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We consider Hermitian and symmetric random band matrices H in d > 1 dimensions. The matrix
elements H,,, indexed by xz,y € A C 72, are independent, uniformly distributed random variables if
|z — y| is less than the band width W, and zero otherwise. We prove that the time evolution of a
quantum particle subject to the Hamiltonian H is diffusive on time scales ¢t < W3, We also show that
the localization length of the eigenvectors of H is larger than a factor W%/¢ times the band width. All
results are uniform in the size |A| of the matrix.
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1. INTRODUCTION

The general formulation of the universality conjecture for disordered systems states that there are two
distinctive regimes depending on the energy and the disorder strength. In the strong disorder regime, the
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eigenfunctions are localized and the local spectral statistics are Poisson. In the weak disorder regime, the
eigenfunctions are delocalized and the local statistics coincide with those of a Gaussian matrix ensemble.

Random band matrices are natural intermediate models to study eigenvalue statistics and quantum
propagation in disordered systems as they interpolate between Wigner matrices and random Schrodinger op-
erators. Wigner matrix ensembles represent mean-field models without spatial structure, where the quantum
transition rates between any two sites are i.i.d. random variables with zero expectation. In the celebrated
Anderson model [5], only a random on-site potential V' is present in addition to a short range deterministic
hopping (Laplacian) on a graph that is typically a regular box in Z.

For the Anderson model, a fundamental open question is to establish the metal-insulator transition, i.e.
to show that in d > 3 dimensions the eigenfunctions of —A + AV are delocalized for small disorder A. The
localization regime at large disorder or near the spectral edges has been well understood by Frohlich and
Spencer with the multiscale technique [29, 30], and later by Aizenman and Molchanov by the fractional
moment method [3]; many other works have since contributed to this field. In particular, it has been
established that the local eigenvalue statistics are Poisson [38] and that the eigenfunctions are exponentially
localized with an upper bound on the localization length that diverges as the energy parameter approaches
the presumed phase transition point [15,43].

The progress in the delocalization regime has been much slower. For the Bethe lattice, corresponding
to the infinite-dimensional case, delocalization has been established in [4,27,35]. In finite dimensions only
partial results are available. The existence of an absolutely continuous spectrum (i.e. extended states) has
been shown for a rapidly decaying potential, corresponding to a scattering regime [8,10,39]. Diffusion has
been established for a heavy quantum particle immersed in a phonon field in d > 4 dimensions [28]. For
the original Anderson Hamiltonian with a small coupling constant A, the eigenfunctions have a localization
length of at least A=2 (see [9]). The time and space scale A=2 corresponds to the kinetic regime where the
quantum evolution can be modelled by a linear Boltzmann equation [24,45]. Beyond this time scale the
dynamics is diffusive. This has been established in the scaling limit A — 0 up to time scales t ~ A=27% with
an explicit £ > 0 in [18-20]. There are no rigorous results on the local spectral statistics of the Anderson
model, but it is conjectured — and supported by numerous arguments in the physics literature, especially
by supersymmetric methods (see [14]) — that the local correlation function of the eigenvalues of the finite
volume Anderson model follows the GOE statistics in the thermodynamic limit.

Due to their mean-field character, Wigner matrices are simpler to study than the Anderson model and
they are always in the delocalization regime. The complete delocalization of the eigenvectors was proved
in [21]. The local spectral statistics in the bulk are universal, i.e. they follow the statistics of the corresponding
Gaussian ensemble (GOE, GUE, GSE), depending on the symmetry type of the matrix (see [37] for explicit
formulas). For an arbitrary single entry distribution, bulk universality has been proved recently in [17,22,23]
for all symmetry classes. A different proof was given in [46] for the Hermitian case.

Random band matrices H = {H,y }4 yer represent systems on a large finite graph I' with a metric. The
matrix elements between two sites, z and y, are independent random variables with a variance afw = E|H,y|?
depending on the distance between the two sites. The variance typically decays with the distance on a
characteristic length scale W, called the band width of H. This terminology comes from the simplest one-
dimensional model where the graph is a path on N vertices, labelled by T' = {1,2,..., N}, and the matrix
elements H, vanish if |z —y| > W. If W = N and all variances are equal, we recover the usual Wigner
matrix. The case W = O(1) is a one-dimensional Anderson-type model with random hoppings at bounded
range. Higher-dimensional models are obtained if the graph I' is a box in Z%. For more general random band
matrices and for a systematic presentation, see [44].

Since the one-dimensional Anderson-type models are always in the localization regime, varying the band
width W offers a possibility to test the localization-delocalization transition between an Anderson-type



model and the Wigner ensemble. Numerical simulations and theoretical arguments based on supersymmetric
methods [31] suggest that the local eigenvalue statistics change from Poisson, for W < N2 to GOE (or
GUE), for W > N2, The eigenvectors are expected to have a localization length ¢ of order W2. In
particular the eigenvectors are fully delocalized for W > N'/2. In two dimensions the localization length is
expected to be exponentially large in W; see [1]. In accordance with the extended states conjecture for the
Anderson model, the localization length is expected to be macroscopic, £ ~ N, independently of the band
width in d > 3 dimensions.

Extending the techniques of the rigorous proofs for Anderson localization, Schenker has recently proved
the upper bound ¢ < W# for the localization length in d = 1 dimensions [40]. In this paper we prove a
counterpart of this result from the side of delocalization. More precisely, we show a lower bound ¢ > W1+4/6
for the eigenvectors of d-dimensional band matrices with uniformly distributed entries. We remark that the
lower bound ¢ > W was proved recently in [25] for very general band matrices.

On the spectral side, we mention that, apart from the semicircle law (see [2,25,33] for d = 1 and [11] for
d = 3), the question of bulk universality of local spectral statistics for band matrices is mathematically open
even for d = 1. In the spirit of the general conjecture, one expects GUE/GOE statistics in the bulk for the
delocalization regime, W > N'/2. The GUE/GOE statistics have recently been established [25] for a class of
generalized Wigner matrices, where the variances of different matrix elements are not necessarily identical,
but are of comparable size, i.e. E|H,,|?> ~ E|H,/|% in particular, the band width is still macroscopic
(W ~ N).

Supersymmetric methods offer a very attractive approach to study the delocalization transition in band
matrices but the rigorous control of the functional integrals away from the saddle points is difficult and it
has been performed only for the density of states [11]. Effective models that emerge near the saddle points
can be more accessible to rigorous mathematics. Recently Disertori, Spencer and Zirnbauer studied a related
statistical mechanics model that is expected to reflect the Anderson localization and delocalization transition
for real symmetric band matrices. They proved a quasi-diffusive estimate for the two-point correlation
functions in a three dimensional supersymmetric hyperbolic nonlinear sigma model at low temperatures [13].
Localization was also established in the same model at high temperatures [12].

We also mention that band matrices are not the only possible interpolating models to mimic the metal-
insulator transition. Other examples include the Anderson model with a spatially decaying potential [8,34]
and a quasi one-dimensional model with a weak on-site potential for which a transition in the sense of local
spectral statistics has been established in [6,47].

A natural approach to study the delocalization regime is to show that the quantum time evolution is
diffusive on large scales. We normalize the matrix entries so that the rate of quantum jumps is of order
one. The typical distance of a single jump is the band width W. If the jumps were independent, the typical
distance travelled in time ¢ would be W+/t. Using the argument of [9], we show that a typical localization
length / is incompatible with a diffusion on spatial scales larger than ¢. Thus we obtain ¢ > W/, provided
that the diffusion approximation can be justified up to time t.

The main result of this paper is that the quantum dynamics of the d-dimensional band matrix is given
by a superposition of heat kernels up to time scales t < W%/3. Although diffusion is expected to hold up to
time ¢t ~ W?2 for d = 1 and up to any time for d > 3 (assuming the thermodynamic limit has been taken),
our method can follow the quantum dynamics only up to ¢ < W3, The threshold exponent d/3 originates
in technical estimates on certain Feynman graphs; going beyond the exponent d/3 would require a further
resummation of certain four-legged subdiagrams (see Section 11).

Finally, we remark that our method also yields a bound on the largest eigenvalue of a band matrix; see
Theorem 3.4 in the forthcoming paper [16] for details.
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2. THE SETUP

Let the dimension d > 1 be fixed and consider the d-dimensional lattice Z¢ equipped with the Euclidean
norm ||z« (any other norm would also do). We index points of Z¢ with z,,z,.... Let W > 1 denote a
large parameter (the band width) and define

M= MW) = |{z€z: 1< |z <W}

)

the number of points at distance at most W from the origin. In the following we tacitly make use of the
obvious relation M ~ CW¢. For notational convenience, we use both W and M in the following.

In order to avoid dealing with the infinite lattice directly, we restrict the problem to a finite periodic
lattice Ay of linear size N. More precisely, for N € N, we set

Ay = {=[N/2],...,N —1—[N/2]}¢ c Z¢,

a cube with side length N centred around the origin. Here [-] denotes integer part. We regard Ay as periodic,
i.e. we equip it with periodic addition and the periodic distance

lz| = inf{|z + Nv|z : v e Z}.

Unless otherwise stated, all summations ) are understood to mean  _, .

We consider random matrices HY = H whose entries H, are indexed by z,y € Ax. Here w denotes
the running element in probability space. The large parameter of the model is the band width W. We shall
always assume that N > WM/6. Under this condition all our results hold uniformly in N.

We assume that H is either Hermitian or symmetric. The entries H,, satisfying 1 < |z —y| < W are
i.i.d. (with the obvious restriction that H,, = H,,). In the Hermitian case they are uniformly distributed
on a circle of appropriate radius in the complex plane,

1
vM -1

In the symmetric case they are Bernoulli random variables,

Hyy ~ Unif(S'), 1<z -y <W. (2.1a)

1 -1 1
( v M—l) ( v M—l) 2 ==l (2:1b)

If |z — y| ¢ [1, W] then H,, = 0. An important consequence of our assumptions (2.1a) and (2.1b) is

1

H,, > =

11|z —yl<W). (2.2)

We remark that the assumption that the matrix entries have the special form (2.1a) or (2.1b) is not
necessary for our results to hold. We make it here because it greatly simplifies our proof. The reason for



this is that, as observed by Feldheim and Sodin [26,42], the condition (2.2) allows one to obtain a simple
algebraic expression for the nonbacktracking powers of H; see Lemma 5.2.

In the forthcoming paper [16] we extend our results to random matrix ensembles in which the matrix
elements H,, are allowed to have a general distribution (and thus in particular a genuinely random absolute
value); moreover their variances E|H,,|? are given by a general profile on the scale W in x — y (as opposed
to the step function profile in (2.2)). Under these assumptions, the algebraic identity of Lemma 5.2 is no
longer exact, and needs to be amended with additional random terms. The resulting graphical expansion is
considerably more involved than in the case (2.2), and its control requires essential new ideas. However, the
fundamental mechanism underlying quantum diffusion for band matrices is already apparent in the special
case (2.2) discussed in this paper.

Let o € A :={1,...,|]An|} index the orthonormal basis {)%},ea of eigenvectors of the matrix HY, i.e.
Heyg = Moy, where A2 € R. The normalization of the matrix elements is chosen in such a way that the
typical eigenvalue of the matrix is of order one:

1 1 1 M
— N EX = —_ETrH? = —F H, > = .
o BN = BT = B Ml =

3. SCALING AND RESULTS

The central quantity of our analysis is
i 2
o(t,z) == E |<5x,e ‘tH/zég>| ,

where &, € (2(Ay) denotes the standard basis vector, defined by (d,), = 0. The factor 1/2 is a convenient
normalization since, by a standard result of random matrix theory, the spectrum of H/2 is asymptotically
equal to the unit interval [—1,1]. The function p(t,z) describes the ensemble average of the quantum
transition probability of a particle starting from position 0 ending up at position x after time ¢. Note that
>, o(t,x) =1 for any t € R. Heuristically, the particle performs a series of random jumps of size W. The
typical number of jumps in time ¢ = O(1) is of order one. Indeed, by first order perturbation theory, the
small-times probability distribution for 1 < |z| < W is given by

2?1
4 M—-1’

t2
o(t,z) ~ E|(8,,(1—itH/2)6)|* = T ElHal =

up to higher order terms in ¢. Thus Zz;éo o(t,x) is an O(1) quantity, separated away from zero, indicating
that the distance from the origin is of O(W) for times ¢ ~ O(1).

In time ¢ the particle performs O(t) jumps of size O(W). We expect that the jumps are approximately
independent and the trajectory is a random walk consisting of O(t) steps with size O(W) each. Thus, the
typical distance from the origin is of order t'/2T1/. We rescale time and space (t,z) — (T, X) so as to make
the macroscopic quantities 7' and X of order one, i.e. we set

t = nT, T = 771/2WX,

where W and 7 are two large parameters. Ideally, one would like to study the long time limit n — oo for
a fixed W. In this case, however, we know that the dynamics cannot be diffusive for d = 1. Indeed, as
explained in the introduction, it is expected that the motion cannot be diffusive for distances larger than



W2; this has in fact been proved [40] for distances larger than W¥8. Thus we have to consider a scaling limit
where 1 and W are related and they tend simultaneously to infinity. To that end we choose an exponent
k>0 and set n = n(W) := Wi,

Our first main result establishes that o(¢, x) behaves diffusively up to time scales t = O(W ) if k < 1/3.

THEOREM 3.1 (QUANTUM DIFFUSION). Let 0 < k < 1/3 be fixed. Then for any To > 0 and any continuous
bounded function ¢ € Cp(RY) we have

: dk €
Jim, 3 L) (et ) = [ 4% UE X0, (3.1)
rxeAN

uniformly in N > Witd/6 gnd 0 < T < Ty. Here

1 2
L x) = [ ani 2

— L G(\T, X),
D s ( )

and G is the heat kernel

d/2
d+ 2) ef% |XT? ) (3.2)

GT,X) = (%T

REMARK 3.2. The factor d + 2 arises from a random walk in d dimensions with steps in the unit ball. If

B is a random variable uniformly distributed in the d-dimensional unit ball, the covariance matrix of B is
(d+2)7'1.

This result can be interpreted as follows. The limiting dynamics at macroscopic time 7T is not given by a
single heat kernel, but by a weighted superposition of heat kernels at times AT, for 0 < A < 1. The factor A
expresses a delay arising from backtracking paths, in which the quantum particle “wastes time” by retracing
its steps. If the particle is not backtracking, it is moving according to diffusive dynamics. The backtracking
paths correspond to two-legged subdiagrams, and have the interpretation of a self-energy renormalization in
the language of diagrammatic perturbation theory. Thus, out of the total macroscopic time T during which
the particle moves, a fraction A of T is spent moving diffusively, and a fraction (1 — ) of T' backtracking.

Theorem 3.1 gives an explicit expression for the probability density f(\) = % \/%1(0 < A < 1) for the
particle to move during a fraction A of T

Our proof precisely exhibits this phenomenon. As explained in Section 4, the proof is based on an
expansion of the quantum time evolution in terms of nonbacktracking paths. At time t = WT, this
expansion yields a weighted superposition of paths of lengths n = 1,...,[t] (higher values of n are strongly
suppressed). Here n is the number of nonbacktracking steps, i.e. the number of steps that contribute to
the effective motion of the particle. The difference [t] — n is the number of steps that the particle spends
backtracking. Our expansion (or, more precisely, its leading order ladder terms) shows that the weight
of a path of n nonbacktracking steps is given by |a,(t)|?, where a,(t) is the Chebyshev transform of the
propagator e~*¢ in &; see (5.3). The probability density f arises from this microscopic picture by setting
n = [At]. Then we have, as proved in Proposition 8.5 below, t|ap(t)|* — f(A) weakly as ¢ — oco.

Our second main result shows that the eigenvectors of H have a typical localization length larger than
Witds/2 for any k < 1/3. For 2 € Ay and £ > 0 we define the characteristic function P, ¢ projecting onto
the complement of an ¢-neighbourhood of z,

Pre(y) = Uy —z[>10).



Let € > 0 and define the random subset A, C 2 of eigenvectors through

“, = {a e s YL@ [P vl < }

The set A, contains, in particular, all eigenvectors that are exponentially localized in balls of radius o();
see Corollary 3.4 below for a more general and precise statement.

THEOREM 3.3 (DELOCALIZATION). Lete >0 and 0 < x < 1/3. Then

’le’wl+dn/2‘

< 2V,

limsup E
Woror 2

uniformly in N > Witd/6,

Theorem 3.3 implies that the fraction of eigenvectors subexponentially localized on scales W1 +%4/2 con-
verges to zero in probability.

COROLLARY 3.4. For fized v > 0 and K > 0 define the random subset of eigenvectors

_ 117
B = {aEQI :dueAy : Z|¢5($)|26Xp[m 7 u|] gK}. (3.3)
Then for 0 < k < 1/3 we have
lim E7|%W1+Nd/2| = 07

uniformly in N > Witd/6,

4. MAIN IDEAS OF THE PROOF
We need to compute the expectation of the squared matrix elements of the unitary time evolution e~ "*H/2,
A natural starting point is the power series expansion e~ *#/2 = > nso(—itH/2)" /nl. Unfortunately, the
resulting series is unstable for ¢ — oo, as is manifested by the large cancellations in the sum

. in—n,/tn+n’ o

n,n’

This can be seen as follows. The expectation

EH} HY, =E Y > HupHpyzyoo Hay yHyy, . Hy. (4.2)

L1y Tn—1Y15---Yn/ 1

is traditionally represented graphically by drawing the labels x, x1, 2, ...,y1, T as vertices of a path, and by
identifying vertices whose labels are identical. Since the matrix elements are centred (i.e. EH,, = 0 for all
x,y), each edge must be traveled at least twice in any path that yields a nonzero contribution to (4.2). It
is well known that the leading order contribution to (4.2) is given by the so-called fully backtracking paths.



A fully backtracking path is a path generated by successively applying the transformation a — aba to the
trivial path x. A typical fully backtracking path may be thought of as a tree with double edges. It is not hard
to see that, after summing over y, each fully backtracking path yields a contribution of order 1 to (4.2). Also,
the number of fully backtracking paths is of order 4"t so that the expectation (4.2) is of order gntn’ In
particular, this implies that the main contribution to (4.1) comes from terms satisfying n+n’ ~ t. Moreover,
the series (4.1) is unstable in the sense that the sum of the absolute values of its summands behaves like e?!
as t — oo.

The large terms in (4.1) systematically cancel each other out similarly to the two-legged subdiagram renor-
malization in perturbative field theory. In perturbative renormalization, these cancellations are exploited by
introducing appropriately adjusted fictitious counter-terms. In the current problem, however, we make use
of the Chebyshev transformation, which removes the contribution of all backtracking paths in one step. The
key observation is that, if U,, denotes the n-th Chebyshev polynomial of the second kind, then U, (H/2) can
be expressed in terms of nonbacktracking paths. A nonbacktracking path is a path which contains no subpath
of the form aba. Thus the strongest instabilities in (4.1) can be removed if e~ *#/2 is expanded into a series
of Chebyshev polynomials. This idea appeared first in [7] and has recently been exploited in [26,42] to prove,
among other things, the edge-universality for band matrices. In [42] it is also stated that the same method
can be used to prove delocalization of the edge eigenvectors if W > N%/6_i.e. to get the bound ¢ > W5/5 on
the localization length £. Our estimate gives a slightly weaker bound, ¢ > W7/, for this special case, but it
applies to bulk eigenvectors as well as higher dimensions.

After the Chebyshev transform, we need to compute expectations

/ /
E Y > HypHypwy oo Hoy yHyy, .. Hyo, (4.3)

L1y Tn—1Y1s---Yp/_1

where the summations are restricted to nonbacktracking paths. As above, since EH,, = 0 every matrix
element must appear at least twice in the non-trivial terms of (4.3). Taking the expectation effectively
introduces a pairing, or more generally a lumping, of the factors, which can be conveniently represented
by Feynman diagrams. The main contribution comes from the so-called ladder diagrams, corresponding to
n =n' and x; = y;. The contribution of these diagrams can be explicitly computed, and showed to behave
diffusively. More precisely: Since we express nonbacktracking powers of H as Chebyshev polynomials in H/2,
the contribution of each graph to the propagator e /2 carries a weight equal to the Chebyshev transform
an(t) of e7™ in ¢, We shall show that a,,(t) is given essentially by a Bessel function of the first kind. In
order to identify the limiting behaviour of the ladder diagrams, we therefore need to analyse a probability
distribution on N of the form {la"(t)|2}neN for large ¢ (Section 8).

The main work consists in proving that the non-ladder diagrams are negligible. Similarly to the basic
idea of [18-20], the non-ladder diagrams are classified according to their combinatorial complexity. The large
number of complex diagrams is offset by their small value, expressed in terms of powers of W. Conversely,
diagrams containing large pieces of ladder subdiagrams have a relatively large contribution but their number
is small.

More precisely, focusing only on the pairing diagrams in the Hermitian case, it is easy to see that ladder
subdiagrams are marginal for power counting. We define the skeleton of a graph by collapsing parallel ladder
rungs (called bridges) into a single rung. We show that the value of a skeleton diagram is given by a negative
power of M ~ CW? that is proportional to the size of the skeleton diagram. This is how the dimension
d enters our estimate. We then sum up all possible ladder subdiagrams corresponding to a given skeleton.
Although the ladder subdiagrams do not yield additional W-powers, they represent classical random walks
for which dispersive bounds are available, rendering them summable. The restriction t < W%3 comes



from summing up the skeleton diagrams. In Section 11 we present a critical skeleton that shows that this
restriction is necessary without further resummation or a more refined classification of complex graphs.

5. THE PATH EXPANSION

We start by writing the expansion of e~ 1//2

transform.

in terms of nonbacktracking paths by using the Chebyshev

5.1. The Chebyshev transform of e~*¢. The Chebyshev transform ay(t) of e™1*¢ is defined by

e =" ay(t) Uk(€).
k=0

Here U, denotes the Chebyshev polynomial of the second kind, defined through

sin(k +1)6
U, ) = ——— 5.1
k(cost) sin (5.1)
for k =0,1,2,.... The Chebyshev polynomials satisfy the orthogonality relation
9 [l
2 [ Vime@n©u© = b
-1

Therefore the coefficients ay(t) are given by

2 [t :
ar(t) = ;/1d§ V1= UL (g). (5.2)

The coefficient ay(t) can be evaluated explicitly using the standard identities (see [32])
_ T (8) = Tha(8)

Ui () e v Teg2(§) = 26T 41(8) + Ti(§) = 0,
2 (1 Tw(€)cos(ts) Y 2 b T (§sin(te) 4\
7T/ldg\/ﬁ — (= 1) (), 7T/ldg SR = 2 ),
Ji(t) + Jk+2(t) = 2(%—’_1)Jk+1(l€) .

Here T}, denotes the Chebyshev polynomial of the first kind and Jj, the Bessel function of the first kind; they
are defined through

1 T
Ti(cos@) = cos(kf), Ji(t) = 7/ df cos(tsinf — t0).
T™Jo

If kK = 2l is even we may therefore compute

oalt) = / 11 4 /1€ cos(t€) Ur(€) = 2 / 11 de VT2 cosl(tc) £Tk+1<f>_§2m2<g>

2041
t

1
— %/1d§ cos(tg)M = (-1 [le(t)+(]21+2(t)] = 2(-1) T (1) .

2\/1— &2



If kK =21+ 1 is odd a similar calculation yields

L 2+2
agip(t) = —2i(=1)’

Joi42(t) .

Thus we have the following result.

LEMMA 5.1. We have that

Tt = 3 an(t) Un(E),

k

where

kk+1

ax(t) = 2(-)"—

Jrt1(t). (5.3)
Also, for all t € R we have the identity

Y lan@®)® =1, (5-4)

k>0
as follows from the orthonormality of the Chebyshev polynomials.

5.2. Expansion in terms of nonbacktracking paths. For n = 0,1,2,... let H™ denote the n-th nonback-
tracking power of H. It is defined by

/
(G —— e
Hwo,wn T Hwowl Hznfla:n ’

L1y Tn—1
where 3" means sum under the restriction z; # x;45 for i = 0,...,n — 2. We call this restriction the
nonbacktracking condition.

The following key observation is due to Bai and Yin [7].

LEMMA 5.2. The nonbacktracking powers of H satisfy

HY =1, HY =H

as well as the recursion relation
H™ = HH™Y _g"=2  (n>3). (5.5)

PRrROOF. For the convenience of the reader we give the simple proof. The cases n = 0, 1, 2 are easily checked.

10



Moreover,

n—2
(HH V)oe, = 3 I 1 # @ise) Hogo, -+ Ha oy,

T1y.0sTp—1 =1

n—2
= Z H 1(x; # Tit2) Hyyoy -+ Hapya,

T1,.0,Tp—1 1=0

n—2
+ Z 1(zo = z2) H 1(w; # wis2) Hygey -+ - Hy

T1yee9Tn—1 i=1

n—1Tn

n—2
= (H(n))mo,xn + Z 1(1‘0 7é {E4) H 1(.%'1 7& xi+2)Hx0x3Hx3x4 o Hzn,lrn

T3yeeyn—1 1=3

x Z 1(]}1 # 'T3)‘H$0$1 |2
x1

= (H(n))xo,xn + (H(niz))momn :
Notice that in the last step we used (2.2).

O

Feldheim and Sodin have observed [26,42] that (5.5) is reminiscent of the recursion relation for the
Chebyshev polynomials of the second kind. Let us abbreviate U,(¢) := U,(£/2). Then we have (see

e.g. [32))

Do(€) =1, Th(§) =¢, Ua(€) = -1,

and for n > 2 B _ B
Un(g) = fUn—l(g) - Un—2(£) .
Comparing this to Lemma 5.2, we get, following [26,42],

M -1
Solving for U,, (H ) yields

7 1 n—2k
Un(H) = Z mH( ),
k>0

with the convention that H(™ = 0 for n < 0. Therefore Lemma 5.1 yields

e M2 = N ", () Un(H) = ZH(m)ZM'

n=>0 m=0 k>0
We have proved the following result.

LEMMA 5.3. We have that .
e—ltH/2 — Z am(t)H(m),

m=0
where 0
L Q42K
am(t) = Zm-
k>0

11

t)
G



6. GRAPHICAL REPRESENTATION

For ease of presentation, we assume throughout the proof of Theorem 3.1 (Sections 6 — 8) that we are in
the Hermitian case (2.1a). How to extend our arguments to cover the symmetric case (2.1b) is described in
Section 9.
Using Lemma 5.3 we get
olt.a) = Y an(®)an (EHG H .

n,n’>0

Expanding in nonbacktracking paths yields a graphical expansion. Let us write HSZ)Higl) as a sum over
paths xg, x1, ..., Zpyn'—1, o, where g = 0 and x,, = . Such a path is graphically represented as a loop of
n +n’ vertices belonging to the set V, v :={0,...,n+n’ — 1}; see Figure 6.1. Vertices i € V), , satisfying
the nonbacktracking condition (i.e. x;_1 # x;11) are drawn using black dots; other vertices are drawn using
white dots. There are n + n’ oriented edges ey, ..., ep+n —1 defined by e; := (i,i + 1) (here, and in the

i i1

n+n —1

Figure 6.1: The graphical representation of paths of vertices.

following, V,, »+ is taken to be periodic). We denote by &, := {eq, ..., €ntn/—1} the set of edges. In Figure
6.1 the edges are oriented clockwise. Each vertex has an outgoing and an incoming edge, and each edge e
has an initial vertex a(e) and final vertex b(e). Moreover, we order the edges using their initial vertices.

Each vertex ¢ € V, . carries a label z; € Ay. The labels x = (zg,...,Zn4n —1) are summed over under
the restriction @ (x) = 1, where

n+n’—1 n+n’—2

n—2
Qz(X) = 6020z,x H 11 < i — 21| < W) H 1(x; # Tit2) H 1(z; # Tit2) .

i=0 1=0 i=n

The two last products implement the nonbacktracking condition. We define the unordered pair of labels
corresponding to the edge e through
ox(e) = {Zq(e), To(e) } -

Next, to each configuration of labels x = (xq, ..., Tpin—1) We assign a lumping T' = I'(x) of the set of
edges &, /. Here a lumping means a partition of &, ,,/ or, equivalently, an equivalence relation on &, ,,». We
use the notation I' = {y},er, where v € ' is lump of T, i.e. an equivalence class. The lumping I' = I'(x)
associated with the labels x is defined according to the rule that e and €’ are in the same lump ~ € I if and
only if ox(e) = ox(€’). Let 9, ,,» denote the set of lumpings of &, s obtained in this manner. Thus we may
write ,

EHSVHSG) = Y va(D).
red,

n,n’

12



Here §
VI<F) = Z Qw(X) EH1011 e Hxn_‘_n/_l:vo )

where the summation is restricted to label configurations yielding the lumping TI'.

Next, observe that the expectation of a monomial Hy ,(H,.)"v= is nonzero if and only if v, = v, for all
Y,z (here we only use that the law of the matrix entries is invariant under rotations of the complex plane).
In particular, V;(T") vanishes if one lump 7 € I is of odd size. Defining the subset ¢, ,,» C g:m, of lumpings
whose lumps are of even size, we find that

EHGHG = > V(D).
Fe%n,n/

We summarize the key properties of ¢, /.

LEMMA 6.1. LetT' € 9, . Then each lump v € T is of even size. Moreover, any two edges e, e’ € 7 in the
same lump 7y are separated by either at least two edges or a vertex in {0,n} (nonbacktracking property).

Next, we give an explicit expression for V,(I'). We start by assigning to each lump v € I an unordered
pair of labels g,. Then we pick a partition 7, of v into two subsets of equal size. Abbreviate these families
as o = {0y }yer and 7 = {7, },cr. Thus we get

Va(l) = Z Qu(x) Z Z (H AX(Q’Y77T’Y)> ( H 1oy # 97’)) EHgoz, - He, (0 e - (6.1)

er 7r \v€l £y

Here, for each v € I, o, ranges over all unordered pairs of labels and 7, ranges over all partitions of v into
two subsets of equal size; Ax (0., ) is the indicator function of the following event: For all e € v we have
that ox(e) = 0, and

e,€’ € 7y belong to the same subset of . = Ta(e) = Ta(el), Thle) = Th(e!)

e, e’ €~y belong to different subsets of ., = Ta(e) = Th(e’), Thle) = Ta(el) -

This definition of Ax(gy,m,) has the following interpretation. All edges in 7 (corresponding to matrix
elements) have the same unordered pair of labels (and hence represent copies of the same random variable
H,. or its complex conjugate). Moreover, each random variable H,, must appear as many times as its
complex conjugate; random variables indexed by two edges ¢, e’ € v are identical if e, e’ belong to the same
subset of 7., and each other’s complex conjugates if e, e’ belong to different subsets of 7.

Note that the expectation in (6.1) is equal to

e (6.2)

where 7 := 247" n particular, V,(I') > 0.

An important subset of lumpings of £, - is the set of pairings, &, v C %, s, which contains all lumpings
I satisfying |y| = 2 for all v € . We call two-element lumps o € P, ,,v bridges. Given a pairing I' € &,, s,
we say that e and e’ are bridged (in T') if there is a o € T such that o = {e, e’}. Bridges are represented
graphically by drawing a line, for each {e,e¢’} € T, from the edge e to €’; see Figure 6.2. Thus a pairing
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Figure 6.2: A pairing of edges.

I' € &, is the edge set of a graph whose vertex set is &, ,,v. If I' is a pairing, each bridge o € I has a
unique partition 7, of its edges, so that the expression (6.1) for V,,(I') may be rewritten in the simpler form

Vl’(r) = ZQI(X)< H 1(xa(e) = xb(e’))l(mb(e) = xa(d)))

{e,e’}el’
* <H II 11 1<ex<e>¢9x<e'>>>mil)n. (6.3)

o#o’ e€oe’co’
The main contribution to the expansion is given by the ladder pairing L, € &), . It is defined as
Ln = {{607 627171}7 {613 62n72}; L) {enflv en}} .

The ladder is represented graphically in Figure 6.3.

€1

Figure 6.3: The ladder pairing.

7. THE NON-LADDER LUMPINGS

In this section we estimate the contribution of the non-ladder lumpings and show that it vanishes in the
limit W — oco. Let 9, ., C %, denote the set of non-ladder lumpings, i.e. 4, = %, if n # n’ and
Gy =% \ {Ln}. Similarly, let 2y = 2, ,» N9y, denote the set of non-ladder pairings.

We shall prove the following result.
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PROPOSITION 7.1. Let 0 < k < 1/3 and pick a 8 satisfying 0 < § < 2/3 — 2k. Then there is a constant C
such that

S Y b)) Y V) < oo

z n,n=0 Fef!: o
for W larger than some Wo(T, k) and N > W1+d4/6,
The rest of this section is devoted to the proof of Proposition 7.1.

7.1. Controlling the non-pairings. Replacing the expectation in (6.1) with (6.2) we get

V.(T) = ZQI(X)ZZ<H Ax(QWa”'y)) (H 1(oy # Q'W)) ﬁ

er 7mr \vel YEY

We start by estimating the sum over all lumpings I' € ¢, in terms of a sum over all pairings I' € & .

Let us define
Ry(T) = ) Qu(x) ZZ(H Ax@v,m)) ﬁ (7.1)

Qr Tr ~el

LEMMA 7.2. For all n,n’ € N we have

Y. V@ < Y Ru(D).

NSO ’ rezx ,

n,n n,n

Proor. Let o, and 7, be given for each v € I'. For each +, pick any pairing ¥, of v that is compatible with
7, in the sense that, for each bridge o € X, the two edges of o belong to different subsets of m,. If n = n/,
we additionally require that not all ¥.’s are subsets of the Ladder L,, (such a choice is always possible).
Next, set 9, = 0, for all o € ¥,. Note that each bridge o carries a unique partition 7,. It is then easy to
see that for any pairing ¥, as above, we have

Ax(g'yaﬂ—'y) < H Ax(907ﬂ0)~

UEZW

Thus, by partitioning each v € I' into bridges, we see that each term in ) .- ) V. (T') is bounded by a
corresponding term in ) .. - , R, (T). In fact, there is an overcounting arising from the different ways of

partitioning v into bridges. O

Because of Lemma 7.2 we may restrict ourselves to pairings. We estimate } 5. Ry(I). IfI'is a

pairing we may write, just like (6.3), the expression (7.1) in the simpler form

R, (') = ZQJ@(X)< H 1(xa(e) = -Tb(e/))l(wb(e) = xa(e’))) ﬁ : (7.2)

{e,e’}el
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7.2. Collapsing of parallel bridges. Let us introduce the set @:w,, defined as the set of all non-ladder

pairings of &, /. Clearly, @n . is a proper subset of Wn n (due to the nonbacktracking condition of
Lemma 6.1 which is imposed on pairings in &} o n)-

Let n,n’ > 0and T € ﬁfw,. For any i,j, we say that the two bridges {e;,e;} and {e;+1,e;_1} of
T are parallel if i + 1,5 ¢ {0,n}; see Figure 7.1. Two parallel bridges may be collapsed to obtain a new
pairing I of a smaller set of edges, in which the parallel bridges are replaced by a single bridge. More
precisely: We obtain I € me e from T' € @;,n’ by removing the vertices ¢ + 1 and j, by creating the
edges (i,i4+2) and (j — 1,5+ 1), and by bridging them. Finally, we rename the vertices using the increasing
integers 0,1,2,...,n +n' — 3; by definition, the new name of the vertex n is m, and m’ is defined through
m+m’ +2=mn+n’. The converse operation of collapsing bridges, expanding bridges, is self-explanatory.

i 1+1 442

Figure 7.1: Two parallel bridges.

In the next lemma we iterate the above procedure I' — I'” until all parallel bridges have been collapsed.

LEMMA 7.3. Let ' € &) .. Then there exist m < n, m’ < n', and a pairing S(I') € g s containing no
parallel bridges, such that T may be obtained from S( ) by successwely expanding bridges. This defines S(I")
uniquely.

PROOF. Successively collapse all parallel bridges in I'; see Figure 7.2. The result is clearly independent of
the order in which this is done.

Qe - L

r
Figure 7.2: Collapsing parallel bridges to obtain the skeleton pairing.

We call the pairing ¥ = S(T') the skeleton of I'. The set of skeleton pairings of the edges &, is denoted
by
,,nm/ = U {S FE@;n}ﬂ@mm/.

n,n’ >0
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Note that .7, ., is in general not a subset of &7, /. The following lemma summarizes the key properties
of S

LEMMA 7.4. (i) Each ¥ € 7 . contains no parallel bridges.
(ii) Let X € 7y . and o = {e,e'} € X. Then e, e’ are adjacent only if eNe’ € {0,m}.
(iii) If in = 5" =1 then .77, ., = 0.

PROOF. Statement (i) follows immediately from the definition of S(I"). Statement (ii) is a consequence of
the nonbacktracking property of pairings in &) ,,, i.e. Lemma 6.1. To see this, let ¥ € .77, be of the
form ¥ = S(T') for some I' € &7} ,. If ¥ = S(I') contains a bridge {e, e’} consisting of two consecutive edges
e, €', then T' must also contain a bridge {f, '} consisting of two consecutive edges f, f'. If ene’ ¢ {0, m},
then fN f' ¢ {0,n}, in contradiction to Lemma 6.1. Statement (iii) is an immediate consequence of (ii) and
the requirement that L; ¢ /7";. O

7.3. Contribution of parallel bridges. For given n and n', we estimate ) . - R (T") by summing over

skeleton pairings ¥, followed by summing over all possible ways of expanding the bridges of X.

We observe that a pairing I' € &), is uniquely determined by its skeleton ¥ = S(I') € .77 ., for
some positive integers m, m’ as well as a family €y, = {{,},cx satisfying |[€s| = i, where ¢, encodes the
number of parallel bridges that were collapsed to form the bridge o. Here ¢, > 1 is a positive integer and
[ls| =3, cx Lo Let Goy () denote the pairing obtained from ¥ by expanding the bridge o into £, parallel
bridges, for each ¢ € ¥. Thus I' may be recovered from its skeleton through I' = Gy (¥) for a unique family
Ls.. For given p € N, the sum over all pairings I' satisfying |I'| = p therefore becomes

Yo RM = > D) Ru(Ge(®)). (7.3)

n+n’'=2p FE'@;,n’ m+m/<2p Eey;mm, £x : |s|=p

Next, we define and estimate the contribution to R, (T") of a set of ¢ parallel bridges. Let ¢ > 1, and two
labels y, z be given. Then we define

Z OgyOa, = H 1(1 < Jop — @i S W).

.....

Thus, Dy(y, z) is equal to the number of paths of length ¢ from y to z, whereby each step takes values in
{z : 1< |z| < W}. (We could also have included the nonbacktracking restriction in the definition of Dy,
but this is not needed as we only want an upper bound on R,(3)). Graphically, D, corresponds to the
contribution of ¢ parallel bridges; see Figure 7.3.

We need the following straightforward properties of Dy.

LEMMA 7.5. Let £ € N. Then for each y we have
ZDZ(Q;Z) = Me'

Moreover, for each y and z we have
Di(y,z) < MEil .
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Ty—1 =

Yy x To—1 %
Figure 7.3: Summing up ¢ parallel bridges.

as well as o o
Dg(y,z) < WMzil + WME
for some constant C.

PROOF. The first two statements are obvious. The last follows from a standard local central limit theorem:;
see for instance the proof in [42]. O

7.4. Orbits of vertices. Fix I' € &7 ,. We observe that the product in (7.2) may be interpreted as an
indicator function that fixes labels along paths of vertices. To this end, we define a map 7 = 7r on the
vertex set V, /. Start with a vertex i € V,, ,,v. Let e be the outgoing edge of ¢ (i.e. e = (i,i+ 1)), and €’ the
edge bridged by T" to e. Then we define 74 as the final vertex of €’ (i.e. ¢ = (7 — 1,7¢)). Thus the product
in (7.2) may be rewritten as

H l(l‘a(e) = xb(e/))l(xb(e) = .’L’a(e/)) = H Ogyzrs -

{e,e/}el‘ ievn,n’

Starting from any vertex i € V, v we construct a path (i,74¢,72i,...). In this fashion the set of vertices is
partitioned into orbits of 7; see Figure 7.4. Let [i] C V, s denote the orbit of the vertex i € V.

1

T

Figure 7.4: Construction of the orbit [i] of the vertex 1.

Next, let ¥ = S(T') € .7, ., be the skeleton pairing of T, and let the family €5 be defined through
' = Gy (X). The map 7 = 75 on the skeleton pairing ¥ is defined exactly as for I" above. In order to sum
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over all labels x = (2q,...,Zp4n—1) in the expression for R, (Ge, (X)), we split the set of labels x into two
parts: labels of vertices between two parallel bridges, and labels associated with vertices of ¥. In order to
make this precise, we need the following definitions.

Let Z(X) be the set of orbits of ¥. It contains the distinguished orbits [0] and [m], which receive the
labels 0 and z respectively. (Note that we may have [0] = [m], in which case x must be 0.) We assign a
label y¢ to each orbit ¢ € Z(X), and define the family yy, := {y¢}cez(x). Each bridge o € ¥ “sits between
two orbits” (1(0) and (2(c) . More precisely, let e = (i, + 1) € o be the smaller edge of . Then we
set (1(0) := [i] and (2(0) := [i + 1]. (Note that using the larger edge of ¢ in this definition would simply
exchange (1 (o) and o2(0); this is of no consequence for the following.)

LEMMA 7.6. For given ¥ €

m,m/’

L, and I' = Gy (X) € &) ., we have

Ra(T) < G5 20 10 = o) = ) [T D00 v6:)- (7.4)

Y= ocEY

PROOF. The left-hand side of (7.4) is given by the expression (7.2). The summation over all z;’s between
parallel bridges of I is contained in the factors Dy, and the summation over all the remaining z;’s is replaced
by the sum over ys,. We relaxed the nonbacktracking condition in @, (x) to obtain an upper bound. O

Next, let Z*(X) = Z(X) \ {[0]} and define L(X) := |Z*(X)]. The set Z*(X) is the set of orbits whose
label is summed over in ) R.(T"). The following lemma gives an upper bound on L(X). It states, roughly,
that the number of orbits (or free labels) is bounded by 2m/3; we refer to it as the 2/3 rule. Compare this
bound with the trivial bound L(X) < m, which would be sharp if ¥ were allowed to have parallel bridges.

LEMMA 7.7 (THE 2/3 RULE). Let ¥ € .7 .. Then L(X) < 2 + 1.

PRrROOF. Let Z/(X) := Z(X) \ {[0], [m]}. We show that every orbit { € Z'(X) consists of at least 3 vertices.
Let ¢ € Ve belong to ¢ € Z'(X). Then, by Lemma 7.4 (ii), we have that 7¢ # . By assumption,
7i ¢ {0,m}. Hence 72i # i, for otherwise ¥ would have two parallel bridges, in contradiction to Lemma
7.4 (i). Therefore the orbit of 7 contains at least 3 vertices. Note that there are orbits containing exactly 3
vertices, as depicted in Figure 7.4.

The total number of vertices of ¥ not including the vertices 0 and m is 2m — 2, so that we get

312/(2)] < 2m—2.

The claim follows from the bound |Z*(X)| < |Z'(2)] + 1. O

7.5. Bound on R, (T"). Asin the previous subsection, we fixI' € &2,
I = Ge (%).

We start by observing that the product in (7.4) may be rewritten in terms of a multigraph II(X) on the
vertex set Z(X). Each factor De, (y¢, (o), Ycs (o)) Yields an edge connecting the orbits ¢; and (3. In other
words, there is a one-to-one map, which we denote by ¢, between bridges of ¥ and edges of II(X); each
bridge o € ¥ gives rise to an edge ¢(o) of II(X) connecting (1 (o) and (2(0). See Figure 7.5 for an example
of such a multigraph.

Y =5(0T) €. ., and €y satisfying

,m’

LEMMA 7.8. There is a subset of bridges X0 C X of size |Sr| = L(X), such that, in the subgraph of TI(X)
with the edge set ¢(Xr), each orbit ( € Z*(X) is connected to [0].
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Figure 7.5: Left: a skeleton pairing ¥ giving rise to 5 orbits indexed by Z(X) = {1,...,5}; the bridges in
Y, for one possible choice of X7, are drawn using thick lines. Right: the corresponding multigraph on the
vertex set Z(X); the edges in ¢(Xr) are drawn using thick lines.

PRrOOF. Starting from (y = [0], we construct a sequence of orbits (g, (1, ..., (r(x), and a sequence of bridges
01,...,00(x), with the property that for all & = 1,..., L(X) there is a k' < k such that (; and (- are
connected by ¢(oy).

Assume that (o, ..., (x—1 have already been constructed. Let i be the smallest vertex of Vi, s \ (GoU---U
Ck—1). Then we set ¢ = [i]. By construction, the vertex ¢ — 1 belongs to an orbit (i for some k' < k. Set
oy to be the bridge containing {i — 1,4}. Hence, by definition of II(X), we see that { and (s are connected
by ¢(o).

The set X7 is given by {o1,...,00x)}. O

Because |Xr| = L(X), the subgraph of II(X) with the edge set ¢(Xr) is a tree that connects all orbits in
Z*(X) to [0]. Let us call this tree T(X). Its root is [0].

Next, we observe that
Z\ 7| > 1. (7.5)

Indeed, using Lemma 7.7 and m > 2 we find

> 1 (7.6)

E\Srl = m-L(®) > T -5 > 3

m
3

Wl =

We now estimate (7.4) as follows. Each factor indexed by o € X\ ¥r is estimated by sup, , De, (y, 2).
As it turns out, we need to exploit the heat kernel decay for at least one bridge in ¥ \ Xr. Pick a bridge
g € ¥\ Zr (By (7.5) there is such a bridge). Using Lemma 7.5, we estimate

sup Dy, (y,2) < Mt 1 iftoceX\ (Zru{a}), (7.7a)
Y,z

C C
sup D[U (y, Z) < mMegil —+ WMZO lf o=0. (77b)
Y,z s

Since N > WMY6 and M ~ CW? we find

LMZE*]- + C

1 1
L5 ls—1

/2 M6
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where we replaced d with 1 to obtain an upper bound. Thus we get

C 1 0
ZRI(F) S (M —1)n (El/z M1/6) H M= 12 (0= yyo)) H De, (Y61 (o)) Yea(o)) -

ceX\Er oEXT

We perform the summation over yy, by starting at the leaves of 7(X) and moving towards the root [0]. Each
vertex ¢ of 7(X) carries a label y¢. Let us choose a leaf ¢ of 7(X), and denote by ¢’ the parent of ¢ in 7(X).
Let 0 € ¥ be the (unique) bridge such that ¢(o) connects ¢ and ¢’. Then summation over y¢ yields the
factor

> Dy, (ye,ye) = M, (7.8)

by Lemma 7.5. Continuing in this manner until we reach the root, we find

c 1 .
S < o () I v I e

UEE\ZT oEXT
M \"/ 1 1 1
=C(—0o - )
M—1 L2 M6 ) M\

Now (7.6) implies

X\ 2r| >

w| 3
W =

so that
M \"/ 1 1\ M3

Notice that (7.9) results from an ¢!-f>°-summation procedure, where the ¢!-bound (7.8) was used for
propagators associated with bridges in X7, and the £*°-bound (7.7) for propagators associated with bridges
in ¥\ 7. The bound (7.7a) is a simple power counting bound; the bound (7.7b), improved by the heat
kernel decay, is used only for one bridge. Note that in the original setup (2.1) each row and column of H
contains M nonzero entries H,, whose positions are determined by the condition 1 < |z —y| < W. If
we removed this last condition and only required that each row and column contain M nonzero entries in
arbitrary locations off the diagonal, then all bounds relying solely on power counting would remain valid. In
particular, (7.9) would be valid without the factor E;l/ Py MY 6, which results from the heat kernel decay
associated with the special band structure.

7.6. Sum over pairings. We may now estimate >, .,./_o, > pepe D, [a(I) for fixed p. Let first p,m, m’ >
0and ¥ € .7 /. Then (7.9) yields Y

M le/?) 1 1
> Yreem) < o(i75) tms X (et )

Ls:|Ls|=p @ Ls : |es|=p
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The sum on the right-hand side is equal to

1 1 & 1
Z (€1/2 T Ml/ﬁ) - Z <€1/2 T Ml/G) 1
fotre

it Hlm=p ~"1

I\
=
e
~
=
[V}
=
~
(=}
N———

/
Q
N
Z =
¥
</ -
~
o
N———
i~}
B
\w/._.

Next, we note that )
| mm,| < @2m-1)(2m—-3)---3-1 < 2"m!.

This expresses the fact that the first edge of ¥ can be bridged with at most (2m—1) edges, the next remaining
edge with at most (2/m — 3) edges, and so on. Therefore (7.3) and Lemma 7.4 (iii) yield

o M P arl/3 m—1 1 1
>y yro<c ¥ a(gy) jmme ey (et )

n+n’=2p FE@* ! 4<m+m’<2p

MY3 (1 1 M\’ ol P\
<o) () 2, ()

4<m+m’'<2p

MY3 /1 1 M \*/ Ccp \™
< = (smtame ) Garot) 2 lans)
p \p MYSJ\M—1) £\ M'/3

Thus, Lemma 7.2 yields

M1/3
Z hn n’ X

( 1 1 P ’
; 2 6 _ 3
n+n’=2p p pl/ Ml/ 1 r=2 Ml/

where we abbreviated

hog = Y > Va(I)

reg> , =

7.7. Conclusion of the proof. In this subsection we complete the proof of Proposition 7.1 by showing that
the error

By = Z|a”(nT) an/(nT)|hn7n/ (7.11)

satisfies By = o(1) as W — oo, uniformly in N > W+d/6,
We begin by deriving bounds on the coefficients a,,(t).
LEMMA 7.9. (i) We have
D lan®) = 1+0(M™), (7.12)

n=0

uniformly in t € R.
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(i) We have
lan(®)] < C5 (7.13)

PROOF. We start with (i). Write

S = 3 3 el

n=0 n=0k,k'>0

The term k = k' = 0 yields 1 by (5.4). The rest is equal, by (5.4), to

n n+2k’ n 1 -
> 5 wlloenl o 5y ol < S e - o).

n>0 k+k'>0 k+k'>0n>0 k+k'>0

In order to prove (ii), we use the integral representation (see [32])

(%)n ! itA 2\n—2%
Jnt - d\ ! 1 A n—3
0 = oty [, A
Therefore
n+1 (%)nJrl m "
o (B)] < 2 . ﬁl"(n—i—%) 5 < o (7.14)

Moreover, (5.4) yields
jan(®)] < 1. (7.15)

We use the estimate

au(t)] < 3 [mizet],

Y
= (M -1)
Let us first consider the case t < n. Then it is easy to see that (7::22}:) < % Together with (7.14) this yields
1 tn+2k tn
lan(2)] Z(M 1)k (n + 2k)! n'z n!
k>0 k>0
If t > n we have tn—ﬂ, > C. Thus the bound (7.15) yields
C "
lan@)] < D 77 S O O
;}O (M — 1)k n!
Using the new variables p :=n = 2 2”/ and ¢ : (7.11)

P
WS Z Z |ap+q(nT)ap—q(NT)| hptqp—q -

p=20g=—p
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Next, we observe that Lemma 7.9 (ii) implies that terms corresponding to n,n’ >t = nT ~ CM"T are
strongly suppressed. Thus we introduce a cutoff at p = M*, where k < pu < % Let us first consider the
terms p < M*. We need to estimate

M* p
Eé[ = Z Z |ap+‘I(77T)aP—q(nT)‘ hp+q,p—q
p=0qg=—p
MH P ) 1/2 MM P , 1/2
< (Z Z |ap+q(77T)ap—q(nT)| ) (Z Z (hp+q,p—q) )
p=0g¢==p p=0q=—p
M* p 1/2
< O(Z Z (hp+qm—q)2> )
p=0g9=—p

where we used Lemma 7.9 (i). Thus,

-2
P M3 (1 1 M \'<( Cp \"
Z thrq,pq] Z[ (p1/Q+ M1/6>( 1) Z2(M1/3> ’

qg=-p m=

MLL
2<CZ

p=0

by (7.10). For p < M* and W large enough, the term in the square brackets is bounded by

1/3 2 1/2
ML 1 ! P\ o o C
D p1/2 M1/6 (1 _ ﬁ)l’ M1/3 M1/3 M1/6

Thus we find (E5,)° < CM#=1/3,
Let us now consider the case p > M*, i.e. estimate

Z Z ’ap+q (nT)aP*q(nT)’ hPJrq,pfq .

p>MH q=—p

1
< (p+q)!

ST we have

y (7.13) and the elementary inequality =]

t2p 2p

a tap— ) < C——F——— < C—.
| p+q() P q( )| (p+q)!(p—q)! plp!

This gives

D)™ <
EV>V <0 Z | Z hptqap—q

]
p>MH pp: q=—p

<y (UT)QPMU?’( L1 )( )P P ( )’"

= 1p! 1/2 1/6 _ 1/3
p>MH pp p p/ M / 1 m=2 M /
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by (7.10). Setting n ~ CM" yields

-2 m
Z C’M"T Z
l | 1/3
p>MH p-p- m=0 M/
CM*~T CM?sT2\?
2 ( p > py ( M1/ )
p>MH p>MH p

Z (CMW,LT)ZIH_ Z (CMQ’”"’l/?’*“TQ)p

p>MH p>MH

(CMF 7)™ 1 (CMPe1/3-mT)

N

N

MH

N

Choosing 1 = 1/3 — § (where, we recall, 0 < 8 < 2/3 — 2k) completes the proof of Proposition 7.1.

&. THE LADDER PAIRINGS

In this section we analyse the contribution of the ladder pairings, En>0|an(nT)\2 Vz(L,), and complete the

proof of Theorem 3.1. (Recall that n := W9 is the time scale.) Recalling the expression (6.3), and noting
that in the case of the ladder the variables xg, ..., x, determine the value of all variables xg,...,x2,_1, we
readily find

Vm(Ln) = Z 50&:0 Ty H 1 |xi+1 - x1| < W)

XGA""'1

X 1:[ Wz #wiye) [ 1{wowind # {zg,251)) . (8.1)
=0

0<i<j<n—1

Throughout this section we assume that n = W4 for some x < 1/3.
We perform a series of steps to simplify the expression (8.1). In a first step, we get rid of the last product.

LEMMA 8.1. Under the assumptions of Proposition 7.1 we have

> lanT)P V(L) = Y lan(nT)V; (n) —

n>=0 n=0

where

n—2
Vzl(n) = Z 00200z, H 1(1 < |zig1 — 2] S W) H 1(x; # wiy2)

xEAn+1 =0

and

C
1
Y B < 5
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PROOF. For each x = (zq,...,2z,) € A% we write 1 = 2P {0,..n—1} Ap(x), where the sum ranges ranges

over all partitions P of the set {0,...,n — 1}, and Ap(x) is the indicator function
Ap(x) H 1({:&-, Tiv1} = {z;, xj+1}) if ¢ and j belong to the same lump of P
p\X) = e . .
0gi<ien1 1({s, zit1} # {zj,xj41}) if i and j belong to different lumps of P.

Notice that if P = Py := {{0},...,{n — 1}} then Ap(x) is the last product of (8.1). Let us define

E%(TL) = Z 5010 Ty, H 1 |xi+1 7‘%1‘ H 1 IZ?Z 7él'z+2 Z AP

xeAnJrl i=0 P#P,

Thus, by definition, we have

= Y lau(D)PEL(n).

n>0

Next, we estimate Y. |FEL|. We begin by observing that each partition P of {0,...,n — 1} uniquely
defines a partition I'(P) € ¥;,,. Indeed, each lump p € P gives rise to the lump v € I'(P) defined by
v = Uijepleis e2n—1-i}. In particular, I'(P) # I'(P') if P # P'. We now claim that

n—2
T D S0sdua, H 1(1 < [wipr — @i W) [] 10 # 2iv2) Ap(x) < Va(T(P)).
" enn i=0

This can be directly read off (6.1); there is in fact an overcounting arising from the summation over 7.
Thus we find

DB <D Y lanD)P Y <D lanD)P Y Vil

z n>0 P;{o,,,.,nfl} z n>0 reg; .
P#£P,
Invoking Proposition 7.1 completes the proof. O

In a second step, we get rid of the second to last product in (8.1), i.e. the nonbacktracking condition.

LEMMA 8.2. For any T > 0 we have

Z|an nT) |2 Z‘an nT)| V2 (n) —

n>=0 n=0

where

Vﬁ(n) = Z 50370 TLp H 1 |xi+1 - ‘Ti| < W)

xeA”Jrl

and
E |E?| < .
W/‘Qd/B
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PrROOF. We find

n—2

n=>0 xEA"+1 =0

The expression in the square brackets is equal to

n—2 n—2 k
1-— H (1 — 1(%1 = ng)) = Z(—l)kJrl Z H 1(%1] = l’ij+2) .
=0 k=1 0<i < <ip<n—2j=1

Therefore summing over x yields

ZI]E%\ < Z\an(nT) T S( > —k

n=0 k=
n

= S () (e 5) 1]

We introduce a cutoff at n = M1/3. The part n < M1/3 is bounded by

, M M [ c
Y lan( P 57— 1+) -1 <o -1 < o,

n=0
by Lemma 7.9 (i). The part n > M'/? is estimated using Lemma 7.9 (i), exactly as in the estimate of E;,
in Section 7.7. O

—

We summarize what we have proved so far.

LEMMA 8.3. Under the assumptions of Proposition 7.1 we have

D lan@D)PVa(Ln) = Y lan(T)*Pe(n) +

n>0 n>0
where
Py(n) Z 00100z e H (1 < |@wjpr — x| < W)
xEANT
and
DB < %

x

PROOF. The claim follows from Lemmas 8.1 and 8.2, combined with an argument identical to the proof of
Lemma 7.9 (i) that allows us to replace |a, (t)|? with |a, (t)|?>. We replaced the factor o With 5= by

introducing a cutoff at n = M'/3, exactly as in the proof of Lemma 8.2. O

27



The expression P,(n) is the (normalized) number of paths in Z? of length n from 0 to any point in the
set  + NZ, whereby each step takes values in {y : 1< |y| < W}.

In a third step, we use the central limit theorem to replace P,(n) with a Gaussian. Recall the definition
of the heat kernel

d 2 d/2
G(T,X) = (2:T> e 2 IXI°

LEMMA 8.4. Let p € Cy(R?) and T > 0. Then we have

W —o0

i, S P (praa ) = [ X GT X)), 5:2)

x

where [] denotes the integer part.

PROOF. Let ﬁm(n) denote the normalized number of paths in Z¢ of length n from 0 to z, whereby each step
takes values in {y : 1 < |y| < W}. Then we have

Z Pr([nT1) <W1+dn/2> = Z ZPQHVN ([T1) (W1+dn/2>

rEAN z€AN veZd
()
= > P[] <W1+dn/2
z€Z4

where 7(z) is defined through 7(z) € Ay and x —m(z) € NZ9. Define the sequence of i.i.d. random variables

Ay, As, ... whose law is ﬁ > aeze 1(1 < a] < W)d,, where 0, denotes the point measure at a. Then we
have (A A )
() (A1t Ay
Z Py (InT1) <W1+d,~c/2 = By VW i+dn/2 . (83)
z€eZ4

Next, we introduce the partition
= 1(|Ar+ -+ Apry| < N/2) + 1(|AL+ -+ Apry| = N/2)
in the expectation in (8.3). The second resulting term is bounded by

I@lloo P(JA1 + -+ + Apyry| = N/2).

This vanishes in the limit W — oo by the central limit theorem, since —2— — oo by assumption.
¥y N y p

The first term resulting from the partition is

4A1_+...f% 7] 4A1_+...fh 7]
E@( W1+dﬁ/2n 1(|A1++A[77T]’ <N/2) = EQD W +O(1),

by the same argument as above. Therefore we get

S £l (s ) = Eo( P o).

T€EAN
where B; := % \[/T%T] . The covariance matrix of B; is %]l +0(1), and the claim (8.2) follows by the central
limit theorem. O
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10

Figure 8.1: The functions f;(A), f(A) (left) and F;()\), F(X) (right). Here we chose t = 150.

In a fourth and final step, we replace the probability distribution |, (t)|? with its asymptotic distribution.
For the following we fix some test function ¢ € C,(R?). Testing against ¢ in Lemma 8.3 yields

Sl SV (s ) = Sl S P o vt ) -0 () 89

n=0 n=0 T

While the distribution |a,(t)|* has no limit as ¢ — oo, it turns out that the rescaled distribution,

foX) = tlapn @),

converges weakly to

In order to prove this, we consider the integrated distribution

A
F(\) = / ae f(6).

0

We now show that Fi(\) converges pointwise to F(\) = fo’\ f. See Figure 8.1 for a graph of the functions
fta f7 Fta F.

PROPOSITION 8.5. The pointwise limit
F(A) == lim F()\)

t—o0

exists for all A = 0 and satisfies

A 4 52 92 ) \/72
FO) = | de el ;(arcsm)\—)\ 1— X ) (A€ [0,1]) (8.5)

FO) =1 (A>1). (8.5b)
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PROOF. See Appendix A. O

In order to conclude the proof of Theorem 3.1, we need the following result.
PROPOSITION 8.6. Let T' > 0. Then
i Z|an nT)|? ZV (W1+dn/z) / dX f(A /dX G\T, X) p(X).
n>0

Indeed, Theorem 3.1 is an immediate consequence of Propositions 7.1 and 8.6. The rest of this section is
devoted to the proof of Proposition 8.6.

We begin by observing that the family of probability measures defined by the densities {f;}+>0 is tight,
so that we may cut out values of A in the range [0,6) U (1 — 4, 00).

LEMMA 8.7. Let e > 0. Then there is a § > 0 and a tg > 0 such that

F@O) +1-F1-0) < ——
el
and c
F()+1-F(1-08) < ——
el
for all t > tg
Proor. By Proposition 8.5 we have that
Fo)+1—-F(1-6) - 0 (8.6)

as 6 — 0. Choose § > 0 small enough that the left-hand side of (8.6) is bounded by m. Moreover,
Proposition 8.5 also implies that there is a ¢y such that
€
2[lello
for all £ > tg. O

Fi(6)+1—F(1-08) < F(6)+1—F(1-0)+

Now by (8.4), Proposition 8.6 will follow if we can show

> Jan (nT))? ZP (me) = /Oood)\ f()\)/dX GOT, X) o(X) +o(1),

n=0

e /0°°d,\ Far(A ZP ([nTA]) (W1+dn/2> = /Ooocu f()\)/dX G\T, X) p(X) +o(1). (8.7)

Lemma 8.7 implies that in order to prove (8.7) it suffices to prove

1-6 1-6
/5 dX for(A ZP [T A) (W1+dﬁ/2> :/5 d)\f(/\)/dX GOT, X)p(X)+0(1),  (8.8)

for every § > 0.
Next, note that, by Lemma 8.4, the sum on the left-hand side of (8.8) converges to [ dX G(A\T, X) ¢(X)
for each A € [6,1 — 0]. In order to invoke the dominated convergence theorem, we need an integrable bound

on fi(A).
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LEMMA 8.8. Let § > 0. Then there is a C > 0 such that f(X\) < C for all A € [6,1 — §] and t large enough.

PROOF. From Lemma 5.1 we get
2 2
lap @)t < ClJpagn ()]t

We estimate this using the following result due to Krasikov (see [36], Theorem 2). Setting p := (2v+1)(2v+3)
and assuming that v > —1/2 and ¢ > \/u + p2/3/2, we have the bound

448 — (2v +1)(2v +5)
T (42— )P —

BAGIES
Setting v = [tA] + 1 yields [Jyy11(8)]? < & for A € (6,1 — §) and ¢ large enough. This completes the
proof. O

By Lemmas 8.8 and 8.4, it is enough to prove that

1-6 1-6
/ A\ (V) / dX GOT, X) p(X) = / d\ F() / dX GOT, X)o(X) +o(1).  (89)
s s
Let us abbreviate
g(A) = /dX G(A\T) p(X).
The proof of Proposition 8.6 is therefore completed by the following result.

LEMMA 8.9. Let § > 0. Then

1-6

1-6
im [ dA A9 =/6 dx F(Vg(N) .

t—o0 5

PROOF. The proof is a simple integration by parts. It is easy to check that on [6,1 — §] the function g is
smooth and its derivative is bounded. We find

1-6 1-46 1-46
/ A\ fi(Ng(N) = / A F{(\g(N) = — / A\ F(Ng' (V) + F(1— 6)g(1— 6) — F(6)9(6).
) ) )

Proposition 8.5 and dominated convergence yield the claim. O

9. SYMMETRIC MATRICES

In this section we describe how to extend the argument of Sections 6 — 8 to the symmetric case (2.1b). While
in the Hermitian case (2.1a) we had

Efﬂw}ﬂm = IEH&yHEy = Oa

M-1"
we now have 1

EHeyHys = BHoyHoy = 57— -
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Since the distribution of Hy, is symmetric, Lemma 6.1 also holds in the symmetric case. However, (9.1)
implies that there is no restriction on the order of the labels associated with an edge. Thus we replace (6.1)

with
Va(l) = ZQz(X) Z (H AX(Q’Y)) (H 1(oy # Q'W)) ﬁ ) (9.2)

er \yer Y#EY

where

Ax(oy) = H 1(ox(€) = 04)-

ecry

Next, we define the set &7, as the set of lumpings 4, ,,» without the complete ladder and the complete
antiladder (see its definition below). It is easy to see that the analogue of Lemma 7.2 holds with

R,(I) = ZQx(X)Z<HAx(97)> ﬁ

or \ver

It therefore suffices to estimate the contribution of pairings I' € &7, ;. We have that

R) = 3 Qu(x)

(M —1)"

X H (1($a(e) = xb(e’))l(l’b(e) = .’L‘a(e/)) + l(a:‘a(e) = «Ta(e’))l(l'b(e) = a:b(e/))) . (9.3)
{e,e’}el

Thus, the graphical representation of pairings has to be modified as follows. Each bridge o € T carries a tag,
straight or twisted, which arises from multiplying out the product in (9.3). Twisted bridges are graphically
represented with dashed lines.

In order to find a good notion of combinatorial complexity of pairings, we define antiparallel bridges as
follows. Two bridges {e;,e;} and {e;41,ej11} are antiparallel if i + 1,5 +1 ¢ {0,n}; see Figure 9.1. An
antiladder is a sequence of bridges such that two consecutive bridges are antiparallel. It is easy to see that,

i 1+l i+2

j+2 J+1

Figure 9.1: Two antiparallel twisted bridges. Compare to Figure 7.1.

in addition to ladders whose rungs are straight bridges, antiladders whose rungs are twisted bridges have a
leading order contribution.

The skeleton ¥ = S(T') of the pairing I" is obtained from T" by the following procedure. A pair of parallel
straight bridges is collapsed to form a single straight bridge. A pair of antiparallel twisted bridges is collapsed
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Figure 9.2: The construction of the tagged skeleton graph.

to form a single twisted bridge. This is repeated until no parallel straight bridges or antiparallel twisted
bridges remain. The resulting pairing is the skeleton ¥ = S(I'); see Figure 9.2. Thus we see that Lemma 7.3
holds. Moreover, Lemma 7.4 holds, provided that (i) is replaced with

(’) Each ¥ € & m.ms contains no parallel straight bridges and no antiparallel twisted bridges.

Crucially, Lemma 7.7 remains valid for such tagged skeletons. This can be easily seen using the orbit
construction of the proof of Lemma 7.7, combined with (i’).

Next, we associate a factor Dy(y, z) with each bridge o € ¥. If o is straight, this is done exactly as in
Section 7.4. If ¢ is twisted, this association follows immediately from the definition of the antiladder. Thus
we find that Lemma 7.6 holds. The rest of the analysis in Section 7 carries over almost verbatim; the only
required modification is the summation over 2™ tag configurations of the bridges of ¥. The resulting factor
2™ is immaterial.

Finally, the complete ladder pairing yields (3.1). The complete antiladder is subleading, as its contribution
vanishes unless x = 0.

10. DELOCALIZATION: PROOFS OF THEOREM 3.3 AND COROLLARY 3.4

In this section we show how to derive Theorem 3.3 from Theorem 3.1, and derive Corollary 3.4 as a conse-
quence.

PROOF OF THEOREM 3.3. We use an argument due to Chen [9] showing that diffusive motion implies de-
localization of the vast majority of eigenvectors.

Recall that P, 4(y) := 1(Jy — z| > ¢) is the characteristic function of the complement (in Ay) of the
-neighborhood of z. Also, A, defined by

o, = {a e s Y@ [Pl < }

is the set of eigenvectors localized on a scale £ up to an error of ¢.
By diagonalizing H*,

HY = X))l

ac

33



we have

|1Pep e 6| =

ZP ve n‘//\a,(/}w( )ww

acd

<(1+3)

for any ¢ > 0. Next, we observe that the norm in the first term may be bounded by 1:

Y. Peee e ye(a) RG] Do WE@) < Y W) =1

2
+ (149

)

Z Pm Ze—lt)\a ww( ),(/Jw

acAY,

Z Pye” H»\aww( ) Ve

acA\AY,

aemuy aGQl“’) ate:yZ acl
Thus we get
2
J—, 1
IPece sl < (14¢)| B e m@ |+ 00| ¥ wEE
aeAe, ac\AY,
( )ZW NP+ (140 Y @),
AL, acA\AY,

Averaging over x € Ay yields

a Tl 6l < (14 ) 3 Shr@I sl -0+ 0 3 sl

acy, = ac\AY, T

1 AN\ AL |
< <1+ <>5+ (1+<)7|m‘ ,

by definition of 2 ,. Therefore

|Q[\Q’[(:7é| 1 1 _itH® 2 3
@ > Troq 2P =

Taking the expectation yields

NNy 1
& T 1cf

E

EZHPMe"tHé == = E|| Py e 6" — (10.1)

€
1+< ¢’

by translation invariance. Note that this estimate holds uniformly in ¢.
Next, pick a continuous function ¢(X) that is equal to 0 if | X| < 1 and 1 if |X| > 2. Recalling that
ot,z) = |(6,,e H/25) 2 we find

EHPO,WHMN e—itH/260H2 _ Z 1(|z] > W1+dn/2) ot,z) > Z@(M) o(t,x) .

€T

Now choose an exponent & satisfying x < & < 1/3 and set t = W9 . Thus,

E|| Poywrana e T H 2507 > 3 (Wdﬂ(& " W1+nd/2> eW,2).

X
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Since we have
lim go(Wd/%" *) X) =1

W—o0

for X # 0 and L(1, X) is continuous at X = 0, a simple limiting argument shows that Theorem 3.1 implies

lim (W‘”Q(” <) WHWQ) oW, ) = /dX L(1,X) = 1.

W —o0
x

We have hence proved that

lim E|| Py yieanss e 12517 = 1,
W—o0 ’
Plugging this into (10.1) yields
A\ A " 1
lim inf E| \ e, Witd | > _ £ .
Setting ¢ = /e completes the proof. O

PROOF OF COROLLARY 3.4. Pick an intermediate exponent K satisfying k < & < 1/3 and abbreviate
(= W1+dn/2 z — Wl-‘rd;{/Q.

Let o € B¢ and let u € Ay be as in (3.3). Then we find by Cauchy-Schwarz
2
(Sisieel) < (Swewren[=7) ) (Sew{-[*
<x 3 ew{- [ o
—5(e/e)Y |z — ul K |z -yl ! w 2
< koo 5 ep{ [ o[ e,

lz—y| >

“]W}HPm,zwzH?)

where § > 0 is some small constant to be chosen later. Using (a + b)Y < (2a)Y + (2b)” we find

~ — v — v - K
(ZW P M““H) < Kewwzexp{[xgu'] ﬂs[?'xg“q +5[2|y€“q }|¢:<y>|2.

z,y

Choosing § < 277 therefore yields
(Sl pvsl) < crieesar = g,

We have thus proved that B¢ C Q(‘: e Then Corollary 3.4 follows from limy . e = 0 and Theorem
Wy
3.3. O
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11. CRITICAL PAIRINGS

In this section we give an example family of pairings which are critical in the sense that they saturate the
2/3 rule (Lemma 7.7). This implies that extending our results beyond time scales of order We/3 requires
either a further resummation of pairings or a more refined classification of graphs in terms of their deviation
from the 2/3 rule.

Let £ > 1 and consider the skeleton pairing X; defined in Figure 11.1. It is a critical pairing in the sense
that all orbits not containing the vertices 0, m consist of 3 vertices.

1 Ya Y3

Figure 11.1: A critical skeleton pairing ;. The label of each vertex is indicated next to its vertex.

It is easy to see that for X; we have
m = 6k+1, L(Zg) = 4k+ 1.

In particular, the 2/3 rule of Lemma 7.7 is saturated. Moreover, if £y, satisfies £, > 2 for all o € ¥}, then
the associated pairing I' := Gy, (X)) has a nonzero contribution V,(I') ~ R, (T') ~ M =2 (here, and in the
following, we ignore any powers of W with exponent of order one). Indeed, it is easy to check that under the
condition ¢, > 2 for all o the above I satisfies all nonbacktracking conditions. (In fact, it suffices to require
that ¢z > 2, where G is the bridge drawn as a vertical line in Figure 11.1.)

As shown in the Section 7 (see (7.13)), the coefficients a,,(t) essentially vanish if n > (14 o(1))t. Setting
t = M* thus means restricting the summation to n,n’ < M*".

Assume, to begin with, that we adopt the strategy of Section 7 in estimating the contribution of each
graph, i.e. we use the 2/3 rule for each skeleton pairing and the ¢!-/*°-type estimates from Lemma 7.5 on
the edges of the associated multigraph. We show that the sum of the contributions of the skeleton pairings
Yk diverges if £ > 1/3. Indeed, noting that n,n’ < M* implies . < M*, we find that the contribution of all
Ekvs is

p/6 1
oy 2 L (11.1)
k=1 L1+-+Ler=p

36



where p = M" and the sum over ¢; is restricted to ¢; > 2 for all i. Here we only sum over the pairing of
maximal 2 = p (so as to obtain a lower bound), and set 6k + 1 &~ 6k. Now (11.1) is equal to

%% 1 (p—6k N%% C(M* — 6k)\ **
2%\ 6k 2\ R ’

which diverges as W — oo if ¥ > 1/3. Hence a control of the error term at time scales x larger than 1/3
would require further resummation of such critical pairings.

In the estimates of the preceding paragraph we did not make full use of the heat kernel decay associated
with each skeleton bridge. For simplicity, the following discussion is restricted to d = 1 (it may be easily
extended to higher dimensions; in fact some estimates are better in higher dimensions). Using Lemma 7.5,
we may improve (11.1) to

oey 1
S Y o
oM b+ A lgr=p by ok

this is a simple consequence of the heat kernel bound of Lemma 7.5 and the fact that each six-block of
Yk contains two bridges in X \ (Xj)7r for which we may apply the bound (7.7b) (in which we drop the
unimportant second term for simplicity). Now (11.2) is bounded by

p/6 1 g p/6 CM5K/6 6k

which is summable for £ < 2/5. Note, however, that the factor k7% from (11.1) has been replaced with
the larger factor k~%¥. Recall that the factor k~6% is used to cancel the combinatorics m! ~ k5% arising
from the summation over all skeletons. In the present example this small factor is not needed, as the family
{Xk} is small. It is clear, however, that a systematic application of this approach requires a more refined
classification of skeletons in terms of how much they deviate from the 2/3 rule. One expects that the number
of skeletons saturating the 2/3 rule is small, and that they are therefore amenable to estimates of type (11.3).
Conversely, most of the m! skeletons are expected to deviate strongly from the 2/3 rule, so that their greater
number is compensated by their small individual contributions.

Finally, we mention that the upper bound (7.7), used in the £!-¢>*-type estimates above, neglects the
spatial decay of the heat kernel, i.e. that

Dy(z,y) ~ (2= (11.4)

for |x — y| < N. Thus a correct lower bound on the contribution of each skeleton graph should have taken
into account this additional decay as well. A somewhat lenghtier calculation shows that with the asymptotics
(11.4) the estimate (11.2) may be improved to

p/6 1 k
Do 2

=1 O+t len=p j—1 \/géj)gz(lj) +£é])gé]) +£§J)£4(1]) +£gj)£éj) +€4(1j)£§3j) +€E}J)géﬂ) +£é])gé])

1

where we abbreviated él(j) := Lg(j—1)+4- It is not hard to see that the resulting bound is the same as (11.3),
with a smaller constant C'. In other words, the gain obtained from the spatial decay of the heat kernel is
immaterial, and the ¢'-¢*°-estimates cannot be improved.
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In conclusion: Our estimates rely on an indiscriminate application of the 2/3 rule to all skeleton pairings;
going beyond time scales of order W3 would require either (i) a refined classification of the skeleton pairings
in terms of how much they deviate from the 2/3 rule, combined with a systematic use of the bound (7.7b) on
all bridges in ¥\ X7; or (ii) a further resummation of graphs in order to exploit cancellations. The approach
(i) can be expected to reach at most times of order W2/5 for d = 1.

A. PrROOF OF PROPOSITION 8.5

Note first that F' is monotone nondecreasing and satisfies 0 < F(A) < 1, as follows from (5.4). Hence it is
enough to prove (8.5a) for A € (0,1).
For the following it is convenient to replace F; with F;, defined by

[At]

B = Y Jan®)? = Ft<[M;L”>
n=0

By Lemma 8.8 we have Fy(\) — F;(A) = o(1) as ¢t — oo.
Thus let A € (0,1) be fixed. From (5.2) we find

~ Mo 1 2 DMy . )
E() =) ;/f&ﬂm(@e*”é => ;/O d6 sin@sin[(n + 1)0] e 30|
n=0 a n=0

where we used (5.1). Thus,

~ 1 ™ s ) ,
F,(\) = 72/ da/ d@’ sin @ sin @’ eit(cos¥—cost’)
™ Jo 0

. (A

GMIHD(040) _ | o—i(MHFD046)) _ 1 @i(M+1)(0—0) _ 1 o—i(A+1)(0-0) _ |
x 0T — 1 T oo 1 T o) 1 Gi0-0) _ 1

We now claim that the limit ¢ — oo of the first two terms of (A.1) vanishes by a stationary phase argument.
Let us write the first term of (A.1) as R} + R?, where

1t . (A1) (0+0")
R} = — [ do / d0’ sing sin@ oit(eos0 o0
™™ Jo 0 e"i(0+0) —1

1 /7 w /rr & sin 6 sin @' el(1—{XeH)(6+6") ait(cos 0—cos 0"+ A6+20")
0

2 J, e—i(6+6) _ 1

=: / d0/ 0’ a,(0,0") 0
0 0
where {€} := & — [¢] € [0,1). One readily finds the bounds

inf |V@(0,0)] > A, sup |V2¢(0,0")| < oo, sup sup |Va.(0,0")] < oo.
6,6’€[0,7] 0,0’c[0,7] t 6,07€[0,x]

A standard stationary phase argument therefore yields lim; ., R} = 0.
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Similarly, we find

/ it(cosO— COS@) 51110 sin 6)’
o f

=:6(0,0")
As above, the functions b and Vb are bounded on [0, 7]2. The phase cos f — cos §’ has four stationary points,
(0,0), (0, ), (m,0), (7, 7), all of them nondegenerate. Therefore a standard stationary phase argument implies
that R? = O(t~1/?). (Note that the stationary points lie on the boundary of the integration domain. This
is not a problem, however, as the usual stationary phase argument may be applied in combination with the
identity [;° dxz elt®® = O(+=1/2).) Similarly, one shows that the second term of (A.1) vanishes as ¢ — oo.
Next, as we have just shown, we have

F,(\) = FPO) + FF () + F7 (V) + o(1)

for t — oo, where

1 4 4 : ’ 1 1
0 o . . it(cos 60— 6
EF () = ﬁ/o d@/O d@’ sin sin @’ elt(cosd—cost’) [e_i(g_gf) 1 + ei(6—0") _ 1] ’
- 1 " " : : it(cos §—cos 6’ e:l:i([)\t]Jrl)(GfO’)
FF() = —— dGP/O ¢’ sinf sin @’ ett(cs? 9>W,

where P denotes principal value. We now show that F2(\) = o(1). Indeed, the expression in square brackets
in the definition of F?()\) is equal to —1. Exactly as above we therefore conclude that F2()\) = O(t~1/2).

Next, let us consider ﬁf(A). In a first step, we replace the factor e—i(e—le’),l with —1(91—9/)’ The error is
_i " 4o ,P/Tr d0’ sin 6 sin ¢’ eit(cos 9—cos«9')ei([>\t]+1)(9—0’) 1 _ 1
T2 Jo e~i0=0) —1  —i(0—-06")|"’

which vanishes in the limit ¢ — oo by the above saddle point argument (the expression in the square brackets
is a analytic, and the phase cosf — cos@ + A0 — A0’ has the four nondegenerate saddle points defined by
sinf =sinf’ = \).

In a second step, we choose a scale 2/5 < £ < 1/2 and introduce a cutoff in |§ — 6’| at t~¢. Thus we have

o+ 1 " . / —£\ o - pf Lit(cos O—cos 6') el (AMH1)(O=0)
Fr(A) +o(1) = = doP [ do'1(]0 —0'| <t °)sinf sinb'e —
™ 0 0 1(9 0 )

1 g i ) P o el ((M]+1)(6—-0")
+ 7/ d9/ do’ 1(]6 — 9’| >t7%)sinf sin @’ pit(cos O—cos ") (A.2)
™ Jo 0

i0—06)
Let us abbreviate Dy := {(6,0') € [0,7]? : |§ — 6’| > t~¢}. The second term on the right-hand side of (A.2)
is equal to

72 Jp, i(0—0) 9—0 -

In the domain D; the phase ¢ has two stationary points defined by sinf = sin#’ = X and 6 # €. For all
(0,6") not in some fixed neighbourhood of these stationary points and satisfying |6 — 6’| > ¢~¢, we have the
bound

1 g , sin 6 sin @ G0~ DO Y
do 4o’ elt(cosefcose +A0—X\0 )Sll’l smoy-e — /D d6 do’ elt¢(0’0 )at( ) ) (A3)

IVo(8,0)] = Ct™°,
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for some constant C' > 0 depending on A, and large enough t. Thus a standard saddle point analysis shows
that (A.3) is of the order t~1/2 4 t2~1 = o(1).
In a third step, we analyse the first term on the right-hand side of (A.2). We introduce the new coordinates

0+ 06
u = _; 5 v = 9_9/’
and write
Froto) = = [Taop [ a0 100 -0 < 0 cin g oit(cos 0—casgy €TV
= — —_ \t*S 3 3 1t(cos U —cos -
t (W) +o(l) = — ; /o (I | )sinf sin @’ e =7
1 T Gtu . it(Av—2sinusin %)
= 72/ du P dv sin(u + U) sjn(u — U) el(l—{)\t})ve.—2 7
™ Jo —atu 2 2 w
where
apy = min{t™%, 2u,2(r —u)}.

: : E— . H _ai . .
Now we replace the factor eit(Av—2sinusing) (ith eitv(A=sinu) The resulting error is

1 ™ at,u . . . itsinu (v—2sin ) _ 1
Rt — 7/ du P dv sin(u + 12)> sin(u _ ;) el(l—{)\t})veltv()\—smu)e . 2 . (A4)
0

2 iv

—Qt,u

It is easy to check that, for v € [—ay ., i), We have

< Ctl—%e

eltsinu (v=2sin§) _ 1
iv

Therefore

™ 27
1
R gc/ du/ dvt' =3 —— = o(1).
|R| ; ; I (1)

Thus we may write

~ 1 a At u . itv(A—sinu)
F(\) +o(1) = ﬁ/o du P/ dv Sin(qu ;) sin(u - ;) el(lf{)‘t})”e,i .

1v

=:I;(u)

In a fourth step, we analyse I;(u) using contour integration. Abbreviate b := A\ — sinu. Let us assume
that u satisfies b # 0. Then, setting z = |b|tv, we find

[bltat,u = = i . eiz sgn b
I _p 4> si Z2 ) L E ) g €
+(u) /—|btam z sm(u—i— 2|b|t) Sln(u 2|bt> e =

Let us consider the case b > 0. Using the identity

1

v —1i0

’Pl = ind(v) +
v

and Cauchy’s theorem, we find

L(u) = 7rsin2(u)—|-/

z z : . el#
dz si AR _ A da-{ahze”
~y =8 (u 2bt> ot (u 2bt> ¢ iz’
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where « is the arc {bta; ,(cosp,sinp) : ¢ € [0,7]}. The absolute value of the integral is bounded by

T
/ d(P edt,usine efbtat’u sin ¢ ,
0

which is bounded uniformly in ¢ and b # 0, and vanishes in the limit ¢ — oo for all b # 0. The case b < 0 is
treated in the same way. In summary, we have, for each u satisfying sinu # A, that

[I:(u)| < C, tlim I(u) = 7sin®(u) sgn(\ — sinw).
—00

Hence by dominated convergence we get

~ 1 [T
lim FF(\) = 7/ du sin®(u) sgn(\ — sinu).
T Jo

t—o0

A similar (in fact easier) analysis yields
lim Fo(\) = & [ du s 2( A+ si
Jim Fy N = = u sin®(u) sgn(A + sinw) .

Therefore we get

) . ) s ] ) 4 A 52
tlg(I)loFt()\) = ;/0 du sin?(u) 1(sinu < \) = ;/0 dfﬁ.

This completes the proof of Proposition 8.5.
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