step we just added the exceptional index ¢ = y, and estimated the additional terms with ¢ = y
using szy sy < M~ sy < M2 as well as Gy Gy Gy < 01y + P2 In the second step we used (3.14). Note
that the gain comes from the summation index 1.
Thus the contribution of the main term of (4.11) to Zgy) 80P Giy|? is

(v)

(v) (@)
|m|2 Z Smljz Z hsz,(cZ;G;zl)*h“ = |m|2 Z SmTiy + O_< (\114 + \I/2M71/2) . (423)
) k,l %
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The contributions of the error terms in (4.11) to >, $2iP;|Giy|? are of order O (¥4 + W2M ~1/2); this is
true even without averaging (see (4.17)). Thus we have

(y) (y)
> sniPilGiy = Im[*> s0iTiy + O (U4 + W2M1/2) (4.24)

Finally, we consider the case i = y. From (4.20) we get
5wyPy|ny|2 = |m|23wy + 0« (Mil‘l/z) = ‘m‘QSxy +0(9Y).

This formula provides the missing summands ¢ = y in (4.24) and hence yields (4.8). O

5. Solving the equation for 7T

Throughout this section we work in the general d-dimensional setting of Section 2.1. In this section we
solve the self-consistent equation (4.2) to determine T. This involves inverting the matrix 1 — |m|2S. The
stability of the self-consistent equation (4.2) is provided by the spectral gap of S. In the regime of complete
delocalization, this gap is larger (and hence more effective) if we restrict S to the subspace orthogonal to
the vector e = N=1/2(1,1,...,1)T (see the remarks after Lemma 5.2 for more details). Therefore, we deal
with the span of e and its orthogonal complement separately. Define the rank-one projection

Thus, the entries II;; of IT are all equal to 1/N, and SII = ILS = II since S is stochastic by (2.3). The

complementary projection is denoted by II :=1 — II.
We perform this splitting on 77, only in the = coordinate, regarding y as fixed. Thus, we split

Toy = Ty + (Twy - Ty)’

where we defined the averaged vector
— 1 1 9 1

here the last step follows easily by spectral decomposition of G. We can use the local semicircle law,

Lemma 3.4, to get
— Imm 1
T, = —|14+0x| — )| . 5.1
YT Ny { i <<\/Mn)] 51

It is instructive to perform the same averaging with the deterministic profile O:

1 |m|2S 1 |m?| Imm
-Ne,, = (-2 ) -~ - , 5.2
N; Y ( 1|m|25)yy N1-—|m|? Nn (52)

where in the last step we used (3.3). B
Having dealt with the component IIT in (5.1), we devote the rest of this section to the component II7T'.
The following proposition contains the main result of this section.
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PROPOSITION 5.1. Suppose that A < ¥ for some admissible control parameter ¥. Then we have for all y

_ S _1I _
Ty =T = Evu s 5.3
where the error satisfies
~ 1 3
L

The main tool in the proof of Proposition 5.1 is a control on the spectral gap of S on the space orthogonal
to e. In order to state it, we need the Euclidean matrix norm ||A|| as well as the £>° — ¢°° norm of the
matrix A,

[Allos = m}XZ |Aij] -
7

The following lemma shows that S has a spectral gap of order (W/L)? when restricted to the space orthogonal
to e. Its proof is postponed to the end of this section.

LEMMA 5.2. We have the bounds

1 — C
= s T < at () )
and 1 Clog N
H1—|m|2s H < e (56)
o0 77+(L)

In the regime of complete delocalization, n < (W/L)?, the control on (1 — |m|?S)~? is stronger on the
space orthogonal to e. Indeed, in that regime the bound (5.5) is better than the trivial bound

s = = < o7

from (3.6).
PROOF OF PROPOSITION 5.1. Multiplying (4.2) by II from the left yields

07T = |m?STIT + |m|*(S — 1) + 11,
where we used that SII = ILS = II. Therefore

T — W%J, . mﬁe.
Note that (IIT),, = T}, — T,. Using (5.6) we therefore get (5.3) whose error term satisfies
n;%xfxy\ < Hl_ﬁmzs HHOO H;%X|5xy‘ = W (vt + \Ilefl/Q) .
L

This completes the proof of (5.3) and (5.4). O
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Next, we estimate |G;; — 5ijm|2 in terms of Tj;. In other words, we derive pointwise estimates on Gj;
from estimates on the averaged quantity T,,. This gives rise to an improved bound on A, which we may
plug back into Proposition 5.1. Thus we get a self-improving scheme which may be iterated.

LEMMA 5.3. Suppose that A < ¥ with some admissible control parameter ¥ and T;; < ij for a family of
admissible control parameters §;; indexed by a pair (i,7) (see Definition 3.7). Then

2
|Gij - 5ijm| =< Q?j + 0t 4 i Z Q2 ski - (5.8)
&

(Here we write Q7; == (Q;;)%.)
PROOF. We fix the index j throughout the proof. Let first ¢ # j. Then (3.8) gives

(@)
Gij = G Y haGY). (5.9)
k

We shall use the large deviation bounds from Theorem B.1 to estimate the sum. For that we shall need a
bound on

(i) ‘ (i)
S sulGUP = Zsik(|ij|2+O<(\GMG”|2)> = Ty — sulGij|* + O« () < Q4 +¥*,  (5.10)
k k

where in the first step we used (3.7) and (4.9). Since Gj; < 1, we get from (5.9) and Theorem B.1 (i) that
|Gij‘2 =< 972] + \114.
To estimate G;; — m, we use (3.11) to get
Gii —m> < ClZ+O0(U* + M™') < > Qs+ 0+ M (5.11)
k

Here we used

2
+

2
< M71 +ZQ?]€S}“‘,
k

(@)

S (Il = sik) GL)

k

(%)
hix G
k£l

1Zi|* <

where in the second step we used Theorem B.1 (i) and (ii), with the bounds Gg,g <1 and
(@) -
Z Szk‘Gg” S < Z Q?kSki + \114 .
k£l k

This last estimate follows along the lines of (5.10), whereby the error terms resulting from the removal of
the upper indices are estimated by Cauchy-Schwarz; we omit the details. Finally M ~' can be absorbed into
>k Q2 sk; by admissibility of ;. O

We may now combine Proposition 5.1 and Lemma 5.3 in an iterative self-improving scheme, which results
in an improved bound on A.
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COROLLARY 5.4. Suppose that A < ¥ and T;; < Q? for all i and j, where ¥ and Q@ are admissible control

parameters. Then
A < Q% (5.12)

PRrROOF. We apply Lemma 5.3 to the constant control parameter ;; = €2 for each ¢, j. Thus, suppose that
Ti; < Q2 for all i, j, Lemma 5.3 yields

A% < 02 =  AZ < Q?4ut,

Now we can iterate this estimate, 22 + ¥4 taking the role of ¥2 in controlling A2. Thus after one iteration
we get

A? < Q2+ (QP+ U2 < Q2408
After k iterations we get A2 < Q2 + 2", Since Q and ¥ are admissible, we have U2 <02 for k ~ | log |-
This completes the proof. O

What remains is the proof of Lemma 5.2, which relies on Fourier transformation. We introduce the dual
lattice of T = T¢,
2w

P = P = i3 T¢ .
For p € R? define
~ . . 1 T
S = e P = e Pt ——fl — ). 5.13
) = e = 3 (%) (5.13)

In particular, if p € P then S (p) is the discrete Fourier transform of s;q. Since sy, is translation invariant
and L-periodic, we get for all z,y € T that

1 RPN
Szy = Slz—y]r0 = N Z e'” (==9) S(p) :
peP
PrOOF OF LEMMA 5.2. First we show that for large enough L the Euclidean matrix norm satisfies
_ w2
|ISTI|| < 1—c1<L) (5.14)

with some positive constant c¢; depending on the profile f. Since the matrix entries s;; are translation
invariant (see (2.2)), it is sufficient to compute its Fourier transform as defined in (5.13). Using the property

@(p) = S(p)i(p), the fact that II(p) = »0, and Plancherel’s identity, we find

w

2
| ST = max{|§(p)\ peP\{0}} < 1—¢ (L) . (5.15)

The last step follows easily from S(p) > —1 + 6 (recall (2.4)) and the representation

1-80) = St a) g f(5) = e Xoear g o(5) > (VLV)Q

zeT z€T

where in the second step we used |p - z| < 7, and in the last step |p| > 27/ L.
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From (3.6) we get 1 — |m|? > en, which, combined with (5.15), yields

_ w2
Im|?||STI|| < 1—C<L> —cn. (5.16)
Thus we get
J > —
T < 2k STI||* <
s | < Zmrism

=

+(0)°

k=0 n
This is (5.5).
In order to prove (5.6), we first observe that ||.S||s < 1 as follows from the estimate

§ SZIULE

where v = (v;) is an arbitrary vector. Thus, for any vector v satisfying (v,e) = 0 any ko € N we have

max [(Sv):| < max

< max |vg],
xr

ko—1
1
Hl—mzs"H 2 s £ 3 mP st

k=ko

< kollvliee + Z [m[** || STI|* || v]|2
k=ko
[ [ || STI|| o
< kollvlleo + \Fiﬂ lloo »
m ||| SII|
where we used the bound ||v]|oe < [|V]|2 < VN||V||leo and (3.4). Choosing ko = C(log N)[n+ (W/L)?]~" with
a sufficiently large constant C, we obtain (5.6) exactly as above using the bound (5.16). This completes the
proof of Lemma 5.2. O

6. Delocalization bounds

In this section we prove our main results — Theorems 2.2, 2.5, and 2.11. We return to the one-dimensional
case, d = 1, and continue to assume (2.17). In particular, we write N instead of L. The simple extension to
higher dimensions is given in Section 8.

6.1. Delocalization without profile: proof of Theorem 2.2. Suppose that A < ¥ for some admissible control
parameter . Then (5.3) together with (5.4), (5.1), and (2.38) yield

T < ISV S (U + U2 2) < 92 4 %(\Iﬂ + U2y (6.1)
N Wi+ (%) n+ (%)

Recalling Corollary 5.4, we have therefore proved

N?
AT <0 = AT <0 (0 + U2, (6.2)
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i.e. the upper bound A? < ¥? can be replaced with the stronger bound (6.2).
We can now iterate (6.2), exactly as in the proof of Corollary 5.4. We start the iteration with ¥y :=
(Wn)~1/2; see Lemma 3.4. Explicitly, the iteration reads

N2
Wi = O o (W + W),
From (6.2) and Lemma 3.4 we get that A% < U, for any fixed k.

In order perform the iteration, we require

2 2

%\pg <1 and %W—W < 1. (6.3)
Thus we get the conditions N < W4 and n > N2/W3. (Here we used (2.1)). Satisfying these two
conditions is the reason we need to impose the restriction on W in Theorem 2.2, Corollary 2.4, and Theorem
2.5. Using (6.3) and the fact that ® is by definition admissible, it is now easy to see that there is a finite
constant k, which depends on the implicit constants ¢ in < and > above, such that \I/i < C®%. This
concludes the proof of Theorem 2.2.

6.2. Delocalization with profile: proof of Theorem 2.5. By assumption we have (W/N)? < 7 < 1, so that in

particular ®2 = W—1yn~1/2 =: U2, Note that this ¥ is admissible. From (2.20) we get A < ¥. Now observe
that I]n\}—;" = Hnyme for all x and y, as well as

Imm | |2 S —1I | |2 S
1—|m2|S

I 2
+im 1—1|m?2|S

by (3.3) and the property ILS = STI = II. Thus (5.3) together with (5.4) and (5.1) implies the first estimate
of (2.30), since in the regime n > (W/N)? and W5/* > N the error term (5.4) is bounded by

1(x1:4+\112w—1/2) < <

n Nn

The second estimate of (2.30) follows from the first one and (4.7).
Next, (2.31) follows by using (2.33) in (2.30).

Finally, using Lemma 5.3 with Q?j =T, and ¥ := W~1/2p~1/4  we obtain

|G = i5m|” < Tij+ 0+ 05 > Yikski < Yij. (6.4)
k

Here we used that ¥U* can be absorbed into (Nn)*1 < T;; and in the last summation ), Y;xsx; can be
absorbed into Y;; > WL\/E This proves (2.32), and hence concludes the proof of Theorem 2.5.

6.3. Delocalization with a small mean-field component: proof of Theorem 2.11. In order to prove Theorem
2.11 we repeat the arguments from the previous sections almost to the letter. The self-consistent equations
from Theorem 4.1 remains unchanged except that S. replaces S in (4.2). The key observation is that, on
the subspace orthogonal to e, the lower bound on 1 —|m|?S. is better than that on 1 — |m|2S. Indeed, using
(3.6) we get

(1—|m|?SHIT = 1 —|m*(1—¢)ST > 1—(1—cn)(1 —¢)ST > c(n+e¢)



with some positive constant ¢. This implies that (5.5) and (5.6) can be improved to

H 1 HH < C ’ H 1 H‘ Clog N

< —— 5 6.5
1= [m[?S- n+e+ (%)’ L= |m[>S: Lo ntet (%) "

Suppose now that A < ¥ for some admissible control parameter W. Then the statement of Proposition
5.1 is modified to

_ S. -1 -
T, — T, + m2( ) + &, (6.6)
1—|m[2S. /),
where the error term satisfies
max |E,y| < o (VW) (6.7)
oY n+et(¥)

Notice that the Fourier transforms of S and S. (defined by (5.13)) satisfy
5:(p) = (1= 2)S(p) + edyo. (6.8)

Thus we have

~

<S) _ 1 3 erlay) (1-2)S(p) Imm

=

+
1—|m|2S. o 1—|mf2(1—¢)S(p) |m[>*Nn
1 . 1-¢)8 I 1
= Ly e 1-e)5p _, Imm 0() . (6.9)
N = 1—|mP2(1—e)S(p) |m|*Nn (m+e)N

Here we treated the zero mode p = 0 separately; it is given by

1 S- S. 1 Imm
il - (T2 — =
N;<1— |m|255)xy < 1—|m|255>wy NQ@—|m[?)  |m[*Nn’

where in the last step we used (3.3). The error term in (6.9) is estimated using a similar calculation.
Notice that the coefficient of S(p) in the denominator of (6.9) is now |m|2(1—¢) = 1—e—(1—&)an+O0(n?),
where we used (3.5). The results and the proof of Proposition 2.8 remain unchanged when S is replaced
with S, except that an must be replaced with (1 —e)an + € on the right-hand side of (2.36), and the whole
expression is multiplied by an additional factor (1 — ). Moreover, instead of (2.38), we now have

Se 1 N 1
max|\ ——— = — e ——
ey \1—|m[2S. ), Ny Wyn+e

Recall the definition (2.20) of ®.. Following the proof of Theorem 2.2, instead of (6.2) we now obtain

(6.10)

4 —
A2 <02 = A< P24 g (U WP (6.11)
n+e+ (%)
As in Section 6.1, we can iterate (6.11) under the conditions
1 w2 w2
— — w2 — . 6.12
W < 77+5+(N> , L nte+ N (6.12)
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(Note that the a priori estimate (Wn)~! is still determined by W despite the small mean-field component. In
Lemma 3.4 it is given by (Mn)~/2 where M = (max;; s;;) ! ~ (N~ +W~1)=1 ~ W.) The first condition
of (6.12) holds if

nn+e) > W, (6.13)
and the second holds if either
nte > w2 (6.14)
or
N < W%, (6.15)

This concludes the proof of part (i).
In order to get complete delocalization of the resolvent, i.e. A% < (Nn)~

Wyvn+e = Nn, (6.16)

which ensures that ®. = (Nn)~!. Hence we get complete delocalization of the resolvent provided that (6.13),
(6.14), and (6.16) hold. This concludes the proof of part (ii).

If £ > (N/W?)2/3 then there exists an 7 such that the assumptions of part (i) are met. Hence part (ii)
and Proposition 7.1 yields part (iii). This concludes the proof of Theorem 2.11.

1 we require A < ®2 as well as

7. Complete delocalization of eigenvectors

In this section we derive a delocalization result for the eigenvectors of H, using the complete delocalization
AZ < (Nn)_1 as input. We denote the eigenvalues of H by A\; < A2 < -+ < Ay, and the associated
normalized eigenvectors by uj,ug,...,uy. We use the notation u, = (us(x))2_;. We shall only consider
eigenvectors associated with eigenvalues lying in the interval

I:=[-2+k2—kK],

where k > 0 is fixed.
For ¢ = ¢(L) define the characteristic function P,  projecting onto the complement of the ¢-neighbourhood
of x,
Peu(y) == Ly —=| =2 10).

Let € > 0 and define the random subset of eigenvector indices through
Acy = {a Ao €1, Jua(@)] | Preual < g},
xr

which indexes the set of eigenvectors localized on scale £ up to an error ¢; see Remark 7.2 below for more
details on its interpretation.

PROPOSITION 7.1 (COMPLETE DELOCALIZATION OF EIGENVECTORS). Suppose that A < ¥ for some admis-

sible control parameter U. Let n = ny be a sequence satisfying M 17 < n < 1. Suppose that

Eel

L
Nn
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Let ¢ < N. Then we have for any € > 0

‘As,d

N S OVetrO<(NT).

REMARK 7.2. The set A, ¢ contains, in particular, all indices associated with eigenvectors that are exponen-
tially localized in balls of radius O(¢). In fact, exactly as in [7, Corollary 3.4], Proposition 7.1 implies that
the fraction of eigenvectors subexponentially localized on scales ¢ vanishes with high probability for large V.

PROOF OF PROPOSITION 7.1. Asusual, we omit the spectral parameter z = E+in, where E € [ is arbitrary
and 7 is the parameter given in the statement of Proposition 7.1. By assumption on A, we have for all =

IrnGm
Imm2| y:c|2 = = 1+O-<(\Il)a (72)

uniformly in E € I, where in the first step we used the spectral decomposition of G. Thus, for all z, the
map y — Imm|GyT|2 is approximately a probability distribution on {1,..., N}. Roughly, (7.1) states that
this probability distribution is supported on the order of N sites of {1,. N }. More precisely, (7.1) yields
(introducing the standard basis vector J, defined by (0;)(y) := day), for any fixed z,

_n
Imm

77
= Immz| y»L|2 Z |y_$|<£)|Gyw|2

= 1+ 0-(¥ )+O<[177 (NJ\;anLl)}

= 1+0<(N79), (7.3)

| Pee GO, 1y — x| > 0) |Gy ?

uniformly in E € I. Here in the third step we used (7.2) and (7.1), and in the last step the upper bound
17 < M~¢ and the fact that ¥ is admissible.

In order to obtain a statement about the eigenvectors, we do a spectral decomposition G = Za oW _E,
which yields for arbitrary ¢ > 0

2

n 2 _ 1N
mHPx,eG%H ~ Imm

1
|za: py— U () Py oug

2 2

n n I
< . Paj o = 1 o Px o B 7.4
o (143)| & ot | 4 040 ) P (1)
aEA. . acAg,
where we introduced the complement set Ag,e ={1,...,N}\ A.,. In order to estimate the first term on
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the right-hand side of (7.4), we write

2 2

n I _ n I
Imm g )\a—zu () P u Imm g )\a—zu (z)u
acA: acA:
n Z |ta ( )\2
Imm < [Aq — 2]?
ImG

= % — 14 0_(7).
Tmm +0<(¥)

Therefore we may estimate the left-hand side by its square root to get the bound
2

. L n 1
Imm Z )\a _Z’Z,La(x) Pz,fuoé < (1+O<(\I/)) m Z a ZUO‘(I) Pf iuaH
(XEAE,@ acA.. p
< (C+04(D)) = A T b @) 1 Pesvall,
aEAE e

where in the last step we used (3.6).
Similarly, we may estimate the second term of (7.4) using

Z )\al_ . U () g

acAg,

2

<

2
oy
[Aa — 22"

aeA;Z

1
Z SV U () Py oug
aEA;( «

Combining (7.4) with (7.3), (7.5), and (7.6), we get

140 < (0N (143) B gty @) 1ol
a€A.

40 Y el

Imm Mg — 2|2

a€AZ,

uniformly for E € I. Now taking the average |I|™! [ ; dE and using Jensen’s inequality, we find

14 0L(N-) < (C+0«(N) ( ) S [ta(@)] [ Pacttal

a€EAc ¢

(7.5)

1 1 [ua(@)?
+(1+C)m/IdE > T B

a€Ag,

where we used that

3

Ui
/dE<E NP 2

for a € A, 4. Averaging over z, i.e. taking N=' Y | ylelds

1+ O0<(N~9) < (C’+O<( ))(1+<>€+ 1+() |[|/dEN Z Imm|)\a—E—i77|2’
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where we used the definition of A, ;. We may estimate the integral as

1 1 ImTrG
|I|/ N Z Imm|)\ —E' in|? 1] N Imm +0<(¥)
Setting ¢ = /¢ in (7.8) therefore yields
77 —C - —
=z 1- N~° - Y >1- - °y.
] /dE T — B i (C+ O(N"9) Ve - OL(N~°) Oz — OL(N~°)

.AC

Using

1 1 n 1 1 ImTrG
= [dE = = = [ap T v
|I|/ Nza:lmmp\a—E—inP |I|/ N Tmm +0<(¥)

we therefore get

1 1 n e
— — < 9.
m/dENaEEA: Eowp S CvVe+ O (N7°)

Imm Ay —
e,L

The claim now follows from (7.7). O

8. Extension to higher dimensions and a slowly decaying band

In this section we extend Theorem 2.2, Corollary 2.4, and Theorem 2.5 in two directions: higher dimensions
d and a slowly decaying band.

The multidimensional analogues of the slowly decaying profile are left to the reader, as is the formulation
of these extensions if a small mean-field component is added to the band matrix. All these results can
be obtained in a straightforward manner following the proofs for the one-dimensional case with a rapidly
decaying f.

8.1. Higher dimensions. Fix d=1,2,3,..., and recall that N = L% and M =< W¢%. Throughout this section
we continue to assume (2.17). The following lemma gives the sharp upper bound on the size of ©,, defined
by the formula (2.24), where z and y take on values in the d-dimensional torus T¢ = T.

LEMMA 8.1. Letd =2,3,... and assume (2.17). Then there is a constant C such that

1 1
Oy < Cmax{M Nﬁ}

for all x and y.
PROOF. See Appendix A. O

In order to state the precise form of the profile ©,,, we define the covariance matrix D = Dy through

1 T;x
D;; = *Z ;Szo (8.1)
z€eT w
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We have

1
D = Do +0(W™h where (Doo)ij = 5/ iz f(x)de.
Rd
Since Dy > 0 we get D > ¢ > 0 uniformly in W.
Next, we define the d-dimensional Yukawa potential
dg elee J
Vv = — € RY),
(=) /R enitre K
where the integral is to be understood as the Fourier transform of a tempered distribution. For d = 1 we have
Viz) = %e"”" and for d = 3 we have V(z) = 4W1‘$|e_|”f|. Generally, in d > 3 dimensions V has a singularity
of type |z|>~% at the origin, and in d = 2 dimensions a singularity of type log|z|; see e.g. [29, Theorem 6.23]
for more details. The leading-order behaviour of the profile ©,¢ is given by
m/? ip- x(Wp) |m? (am) /2 (x/m? —1/2 )
0, = — e’ = Vo g D Y2z + kL)),
N peg;z)d an + W2(p- Dp) Wdv/det D gzjd( evan) (i ( )
L

(8.2)
where x is a smooth function satisfying x(¢) = 1 for |g| < 1/2 and x(q) = 0 for |¢| > 1, ¢ is a Schwartz
function satisfying [ ¢ = 1, and ¢;(x) == t~%p(z/t). (In fact, o(D~'/2z) is the Fourier transform of x(q).)
The second step of (8.2) follows by Poisson summation; see Appendix A and in particular (A.14) for more
details. The following lemma gives the precise error bounds in the approximation (8.2).

LEMMA 8.2. Letd =1,2,3,... and assume (2.17). Then

1/ \% g2 e\ TR

PROOF. See Appendix A. O

REMARK 8.3. The convolution in (8.2) smooths out the Yukawa potential on the scale x &~ W. The error
terms in (8.3) are negligible compared to the main term 6, in the regime W < |z| < CWn~1/2. Therefore
the approximation @ is meaningful from the profile scale Wn~1/2 down to the band scale W. The actual
choice of the function x in (8.2) is immaterial in the relevant regime |z| > W, as long as x is equal to one
in a neighbourhood of the origin.

Next, we state the counterparts of Theorem 2.2, Corollary 2.4, and Theorem 2.5 in the higher-dimensional
setting. Their proofs are trivial modifications of the proofs of their one-dimensional counterparts, using
Lemmas 8.1 and 8.2.

THEOREM 8.4 (IMPROVED LOCAL SEMICIRCLE LAW). Letd =2,3,... and assume (2.17). Suppose moreover
that L < Wt4/4 qnd 1> L? /W92, Then we have

1 1
2 E— —_
A° < max{ , 77} (8.4)

for z € S.
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COROLLARY 8.5 (EIGENVECTOR DELOCALIZATION). Let d = 2,3,... and assume (2.17). If L < W'td/4
then the eigenvectors of H are completely delocalized in the sense of Proposition 7.1.

THEOREM 8.6 (DIFFUSION PROFILE). Let d = 2,3,... and assume (2.17). Suppose that L < W'*+d/* and
(W/L)? <n < 1. Then

1 1
Ty — Oyl < — +

N7y m ) P:c|ny|2 - 5zy|m|2 - |m|2@xy

Moreover, the analogues of (2.31) and (2.32) hold with

d/2—1 an 1 T -K d/2 77(33—2./) _K
e G () ) G

Yy W
where K is an arbitrary, fized, positive integer.

8.2. Slowly decaying band. In this section we make the following assumption on the band shape. Suppose
that d = 1 and f is smooth and symmetric, and satisfies

fla) = (5.6)

for some fixed 5 € (0,2). Here h is a symmetric function satisfying
Ih(2) — hol < Cla)™ (8.7)

for some fixed hy > 0. Note that by definition f is smooth and symmetric, so that h(z) = O(|z|**#) near
the origin.
In order to avoid technical issues arising from the periodicity of S, we cut off the tail of f at scales x ~ N.

Thus we set
)]
N/ w N ’

here o is a smooth, symmetric bump function satisfying o(z) = 1 for || < a and o(x) = 0 for |z| > b, where
0 <a<b<1/2. Asusual, Z is a normalization constant.

The following lemma is the analogue of Lemma 5.2. Its proof is similar to that of Lemma 5.2; the key
input is Lemma A.2 (iii).

LEMMA 8.7. Suppose that d =1 and that (8.6) and (8.7) hold. Then
1 — Clog N
s, < e
Next, we give the sharp upper bound on the peak of the profile.
LEMMA 8.8. Suppose that d =1 and that (8.6) and (8.7) hold. Then

/P41 1 }

@zy < C’max{ W ’Nif)’]
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PROOF. See Appendix A. O

In order to describe the asymptotic shape of the profile, we define

W 1—cosu 1 —cosu 1 w\”
B = h— | du———FF+ = h du ——— + 0| — —
SR [ul 77 o [ 78 (W*(N) )
which plays a role similar to the unrenormalized diffusion constant D from (2.26). Moreover, define the

function )
dq el qx

V(z) = /R?WHW ,
which is bounded for 8 > 1. It is easy to check that for § > 1 and |z| > 1 we have
V(z) = Cala| 7%+ O(|z|>77) (8.9)
with an explicitly computable constant Cg > 0.
PROPOSITION 8.9. Suppose that d =1 and that (8.6) and (8.7) hold for some § > 1. Suppose moreover that

B

W
— 1. 8.10
( N) < n < (8.10)
Then there is a constant ¢ > 0, depending on the implicit exponents in (8.10), such that for x € T we have

|m|2 an 1/8 an 1/8 z 771/5—1

O = — Vil = — 0] 8.11
"7 Wan\ B B w | O\ e (8:.11)
PROOF. See Appendix A. O

The matrix © is the resolvent of a superdiffusive operator, whose symbol in Fourier space is B|Wp|®.
Thus, under the identification ¢t = 7~! from Remark 2.7, we find that the associated dynamics scales according
to x ~ Wt'/# instead of the diffusive scaling z ~ Wt'/2.

We may now state the counterparts of Theorem 2.2, Corollary 2.4, and Theorem 2.5 for the slowly
decaying band. Their proofs are trivial modifications of those for the strongly decaying band, using Lemmas
8.7 and 8.8.

THEOREM 8.10 (IMPROVED LOCAL SEMICIRCLE LAW). Suppose that d = 1 and that (8.6) and (8.7) hold.
Suppose moreover that N < W'T1/28 and 1> (N/W)B /W . Then we have

V141 1 }

A? d — 12
= max{ W Ny (8.12)

for z € S.

COROLLARY 8.11 (EIGENVECTOR DELOCALIZATION). Suppose that d =1 and that (8.6) and (8.7) hold. If
N < W1/28 then the eigenvectors of H are completely delocalized in the sense of Proposition 7.1.

THEOREM 8.12 (DIFFUSION PROFILE). Suppose that d = 1 and that (8.6) and (8.7) hold for some 8 > 1.
Suppose that N < WH1/28 and (W/N)# < n < 1. Then

1 0z
Py|Gayl? = 0zylm[* — Im|?Oqy| < o=+ —

Nn  Vw'

|Tpy — Ony| < (8.13)

1
Nn’
Moreover, the analogues of (2.31) and (2.32) hold.
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A. The deterministic profile

In this appendix we establish bounds and asymptotics for the deterministic profile ©,.

A.1. Proof of Proposition 2.8. We assume d = 1 and abbreviate T = T} as well as P = P}. We assume
without loss of generality that x € T. R

First we notice that by the symmetry of f and (2.17), the Fourier transform f(q) := [; e7'%* f(z)dx is a
smooth function with a Taylor expansion

f@) = 1-Dud®+4q%9(e)  (g€R), (A1)

where g is a bounded smooth function satisfying g(¢) = g(—q). Clearly, f is real and ||]?||OO < 1. Moreover,
we claim that for any € > 0 there exists an ¢’ > 0 such that

flo) <1—¢ if g > &; (A.2)

indeed, this follows easily from the identity

Next, define the lattice

For q € [-nW,nW] define

Thus we get

( S 5 ) _ i Z elPT S(p)/\ _ i Z eiqw/W SW(?\) (AS)
L=m[*S), N 1—|mP2S(p) N 1—[m[*Sw(q)

pEP q€Q

for z € T. R R
As a guide for intuition, we have Sy (q) = f(g), as can be seen from

N . N/2 . N/2W ) .
Swla) = Lo () m [ e () e = [ eay ~ ),

Z
€T NW -N/2 —N/2W

Thus, our proof consists in controlling the error in the approximation

S 1 / iqr/ W f(q)
2 ~ o— [ e —————d
(1 - |m|25)z0 W Jr 1—1Im|*f(q) !

As a first step, we establish basic properties of §W that are analogous to (A.2) and (A.1).

LEMMA A.1. The function §W is smooth with uniformly bounded derivatives, real, and symmetric with
[Sw(q)| <1 and Sw(0) = 1. Moreover, it has the following properties.
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(i) For any e > 0 there exists an €’ > 0 such that

Swl@<1-¢ if ol > ¢ (A.5)
for large enough W (depending on €).
(i1) For any k, K € N there is a constant Cy g such that

Cr Kk
(K

|3§§W(Q>| <

+O(N™Y), (q € [-nW,7W]). (A.6)

(iii) There exists a smooth function gw whose derivatives are bounded uniformly in W such that
Sw(a) =1-D¢* +q¢'gw(e), (g€ [-nW,7W]). (A7)

PROOF. The proof of (i) is similar to that of (A.2).
To prove (ii), we use summation by parts combined with (2.17). Let the integers N_ and N, denote the
end points of T = [N/2,N/2), i.e. T = [N_, N4]. Then we find

Ny

a 1 —iqx -
Swlq) = T Z e /Wf<W)
’ x=N_
Ni-1 ¢ Ny
1 : T z+1 1 N. .
7 5 Bl A () £ o
Ivw S S W W ZInw \W ) &
1 R N i@ D/W T z+1 N W\
X o) -1 ()] o (7 (3) )
ZN,W vl 1 —e—ia/ w w WA\ N
Cx 1 1 /z\ % w5t
< = - - - = _
S W ;|1—e—iq/W|W<W> +CK<N>
< §+O(N1). (A.8)

Here we used that
1 cw

- <
|1 —e~ia/W| lq]

(recall that |g| < #W) and that

T rz+1 Crx /) x\—K
1) 15| < wiew)
W w W AW
to estimate the main term, and (2.1) to estimate the error term with K ~ 1/§. We also have the trivial
bound on |Sy/| < 1. Thus we have
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We can iterate the above argument for the main term in (A.8), thus obtaining higher order divided differences
of f. Since f is smooth and decays rapidly, (A.6) follows for kK = 0. The proof for k > 0 is analogous.
In order to prove (iii), we write

LoD’ Swl) 15~ 1 (ar/W)*/2— coslgr/W) (va>f<)

q ZNw (qu/W)4 w

gw(q) =
x€T

Now (iii) follows from the fact that the function h(q) := (1 — ¢?/2 — cos(g))g~* is smooth and its derivatives
are bounded. O

Having proved Lemma A.1, we may now complete the proof of Proposition 2.8. Fix a small constant
€ > 0 and introduce a partition of unity X+X = 1 on R with smooth functions such that x(¢) =1 for |¢| < ¢

and x(q) = 0 for |g| > 2. Since Sy (q) <1 and |m|?> < 1 — ey (see (3.6)), we have
1= |m*Sw(q) > 1—|m* > e
with some positive constant ¢. By (A.5) we have on the support of ¥
1—|m[*Sw(q) > ¢ (A.9)

for some ¢’ depending on e. Then from (A.3) we have

(1_|5 i > _ Z geyw Sw(@)x(q) Jriz geyw Sw(@)X(q)
mPS ) T NZ2© T mPSw(@) NS5 1- mPSw(e)
S 1/ \ "%
= —q% 1q$/W1—|m|2)S1(qu) +0K<W<W> ) (A.10)
Here we used that the function N
Rig) = Swiax(e)
1 —|m[25w(q)

extended to the whole real line, is smooth and its derivatives are bounded uniformly in N and W (by
(A.9)). (These bounds may of course depend on ). Moreover, R(q) = O ({q)~¥) for any K; see (A.6). By
summation by parts, as in (A.8), we find that for such a function we have

s -0 li) )

for any K.

Now we consider the first term in (A.10). For the following we use A;(q,n, N, W) with i = 1,2,3,... to
denote functions that are smooth in ¢ and whose g-derivatives are uniformly bounded in ¢, n, W, and N.
Using the Taylor expansion (A.7) and (3.5), we have (omitting the arguments for brevity)

1—|m|®Sw = an+ Dg® + Arg* + Aang® + Azn?.
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This gives (again omitting the arguments)

( Sw 1 )X Asq* + Asng® + Aen®
1—|m2Sy  an+ Dg?

" (an+ D& + Aig* + Aang® + Agy?) (an + Dg?) *
A4T’4 + A5T’2 + Ag
(a + Dr? + Aynrt + Asgnr? + A377) (a + Dr2) X

=: FN,W,U(T) s (A].Q)

where we introduced the new variable r := n~'/2¢. By definition, Ay, ..., Ag and their g-derivatives are

uniformly bounded. Since D > ¢ > 0 and r < en~!/2 on the support of x, we find that for small enough ¢

the denominator of the second line of (A.12) is bounded away from zero, uniformly in 7, 5, W, and N. We

therefore conclude that Fy,w,, is smooth and its derivatives (in the variable r) are uniformly bounded.
Using summation by parts, exactly as in (A.8), we get

1 : ~ YA
iqz /W 1/2 < YK VT
N ;ege Fnwa(n~%q) < W< W > : (A.13)

Here we used that the sum on the left-hand side ranges over a set of size O(N/W) due to the factor x in the
definition of Fy,w,,. Therefore (A.12) and (A.13) imply that the first term of (A.10) is given by

L5 o Swlox(a)  _ Ly gayw_X(a) +OK<1<W>_K>. (A.14)

a3 2
ppere 1— |m|2Sw(q) N = an + Dq WA\ W

Notice that the error term in (A.11) is smaller than in (A.14). Next, we remove the factor x from the main
term, exactly as in (A.11). Plugging this into (A.10) yields

S 1 : 1 1/ e\""
— ) = =N eV 4 Op (X . A15
<1|m|25>m0 Nq%e an+ D K(W< W > (4.15)
We can extend the summation in the main term
1 ; 1 1 ; 1 1 1(lq| = 7W)
Lyvgow L Loy w1 +o(/ L
2 2 2 ’
quQ an + Dq qu%z an+ Dq W Jg an+ Dgq
where the error term on the right-hand side is of order O(W~2). Thus we have
S 1 : 1 1/ e\ % 1
—s = — fae/W __— 4 O | —{ ¥ O| =) -
(1—|m|25)m0 N EZ:WZG a1+ D@ K(W< W > HNANTE
EAia 2

The main term can be computed by the Poisson summation formula
inx

g~ ™ 1 —alz+2mk]|
21n? T al© ’
™ Qa
nez keZ
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where a > 0. Thus,

1 1 1 van

— elqﬂf/W = ex |:— z+ kN

N qE;/VZ an + Dg? 2W+/Dan k% P W~/D | |
N

This concludes the proof of (2.37).
In order to prove (2.38), it suffices to analyse the asymptotics of the expression

Zefw

kGZ

We consider two cases. If n > (%)2 then R <

Wf On the other hand, if n < (%)2 we use an integral

1 N 1
- = vigk o 1
R er " Nn

This concludes the proof of (2.38), and hence of Proposition 2.8.

approximation to get

A.2. Higher dimensions: proofs of Lemmas 8.1 and 8.2.

Proor oF LEMMA 8.1. We follow the argument from the proof of Proposition 2.8 in the previous section,
and merely sketch the differences. We use the d-dimensional lattices

d 2rW

T =T9, Q = 17 —T.
Exactly as in (A.3), we get
S ) 1 . Sw(q) o o
—_— = — eloe/W___“2 where Sw(q) = e /W o (A.16)
(1= o VT s 2

Next, the basic properties of SW listed in Lemma A.1, and their proofs, carry over verbatim to the higher-
dimensional setting. Now (A.7) reads SW( ) =1—-(q- Dq)( + As(q)) where Az(q) = O(|g|?) uniformly in
W. Let x be a smooth bump function on R%, as in the proof of Proposition 2.8. As in (A.10), we find

(s), = w2 o))

for arbitrary K € N. Here, and for the rest of this proof, the summation in ¢ ranges over the lattice (%Z)d.
We split

S 1 ig- X(Q) 1 ig- 1 T -K
—_— = — igz/W __ A\4J - igx/W L/
<1 — |m|25)x0 N ;e antq-Dg N ;e R(a)x(a) + Ox { a7 . (A7)

where R
Swla) 1
1—|m[2Sw(q) om+4q-Dq

R(q) =
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Note that, unlike in the proof of Proposition 2.8, we keep the cutoff function y in the main term since the
function (n+ ¢ - Dg)~! is not integrable in higher dimensions.
The main term of (A.17) can be computed using Poisson summation:

1 (q) n)4/2-1 (\/077 _
2 olaa/w__ X\4 — " YN _Ip-Y2(p _y+ kL) ). A.18
- an + qDq Wd\/detD 2 (Vxoym W (= —y kL) (4.18)

g2 1) kez

Using that V(z) =< |z|>~? near the origin, we find ||V * ¢ Jamlloo < CW~4. By treating the two cases

N < (%)2 and n > (%)2 separately, we find exactly as in the last paragraph of the proof of Proposition 2.8
that (A.18) is bounded by CW % + C(Nn)~!
What remains therefore is the estimate of the error term containing R in (A.17). To that end, we write

By + 1By + 1By

, A.19
an+ (q¢- Dg)(1+ Az) +nAl +n2Ap) (am + q - Dq) (4-19)

R(Q) = (

where By, Ba, By, Ag, A2, A, are smooth and bounded functions of ¢, each of order O(|g|*) near the origin
uniformly in W and 7, where i denotes the subscript of the corresponding function. Using the change of
variables ¢ = /nr it is now easy to see that the error term containing R in (A.17) is bounded by CcCw—4.
This concludes the proof of Lemma 8.1. O

PROOF OF LEMMA 8.2. We need a more precise bound on the error term of (A.17) than the bound CW ¢
from the proof of Lemma 8.1. In fact, we claim that

i{;eiqm/WR(q)X(q) ~ O <MZ<V5”V>K + VU;/5<\§;”> ) . (A.20)

The proof of (A.20) is a rather laborious exercise in Taylor expansion whose details we omit. The basic
strategy is similar to the analysis of (A.12), except that we expand Sy up to order d/2 + 2 (instead of 4).
This completes the proof of Lemma 8.2. O

A.3. Slowly decaying band: proof of Lemma 8.8 and Proposition 8.9. We begin by proving the following
auxiliary result, which gives the relevant asymptotics of §W. For ¢ # 0 define

W 1fcosu Wu w\”

We also set b(0) := 0, so that b is continuous.
LEMMA A.2. Suppose that d =1 and that (8.6) and (8.7) hold. Then the following are true.
(i) For any K € N there exists a constant Ck such that for |q| > 1 we have
~ Ck
[Sw(q)] < W .

(ii) For |q| <1 we have
Sw(a) = 1-b(q)lal” +0(¢*) (A.22)
uniformly in N and W.
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(iii) There is a constant ¢, such that

_ w\?
ISTT| < 1_CI(N) .

PROOF. Part (i) is proved similarly to (A.6), using summation by parts.
In order to prove part (ii), we write

h Wz
mEW

Let x be a smooth, symmetric bump function satisfying x(x) = 1 for |z| < 1 and x(z) = 0 for |z| > 2. Write
X := 1 — x. We introduce the splitting

h = xh+X(h — ho) + hoX

on the right-hand side of (A.23). It is easy to check that the two first terms give a contribution of order
O(q?). The last term of the splitting gives rise to

2 5 o S () < [ e (o )

161

(A.24)
where the last step follows from a mid-point Riemann sum approximation. Now a change of variables u = gx
easily yields (A.22).

Part (iii) follows from part (ii) using an argument similar to (5.15). O

PROOF OF LEMMA 8.8. The claim follows from the bound

ocw Sw(q) / g > 0% _ C  CW/P7' 41
T

PTWN - mPSw(@) 1— |m|2sw( ) N w

)

where the first term is the contribution of the low modes |q| < 7*/# and the second term the contribution
of the high modes |g| > n'/#, which may be replaced with an integral and estimated using Lemma A.2. We
omit the details. O

PROOF OF PROPOSITION 8.9. We proceed similarly to the proof of Proposition 2.8. We choose a cutoff scale
e, and denote by x the bump function from the proof of Lemma A.2. The scale ¢ satisfies n'/# <« ¢ <« 1,
and will be chosen by optimizing at the end of the proof.

We use the expansions (A.22) and (3.5). Thus we find, as in the proof of Proposition 2.8,

S x(q/¢) c1-8
- _ 1qw/W7 iqx /W
(1 - ImIQS)T Z an+ BlglP T Z e R(g)x(q/e) + 0( 7 ) (A.25)

where x is a smooth bump function as in the proof of Proposition 2.8 and

Rl = — W@ 1 (B=b)lal” + O(n* +nlal’ + o)
1—|m|2Sw(q) an+Blal® — (an+0blgl® + O +nlql® + ¢*)) (an + Blg|®)
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Note that for ¢ € @ \ {0} we have b(q) > ¢. Using (A.21) we may therefore estimate, as in (A.12), to get

1 < o (W)’ 2-p,1/6-1
NZIR(q)Ix(q/d < 7 (log Ny o) 1y .
q€Q

Next, the bump function in the main term of (A.25) may be easily removed, and the summation in ¢ extended
to the whole lattice %Z, at the expense of an error of order O(¢'~#/W). Putting everything together, we
get

S 1 , 1 nt/B-1
— ] == elaz/W - O(W™¢ 427 4 £l =hpt=1/b
<1—|m|25)m0 N E;VZ s Bl T WO )
qE -

for some ¢ > 0, where we used (8.10). Setting ¢ := n*~1/# and Poisson summation yields

B Im|2 [ an 1/B an Uﬁx—i—kN nl/A=1
Oz0 = Wan \ B DV B w | O\ )

kEZ

Now (8.11) follows by noting that by (8.9), under the assumption (8.10), only the term k = 0 is of leading
order. l

B. Multilinear large deviation estimates

In this appendix we give a generalization of the large deviation estimate of Corollary B.3 [24]. The proof is
simpler and the statement is formulated under the assumption (2.11) instead of the stronger subexponential
decay assumption. Moreover, since the current proof does not rely on the Burkholder inequality, it is trivially
generalizable to arbitrary multilinear estimates.

Throughout the following we consider random variables X satisfying

EX =0, EX?=1, [Xl, <n (B.1)

for all p with some p,. Here we set || X||, := (E|X|?) 2td

Ej-v)), and (bz(-N)) be independent fam-

ilies of random wvariables, where N € N and i,57 = 1,...,N. Suppose that all entries Xi(N) and Yi(N) are
independent and satisfy (B.1).

THEOREM B.1 (LARGE DEVIATION BounDs). Let (X)), (Y,\™), (a

(i) Suppose that (Zi|bi|2)1/2 < W. Then ), b;X; < V.
(i1) Suppose that (Zi¢j|aij|2)l/2 < W. Then } ,,;ai; X;X; < .

(i11) Suppose that (Zm-\aijp) Y2 2 0. Then >0 XYy <.

If all of the above random variables depend on an index u and the hypotheses of (i) — (iii) are uniform in u,
then so are the conclusions.
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The rest of this appendix is devoted to the proof of Theorem B.1. Our proof in fact generalizes trivially
to arbitrary multilinear estimates for quantities of the form 377 ai, 4, (u)Xi, (u) - - - Xi, (u), where the
star indicates that the summation indices are constrained to be distinct.

We first recall the following version of the Marcinkiewicz-Zygmund inequality.

LEMMA B.2. Let Xy,...,Xn be a family of independent random variables each satisfying (B.1) and suppose
that the family (b;) is deterministic. Then

‘ Z b X;

PROOF. The proof is a simple application of Jensen’s inequality. Writing B? := 3 j|bi\2, we get, by the
classical Marcinkiewicz-Zygmund inequality [39] in the first line, that

1/2
‘ ZbiXi (Z|bi|2Xi|2)

7 p
— (Cp)P/2BPE b X2 i
- ( p) Z B2 | z‘

b;|?
e Bhxp

1/2
< )y () (B.2)

%

p

N

(Cp)P/?

p
p

N

?

(Cp)P/*BPy.

N

Next, we prove the following intermediate result.

LEMMA B.3. Let X1,...,Xn,Y1,..., Yy be independent random variables each satisfying (B.1), and suppose
that the family (a;j) is deterministic. Then for all p > 2 we have

1/2
< CPM;% (Z|aij|2> .
P 0,J

Z ainin
i,J

PRrROOF. Write

Zainin = Zb]‘Yj, bj = Zaini.
i, J i

Note that (b;) and (Y;) are independent families. By conditioning on the family (b;), we therefore get from
Lemma B.2 and the triangle inequality that

‘ijyj
J

Using Lemma B.2 again, we have

1/2

Z\bj\z

J p/2

< (O 1)
P

1/2
< (P py (anjn;) .
J

1/2
155l < (Cp)V2 up(ZI%Q) .

This concludes the proof. O
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LEMMA B.4. Let Xq,...,Xn be independent random variables each satisfying (B.1), and suppose that the
family (a;;) is deterministic. Then we have

1/2
> aiX; < Cpu, (Z'aij|2> :

i#j i#]
PROOF. The proof relies on the identity (valid for i # j)
1 . .
L= 5= Y 1ieni(je), (B.3)
TUJ=Ny
where the sum ranges over all partitions of Ny = {1,..., N} into two sets I and J, and Zy := 2V~2 is

independent of ¢ and j. Moreover, we have
doo1=2V-2, (B.4)
TUuJ=Np

where the sum ranges over nonempty subsets I and J. Now we may estimate

Soxn] <7 3 ST wnn| < g0 3 am(Der)

i N jug=nyleer jes N JUJ=Ny it

where we used that, for any partition I U J = Ny, the families (X;);c; and (X;);es are independent, and
hence the Lemma B.3 is applicable. The claim now follows from (B.4). O

As remarked above, the proof of Lemma B.4 may be easily extended to multilinear expressions of the
form »77 Xy X

7zk ’L Zk 1k *
We may now complete the proof of Theorem B.1.

PROOF OF THEOREM B.1. The proof is a simple application of Chebyshev’s inequality. Part (i) follows
from Lemma B.2, part (ii) from Lemma B.4, and part (iii) from Lemma B.3. We give the details for part

(ii).

For e > 0 and D > 0 we have

#l[S o,

i#]

Z Gij

i#]

1/2
u» (mjz)

1/2
> N°U, (Zmij?) < N°2w

i#]

i#]
1/2
Zaij > NE/2 (Zlaij2> + N—D-1
i#j i#]
Cpuz\"”
< P -D-1
< (Gop) +w

for arbitrary D. In the second step we used the definition of (Z#j \aij|2)1/2 < U with parameters /2 and
D +1. In the last step we used Lemma B.4 by conditioning on (a;;). Given € and D, there is a large enough
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p such that the first term on the last line is bounded by N~°~!. Since € and D were arbitrary, the proof is

complete.

The claimed uniformity in v in the case that a;; and X; depend on an index u also follows from the above
estimate. O
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