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Abstract

We consider random d-regular graphs on N vertices, with degree d at least (log N)*. We
prove that the Green’s function of the adjacency matrix and the Stieltjes transform of its
empirical spectral measure are well approximated by Wigner’s semicircle law, down to the
optimal scale given by the typical eigenvalue spacing (up to a logarithmic correction). Aside
from well-known consequences for the local eigenvalue distribution, this result implies the
complete (isotropic) delocalization of all eigenvectors and a probabilistic version of quantum
unique ergodicity.

1. Introduction and results

1.1. Introduction. Let A be the adjacency matrix of a random d-regular graph on N vertices.
For fixed d > 3, it is well known that as N — oo the empirical spectral measure of A converges
weakly to the Kesten-McKay law [30,35], with density

d 1
d? — 2227

[4(d—1) — 27, (1.1)

Thus, the rescaled adjacency matrix (d — 1)*1/ 2 A has asymptotic spectral density

22\ ! —x
0u(z) = <1+d11—d) [4%2]* (1.2)

Clearly, oq(z) — o(z) as d — oo, where o(z) := 5=+/[4 — 2] is the density of Wigner’s semi-
circle law. The semicircle law is the asymptotic eigenvalue distribution of a random Hermitian
matrix with independent (upper-triangular) entries (correctly normalized and subject to mild
tail assumptions). From (1.2) it is natural to expect that, for sequences of random d-regular
graphs such that d — oo as N — oo simultaneously, the spectral density of (d — 1)*1/ 2A con-
verges to the semicircle law. This was only proved recently [44] (in [17] it was also shown with
the restriction that d is only permitted to grow logarithmically in N).

In the study of universality of random matrix statistics, local versions of the semicircle law
and its generalizations have played a crucial role; see for instance the survey [22]. The local
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semicircle law is a far-reaching generalization of the weak convergence to the semicircle law
mentioned above. First, the local law admits test functions whose support decreases with N
so that far fewer than N eigenvalues are counted, ideally only slightly more than order 1. (In
contrast, weak convergence of probability measures applies only to macroscopic test functions
counting an order N eigenvalues). Second, the local law controls individual matriz entries of
the Green’s function. Both of these improvements have proved of fundamental importance for
applications. In particular, the local law established in this paper is a crucial input in [3],
where, with J. Huang, we prove that the local eigenvalue statistics of A coincide with those
of the Gaussian Orthogonal Ensemble; see also Section 1.4 below. For Wigner matrices, i.e.
Hermitian random matrices with independent identically distributed upper-triangular entries,
the semicircle law is known to hold down to the optimal spectral scale 1/N, corresponding to the
typical eigenvalue spacing, up to a logarithmic correction. In [2,17,26,44], it was shown that the
semicircle law (for d — 00) or the Kesten-McKay law (for fixed d) holds for random d-regular
graphs on spectral scales that are slightly smaller than the macroscopic scale 1 (typically by a
logarithmic factor; see Section 1.4 below for more details).

In this paper we show that d-regular graphs with degree d at least (log N)* obey the semicircle
law down to spectral scales (log N)*/N. This scale is optimal up to the power of the logarithm.

From the perspective of random matrix theory, the adjacency matrix of a random d-regular
graph is a symmetric random matrix with nonnegative integer entries constrained so that all
row and column sums are equal to d. These constraints impose nontrivial dependencies among
the entries. For example, if the sum of the first k£ entries of a given row is d, the remaining
entries of that row must be zero. Previous approaches to bypass this difficulty include local
approximation of the random regular graph by a regular tree (for small degrees) and coupling
to an Erd6s-Rényi graph (for large degrees). These approaches have been shown to be effective
for the study of several combinatorial properties, as well as global spectral properties of random
regular graphs. However, they encounter serious difficulties when applied to the eigenvalue
distribution on small scales (see Section 1.4 below for more details). Our strategy instead
relies on a multiscale iteration of a self-consistent equation, in part inspired by the approach
for random matrices with independent entries initiated in [21] and significantly improved in a
sequence of subsequent papers (again see Section 1.4 for details). In previous works on local
laws for random matrices, independence of the matrix entries plays a crucial role in deriving
the self-consistent equation (see e.g. [19] for a detailed account). While the independence of the
matrix entries can presumably be replaced by weak or short-range dependence, the dependence
structure of the entries of random regular graphs is global. Thus, instead of independence, our
approach uses the well known invariance of the random regular graph under a dynamics of local
switchings, via a local resampling of vertex neighbourhoods. We believe that our strategy of
local resampling, using invariance under a local dynamics combined with a multiscale iteration,
is generally applicable to the study of the local eigenvalue distribution of random matrix models
with constraints.

Notation. We use a = O(b) to mean that there exists an absolute constant C' > 0 such that
la] < Cb, and a > b to mean that a > Cb for some sufficiently large absolute constant C' > 0.
Moreover, we abbreviate [a,b] := [a,b] N Z. We use the standard notations a A b := min{a, b}
and a Vb := max{a, b}. Every quantity that is not explicitly a constant may depend on N, which
we almost always omit from our notation. Throughout the paper, we tacitly assume N > 1.

1.2. Random regular graphs. We establish the local law for the following three standard models
of random d-regular graphs.



Uniform model. Let N and d be positive integers such that Nd is even. The uniform model
is the uniform probability measure on the set of all simple d-regular graphs on [1, N]. (Here,
simple means that the graph has no loops or multiple edges.) Equivalently, its adjacency matrix
A is uniformly distributed over the symmetric matrices with entries in {0, 1} such that all rows
have sum d and the diagonal entries are zero.

Permutation model. Let N be a positive integer and d an even positive integer. Let o1,...,04/2
be independent uniformly distributed permutations on Sy, the symmetric group of order N. The
permutation model is the random graph on N vertices obtained by adding an edge {i, 0, ()} for
each i € [1, N] and p € [1,d/2]. Its adjacency matrix A is given by

d/2 d
Aij = Y (10 = 0u) + 16 = 0u(7) = D10 = 0u(i), (1.3)
p=1 p=1

with the convention that 04—, = 0;1 for d/2 +1 < p < d in the second equality. All vertices
have even degree, and in general the graph may have loops as well as multiple edges. Each loop
contributes two to the degree of its incident vertex.

Matching model. Let N be an even positive integer and d a positive integer. Let o1,...,04
be independent uniformly distributed perfect matchings on [1, N]. A perfect matching can be
identified with a permutation of Sy whose cycles all have length two. As in the permutation
model, a graph on [1, N] is obtained by adding an edge {4,0,()} for alli € [1, N] and p € [1,d].
Thus, the corresponding adjacency matrix is again

Ay = 310 = 0u(0)). (L.4)

p=1

Graphs of this model can have multiple edges but no loops. Their degree d is arbitrary, but
their number of vertices must be even.

The models introduced above include simple graphs (uniform model), graphs with loops and
multiple edges (permutation model), and graphs with multiple edges but no loops (matching
model). Throughout this paper, all statements apply to any of the above three models, unless
explicitly stated otherwise. As discussed in Section 1.4 below, our approach is quite general,
and applies to other models of random regular graphs as well. For brevity, however, we give the
details for the three representative models introduced above.

We shall give error bounds depending on the parameter

2

N

D = dA ¥ (uniform model), (1.5)
N2

D :=dA i (permutation and matching models) . (1.6)

In particular, for the uniform model, D = d if d < /N, and for the permutation and matching
models, D = d if d < N. Throughout the paper, we make the tacit assumption D > 1, which
leads to the conditions d < N2/3 for the uniform model and d < N? for the permutation and
matching models.



1.3. Main result. To state our main result, we first observe that the adjacency matrix A of any
d-regular graph on N vertices has the eigenvector e := N~/ 2(1,...,1)* with eigenvalue d, and
that (by the Perron-Frobenius theorem) all other eigenvalues are at most d in absolute value.
The largest eigenvalue d of the eigenvector e is typically far from the other eigenvalues, and it
is therefore convenient to set it to be zero. In addition, we rescale the adjacency matrix so that
its eigenvalues are typically of order one. Hence, instead of A we consider

H = (d—1)""2(A - dee"). (1.7)

Clearly, A and H have the same eigenvectors, and the spectra of (d — 1)_1/ 2A and H coincide
on the subspace orthogonal to e.

Our main result is stated in terms of the Green’s function (or the resolvent) of H, defined
by

G(z) == (H—-2)"! (1.8)

for z € C4. Here C; := {E +in: E € R,n > 0} denotes the upper half-plane. We always use
the notation z = E + in for the real and imaginary parts of z € C, and regard E = E(z) and
n = n(z) as functions of z.

For z € Cy4, let

a2 4

m(z) = / g(:c) dz = N T V2 (1'9)
T —z 2

be the Stieltjes transform of the semicircle law. Here the square root is chosen so that m(z) € C

for z € C4, or, equivalently, to have a branch cut [—2,2] and to satisfy v22 — 4 ~ z as |z] — oo.

We shall control the errors using the parameter

1 1
O(z) := VAT + 75 (1.10)

and the function

F(r) = [(1 + \z?l—4|>7} AT, (111)

where r € [0,1]. Away from the two edges z = 42 of the support of the semicircle law, i.e. for
|z £ 2| > e for some € > 0, the function F is linearly bounded: F.(r) = O(r). Near the edges,
F,(r) < 4/r provides a weaker bound.

We now state our main result.

THEOREM 1.1 (LOCAL SEMICIRCLE LAW). Let G(z) be the Green’s function (1.8) of any of the
models of random d-reqular graphs introduced in Section 1.2. Let £log & > (log N)? and D > £2.
Then, with probability at least 1 — e~5108¢,

max|Gii(2) —m(2)] = O(F:(£2(2))), fgng\Gij(Z)\ = 0(£2(2)), (1.12)

simultaneously for all z € C such that n > £?/N.

The condition D > £? in the statement of Theorem 1.1 implies the following restrictions on
the degree of the graphs:

N 2/3

¢ <d< <£> (uniform model), (1.13)
N 2

¢ <d< <£> (permutation and matching models) . (1.14)



Thus, for the smallest possible degree d and the smallest spectral scale n for which Theo-
rem 1.1 applies, the parameter £ needs to be chosen as small as permitted, which is slightly
smaller than (log N)2. In particular, the local semicircle law holds for all > (log N)*/N and
all d > (log N)* satisfying d < N?/3(log N)~*/3 for the uniform model and d < N?(log N)~* for
the permutation and matching models.

The estimates (1.12) have a number of well-known consequences for the eigenvalues and
eigenvectors of H, and hence also for those of A. Some of these are discussed below. In fact, by
the exchangeability of random regular graphs, Theorem 1.1 actually implies an isotropic version
of the local semicircle law, as well as corresponding isotropic versions of its consequences for the
eigenvectors, such as isotropic delocalization and a probabilistic version of local quantum unique
ergodicity. We discuss the isotropic modifications in Section 8, and restrict ourselves here to the
standard basis of RY.

For instance, Theorem 1.1 implies that all eigenvectors are completely delocalized.

COROLLARY 1.2 (EIGENVECTOR DELOCALIZATION). Under the assumptions of Theorem 1.1,
with probability at least 1 — e $1°8¢ qll 2-normalized eigenvectors of A or H have {>-norm of

size O(§/VN).

PROOF. Since A and H have the same eigenvectors, it suffices to consider H. Let v, = (val)i\’: 1
a =1,..., N denote an orthonormal basis of eigenvectors with Hv, = Ayv,. Let & be as in
Theorem 1.1, and set i := C¢2?/N for some large enough constant C. Note that

Uy
ai < 5 = nImGi;(Aa +1in) .
'Ua,z ; ()\ﬁ . >\a)2 + 772 n mG ( + 177)

By Theorem 1.1, there exists an event of probability at least 1 — e~¢198¢ such that for all 4 and
« the right-hand side above is bounded by

nIm Gyi(Aa +1n) < nim(Aa +in)| + O/ EPR(Aa + 1)) < 27,

where we used the bound
Im(z)| < 1, (1.15)

which follows easily from (1.9). Thus vi’i < 2n = O(£?/N) as claimed, concluding the proof. [

Next, Theorem 1.1 yields a semicircle law on small scales for the empirical spectral measure
of H. The Stieltjes transform of the empirical spectral measure of H is defined by

1L 1 1 &
= — — = — i 1.1
s(2) N?%Aa—z NZ;GA@’ (1.16)
where A1, ..., Ay are the eigenvalues of H. Theorem 1.1 implies that
s(z) = m(z) + O(F:(£2(2))) (1.17)

with probability at least 1 — e~¢1°8¢, Following a standard application of the Helffer-Sjostrand
functional calculus along the lines of [20, Section 8.1], the following result may be deduced from
(1.17).



COROLLARY 1.3 (SEMICIRCLE LAW ON SMALL SCALES). Let

| N
o(I) = /Ig(x)dm, v(l) = NZI()\QEI)
a=1

denote the semicircle and empirical spectral measures, respectively, applied to an interval I. Fix
a constant K > 0. Then, under the assumptions of Theorem 1.1, for any interval I C [-K, K]
we have

_ 1] 1 1 £
v(l)—o(I) = O [5 EOERN <\/ﬁ + \/W) + N] (1.18)

with probability at least 1 —e~$1°8¢  where |I| denotes the length of I and x(I) := dist(I, {—2,2})
the distance from I to the spectral edges £2.

Corollary 1.3 says in particular that, in the bulk spectrum, the empirical spectral density of
H is well approximated by the semicircle law down to spectral scales £2/N. Indeed, fix ¢ > 0
and suppose that I C [-2+¢,2—¢], so that x(I) > . Then the right-hand side of (1.18) is much
smaller than o(I) provided that |I| > ¢2/N. We deduce that the distribution of the eigenvalues
of H is very regular all the way down to the microscopic scale. Moreover, clumps of eigenvalues
containing more than (log N)* eigenvalues are ruled out with high probability: any interval of
length at most (log N)*/N contains with high probability at most O((log N)*) eigenvalues.

REMARK 1.4. The estimate (1.18) deteriorates near the edges, when x(I) is small. Here we do
not aim for an optimal edge behaviour, and (1.18) can in fact be improved near the edges by a
more refined application of (1.17). For example, from (1.17) we also obtain the estimate

v(I)—o(I) = O

1 1 €2
\/E’I|<D1/4 + (N|ID1/4> +5 (1.19)

with probability at least 1 —e~¢1°8¢ which is stronger than (1.18) when |I| and #(I) are small.
Moreover, as explained in Remark 1.6 below, (1.18) itself, and hence estimates of the form (1.19),
can be improved near the edges. We do not pursue these improvements here.

REMARK 1.5. Theorem 1.1 has a simple extension in which the condition 1 > ¢2/N is dropped.
Indeed, using Lemma 2.1 below, it is easy to conclude that, under the assumptions of Theorem
1.1, for any 2 € C4 with n = O(£2/N) we have the estimate |G;;(2) — d;;m(z)| = O(]%) with
probability at least 1 — e¢1°8¢,

REMARK 1.6. Up to the logarithmic correction £, we expect that the estimates (1.12) cannot
be improved in the bulk of the support of the semicircle law, i.e. for |[E| < 2 —e. On the other
hand, (1.12) is not optimal for |E| > 2 — . For example, a simple extension of our proof allows
one to show that the term £®(z) on the right-hand sides of (1.12) can be replaced by the smaller

bound )
Imm(z) & &2 2/3
13 N + D) + (N77> . (1.20)

In order to focus on the main ideas of this paper, we give the proof of the simpler estimate (1.12).
In Appendix A, we sketch the required changes to obtain the improved error bound (1.20). The
bound (1.12) is sufficient for most applications, including Corollaries 1.2-1.3. Finally, we remark
that all of our error bounds are designed with the regime of bounded z in mind; as z — oo,
much better bounds can be easily obtained. We do not pursue this direction here.




1.4. Related results. We conclude this section with a discussion of some related results. The
convergence of the empirical spectral measure of a random d-regular graph has been previously
established on spectral scales slightly smaller than the macroscopic scale 1. More precisely,
in [44, Theorem 1.6], the semicircle law is established down to the spectral scale d—1/10 for
d — oco. In [17, Theorem 2 and Remark 1], the semicircle law is established down to the spectral
scale (log N)~! for d = (log N)” with v > 1, and the spectral scale 1/d for d = (log N)? with
v < 1. In [2, Theorem 5.1], it is shown that for fixed d the Kesten-McKay law holds down to
the spectral scale (log N)~¢ for some ¢ > 0. Finally, in [26, Theorem 2.1], it is shown that for
fixed d the Kesten-McKay law holds down to the spectral scale (log N)~1.

The results of [44] were proved by coupling to an Erdés-Rényi graph. The probability that
an Erdos-Rényi graph in which each edge is chosen independently with probability p is d-regular,
with d = pN, is at least exp(—cN logd). Hence, any statement that holds for the Erdds-Rényi
graph with probability greater than 1 — exp(—c¢N logd) also holds for the random d-regular
graph. While global spectral properties can be established with such high probabilities, super-
exponential error probabilities are not expected to hold for local spectral properties.

In a related direction, contiguity results imply that almost sure asymptotic properties of
various models of random regular graphs can be related to each other (see e.g. [45] for details).
Such results are difficult to extend to the case where d grows with N, for example because the
probability that a graph of the permutation model is simple tends to zero roughly like exp(—cd?).
This probability is smaller than the error probabilities that we establish in this paper. Our proof
does not rely on a comparison between different models, but works directly with each model. It
is rather general, and may in particular be adapted to other models of random regular graphs.
For instance, by an argument similar to (but somewhat simpler than) the one given in Section 6,
we may prove Theorem 1.1 for the configuration model of random regular graphs. Moreover, by
a straightforward extension of our method, our results remain valid for arbitrary superpositions
of the models from Section 1.2. For example, we can consider a regular graph defined as the
union of several independent uniform regular graphs of lower degree. (In fact, the matching
model is the union of d independent copies of a uniform 1-regular graph).

The results of [2,17,26] were obtained by local approximation by a tree. It is well known
that, locally around almost all vertices, a random d-regular graph is well approximated by the
d-regular tree, at least for fixed d > 3. The Kesten-McKay law is the spectral measure of the
infinite d-regular tree, and many previous results on the spectral properties of d-regular graphs
use some form of local approximation by the d-regular tree. In particular, it is known that the
spectral measure of any sequence of graphs converging locally to the d-regular tree converges
to the Kesten-McKay law; see for instance [9]. Moreover, in [12], under an assumption on
the number of small cycles (corresponding approximately to a locally tree-like structure and
satisfied with high probability by random regular graphs), it is proved that eigenvectors cannot
be localized in the following sense: if for some ¢2-normalized eigenvector v = (v;), a set
B C [1,N] satisfies Y, g |vi]> > € > 0, then |B| > N° with high probability for some small
§ o £2. In comparision, for a random d-regular graph with d > (log N)*, Corollary 1.2 implies
that if a set B has £?-mass € > 0 then |B| > eN(log N)~* with high probability, which is optimal
up to the power of the logarithmic correction. Furthermore, in [2], for d-regular expander graphs
with local tree structure, for fixed d > 3, a graph version of the quantum ergodicity theorem is
proved: it is shown that averages over eigenvectors whose eigenvalues lie in an interval containing
at least IV (log N)~¢ eigenvalues converge to the uniform distribution, along with a version of the
Kesten-McKay law at spectral scales slightly smaller (by a related logarithmic factor) than the



macroscopic scale 1. For random regular graphs, also using the local tree approximation, similar
estimates for eigenvalues on scales of order roughly (log N)~¢ were also established in [17,26].
In all of these works, the logarithmic factor arises as the radius of the largest neighbourhood
where the tree approximation holds, which is of order log; N.

Our proof does not use the tree approximation. Instead, we use that a local resampling using
appropriately chosen switchings leaves the random regular graphs from Section 1.2 invariant.
Switchings of random regular graphs were introduced to prove enumeration results in [36];
see also [45] for a survey of subsequent developments. Switchings are also commonly used
for simulating random regular graphs using Monte Carlo methods; see e.g. [15] and references
therein. Recently, switchings were employed to bound the singularity probability of directed
random regular graphs [14].

For d-regular graphs, the value of second largest eigenvalue Ao is of particular interest. At
least for fixed d > 3, it was conjectured that for almost all random d-regular graphs we have
X2 = 2v/d — 1+ o(1) with high probability [1]. For fixed d, this conjecture was proved in [24],
following several larger bounds (for which references are given in [24]). Very recently, the results
of [24] were generalized and their proofs simplified in [7,39]. For the permutation model with
d — 00 as N — oo, the best known bound is Ay = O(v/d) [25] (see [16, Theorem 2.4] for a more
detailed proof).

Finally, it is believed that the eigenvalues of random d-regular graphs obey random matrix
statistics as soon as d > 3. There is numerical evidence that the local spectral statistics in the
bulk of the spectrum are governed by those of the Gaussian Orthogonal Ensemble (GOE) [28,38],
and further that the distribution of the appropriately rescaled second largest eigenvalue As
converges to the Tracy-Widom distribution of the GOE [37].

In [3], with J. Huang, we prove that GOE eigenvalue statistics hold in the bulk for the
uniform random d-regular graph with degree d € [N®, N 2/ 3=a] for arbitrary a > 0. Here, the
lower bound on the degree is of purely technical nature, and we believe that the results of [3]
can be established with the same method under the weaker assumption d > (log N)°(\). The
local law proved in this paper, in addition to the results of [27,34], is an essential input for the
proof in [3].

For Erdos-Rényi graphs, in which each edge is chosen independently with probability p, the
local semicircle was established under the condition pN > (log N)°() in [20]. Moreover, random
matrix statistics for both the bulk eigenvalues and the second largest eigenvalue were established
in [18] under the condition pN > N?/3+e for arbitrary o > 0. For random matrix statistics of
the bulk eigenvalues, the lower bound on p/N was recently extended to pN > N¢ for any a > 0
in [27], and GOE statistics for the eigenvalue gaps was also established. Previous results on the
spectral statistics of Erdds-Rényi graphs are discussed in [18,20,44].

2. Preliminaries and the self-improving estimate

In this section we introduce some basic tools and definitions on which our proof relies, and state
a self-improving estimate, Proposition 2.2, from which Theorem 1.1 will easily follow. The rest
of this paper will be devoted to the proof of Proposition 2.2.

From now on we frequently omit the spectral parameter z from our notation, and write
G = G(z) and so on. The spectral representation of G implies the trivial bound

1
Gijl < —. 2.1
Gyl < (2.1)



We shall also use the resolvent identity: for invertible matrices A, B,
Al —B™t = A4 B-A)B . (2.2)

In particular, applying (2.2) to G — G*, we obtain the Ward identity

N

SO [Guf? = MG (2.3)
k=1 N

Assuming 7 > =, (2.3) shows that the squared ¢*-norm + SN |Gikl? is smaller by the factor

Nin < 1 than the diagonal element |G;;|. This identity was first used systematically in the proof

of the local semicircle law for random matrices in [23].

The core of the proof is an induction on the spectral scale, where information about G is
passed on from the scale 7 to the scale /2. (See Remark 2.3 below for a comparison of this
induction with the bootstrapping/continuity arguments used in the proofs of local laws in models
with independent entries.) The next lemma is a simple deterministic result that allows us to
propagate bounds on the Green’s function on a certain scale to weaker bounds on a smaller
scale. This result will play a crucial role in the induction step. In order to state it, we introduce
the random error parameters

I = I'(2) := max|Gy(2)| V1, I'* = I'*(z) = sup['(E +in/). (2.4)
b n'zn

LEMMA 2.1. For any M > 1 and z € C4 we have I'(E 4 in/M) < MT'(E + in).

PRrOOF. Fix F € R and write I'(n) = I'(E + in). For sufficiently small h, since |[zV 1 —yV 1| <
|z — y| for z,y > 0, using the resolvent identity, the Cauchy-Schwarz inequality, and (2.3), we
get

IT(n+h) =T (n)| < H;E;XIGij(E +i(n +h)) — Gy (E +in)|

L'(n+h)(n)
(n+h)n

< [hfmax Y |Gk (E +i(n+ h)Giy (E +in)| < |l
Yk
Thus, I' is locally Lipschitz continuous, and its almost everywhere defined derivative satisfies
’8F r
— < =.
n Ul
This implies a%(nF(n)) > 0 and therefore I'(n/M) < MT'(n) as claimed. O

The main ingredient of the proof of Theorem 1.1 is the following result, whose proof consti-
tutes the remainder of the paper. To state it, we introduce the set

2
D = D() := {E+in:§v<<n<N,—N<E<N}, (2.5)

where the implicit absolute constant in < is chosen large enough in the proof of the following
result.



PROPOSITION 2.2. Suppose that € >0, ¢ > 0, and that D > £2. If for a fized z € D we have
I"(z) = O(1)
with probability at least 1 — e, then for the same z we have

max|Gii(2) = m(z)] = O(F(62(2))),  max|Gy(2)] = O(£®(2)), (2.6)

with probability at least 1 — e~ (§108ACHO(og N)
Given Proposition 2.2, Theorem 1.1 is a simple consequence.

PROOF OF THEOREM 1.1. Let £log¢ > (log N)2. We first note that it suffices to prove (1.12)
for z € D. Indeed, since d < N? by assumption, the spectrum of H is contained in the interval
[—d/(2v/d—1),d/(2v/d —1)] C [-3N, 1 N], and hence (1.12) holds deterministically for |E| > N
by the spectral representation of G. Similarly, the proof of (1.12) is trivial for n > N. Since G
is Lipschitz continuous in z with Lipschitz constant bounded by 1/7%? < N2, it moreover suffices
to prove (1.12) for = € D N (N~4Z?%). By a union bound, it suffices to prove (1.12) for each
E € [-N,N]nNN—*Z.

Fix therefore E € [N, N]N (N74Z). Let K := max{k € N: N/2F > C£?/N}, where C > 0
is the implicit absolute constant from the assumption 1 > ¢2/N in the statement of the theorem.
Clearly, K < 4log N. For k € [0, K], set n := N/2¥ and z, := E + ing. By induction on k, we
shall prove that

I*(z) < 2 with probability at least 1 — e~¢1086+0(klog V) (2.7)

for k € [0, K]. The claim (2.7) is trivial for kK = 0 since then 7, = N and therefore (2.1) implies
I'(z;) < 1 deterministically. Now assume that (2.7) holds for some k € [0, K]. Then Lemma 2.1
applied with n = n; and M = 2 implies

P(F*(zk—i-l) > 4) < e—.ﬁlogﬁ—l—O(klogN) ] (28)

We may therefore apply Proposition 2.2 with z = 2311 and ¢ = log& — O(klog N). Thus, we
find that (2.6) holds for z = z; with probability at least 1 —e~¢log&+O((k+1)log N) Gince |m| < 1
by (1.15), we conclude that T (2,4 1) < 2 with with probability at least 1 —e~¢108&+O((k+1)log N),
This concludes the proof of the induction step, and hence of (2.6) for all z; with k € [0, K]J.
Finally, the argument may also be applied with £ replaced by 2¢, concluding the proof since
e~ 26108 26+0(log N)*  o—€logé hy agsumption. O

REMARK 2.3. The induction in the proof of Theorem 1.1 is not a continuity (or bootstrapping)
argument, as used e.g. in the works [19-21] on local laws of models with independent entries. The
multiplicative steps n — n/2 that we make are far too large for a continuity argument to work,
and we correspondingly obtain much weaker a priori estimates from the induction hypothesis.
Thus, our proof relies on a priori control of I' instead of the error parameters Ay and A, used
in [19-21]. The advantage, on the other hand, of the approach taken here is that we only have to
perform an order log N steps, as opposed to the N steps required in bootstrapping arguments.
As evidenced by the proof of Theorem 1.1, a logarithmic bound on the number of induction steps
is crucial. An inductive approach was also taken in [13], where a local semicircle law without
logarithmic corrections was proved for Wigner matrices with entries whose distributions are
subgaussian.
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It therefore only remains to prove Proposition 2.2. This is the subject of the remainder of
the paper, which we now briefly outline. We follow the concentration/expectation approach,
establishing concentration results on the entries of G (Section 4) and computing the expectation
of the diagonal entries (Section 5). All of this is performed with respect to a conditional prob-
ability measure, which is constructed for each fixed vertex. Roughly speaking, given a vertex,
this conditional probability measure randomizes the neighbours of the vertex in an approxi-
mately uniform fashion. It is model-dependent and has to be chosen with great care for all of
the concentration/expectation arguments of Sections 4-5 to work. Its construction is easiest
for the matching model, which we explain in Section 3. The constructions for the uniform and
permutation models are given in Sections 6 and 7 respectively.

3. Local resampling

All models of random regular graphs that we consider are invariant under permutation of vertices.
However, for our analysis, it is important to use a parametrization that distinguishes a fixed
vertex. Without loss of generality, we assume this vertex to be 1. This parametrization has to
satisfy a series of properties, which are given in Proposition 3.7 below. Using these properties, in
Sections 4-5, we complete the proof of Proposition 2.2. Loosely speaking, the parametrization
allows us to resample the neighbours of 1, independently, and only changing a fixed number of
edges in the remainder of the graph in a sufficiently random way. In this section, we describe
the parametrization and prove Proposition 3.7 for the matching model. The parametrizations
for the uniform and permutation models are discussed in Section 6 and 7 respectively.

Random indices will play an important role throughout the paper. We consistently use the
letters i, j, k, I, m,n to denote deterministic indices, and x,y to denote random indices.

3.1. Local switchings. Our basic strategy of local resampling involves randomizing the neigh-
bours of the fixed vertex 1 by local changes of the graph, called switchings in the graph theory
literature [45]. We use double switchings which involve three edges, as opposed to single switch-
ings which only involve two edges. Both are illustrated in Figure 3.1.

Throughout the following, we use the following conventions to describe graphs. We consider
general undirected graphs, which may have loops and multiple edges. We consistently identify a
graph with its adjacency matrix A. The quantity A;; = Aj; € N is the number of edges between
i and j, and A;; € 2N is twice the number of loops at i. The degree of i is > y A;j, which will
always be equal to d for all i. The graph A is simple if and only if it has no multiple edges or
loops, i.e. A;; € {0,1} and A;; = 0 for all ¢, j. Sometimes we endow edges with a direction; we
use the notation ij for the edge {7, j} directed from i to j.

Let A;; denote the adjacency matrix of a graph containing only an edge between the vertices
1 and j,

(Aij)kl = 6ik5jl + 5il5jk . (3.1)

To define switchings of a set of unoriented edges, it is convenient to assign directions to the
edges to be switched. These directions determine which one of the possible switchings of the
unoriented edges is chosen. We define the single switching of two edges rr,aa of A with the
indicated directions to be the graph

Trraa(A) = A+ Apa + Arg — App — Agy (3.2)

11
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FI1GURE 3.1. Solid lines show edges of a graph before switching, dashed lines edges after a single switching
(left) and after a double switching (right). In our application, r is chosen to be 1, so that the switching
connects the vertex 1 to a given vertex a.

if |{r,r,a,a}| =4, and the graph 7, 4q(A) := A if |{r,r,a,a}| < 4. The double switching of the
three edges rr, aa, bb of A with the indicated directions is defined to be the graph

Trz,ag,bb(A) = sz,a@(Trﬁabb(A)) = A+ A+ Agp + Apr — Ay — App — Agg (3.3)

if |[{r,r,a,a,b,b}| = 6, and the graph 7,y qqp(A) := A if |{r,r,a,a,b,b}| < 6.
Our goal is to use switchings to connect the distinguished vertex 1 to essentially independent
random vertices aq,...,aq that are approrimately uniform in the sense of the next definition.

DEFINITION 3.1. A random variable x with values in [1, N] is approximately uniform if the total
variation distance of its distribution to the uniform distribution on [1, N] is of order O(\/%),

. . . 1 1
i.e. if Zz’]P’(ac =1)— W} = O(ﬁ).

To give an idea how approximately uniform random variables arise, consider a switching with
r = 1 (to achieve our goal of connecting 1 to a given vertex a using a switching). For simple
graphs, a necessary condition to apply the switching (3.3) is a # 1. Choosing a uniformly with

this constraint means that it is uniform on [2, N]. In particular, the total variation distance of

its distribution to that of the uniform distribution is O(%) = O(\/%).
1

Throughout this paper, 7D appears frequently as a bound on exceptional probabilities, and
we tacitly use the estimates

D<d, D<VdD < N, (3.4)
which follow directly from (1.5)—(1.6), as well as
1 1

—= < =® <
VvdD — Vd

We use the following conventions for conditional statements.

P2 (3.5)

DEFINITION 3.2. Let G be a o-algebra, B an event, and p € [0,1]. We say that, conditioned on
G, the event B holds with probability at least p if P(B|G) > p almost surely. Moreover, we say
that, conditioned on G, the random variable  is approximately uniform if >, |P(z = i[G) — % | =
O( \/alﬁ) almost surely.

The use of double switchings opposed to single switchings ensures that either condition (a)
or (b) in the next lemma holds. These conditions will play an important role in Section 5.
(That double switchings are in general more effective than single switchings is well known in the
combinatorial context; see for instance [45] for a discussion.)

12



REMARK 3.3. Fix a d-regular graph A. For directed edges r1, aa, bb, aa, bb of A, we have
Trl,a@,BE(A) — TrLaabb(A) = A1z — A + X, (3.6)
where X is a sum of at most 8 terms £A,,. Explicitly, in the case
I{1,7,a,a,b,b}| = |{1,r,a,a,b,b} = 6 (3.7)

we have

X = A@ + AEF — A@ — Aa@ — Agb . AQT + Ab@ + Aag. (3.8)

In particular, suppose that A is deterministic and the directed edges r1, aa, bb, aa, bb are random
such that (3.7) holds, a,a,a,a are approximately uniform, and, conditioned on a,a,a,a, the
variables b, b, B,é are approximately uniform. Then for each term +A,, we have (a) the random
variables x and y are both approximately uniform, or (b) conditioned on a, @, at least one of x
and y is approximately uniform.

We emphasize that when we say that  and y are approximately uniform, this is a statement
about their individual distributions, and as such implies nothing about their joint distribution.

The introduction of switchings that connect 1 to essentially independent random vertices
ai,...,aq is simplest in the matching model, in which the different neighbours of any given
vertex are independent, so that it suffices to consider a single neighbour of 1 at a time. In the
next subsection, we explain in detail how this parametrization using switchings is defined for
the matching model.

We state the conclusion, Proposition 3.7, in great enough generality that it holds literally
also for all of the other models, for which the more involved proofs are given in Sections 6-7. In
the proof of Proposition 2.2 (given in Sections 4-5), and therefore in the proof of Theorem 1.1,
we only use the conclusion contained in Proposition 3.7, and no other properties of the model.
Hence, Proposition 3.7 summarizes everything about the random regular graphs that our proof
requires.

3.2. Matching model. The matching model was defined in Section 1.2 in terms of d independent
uniform perfect matchings of [1, N]. We first consider one such uniform perfect matching, i.e.
a uniform 1-regular graph. We denote by Sy the symmetric group of order N. For N even,
denote by My C Sy the set of perfect matchings of [1, N], which (as explained in Section
1.2) we identify with the subset of permutations whose cycles all have length 2; in particular
7 =n"'for m € My. For any perfect matching o € My, we denote the corresponding symmetric
permutation matrix by

M(o) := *ZAz‘o(i)- (3.9)

Note that M(-) is one-to-one.
Next, for 4, j,k € [1, N], we define the switching operation Tj;, : My — My through

M(Tiji(m)) = Tr(iyijn(i)hnth) (M (7)), (3.10)

where we recall that 7 was defined in (3.3). In particular, Tj;;, connects i to j (see Figure 3.1)
except in the exceptional case |{i, 7, k, w(i),7(j), 7(k)}| < 6.
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LEMMA 3.4. Let w be uniform over My, i € [1, N] fized, and a,b independent and uniform over
[1, N]\ {i}. Then T (m) is uniform over My, and

(Tiap(m)) (i) = a (3.11)
provided that |{i,a,b,w(i),7(a), 7(b)}| = 6.

PROOF. To prove that Tju(7) is uniform over My, it suffices to check reversibility, i.e. that, for
any fixed 0,0’ € My,

P(Tiup(m) = o'|m = 0) = P(Tigp(m) = ol =0'). (3.12)

Given 0,0’ € My, o # o', there is at most one pair (a,b) € ([1, N]\{i})? such that T;y(c) = o,
and such a pair exists if and only if there exists a (different) pair (a,b) such that Tjup(0’) = o
(see Figure 3.1 (right) for an illustration). If no such pairs exist, both sides of (3.11) are zero.
Otherwise, there exists precisely one pair (a, b) such that Tj.(0) = o, so that the left-hand side
of (3.11) is equal to 1/(N — 1)? because (a, b) is uniformly distributed over (N — 1)? elements;
the same argument shows that the right-hand side of (3.11) is also equal to 1/(N — 1)2, which
concludes the proof of (3.12). Finally, (3.11) is immediate from the definition of T;qy. O

The canonical realization of the probability space of the matching model is the product of d
copies of the uniform measure on My . For our analysis, we instead employ the larger probability
space € := 21 X --- X g where

Q, = My x [2,N] x [2,N], (3.13)

also endowed with the uniform probability measure. Elements of €, are written as (7, a,,b,).
We set 0 = (m1,...,7q), uy = (ay,by,), and

ou = Thaup, (Tu) - (3.14)

By Lemma 3.4, 01,...,04 are independent uniform perfect matchings of [1, N], and therefore
the matching model is given by the adjacency matrix

d

A=Y "My, (3.15)

p=1

which is a random variable on the probability space €2. To sum up, rather than working directly
with the probability measure on matrices that we are interested in, we use a measure-preserving
lifting to a larger probability space, given by 2, — My — NV*N with (7, a,,b,) — o, =
Tha,b, (7)) = M(oy).

Throughout the following, we say that (aq,...,aq) € [1, N]]d is an enumeration of the neigh-

bours of 1 if
d

Ay = ) 1(i=ay). (3.16)

p=1

(Recall that, as explained in the beginning of Section 3, the vertex 1 is distinguished.) Defining
ay = o,u(1), we find that (o,...,aq) is an enumeration of the neighbours of 1.
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3.3. General parametrization. Having described the probability space and the parametrization
of the neighbours of 1 for the matching model, we now generalize this setup in order to admit
other models of random regular graphs as well.

DEFINITION 3.5 (PARAMETRIZATION OF PROBABILITY SPACE). We work on a finite probability
space

N :=0xU x---xUg, (3.17)

whose points we denote by (0,uy,...,ug). Conditioned on 6 € ©, the variables uy,...,uq are
independent. For p € [1,d] we define o-algebras

Fu = o(0,u1,...,u,), (3.18)

Gy = o(0,u1,. .., Up—1,Upt1, ..., Uq) - (3.19)
We also define Fy := o(0).

In general, as in the case of the matching model in Section 3.2, the variable w, for p € [1,d]
determines (with high probability given 6 € ©) the p-th neighbour of 1. Note that we have
introduced an artificial ordering of the neighbours of 1; this ordering will prove convenient
in Sections 4-5. The interpretation of the o-algebras (3.18)-(3.19) is that G, determines all
neighbours of 1 except the u-th one, and F,, determines the first u neighbours of 1.

Having constructed the probability space §2, we augment it with independent copies of the
random variables uq, ..., uq.

DEFINITION 3.6 (AUGMENTED PROBABILITY SPACE). Let Q be a probability space as in Defini-
tion 3.5. We augment € to a larger probability space Q0 by adding independent copies of u, for
each p € [1,d]. More precisely, we define

Q = @XU1><--~><UdXU1><~'-XUd, (320)

whose points we denote by (0,u1,...,uq,01,...,Uq). We require that, conditioned on 0, the
variables uy, ..., uq,U1,...,Uq are independent, and that u, and u, have the same distribution.
On Q we make use of the o-algebras defined by (3.18)~(3.19).

By definition, a random variable is a function X = X(0,uy,...,uq, 1,...,Uq) on the aug-
mented space Q. Any function on Q lifts trivially to an Fy-measurable random variable. Given a
random variable X = X (0,uq,...,uq,U1,...,uq) and an index p € [1,d], we define the version
X" of X by exchanging the arguments uy, and i, of X:

Xt = X(H,ul, ces ,uu_l,ﬂu,u,H_l, oo ,ud,ﬁl, cee 7ﬁu—17uu7ﬁlt+17 . .,ﬁd) . (3.21)

Throughout the following, the underlying probability space is always the augmented space €.
In particular, the vertex 1 is distinguished. However, since our final conclusions are measurable
with respect to A = (A;;), and the law of A is invariant under permutation of vertices, they also
hold for 1 replaced with any other vertex; see in particular the proof of Lemma 5.4 below.

Remark 3.3 and Lemma 3.4 imply the following key result for the matching model, which
is the main result of this section. We state it in a sufficiently general form that holds for all
graph models simultaneously; the proof for the other models is given in Sections 6-7. For the
matching model, the parametrization in its statement and the corresponding random variables
from (3.22) were defined explicitly in Section 3.2: a; below (3.13), a; below (3.16), and A in
(3.15).
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PRrROPOSITION 3.7. For any model of random d-regular graphs introduced in Section 1.2, there
exists a parametrization satisfying Definition 3.5, augmented according to Definition 3.6, with
Fa-measurable random variables

a1y ..., 04,01, .., 0q € [1,N], A= (Aij)ijeq,Ny » (3.22)
such that the following holds.

(i) A is the adjacency matriz of the d-reqular random graph model under consideration, and
(a1,...,aq) is an enumeration of the neighbours of 1 in the sense of (3.16).

(ii) (Neighbours of 1.) Fiz p € [1,d].

1) Conditioned on G,,, the random variable a,, is approrimately uniform.
" Iz

(2) Conditioned on Fy, with probability 1 — O(\/%) we have oy, = ay.

(i1i) (Behaviour under resampling.) Fiz p € [1,d].

(1) AP — A is the sum of a bounded number of terms of the form +A,, where x and y
are random variables in [1, N]. Conditioned on G, with probability 1 — O(\/%), the
number of such terms is constant. Conditioned on G,, for each term A, at least
one of x and y is approximately uniform.

(2) Conditioned on Fy, with probability 1 — O(\/%) we have

AF — A = Alau — Alau + X, (323)

where X is a sum of terms £A,, such that one of the following two conditions holds:
(a) conditioned on G, the random variables x and y are both approxzimately uniform;
or (b) conditioned on G,,a,,a,, at least one of x and y is approximately uniform.
(Here we abbreviated a, = aj;.)

PROOF OF PROPOSITION 3.7: MATCHING MODEL. The parametrization obeying Definition 3.5
and the random variables (3.22) for the matching model were defined in Section 3.2. We augment
the probability space according to Definition 3.6.

The claim (i) follows immediately from Lemma 3.4. To show (ii) and (iii), we fix p € [1,d],
and drop the index p from the notation and write for instance = = 7, a = a,, and A= A~

First, we prove (ii). By definition, the random variable a,, is uniform on [2, N] and hence
approximately uniform on [1, N], showing (ii)(1). By (3.11), o, = 0,(1) = a, holds on the
event |{1,7(1),a,m(a),b,m(b)}| = 6. The latter event has probability 1 — O(%) > 1 — O(\/%)
conditioned on G, and hence in particular conditioned on Fy, which proves (ii)(2).

Next, we prove (iii). By the definitions (3.14)—(3.15),

A—A = M(T;(7)) — M(Tiap(7)) -

By the definition of 7" in (3.10) and (3.3), any application of 7" adds or removes at most 6 terms
Agy, and therefore A— Ais equal to a sum of at most 12 terms of the form +A,,, which proves
the first claim of (iii)(1).

To show the second claim of (iii)(1) and to show (iii)(2), we may assume that

{1, 7(1),a,7(a),b,m(b)}| = 6, {1,7(1),a,n(a),b,x(b)} = 6, (3.24)
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since this event occurs with probability at least 1—O(%) = 1—O( conditioned on G,, (and

1
VaD)
hence also conditioned on Fy). Under (3.24), we get

A=A = M(Ty(m) = M(Tiap(7) = 71 5055(M (1) = Trtagn(M (1)), (3.25)

with 7 = 7(1), a = n(a),b = n(b),a = n(a),b = w(b). As in Remark 3.3, we find that the
right-hand side of (3.25) is
Ata + Ar)n) T Dina) — Dim(p) — Dam@) — (Bta + Ar(ye(s) + Bor(@) = Lbe(r) = Dan(a))

from which the claim is obvious. O

3.4. Stability of the Green’s function under resampling. From now on we make use of the
following notations for conditional expectations and conditional LP-norms.

DEFINITION 3.8. For any o-algebra G, we denote by Eg = E(-|G) and Pg = P(-|G) the con-
ditional expectation and probability with respect to G. Moreover, we define the conditional LP-
norms by

1
IX|le@) = (Bg|XPP)P (pel,0)),
| X[ oo(g) := sup{t >0:Pg(|X|>t)>0}.

In particular, || X||1r(g) is a G-measurable random variable, and

EglX| = [ Xl < XL -
Moreover, for any Fq-measurable random variable X = X (0, uq,...,uq) we have
HX”LOO(QH) = max | X (0, w1, ... U1, Uy, Upy 1, - - UG)] -
i

The following result is an important consequence of Proposition 3.7 for the Green’s function.
It relies on the fundamental random control parameter

Ly = Tu(z) = [(2)llL=(g,) - (3.26)

where we recall the definition of I'(z) from (2.4). Also, we remind the reader that, according to
Definition 3.6, a random variable (such as the index x or y in the following lemma) is always
defined on the augmented probability space §~2, but the Green’s function is Fgz-measurable and
does therefore not depend on 1, ..., Ug.

LeMMA 3.9. Fiz p € [1,d].
(i) For any i,j € [1, N] we have
Gl = Gy +0(d™'/?1,I). (3.27)
In particular, T'y =T + O(d*1/2I‘#I‘), and therefore T' < \/d implies I, <or.

(it) For random variables x,y such that, conditioned on G, and x, the random variable y is
approrimately uniform,

Eg,|Geyl> = O(I},®%). (3.28)

An analogous statement holds with the roles of x and y exchanged, and with G replaced by

G.
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Assuming that I' = O(1), Lemma 3.9 (i) states that the Green’s function has a bounded
differences property with respect to the w,: it only changes by the small amount O(d‘l/ 2 =
O(®) if a single u,, is changed. Lemma 3.9 (ii) states that if one of its indices is random, then
(conditioned on G,,) the L:norm of the Green’s function is smaller (again by a factor ®) than
its L°°-norm.

PRrROOF. We start with (i). The resolvent identity (2.2) implies

Gl = G+ (d— 1712 Gi(A— A Gl (3.29)
k,l

By Proposition 3.7 (iii)(1), (4 — A*); = 0 except for a bounded number of pairs (k,1), and the
non-zero entries are bounded by an absolute constant. From this, we immediately get (3.27).

Next, we prove (ii). As in (3.20), we may further augment the probability space to include
another independent copy of w,, which we denote by . From now on we drop the superscripts
1, and denote by X the version of an Fy-measurable random variable X obtained by replacing
u,, with 4,. On this augmented probability space, we introduce the o-algebra Q“ = 0(Gy, Uy).
Then, since G is Fy-measurable (i.e. it does not depend on ), we have Eg, f(G) = EgAuf(G)
for any function f. From (3.27), with @, replaced by 1, we get

Gaoy = Gay+0(d1T2),
and therefore
|Gay|? < 2/Gayl +0(d7'T})
Since, conditioned on Qu and z, the distribution of y has total variation distance O(\/%) <

O(%) to the uniform distribution on [1, N], and since Gy l? < r2 < Ffb, the Ward identity

(2.3) implies

Im @m
N

Finally, by (3.27), Im Ggp < T + O(D~Y/2I'2), and therefore

Eg,|Guyl® = Eg |Guyl® < 2 +0(D7'TY).

or, O(D~'/212) r 1 I?
Eg, |Gayl® < N“ LoD = 0224+ — 4+ £
G| Gyl " + Ny + O( ) Nn + Nn + =]

which yields (3.28). O

4. Concentration

In this section we establish concentration bounds for polynomials in the entries of G, with respect
to the conditional expectation Ex,.

PROPOSITION 4.1. Let z € Cy satisfy Nn > 1 and let £, > 0. Suppose that I' = O(1) with
probability at least 1 —e~S. Then for any p = O(1) and iy, j1,- .., ip, jp € [1, N] we have

Gi1j1 s Gipjp — E]:O [G’iljl s Gipjp] = O(fq)) (4.1)

with probability at least 1 — e~ (§108AC+O(og N)
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The rest of this section is devoted to the proof of Proposition 4.1. The main tool in its proof
is the following general concentration result.

PROPOSITION 4.2. Let X be a complex-valued Fgz-measurable random variable, and Yi,...,Yy
nonnegative random variables such that'Y), is G,-measurable. Let N satisfy d < NOW | Suppose
that for all p € [1,d] we have

X —Eg,X| < Y,, [Egl|X—-EgX|* < d'Y]. (4.2)

Suppose moreover that Y, = O(1) with probability at least 1 — e™¢, and that Y, < NOW glmost

surely. Then
X -ExnX = 0, (4.3)

with probability at least 1 — e~ (£108)ACHO(log N)

4.1. Proof of Proposition 4.2. To prove Proposition 4.2, we define the complex-valued martin-
gale
X, = Er X (€ [0,d]) . (4.4)

In particular, Xy = X and Xy = Ex X. By assumption, Y, is bounded with probability
least 1 — e~¢. By the first inequality of (4.2), we therefore get |X, 11 — X,| = O(1) with
probability at least 1 —e~¢. If this bound held not only with high probability but almost surely,
a standard application of Azuma’s inequality would show that X; — X is concentrated on the
scale v/d. This bound is not sufficient to prove Propositions 4.1-4.2, which provide a significantly
improved bound. Instead of Azuma’s inequality, we use Prokhorov’s arcsinh inequality, of which
a martingale version is stated in the following lemma, taken from [29, Proposition 3.1]. Compared
to Azuma’s inequality, it can take advantage of an improved bound on the conditional square
function.

LEMMA 4.3 (MARTINGALE arcsinh INEQUALITY). Let (]'—u)ﬁzo be a filtration of o-algebras and

(X,U)Z=O be a complez-valued (F,)-martingale. Suppose that there are deterministic constants
M, sg,81,...,8q4-1 > 0 such that

max [X,41— Xu| < M,  Er|Xup1—Xu> < s, (s=0,1,...,d—1). (4.5)
0<p<d
Then ¢ Me
P(| X4 — Xo| = < dexp | — arcsinh()) , 4.6
(X0~ Xl > ) < doxp (5 aresinn (175 (46)

. \d-1
where S =37 "4 Sp.
PROOF. Since

P~ Xol > €) < P (IRe(Xa - Xo) > 5 ) + P (1m0l > 55 |

it suffices to prove that any real-valued martingale X satisfying (4.5) obeys

P(| Xq— Xo| 2 &) < 2exp <_2]§\J arcsinh(ﬁ{f)) . (4.7)

Hence, from now on, we assume that X is real-valued.
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First, for all z € R, ¢* < 1 + 2 + z%(sinh2)/x and (sinhz)/z < (sinhy)/y if |z| < y. Using
that (X)) is a martingale, it follows that for any A > 0,

A A
Er, e &nt1=X) < 14+ Ex (Xp1 — Xﬂ)QM sinh AM < 1+ s, sinh AM .
Iterating this bound, using 1 4+ z < €%, it follows that
A(X—Xo) A
EeM*rm20)  exp i sinh(AM)S ) .

The estimate (4.7) then follows by the exponential Chebyshev inequality with the choice A :=

ﬁ arcsinh(%), and an application of the same estimate with X replaced by —X. O

In order to exploit the fact that Y,, = O(1) with high probability, we introduce a stopping
time 7. Let v > 1 be the implicit constant in the assumption of Proposition 4.2 such that Y,, <~y
holds with probability at least 1 — e~¢. We define

7 := min{p € [0,d — 1] : 1Yut1llL2(z,) = 27}, (4.8)

and if the above set is empty we set 7 := d. By definition, 7 is an (F,)-stopping time. The
following result shows that 7 < d on an event of low probability.

LEMMA 4.4. Suppose that for all i € [1,d] we have P(Y, > v) < e ¢ and Y, < NOW) almost
surely. Then
P(r < d) < o~<OM0EN).

PRrROOF. For pu € [0,d—1] set ¢, = 1(Yy11 = 7). Then Y11 < v+ No(l)qgu, and, by
Minkowski’s inequality,

Yiillz2ry < v+ NOD(EE, )2

Using a union bound, Markov’s inequality, logd = O(log N), v > 1, and that EE;uﬁu = Eéu <
e~¢ by assumption, we therefore get

d—1 d—1
P(r<d) < Y P(IVirillzr,) = 27) < D PERNWG, >47)
pu=0 pn=0
< dNO(l)Eéu < e~ ¢+O(log N) 7
which concludes the proof. O
Since 7 is an (Fy,)-stopping time, X := X r; is an (F,,)-martingale. Because of Lemma 4.4

and using a union bound, it will be sufficient to study X instead of X,. The next result shows
that X satisfies the assumptions of Lemma 4.3.

LEMMA 4.5. For p € [0,d — 1] we have

X — X = 0(), (4.9)
Er X — X P = O@d™). (4.10)
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PROOF. Set ¢, := 1(7 > p+ 1). Then ¢, is F,-measurable and
;H - X; = ¢M(Xu+1 - Xu) = (ZSM(]E]’—;H-lX - EFHX)'

Note that, by definition, ¢, = 1 implies that ||Y,41[/z2(7,) < 27 = O(1), and that, by indepen-
dence,

(X1 — Xp) = ¢uEFM+1(X - EngX) : (4.11)

We now prove (4.9). By the first bound of (4.2),
’X - EQMHX‘ < YAH—I )

and therefore

Gl X1 — Xyl < ¢uE}L+1’X_EQH+1X| S Gulr, Y < 2v.

In the last inequality, we used that ¢, Ex, Y1 = ¢uEx, Y41 < ¢H||Yu+1||Lz(f#) <2y =0(1)
since Y1 is G,y 1-measurable, by Holder’s inequality, and by the definition of ¢,,. This completes
the proof of (4.9).

Next, we prove (4.10) in a similar fashion. By (4.11), Jensen’s inequality for the conditional
expectation Ex, ,, and then using the second inequality of (4.2), we get

Er, | X;1— X[|° = ¢uEr,|X —Eg, , X|* < d'¢,Er, Y7, < 49%d7",
as desired. Il

PROOF OF PROPOSITION 4.2. By Lemmas 4.3-4.5, and € arcsinh £ = £ log 2 + O(1) for £ > 0,
we get

P(|X —ErX| > 0¢) < P(IX] — XJ| > C¢) + P(r < d) < e (Elosnc+0(ogN)
for a sufficiently large constant C'. 0

4.2. Proof of Proposition 4.1. Throughout the remainder of this section, we assume that Nn > 1
and D > 1. From Definitions 3.5-3.6 we recall the o-algebras G, and F,, as well as the version
XH of a random variable X. In particular, we can express the conditional variance of an Fy-
measurable complex-valued random variable X as

1 -
Eg,|X —Eg, X|* = 3 Eg,|X — X**. (4.12)

The following result is the main ingredient in the verification of the second bound of (4.2).
For its statement, we recall the definition of I, from (3.26).

LEMMA 4.6. We have
Eg,|Gij — Eg,Gij|* = O(d™'T)9%). (4.13)

PROOF. We abbreviate G = G*. Applying (4.12) to Gjj, we get

Eg,

Gij —EBg,Gij|> < Eg,|Gij — Gij|*. (4.14)
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Let x be the indicator function of the event of G,-probability at least 1 — O(\/%) from Propo-

sition 3.7 (iii)(1), and set x = 1 — x. Then the right-hand side of (4.14) is bounded by

Eg,|(Gij — Gi)xI* + 1Gij — Gijll T (6,0 B, (X) - (4.15)
To estimate both terms, we use that, by the resolvent identity and Proposition 3.7 (iii)(1),
there are a bounded (and possibly random) number ¢ of random variables (z1,41), ..., (¢, y¢)
such that
Gij = Gyl < (=172 |G(A = DGyl = (=172 |Gia, Gyysl . (4.16)
k,l=1 p=1

We focus first on the second term of (4.15). By Proposition 3.7 (iii)(1) and (4.16),
G — Gijllpe(g,) = O(d™/?T2) = O(d™/?13).

By the definition of ¥ and Proposition 3.7 (iii)(1), Eg,(x) = O(\/%) = O(®?). This implies
that the second term in (4.15) is bounded by the right-hand side of (4.13).

Next, we estimate the first term of (4.15). By the definition of x and Proposition 3.7 (iii)(1),
the number /£ in (4.16) is constant on the support of x, and, conditioned on G,,, for each p € [1, /],

at least one of x;,, and y, is approximately uniform. Therefore

¢
N 1 ~ N
Eg, |(Gij — Gij)x|* < -1 > Eg,|Gix,Gy,iGir,Gyyl (4.17)
pg=1

where, conditioned on G,,, for each (p, ¢), at least two of z,, yp, 24, y4 are approximately uniform.
We estimate two of the four factors of G or G by I, including those without an approximately
uniform index, and use the Cauchy-Schwarz inequality to decouple the remaining two factors of
G or G, each of which has at least one approximately uniform index. Then using (3.28) we find
that each such term is bounded by O(T'®?). Since the sum in (4.17) has a bounded number of
terms, the claim follows. ]

PROOF OF PROPOSITION 4.1. We verify the assumptions of Proposition 4.2. Given p = O(1),
set Y, = C’J‘ffp for a sufficiently large constant Cf,. By definition, Y}, is §,-measurable.
Moreover, by assumption, I' = O(1) with probability at least 1 — e~¢. Hence, Lemma 3.9
(i) implies that I, < 2I' = O(1) with probability at least 1 — e~¢, so that Y, = O(1)
with probability at least 1 — e™¢. Moreover, the trivial bound (2.1) and Nn > 1 imply
Y, = O(n~?7?) = O(N**?) = N°U. We conclude that Y,, satisfies the conditions from the
statement of Proposition 4.2.
We first complete the proof for p = 1. Let X := <I>*1Gl-j. Then, by (3.27) and &~ ! < d/2,

X —Eg,X| < ®7!|Gi; —Eg,Gyj| = @10(d'’T2) = O(I%) < Y, (4.18)
assuming that the constant C, was chosen sufficiently large. This establishes the first estimate of

(4.2). The second estimate of (4.2) follows from Lemma 4.6. Therefore Proposition 4.1 follows
from Proposition 4.2.
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Next, we deal with the case of general p. For k € [1,p] abbreviate Qi := G;, j, and consider
X :=®71'Q;---Q,. By telescoping, ®(X — Eg, X) is equal to

Mws

[Q1 - Qu—1(Qr —Eg, Qr)Eg, (Qry1 -+ Qp) — Q1+ -+ Qu—1Eg, (Qr — Eg, Q1) (Qrs1 -+ 'Qp))] 7

B
Il

1

and therefore

p
X —Eg,X| < @' [1Qk — Bg, Qul + g, |Qk — Eg, Qx|
k=1

Using (3.27), we therefore conclude that |X — Eg, X| <Y}, (after choosing C, large enough).
Moreover, since (a1 + -+ + agp)? < (2p)*(af + -+ + agp), by the conditional Jensen inequality
and Lemma 4.6, we find

2
Eg,|X —Eg, X|* < 0(p2)<1>—2rip—2n}a}x1agu|cij —Eg,Gil” < O(Z>F,§P+4,

which is bounded by al_lYM2 (after choosing C), large enough). The claim now follows from
Proposition 4.2. O

5. Expectation
In this section we prove Proposition 2.2. We use the spectral parameters
20 = E+ing, z = E+in, /N < <n < N. (5.1)
Fix zg as in (5.1). To prove Proposition 2.2, we assume that D > ¢2 and that
P(T*(z0) = v) = P(max{T(E+in):n=mn} =7) < e ¢ (5.2)

for some constant v = O(1). Recall the function F' = F, from (1.11) and ¢ from (1.10). To
prove Proposition 2.2 it suffices to show that, with probability at least 1 — e~ (§logNC+O(log N)

max |Gy —m| = O(F(£9P)), (5.3)
m;leij! = 0(£?), (5.4)
1#£]

for any z satisfying (5.1).
The proof of (5.3)—(5.4) proceeds in the following steps:

(i) Estimate of s — m, where s is the Stieltjes transform (1.16) of the empirical spectral
measure, and m the Stieltjes transform (1.9) of the semicircle law.

(ii) Estimate of G;; — m .
(iii) Estimate of G; for i # j.

Step (i) represents most of the work. Throughout this section we make the assumption (5.2).
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5.1. High probability a priori bounds. For the proof of Proposition 2.2 we use the following
convenient notion of high probability.

DEFINITION 5.1. Given a parametert > 0, an event = holds with t-high probability, abbreviated
t-HP, if P(2¢) e~ t+00ogN),

In the nontrivial case t > log N, the notion of t-high probability is stronger than the stan-
dard notion of high probability (and in fact implies what is occasionally called overwhelming
probability). By definition and a union bound, an intersection of N°(\) many events that each
hold with ¢-high probability holds with ¢-high probability. Moreover, if = holds with ¢t-HP then
Er,1(2¢) < N=F with t-HP for any constant k& > 0. Indeed, by Markov’s inequality,

P(Ex,1(E°) > 1/N*) < N*EE£1(2%) = eFleeVNp(Ee) < o #TOUsN), (5.5)

From now on, these properties will be used tacitly.
Furthermore, from now on, the parameter ¢ in Definition 5.1 will always be

t = (Elogé) A ¢ (5.6)

with ¢ and £ the parameters given in the assumption of Proposition 2.2. Then, for any z as in
(5.1), we get from the assumption (5.2) and Proposition 4.1 that, with ¢-HP, for all deterministic
i,7,k,l,m,n € [1, N],

Gij| = O(1), ErGiy = Gij+0(£2), (5.7)

and
]E]:O (Giijl) = Giijl + O(fq)) , E]:O (Giijlen) = Giij:len + O({q)) . (5.8)
To prove Proposition 2.2, we need to show that (5.3)—(5.4) then also hold with ¢-HP.

5.2. Derivation of self-consistent equation. In this subsection we derive the self-consistent equa-
tion, (5.35) below, which will allow us to obtain estimates on the entries of G and hence prove
Proposition 2.2. The following lemma is, in combination with the concentration bounds (5.7)-
(5.8), the main estimate in its derivation. For its statement, recall from Proposition 3.7 that
(ai,...,qq) is an enumeration of the neighbours of 1. For the following we introduce the abbre-
viation

EURG) = %ZF(@‘), (5.9)

so that, under Ell, i is regarded as a uniform random variable that is independent of all other
randomness. With this notation, we may express the the Stieljes transform (1.16) of the empirical
spectral measure as s = EllG,;.

LEMMA 5.2. Fiz p € [1,d]. Given z € C4 with Nn > 1, suppose that I' = O(1) with t-HP.
Then for all fized j, k,l € [1, N],

Bz, (G — BYGy + (d = 1)72Gyy) = O(d™ @), (5.10)
Ez, (GM (G(m —ElGy + (d - 1)—1/2301j)> — O(d~Y9), (5.11)

with t-HP.
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Recall from (3.21) that X* is the version of a random variable X = X(0,uyy. .. ug,uy,...,1u)
obtained from X by exchanging its arguments u, and u,. Throughout this section we make use
of the indicator function

uo= %155 where 1, := 1(a, = a,) 1(claim (3.23) from Proposition 3.7 holds) . (5.12)

Note that x, = X};- Moreover, by Proposition 3.7 (ii)(2) and (iii)(2) as well as a union bound,
we have Ex,(x,) =1 — O(\/;TD).

For brevity, given a fixed index u € [1,d], we often drop sub- and superscripts u, and write
simply

a =y, a=a, G4=a,, X=Xu A=

LG = Gr. (5.13)

b

(As in Proposition 3.7, we always abbreviate a, = aj;.)
The following lemma provides several elementary bounds on the Green’s function. It is the
main computational tool in the proof of Lemma 5.2.

LEMMA 5.3. Given z € C4 with Ny > 1, suppose that T' = O(1) holds with t-HP. Fiz p € [1,d],
and use the abbreviations (5.13). Then the following estimates hold with t-HP.

(i) For all j € [1, N] we have

Ex,(Ga) = ExEN(Gy) +0(7i5)
Er,(GaaGjj) = ErREY(GuGy)) +O(p) -

—~

5.14)
(5.15)

(ii) For alli,j, k,l,m,n € [1, N] we have

Ex,(XGij) = Ex(Giy) +O(75) (5.16)

E]:O (XGiijl) = E]:O (GZJle) + O(\/t) (5.17)
E}'O(XGiijlen) = E]—‘O(Giijlen) O(\/t) (5.18)
Analogous statements hold if some factors G are replaced with G.
(i1i) For any i,j,k,l,m,n € [1, N] we have
E]:O (székl) = E]:O (GzJle) + O(%) , (5.19)
E]:O (Gijélemn) = E]:O (Giijlen) + O(%) . (5.20)

(tv) If (a) conditioned on G, and a, the random wvariable x is approximately uniform, or (b)
conditioned on G, the random variable y is approzimately uniform, then

Ex, (GazGp) = O(®), (5.21)
Ez,(GijGarGy1) = O(®). (5.22)

PROOF. Fix p € [1,d], and, as in the statement of the lemma, use the shorthand notation (5.13).
Denote by ¢ the indicator function of the event I';, < 27, and set ¢ = 1 — ¢. By definition, ¢
is G -measurable. By (3.27), {I'y < 2y} C {I' < v}, so that, by assumption, ¢ = 1 with t-HP,
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for a constant 'y = O(1). In particular, as noted around (5.5), for any constant k, the event
{77 MEr, & < 1 \/—} holds with ¢t-HP.

(i) We show (5.14), the proof of (5.15) is analogous. Since, conditioned on Fy, @ and G are
independent, and the total variation distance between the distribution of @ and the uniform
distribution on [1, N] is O(\/%),

Er,(Gaj) = Er(Gajo) + OEx,(n"¢))

= ExEU(Gyo) + O(5) = EnEY(Gy) +0(455) (5.23)
with ¢-HP.
(i1) We show (5.17); the proofs of (5.16) and (5.18) are analogous. Since x < 1,
Ery (1= X)GijGr) = Ex(6(1 = x)GijGr) + O(Ex,(n¢)). (5.24)

The first term is bounded by O(E}‘O(l )) = O( F) by the definition of x and Propo-
sition 3.7. The second term is also O(m) with ¢-HP, as observed at the beginning of the
proof.

(iii) We show (5.19); the proof of (5.20) is analogous. Since n 2Ez,¢ = O(—
¢|Gij| = O(1), we get from (3.27) that

) with ¢t-HP and

s

Er (GijGr) = Ex(0Gi;Gr) + O(T) 7o (6GijGra) + O (=
(Gmle) + O(

5)

TS

T) (5.25)

with ¢-HP.

(iv) We show (5.21); the proof of (5.22) is analogous. Under assumption (a), the Cauchy-Schwarz
inequality and (3.28) imply

Ex (GazGit)|l < Ezyd|GaxGyi| + 1 *Exyd
< OBz ¢Eg, |Ga|®) 2 +n2Exé = O(D), (5.26)

with ¢-HP, where we used ¢Egu|éy1\2 < ¢I'2 < 49% = O(1). Similarly, under assumption (b),

[E7,(GaaGyn)l < O(Ex0Eg, |Gl + 1 *Erd = O(), (5.27)
with ¢t-HP, where we again used (5.5). This completes the proof. O

PROOF OF LEMMA 5.2. The proofs of both estimates are analogous, and we only prove (5.10).
Throughout the proof, we use Lemma 5.3 repeatedly, and estimate \/iTD f<1> Since p € [1,d]

is fixed, we also use the abbreviations (5.13) in the remainder of the proof, and use the indicator
function x = x,, defined in (5.12). By definition, conditioned on Fy, the random variables v and
@ are identically distributed, so that G; and C:’aj are also identically distributed. (Recall the
definition (3.21) and the convention (5.13).) Thus, by (5.16), and since av = a on the support of
x (by definition (5.12) of x), we obtain

Er)(Gaj) = Ex(xGaj) + O(d"2®) = Ex (xGay) + O(d~ /@), (5.28)
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with ¢-HP, where in the last step we also used that x = x*. By (5.14) and (5.16), with ¢-HP,
ErEY(Gij) = Ex(xGaj) +O(d"1/?0). (5.29)
This implies, with ¢-HP,
Er,(Gaj — EVGy;) = Exx(Gaj — Gaj) + O(d™/2®). (5.:30)

By the resolvent identity, G — G = (d — 1)~'/2G(A — A)G, and therefore by Proposition 3.7
(iii)(2), on the event {x = 1} we have

Gaj — Gaj = (d— 1)_1/2(_szdélj +5), (5.31)

where S a sum of a bounded number of terms of the form :l:Ggméyj with random variables
x and y such that at least one of the following two conditions is satisfied: conditioned on G,
and a, the random variable x is approximately uniform, or, conditioned on G,, the random
variable y is approximately uniform. (For example, S contains the term Gaaélj corresponding
to (z,y) = (a,1). Conditioned on G,, the random variable = a is approximately uniform and
independent of @, so that « is approximately uniform conditioned on G, and a.) Therefore, by
(5.17), (5.19), and (5.21), we get

Ex(S)| < ExlS|+0(@) = 0®), (5.32)

with ¢-HP. Similarly, by (5.17), (5.19), and (5.15), we get

Er (xGaaG1j) = Ex)(GaaGyj) + O(®)
= Ex,(GaaGij) + O(®) = ExEN(GGy5) +O0(®), (5.33)

with ¢t-HP. From (5.30)—(5.33), we conclude that
Ex, (Goj — EUG;) = (d— 1)V (~Ex (EVG,Gyy) +O(@)), (5.34)

with t-HP. Since EI!G;; = s, we obtain (5.10). The proof of (5.11) is analogous, using (5.18)
instead of (5.17), (5.20) instead of (5.19), and (5.22) instead of (5.21). O

The main idea of the proof of Lemma 5.2 is (5.30): the left-hand side is a difference of Green’s
functions with different indices, while the right-hand side is (up to a small error) a difference of
Green’s functions with the same indices but the first Green’s function is computed in terms of
a switched graph.

We now have all of the ingredients to derive the self-consistent equation for the diagonal
entries of G.

LEMMA 54. Given z € Cy with Nn > 1, suppose that (5.7)—(5.8) hold with t-HP. Then, we
have with t-HP, for all j € [1, N],

1+ (s+2)Gy; = O((1+ |2))ed) . (5.35)

In particular, with t-HP,
1+sz+52 = O((1+|2))€@). (5.36)
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PROOF. The event that (5.35) holds is measurable with respect to A. By invariance of the law
of A under permutation of vertices, and a union bound, it therefore suffices to establish (5.35)
for j =1 only. Then (5.36) follows by averaging (5.35) over j.

To show (5.35) with 7 = 1, we make use of the larger probability space Q from Definitions 3.5
3.6, where the vertex 1 is distinguished. By (5.7)—(5.8), it is sufficient to show that, with ¢-HP,

14 2Ex G = —Ex (sGi1) + O(®). (5.37)

To show (5.37), we use that by (H — 2)G = I and (1.7), with (5.9),

d
142G = ZHliGil = (d—1)7"? Z Z(&au — ;) Gil

i p=1

d
= (d— 172> EN(Gap1 — Ga). (5.38)
pn=1
Taking the conditional expectation Ex, on both sides of (5.38) and using Lemma 5.2, we get

d
1+ ZE]:OGH = _HE}—O(SGH) + O(@) (5.39)
with ¢t-HP. This implies (5.37) and therefore completes the proof. O

Under the assumptions of Proposition 2.2, the statement of Lemma 5.4 may be strengthened
as follows.

LEMMA 5.5. Let zy be as in (5.1) and suppose that (5.2) holds. Then with t-HP the estimates
(5.35)-(5.36) hold simultaneously for all z as in (5.1).

PROOF. Set
m = no+1/N*, 1€]0,N°], (5.40)

and z; := E+1in;. Since (5.7)—(5.8) hold uniformly with ¢-HP for any n > 79, by Lemma 5.4 and
a union bound, (5.35)-(5.36) hold simultaneously at all z; with [ € [0, N°], with ¢-HP. Since
(m); is a 1/N*net of [ng,no + N] and G;; is Lipschitz continuous with constant 1/7* < N2, the
claim follows. O

5.3. Stability of the self-consistent equation. In Lemma 5.5 we showed that, with ¢t-HP,
s+ sz+1 = O((1+]2))€®) . (5.41)

It may be easily checked that the Stieltjes transform of the semicircle law (1.9) is the unique
solution m : C4 — C of the equation

m?>+mz+1 = 0. (5.42)

To show that m and s are close, we use the stability of the equation (5.42), in the form provided
by the following deterministic lemma. The stability of the solutions of the equation (5.42) is a
standard tool in the proofs of local semicircle laws for Wigner matrices; see e.g. [21]. Our version
given below has weaker assumptions than previously used stability estimates; in particular, we
do not (and cannot) assume an upper bound on the spectral parameter E.
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LEMMA 5.6. Let s: C. — C4 be continuous, and set
R = s +sz+1. (5.43)

For E € R, o > 0 and m1 = 3V ng, suppose that there is a nonincreasing continuous function
r: [no,m] — [0,1] such that |R(E + in)| < (1 + |E +in|)r(n) for all n € [no,m]. Then for all
z = E +in with n € [no, m] we have

|s —m| = O(F(r)), (5.44)
where F was defined in (1.11).

PROOF. Denote by m and m the two solutions of (5.42) with positive and negative imaginary

parts, respectively:
—z+Vz22—4 R —z—V22 -4
== f 9 m == # ) (5-45)
where the square root is chosen so that Imm > 0. Hence, Imv/22 —4 > 7 and consequently
Imm < —n; we shall use this bound below. Note that m and m are continuous. Set v :=s—m

and ¥ := s — 1. Since

NG
= EEVE AR (5.46)

and since for any complex square root /- and w,( € C we have

|vw+ ¢ — Vw| A |[vVw+ ¢+ V| < \)CL/\\F (5.47)

we deduce that
2|R|

VA € ——m——
Al <

|R| < 3F(r). (5.48)
In the last inequality, we used that |R| < (1 + |z|)r and that, for any r € [0, 1],

2(1
(14D

E (L+ |z))r < 3F(r). (5.49)

The proof is divided into three cases. First, consider the case (1 + |z|)r(n) > |22 — 4|/16.
Then, using (5.49) and the fact that [0 — v| = /|22 — 4], we get

o] < o] + v/ |v\+0<(1|—;") (1+|z|)r>:|v|+O(F(r)), (5.50)

and hence |v| < |v| A 0] + O(F( )) = O(F(r)) by (5.48).
Next, consider the case n > 3. Then, on the one hand, by (5.48) and the assumption r € [0, 1],
we have |v| A [0] < 3F(r) < 3. On the other hand, since Ims > 0 and Imm < —n < =3,
0] = |Ims—TImm| > |Imm| > 3, (5.51)

and together we conclude that |0] > |v|, so that the claim follows from (5.48).
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Finally, consider the case (1+|z|)r(n) < |22 —4|/16 and n < 3. Without loss of generality, we
set 119 = 7). Since 7 is nonincreasing and |22 — 4| increasing in 7, and since (1 + |z|) < 4(1 + |20])
for n € [no, 3], we then have (1 + |z|)r(n) < |2? — 4|/4 for all n € [y, 3]. Therefore

2(1
lv—0] = V]22—4] > 2(“’2‘)7”/\ (1+\z|)r> for all € [no, 3] . (5.52)

VIz? =4

On the other hand, by (5.48), and since |R| < (1 + |z|)r,

1
v A D] < \(/|—2A AV (L +|z|)r forall n € [no,3]. (5.53)

By continuity and (5.52)—(5.53), it suffices to show |v(2)| < |0(z)| for some 7 € [no, 3], since then
|v(z)| < |0(z)] for all n € [ng, 3]. Since we have already shown |v(z)| < |0(z)]| for n = 3, the proof
is complete. O

5.4. Proof of Proposition 2.2. We now have all the ingredients we need to complete the proof
of (5.3)—(5.4) under the assumption (5.2), and hence the proof of Proposition 2.2.

PROOF OF (5.3). Let z9g = E 4 iny € D be given, where D was defined in (2.5). Set n; = N.
Lemma 5.5 shows that, with ¢-HP, for all € [no,n:1], the function s satisfies (5.43) with

[R(z)| < (1+[z)r(n), (5.54)

where r(n) := CEP(E+in) and C is some large enough absolute constant. Hence, r is decreasing
in 7 and, since {® < 1 by assumption, we have r € [0,1]. From Lemma 5.6, it therefore follows
that |m — s| = O(F(C&P)) = O(F(£P)) for all n € [no, m], with ¢t-HP.
Having determined s, we now estimate Gj; —m. By (5.35) and since s = m+ O(F'({£®)), we
find
14 (24 m)Gyj = O(F(E8))Gyy + O((1 + |2])€) (5.55)

with ¢-HP. From (1.9) it is easy to deduce that z +m = —1/m and (1 + |z|)|m| = O(1). Hence,
by (5.55) and since G;; = O(1) with ¢-HP,

m -Gy = O(F(E®))Gy; + O(68) = O(F(£®)) (5.56)

with {-HP, as claimed. O

The off-diagonal entries of the Green’s function can be estimated using a similar argument.
PrOOF OF (5.4). From (HG);; = (H — 2)G)i;j + 2Gij = 0i5 + 2G5, it follows that

Gi12(HG)11 — Gui(HG)12 = Gia, (5.57)

and therefore

G2 = G2 Z Hy;Gyn — G Z Hy;Gio . (5.58)

As in (5.38), using (5.58) and (1.7), we find

Gra = —(d—1)"12 zd:EW (G11 (G%2 . Gig) - GQ(G%1 - Gﬂ)) . (5.59)
p=1
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FIGURE 6.1. Each of the three diagrams illustrates the subgraph incident to a set S C E of three distinct
edges (]S| = 3). We draw the edges of S with solid lines and the edges of E'\ S with dotted lines. In the
left and centre diagrams we have I(E,S) = 0: in the left diagram |[S]| < 6, while in the centre diagram
|I[S]] = 6 but E|g) # S. In the right diagram we have I(E, S) = 1.

Using (5.11) we therefore get, with ¢-HP,

d
E]-'OG12 = —(d — 1)_1 ZE}‘O <G118G12 — G128G11> + O((I)) = O((I)) . (5.60)
pn=1

By Proposition 4.1, therefore Gi12 = Ex,G12 + O({P) = O(£P) with ¢t-HP. Again, by symmetry
and a union bound, the claim then holds uniformly with 12 replaced by ;. O

Summarizing, we have proved that, assuming (5.2), the estimates (5.3) and (5.4) hold with
t-HP. Hence the proof of Proposition 2.2 (and consequently of Theorem 1.1) is complete.

This proof of Theorem 1.1 relies on Proposition 3.7, which we proved for the matching model
in Section 3.2. In order to establish Theorem 1.1 for the uniform and permutation models, we
still have to prove Proposition 3.7 for these models. This is done in Sections 6 and 7, which
constitute the rest of the paper.

6. Uniform model

In this section we prove Proposition 3.7 for the uniform model. We identify a simple graph on
the vertices [1, N] with its set of edges F, where an edge e € E is a subset of [1, N] with two
elements. The adjacency matrix of a set of edges F is by definition

M(E) == ) Ay, (6.1)

{i,j}€E

where A;; was defined in (3.1). Note that M (-) is one-to-one, i.e. the matrix M (E) uniquely
determines the set of edges . For a subset S C E of edges we denote by [S] := [J.cq e the set
of vertices incident to any edge in S. Moreover, for a subset B C [1, N] of vertices, we define
E|p:={e€ E:e C B} to be the subgraph of E induced on B.

6.1. Switchings. For a subset S C E with |S| = 3 we define the indicator function

I(E,S) = 1(E|g is l-regular) = 1(|[S]| =6, E|j5) = 5).
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The interpretation of I(E,S) = 1 is that S is a switchable subset of F, i.e. any double switching
of the three edges S results again in a simple d-regular graph; see Figure 6.1. A switching of the
edges S may be identified with a perfect matching of the vertices [S]. There are eight perfect
matchings S’ of [S] such that SN S’ = (). We enumerate these matchings in an arbitrary way as
S! with s € [1, 8], and set

Tss(E) == (E\S)USL, (6.2)

and say that T ¢(F) is a switching of £. (Compare this with Figure 3.1 (right) in which one
such perfect matching is illustrated.) Note that there are rr, aa, bb depending on (.S, s) such that

M(Ts,s(E)) = Tiraap(M(E)), (6.3)

with the right-hand side defined by (3.3). This correspondence will be made explicit later. The
definition (6.2) implies, for I(E,S) = 1, that T54(E) is a simple d-regular graph, and that

E\S = Ts.(E)N(E\S). (6.4)

Next, take two disjoint subsets S1, So C E satisfying I(E, S1) = I(E, S2) = 1 and [S1]N[S2] =
{1}. Thus, we require the sets S; and Sz to be incident to exactly one common vertex, which
we set to be 1; see Figure 6.2. Then Sy C E'\ S; and S; C E'\ Sz, and (6.4) implies that the
two compositions T, 5, (T's,,5,(E)) and T, s,(Ts, s, (E)) are well-defined and coincide,

Ts, s, (TS2,S2 (B)) = Ts,,s, (TS1,S1 (E)). (6.5)

Let S satisfy I(E,S) =1 and 1 € [S]. The map Ts(E) switches the unique edge {1,i} € S
incident to 1 to a new edge {1,;} ¢ S with j € [S]. Our next goal is to extend this switching to
a simultaneous switching of all neighbours of 1. As already seen in (6.5), simultaneous multiple
switchings are not always possible, and our construction will in fact only switch those neigh-
bours of 1 that can be switched without disrupting any other neighbours of 1. The remaining
neighbours will be left unchanged. Ultimately, this construction will be effective because the
number of neighbours of 1 that cannot be switched will be small with high probability.

Let (e1(E),...,eq(E)) be an enumeration of the edges in E incident to 1, and denote by

Su(E) = {S CE:e(E)eS,|S|=3,1¢eforecs\ {eM(E)}} (6.6)

the set of unordered triples of distinct edges in E containing e, (E) and no other edge incident
to 1. Conditioned on E, we define a random variable (S,s), where S = (S1,...,5¢) and s =
(s1,...,5q), uniformly distributed over Si(E) x - -- x Sq(E) x [1,8]%. In particular, conditioned
on F, the random variables (51, $1),. .., (Sq, Sq) are independent.

For p € [1,d] we define the indicator functions

I, = I(E,S) = I(E,S,), (6.7)
Ju = Ju(S) = 1([Su) N[S,] = {1} for all v # p), (6.8)

and the set
W = W(E,S) := {pe[l,d]: I,(E,S)J,(S)=1}. (6.9)

Their interpretation is as follows. On the event {I, = 1}, the edges S, are switchable in the
sense that any switching of them results in a simple d-regular graph. The interpretation of
{J, = 1} is that the edges of S,, do not interfere with the edges of any other S,, and hence any
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FI1GURE 6.2. Each of the two diagrams illustrates the subgraph incident to S; and Sy for two sets of
three edges S1,S2 C E satisfying I(F,S;) = I(F,S2) = 1. The edges of S; U Sy are drawn with solid
lines and the edges of E \ (S; U S2) with dashed lines. The vertex 1 is drawn using a white circle. In
terms of the indicator functions J,, defined in (6.8), in the left diagram we have J1(E,S) = J2(E,S) =0
since [S1] N [S2] # {1}, and in the right diagram J1(E,S) = J2(E,S) = 1.

switching of them will not influence or be influenced by the switching of another triple of edges:
on the event {.J, = 1}, (6.5) implies that T, 5, commutes with T, s, for all v # p. The set W
lists the neighbours of 1 that can be switched simultaneously; see Figure 6.2.

Let pq, ..., ug, where k < d, be an arbitrary enumeration of W, and set

TS,S(E) = (TSM’SM R Tsukusuk)(E) : (6'10)

By (6.5), the right-hand side is well-defined and independent of the order of the applications of
the Ts, s,. Equivalently, in terms of adjacency matrices, Tss(E) is given by

M(Tss(E)) — M(E) = > (M(Ts,.,(E)) — M(E)), (6.11)
pnew

where we used that, by construction of W, any switchings p # v with u, v € W do not interfere
with each other, so that M(Ts, s, Ts,,, (E)) — M(Ts, s, (E)) = M(Ts, s, (E)) — M(E).

The following result ensures that the simultaneous switching leaves the uniform distribution
on simple d-regular graphs invariant. For this property to hold, it is crucial that, as in (6.6), we
admit configurations S that may have edges that cannot be switched. The more naive approach
of only averaging over configurations S in which all edges can be switched simultaneously does
not leave the uniform measure invariant. The price of admitting configurations S that do not
switch some neighbours of 1 is mitigated by the fact that such configurations are exceptional and
occur with small probability, i.e. conditioned on E, I,,(E,S) = J,(S) = 1 with high probability.

v,Sv

LEMMA 6.1. If E is a uniform random simple d-regular graph, and (S,s) is uniform over S (E) x
o x Sg(E) x [1,8]%, then Tss(E) is a uniform random simple d-regular graph.

PRrROOF. It suffices to show reversibility of the transformation £ — Tg¢(FE) with respect to the
uniform measure, i.e. that for any fixed simple d-regular graphs Fq, o we have

P(Tss(E) = E»|E = E1) = P(TIss(E) = E1|[E = Ey). (6.12)

Note that (S,s) is uniformly distributed over Sy(FE1) x --- x Sq(E1) x [1,8]¢ on the left-hand
side and over Sy (E2) x --- x Sq(E2) x [1,8]% on the right-hand side.
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FIGURE 6.3. The lines (solid and dashed) illustrate the edges of Ea. The solid lines are the edges of
FE; and the dashed line the edges of F5. The white circle represents the vertex 1. Note that EA|{2 ,,,,, N}
consists of |WW| = 2 disconnected subgraphs, each of which has 5 vertices and 4 edges. These subgraphs
are given by the encircled regions with the vertex 1 and its incident edges removed. The sets B,, are
given by the encircled vertices including 1.

First, given two (simple d-regular) graphs E7, Fo, we say that Fs is a switching of F if there
exist (S,s) such that Fy = Tg¢(F1), and note that E; is a switching of Ey if and only if Ey
is a switching of Ej. If these conditions do not hold, then both sides of (6.12) are zero. We
conclude that it suffices to show (6.12) for the case that Es is a switching of E; (or, equivalently,
E; is a switching of Fj). In words, it suffices to show that the probability that F; is switched
to FEs is the same as the probability that Es is switched to F;. To this end, we first construct a
bijection ¢ : F4 — E5 between the edges of the two graphs, and then show that the conditioned
probability measure is invariant under this bijection. The bijection is deterministic.

Define En := F1 A Es and En := E1NE5y, where A denotes the symmetric difference. Define
W :={p:eu(E1) € Epn}. The interpretation of W is the index set of neighbours of 1 in E; that
were switched in going from FE; to Es. This is the same set as the set from (6.9). Note that
W is now deterministic: for F and E3 that are switchings of each other, the set W is uniquely
determined. Since Ej3 is a switching of E1, and by the constraints in the indicator functions 1,
and J, in the definition of Tg s, we find that Ea |2, . n} consists of W] disconnected subgraphs,
each of which has 5 vertices and 4 edges. Each such subgraph is adjacent to a unique edge
eu(Er) where € W. For pp € W, we denote by B,, the set of vertices consisting of 1 and the
vertices of the subgraph that is adjacent to e,(F1). By construction, Es|p, is a switching of
E1|p, (and vice versa); both are 1-regular graphs on six vertices. (The interpretation of B, is
that the switching Ty s that maps E1 to Ey satisfies S, = Eq|p,.) This construction is illustrated
in Figure 6.3.

Now we define the bijection ¢ : £1 — Fs. For each 4 € W, we choose ¢ to be a bijection
from Ey|p, to Ea|p, such that ¢(e,(FE1)) is incident to 1. (For each such u there are two
possible choices for this bijection; this choice is immaterial.) Without loss of generality, we can
choose the enumeration e, (F») of Ey such that e, (F2) = ¢(eu(E1)). This defines a bijection
¢: E1NExn — EyN EA. We extend it to a bijection ¢ : Ey — FEy by setting ¢(e) := e for
e € Fn.

With these preparations, we now show (6.12). Given E; and FEj that are switchings of each
other, we have constructed a set W C [1,d] and subsets B, for u € W, such that E|p, and
Es|p, are 1-regular graphs obtained from a unique switching from each other. Since the s, are
independent and since for each y € W the random variable s, is uniform on [1, 8], we find that
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the left-hand side of (6.12) is equal to
ol ]P’(S,L = By, for pe W, {pe[1,d] : I,(Ey,S)Ju(S) =1} = W) , (6.13)

where S is uniform over S;(E7) x -+ x Sg(En).
By an identical argument, we find that the right-hand side of (6.12) is equal to

g~ Il P(sﬂ = Bsp, for pe W, {pe[1,d] : [,(E2,S)J,(S) =1} = W) , (6.14)

where S is uniform over S1(E») x - - - x Sq(E»). Note that, by construction, W and B,, for p € W
are the same in both (6.13) and (6.14).

What remains is to show that (6.13) and (6.14) are equal. In order to prove this, we
abbreviate ¢(S) := (¢(S1),...,¢(Sq)). Then the definitions of I,, J,, and ¢ imply that for
all S € S1(E1) x -+ x S4(Er) we have

(B, S) = L(¢(E1),¢(S)),  Ju(S) = Ju(6(8)), (6.15)

and hence (6.13) is equal to

8TWIP(6(S,) = G(E)s, for pe W, {u € [1,d]: L(6(E1), 6(8))Ju(6(S) = 1} = W).
(6.16)
Since ¢(F1) = FEy and since ¢ is a bijection from Si(E1) X ---Sg(E1) to S1(¢(E1)) X -+ X
Sa(¢(E1)), and therefore ¢(S) is uniform over S;(E2) x - - - X S4(E2), we conclude that (6.16) is
equal to (6.14). This concludes the proof. O

6.2. Estimate of exceptional configurations. In preparation of the proof of Proposition 3.7 for
the uniform model, we now define the probability space ) from Definition 3.5. The space © is
the set of simple d-regular graphs (identified with their sets of edges F), and

U, := {sets of three distinct edges of the complete graph on N vertices} x [1,8].

Hence, the probability space 2 = © x Uy x --- x Uy from Definition 3.5 consists of elements

(9,u1,...,ud) = (E, (51,81),...,(Sd,8d)),

where we denote elements of © by # = E and elements of U, by u, = (S,,s,). Next, we define
the (non-uniform) probability measure on the set 2. To that end, we first endow the set of simple
d-regular graphs © with the uniform probability measure. For each ' € O, we fix an arbitrary
enumeration e (E),...,eq(E) € E of the edges of E incident to 1. Then, conditioned on E € O,
we take u1, ..., uq to be independent, with S, uniformly distributed over S,(E) defined in (6.6),
and s, uniformly distributed over [1,8]. (In other words, the probability measure is uniform on
(0,u1,...,uq) € Q such that each S, contains e, (F) and no other edge incident to 1.) Having
defined the probability space Q, we augment it to  according to Definition 3.6.

From now on, we always condition on E and write e, = e,(E). We denote by p,, ¢, the two
edges in S, not incident to 1 (ordered in an arbitrary fashion), so that S, = {e,,pu,qu.}. The
next lemma provides some general properties of the random sets .S,.

LEMMA 6.2. The following holds for any fized u € [1,d].
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(i) There are at most five v # p such that
[Su)N[Sy] # {1} and [Su] N [Sk] = {1} for all k # p,v. (6.17)

(ii) For any symmetric function F' we have

Eg, F(pu,qu) = (Ndl/2)2 Z (p,q +O< >||FHOO. (6.18)

p,qEE

Similarly, for any function F we have

Egu,qﬁ(pw:ngmF(qm:NMZF p+0( 3 )IFle. 619

PROOF. We begin with (i). Let B be the set of v # u satisfying (6.17). By definition, for v € B,
[Sy] N [Sk] = {1} for all kK # p,v. Thus, each p € [S,]\ {1} can be contained in at most one S,
with v € B. The claim follows since [S,] \ {1} has at most five elements.

Next, we prove (ii). Conditioned on G,,, the two edges p,,, g, are by definition of S, chosen
to be distinct and uniformly distributed on the Nd/2 — d edges not incident to 1. Let 01 = {e €
E :1 € e} be the set of edges in E incident to 1. Then

1
Eg, F(pu qu) = o Ny > Fp.q)
( 2 )quE\al'p#q

- i 2 .0 +0( 5 )1l (6.20)

Pl
This shows (6.18); the proof of (6.19) is analogous. O

Next, we derive some basic estimates on the indicator functions I, and .J,, and the random set
W. Ideally, we would like to ensure that with high probability I,,J, = 1. While this event does
hold with high probability conditioned on Fg, it does not hold with high probability conditioned
on G,. In fact, conditioned on G,,, it may happen that I,,J,, = 0 almost surely. This happens if
there exists a v # p such that [S,]Ne, # {1}. The latter event is clearly independent of S,,. To
remedy this issue, we introduce the G,-measurable indicator function

hy = UeyNH,={1}), H, = [J[S)]
VEW

which indicates whether such a bad event takes place. Then, instead of showing that conditioned
on G,, we have I,,.J,, = 1 with high probability, we show that conditioned on G, we have I,,.J,, = h,,
with high probability. This estimate will in fact be enough for our purposes, by a simple analysis
of the two cases h, = 1 and h, = 0. In the former case, we are in the generic regime that allows
us to perform the switching of e, with high probability, and in the latter case the switching of
e, is trivial no matter the value of S,.

For the statement of the following lemma, we recall the random set W defined in (6.9), and
that TW# is obtained from W by replacing the argument u,, with 4,. We also recall that XAY
denotes the symmetric difference of the sets X and Y.
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LEMMA 6.3. The following holds for any fized u € [1,d].
(i) Conditioned on G,,, with probability 1 — O(%), we have
llpeW) = 1,J, = hy,. (6.21)
Conditioned on Fy, with probability 1 — O(%), we have p € W (i.e. hy, =1).
(ii) Almost surely, we have |[WAWH\ {u}| < 10.
(iit) Conditioned on G,,, with probability 1 — O(%), we have WAWH = .

Proor. We first show the claim of (i) concerning conditioning on G,. First, the definition of
J,, immediately implies that I,,J, = 0 if h, = 0. Therefore and since h, is G,-measurable, it
suffices to show that, conditioned on G, such that h, = 1, we have I,.J, = 1 with probability
1-— O(%). Hence, for the following argument we condition on G,, and suppose that h, = 1. We
estimate

Pg,(I,J, =0) < Pg,(I, =0)+Pg,(J, =0). (6.22)

The first term on the right-hand side of (6.22) is equal to

Pg, (E|€MUPMUQM is not 1—regular)
= Pg, (Ele,up, is not 1-regular) (6.23)
+ Pg, (E‘%Upu is 1-regular, Elc,up,uq, is not 1—regular) (6.24)

We first estimate (6.23). Since p, is uniformly distributed under the constraint p, ¢ 01, we
find that (6.23) is bounded by O(d/(dN)) = O(1/N). Similarly, given p, such that Elc,up,
is l-regular, g, is uniformly distributed under the constraint ¢, ¢ 91 U {p,}. Moreover, if
Ele, Up,Ug, is not 1-regular then a vertex of g, must coincide with or be a neighbour of a vertex
in e, Up,. From this we deduce that (6.24) is bounded by O(d/(dN)) = O(1/N). We have
therefore estimated the first term on the right-hand side of (6.22) by O(1/N).

To estimate the second term on the right-hand side of (6.22), since

{Ju(s) = 0} = {[Su] NHy, # {1}} - {6# NHy, e {1}} U {(pu U QH) N Hy, #* VJ} (6.25)

and since {e, N H,, = {1}} holds by assumption, it suffices to estimate Pg, ((p, Uqu) N H, # 0).
Clearly, H, \ {1} has at most 5(d — 1) vertices. This implies that p N H, # 0 for at most
O(d?) edges p. Taking F(p,q) := 1(pN H, # 0) + 1(gN H, # 0) in (6.18), we therefore get
(puYqu)NH,, # 0 with probability O(d/N). This proves that conditioned on G,,, with probability
1 — O(4), the event (6.21) holds.

Next, we show that conditioned on Fy, with probability 1 — O(%), we also have h, = 1. By
a union bound and since e, Ne, = {1} if v # p,

d

d
Pryll =0) = Pr(eaNHu £ (1) € Y Prlen (0 Ua) 20) = O( ). (620
v=1

as claimed. This completes the proof of (i). } .
Next, we show (ii). We write W = W* and S, = S},. We then need to show [WAW \ {u}| <
10. For this, we make the following observations.
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L IF [S)] N [Sk] # {1} for some v # k, with both distinct from u, then v ¢ W regardless of
u,; therefore then also v ¢ W and v ¢ WAW.

Hence, all v € (WAW) \ {u} satisfy [S,] N [Sk] = {1} for all k ¢ {u, v}.

2. Under this last condition, i.e. v # p satisfies [S,] N [Sx] = {1} for all kK ¢ {u,v}, by
definition v € W if and only if [S,] N [S,] = {1} and E|(s, is 1-regular, and v € W if and
only if [S,] N [S,] = {1} and E|s,) is 1-regular.

Hence, v € (WAW) \ {u} requires [S,] N [S,] # {1} or [S,] N [S,] # {1}.

We conclude that all v € (WAW)\ {u} obey (6.17) or (6.17) with S, replaced by S,,. Therefore,
Lemma 6.2(i) implies |(WAW) \ {u}| <5+ 5, as claimed.

Finally, we establish (iii). For this, observe that I, is independent of p,, ¢, and that J, is
independent of p,, ¢, on the event {(p, Ug,) N H, = 0}. In the proof of (i), we have already
shown that the latter event has probability at least 1 — O(%) conditioned on G,. This concludes
the proof. O

6.3. Proof of Proposition 3.7 for the uniform model. With the preparations provided in Sec-
tions 6.1-6.2, we now verify the claims of Proposition 3.7 for the uniform model.

PROOF OF PROPOSITION 3.7: UNIFORM MODEL. The parametrization obeying Definitions 3.5—
3.6 was defined at the beginning of Section 6.2. The random variables aq,...,aq,@1,...,aq, and
A are defined as follows. By definition, A is the graph with edge set Tg s(E), i.e.

A = M(Tss(E)). (6.27)

Moreover, «, is by definition the unique vertex incident to 1 in the subgraph

{Ts,s(E)\[su} if pew
{ew(B)}  ifpgW,

where we recall that W was defined in (6.9). The definition of «, is illustrated in Figure 6.4.
Then by Lemma 6.1, A is the adjacency matrix of the uniform model. To see that aq,...,qq
are an enumeration of the neighbours of 1, it suffices to show that a, # «a, for u # v. This
follows from the following simple observations: if p,v ¢ W then e, # e,; if p,v € W then by
definition of W we have [S,|N[S,| = {1}; if p € W and v ¢ W then by definition of W we have
e, N [S,] = {1}. This proves (i).

What remains is the definition of a, and the proof of (ii) and (iii). To define a,, we denote
by p, and g, the two edges in S, not incident to 1, ordered in an arbitrary fashion. (Note that,
by definition of S, from (6.6), e,, p,, and g, are distinct but not necessarily disjoint.) We label
the vertices of p,, = {p}l,pi} and g, = {q}“ qi} in an arbitrary fashion, and take the pair (a,,b,)
to be uniformly distributed (parametrized by s, € [1,8]) in the set

{0} 0)) (0. ), Dhr ), (05 @), (0o ), (@ 02, (@ 2p)s (a0 10 - (6.28)

More precisely, we parametrize (a,,b,) = (a,u(Su, su), bu(Sus su)), with s, € [1,8], in such a way
that, in the nontrivial case I, = 1, the switching Ts, s, (F) from (6.2) is given as in (6.3) by

M(TS[L)S/L(E)) = T’I‘MLCLMQH,I)MQM(M(E))y (629)
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Qo Sa

FIGURE 6.4. Solid lines depict edges of E \ T s(E), dashed lines edges of Ts s(E) \ E, and dotted lines
edges of ENTg¢(E). For the graph E, the two encircled groups contain the three edges of S; and the
three edges of Sy respectively. In the switching E +— Tg<(E), the solid edges S; are switched to the
dashed configuration; hence, 1 € W and «; is the unique neighbour of 1 in [S1] after the switching. On
the other hand, So is not switchable (so that 2 ¢ W) since |[S2]| < 6, and «ay is given by the original
neighbour of 1 in es.

where 7 is defined in (3.3), and the vertices r,, a,, b, are defined by the conditions e, = {1,7,}
and {pu, qu} = {{au, au}, {bu, bu}}. Note that if e, p,, g, are disjoint, a,, is uniformly distributed
on p, U g, and b, uniformly distributed on p, or g,, whichever a, does not belong to.

We shall show (ii) and (iii) with the high-probability events given by those on which the
conclusions of Lemma 6.3 hold. More precisely, the high-probability event in (iii)(1) is given by

=, = {LJ,=h,} 0 {WAWH = ()} (6.30)
and the high-probability event in (ii)(2) and (iii)(2) is given by
Y, = {LJ, =1} {WAWF =0} = {pe WIn{WAW* =0} = Z,n{h, =1}. (6.31)
By Lemma 6.3 (i) and (iii), recalling that 7y C G,, and % = O(\/%) by (1.5),

Pg,(E,) > 1-0(\&)), Pr,(Z,) > 1-0(\/61@). (6.32)

We now show (ii). From the definition of (a, b,), we find that a,, is chosen uniformly among
the four (not necessarily distinct) vertices pb, pi, q}m qﬁ. Therefore we get, for any function f on
[1, N] that

N
o, /() = 3 3760+ 0( 3 ) Il

where we used (6.18) with F(p,, q,) = i(f(pi) + f(pp) + f(q,,) + f(q})) and the fact that each
vertex is contained in exactly d edges, so that ﬁﬂ D (el e2)eR S(fEeH + f(eH) =+ sz\il f(@@).
This shows (ii)(1). To verify (ii)(2), we use that on the event ¥, we have u € W. Moreover, from
(6.29) we find that on ¥, we have {1,a,} € Ts, s, (E), and consequently, using the definition of
W and (6.10), {1,a,} € Tss(E). Since a, € [S,] the definition of ¢, immediately implies that
a, = a, on ¥, Together with (6.32), this concludes the proof of (ii)(2).

To show (iii), we often drop the sub- and superscripts 1 and abbreviate a = ay, A= Am,
and so on. For the first claim of (iii)(1), it suffices to show that A — A is always a sum of at
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most 72 terms +£A,,. By (6.11),
A-A = 1(pe W)(M(Ts,.,(E) — M(E)) — 1(p € W)(M(Tg, ; (E)) — M(E))

+ Y EHM(Ts,s,(E) - M(E)), (6.33)
vEWAWN\{u}

(where the sign + in the last sum is + if v € W and — if v € W). In Lemma 6.3 (ii), we proved
that [WAW \ {u}| < 10. Therefore, since each term M (Tss(E)) — M(F) is the sum of six terms
+A,, by (3.3), we find that A — A is the sum of at most 12 x 6 = 72 terms +A,,, as desired.
This proves the first claim of (iii)(1).

Next, we verify the second claim of (iii)(1) and (iii)(2). By (6.32) we may assume that the
event Z, holds. In particular, since WAW =0, (6.11) implies

A=A = h(M(Ts,,(B) - M(Tg, 5 (F))). (6.34)

In the case h = 0, the right-hand side vanishes and the second claim of (iii)(1) is trivial. On the
other hand, if h = 1, by (6.29),

A=A = M(Ts, o, (E) ~ M(Ts, (E) = TriaanM(E)) — 7y uipM(E)).  (6.35)
As in the proof of (ii)(1), we find that conditioned on G, each of the random variables a, b, a,b
is approximately uniform, and using (6.19) instead of (6.18), that b, b are each approximately

uniform conditioned on G, and a,a. The same holds with a, b, a,b replaced by a, B, a, b. Thus,
under the probability distribution conditioned on G, and the event {h = 1}, we have

A—A = Ay — A+ X, (6.36)

where X is of the form (3.8) and has the property (a) or (b) from Remark 3.3 (with all prob-
abilities given by conditioning on G,). Since for each term +A,, in X at least one of x and
y is approximately uniform, and since a and a are approximately uniform, we conclude that,
conditioned on G,, and the event Z, N {h = 1}, A — A is given by a sum of 10 terms +A,,
such that at least one of x and y is approximately uniform. Together with the trivial identity
A—A=0if h=0 and (6.32), this shows the second claim of (iii)(1).

Since ¥, = £, N {h = 1}, the identity (6.36) also holds on the event ¥,. Recalling (6.32)
and the form of X from (3.8), we obtain (iii)(2). This concludes the proof. O

7. Permutation model
In this section we prove Proposition 3.7 for the permutation model. First, we consider the 2-
regular random graph defined by a single uniform permutation. As before, the symmetric group

of order N is denoted by Sy, and for any permutation o € Sy, the associated symmetrized
permutation matrix is denoted by

P(o) = P(a_l) = ZAiU(i). (7.1)
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FIGURE 7.1. The solid arrows depict the permutation 7, and the dashed arrows the permutation
Tara_ by (m) defined in (7.3). The left diagram depicts the generic case in which all of the elements
of {1,2,a,,a_,by,b_, 7 ay), w1 (by),m(a_),w(b_)} are distinct. The right diagram depicts the case
where a4y = 1 but the remaining vertices are distinct; this leads to a loop at 1.

Denote by v;; = vji € Sy the transposition that exchanges 7 and j. For the remainder of
this subsection, we identify Sy _o as the subset of Sy of permutations that exchange 1 and 2,

Sny_g = {me Sy :7m(l) =2,7(2) = 1}. (7.2)
For m € Sy_g and ay,a_,by,b_ € [1,N], we define T, 4_p,p_(7) € Sy by

Toya bio (T) = Yab, V204 T™V2a_ Y26 - (7.3)

As illustrated in Figure 7.1, in the case that {1,2,a4,a_,b,,b_, 7 1 (ay), 71 (by),7(a_),n(b_)}
are distinct, the action of T" on m amounts to two double switchings, as depicted in Figure 3.1.

LEMMA 7.1. If (m,a4,a—,by,b_) is uniform on Sy_g x [1, N] x [2, N]?, then T, o b, b_(7) is
uniform on Sy. Moreover,

(Ta+a,b+b7(7r))(1) = 04, (Ta+afb+b7(7r))_1(1) = a—, (74)
provided that [{1,2,a4,a_,by, b_}| = 6.

PROOF OF LEMMA 7.1. First, we show that the map & : Sy_2 x [1, N] x [2, N] — Sy defined
by
(myay,a_) — 6 =0(m,ay,a-) = Y20, T 2a_ (7.5)

is a bijection. This follows from the following explicit inverse map & — (7, ay,a_):
(i) if 6(1) # 1 then ay :=5(1), a— := 6 (1), and 7 := Y24, 0Y24_;
(ii) if 5(1) = 1 then ay :=1, a_ =6 (2), and 7 := 5y9,_-

Therefore, for all fixed by,b_ € [1, N], also the map

Sn—2 X [[LN]] X [[2aN]] — SN, (7T,a+,a,) > Y2b,Y2a4+ TV2a_Y2b_ (76)
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is a bijection. In particular, under (7.6), the uniform distribution on Sy_o % [1, N] x [2, N] is
pushed forward to the uniform distribution on Sy. Clearly, the distribution remains uniform
after averaging over the independent random variables by ,b_ € [2, N]. Finally, (7.4) is easily
verified. This completes the proof. O

The probability space for the permutation model (see Definition 3.5) is realized as (3.17)

endowed with the uniform probability measure, where © := (Sy_2)%? and
Up == [LN]x[2,N]  (ne[1,d/2]), (7.7)
Up = NI X [2N]  (ueld/2+1,d]). (7.8)
Elements of © and U, are written as 0 = (71,...,7q/2) € © and u, = (au,b,) € Uy, For
w € [1,d/2] we define the random variable
Opu = Tauadfububdfu (ﬂ—#) . (7.9)
By Lemma 7.1, 01,...,04/2 are i.i.d. uniform permutations in Sy. The adjacency matrix of the

permutation model is given by
/2

A=) P(oy). (7.10)
pn=1

It is convenient to augment the sequence (o,) to be indexed by [1,d] by defining o, := UJE . for
p € [d/2+1,p]. Hence P(o,) = P(og—,,) for all p € [1,d]. Also o, := 0,(1), where p € [1,d],
is an enumeration of the neighbours of 1 in A.

PROOF OF PROPOSITION 3.7: PERMUTATION MODEL. We use the parametrization of the prob-
ability space defined above, which satisfies the conditions of Definition 3.5, and augment it
according to Definition 3.6. Then claim (i) follows immediately from Lemma 7.1.

To show (ii), we first recall that a,, is uniform on [1, N] if 1 € [1,d/2] and that a,, is uniform
on [2,N] if p € [d/2+1,d]. Either way, conditioned on G,, a, is approximately uniform on
[1,N]. Moreover, for p € [1,d], conditioned on Fy, with probability 1 — O(%;), the event
{H{1,2,a,,b,,aq—p,bq—p,}| = 6} holds. By Lemma 7.1, on this event we have, for u € [1,d/2],
oy =ou(1l) =ay, and ag—y, = 0, (1) = ag—,. This concludes the proof of (ii).

What remains is the proof of (iii). We fix u € [1,d], and drop the index p from the notation
and write A = A+, o = o, and o = 04—, and so forth. Then set

0 = Y2b_Y2aT (7.11)
so that o = ypy200 L. Given g, set A,(a,b) :== P(yapy240~1). Then, for all a,b,a, b,

a,b)
a,b)

where 7 := pv24. Indeed, to verify (7.12), note that A,(a,b) — A,(a,b) is given by

AQ( Ag(a, b) = AQ&J? - Aga,b + Aga,m'yzaa - Ag&,'ymzad + AQZ'Y%& - AQ2:'Y2Z7(1 ) (7-12)
AQ( AQ(a7 b) = A’TI;,Q - ATb,Q + A7’1),’)/2511 - A75772b5 + ATQ,I; - A7-27{) y (713)

N N
Z(Aiﬂzb’mag_l(i) - Ai,’Yzb’maQ_l(i)) = Z(Ag(i)/mb’ma(i) - Ag(i),’mb’ma(i)) ) (7.14)

i=1 =1
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and that the differences under the last sum vanish unless i € {2, a,a}, and are given by (7.12).
Similarly, for the difference A,(a,b) — Ay(a,b), we obtain

N N
> (Az‘,wzmagfl(z’) - Ai,vzbvzaw(i)) =X (Aru‘),m(i) - Ar(imbu)) : (7.15)

i=1 =1

and observe from this representation that only i € {2,0, l~)} yields a nonzero contribution, and
that the corresponding terms are given by (7.12)—(7.13).

To prove (iii), observe that only the term P(0,) = P(04-,) in (7.10) contributes to A—Aand
that therefore A—A = Ay(a,b)—Ay(a,b). From (7.12)—(7.13), it is straightforward to verify (iii).
The first statement of (iii)(1) holds since (7.12)—(7.13) contains at most 12 terms £A,. For the
second statement of (iii)(1), note that, since o is independent of a, a, b, b, and 7 independent of
b, b, for each of these terms A, in (7.12)-(7.13), at least one of x,y is approximately uniform
since a, @, b, b are approximately uniform. For (iii)(2), observe that, conditioned on Fo, 0,(2) =1
and 2,a,a,b,b are distinct with probability 1 — O(%) On this event, (iii)(2) can be verified
directly from (7.12)—(7.13). For example, Ay r,,a = A1a and Apo y,0 = Ai1q in (7.12). We skip
the details for the other terms. O

8. Isotropic local law and probabilistic local quantum unique ergodicity

In this section we state and prove the isotropic local semicircle law for A, which controls the
difference G — mI in the sense of generalized matrix entries (a, Gb) — m(a,b), instead of the
standard matrix entries from Theorem 1.1 obtained by taking a and b to lie in the standard
coordinate directions. The arguments used in this section rely crucially on the exchangeability
of the random regular graph. This is different from the remainder of the paper, in which we
did not exploit exchangeability in an essential way. An isotropic local law was first proved for
Wigner matrices in [32] and subsequently extended to generalized Wigner matrices and sample
covariance matrices with uncorrelated population in [5]. Recently, such control was also obtained
for sample covariance matrices with general population [33], in which case G is approximated
by an anisotropic matrix that is not a multiple of the identity.

As applications of the isotropic local law, we establish the isotropic delocalization of eigen-
vectors (Corollary 8.4) and a local quantum unique ergodicity result (Corollary 8.5). In the
following we call an £2-normalized vector a unit vector, and write a L e if ZZ a;e; = 0.

THEOREM 8.1 (ISOTROPIC LOCAL LAW FOR RANDOM REGULAR GRAPHS). Under the assump-
tions of Theorem 1.1, for any deterministic unit vectors a,b L e, any ( > 1, and any z € C,
satisfying n > €2 /N, we have

{a,G(2)b) —m(z)(a,b) = O(F:(6D(2)) +£¢ () (8.1)

with probability at least 1 — e=€1088 — g=CVlog(,

Note that the isotropic law in the subspace spanned by e is trivial since G(2)e = —z"'e.

Theorem 8.1 follows immediately from Theorem 1.1 and the following general result for ex-
changeable random matrices. Recall that a random vector (Y;), € CV is called exchangeable
if for any permutation o € Sy we have

(Yi)i = (Yoi))i- (8.2)
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Similarly, a random matrix (Yij)%:l € is called exchangeable if for any o € Sy we have

d
(Yij)ij = Vo(i)o(i))i - (8.3)

In particular, the (normalized and centred) adjacency matrices of any of the models of random
d-regular graphs introduced in Section 1.2 are exchangeable.

THEOREM 8.2 (GENERAL ISOTROPIC LOCAL LAW). Let G be the Green’s function (1.8) of an
exchangeable random matriz H at some z € C, . Then, for any deterministic V,, Vg > 0,
m € C, unit vectors a,b 1 e, and ( > 1, we have

(a,Gb) —m(a,b) = O(¥,;+ ('T,) (8.4)
with probability at least P(max;|Gy; — m| < ¥q, max; ;|G| < U,) — e VIo8E,

The proof of Theorem 8.2 follows from the following moment bounds for exchangeable ran-
dom matrices. The estimate (8.5) was previously established for p = 2,4 in [4,8].

PROPOSITION 8.3. Let ay,...,an € C be deterministic with Zf\il a; =0 and Zij\i1’ai|2 <1

(i) Let (Y;)Y, be a exchangeable random vector. Then for all p > 1 we have
N p2

Yill = — | |IY1l|p - .
Soai| = 0fga) Wil (85)
1= P

(ii) Let ( w)” 1 be a exchangeable random matriz. Then for all p > 1 we have

E G,ZG,J ij

7,7=1

2 2
p
Y Y .
< 11Hp+0(10g ) Y12]lp - (8.6)

The proof of Proposition 8.3 is given in Appendix B.

PrOOF OF THEOREM 8.2. By polarization and homogeneity, it suffices to consider the case
where a = b is a unit vector perpendicular to e. Define Yj; := ¢1(i # j)Gj; with the indi-
cator function ¢ := 1(max;x;|G;j| < ¥,). Then (Yj;) is an exchangeable random matrix. By
Proposition 8.3 (ii) with p = (/log ¢ and ¢ > 1, we get using using Markov’s inequality

P[[(a, Ya)| > CCw,| < om¢VIRC

for some constant C'. Since for any unit vector a we have ¢|(a, (G —m)a)| < max; |Gy — m| +
|{(a,Ya)|, the claim now follows by a union bound. O

The isotropic local law implies the isotropic delocalization of the eigenvectors of A, which
also follows from Corollary 1.2 and Proposition 8.3 (i), similarly to the proof of Theorem 8.2.

COROLLARY 8.4 (ISOTROPIC EIGENVECTOR DELOCALIZATION). Under the assumptions of The-
orem 1.1, for any unit eigenvector v of A or H, any deterministic unit vector a 1 e, and any

¢ > 1, we have (a,v) = O(£C?/V/N) with probability at least 1 — e~¢198¢ — g=CVlog(,
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Finally, we note that Corollary 1.2 and Proposition 8.3 (i) also imply the following local
quantum unique ergodicity result, similarly to the proof of Theorem 8.2.

COROLLARY 8.5 (PROBABILISTIC LOCAL QUANTUM UNIQUE ERGODICITY). Let a : [1,N] - R
be a deterministic function satisfying Zfil a; = 0. Under the assumptions of Theorem 1.1, for
any unit eigenvector v = (Ui)f;il of A or H and for any ¢ > 1, we have

N 9 / N 1/2
Zaz‘v? = O<(§]§\}) (Za?) > (8.7)

i=1 i=1
with probability at least 1 — e=€1088 — g=CVlog(,

Corollary 8.5 states that, on deterministic sets of at least (£¢)* vertices, all eigenvectors of the
random graph A are completely flat with high probability. In other words, with high probability,
the random probability measure i — v? is close (when tested against deterministic test functions)
to the uniform probability measure ¢ — 1/N on [1, N]. For instance, let I C [1,N] be a
deterministic subset of vertices. Setting a; := 1(i € I) — |I|/N in Corollary 8.5, we obtain

2
D f = Zb()(“%m) (8.8)

icl el

with probability at least 1 — e~¢1°8¢ — ¢=¢. The main term on the right-hand side of (8.8) is
much larger than the error term provided that |I| > (£¢)*. Note that we can obtain (8.7) and
(8.8) asymptotically almost surely with (£¢)? = (log N)* by choosing ¢ logé = C(log N)? and
¢ = C~!log¢ for some large enough constant C' > 0, so that (8.8) is a nontrivial statement for
1] > (log N)®.

The celebrated quantum chaos conjecture states that the eigenvalue statistics of the quanti-
zation of a chaotic classical system are governed by random matrix theory [6,40,41,46]. Random
regular graphs are considered a good paradigm for probing quantum chaos; see [42] for a review.
For generalized Wigner matrices, a probabilistic version of QUE, as well as the Gaussian distri-
bution of eigenvector components, was proved in [11]. The first result of this kind, for a smaller
class of Wigner matrices, was obtained in [31,43]. Moreover, using the local law proved in this
paper, these results can be extended to the d-regular graph as well [10].

REMARK 8.6 (ERDOs-RENYI GRAPHS). We conclude this section by remarking that all of the
results from this section — Theorems 8.1 and 8.2 and Corollaries 8.4 and 8.5 — have analogues
for the adjacency matrix of the Erdés-Rényi graph, whose proofs follow in exactly the same way
using Proposition 8.3 and [20, Theorem 2.9]. We leave the details to the interested reader.

A. Improved bound near the edges

In this appendix, we sketch the changes required to improve (1.12) such that {® is replaced by
(1.20) on the right-hand sides, namely by

2/3
&V + (]\i]> where ¥ := tmm + L . (A.1)
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First, analogously to I" and I';,, define
T = mZaxIm Gii , Ty = [Tlre(g,) - (A.2)

Then it is easy to see that Lemma 3.9 (ii) can be improved to replace FﬁCDQ by @Z where

T 1 I
b = Sl T A3
I N77 N’I’} \/5 ( )

Assuming that I', = O(1) and that T, = O(¢), we have ®,, = O(®s) where

1) 1 1
o5 = _—t — 4+ —. A4
5 TR CREN (A.4)

Next, Proposition 2.2 can be improved as follows.

PROPOSITION A.1 (IMPROVED VERSION OF PROPOSITION 2.2). Suppose that £ > 0, ¢ > 0, and
that D > €2. Let 6 > N=C be deterministic. If for z € D we have

'(z) = 0(1), T <6
with probability at least 1 — e, then
max|Gii(2) —m(z)] = O(F=(£25(2))), I?gleij(Z)\ = 0(§Ps(2)) (A.5)

with probability at least 1 — e~ (6108 )ACHO(og )

SKETCH OF PROOF. We first verify that in all estimates of Sections 4-5, the parameter ® arises
from just two possible sources: from D~'/2 or Lemma 3.9 (ii).

In particular, by the improved version of Lemma 3.9 discussed around (A.3), Lemma 4.6 can
be improved so that Ffflﬂ is replaced by FZ(I)Z. This implies an improved version of Proposi-
tion 4.1 in which the assumption that I' = O(1) holds with probability at least 1 —e~¢ is replaced
by the assumption I' = O(1) and T = O(J) with the same probability, and ® is replaced by ®;
in the conclusion. The proof of the improved version of Proposition 4.1 is then analogous to the
proof of Proposition 4.1 given in Section 4. In particular, note that using § > N~ it is easy
to verify that there are Y), satisfying all required conditions and F2P<I>Z < Y“2<I>§.

Similarly, given the improved versions of Lemma 3.9 and Proposition 4.1, the proof of the
improved version of Proposition 2.2 is identical to that given in Section 5. O

Finally, given Proposition A.1, the proof of Theorem 1.1 involves a slightly more involved
induction than that given in Section 2, in which we propagate both estimates

¢ 2/3
r <2, T < Q2<Imm+\/£\11+<Nn> ) (A.6)

simultaneously, for some sufficiently large constant ). The hypothesis (A.6) is trivial for n > 1.
By an explicit spectral decomposition (or by an argument analogous to the proof of Lemma 2.1),
it is easy to verify that nIm Gj; is increasing in 7, and hence (A.6) for some z = E + in implies

E
T(Z) < 0(2) = 4Q? <Imm(z') + \/fll'(z’) + <N77’> ) , (A.7)
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for 2/ = F + in' with 7’ = /2. Hence, we may apply Proposition A.1. It is easy to verify that

2/3
cds < O(Q2)<£\If+ (1@7) ) (A8)

Therefore, using F,(r) < /r, we get from Proposition A.1 that

¢ 2/3
Y(2') < Imm(2') + O(\/€Ps) < O(Q) <Imm+\/§‘ll+ <N77> ), (A.9)

and this propagates the induction hypothesis (A.6) since O(Q) < Q? for a sufficiently large Q.

B. Moment bounds for exchangeable random matrices: proof of Proposition 8.3

In this appendix we prove Proposition 8.3. To avoid extraneous notational complications arising
from complex conjugates, we suppose that all quantities are real-valued. We abbreviate [n] :=
[1,n], and denote by 3, the set of partitions of [n]. By Holder’s inequality, it suffices to consider
the case p € 2N.

We begin with (i). Abbreviate X := ). a;Y;. For i € [N]? define P(i) € B, as the partition
generated by the equivalence relation k ~ [ if and only if i = 4;. Then we get

P
EXP = ) H%EHYM = Y K@ > 1P =m[[a., B
ie[N]» k=1 IeP, ie[N]» k=1
where K(IT) := EJ[}_,Y;, for any i satisfying P(i) = II. That K(II) is well defined, i.e.

independent of the ch01ce of i, follows from the exchangeability of (Y;). For future use we also
note that by Holder’s inequality we have |K(IT)| < ||Y1]|5. We use the notation 7 € II for the
blocks of II. Next, we rewrite the sum over i € [N]? as a sum over r = (r,)zerr € [N]" to get

EXP = ) K(II) Z 11« (B.2)

e, re[N]1 well

where the star on top of the of the sum indicates summation over distinct indices r, i.e.

Z > H 1-1, (B.3)

r ee&(ll

where E(II) := {{m, 7'} : m,7’ € I, ® # 7'} is the set of edges of the complete graph on the
vertex set II, and Iy 1 (r) == 1(rz = 7).

We need to estimate the right-hand side of (B.2) by exploiting the condition ), a; = 0.
Obtaining the bound of order (p?/logp)? requires some care in handling the combinatorics.
We shall multiply out the product in (B.3), which has to be done with moderation to avoid
overexpanding, since the resulting sum is highly oscillatory. The naive expansion [].. S(H)(l —
Ie) = > pcen leep(—1e) is too rough. Instead, we only expand a subset of the edges (1),
and leave some edges e unexpanded, meaning that the associated factors (1 — I.) remain.
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The partial expansion of the product ] . 5(1-[)(1 — I.) is best formulated using edge-coloured
graphs. We consider graphs on II whose edges are coloured black or white, and denote by B
the set of black edges and by W the set of white edges. Thus, an edge-coloured graph is a pair
(B,W) c £(IT)? satisfying BN W = (). For any edge-coloured graph (B, W) we define

Jew = [[(-L) J[J( - L). (B.4)

ecB eeW

Hence, each black edge e € B encodes the indicator function —I, and each white edge e € W
the indicator function 1 — I.. Note that for e € W we have the trivial identity

Jpw = JIpw\{e} T JBULe}, W\ {c} - (B.5)

We shall define a process on the set of edge-coloured graphs that operates on each white edge,
either leaving it as it is or generating two new graphs using (B.5), one graph where this white
edge is removed, and another graph where the white edge is replaced by a black one. To that
end, we choose a total order on £(II) and denote by e— and e+ the immediate predecessor and
successor of e. We denote by epin and epmax the smallest and largest edges of £(II), and introduce
the formal additional edge 0 to be the immediate predecessor of epin.

For each e € £(II) we shall define a set of Gri(e) of edge-coloured graphs (B, W) such that
W contains all edges greater than e. The sets Gry(e) are defined recursively as follows. First, we
set Gr(0) := {(0,&(II))}. Thus, Grr(0) consists of the complete graph with all edges coloured
white. Then for ey < e < epax the set Grr(e) is obtained from Gr(e—) by

Gn(e) = |J  umBwe), (B.6)
(B,W)eGn(e—)

where U(B, W, e) is a set of one or two edge-coloured graphs obtained from (B, W), using one
of the two formulas

UB,W,e) = {(B,W\{e}),(BU{e}, W\ {e})}, (B.7)
U(B7er) = {(B>W)}v (B'S)

which choice among (B.7) and (B.8) to make will be determined in (B.10) below. The choice
(B.7) amounts to multiplying out 1 — I, and (B.8) to not multiplying out 1 — I.. Note that, by
construction, we always have e C W on the right-hand side of (B.6). Moreover, by (B.5), no
matter which choice we make between (B.7) and (B.8), we always have the identity

Z Jpw = Z JB,w

(B,W)€Gn(e-) (B,W)€Gn(e)
for all e € £(II), and hence by induction
H (I-1I) = Z JBw - (B.9)
ec&(ID) (B,W)egn(emax)

Note that always choosing (B.7) leads to the identity [T cem)(1 — Ie) = X pcem) [leen(—1e),
which, as explained above, is too rough; conversely, always using (B.8) leads to the trivial
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FIGURE B.1. The process from Gr1(0) to Gri(emax). Black and white vertices are depicted using black and
white dots, respectively. Black and white edges are depicted using solid and dotted lines, respectively.
Since the complete graph on 5 vertices has 10 edges, there are 10 steps, i.e. maps from a coloured graph
to another. We start from the complete graph whose edges are all white. We highlight the white edge
e indexing the subsequent step by drawing it using dashed lines. In each step using (B.7), we choose
to draw one of the two possible resulting graphs. The steps 6,8,9,10 use (B.8), and the other steps use
(B.7).

In order to define which choice of ¢ in (B.7)-(B.8) we make, we also colour the vertices II
black or white. A vertex is black if it is a block of size one and white if it is a block of size
greater than one. This defines a splitting of the vertices II = II; U I, into black vertices IIy
are white vertices Il, and also induces a splitting of the edges (II) = & (1) L E12(IT) LI E3(1T),
where &;(II) is the set of edges connecting two vertices of II; for i = 1,2, and &12(II) is the set
of edges connecting two vertices of different colours. We choose the total order on £(II) so that
E1(IT) < &12(IT) < &(II). With this order, we define our choice of U:

(B.7) if e is incident to a black vertex that is not incident to a black edge,
use ) (B.10)
(B.8) otherwise.

See Figure B.1 for an illustration of the resulting process on coloured graphs.

Let (B, W) € Gri(€emax). The following properties can be checked in a straightforward manner
by induction: (a) W is uniquely determined by B (given the colouring of the vertices and the
total order on £(II)); (b) B is a forest (i.e. a disjoint union of trees); (c) a black vertex can only
be incident to a white edge if it is also incident to a black edge; (d) two white vertices cannot
be connected by a black edge; (e) a black and a white vertex can only be connected by a black
edge if the black vertex is not incident to any other black edge.

Now going back to (B.2), we find using (B.9) that

EX? = ) K(II) > > Jpw() [] o (B.11)

Hemp (Bzw)egl'[(emax) I‘EIIN}]H well

By property (c), if there is a black vertex that is not incident to a black edge, it is also not

incident to a white edge, and }_;a; = 0 therefore implies > crnyn J5,w (r) [ L en alf;‘ = 0.
Therefore the sum over (B, W) can be restricted to graphs in which every black vertex is incident
to at least one black edge. For such graphs, ia? < 1 and |Jpw| < 1 imply the bound
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| ey J5w (1) [eer ary | < 1. Using [K(ID)] < || Vi|[} we conclude

EX? < Va5 D 1Gn(emax)] - (B.12)
IeP,

It remains to estimate the sum on the right-hand side of (B.12). For fixed II, by (a) above it
suffices to estimate the number of B satisfying the remaining conditions (b)—(e). From now on,
all graph-theoretic notions always pertain to B, i.e. we discard all white edges. Let ® denote
the set of black vertices not adjacent (by a black edge) to a white vertex:

® := {7 €Il : 7 is not adjacent to a vertex of Ils}.

We shall estimate the number of graphs B on II associated with any fixed ®. By (e), each
vertex 7 € IT; \ ® has degree at most one. With (d), this gives the upper bound |II; \ ®|2 on
the possible choices of B in I\ ®. Moreover, by (b), B is a forest on ®. By Cayley’s formula
n"=2 < n" for the number of trees on n vertices and the bound [B,| < (n/logn)™ on the
number of partitions of a set, we find that there are at most (|®|?/log|®|)|®! forests on ®. In
summary, we conclude that the number of graphs B associated with IT and ® C II; is bounded
by (92 log|])I1(|TT; | — |@[)=!,
Abbreviating k = |II;| and [ = |®|, we therefore obtain

e < £ (O ain) () eer) - < (25

for some universal constant C' > 0, where the factor (z) accounts for the choice of I1, the factor

((p — k)/log(p — k))P~F for the choice of Ily, the factor (l;) for the choice of ®, and the factor
(12/log 1)} (k — 1)P~* for the choice of B as explained above. Here in the last inequality we used

_ p—k 2 \ p—k 2 \ ! 2 \ k
p—k (k—1P* < p 7 K < (-2
log(p — k) log p log log p
for 0 <1 < k < p. This concludes the proof of (i).
Next, we prove (ii). By splitting Y into its diagonal and off-diagonal entries and using

Minkowski’s inequality, it suffices to prove (8.6) under the assumption Y;; = 0 for all 4. Similarly
to the proof of (i), we write

2p
E (Z aiajyij) Z H ai, B H Yioh_rin = Z K(H) Z 1(P(i) =10) H iy,
1,7 k=1

ie[N]2pr k=1 ePayp ie[N]2r

where K(IT) := E[[V_, Yi,, i for any i satisfying P(i) = IT (recall the definition of P(i) € P,
above (B.1)). As in the proof of (i), K(II) is well-defined by exchangeability of (¥;;). By
Holder’s inequality and exchangeability, we have the bound |K(IT)| < ||Yi2]|5. Now the proof
of (i) following (B.1) may be taken over verbatim, by replacing p with 2p. This concludes the
proof of (ii). The proof of Proposition 8.3 is therefore complete.
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