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We analyse the eigenvectors of the adjacency matrix of a critical Erdés-Rényi graph G(N,d/N),
where d is of order log N. We show that its spectrum splits into two phases: a delocalized
phase in the middle of the spectrum, where the eigenvectors are completely delocalized, and
a semilocalized phase near the edges of the spectrum, where the eigenvectors are essentially
localized on a small number of vertices. In the semilocalized phase the mass of an eigenvector
is concentrated in a small number of disjoint balls centred around resonant vertices, in each
of which it is a radial exponentially decaying function. The transition between the phases is
sharp and is manifested in a discontinuity in the localization exponent v(w) of an eigenvector
w, defined through ||w|s/||[W|l2 = N~Y™). Our results remain valid throughout the optimal
regime v/log N < d < O(log N).
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1. Introduction

1.1. Overview. Let A be the adjacency matrix of a graph with vertex set [N] ={1,...,N}. We
are interested in the geometric structure of the eigenvectors of A, in particular their spatial localiza-
tion. An £?>-normalized eigenvector w = (wz)zeN) gives Tise to a probability measure > z€[N] w25,
on the set of vertices. Informally, w is delocalized if its mass is approximately uniformly distributed
throughout [N], and localized if its mass is essentially concentrated in a small number of vertices.
There are several ways of quantifying spatial localization. One is the notion of concentration
of mass, sometimes referred to as scarring [49], stating that there is some set B C [N] of small
cardinality and a small € > 0 such that Y cgw? = 1 —e. In this case, it is also of interest to
characterize the geometric structure of the vertex set B and of the eigenvector w restricted to B.
Another convenient quantifier of spatial localization is the ¢P-norm ||wl|, for 2 < p < co. It has
the following interpretation: if the mass of w is uniformly distributed over some set B C [N] then
||w\|12) = |B|~1*2/P. Focusing on the ¢®-norm for definiteness, we define the localization exponent
~(w) through
w2, = N7 (L1)

Thus, 0 < v(w) < 1, and v(w) = 0 corresponds to localization at a single vertex while v(w) = 1
to complete delocalization.

In this paper we address the question of spatial localization for the random Erd&s-Rényi graph
G(N,d/N). We consider the limit N — oo with d = dy. It is well known that G(N, d/N) undergoes
a dramatic change in behaviour at the critical scale d < log N, which is the scale at and below
which the vertex degrees do not concentrate. Thus, for d > log N, with high probability all degrees
are approximately equal and the graph is homogeneous. On the other hand, for d < log N, the
degrees do not concentrate and the graph becomes highly inhomogeneous: it contains for instance
hubs of exceptionally large degree, leaves, and isolated vertices. As long as d > 1, the graph has
with high probability a unique giant component, and we shall always restrict our attention to it.

Here we propose the Erdés-Rényi graph at criticality as a simple and natural model on which
to address the question of spatial localization of eigenvectors. It has the following attributes.

(i) Its graph structure provides an intrinsic and nontrivial notion of distance.

(ii) Its spectrum splits into a delocalized phase and a semilocalized phase. The transition between
the phases is sharp, in the sense of a discontinuity in the localization exponent.

(iii) Both phases are amenable to rigorous analysis.

Our results are summarized in the phase diagram of Figure 1.1, which is expressed in terms
of the parameter b parametrizing d = blog N on the critical scale and the eigenvalue A of A/ Vd
associated with the eigenvector w. To the best of our knowledge, the phase coexistence for the
critical Erdos-Rényi graph established in this paper had previously not been analysed even in the
physics literature.
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Figure 1.1. The phase diagram of the adjacency matrix A/v/d of the Erdds-Rényi graph G(N,d/N) at
criticality, where d = blog N with b fixed. The horizontal axis records the location in the spectrum and
the vertical axis the sparseness parameter b. The spectrum is confined to the coloured region. In the red
region the eigenvectors are delocalized while in the blue region they are semilocalized. The grey regions
have width o(1) and are not analysed in this paper. For b > b, the spectrum is asymptotically contained in
[—2,2] and the semilocalized phase does not exist. For b < b, a semilocalized phase emerges in the region
(—Amax (D), —=2) U (2, Amax(D)) for some explicit Apax(b) > 2.

Throughout the following, we always exclude the largest eigenvalue of A, its Perron-Frobenius
eigenvalue, which is an outlier separated from the rest of the spectrum. The delocalized phase is
characterized by a localization exponent asymptotically equal to 1. It exists for all fixed b > 0 and
consists asymptotically of energies in (—2,0) U (0,2). The semilocalized phase is characterized by a
localization exponent asymptotically less than 1. It exists only when b < b,, where

1

by = —
2log2 —1

~ 2.59. (1.2)
It consists asymptotically of energies in (—Amax(b), —=2) U (2, Amax (b)), where Apax(b) > 2 is an
explicit function of b (see (1.14) below). The density of states at energy A € R is equal to N*e(M)+o(1)]
where pp is an explicit exponent defined in (1.14) below and illustrated in Figure 1.2. It has a
discontinuity at 2 (and similarly at —2), jumping from pp(27) = 1 to pp(2%) = 1 — b/b*. The
localization exponent y(w) from (1.1) of an eigenvector w with associated eigenvalue \ satisfies
with high probability

y(w)=140(1) if [N\ <2, Y(W) < pp(A) +o(1) if |A] > 2.

This establishes a discontinuity, in the limit N — oo, in the localization exponent v(w) as a
function of A at the energies +2. See Figure 1.2 for an illustration; we also refer to Appendix



A.1 for a simulation depicting the behaviour of ||w||s throughout the spectrum. Moreover, in
the semilocalized phase scarring occurs in the sense that a fraction 1 — o(1) of the mass of the
eigenvectors is supported in a set of at most N PN +o(l) yertices.

0 T T
delocalized 2 semilocalized ~ Amax () A

Figure 1.2. The behaviour of the exponents p, and v as a function of the energy A. The dark blue curve
is the exponent p,(\) characterizing the density of states NPe+o() of the matrix A/\/& at energy A. The
entire blue region (light and dark blue) is the asymptotically allowed region of the localization exponent
v(w) of an eigenvector of A/v/d as a function of the associated eigenvalue A. Here d = blog N with b = 1
and Apax(b) = 2.0737. We only plot a neighbourhood of the threshold energy 2. The discontinuity at 2 of
pp is from pp(27) =1 to pp(2T) =1 —b/b* =2 — 2log 2.

The eigenvalues in the semilocalized phase were analysed in [10], where it was proved that they
arise precisely from vertices x of abnormally large degree, D, > 2d. More precisely, it was proved
in [10] that each vertex x with D, > 2d gives rise to two eigenvalues of A/v/d near +A(D,/d),

where A(a) = \/Sj The same result for the O(1) largest degree vertices was independently

proved in [54] by a different method. We refer also to [14, 15] for an analysis in the supercritical
and subcritical phases.

In the current paper, we prove that the eigenvector w associated with an eigenvalue A in the
semilocalized phase is highly concentrated around resonant vertices at energy A, which are defined
as the vertices x such that A(D,/d) is close to A. For this reason, we also call the resonant vertices
localization centres. With high probability, and after a small pruning of the graph, all balls B, (x) of
a certain radius r > 1 around the resonant vertices are disjoint, and within any such ball B, (z) the
eigenvector w is an approximately radial exponentially decaying function. The number of resonant
vertices at energy \ is comparable to the density of states, N?#N o) which is much less than N.
See Figure 1.3 for a schematic illustration of the mass distribution of w.

The behaviour of the critical Erdés-Rényi graph described above has some similarities but also
differences to that of the Anderson model [11]. The Anderson model on Z™ with n > 3 is conjectured
to exhibit a metal-insulator, or delocalization-localization, transition: for weak enough disorder, the
spectrum splits into a delocalized phase in the middle of the spectrum and a localized phase near
the spectral edges. See e.g. [8, Figure 1.2] for a phase diagram of its conjectured behaviour. So far,
only the localized phase of the Anderson model has been understood rigorously, in the landmark
works [4,39], as well as contributions of many subsequent developments. The phase diagram for
the Anderson model bears some similarity to that of Figure 1.1, in which one can interpret 1/b as
the disorder strength, since smaller values of b lead to stronger inhomogeneities in the graph.




Figure 1.3. A schematic representation of the geometric structure of a typical eigenvector in the semilo-
calized phase. The giant component of the graph is depicted in pale blue. The eigenvector’s mass (depicted
in dark blue) is concentrated in a small number of disjoint balls centred around resonant vertices (drawn in
white), and within each ball the mass decays exponentially in the radius. The mass outside the balls is an
asymptotically vanishing proportion of the total mass.

As is apparent from the proofs in [4,39], in the localized phase the local structure of an eigen-
vector of the Anderson model is similar to that of the critical Erd6s-Rényi graph described above:
exponentially decaying around well-separated localization centres associated with resonances near
the energy \ of the eigenvector. The localization centres arise from exceptionally large local aver-
ages of the potential. The phenomenon of localization can be heuristically understood using the
following well-known rule of thumb: one expects localization around a single localization centre if
the level spacing is much larger than the tunnelling amplitude between localization centres. 1t arises
from perturbation theory around the block diagonal model where the complement of balls B, (z)
around localization centres is set to zero. On a very elementary level, this rule is illustrated by
the matrix H(t) = (9 1), whose eigenvectors are localized for ¢ = 0, remain essentially localized for
t < 1, where perturbation theory around H(0) is valid, and become delocalized for ¢t = 1, where
perturbation theory around H (0) fails.

More precisely, it is a general heuristic that the tunnelling amplitude decays exponentially in
the distance between the localization centres [25]. Denoting by S(A) > 1 the rate of exponential
decay at energy A, the rule of thumb hence reads

BN <N, (1.3)

where L is the distance between the localization centres and () the level spacing at energy A. For
the Anderson model restricted to a finite cube of Z" with side length N'/", the level spacing £(\)
is of order N~ (see [57] and [8, Chapter 4]) whereas the diameter of the graph is of order N/,
Hence, the rule of thumb (1.3) becomes

BN « N7

which is satisfied and one therefore expects localization. For the critical Erdoés-Rényi graph, the

level spacing e(\) is N —r(M)+o(1) but the diameter of the giant component is only lf(’)gg J; . Hence, the

rule of thumb (1.3) becomes

_logB(N)

N logd << N—p(}x)—l—O(l) ,

which is never satisfied because % — 0 as N — oo. Thus, the rule of thumb (1.3) is satisfied in
the localized phase of the Anderson model but not in the semilocalized phase of the critical Erddés-
Rényi graph. The underlying reason behind this difference is that the diameter of the Anderson

model is polynomial in N, while the diameter of the critical Erdés-Rényi graph is logarithmic in



N. Thus, the critical Erdés-Rényi graph is far more connected than the Anderson model; this
property tends to push it more towards the delocalized behaviour of mean-field systems. As noted
above, another important difference between the localized phase of the Anderson model and the
semilocalized phase of the critical Erdos-Rényi graph is that the density of states is of order N in
the former and a fractional power of N in the latter.

Up to now we have focused on the Erdds-Rényi graph on the critical scale d < log N. It
is natural to ask whether this assumption can be relaxed without changing its behaviour. The
question of the upper bound on d is simple: as explained above, there is no semilocalized phase
for d > b,log N, and the delocalized phase is completely understood up to d < N/2, thanks to
Theorem 1.8 below and [35,42]. The lower bound is more subtle. In fact, it turns out that all of
our results remain valid throughout the regime

Viog N < d < O(logN). (1.4)

The lower bound +/log N is optimal in the sense that below it both phases are disrupted and the
phase diagram from Figure 1.1 no longer holds. Indeed, for d < y/log N a new family of localized
states, associated with so-called tuning forks at the periphery of the graph, appear throughout the
delocalized and semilocalized phases. We refer to Section 1.5 below for more details.

Previously, strong delocalization with localization exponent v(w) = 1+0(1) has been established
for many mean-field models, such as Wigner matrices [1,34-37], supercritical Erdés-Rényi graphs
[35,42], and random regular graphs [12,13]. All of these models are homogeneous and only have a
delocalized phase.

Although a rigorous understanding of the metal-insulator transition for the Anderson model
is still elusive, some progress has been made for random band matrices. Random band matrices
[23,40,47,58] constitute an attractive model interpolating between the Anderson model and mean-
field Wigner matrices. They retain the n-dimensional structure of the Anderson model but have
proved somewhat more amenable to rigorous analysis. They are conjectured [40] to have a similar
phase diagram as the Anderson model in dimensions n > 3. As for the Anderson model, dimensions
n > 1 have so far seen little progress, but for n = 1 much has been understood both in the localized
[48,50] and the delocalized [20-22,28-33,43,51,52,59] phases. A simplification of band matrices
is the ultrametric ensemble [41], where the Euclidean metric of Z" is replaced with an ultrametric
arising from a tree structure. For this model, a phase transition was rigorously established in [56].

Another modification of the n-dimensional Anderson model is the Anderson model on the
Bethe lattice, an infinite regular tree corresponding to the case n = oo. For it, the existence
of a delocalized phase was shown in [5,38,44]. In [6,7] it was shown that for unbounded random
potentials the delocalized phase exists for arbitrarily weak disorder. It extends beyond the spectrum
of the unperturbed adjacency matrix into the so-called Lifschitz tails, where the density of states
is very small. The authors showed that, through the mechanism of resonant delocalization, the
exponentially decaying tunnelling amplitudes between localization centres are counterbalanced by
an exponentially large number of possible channels through which tunnelling can occur, so that the
rule of thumb (1.3) for localization is violated. As a consequence, the eigenvectors are delocalized
across many resonant localization centres. We remark that this analysis was made possible by the
absence of cycles on the Bethe lattice. In contrast, the global geometry of the critical Erdos-Rényi
graph is fundamentally different from that of the Bethe lattice (through the existence of a very
large number of long cycles), which has a defining impact on the nature of the delocalization-
semilocalization transition summarized in Figure 1.1.

Transitions in the localization behaviour of eigenvectors have also been analysed in several
mean-field type models. In [45,46] the authors considered the sum of a Wigner matrix and a



diagonal matrix with independent random entries with a large enough variance. They showed that
the eigenvectors in the bulk are delocalized while near the edge they are partially localized at a
single site. Their partially localized phase can be understood heuristically as a rigorous (and highly
nontrivial) verification of the rule of thumb for localization, where the perturbation takes place
around the diagonal matrix. Heavy-tailed Wigner matrices, or Lévy matrices, whose entries have
a-stable laws for 0 < o < 2, were proposed in [24] as a simple model that exhibits a transition in
the localization of its eigenvectors; we refer to [3] for a summary of the predictions from [24, 53].
In [18,19] it was proved that for energies in a compact interval around the origin, eigenvectors are
weakly delocalized, and for 0 < a < 2/3 for energies far enough from the origin, eigenvectors are
weakly localized. In [3], full delocalization was proved in a compact interval around the origin, and
the authors even established GOE local eigenvalue statistics in the same spectral region. In [2], the
law of the eigenvector components of Lévy matrices was computed.

Conventions. Throughout the following, every quantity that is not explicitly constant depends on
the fundamental parameter N. We almost always omit this dependence from our notation. We use
C' to denote a generic positive universal constant, and write X = O(Y) to mean |X| < CY. For
X, Y >0wewrite X <Y if X =0(Y) and Y = O(X). We write X <Y or X = 0(Y) to mean
limy oo X/Y = 0. A vector is normalized if its £>-norm is one.

1.2. Results — the semilocalized phase. Let G = G(V,d/N) be the Erdés—Rényi graph with
vertex set [N] := {1,..., N} and edge probability d/N for 0 < d < N. Let A = (Auzy)qzyein] €
{0, 1}V be the adjacency matrix of G. Thus, A = A*, A,, =0 for all z € [N], and (Azy : z < )
are independent Bernoulli(d/N) random variables.

The entrywise nonnegative matrix A/+/d has a trivial Perron-Frobenius eigenvalue, which is its
largest eigenvalue. In the following we only consider the other eigenvalues, which we call nontrivial.
In the regime d > /log N/loglog N, which we always assume in this paper, the trivial eigenvalue is
located at v/d(14 0(1)), and it is separated from the nontrivial ones with high probability; see [14].
Moreover, without loss of generality in this subsection we always assume that d < 3log N, for
otherwise the semilocalized phase does not exist (see Section 1.1).

For x € [N] we define the normalized degree of x as

1
o = > Agy. (1.5)

y€E[N]

In Theorem 1.7 below we show that the nontrivial eigenvalues of A/v/d outside the interval -2, 2]
are in two-to-one correspondence with vertices with normalized degree greater than 2: each vertex
x with o, > 2 gives rise to two eigenvalues of A/v/d located with high probability near A (o),
where we defined the bijective function A : [2,00) — [2, 00) through

o

Ala) = . 1.6

(@)= (16)

Our main result in the semilocalized phase is about the eigenvectors associated with these
eigenvalues. To state it, we need the following notions.

Definition 1.1. Let A > 2 and 0 < § < A — 2. We define the set of resonant vertices at energy A
through
Wis = {z 0, > 2,|A(ay) — N\ <6} (1.7)



We denote by B, (x) the ball around the vertex z of radius r for the graph distance in G. Define

Tx = LC\/@J ) (1.8)

all of our results will hold provided ¢ > 0 is chosen to be a small enough universal constant. The
quantity r, will play the role of a maximal radius for balls around localization centres.
We introduce the basic control parameters

vlog N Vieg N 1
g = -,

d d u
which under our assumptions will always be small (see Remark 1.5 below). We now state our main
result in the semilocalized phase.

logd, §u =

(1.9)

Theorem 1.2 (Semilocalized phase). For any v > 0 there exists a constant C such that the
following holds. Suppose that

C+/log Nloglog N < d < 3logN. (1.10)

Let w be a normalized eigenvector of A/v/d with nontrivial eigenvalue X > 2 + CEY?. Let 0 < § <
(A—=2)/2. Then for each x € Wy s there exists a normalized vector v(x), supported in B, (x), such
that the supports of v(x) and v(y) are disjoint for x # y, and

.’EGW,\@

with probability at least 1 —CN~Y. Moreover, v(x) decays exponentially around x in the sense that

for any v > 0 we have
1

Z (V(x))?/ < W-

y¢Br(x)

Remark 1.3. An analogous result holds for negative eigenvalues —\ < —2—C&Y2, with a different
vector v(z). See Theorem 3.4 and Remark 3.5 below for a precise statement.

Remark 1.4. The upper bound d < 3log N in (1.10) is made for convenience and without loss
of generality, because if d > 3log N then, as explained in Section 1.1, with high probability the
semilocalized phase does not exist, i.e. eigenvalues satisfying the conditions of Theorem 1.2 do not
exist,.

Theorem 1.2 implies that w is almost entirely concentrated in the balls around the resonant
vertices, and in each such ball B,, (z), z € W) s, the vector w is almost collinear to the vector v(x).
Thus, v(x) has the interpretation of the localization profile around the localization centre . Since
it has exponential decay, we deduce immediately from Theorem 1.2 that the radius r, can be made
smaller at the expense of worse error terms. In fact, in Definition 3.2 and Theorem 3.4 below, we
give an explicit definition of v(z), which shows that it is radial in the sense that its value at a
vertex y depends only on the distance between x and y, in which it is an exponentially decaying
function. To ensure that the supports of the vectors v(z) for different  do not overlap, v(x) is in
fact defined as the restriction of a radial function around z to a subgraph of G, the pruned graph,
which differs from G by only a small number of edges and whose balls of radius r, around the
vertices of W) s are disjoint (see Proposition 3.1 below). For positive eigenvalues, the entries of
v(z) are nonnegative, while for negative eigenvalues its entries carry a sign that alternates in the
distance to z. The set of resonant vertices W, ;5 is a small fraction of the whole vertex set [N]; its
size is analysed in Lemma A.12 below.



Remark 1.5. Note that, by the lower bounds imposed on d and A in Theorem 1.2, we always have
57 f)\—Q < 1/C

Using the exponential decay of the localization profiles, it is easy to deduce from Theorem 1.2
that a positive proportion of the eigenvector mass concentrates at the resonant vertices.

Corollary 1.6. Under the assumptions of Theorem 1.2 we have

N2 — 4 C(E+&E—2) &)

> owp=———+ O( + )
Yy 5/2 _

s A+VA2—4 4 A3/2\/\ =2

with probability at least 1 —CN™Y.

Next, we state a rigidity result on the eigenvalue locations in the semilocalized phase. It
generalizes [10, Corollary 2.3] by improving the error bound and extending it to the full regime
(1.4) of d, below which it must fail (see Section 1.5 below). Its proof is a byproduct of the proof
of our main result in the semilocalized phase, Theorem 1.2. We denote the ordered eigenvalues
of a Hermitian matrix M € CV*N by A\ (M) > X\o(M) > --- > An(M). We only consider the
nontrivial eigenvalues of A/v/d, i.e. \;(A/v/d) with 2 < i < N. For the following statements we
order the normalized degrees by choosing a (random) permutation o € Sy such that i — ag(;) is
nonincreasing.

Theorem 1.7 (Eigenvalue locations in semilocalized phase). For any v > 0 there exists a
constant C such that the following holds. Suppose that (1.10) holds. Let

U= {xe[N]:Aa,)>2+eV%).
Then with probability at least 1 —CN ™Y, for all 1 <1i < |U| we have
N1 (A/Vd) = Aag)| + IAN—ir1(A/VA) + Aay)| < C(E+ EA(ap (i) —2) (1.11)
and for all [U|+2 < i < N — U] we have
IX(A/Vd)| <2+ ¢€Y2, (1.12)

We remark that the upper bound on d from (1.10), which is necessary for the existence of a
semilocalized phase, can be relaxed in Theorem 1.7 to obtain an estimate on maxac;<n|Ai(A/Vd)]
in the supercritical regime d > 3log N, which is sharper than the one in [10]. The proof is the same
and we do not pursue this direction here.

We conclude this subsection with a discussion on the counting function of the normalized
degrees, which we use to give estimates on the number of resonant vertices (1.7). For b > 0
and « > 2 define the exponent

Op(c) :==[1 —blaloga —a+1)]+. (1.13)

Define apax(b) := inf{a > 2 : 6y(car) = 0}. Thus, 6, is a nonincreasing function that is nonzero on
[0, tmax(D)). Moreover, 6,(2) = [1 — b/bs]+, so that amax(b) > 2 if and only if b < b.. From Lemma
A.9 below it is easy to deduce that if d > 1 then a, (1) = amax(d/log N) + O(¢/d) with probability
at least 1 — o(1) for any ¢ > 1. Thus, amax(d/log N) has the interpretation of the deterministic
location of the largest normalized degree. See Figure 1.4 for a plot of 8.
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Figure 1.4. A plot of the exponent () as a function of o > 2 for the values b = 0.3 (blue), b = 1.3 (red),
and b = 2.3 (green). The graph hits the value 0 at amax(b).

In Appendix A.4 below, we obtain estimates on the density of the normalized degrees (a)e[n
and combine it with Theorem 1.2 to deduce a lower bound on the fP-norm of eigenvectors in the
semilocalized phase. The precise statements are given in Lemma A.12 and Corollary A.13, which
provide quantitative error bounds throughout the regime (1.10). Here, we summarize them, for
simplicity, in simple qualitative versions in the critical regime d < log N. For b < b, we abbreviate

Oy (A~1(N) i [A] > 2

1.14
1 if [N\ < 2, (114)

Anx(8) = M), po(A) = {

where A=Y(\) = )‘72(1 + /1 —4/X?) for |\| > 2. Let d = blog N with some constant b < b,, and
suppose that 2 + £ < A < Apax(b) — & for some constant x > 0. Then Lemma A.12 (ii) implies
(choosing 1/d < § <« 1)

Wi g| = NovAFel) (1.15)

with probability 1 — o(1). From (1.15) and Theorem 1.2 we obtain, for any 2 < p < oo,
HWH; > N@/p=Dpp(N)+o(1) (1.16)

with probability 1 — o(1) (see Corollary A.13 below). In other words, the localization exponent
v(w) from (1.1) satisfies v(w) < pp(A) +0(1). See Figure 1.2 for an illustration of the bound (1.16)
for p = co. We remark that the exponent p,(A) also describes the density of states at energy A:
under the above assumptions on b and \, for any interval I containing A and satisfying £ < |I| < 1,
the number of eigenvalues in I is equal to NP +e()|[| with probability 1 — o(1), as can be seen
from Lemma A.12 (i) and Theorem 1.7.

1.3. Results — the delocalized phase. Let A be the adjacency matrix of G(N,d/N), as in
Section 1.2. For 0 < k < 1/2 define the spectral region

Sk =[-2+k,—K|U[K,2 —K]. (1.17)

Theorem 1.8 (Delocalized phase). For any v > 0 and k > 0 there exists a constant C > 0 such
that the following holds. Suppose that

Cy/log N < d < (log N)*/2. (1.18)

10



Let w be a normalized eigenvector of A/v/d with eigenvalue \ € Sx. Then
Iwi2, < N1+ (1.19)
with probability at least 1 —CN Y.

In the delocalized phase, i.e. in Si, we also show that the spectral measure of A/ Vd at any
vertex x is well approximated by the spectral measure at the root of Ty,, 4, the infinite rooted
(day, d)-regular tree, whose root has da, children and all other vertices have d children. This
approximation is a local law, valid for intervals containing down to N* eigenvalues. See Remark
4.4 as well as Remark 4.3 and Appendix A.2 below for details.

Remark 1.9. In [42] it is shown that (1.19) holds with probability at least 1 — CN~" for all
eigenvectors provided that
ClogN <d< NJ2. (1.20)

This shows that the upper bound in (1.18) is in fact not restrictive.

Remark 1.10 (Optimality of (1.18) and (1.20)). Both lower bounds in (1.18) and (1.20) are
optimal (up to the value of C), in the sense that delocalization fails in each case if these lower
bounds are relaxed. See Section 1.5 below.

We note that the domain S is optimal, up to the choice of £ > 0. Indeed, as explained in Section
1.5 below, delocalization fails in the neighbourhood of the origin, owing to a proliferation highly
localized tuning fork states. Similarly, we expect the delocalization to fail in the neighbourhoods
of +2, where the masses of the eigenvectors become concentrated on vertices x with normalized
degrees a close to 2. The neighbourhoods of 0,£2 are also singled out as the regions where
the self-consistent equation used to prove Theorem 1.8 (see Lemma 4.16) becomes unstable. This
instability is directly related to the appearance of singularities in the spectral measure of the tree
Tda,.qa (see (4.11) and Figure 4.1 for an illustration). The singularity near 0 occurs when «,, is
close to 0, and the singularities near £2 when «, is close to 2. See Figure A.1 for a simulation that
demonstrates numerically the failure of delocalization outside of Si.

1.4. Extension to general sparse random matrices. Our results, Theorems 1.2, 1.7, and
1.8, hold also for the following family of sparse Wigner matrices. Let A = (A,,) be the adjacency
matrix of G(N,d/N) as above and W = (W,,) be an independent Wigner matrix with bounded
entries. That is, W is Hermitian and its upper triangular entries (W, : * < y) are independent
complex-valued random variables with mean zero and variance one, E[W,,|> = 1, and |W,,| < K
almost surely for some constant K. Then we define the sparse Wigner matric M = (Mg,) as the
Hadamard product of A and W, with entries M., = A;yW,,. Since the entries of M/ Vd are
centred, it does not have a trivial eigenvalue like A/v/d.

Theorem 1.11. Let M = (Myy), yen) be a sparse Wigner matriz. Define
1
o = > | Myl (1.21)
yE[N]

Theorems 1.2 and 1.8 hold with (1.21) if A is replaced with M, and Theorem 1.7 holds with (1.21)
if Mit1(A/Vd), AN_it1(A/Vd), and X\i(A/V/d) are replaced with X\;(M/\/d), Ax_i11(M/V/d), and
(M /+/d), respectively. Here, the constants C depend on K in addition to v and k.
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The modifications to the proofs of Theorems 1.2 and 1.7 required to establish Theorem 1.11 are
minor and follow along the lines of [10, Section 10]. The modification to the proof of Theorem 1.8
is trivial, since the assumptions of the general Theorem 4.2 below include the sparse Wigner matrix
M. We also remark that, with some extra work, one can relax the boundedness assumption on the
entries of W, which we shall however not do here.

1.5. The limits of sparseness and the scale d < \/log N. We conclude this section with a
discussion on how sparse G can be for our results to remain valid. We show that all of our results
— Theorems 1.2, 1.7, and 1.8 — are wrong below the regime (1.4), i.e. if d is smaller than order
VIog N. Thus, our sparseness assumptions — the lower bounds on d from (1.10) and (1.18) — are
optimal (up to the factor loglog N in (1.10) and the factor C in (1.18)). The fundamental reason
for this change of behaviour will turn out to be that the ratio |S2(x)|/|S1(z)| concentrates if and
only if d > /log N, where S;(x) denotes the sphere in G of radius i around z. This can be easily
made precise with a well-known tuning fork construction, detailed below.

In the critical and subcritical regime 1 < d = O(log V), the graph G is in general not connected,
but with probability 1 — o(1) it has a unique giant component Ggjaye with at least N(1 — e~%/4)
vertices (see Corollary A.15 below). Moreover, the spectrum of A/+/d restricted to the complement
of the giant component is contained in the O(\/loéw)—neighbourhood of the origin (see Corollary
A.16 below). Since we always assume d > Cy/log N and we only consider eigenvalues in R\ [—k, k],
we conclude that all of our results listed above only pertain to the eigenvalues and eigenvectors of
the giant component.

For D = 0,1,2,... we introduce a star' tuning fork of degree D rooted in Ggiant, or D-tuning
fork for short, which is obtained by taking two stars with central degree D and connecting their
hubs to a common base vertex in Ggjant. We refer to Figure 1.5 for an illustration and Definition
A.17 below for a precise definition.

Figure 1.5. A star tuning fork of degree 12 rooted in a graph. The tuning fork is highlighted in blue. Its
base is filled with red and its two hubs are filled with blue.

It is not hard to see that every D-tuning fork gives rise to two eigenvalues 4/D/d of A/\/d
restricted to Ggiant, Whose associated eigenvectors are supported on the stars (see Lemma A.18
below). We denote by ¥ := {\/D/d : a D-tuning fork exists} the spectrum of A/v/d restricted to

'For simplicity we only consider stars, but the same argument can be applied to arbitrary trees.
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Ggiant generated by the tuning forks. Any eigenvector associated with an eigenvalue \/D/d € ¥ is
localized on precisely 2D + 2 vertices. Thus, D-tuning forks provide a simple way of constructing
localized states. Note that this is a very basic form of concentration of mass, supported at the
periphery of the graph on special graph structures, and is unrelated to the much more subtle
concentration in the semilocalized phase described in Section 1.2.

For d > 0 and D € N we now estimate the number of D-tuning forks in G(NV,d/N), which we
denote by F'(d, D). The following result is proved in Appendix A.6.

Lemma 1.12 (Number of D-tuning forks). Suppose that 1 < d = blog N = O(log N) and
0 < D < log N/loglog N. Then F(d, D) = N'=20=20D+0(1) wyth probability 1 — o(1).

Defining D, := IOdiN — 1, we immediately deduce the following result.

Corollary 1.13. For any constant € > 0 with probability 1 — o(1) the following holds. If D, < —¢
then X =0. If D, > ¢ then ¥ ={£/D/d : D € N,D < D.(1+ o(1))}.

We deduce that if d < (1/2—¢) log N then ¥ # () and hence the delocalization for all eigenvectors
from Remark 1.9 fails. Hence, the lower bound (1.20) is optimal up to the value of C.

Similarly, for d > /log N the set 3 is in general nonempty, but we always have ¥ C [k, x| for
any fixed k > 0, so that eigenvalues from ¥ do not interfere with the statements of Theorems 1.2, 1.7,
and 1.8. On the other hand, if d = \/log N/t for constant ¢, we find that ¥ is asymptotically dense
in the interval [—t/v/2,t/v/2]. Since the conclusions of Theorems 1.2, 1.7, and 1.8 are obviously
wrong for any eigenvalue from ¥, they must all be wrong for large enough ¢. This shows that the
lower bounds d from (1.10) and (1.18) are optimal (up to the factor loglog N in (1.10) and the
factor C in (1.18)).

In fact, the emergence of the tuning fork eigenvalues of order one and the failure of all of our
proofs has the same underlying root cause, which singles out the scale d < /log N as the scale
below which the concentration of the ratio

[S2(2)|/151(2)| = d(1 + o(1)) (1.22)

fails for vertices x satisfying D, =< d. Clearly, to have a D-tuning fork with D =< d, (1.22) has
to fail at the hubs of the stars. Moreover, (1.22) enters our proofs of both the semilocalized
and the delocalized phase in a crucial way. For the former, it is linked to the validity of the local
approximation by the (D, d)-regular tree from Appendix A.2, which underlies also the construction
of the localization profile vectors (see e.g. (3.35) below). For the latter, in the language of Definition
4.6 below, it is linked to the property that most neighbours of any vertex are typical (see Proposition
4.8 (ii) below).

Acknowledgements. The authors would like to thank Simone Warzel for helpful discussions. The au-
thors gratefully acknowledge funding from the European Research Council (ERC) under the Euro-
pean Union’s Horizon 2020 research and innovation programme (grant agreement No. 715539 __Rand-
Mat) and from the Swiss National Science Foundation through the NCCR SwissMAP grant.

2. Basic definitions and overview of proofs

In this preliminary section we introduce some basic notations and definitions that are used through-
out the paper, and give an overview of the proofs of Theorems 1.2 (semilocalized phase) and 1.8
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(delocalized phase). These proofs are unrelated and, thus, explained separately. For simplicity, in
this overview we only consider qualitative error terms of the form o(1), although all of our estimates
are in fact quantitative.

2.1. Basic definitions. We write N = {0,1,2,...}. We set [n] := {1,...,n} for any n € N* and
[0] := 0. We write |X| for the cardinality of a finite set X. We use 1 as symbol for the indicator
function of the event (2.

Vectors in RY are denoted by boldface lowercase Latin letters like u, v and w. We use the
notation v = (vz),e[n) € RY for the entries of a vector. We denote by supp v := {x € [N] : v, # 0}
the support of a vector v. We denote by (v,w) = >_ze[N] Vzwz the Euclidean scalar product on
RY and by ||v|]| = /(v,v) the induced Euclidean norm. For a matrix M € RN*N || M| is its
operator norm induced by the Euclidean norm on RY. For any = € [N], we define the standard
basis vector 1 = (dzy)ye|n] € RN, To any subset S C [N] we assign the vector 15 € RY given by
1s =73 ,cs 1z In particular, 15,4, = 1,.

We use blackboard bold letters to denote graphs. Let H = (V(H), E(H)) be a (simple, undi-
rected) graph on the vertex set V(H) = [N]. We often identify a graph H with its set of edges
E(H). We denote by A™ € {0,1}V*V the adjacency matrix of H. For » € N and z € [N], we
denote by B (z) the closed ball of radius r around x in the graph H, i.e. the set of vertices at
distance (with respect to H) at most r from the vertex x. We denote the sphere of radius r around
the vertex x by SH(z) := BH(z)\ B ;(z). We denote by DI the degree of the vertex x in the
graph H. For any subset V' C [N], we denote by H|y the subgraph induced by H on V. If H is a
subgraph of G then we denote by G\ H the graph on [N] with edge set E(G) \ E(H). In the above
definitions, if the graph H is the Erdés-Rényi graph G, we systematically omit the superscript G.

The following notion of very high probability is a convenient shorthand used throughout the
paper. It simplifies considerably the probabilistic statements of the kind that appear in Theorems
1.2, 1.7, and 1.8. It also introduces two special symbols, v and C, which appear throughout the
rest of the paper.

Definition 2.1. Let = = ZEy, be a family of events parametrized by N € N and v > 0. We say
that = holds with very high probability if for every v > 0 there exists C = C, such that

P(Ey,) >21—-C,N7"
for all V € N.

Convention 2.2. In statements that hold with very high probability, we use the special symbol
C = C, to denote a generic positive constant depending on v such that the statement holds with
probability at least 1 —C, N~ provided C, is chosen large enough. Thus, the bound | X| < CY with
very high probability means that, for each v > 0, there is a constant C, > 0, depending on v, such
that

P(X|<CY)>1-C,N7"

for all N € N. Here, X and Y are allowed to depend on N. We also write X = O(Y) to mean
|X| <CY.

We remark that the notion of very high probability from Definition 2.1 survives a union bound
involving N9 events. We shall tacitly use this fact throughout the paper. Moreover, throughout
the paper, the constant C = C, in the assumptions (1.10) and (1.18) is always assumed to be large
enough.
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2.2. Overview of proof in semilocalized phase. The starting point of the proof of Theo-
rem 1.2 is the following simple observation. Suppose that M is a Hermitian matrix with eigenvalue
A and associated eigenvector w. Let IT be an orthogonal projection and write IT := I — II. If \ is
not an eigenvalue of IIMTI then from (M — \)w = 0 we deduce

IOw = —(IIMI — \) " 'TIM 0w . (2.1)

If II is an eigenprojection of M whose range contains the eigenspace of A\ (for instance II = ww*
if A is simple) then clearly both sides of (2.1) vanish. The basic idea of our proof is to apply an
approximate version of this observation to M = A/+/d, by choosing II appropriately, and showing
that the left-hand side of (2.1) is small by estimating the right-hand side.

In fact, we choose?

II:= Z v(z)v(z)", (2.2)

(EGW)\,(S

where W, 5 is the set (1.7) of resonant vertices at energy A, and v(z) is the exponentially decaying
localization profile from Theorem 1.2. The proof then consists of two main ingredients:

(a) [TIMII]| = o(1);
(b) IIMTII has a spectral gap around \.

Informally, (a) states that IT is close to a spectral projection of M, as IIMTI = [M, TI]IT quantifies
the noncommutativity of M and II on the range of II. Similarly, (b) states that IT projects roughly
onto an eigenspace of M of energies near A. Plugging (a) and (b) into (2.1) yields an estimate on
|[Tiw|| from which Theorem 1.2 follows easily. Thus, the main work of the proof is to establish the
properties (a) and (b) for the specific choice of II from (2.2).

The construction of the localization profile v(z) uses the pruned graph G, from [10], a subgraph
of G depending on a threshold 7 > 1, which differs from G by only a small number of edges and
whose balls of radius r, around the vertices of V; := {z : a; > 7} are disjoint (see Proposition 3.1
below). Now we define the vector v(z) := v (x), where, for 0 = & and 7 > 1,

Ja

vo(x) = ;Ului(‘r)]‘S?T(z)/H]‘Sf”'(m)” ;o ui(z) = (on — 1)1 10 (I<i<r). (2.3)

The motivation behind this choice is explained in Appendix A.2: with high probability, the -
neighbourhood of = in G, looks roughly like that of the root of infinite regular tree Tp, 4 whose
root has D, children and all other vertices d children. The adjacency matrix of Tp, 4 has the exact
eigenvalues +v/dA (o) with the corresponding eigenvectors given by (2.3) with G, replaced with
T Dy.d-

The central idea of our proof is the introduction of a block diagonal approximation of the pruned
graph. Define the orthogonal projections

" := Z Z v (z)vi(x)*, nm=1I-11".

T€Vayo(1) ==

The range of II from (2.2) is a subspace of the range of II", i.e. IIII” = II. The interpretation of II"
is the orthogonal projection onto all localization profiles around vertices z with normalized degree

2This projection II is denoted by IT% 5 in the proof of Theorem 3.4 below.
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at least 2+ o(1), which is precisely the set of vertices around which one can define an exponentially
decaying localization profile. Now we define the block diagonal approzimation of the pruned graph
as

H™ = Z Z oAN(ag) VI (x)vD(z) +TI"HII" ; (2.4)

T€Vo o(1) 0=+

here we defined the centred and scaled adjacency matrix H™ = A®7/ Vd — E7, where E7 is a
suitably chosen matrix that is close to EA®/ v/d and preserves the locality of A®" in balls around
the vertices of V:. In the subspace spanned by the localization profiles {v] (z) : 0 = +,2 € Vai (1)},

HT is diagonal with eigenvalues oA(ay). In the orthogonal complement, it is equal to H™. The
off-diagonal blocks are zero. The main work of our proof consists in an analysis of HT.

In terms of HT, abbreviating H := (A® —EA®)/v/d, the problem of showing (a) and (b) reduces
to showing

(0) |[H — 57| = o(1),
(@) [T HT) < 2+ of1).

Indeed, ignoring minor issues pertaining to the centring EA®, we replace M = A® / Vd with H
in (a) and (b). Then (a) follows immediately from (c), since IIHII = |[TTHTI|| + o(1) = o(1),
as IIHII = 0 by the block structure of H™ and the relation II"II = II. To show (b), we note
that the II"-block of H, II" HTII™ = 2w Vs o) dmo= oA(ag )Vl (z)vi(x)*, trivially has a spectral

g
gap: HII" HTII"II has no eigenvalues in the d-neighbourhood of A, simply because the projection
I removes the projections v7(z)v7(x)* with eigenvalues oA(a;) in the d-neighbourhood of .
Moreover, the II"-block also has such a spectral gap by (d) and A > 2 + o(1). Hence, by (c), we
deduce the desired spectral gap (b).

Thus, what remains is the proof of (¢) and (d). To prove (c), we prove |[H — H"|| = o(1) and
|H™ — H7|| = o(1). The bound |[H — H™|| = o(1) follows from a detailed analysis of the graph
G\ G, removed from G to obtain the pruned graph G, which we decompose as a union of a graph
of small maximal degree and a forest, to which standard estimates of adjacency matrices of graphs
can be applied (see Lemma 3.8 below). To prove |[H™ — HT|| = o(1), we first prove that v7(z) is an
approximate eigenvector of H”™ with approximate eigenvalue oA(ay) (see Proposition 3.9 below).
Then we deduce |H™ — H™|| = o(1) using that the balls Ba,, (z), x € Vo to(1), are disjoint and the
locality of the operator H™ (see Lemma 3.11 below). Thus we obtain (c).

Finally, we sketch the proof of (d). The starting point is an observation going back to [10,15]:
from an estimate on the spectral radius of the nonbacktracking matrix associated with H from [15]
and an Thara—Bass-type formula relating the spectra of H and its nonbacktracking matrix from [15],
we obtain the quadratic form inequality |H| < I + @ + o(1) with very high probability, where
Q = diag(a, : © € [N]), |H| is the absolute value of the Hermitian matrix H, and o(1) is in the
sense of operator norm (see Proposition 3.13 below). Using (c), we deduce the inequality

H| <T+Q+o(1). (2.5)

To estimate ||II" HTII"||, we take a normalized eigenvector w of II" H™II™ with maximal eigenvalue
A > 0. Thus, w L vi(z) for all € Vo, o1). We estimate II" HII” from above (an analogous
argument yields an estimate from below) using (2.5) to get

)\<1—|—0(1)+Zaxw§<1+T+0(1)+m§xxa$ Z‘;wg (2.6)
x reVr
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Choosing 7 = 1 + 0o(1), we see that (d) follows provided that we can show that

> wi=o(1/logN), (2.7)
eV,

since max; a, < Clog N with very high probability.

The estimate (2.7) is a delocalization bound, in the vertex set V;, for any eigenvector w of
H7 that is orthogonal to v7 (z) for all x € Va 1) and whose associated eigenvalue is larger than
27 + o(1). It crucially relies on the assumption that w L vZ () for all x € V5 4(1), without which
it is false (see Proposition 3.14 below). The underlying principle behind its proof is the same as
that of the Combes-Thomas estimate [25]: the Green function ((A — Z)™1);; of a local operator Z
at a spectral parameter A\ separated from the spectrum of Z decays exponentially in the distance
between i and j, at a rate inversely proportional to the distance from A to the spectrum of Z.
We in fact use a radial form of a Combes—Thomas estimate, where Z is the tridiagonalization of a
local restriction of H™ around a vertex x € V; (see Appendix A.2) and 4, j index radii of concentric
spheres. The key observation is that, by the orthogonality assumption on w, the Green function
(A=2)"Y,, 0 < i < ry, and the eigenvector components in the radial basis u;, 0 < i < 7y,
satisfy the same linear difference equation. Thus we obtain exponential decay for the components
u;, which yields u3 < o(1/log N) Iz uZ. Going back to the original vertex basis, this implies

e

that w2 < o(1/log N)HW|B§,:* (z)||2 for all z € V;, from which (2.7) follows since the balls Bg;f* (),

x € V., are disjoint.

2.3. Overview of proof in delocalized phase. The delocalization result of Theorem 1.8 is an

immediate consequence of a local law for the matrix A/ \/&, which controls the entries of the Green
function

G=G(z) = (A/Vd—2)"

in the form of high-probability estimates, for spectral scales Im z down to the optimal scale 1/N,
which is the typical eigenvalue spacing. Such a local law was first established for d > (log N)¢
in [35] and extended down to d > Clog N in [42]. In both of these works, the diagonal entries of
G are close to the Stieltjes transform of the semicircle law. In contrast, in the regime (1.4) the
diagonal entry G,, is close to the Stieltjes transform of the spectral measure at the root of an
infinite (Dy, d)-regular tree. Hence, G, does not concentrate around a deterministic quantity.

The basic approach of the proof is the same as for any local law: derive an approximate self-
consistent equation with very high probability, solve it using a stability analysis, and perform a
bootstrapping from large to small values of Im z. For a set T' C [N] denote by AT the adjacency
matrix of the graph G where the vertices of T' (and all incident edges) have been removed, and
denote by GT) = (A(T) / Vd — z)_1 the associated Green function. In order to understand the
emergence of the self-consistent equation, it is instructive to consider the toy situation where, for
a given vertex z, all neighbours Si(z) are in different connected components of A®@) This is for
instance the case if G is a tree. On the global scale, where Im z is large enough, this assumption is
in fact valid to a good approximation, since the neighbourhood of x is with high probability a tree.
Then a simple application of Schur’s complement formula and the resolvent identity yield

x T T 21
Goo —FT Z G?(Jy) ) Gz(/y) =Gy = (Gz(/y)) gGm- (2.8)

17



Thus, on the global scale, using that GG is bounded, we obtain the self-consistent equation

1 1
o= TF g > Gyy+o(1) (2.9)
o yesi(z)

with very high probability.

It is instructive to solve the self-consistent equation (2.9) in the family (G'zz)ze[n) on the global
scale. To that end, we introduce the notion of typical vertices, which is roughly the set 7 = {z €
[N] : az = 14+ 0(1)}. (In fact, as explained below, the actual definition for local scales has to
be different; see (2.12) below.) A simple argument shows that with very high probability most
neighbours of any vertex are typical. With this definition, we can try to solve (2.9) on the global
scale as follows. From the boundedness of G we obtain a self-consistent equation for the vector

(Gyz)zeT that reads
1 1
G = —Z— Z &Aaijyy + Cxa C:l? = 0(1> . (210)
e yeT

It is not hard to see that the equation (2.10) has a unique solution, which satisfies Gz = m + o(1)
for all x € 7. Here m is the Stieltjes transform of the semicircle law, which satisfies m = _Zl_m.
Plugging this solution back into (2.9) and using that most neighbours of any vertex are typical shows
that for x ¢ T we have Gy = ma, + o(1), where m, := —2—. One readily finds (see Appendix
A.2 below) that m,, is Stieltjes transform of the spectral measure of the infinite (D, d)-regular
tree at the root.

The first main difficulty of the proof is to provide a derivation of identities of the form (2.8)
(and hence a self-consistent equation of the form (2.9)) on the local scale Im z < 1. We emphasize
that the above derivation of (2.8) is completely wrong on the local scale. Unlike on the global scale,
on the local scale the behaviour of the Green function is not governed by the local geometry of the
graph, and long cycles contribute to G in an essential way. In particular, eigenvector delocalization,
which follows from the local law, is a global property of the graph and cannot be addressed using
local arguments; it is in fact wrong outside of the region Sy, although the above derivation is
insensitive to the real part of z.

We address this difficulty by replacing the identities (2.8) with the following argument, which
ultimately provides an a posteriori justification of approximate versions of (2.8) with very high
probability, provided we are in the region S;,. We make an a priori assumption that the entries
of G are bounded with very high probability; we propagate this assumption from large to small
scales using a standard bootstrapping argument and the uniform boundedness of the density of
the spectral measure associated with mg. It is precisely this uniform boundedness requirement
that imposes the restriction to S, in our local law (as explained in Remark 1.10, this restriction
is necessary). The key tool that replaces the simpleminded approximation (2.8) is a series of large
deviation estimates for sparse random vectors proved in [42], which, as it turns out, are effective
for the full optimal regime (1.4). Thus, under the bootstrapping assumption that the entries of G
are bounded, we obtain (2.8) (and hence also (2.9)), with some additional error terms, with very
high probability.

The second main difficulty of the proof is that, on the local scale and for sparse graphs, the
self-consistent equation (2.10), which can be derived from (2.9) as explained above, is not stable
enough to be solved in (G.z)ze7. This problem stems from the sparseness of the graphs that we
are considering, and does not appear in random matrix theory for denser (or even heavy-tailed)
matrices. Indeed, the stability estimates of (2.10) carry a logarithmic factor, which is usually of
no concern in random matrix theory but is deadly for the sparse regime of this paper. This is a
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major obstacle and in fact ultimately dooms the self-consistent equation (2.10). To explain the
issue, write the sum in (2.10) as >°, SzyGyy, where S is the 7 x T matrix Sz, = 1A,y Writing
Guz = m + €5, plugging it into (2.10), and expanding to first order in ¢,, we obtain, using the
definition of m, that e, = —m?((I —m28)~1(¢),. Thus, in order to deduce smallness of ¢, from the
smallness of (;, we need an estimate on the norm?® ||(I — m29)™!||oc00- In Appendix A.10 below
we show that for typical S, Rez € Sx, and small enough Im z, we have

C(bl;’izw < (T = m28) Y |ooso0 < Celog N (2.11)
for some universal constant C' and some constant Cy depending on k. In our context, where (, is
small but much larger than the reciprocal of the lower bound of (2.11), such a logarithmic factor
is not affordable.

To address this difficulty, we avoid passing by the form (2.10) altogether, as it is doomed by
(2.11). The underlying cause for the instability of (2.10) is the inhomogeneous local structure of
the matrix S, which is a multiple of the adjacency matrix of a sparse graph. Thus, the solution is to
derive a self-consistent equation of the form (2.10) but with an unstructured S, which has constant

entries. The basic intuition is to replace the local average éZye Si(z) G@(f{;) in the first identity of

(2.8) with the global average % D yta Géz). Of course, in general these two are not close, but we

can include their closeness into the definition of a typical vertex. Thus, we define the set of typical

vertices as
Z Gl = ZG(I +o(1 } (2.12)

T = {xe [N] :ap =1+ o0(1
y€S1 ) ZHéiU

The main work of the proof is then to prove the following facts with very high probability.
(a) Most vertices are typical.
(b) Most neighbours of any vertex are typical.

With (a) and (b) at hand, we explain how to conclude the proof. Using (a) and the approximate
version of (2.8) established above, we deduce the self-consistent equation for typical vertices,

1
=— > Gyy + of reT,
Gmc |T| yeT

which, unlike (2.10), is stable (see Lemma 4.19 below) and can be easily solved to show that
Gze = m+o0(l) =mgq, +o(1) for all x € T. Moreover, if z ¢ T then we obtain from (2.8) and (b)
that ] ;

o= —z— = Z Ggf/) +o(l)=—z—azm+o(1),
yeS1(x)NT
where we used that Gy, = m + o(1) for y € 7. This shows that Gy, = mq, + o(1) for all z € [N]
with very high probability, and hence concludes the proof.

What remains, therefore, is the proof of (a) and (b); see Proposition 4.8 below for a precise
statement. Using the bootstrapping assumption of boundedness of the entries of G, it is not hard
to estimate the probability P(x € T), which we prove to be 1 — o(1), although {z € T} does not
hold with very high probability (this characterizes the critical and subcritical regimes). Now if the

3We write ||-]|p—p for the operator norm on £7.
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events {z € T}, x € [N], were all independent, it would then be a simple matter to deduce (a)
and (b).

The most troublesome source of dependence among the events {z € T}, z € [N], is the Green
function Gz(/z) in the definition of 7. Thus, the main difficulty of the proof is a decoupling argument
that allows us to obtain good decay for the probability P(T" C T) in the size of T'. This decay can
only work up to a threshold in the size of T, beyond which the correlations among the different

events kick in. In fact, we essentially prove that
P(TCT)<e ® DI LeN"  for |T|=o(d); (2.13)

see Lemma 4.12. Choosing the largest possible 7', T' = o(d), we find that the first term on the
right-hand side of (2.13) is bounded by N~" provided that o(1)d? > vlog N, which corresponds
precisely to the optimal lower bound in (1.18). Using (2.13), we may deduce (a) and (b).

To prove (2.13), we need to decouple the events {x € T}, x € T. We do so by replacing
the Green functions G*) in the definition of 7 by G(T), after which the corresponding events are
essentially independent. The error that we incur depends on the difference Gg) — Gyy, which we
have to show is small with very high probability under the bootstrapping assumption that the
entries of G are bounded. For T of fixed size, this follows easily from standard resolvent identities.
However, for our purposes it is crucial that 7" can have size up to o(d), which requires a more careful
quantitative analysis. As it turns out, GZ%) — Gy is small only up to |T'| = o(d), which is precisely
what we need to reach the optimal scale d > v/log N from (1.4).

3. The semilocalized phase

In this section we prove the results of Section 1.2 — Theorems 1.2 and 1.7.

3.1. The pruned graph and proof of Theorem 1.2. The balls (B;(z))zew, ; in Theorem 1.2
are in general not disjoint. For its proof, and in order to give a precise definition of the vector v(x)
in Theorem 1.2, we need to make these balls disjoint by pruning the graph G. This is an important
ingredient of the proof, and will also allow us to state a more precise version of Theorem 1.2, which
is Theorem 3.4 below. This pruning was previously introduced in [10]; it is performed by cutting
edges from G in such a way that the balls (B,(7))zew, ; are disjoint for appropriate radii, r = 27,
by carefully cutting in the right places, thus reducing the number of cut edges. This ensures that
the pruned graph is close to the original graph in an appropriate sense. The pruned graph, G-,
depends on a parameter 7 > 1, and its construction is the subject of the following proposition.
To state it, we introduce the following notations. For a subgraph G, of G we abbreviate

Bi(z) = B® (),  Si(x)=S% ().
Moreover, we define the set of vertices with large degrees
Ve={z€[N]:ay,>T1}.

Proposition 3.1 (Existence of pruned graph). Let 1 +¢Y/2 <7< 2 and d < 3log N. There
exists a subgraph G, of G with the following properties.

(i) Any path in G, connecting two different vertices in V; has length at least 4r,+1. In particular,
the balls (B3, (x))zcy, are disjoint.

20



(i) The induced subgraph GT|B§r (x) 18 a tree for each x € V.
(7ii) For each edge in G\ G, there is at least one vertex in V; incident to it.
(iv) For each x € V; and each i € N satisfying 1 < i < 2r, we have ST (z) C S;(x).

(v) The degrees induced on [N] by G\ G, are bounded according to

log N
DG\GT < e '1
P SO T (3.1)
with very high probability.
(vi) Suppose that \/log N < d. For each x € V; and all 2 < i < 2r,, the bound

logN  ,
; T <C————_d 2
|Si(z) \ S ()] C<T_1)2d (3.2)

holds with very high probability.

The proof of Proposition 3.1 is postponed to the end of this section, in Section 3.5 below. It
is essentially [10, Lemma 7.2], the main difference being that (vi) is considerably sharper than its
counterpart, [10, Lemma 7.2 (vii)]; this stronger bound is essential to cover the full optimal regime
(1.4) (see Section 1.5). As a guide for the reader’s intuition, we recall the main idea of the pruning.
First, for every x € V;, we make the 2r,-neighbourhood of x a tree by removing appropriate edges
incident to z. Second, we take all paths of length less than 47, +1 connecting different vertices in V.,
and remove all of their edges incident to any vertex in V,. Note that only edges incident to vertices
in V; are removed. This informal description already explains properties (i)—(iv). Properties (v)
and (vi) are probabilistic in nature, and express that with very high probability the pruning has a
small impact on the graph. See also Lemma 3.8 below for a statement in terms of operator norms
of the adjacency matrices. For the detailed algorithm, we refer to the proof of [10, Lemma 7.2].

Using the pruned graph G,, we can give a more precise formulation of Theorem 1.2, where the
localization profile vector v(x) from Theorem 1.2 is explicit. For its statement, we introduce the
set of vertices

Vi="Vy s (3.3)

around which a localization profile can be defined.

Definition 3.2 (Localization profile). Let 1+ ¢'/2 < 7 < 2 and G, be the pruned graph from
Proposition 3.1. For x € V we introduce positive weights ug(x), u1(z),...,u,, (z) as follows. Set
uo(x) > 0 and define, fori =1,...,r, — 1,

A/ O 1

W uO(l') s Uy, (l') = (aw — 1)(T*_1)/2 Uo(l‘) . (34)

ui(x) ==

For o0 = 4+ we define the radial vector

_ 1or(,
Vg(x) — Zo_zui(x) Si( )

Y (3.5
i=0 ‘|1S;(x)H )

and choose ug(z) > 0 such that v (z) is normalized.
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Remark 3.3. The family (vl (x) : 2 € V, 0 = %) is orthonormal. Indeed, if z,y € V are distinct,
then by Proposition 3.1 (i) the vectors v (z) and v%(y) are orthogonal for any 0,5 = + because
they are supported on disjoint sets of vertices. Moreover, v, (x) and v’ () are orthogonal by the
choice of u,, (x) from (3.4), as can be seen by a simple computation.

The following result restates Theorem 1.2 by identifying v(x) there as v’ (z) given in (3.5). It
easily implies Theorem 1.2, and the rest of this section is devoted to its proof.

Theorem 3.4. The following holds with very high probability. Suppose that d satisfies (1.10).
Let w be a normalized eigenvector of A/v/'d with nontrivial eigenvalue A\ > 2 + CeY2. Choose
0<d<(AN—=2)/2 and set 7:=1+ (A—2)/8 A 1. Then

S il w1 o )

T€EWx 5

(3.6)

Remark 3.5. An analogous result holds for negative eigenvalues —\, where X\ is as in Theorem
3.4 and v, (z) in (3.6) is replaced with v7 (z).

For the motivation behind Definition 3.2, we refer to the discussion in Section 2.2 and Appendix
A.2. As explained there, if G; is sufficiently close to the infinite tree Tp, 4 in a ball of radius 7,
around z, and if 7, is large enough for u,, (x) to be very small, we expect (3.5) to be an approximate
eigenvector of A. This will in fact turn out to be true; see Proposition 3.9 below. That r, is in
fact large enough is easy to see: the definition of 7, in (1.8) and the bound & > 1/d imply that, for
ag > 2+ C(logd)?/+/Iog N, we have

(0493 - 1)—(7”*—2)/2

N

¢. (3.7)

This means that the last element of the sequence (u;(x));%, is bounded by £. Note that the lower
bound on «, imposed above always holds for x € V, since, by (1.10),
C(log d)*

e <V, (3.8)

Vv, Vaser/s Wis = A1\ = 6, A +4))

1 2 A7)

Figure 3.1. An illustration of the three sets of vertices of increasing size that enter into the proof of
Theorem 3.4. Each vertex x is plotted as a dot at its normalized degree a,. The largest set is V; from
Proposition 3.1, where 1 + /2 < 7 < 2. It is used to define the pruned graph G,. The intermediate set
is V = Vyie1/a from (3.3). Tt is the set of vertices for which we can define the localization profile vector
v(x) that decays exponentially around z. The smallest set Wy 5 = A71([A — &, A + d]) is the set of resonant
vertices at energy A.
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As a guide to the reader, in Figure 3.1, we summarize the three main sets of vertices that
are used in the proof of Theorem 3.4. We conclude this subsection by proving Theorem 1.2 and
Corollary 1.6 using Theorem 3.4.

Proof of Theorem 1.2. The first claim follows immediately from Theorem 3.4, with v(z) =
v’ (z). To verify the claim about the exponential decay of v, we note that the graph distance in G
is bounded by the graph distance in G,, which implies

y€Br(z)° yEBT (x)° i=r+1
from which the claim easily follows using the definition (3.4). O
Proof of Corollary 1.6. We decompose W = 3 .y, ; 72V7(z) + €, where v, := (v (2), w) and
e is orthogonal to Span{v’ (z) : x € W) s5}. By Theorem 3.4 we have [le|| < 7&5* U and
Z 7321_6(54_5&—1). (3.9)

Moreover, since A — ¢ > 2 > 7, we have W) s C V;, so that Proposition 3.1 (i) implies (V7. (z)), =
dzyto(x) for z,y € Wy 5. Thus we have

2

+0(lel) = Y afunly)? + (5.

yEWn s

> wy =Illwlw,,lI” =

yEWh s

Z 7$V+ ’W,\ 5
CBEW)\ Fy

(3.10)
Since ug(y) was chosen such that v7 (y) is normalized, we find

o 1 T a2 1
uoly)” = (1 > (y - " oy - 1)7"*—1) N 2(ayy " O((ay - 1)’”—1) '

Define a := A71()) for @ > 2. Since |A(ay) — A| < & for y € W) 5, we obtain

— < —1y/ — 3/2(y _ o\—1/2
oy —a <8 _max (AT)'(1) O(8X2(x - 2)7172),

where we used that A £ — 2 < A — 2. Since %2&;21) 2(a 0z =< A~%, we find

o — 2

) 1 a—2 ) 13
up(y)? = =T +0<W2 = + (o= 1)”_1> = 51 +O<W2 = +5>’ (3.11)

where we used (3.7) and the upper bound on ¢ in the last step. By an elementary computation,

a—2 VN —1
20@—1) A+VX2—4’
and the claim hence follows by recalling (3.7) and plugging (3.9) and (3.11) into (3.10). O
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3.2. Block diagonal approximation of pruned graph and proof of Theorems 3.4 and
1.7. We now introduce the adjacency matrix of G, and a suitably defined centred version. Then
we define a block diagonal approximation of this matrix, called HT in (3.16) below, which is the
central construction of our proof.

Definition 3.6. Let A" be the adjacency matrix of G,. Let H := A/v/d and H™ := AT /+/d, where
A=A—-FEA, AT = AT — xT(EA)X" (3.12)
and X7 is the orthogonal projection onto Span{l, : y ¢ U,cy, B3, (z)}.

The definition of A” is chosen so that (i) A7 is close to A provided that A7 is close to A, since
the kernel of x” has a relatively low dimension, and (ii) when restricted to vertices at distance at
most 27, from V;, the matrix A7 coincides with A”. In fact, property (i) is made precise by the
simple estimate

[EA = x"(EA)XT| <2 (3.13)

with very high probability (see [10, Eq. (8.17)] for details). Property (ii) means that A” inherits
the locality of the matrix A, meaning that applying A” to a vector localized in space to a small
enough neighbourhood of V., yields again a vector localized in space. This property will play a
crucial role in the proof, and it can be formalized as follows.

Remark 3.7. Let i + j < 2r,. Then for any x € V; and vector v we have
suppv C B} (z) = supp[(H")'v] C B} ;(z).
The next result states that H” is a small perturbation of H.

Lemma 3.8. Suppose that d < 3log N. For any 1+ /2 <1 < 2 we have |[H — H™|| < C&_1 with
very high probability.

The next result states that v (x) is an approximate eigenvector of H.

Proposition 3.9. Let d satisfy (1.10). Let x € [N] and suppose that 1 + Y2 < 7 < 2. If
az > 2+ C(logd)?/+/log N then for o = + we have

I(H™ — oA (o)) vg ()]l < CS (3.14)
with very high probability.

The proofs of Lemma 3.8 and Proposition 3.9 are deferred to Section 3.3. The following object
is the central construction in our proof.

Definition 3.10 (Block diagonal approximation of pruned graph). Define the orthogonal

projections
0= Y vi(awi(z)r, MM =I-1, (3.15)
€V o==%
and the matrix
H =3 3" oA(og)vi(2)v(x) + TTHI" . (3.16)
€V o=%
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That II™ and II" are indeed orthogonal projections follows from Remark 3.3. Note that HT may
be interpreted as a block diagonal approximation of H™. Indeed, completing the orthonormal family
(v(2))zev,o—+ to an orthonormal basis of RY, which we write as the columns of the orthogonal
matrix R, we have

RETR — diag(aA(OzS))mev,a:i [S]

The following estimate states that H7 is a small perturbation of H”.

Lemma 3.11. Let d satisfy (1.10). If 14+ €Y2 < 7 < 2 then |HT — ﬁITH < CE with very high
probability.

The proof of Lemma 3.11 is deferred to Section 3.3. The following result is the key estimate of
our proof; it states that on the range of II" the matrix H™ is bounded by 27 + o(1).

Proposition 3.12. Let d satisfy (1.10). If 14+ Y2 <7< 2 then |ITHTI|| < 27+ C(E+ & 1)
with very high probability.

The proof of Proposition 3.12 is deferred to Section 3.4. We now use Lemma 3.11 and Propo-
sition 3.12 to conclude Theorems 3.4 and 1.7.

Proof of Theorem 3.4. Define the orthogonal projections

s= Y, Vi(z)vi(a)*, M 5:=1—-1;.
€Wy s

By definition, the orthogonal projections II" and IIf ;5 commute. Moreover, under the assumptions
of Theorem 3.4 we have the inclusion property

HTH§75 — H;,(S . (317)

See also Figure 3.1. To show (3.17), we note that the condition on § and the lower bound on \ in
Theorem 3.4 imply A\ — § > 2+ C&¢'/2. Using A2+2)—-2=<22A 21/2 for z > 0 we conclude that
for any o > 2 we have the implication A(a) > A — 6 = a > 2+ ¢4, which implies (3.17).

Next, we abbreviate E7 := x7(EA/vd)x™ and note that II"E™ = 0 because II"x” = 0 by
construction of vl (z). From (3.17) we obtain ﬁ}yé = ﬁg\ﬁHT + II", which yields

I S (H™ + BT 5 = 05 ;I AT s + (T HTI + E7) (3.18)

where we used that the cross terms vanish because of the block diagonal structure of HT.
The core of our proof is the spectral gap

spec (T} 5(H" + BT 5) C R\ [\ —6,A +4]. (3.19)

To establish (3.19), it suffices to establish the same spectral gap for each term on the right-hand
side of (3.18) separately, since the right-hand side of (3.18) is a block decomposition of its left-hand
side. The first term on the right-hand side of (3.18) is explicit:

MM HTI 5= > Y 0A(aw) Lpa(an)-ass V(@) Vi(2)",
eV o=%
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which trivially has no eigenvalues in [\ — J, A + ¢].

In order to establish the spectral gap for the second term of (3.18), we begin by remarking
that E™ has rank one and, by (3.13), its unique nonzero eigenvalue is v/d + O(1/v/d). Hence, by
rank-one interlacing and Proposition 3.12, we find

spec(I"(H™ + ET)II") C [-27 —C(€ 4+ &—1), 27+ C(E + & —1)] U {u} (3.20)

for some simple eigenvalue p = v/d + O(1). Thus, to conclude the proof of the spectral gap for the
second term of (3.18), it suffices to show that

A—0>2r +C(E+ &) (3.21)
A+ < p. (3.22)

To prove (3.21), we suppose that A > 2 + 8C£Y/? and, recalling the condition on ¢ and the choice
of 7 in Theorem 3.4, obtain

A—2
A=0z24+ = > 21 4+ 2062 > 21 + C(E+ &1), (3.23)

where in the last step we used that & _1 < £/2 by our choice of 7 and the lower bound on A. This
is (3.21).
For the following arguments, we compare A/v/d with H™ + E™ using the estimate

|A/Vd = (HT + E)| < |(HT = H") + (H = H") + (EA/Vd - ET)| SC(E + &-1)  (3.24)

with very high probability, which follows from Lemma 3.8, Lemma 3.11, (3.13) and d—1/2 L ce.
Next, we use (3.24) to conclude the proof of (3.22). The only nonzero eigenvalue of E7 is
Vd(140(1/d)), and from Proposition 3.12 and Remark 1.5 we have | H7|| < A(max,ecy o) +O(1)

with very high probability, so that Lemma A.7 and the assumption (1.10) yield |H7|| < C @
with very high probability. Hence, by first order perturbation theory (e.g. Weyl’s inequality), (1.10)
and (3.24) imply that A/v/d has one eigenvalue bigger than v/d — O(1) and all other eigenvalues
are at most C @. Since A is nontrivial, we conclude that A < C4/ %. By the upper bound
d < (A—2)/2 and the lower bound on d in (1.10), this concludes the proof of (3.22) and, thus, the
one of the spectral gap (3.19).

Next, from (3.19), and (3.24), we conclude the spectral gap for the full adjacency matriz

spec(T5(A/VATTE ) € R\ =64 C(E + &) A+ 6 - ClE+ &) (3:25)

Using (3.25) we may conclude the proof. The eigenvalue-eigenvector equation (A/vd — \)w =
yields

I sw = — (TI5 5 (A/VATTS 5 — ) TI5, 5 (A/Va)I sw . (3.26)
Assuming that 6 > C(§ + &,—1), from (3.25) we get
1 1
| (05, 5(A/ VAT s = ) Hgé_c(@rgﬂ). (3.27)

Moreover, since ﬁf\?afﬁﬂiﬁ = 0 and E7II] 5 = 0, we deduce from (3.24) that

ITI5 5 (A/ VA3 4| < C( + &) (3.28)
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Plugging (3.27) and (3.28) into (3.26) yields

T C(£+£Tfl) 26(6‘{'5‘1‘71)

I sw| < N —————,

|| A0 || 5 — C(§ + 67'71) 5
since w is normalized. This concludes the proof if § > C({+&,-1) (after a renaming of the constant
C), and otherwise the claim is trivial. O

Proposition 3.12 is also the main tool to prove Theorem 1.7.

Proof of Theorem 1.7. The proof uses Proposition 3.12, Lemma 3.8, and Lemma 3.11 for 7 €
[1 4 ¢'/2/3,2]. Note that the lower bound 1 + £Y/2/3 is smaller than the lower bound 1 + £/2
imposed in these results, but their proofs hold verbatim also in this regime of 7.
We set E7 := x"(EA/+/d)x" with x™ from Definition 3.6. We now compare A/v/d and H™ 4+ ET,
as in the proof of Theorem 3.4, and use some estimates from its proof. For any 7 € [1 4 £/2/3, 2],
we have
spec(H™ + E7) = {+A(ay) : © € U} Uspec (TI" (HT + E7)IT"), (3.29)

since II"x™ = 0. By first order perturbation theory and the choice 7 = 2, we get from (3.29), (3.20)
and (3.24) that A\ (A/vVd) = p+0(€) = Vd+ O(1) and A\;(A/V/d) is well separated from the other
eigenvalues of A/v/d (see the proof of Theorem 3.4). Combining (3.29), (3.20), and (3.24), choosing
7 =14 ¢£Y2/3 as well as using C(& + & 1) < £'/2/3 for this choice of 7 imply (1.12).

Moreover, we apply first order perturbation theory to (3.29) using (3.20) and (3.24), and obtain

i1 (A/Vd) = Mao)| + [Anv—it1(A/Vd) + Moy < C(E+ &) (3.30)
with very high probability for all 7 € [1 4 £/2/3,2] and all i € [|U|] satisfying
21 — 1) + C(€+ &—1) < Mgy — 2- (3.31)

What remains is choosing 7 = 7;, depending on ¢ € [|U|], such that the condition (3.31) is
satisfied and the error estimate from (3.30) transforms into the form of (1.11). Both are achieved
by setting

1
Note that 7 € [1 4 £/2/3,2] as o(i) € U. From Aagiy) —2 = 3(1 — 1) due to (3.32) and

AMagiy) —2 = ¢1/2 by the definition of U, we conclude that

Magey) =22 (1 —1)+ éém >2(r—1)+C(&—1 + ),

Do | Ot

where we used 7 — 1 > 3¢, _1logd as 7 — 1 > £Y/2/3. This proves (3.31) and, thus, (3.30) for any
o(i) € U with the choice of 7 from (3.32).

In order to show that the right-hand side of (3.30) is controlled by the one in (1.11), we now
distinguish the two cases, A(aq)) —2 < 3 and A(ay;)) —2 > 3. In the latter case, 7 = 2 by
(3.32) and (1.11) follows immediately from (3.30) as &1 < & If Alagy) —2 < 3 then 7 -1 =
(Alag(iy) — 2)/3 and, thus, &1 = 38(a,,y)-2- Hence, (3.30) implies (1.11). This concludes the
proof of Theorem 1.7. O
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3.3. Proof of Lemma 3.8, Proposition 3.9, and Lemma 3.11.

Proof of Lemma 3.8. To begin with, we reduce the problem to the adjacency matrices by using
the estimate (3.13). Hence, with very high probability,

VA||H — H|| < |EA - XT(BA)XT| +[|A - AT <2+ | A%,

where AP7 is the adjacency matrix of the graph D, == G \ G,. Hence, since d=1?2 < C¢_y by
d < 3log N and the definition (1.9), it suffices to show that |AP7|| < C&,_1V/d.

We know from Proposition 3.1 (iii) and (v) that with very high probability D, consists of
(possibly overlapping) stars* around vertices 2 € V; of central degree DE)T < Cdgz_l. Moreover,
with very high probability,

(i) any ball By, (z) around x € V; has at most C cycles;
(ii) any ball B, (z) around z € V;, contains at most Cd¢2_; vertices in V;.

Claim (i) follows from [10, Corollary 5.6], the definition (1.8), and Lemma A.7. Claim (ii) follows
from [10, Lemma 7.3] and h((1 —1)/2) < (t —1)? for 1 < 7 < 2.

Let x € V;. We claim that we can remove at most C edges of D, incident to « so that no cycle
passes through z. Indeed, if there were more than C cycles in D, passing through x, then at least
one such cycle would have to leave Ba,, (z) (by (i)), which would imply that Bs,, (z) has at least
7. vertices in V;, which, by (ii), is impossible since 7, > 2Cd¢2 | by 7 > 1 + £'/2. See Figure 3.2
for an illustration of D,.

Thus, we can remove a graph U, from D, such that U, has maximal degree C and D, \ U; is a
forest of maximal degree Cd¢2_; (by (ii)). The claim now follows from Lemma A .4. O

Proof of Proposition 3.9. We focus on the case ¢ = +; trivial modifications yield (3.14) for
o = —. The basic strategy is to decompose (H” — A(cy))Vv7 (z) into several error terms that are
estimated separately. A similar argument was applied in [10, Proposition 5.1] to the original graph
G instead of G”, which however does not yield sharp enough estimates to reach the optimal scale
d > /log N (see Section 1.5).

We omit x from the notation in this proof and write u;, v, and S instead of u;(x), v/ (z) and

ST (x). We define
1sr

ST = , N{ (y) = |ST(y) N S7].
157l

Note that (s] )QT* form an orthonormal system. Defining the vectors

Uj

S r |57
W, = > (MW - o)
i=2 (/d|S7| yes7_, [S74l

— |53 STl JIstl i
W(W )Z (m (sl o
Wy =1 (1 - ( 5. ‘ 1 ) m

" \/7 r*+1’

4A star around a vertex z is a set of edges incident to .
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Figure 3.2. An illustration of a connected component of D.. Vertices of V, are drawn in white and the
other vertices in black. The ball By, (z) around a chosen white vertex x is drawn in grey, where 2r, = 4.
The illustrated component of D, has three cycles, two of which are in Ba,, (). The blue and red cycles
pass through x. The purple edge is removed from the blue cycle, i.e. it is put into the graph U,. With very
high probability, the red cycle cannot appear, because it leaves the ball By, (z) and therefore contains more
white vertices in By, (z) than allowed by property (ii).

a straightforward computation using the definition of v’ yields
(H™ = Aow))V = wa + W3 + wy. (3.34)

For a detailed proof of (3.34) in a similar setup, we refer the reader to [10, Lemma 5.2] (note that
in the analogous calculation of [10] the left-hand side of (3.34) is multiplied by v/d). The terms in
(3.34) analogous to wg and w; in [10] vanish, respectively, because the projection x” is included in
(3.12) and because G;|pg, is a tree by Proposition 3.1 (ii). The vector wy from (3.33) differs from
the one in [10] due to the special choice of u,, in (3.4).

We now complete the proof of (3.14) by showing that each term on the right-hand side of
(3.34) is bounded in norm by C¢ with very high probability. We start with ws by first proving the
concentration bound

5741l _ Vieg N
d57] -1=0 4 (3.35)

with very high probability, for i = 1,...,r.. To prove this, we use Proposition 3.1 (iv) and (vi), as
well as [10, Lemma 5.4], to obtain

ST 1SS o loeN

[Sil |5i] (r—1)2d?

with very high probability, where we used that o, > 1, and the assumption [10, Eq. (5.13)] is
satisfied by the definition (1.8). Therefore, invoking [10, Lemma 5.4] in the following expansion

yields
1STal 1Siga] 1Si] STl < (\/logN))( ( log N )>
dst = sy 157 S - O O\ Er 1 (3:37)

(3.36)
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with very high probability. Hence, recalling the lower bound 7 > 1 4 £/2, we obtain (3.35).
We take the norm in the definition of ws, use the orthonormality of ( s7 )ito, and end up with

2 2
53] = 157l |57 |
Jwll? < ( AR EESS S}, [ 1) w2,
VST i=2 \ \ /d|57] VST
Consequently, (3.35) and 37*,u? = 1 yield the desired bound on ||w3|.
In order to estimate |wy]|, we use the definitions

1 2
i—1 yesz'_l
and the Pythagorean theorem to obtain
Tx uz2 N SZT 2
wal? =30 5 (W) - )
=2 d‘ ( | yeST | |
1—1
S 2 2
<4 d|S7] > [(Ni(y) — E[N;(y)|Bi-1])” + (E[N;(y)|Bi—1] — d)
=2 i lyesy
|ST| ? T 2
+ (4= 1)+ 0T = M)
| G\Gr\2
< 422%5* d|ST| {Yl +Clog N + (mz?x Dy V) } (3.38)

with very high probability. Here, in the last step, we used (3.35), >0y u? = 1 and |d—E[N;(y)|Bi—1]| =
d|B;_1|/N < C with very high probability due to [10, Eq. (5.12b)] and Lemma A.7.
Next, we claim that
Y; < Clog Nlogd (3.39)

with very high probability, for i = 2,...,r,. The proof of (3.39) is based on a dyadic decomposition
analogous to the one used in the proof of [10, Eq. (5.26)]. We distinguish two regimes and estimate

| > Ui N5 isa2 (Ni(y) — EINi(y)|Bi-1])®

-1 yeST_4

1 0

S de TN (3.40)

’ 1 ‘ k kIIlll’l

with very high probability, where we introduced
b = |=logd], A= {y € STy : d%" < (Ni(y) — E[Ni(y)|Bi1]))” < e}

In (3.40), we used that, with very high probability, (N;(y) — ]E[]\fi(y)]Bi,l])2 <d%((r1—1/2)%Vv1) <
d?e, because y € S7_; implies the conditions 0 < N;(y) < D, < 7d due to Proposition 3.1 (i) and
d/2 < E[N;(y)|Bi-1] < d with very high probability. By Proposition 3.1 (iv), we have N, C NiTE
where N}~ ! is defined as in the proof of [10, Eq. (5.26)]. (Note that, in the notation of [10], there
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is a one-to-one mapping between A(p, ) and B;.) In this proof it is shown that, with very high
probability,

C
NI < 4y, U = E(|si,1|+1ogN)e—k

Using (3.36) and (3.37), and then plugging the resulting bound into (3.40) concludes the proof of
(3.39).
Thus, we obtain ||ws|| < C¢ with very high probability, by starting from (3.38) and using (3.35),
(3.39) and Proposition 3.1 (v) as well as the assumption 1+ &/2 <7 < 2.
Finally, we estimate wy. Since o, > 2 and ug < 1 we have that u,, +u,, —1 < 3(ag, — 1)*(’"**2)/2.
The other coefficients of s] 4, s; and s] _,; are bounded by C with very high probability, due to
ay > 2 and (3.35), respectively. Therefore, (3.7) implies ||wy|| < C¢. This concludes the proof of
Proposition 3.9. O

Proof of Lemma 3.11. We have to estimate the norm of
H —H =IWHT - > Y oM o)V (2)vi(z)* + ITTHTI + (T HTI)*. (3.41)
ey o=+t

Each z € V satisfies the condition of Proposition 3.9 since /4 > C(logd)?//Iog N (see (3.8)).
Hence, for any = € V and ¢ = 4, Proposition 3.9 yields

H'vi(z) = oMaz)vy(z) +eg(x),  suppes(x) C Bl 4(x),  [leq(z)l| <C¢
with very high probability, where the second statement follows from the first together with the
definition (3.5) of v} (x) and Remark 3.7. By Proposition 3.1 (i), the balls B, (x) and B3, (y)
are disjoint for xz,y € V; with « # y. Hence, in this case, v (z),el(z) L v7,(y),el (y). For any
a=3 ,cy Dot UroVy(r), we obtain
II'H™Il"a = Z Z az T H™V (2) = Z Z ay o€
x€V o=% zeV o=

Thus, with very high probability, |[TI" H™II7al|? < Yoaev | Xt (1367(,eg(90)||2 < 4C? Yorey Dot afwéQ =
4C%¢2%||a||? by orthogonality. Therefore, |[TI" HTII™|| < C¢ with very high probability. Similarly, the
representation

(HTHTHT Z Z oA(ay)v (x)*)a =11 Z Z Az o€

zeV o= zeV o=

yields the desired estimate on the sum of the two first terms on the right-hand side of (3.41). O

3.4. Proof of Proposition 3.12. In this section we prove Proposition 3.12. Its proof relies on
two fundamental tools.

The first tool is a quadratic form estimate, which estimates H in terms of the diagonal matrix
of the vertex degrees. It is an improvement of [10, Proposition 6.1]. To state it, for two Hermitian
matrices X and Y we use the notation X <Y to mean that Y — X is a nonnegative matrix, and
| X| is the absolute value function applied to the matrix X.

Proposition 3.13. Let 4 < d < 3log N. Then, with very high probability, we have
log N
d?

H| < T+ Q+2dYHQ+Cc—=~Vvd /2

where Q) is the diagonal matriz with diagonal (az)ze(n)-
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The second tool is a delocalization estimate for an eigenvector w of HT associated with an
eigenvalue A > 2. Essentially, it says that w, is small at any = € V, unless w happens to be
the specific eigenvector v (z) of H™, which is by definition localized around z. Thus, in any ball
B3, (x) around € V:, all eigenvectors except v’ (z) are locally delocalized in the sense that
their magnitudes at = are small. Using that the balls (B3, (z))zey, are disjoint, this implies that
eigenvectors of II" HTII™ have negligible mass on the set V.

Proposition 3.14. Let d satisfy (1.10). If 1+&Y2 < 7 < 2 then the following holds with very high
probability. Let A be an eigenvalue of H™ with A > 27 + C¢ and w = (wm)xe[N] its corresponding
eigenvector.

(i) Ifx €V and v.(x) L w orif x € V; \'V then

wel A2 (2T+C§>”
@l T —2r—ceP\ ‘

(ii) Let w be normalized. If v (z) L w for all x € V then

A 27 +CE\ ™™
2
Zwmg()\—QT—Cf)4< ) > '

xeV,

Analogous results hold for A < —21 — C&.
We may now conclude the proof of Proposition 3.12.

Proof of Proposition 3.12. By Proposition 3.13, Lemma 3.11, and Lemma 3.8 we have

~ loe N ~
A <T+(1+2dY2)Q+ c% Vd V24 |H - HT| +||H - A7)

(3.42)
ST+ +2d7Y)Q+CE+6& 1)

with very high probability, where we used 1O§—QN VA2 < (E+ &)

Arguing by contradiction, we assume that there exists an eigenvalue A > 27 + C'(§ + &,-1) of
TI"H™I" for some C’ > 2C to be chosen later. By the lower bound in (1.10), we may assume that
C'¢ < 1. Thus, by the definition of H 7, there is an eigenvector w of HT corresponding to A, which
is orthogonal to v (z) for all x € V. From (3.42), we conclude

A= (w,H™w) <1+ (1+2d7 %) 3 wir+ (1+2d7%) Y w? max oy +C(E+&—1). (3.43)
«¢V; zey, Y

It remains to estimate the two sums on right-hand side of (3.43).
Since w L v (z) for all x € V, we can apply Proposition 3.14 (ii). We find

27 + C¢ 27 +C§> (C"—=C)¢ c(C'=C)
< — | < = < — .
2r*log< 3 ) < 274105);(27__’_05 < —2r, 57 T CE S Vieg N &, (3.44)

3
where in the last step we recalled the definition (1.8) and used that 7 < 2 and C’¢ < 1. Using the

estimate
2 < C
(A =27 —CE4 ~ (C'—C)4ed”
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combined with Proposition 3.14 (ii), (3.44) and Lemma A.7, yields

Clog N c(C'=0C) )
2
— . — - 7
E wy, ;161% oy < C—C)e exp( 3 Viog N ¢

5 r

< C('Cd, loi)]lf exp(—c(c . C) long log d)
Cd®log N 1

SemoraE s

where the third step follows by choosing C’ large enough, depending on C.

Plugging this estimate into (3.43) and using 3", w2 < 1 to estimate the first sum in (3.43), we
obtain X\ < 27+ 2C (£ +&,—1). This is a contradiction to the assumption A > 27 +C'(§ +&,—1). The
proof of Proposition 3.12 is therefore complete. O

Proof of Proposition 3.13. We only establish an upper bound on H. The proof of the same
upper bound on —H is identical and, therefore, omitted.
We introduce the matrices H(t) = (Hay(t))gyeiv) and M (t) = (duyma(t))qye(n) With entries

tHy,

H2
Hoy(t) = g ma(0) =143 5
Ty Y Ty

By the estimate on the spectral radius of the nonbacktracking matrix associated with H in
[15, Theorem 2.5] and the Ihara—Bass-type formula in [15, Lemma 4.1] we have, with very high
probability, det(M (t) — H(t)) # 0 for all t > 14 Cd~'/2. Because (M (t) — H(t)) — I as t — oo,
the matrix M (t) — H(t) is positive definite for large enough t. By continuity of the eigenvalues, we
conclude that all eigenvalues of M (t) — H(t) stay positive for ¢t > 1+ Cd~'/2, and hence

H(t) < M(t) (3.45)

for all t > 1+ Cd~'/2? with very high probability. We now define the matrix A = (Azy)eyen) with

A e {ny(t) — t_lﬂxy ife#y
YAy Hey () — T Hyy | ifa=y.

It is easy to check that A is a nonnegative matrix. We also have

S [Hyy(t) =t " Hyy| < Hoyl® 2 (, 2
- azy/ $y/ B - t(t2 _ Hm2 /) X t3d1/2 T d )
Y Y Y

where we used that |Hy,| < d=1/2 and P sz, < ay + % by definition of H. We use this to
estimate the diagonal entries of A and obtain

2 2
-1
0SASH®E) —t Ht 5720+ 5o (3.46)
On the other hand, for the diagonal matrix M (t), we have the trivial upper bound
log N
M) < T+t72Q +C22 (3.47)

d2
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since a; < C(log N)/d with very high probability due to Lemma A.7. Finally, combining (3.45),

(3.46) and (3.47) yields
logN

1H<I+<t >Q+

o

and Proposition 3.13 follows by choosing t = 1 + Cd~1/2. O

What remains is the proof of Proposition 3.14. The underlying principle behind the proof is
the same as that of the Combes-Thomas estimate [25]: the Green function ((A — Z)~!);; of a local
operator Z at a spectral parameter A\ separated from the spectrum of Z decays exponentially in the
distance between ¢ and j, at a rate inversely proportional to the distance from A to the spectrum
of Z. Here local means that Z;; vanishes if the distance between i and j is larger than 1. Since a
graph is equipped with a natural notion of distance and the adjacency matrix is a local operator,
a Combes—Thomas estimate would be applicable directly on the level of the graph, at least for the
matrix H”. For our purposes, however, we need a radial version of a Combes—Thomas estimate,
obtained by first tridiagonalizing (a modification of) HT around a vertex z € V; (see Appendix
A.2). In this formulation, the indices ¢ and j have the interpretation of radii around the vertex z,
and the notion of distance is simply that of N on the set of radii. Since Z is tridiagonal, the locality
of Z is trivial, although the matrix HT (or its appropriate modification) is not a local operator on
the graph G;.

To ensure the separation of A > 27+ o(1) and the spectrum of Z, we cannot choose Z to be the
tridiagonalization of H T, since \ is an eigenvalue of H™. In fact, Z is the tridiagonalization of a new
matrix H 7% obtained by restricting HT to the ball B3, (x) and possibly subtracting a suitably cho-
sen rank-two matrix, which allows us to show |[H™%|| < 27 +0(1). By the orthogonality assumption
on w, we then find that the Green function (A — Z)~1);.,, 0 < i < 7, and the eigenvector compo-
nents in the radial basis u;, 0 < 7 < ry, satisfy the same linear difference equation. The exponential
decay of (A—Z)71)y, in 7, —i then implies that, for each z € V;, u3 < o(1/log N) YIx u?. Going
back to the original vertex basis, this implies that w2 < o(1/log N)||W|B%—r* (@) |? for all x € V,, from
which Proposition 3.14 follows since the balls B3, (x), x € V;, are disjoint.

Proof of Proposition 3.14. For a matrix M € RY*¥ and a set V' C [N], we use the notation

(Mv)ay = Lo yev May.
We begin with part (i). We first treat the case € V. To that end, we introduce the matrix

A = ﬁTIB;” (@) — M)V (2)VT(2)* + Aag) VT (2)v7 ()" . (3.48)
We claim that, with very high probability,
|H™*|| < 27 + CE . (3.49)

To show (3.49), we begin by noting that, by Proposition 3.1 (i) and (ii), G restricted to B3, (x)
is a tree whose root x has «,d children and all other vertices have at most 7d children. Hence,
Lemma A.5 yields |[H|p; ()| < v/7TA(az/7V 2). Using Lemma 3.11 we find

1HT |5, (2) = H| By, )|l < C& (3.50)

with very high probability, and since v (z) is an eigenvector of H 7 Bj (x) With eigenvalue +A(ay),
we conclude

TA(ag/TV 2)+CE (3.51)
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with very high probability. The estimate (3.51) is rough in the sense that the subtraction of the
two last terms of (3.48) is not needed for its validity (since A(a,) < /TA(ay,/7V2)). Nevertheless,
it is sufficient to establish (3.49) in the following cases, which may be considered degenerate.

If oy, < 27 then (3.51) immediately implies (3.49), since /7 < 7. Moreover, if a; > 27 and
A(ag) < 24/7 + CE, then (3.51) implies

IH™|| < VTA(ow/7) + CE < V/TA(ay) + CE < 27 + 3CE,

which is (3.49) after renaming the constant C.

Hence, to prove (3.49), it suffices to consider the case A(a,) > 24/7+CE. By Proposition 3.1 (i)
and (ii), G restricted to B3, (x)\{z} is a forest of maximal degree at most 7d. Lemma A .4 therefore
yields [|[H7|p; (u)\(a}ll < 2¢/7. Moreover, the adjacency matrix of the star graph consisting of all

edges of G, incident to x has precisely two nonzero eigenvalues, ++/da,. By first order perturbation
theory, we therefore conclude that H7| B (x) has at most one eigenvalue strictly larger than 2T
and at most one strictly smaller than —2,/7. Using (3.50) we conclude that H| Bj (z) has at most

one eigenvalue strictly larger than 21/7 + C¢ and at most one strictly smaller than —2./7 — C&.
Since v, () (respectively v (x)) is an eigenvector of H7| B3, (x) With eigenvalue A(ay) (respectively

—A(ay)), and since A(ay) > 24/7 + C, we conclude (3.49).
Next, let (g;)i*, be the Gram-Schmidt orthonormalization of the vectors ((H™)"1,)i%,. We
claim that

suppg; C Bl ;(x). (3.52)
for i =0,...,r«. The proof proceeds by induction. The base case for i = 0 holds trivially. For the
induction step, it suffices to prove for 0 < i < r, that if suppg; C B]_ () then

supp(H™"g;) C Bl i) (3.53)

To that end, we note that by Proposition 3.1 (i) we have H™ = (II"H™II7)| By (x)- Hence, by
induction assumption, Proposition 3.1 (i), and Remark 3.7,

H™g, = (1 - J:Zi v;(g;)v;(:c)*) HT (1 - U; v;(x)v;(x)*> g,

and we conclude (3.53), as supp v} (z) C B], ().
Let Z = (Zij):szo, Zij = (gi,fI”‘gj), be the tridiagonal representation of H™* up to radius
7+ (see Appendix A.2 below). Owing to (3.49), we have

1Z] < 27 +CE. (3.54)

We set u; := (g;,w) for any 0 < i < r,. Because w is an eigenvector of HT that is orthogonal
to vZi(z), for any i < r, (3.52) implies

(3.55)
=(Ziigi + Zii18iy1 T Zii-18i—1, W)
= ZiiWi + Ziit1%iv1 + Zii—1Ui—1

35



with the conventions u_1; = 0 and Zy_1 = 0. Let G(\) :== (A — Z)~! be the resolvent of Z at .
Note that A — Z is invertible since A > || Z|| by assumption and (3.54). Since (A — Z)G(})),, =0
for i < ry, we find

AGir,(N) = ZiiGir, (A) + Ziit1Gig1r, (A) + Z3i-1Giz1 1, (A).

Therefore (Gir, (A))i<r, and (u;);c, satisfy the same linear recursive equation (cf. (3.55)); solving
them recursively from ¢ = 0 to ¢ = r, yields

(;ir*(A) ;gﬁ,

Gror,(N)  up,
for all i < r.. Moreover, as A > ||Z|| by assumption and (3.54), we have the convergent Neumann
series G(A) = + Y 350(Z/A)*. Thus, the offdiagonal entries of the resolvent satisfy

Gor. () = 3 (/N

k>0

(3.56)

Since Z is tridiagonal, we deduce that ((Z/)‘)k)om =0 if k < r4, so that, by (3.54),

27+ C¢ ) ™ 1
A A—27—C¢
On the other hand, for the diagonal entries of the resolvent, we get, by splitting the summation

over k into even and odd values,

Grar () = 3 S, . = 3 S ((ZIHT+ 2/0(2/0))

k>0 k>0

\&mun<( (357)

T T x

1 1 27+ C¢
> — = —1- .
> 10420 2 5 (1- T (659)

where in the thid step we discarded the terms k > 0 to obtain a lower bound using that I+ Z/X > 0
by (3.54), and in the last step we used (3.54). Hence, the definition of u; and (3.52) imply

we| |uol o Jwol _ 1Gor, V] _ X2 (27%-C§)T*
Wing, ol ~ (2o u2) 2 Junl ~ Grrh) S (=27 —CEP\ A
Here, we used (3.56) in third step and (3.57) as well as (3.58) in the last step. This concludes the

proof of (i) for z € V. R R
In the case z € V- \ V, we set H™" := H"|p; (,). We claim that (3.49) holds. To see that, we

use Proposition 3.1 (i) and (ii) as well as Lemma A.5 with p = d(2 + £!/*) and ¢ = dr to obtain
1HT |55, (@)l < VTA(2+ €Y% /7 v 2) < 27,

Here, the last step is trivial if 7 > 1 4 £/4/2 and, if 7 € [1 + €/2,1 + €/4/2], we used that
f(r) = VTA((2+€Y%)/7)/(27) is monotonically decreasing on this interval and f(1+£'/2) < 1, as
can be seen by an explicit analysis of the function f. Now we may take over the previous argument
verbatim to prove (i) for z € V,; \ V.

Finally, we prove (ii). By (i) we have

At 27 +CE\ ™™ At 27 +CE\ P
SPILEAT (57) < 57
2 v < D IWlsg, @l (A—2r—Cei\ A A—2r—CO\ A ’

zeVr z€V,

where we used that the the balls {B3. (z) : z € V:} are disjoint, which implies 1 = [w]||? >
ZIEVT ||W|B§T*(x)||2 ]
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3.5. Proof of Proposition 3.1. We conclude this section with the proof of Proposition 3.1.

Proof of Proposition 3.1. Parts (i)—(v) follow immediately from parts (i)—(iv) and (vi) of [10,
Lemma 7.2]. To see this, we remark that the function h from [10] satisfies h((7 — 1)/2) < (7 — 1)?
for 1 < 7 < 2. Moreover, by Lemma A.7 and the upper bound on d, we have max, D, < Clog N
with very high probability. Hence, choosing the universal constant ¢ small enough in (1.8) and
recalling the lower bound on 7 — 1, in the notation of [10, Equations (5.1) and (7.2)] we obtain
for any = € V; the inequality 27, < (%rx) A (%T(T)) with very high probability. This yields parts
()-(v).

It remains to prove (vi), which is the content of the rest of this proof. From now on we
systematically omit the argument x from our notation. Part (v) already implies the bound

log N

T:DG\G7—< N
5187 = DI < B

(3.59)
with very high probability, which is (3.2) for i = 1.
From [10, Eq. (7.13)] we find

1S\STI< Y ISica(w)l -
y€S1\ST

(As a guide to the reader, this estimate follows from the construction of G, given in [10, Proof
of Lemma 7.2], which ensures that if a vertex z € S; is not in S7 then any path in G of length 4
connecting z to x is cut in G, at its edge incident to x.) Hence, in order to show (vi) for ¢ > 2, it

suffices to prove
log N .
S ISiay)l < c(f—l)zdl 2 (3.60)
y€S1\ST
with very high probability, for all 2 < i < 2r,.
We start with the case ¢ = 2. We shall use the relation

Soosiwl= >, N+ D [Siy)nSi+ 5\ ST, (3.61)

yES&\Sf yES1\SI’ yES1\Sf

where, for y € S;, we introduced Na(y) := [S1(y) N S2|. Note that Na(y) is the number of vertices
in S connected to z via a path of minimal length passing through y. The identity (3.61) is a direct
consequence of |S1(y)| = [S1(y) N Sa| + |S1(y) NSi| + [S1(y) N So| using the definition of Ny and
1S1(y) N Sol = [S1(y) N{z} = 1.

The second and third terms of (3.61) are smaller than the right-hand side of (3.60) for ¢ = 2
due to [10, Eq. (5.23)] and (3.59), respectively. Hence, it remains to estimate the first term on the
right-hand side of (3.61) in order to prove (3.60) for i = 2.

To that end, we condition on the ball B; and abbreviate Ppg, () := P(- | By). Since

No(y) = > Ay, (3.62)
z€[N]\B1

we find that conditioned on B; the random variables (Na(y))yes, are independent Binom(N —

|B1|,d/N) random variables. We abbreviate I := %. For given C,C’, we set C” := C’' + 2C and
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estimate

Bl< > N2(y)>C”F>

yeS1\ST

< PBl< > Ay, s2aNa(y) = (€7 - QC)F> ‘|’PB1< > Any<2aNa(y) = 2CF>

yESI\ST YESI\ST
< Pg, (Z Logeny (yy<n1/4N2(y) ) > P (Na(y) > NY*) + Pp, (|51 \ ST| > crd ™).
yESl y651
(3.63)

In order to estimate the first term on the right-hand side of (3.63), we shall prove that if | B;| < N1/4
then

Ep, [exp(Lpgens yeniia Mo ()t) | <2 (3.64)
for all y € S1 and ¢ < 1/8. To that end, we estimate
Ep, [exp(]12d<N2(y)<N1/4N2(y)t)} <1+ Ep, [lngNQ(y)<N1/4eN2(y)t} .

With Poisson approximation, Lemma A.6 below, we obtain (assuming that 2d is an integer to
simplify notation)

d — d|By|/N)kett _ B
EBl |:]]~2d<N2(y)<N1/4eN2(y)t:| — Z ( ‘ ]i'|/ ) e d+d‘Bl|/N(1 + O(N 1/2))
2d<k<N1/4 :
dketk J d2de2td dz ti
< O = ©E et S (14 O(N )
k>2d k! (2d)' =0 H?d—ngrl

d2de2td 4 2dietz de 2td 7d 2
) C & d  (@2d)  (1-d/2)

By Stirling’s approximation we get

<

d2d82td 4 1
log 2d)] e =d(2t —2log2+1) — B log(4md) + o(1).

The term in the parentheses on the right-hand side is negative for ¢ < 1/8, and hence
Ep, {12d<N2(y)<N1/4eN2(y)t} s1

for large enough d, which gives (3.64). Since the family (N2(y))yes, is independent conditioned on
Bj, we can now use Chebyshev’s inequality to obtain, for 0 < ¢ < 1/8,

51|
) maXyes, (JEB1 exp(JLngNQ(yKNmNg(y)t))
B D LoaenyeniaNa(y) = CT | < SiCT
yESL
t
< exp(\Sll log2 — C’m logN> .
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Now we set t = 1/8, recall the bound 7 < 2, plug this estimate back into (3.63), and take the
expectation. We use Lemma A.7 to estimate |S;|, which in particular implies that |B;| < N/4
with very high probability; this concludes the estimate of the expectation of the first term of (3.63)
by choosing C’ large enough. Next, the expectation of the second term is easily estimated by Lemma
A.7 since Na(y) has law Binom (N — |B;|,d/N) when conditioned on B;. Finally, the expectation
of the last term of (3.63) is estimated by (3.59) by choosing C large enough. This concludes the
proof of (3.60) for i = 2.

We now prove (3.60) for i + 1 with ¢ > 2 by induction. Using [10, Lemma 5.4 (ii)] combined
with Lemma A.7, we deduce that

1S:(y)| < dISi-1(y)] + Cy/d|S;—1 ()| log N

with very high probability for all y € S; \ ST and all i < r,. Therefore, using the induction
assumption, i.e. (3.60) for 7, we obtain

S ISl < B gd T +eVaEN Y s

R yeS1\ST
o ’ 1/2
<o oV dll—i—C\/W‘Sl\Sl( Z w>
e yesl\SI’ 1\ ST
log N O Vi
<o o8l i 1+C\/W = @

(r—1) —1)?

with very high probability, where we used the concavity of v/- in the second step, (3.59) and (3.60)
for i in the last step. Since /dilog N < d"/?*1 < d* for i > 2 and the sequence (d'~/?);cy is
summable, this proves (3.60) for ¢+ 1 with a constant C independent of i. This concludes the proof
of Proposition 3.1. O

4. The delocalized phase

In this section we prove Theorem 1.8. In fact, we state and prove a more general result, Theorem 4.2
below, which immediately implies Theorem 1.8.

4.1. Local law. Theorem 4.2 is a local law for a general class of sparse random matrices of the
form
M = H + fee™, (4.1)

where f > 0 and e := N~%/2(1,1,...,1)*. Here H is a Hermitian random matrix satisfying the
following definition.

Definition 4.1. Let 0 < d < N. A sparse matriz is a complex Hermitian N x N matrix H =
H* € CN*N whose entries H;; satisfy the following conditions.

1 e upper-triangular entries i1 <1<y < are independent.
i) Th iangul i HJ 1<i1<j<N ind d
(ii) We have EH;; = 0 and E|H;;|? = (1 + O(d;;))/N for all i, j.

(iii) Almost surely, | H;;| < Kd~'/2 for all i, and some constant K.
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It is easy to check that the set of matrices M defined as in (4.1) and Definition 4.1 contains
those from Theorem 1.8 (see the proof of Theorem 1.8 below). From now on we suppose that K = 1
to simplify notation.

The local law for the matrix M established in Theorem 4.2 below provides control of the entries

of the Green function
G(z)=(M—2)" (4.2)

for z in the spectral domain
S=S..N =8, x [N L] (4.3)

for some constant L > 1. We also define the Stieltjes transform g of the empirical spectral measure
of M given by

=iy L _lnew (4.4)

2) ==Y ——— =—TrG(2). .

g N&NM) -z N
The limiting behaviour of G and g is governed by the following deterministic quantities. Denote

by C; := {2z € C: Imz > 0} the complex upper half-plane. For z € C, we define m(z) as the
Stieltjes transform of the semicircle law p1,

m(z) = [P )

u— 2z 27

(4—u?);du. (4.5)

An elementary argument shows that m(z) can be characterized as the unique solution m in C; of
the equation

1
= —7— ) 4.
(o) z—m(z) (4.6)
For a > 0 and z € C1 we define
1
ma(z) T _Z + am(Z) ’ (47)

so that m; = m by (4.6). In Lemma A.3 below we show that m,, is bounded in the domain S, with
a bound depending only on x.
For z € [N] we denote the square Euclidean norm of the zth row of H by

Bei= > |Hayl?, (4.8)
Yy

which should be thought of as the normalized degree of x; see Remark 4.3 below.

Theorem 4.2 (Local law for M). Fizx 0 < k < 1/2 and L > 1. Let H be a sparse matriz as in
Definition 4.1, define M as in (4.1) for some 0 < f < N*/5, and define G and g as in (4.2) and
(4.4) respectively. Then with very high probability, for d satisfying (1.18), for all z € S we have

Guy(2) g (] < € (2E0) (49)
xglg‘[)]i” xzy\Z zyMp, ()| S 42 ) :
log N\ /3
l9(2) —m(2)] <C< gz ) (4.10)
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Proof of Theorem 1.8. Under the assumptions of Theorem 1.8 we find that M = A/ Vd is of
the form (4.1) for some H and f satisfying the assumptions of Theorem 4.2. Now Theorem 1.8 is
a well-known consequence of Theorem 4.2 and the boundedness of m,(z) in (A.4) below. For the
reader’s convenience, we give the short proof. Denoting the eigenvalues of M by (A;(M));cn] and
the associated eigenvectors by (w;(M));eqn), setting z = A+in with n = N=1*% by (4.9) and (A.4)
we have with very high probability

(L, wiD)P 1

P+ (- NGO 7 g el

C>2ImGy(2) = Z

1E€[N]

where in the last step we omitted all terms except i satisfying \;(M) = A. The claim follows by
renaming k — /2. (Here we used that Theorem 4.2 holds also for random z € S, as follows form
a standard net argument; see e.g. [16, Remark 2.7].) O

Remark 4.3 (Relation between «, and f,). In the special case M = d~'/2A with A the
adjacency matrix of G(N,d/N), we have

1 AN d(1+a,)\ d+log N

with very high probability, by Lemma A.7.

By definition, m(z) € C; for z € C,, i.e. m, is a Nevanlinna function, and lim,_,+ 2mq(2) =
—1. By the integral representation theorem for Nevanlinna functions, we conclude that m, is the
Stieltjes transform of a Borel probability measure p, on R,

pa(du)
ma(z) = [ = ——. (4.11)
Theorem 4.2 implies that the spectral measure of M at a vertex x is approximately pg, with very
high probability.
Inverting the Stieltjes transform (4.11) and using the definitions (4.5) and (4.7), we find after
a short calculation

o (du) = go(u) du 4+ hods, (du) + had—s, (du), (4.12)
where
a]l|u|<2 V4 — u? a—2 Ta=0
o = ) o ]la 5. 4 ; a ‘T ]la A .
gau) 27 (1 —a)u? + a? h “220 — 2 2 § =2 (@)

The family (ua)a>0 contains the semicircle law (o = 1), the Kesten-McKay law of parameter d
(o = d/(d — 1)), and the arcsine law (o = 2). For rational a = p/q, the measure p,/, can be
interpreted as the spectral measure at the root of the infinite rooted (p, ¢)-regular tree, whose root
has p children and all other vertices have ¢ children. We refer to Appendix A.2 for more details.
See Figure 4.1 for an illustration of the measure p.

Remark 4.4. Using a standard application the Helffer-Sjostrand formula (see e.g. [16, Section 8
and Appendix C]), we deduce from Theorem 4.2 the following local law for the spectral measure.
Denote by g, the spectral measure of M at vertex x. Under the assumptions of Theorem 4.2, with
very high probability, for any inverval I C S,, we have

0x(1) = pp, (1) + O(m (IO§2N>1/3 - Nﬁl) '

The error is smaller than the left-hand side provided that |I| > CN*~1.
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Figure 4.1. An illustration of the probability measure y, for various values of a. For a > 2, u, has two
atoms which we draw using vertical lines. The measure p, is the semicircle law for v = 1, the arcsine law
for « = 2, and the Kesten-McKay law with d = =% for 1 < a < 2. Note that the density of p, is bounded

a—1
in Sy, uniformly in «. The divergence of the density near 0 is caused by values of « close to 0, and the

divergence of the density near +£2 by values of « close to 2.

The remainder of this section is devoted to the proof of Theorem 4.2. For the rest of this
section, we assume that M is as in Theorem 4.2. To simplify notation, we consistently omit the
z-dependence from our notation in quantities that depend on z € S. Unless mentioned otherwise,
from now on all statements are uniform in z € S.

For the proof of Theorem 4.2, it will be convenient to single out the generic constant C from
(1.18) by introducing a new constant D and replacing (1.18) with

Dy/logN < d < (log N)*/2. (4.13)

Our proof will always assume that C = C, and D = D, are large enough, and the constant C in
(1.18) can be taken to be C V D. For the rest of this section we assume that d satisfies (4.13) for
some large enough D, depending on k and v. To guide the reader through the proof, in Figure
4.2 we include a diagram of the dependencies of the various quantities appearing throughout this
section.
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S T N
AN /

14 a

Figure 4.2. The dependency graph of the various quantities appearing in the proof of Theorem 4.2. An
arrow from x to y means that y is chosen as a function of z. The independent parameters, x and v, are
highlighted in blue.

4.2. Typical vertices. We start by introducing the key tool in the proof of Theorem 4.2, a de-
composition of vertices into typical vertices and the complementary atypical vertices. Heuristically,
a typical vertex x has close to d neighbours and the spectral measure of M at x is well approximated
by the semicircle law. In fact, in order to be applicable to the proof of Proposition 4.18 below,
the notion of a typical vertex is somewhat more complicated, and when counting the number of
neighbours of a vertex x we also need to weight the neighbours with diagonal entries of a Green
function, so that the notion of typical vertex also depends on the spectral parameter z, which in
this subsection we allow to be any complex number z with Im z > N~!*%. This notion is defined
precisely using the parameters ®, and ¥, from (4.18) below. The main result of this subsection
is Proposition 4.8 below, which states, in the language of graphs when M = d~'/2A4 with A the
adjacency matrix of G(N,d/N), that most vertices are typical and most neighbours of any vertex
are typical. To state it, we introduce some notation.

Definition 4.5. For any subset T C [N], we define the minor M) with indices in T as the
(N —|T|) x (N — |T'|)-matrix

MT) = (Mxy)x,yG[N]\T' (4.14)
If T' consists only of one or two elements, T = {z} or T = {z,y}, then we abbreviate M*) and
M@ for MU=} and MU=¥H | We also abbreviate M(T®) for MT#H_ The Green function of

M) is denoted by
G (z) = (MT) - 2)~1, (4.15)

We use the notation

()
o= > (4.16)

z€[N\T

Definition 4.6 (Typical vertices). Let a > 0 be a constant, and define the set of typical vertices

log N 1/3
Tom{z e N[0l VIT <o wama( 50 ) (4.17)

where

(2) ()
1 1
o, = :<|Hmy|2 - N> L =) :<|ny|2 - N)Ggg) : (4.18)
Yy

Y
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Note that this notion depends on the spectral parameter z, i.e. Tq = Tq(z). The constant a will
depend only on v and x. It will be fixed in (4.23) below. The constant D > a%/2? from (4.13) is
always chosen large enough so that ¢, < 1.

The following proposition holds on the event {# = 1}, where we introduce the indicator function

0= ]lmaxz7y|Gzy|<F (419)

depending on some deterministic constant I' > 1. In (4.40) below, we shall choose a constant
I' = I'y, depending only on k, such that the condition 8 = 1 can be justified by a bootstrapping
argument along the proof of Theorem 4.2 in Section 4.3 below.

Throughout the sequel we use the following generalization of Definition 2.1.

Definition 4.7. An event = holds with very high probability on an event ) if for all v > 0 there
exists C > 0 such that P(ENQ) > P(Q) —CN~ for all N € N.

We now state the main result of this subsection.

Proposition 4.8. There are constants 0 < q < 1, depending only on I', and a > 0, depending only
on v and q, such that, on the event {0 = 1}, the following holds with very high probability.

(i) Most vertices are typical:
1751 < exp(gpad) + N exp(—2qp5d).

(i) Most neighbours of any vertex are typical:

(z)
Z ’HwyP < CSDa + Cd4 exp(—Q¢§d)
yeTs

uniformly for x € [N].

For the interpretation of Proposition 4.8 (ii), one should think of the motivating example M =
d~1/2A, for which dzz(}?%Jny]Q is the number of atypical neighbours of x, up to an error term

O(d%“d#) by Remark 4.3.
The remainder of Section 4.2 is devoted to the proof of Proposition 4.8. We need the following
version of Ty defined in terms of HT) instead of H.

Definition 4.9. For any x € [N] and T' C [N], we define

. (Tx) ) 1 - (Tx) 9 1 T
y Yy

and
T = o e INN\T: 00| v [9{7] < q} .

Note that é(xﬂ) = &, and \Ilg;m = VU, with the definitions from (4.18), and hence 7;(0) = T,. The
proof of Proposition 4.8 relies on the two following lemmas.

Lemma 4.10. There are constants 0 < q < 1, depending only on I', and a > 0, depending only on
v and q, such that, for any deterministic X C [N], the following holds with very high probability
on the event {6 = 1}.
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(1) |X N T35l < exp(qpid) + X | exp(—2qp5d).

(i3) If | X| < exp(2qp3d) then | X N 7;0/2] < @qd.
For any deterministic x € [N], the same estimates hold for (7;(/332))C instead of 7;0/2 and a random
set X C [N]\ {z} that is independent of H®).
Lemma 4.11. With very high probability, for any constant a > 0 we have

0|2y — &) < pap, 01Ty — V| <
for all x,y € [N].
Before proving Lemmas 4.10 and 4.11, we use them to establish Proposition 4.8.

Proof of Proposition 4.8. For (i), we choose X = [N] in Lemma 4.10 (i), using that 7g/5 C Tq.
We now turn to the proof of (ii). By Lemma 4.11, on the event {§ = 1} we have 7 C (7;(/2))6

with very high probability and hence

(x)

(z)
0> |Hoyl<0 ) |Hyyl

VTS VT

with very high probability. Since |Hy,|* < 1/d almost surely, we obtain the decomposition

(z) log N (z) 1
Z |Hq:y|2 < Z Z ‘Hg;y‘2]].d—k—2<|HIy|2<d—k—1 + N
96(7;(/12))6 k=0 ye(’7;(/z2))c
logN  (x) 1
< Z Z d_k_l]l‘ny‘2>d7k72 + N (4.20)
F=0 ye(1)e
log N 1
= > dFNXN (T + s
k=0

where we defined
Xpm {y # 0 [Hoyl? > 472}
Since ng”)|1r{my|2 < Cd with very high probability by Definition 4.1 and Bennett’s inequality, we
conclude that
| X3| < CaFt? (4.21)
with very high probability.
We shall apply Lemma 4.10 to the sets X = X and (7;(/362))0 To that end, note that X C

[N]\ {x} is a measurable function of the family (Hzy),e[n], and hence independent of H (). Thus,
we may apply Lemma 4.10.
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We define K := max{k > 0 : Cd**3 < e2q"9ud} and decompose the sum on the right-hand side
of (4.20) into

log IV log N
S N () = S a4 S X (7
F=0 k=0 k=K+1
log N
e P O T
k=K+1

< 24 + Cd2e %l log N

with very high probability. Here, we used Lemma 4.10 (ii) to estimate the summands if £ < K and
Lemma 4.10 (i) and (4.21) for the other summands. Since log N < d?, this concludes the proof of
(ii). O

The rest of this subsection is devoted to the proofs of Lemmas 4.10 and 4.11. Let 6 be defined
as in (4.19) for some constant I' >> 1. For any subset T' C [N], we define the indicator function
o) = ]lmaxaybgT\Gg)KQF ’

Lemma 4.10 is a direct consequence of the following two lemmas.

The first one, Lemma 4.12, is mainly a decoupling argument for the random variables (V;),¢[n)-
Indeed, the probability that any fixed vertex x is atypical is only small, o(1), and not very small,
N77; see (4.31) below. If the events of different vertices being atypical were independent, we
could deduce that the probability that a sufficiently large set of vertices are atypical is very small.
However, these events are not independent. The most serious breach of independence arises from
the Green function Géxy) in the definition of ¥,. In order to make this argument work, we have to
replace the parameters ®, and ¥, with their decoupled Versions <I>( ) and \IJ( ) from Definition 4.9.
To that end, we have to estimate the error involved, |®, — o’ ] and |U, — E;T)y. Unfortunately
the error bound on the latter is proportional to 5, (see (4.32)), which is not affordable for vertices
of large degree. The solution to this issue involves the observation that if 3, is too large then the
vertex is atypical by the condition on ®,, which allows us to disregard the size of ¥,. The details
are given in the proof of Lemma 4.12 below.

The second one, Lemma 4.13, gives a priori bounds on the entries of the Green function G(7),
which shows that if the entries of G' are bounded then so are those of G\*) for |T| = o(d). For T of
fixed size, this fact is a standard application of the resolvent identities from Lemma A.24. For our
purposes, it is crucial that 7' can have size up to o(d), and such a quantitative estimate requires
slightly more care.

Lemma 4.12. There is a constant 0 < q¢ < 1, depending only on ', such that, for any v > 0, there
is C > 0 such that the following holds for any fivred a > 0. If x ¢ T C [N] are deterministic with
|T| < ¢ad/C then

P(T C T, /2, 0 =1) < e teead? L NV, (4.22a)
P(T  (T)°,00) =1) < eaetdTl 4 eN—. (4.22b)

Lemma 4.13. For any subset T C [N] satisfying |T| < a% we have 0 < 01 with very high
probability.
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Before proving Lemma 4.12 and Lemma 4.13, we use them to show Lemma 4.10.

Proof of Lemma 4.10. Throughout the proof we abbreviate Py(Z) := P(EN{f = 1}). Let C be
the constant from Lemma 4.12, and set

_ (C”)l/g. (4.23)

4q

For the proof of (ii), we choose k = pqd/C and estimate

X
Po(|X N Tl 2 k) < D Po(Y CTJ) < <| f ’) (e"hﬂpgdk +CN”’)

YCX:|Y|=k
< (|X|e—4q<pgd)k + C|X|kN—1/ < e—2q<p§dk + Ce2q<pgde—z/ _ N—QquS/C + CNan3/C—l/ .

where in the second step we used (4.22a). Thus, by our choice of a, we have Py(|X N 7;0/2] > k) <

(C +1)N~¥/2, from which (ii) follows after renaming v and C.
To prove (i) we estimate, for ¢ > 0 and [ € N,

l
1
Py(1X N T3] > (Zﬂxeffc ):tl S Polar € T a1 € Ton).

reX T1,...,1EX

Choosing | = ¢4d/C, regrouping the summation according to the partition of coincidences, and
using Lemma 4.12 yield

Po(1X N7l 2 Z | |17 (e~Aaeadinl 1 e N =)
ﬂE‘BL

(I + | X|e a2ad)l L CN—V(1 + | X|)!

— 2 —v
tl Z ( )ll k‘X| 4q<padk +CN ) — tl

Here, 3; denotes the set of partitions of [I], and we denote by k = || the number of blocks in
the partition m € 9B;. We also used that the number of partitions of [ elements consisting of &
blocks is bounded by (,i)ll_k. The last step follows from the binomial theorem. Therefore, using

[ = qd/C and choosing t = edvad 4 | X |e_2q‘P3d as well as C and v sufficiently large imply the bound

in Lemma 4.10 (i) with very high probability, after renaming C and v. Here we used (4.13).
(@)

To obtain the same statements for 7, /962 instead of 7 /5, we estimate
(1 0 (7,71 > #) <B[B(1X 0 (731> 1,00 = 1]x)] + (e 0,6 = 1).

For both parts, (i) and (ii), the conditional probability P(|X N (7;/2) | > 1,0 = 1|X) can be

bounded as before using (4.22b) instead of (4.22a) since, by assumption on X, the set 'T( ) and the

indicator function (*) are independent of X. The smallness of P(®) = 0,0 = 1) < P(G(z) < 0) is
a consequence of Lemma 4.13. This concludes the proof of Lemma 4.10. O

The rest of this subsection is devoted to the proofs of Lemmas 4.11, 4.12, and 4.13.
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Lemma 4.14. There is ¢ = ¢, > 0, depending on v and k, such that for any deterministic T C [N]
satisfying |T| < ¢d/T? we have with very high probability

6 maX|G ) <or. (4.24)
z,y¢T

Moreover, under the same assumptions on T and for any u € [N]\ T, we have

0 max |GIW —GD|<cd™ (4.25)
zy¢TU{u}

with very high probability.
Before proving Lemma 4.14, we use it to conclude the proof of Lemma 4.13.

Proof of Lemma 4.13. The bound in (4.24) of Lemma 4.14 implies that § = 00(T) with very
high probability. Since 8 < 1, the proof is complete. O

Proof of Lemma 4.14. Throughout the proof we work on the event {6 = 1} exclusively. After a
relabelling of the vertices [N], we can suppose that T' = [k] with k& < c¢d/T'%2. For k € [N], we set

=1V maX]G ).
¢ (k]

Note that I'g < I' by definition of 6.
We now show by induction on k that there is C > 0 such that

2\ k
T < Fo(l + 16§r ) (4.26)

for all k& € N satisfying k < SZCFQ Since 1+ z < €%, (4.26) implies that I'y, < e'/2Ty < 2I". This
directly implies (4.24) by the definition of 6.

The initial step with k& = 0 is trivially correct. For the induction step k — k+ 1, we set T' = [k]
and u = k + 1. The algebraic starting point for the induction step is the identities (A.32a) and
(A.32b). We shall need the following two estimates. First, from Lemma A.23 and Cauchy—Schwarz,

Tu)

we get
E : Tu) f N —K/3
N Guy G \ Nrk mfk.ﬁ.l < N Fkrk+1, (427)

where we used that Ty > 1, f < N*/%, and Imz > N—!**. Second, the first estimate of (A.28)
in Corollary A.21 with 1) = T'y,1/v/d and v = /Ty /(N Im z), Lemma A.23, and I'y41 > 1 imply

(T'u)
Z G TU)H

c
< —=I 4.28
N (4.28)

with very high probability.
Hence, owing to (A.32a) and (A.32b) with T'= [k] and uw = k + 1, we get, respectively,

C C
Dpp1 < T+ —=TpT ks, Tpo1 <Th+ arkriH (4.29)

Vd

with very high probability.
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By the induction assumption (4.26) we have CTy/vd < 2CT/vd < 1/2, so that the first
inequality in (4.29) implies the rough a priori bound

Tji1 < 2T (4.30)
with very high probability. From the second inequality in (4.29) and (4.30), we deduce that

4C
Tir < Fk<1 + dr2> < Fk<1 +

1GCF2>

where in the second step we used I'y, < 2I", by the induction assumption (4.26). This concludes the
proof of (4.26), and, hence, of (4.24).

For the proof of (4.25), we start from (A.32b) and use (4.27), (4.28) as well as (4.24). This
concludes the proof of Lemma 4.14. O

The next result provides concentration estimates for the parameters ®, and V.

Lemma 4.15. There is a constant 0 < q¢ < 1, depending only on ', such that the following
holds. Let ¢ > 0 be as in Lemma 4.14, and let © € [N] and T C [N] be deterministic and satisfy
|T| < ¢d/T2. Then for any 0 < e < 1 we have

P10 >e | HD) <e 32 gMp(w)| > ¢ | HD) ¢35 (4.31)

and, for any u ¢ T,

o(Tw) _ g(T) — 0(1> LM (T gy = (’)(1 tzﬁ “’C) (4.32)

with very high probability.
Before proving Lemma 4.15, we use it conclude the proof of Lemma 4.11.

Proof of Lemma 4.11. Using (A.27b), we find that 5, < C(1+ logN) with very high probability.
The claim now follows from (4.32) with 7' = () and the definition of ¢4, choosing the constant D in
(4.13) large enough. O

Proof of Lemma 4.15. Set ¢ :=
1/N, and Chebyshev’s inequality,

We get, using (A.27b) with r := 32¢e%d < d, E|H,,|? =

H(T)>
(o) e
“\eVd

with very high probability for any 0 < € < 1. This proves the estimate on \I/( ) in (4.31), and the
(T) ;

estimate for ®; ’ is proved similarly.
We now turn to the proof of (4.32). If x = u then the statement is trivial. Thus, we assume
x # u. In this case we have

211 (eF)

(Tz)

> (1Haeyl* = E|Hyy )Gy

)

9<T>P(|W;T>| > e ] H<T>) = IP(e(T) > e

1
(Tu) _ (1) — _ 2_ 2
D o, (IHMI N) (4.33)
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and the claim for ® follows by Definition 4.1. Next,

(Tux)

u ux x ]' x
W —wD = S (| - 1) (655 - 655) = (1l - 5 )65
Yy

The last term multiplied by 8(7) is estimated by O(I'/d) since 6(1)|G Tx)\ < 4T by (4.30). We
estimate the first term using (4.25) in Lemma 4.14, which yields

(Tux) (Tux)
C 1 C r 1+8
P o PG 3G +0(5) = o(55)
with very high probability. This concludes the proof of Lemma 4.15. O

Proof of Lemma 4.12. Throughout the proof we abbreviate Pyg(=Z) := P(EN {§ = 1}). We have
P(T C Ty, 0 =1) = (ﬂQ)
xzeT

where we defined the event

Q= {|Ps] > paya} U{IWe] > asa} = {1P2] > @aj2} U {1Pz| < @asa, [Wal > pasa}-
We have the inclusions
{|(I) | > Qpa/2} C {|(I)(T)| > Soa/4} U {|q> - q)(T)| > Qpa/4}
{|(I) | X Pa/2; ‘\II ‘ > (pa/Q} - {|\I’(T)| > Qpa/4} U {|(I) ’ X Pa/2; |\IJ - \II ’ > Qpa/4}

Defining the event
_{‘(I) ’>(pa/4}u{‘qj T)‘>(Pa/4}

we therefore deduce by a union bound that

]P’9<ﬂ Qx> <P9<ﬂ Qg@) + 3 Py(|®n — 2| > g/4)

zeT zeT zeT

+ ZPG ‘(I)$’ Pa/2; ’\Ij - \II )‘ > Pq /4) (4'34)
zeT

We begin by estimating the first term of (4.34). To that end, we observe that, conditioned on
H™ _ the family (Qg))xg is independent. Using Lemma 4.13 we therefore get

]P’9<ﬂ Qgﬂ) <E 9<T>]P><ﬂ o) TN +CN~ =E|97)
zeT

zeT
and we estimate each factor using (4.31) from Lemma 4.15 as

[1 PP 1ET)
zeT

L CN7Y,

OB HD) < 9TR(DD] > gops | HD) +0TR(UD) > oy | HD)

< 2 8qpzd < e—4q<pad
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where in the last step we used that e~daeid 1 /2. We conclude that

(ﬂ 0 T>> < e davddTl L NV

zeT

Next, we estimate the second term of (4.34). After renaming the vertices, we may assume that
T = [k] with k < ¢ad/C, so that we get from (4.32) from Lemma 4.15 (using that .d/C < ¢d/T?
provided that D in (4.13) is chosen large enough, depending on a), by telescoping and recalling
Lemma 4.13,

. k
@, — oD < |0l — o+ < O(d) < $a/a (4.35)

with very high probability on the event {# = 1}, if the constant C in the upper bound ¢4d/C on k
is large enough.

The last term of (4.34) is estimated analogously, with the additional observation that, by
definition of ®, and since ¢q/9 < 1/2, on the event {|®;| < ¢,/2} we have §, < 2. Thus, on the
event {0 = 1} N {[®;| < ¢q/2} we have, by Lemma 4.13,

v, — o) < Z|‘1’ ) _ )| < @(M> < Puss (4.36)

with very high probability, for large enough C in the upper bound on k. We conclude that the two
last terms of (4.34) are bounded by CN ™", and the proof of (4.22a) is therefore complete.
The proof of (4.22b) is identical, replacing the matrix M with the matrix M®), O

4.3. Self-consistent equation and proof of Theorem 4.2. In this subsection, we derive an

approximate self-consistent equation for the Green function GG, and use it to prove Theorem 4.2.

The key ingredient is Proposition 4.18 below, which provides a bootstrapping bound stating that if

Gz —myg, is smaller than some constant then it is in fact bounded by ¢, with very high probability.

It is proved by first deriving and solving a self-consistent equation for the entries G, indexed by

typical vertices « € T, and using the obtained bounds to analyse G, for atypical vertices x € 7.
We begin with a simple algebraic observation.

Lemma 4.16 (Approximate self-consistent equation). For any x € [N] and z € C4, we have

(x)
Coo DH”' G+ e,

where we introduced the error term

(z) 2
Yx = gy + i - Z HxaGSZ)be - Z <f<-HCCCLGS£) + G((J,?))Hbm) + LG > (4'37)
N a#b a,b N
Proof. The lemma follows directly from (A.31) and the definition (4.1). O

Let 6 be defined as in (4.19) with some I" > 1. The following lemma provides a priori bounds
on the error terms appearing in the self-consistent equation.
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Lemma 4.17. For all z € C with Im z > N~'% with very high probability,

6 max|Y,| < Cd~ /2 (4.38a)
0 max|Gyy| < Cd™/2, (4.38D)
vty Y
0 xr;élg;cywxy - GW| <cd. (4.38¢)

Proof. We first estimate Y,. From Definition 4.1, the upper bound on f, and (4.13), we conclude
that |Hyz| + f/N = O(d~'/2) almost surely. Moreover, the Cauchy-Schwarz inequality, Lemma
A.23, (4.24) and the upper bound on f imply

2 (@)
NZ|< :

2
S cons E

00— X Uk X T 5
NImz Vd

<Ok

for some constant C; depending only on . Next, we use the first estimate of (A.28), Lemma A.23,
and the upper bound on f to conclude that

£ !
N N

01> HouGl) | + P
a,b

C
h ﬁ VN Im z h ﬁ h \/&
with very high probability (compare the proof of (4.28)). Moreover, from Lemma A.23 and the
second estimate of (A.28) we deduce that remaining term in (4.37) is O(d~') = O(d~'/?). This

concludes the proof of (4.38a).
For the proof of (4.38b), we start from (A.29) and use M,, = H,q + f/N to obtain

() (2)
X X f X
Guy = —Gaz > HyaG) — GupHyyGE) — 3G eI

(z)
0 Z GSZ)be <
a,b

Similar arguments as in (4.28) and (4.27) show that the first and third term, respectively, are
bounded by Cd—'/2 with very high probability. The same bound for the second term follows from
Definition 4.1 and (4.24) in Lemma 4.14. This proves (4.38b).

Finally, (4.38¢) follows directly from (4.25). O

Proposition 4.18 below is the main tool behind the proof of Theorem 4.2. To formulate it, we
introduce the z-dependent random control parameters

Aq = max|Gyy — mﬁx| ) Ao = maX|G$y| ) A=AV Ao,
T Ty

and, for some constant A < 1, the indicator function

¢ =Tpcn- (4.39)

Proposition 4.18 below provides a strong bound on A provided the a priori condition ¢ = 1 is
satisfied. Each step of its proof is valid provided A is chosen small enough depending on . Note
that, owing to (A.4), there is a deterministic constant I, depending only on &, such that, for all
z € S, we have

¢n%%/X|ny| <. (4.40)

In particular, if " in the definition (4.19) of 6 is chosen as in (4.40) then
»<40. (4.41)
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Proposition 4.18. There exists A > 0, depending only on k, such that, for all z € S, with very
high probability,
A < Cia.

For the proof of Proposition 4.18, we employ the results of the previous subsections to show
that the diagonal entries (Gzz)ze7, of the Green function of M at the typical vertices satisfy the
approximate self-consistent equation (4.42) below. This is a perturbed version of the relation (4.6)
for the Stieltjes transform m of the semicircle law, which holds for all z € C,. The stability
estimate, (4.43) below, then implies that G, and m are close for all z € 7. From this we shall,
in a second step, deduce that G, is close to mg, for all z; this steps includes also the atypical
vertices.

The next lemma is a relatively standard stability estimate of self-consistent equations in random
matrix theory (compare e.g. to [27, Lemma 3.5]). It is proved in Appendix A.9.

Lemma 4.19 (Stability of the self-consistent equation for m). Let X' be a finite set, k > 0,
and z € Cy satisfy |Rez| < 2 — k. We assume that, for two vectors (g.)zex, (€x)zex € C, the

identities 1

— =—z— +e 4.42

yeX
hold for all x € X. Then there are constants b,C € (0,00), depending only on k, such that if
maxzex|g: — m(z)| < b then
max|g, —m(z)| < Cma/%(\sz\, (4.43)
BAS

zeX

where m(z) satisfies (4.6).

Proof of Proposition 4.18. Throughout the proof, we work on the event {¢ = 1}, which, by
(4.41), is contained in the event {# = 1}. Fix a as in Proposition 4.8. Throughout the proof we use
that d='/2 < @, by the upper bound in (4.13). Owing to (4.38b), it suffices to estimate Aq. Let b
be chosen as in Lemma 4.19, and set A := b/2 in the definition (4.39) of ¢.

For the analysis of G, we distinguish the two cases x € Ty and = ¢ T,.

If x € Ty then we write using Lemma 4.16 and the definition (4.18) of ¥, that

1
sz

:—Z—Z|ny|2G§jZ)+Yx ZG(:E +Y \I’ —Z — |7;| E;_ny+€x7
Yy IS

where the error term e, satisfies

_ 1
eul = (47172 + < explackd) + exp(~2442d) + n ) = Ofi) (1.4

with very high probability. Here, in the first step of (4.44) we used (4.38a), (4.38¢), Proposition 4.8
(i), and the bound on W, in the definition (4.17) of 7, and in the second step of (4.44) we used
that w2d = a?(log N)?/3d~1/3 and (4.13) imply (log N)/%/C < ¢2d < C(log N)'/?, which yields

1

~ OP(aad) + exp(—2qi90d) < CA™1 <o (4.45)

Thus, for (Gzz)ze1, We get the self-consistent equation in (4.42) with g, = Gz and X = T,.
Moreover, by the bound on @, in the definition (4.17) of 74, we have 8, = 1 + O(¢,). Hence, by
(A.5), the assumption ¢ = 1 and d > C+/log N, we find that

|Grz — m| < |Gz — mpg,| +|mg, —m[ <D
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choosing the constant D in (4.13) large enough that the right-hand side of (A.5), i.e. C|5; — 1],
is bounded by b/2. Hence Lemma 4.19 is applicable and we obtain |Gy, — m| = O(maxyer,|ey])-
Therefore, we obtain

Goz —mp,| < |Gao —m| + [m —mg,| < Ceq (4.46)

with very high probability. This concludes the proof in the case z € 7Tj.
What remains is the case x ¢ 7. In that case, we obtain from Lemma 4.16 that

(z) ()
1
o= 2= 2 HwPGR) = 3 [Haoy PG + Ve = —2 = fom + 2o, (4.47)
e yeTa yeTy

where the error term e, satisfies e, = O((1 + B;)paq) with very high probability. Here we used
(4.38a) as well as (4.38c), (4.45), (4.46) and Proposition 4.8 (ii) twice to conclude that

(z) (z)
Z ‘ny‘ZGéf;) = Bam + O(Bzpa) Z \ny\QGé"Z) = O(S"a +d! eXP(_QSogd)) = O(¢aq)
y€Ta yeTs

with very high probability. From (4.7) and (4.47) we therefore get

1
—z — Bem + e,

Gz‘x —mg, = —Mg, Ex - (4.48)
To estimate the right-hand side of (4.48), we consider the cases §, < 1 and 5, > 1 separately.

If 5, < 1 then, by (A.4), the first factor of (4.48) is bounded by C. Thus, by (4.7), the second
factor is bounded by 2C provided that |e;| < 1/2C by choosing D in (4.13) large enough, and the
third factor is bounded by Cyq4. This yields the claim.

If B, > 1, we use that Imm > ¢ for some constant ¢ > 0 depending only on x and L. Thus, the
right-hand side of (4.48) is bounded in absolute value, again using (A.4), by C ﬁ%c/QC Brpa, provided

that D in (4.13) is chosen large enough. This yields the claim. O

Proof of Theorem 4.2. After possibly increasing L, we can assume that L in the definition of S
in (4.3) satisfies L > 2/\ + 1, where A is chosen as in Proposition 4.18.

We first show that (4.10) follows from (4.9). Indeed, averaging the estimate on |Gy, — mg, | in
(4.9) over x € [N], using that mg, = m+ O(¢,) for z € Ty by (A.5) and estimating the summands
in 7 by Proposition 4.8 (i) and (A.4) yield (4.10) due to (4.45).

What remains is the proof of (4.9). Let zg € S, set J := min{j € No: Im zo+jN 2 > 2/A}, and
define z;j = 29 +1jN =3 for j € [J]. We shall prove the bound in (4.9) at 2z = z; by induction on j,
starting from j = J and going down to j = 0. Since |Gyy(2)| < (Im2)~! and |mg, (2)| < (Im2)~*
for all z,y € [N], we have max;|Gzz(2s) —mg,(27)] < A and ¢(z;) = 1.

For the induction step j — j — 1, suppose that ¢(z;) = 1 with very high probability. Then, by
Proposition 4.18, we deduce that A(z;) < Cy, with very high probability. Since G, and mg, are
Lipschitz-continuous on S with constant N2, we conclude that A(zj—1) < Cpa+ N ~! with very high
probability. If N is sufficiently large and ¢, is sufficiently small, obtained by choosing D in (4.13)
large enough, then we deduce that A(z;—1) < A with very high probability and hence ¢(z;_1) =1
with very high probability. Using Proposition 4.18, this concludes the induction step, and hence
establishes A(zg) < Cpq with very high probability. Here we used that the intersection of J events
of very high probability is an event of very high probability, since J < CN?3, where C' depends on
K. O
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A. Appendices

In the following appendices we collect various tools and explanations used throughout the paper.

A.1. Simulation of the /*>-norms of eigenvectors. In Figure A.1 we depict a simulation of the

¢>-norms of the eigenvectors of the adjacency matrix A/v/d of the Erdés-Rényi graph G(N,d/N)
restricted to its giant component. We take d = blog N with N = 10’000 and b = 0.6. The
eigenvalues and eigenvectors are drawn using a scatter plot, where the horizontal coordinate is the
eigenvalue and the vertical coordinate the £°°-norm of the associated eigenvector. The higher a dot
is located, the more localized the associated eigenvector is. Complete delocalization corresponds to
a vertical coordinate ~ 0.01, and localization at a single site to a vertical coordinate 1. Note the
semilocalization near the origin and outside of [-2,2]. The two semilocalized blips around +0.4
are a finite-N effect and tend to 0 as N is increased. The Perron-Frobenius eigenvalue is an outlier
near 2.8 with delocalized eigenvector.

0.6 —

0.4 —

0.2 -

-2 -1 0 1 2 3

Figure A.1. A scatter plot of (A, ||W]||) for all eigenvalue-eigenvector pairs (A, w) of the adjacency matrix
A/V/d of the critical Erdés-Rényi graph restricted to its giant component, where N = 10’000 and d =
0.6log N.

A.2. Spectral analysis of the infinite rooted (p,q)-regular tree. In this appendix we de-
scribe the spectrum, eigenvectors, and spectral measure of the following simple graph.

Definition A.1. For p,q € N* we define T, as the infinite rooted (p, q)-regular tree, whose root
has p children and all other vertices have ¢ children.

A convenient way to analyse the adjacency matrix of T, is by tridiagonalizing it around its
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root. To that end, we first review the tridiagonalization® of a general symmetric matrix X €
RV*N around a vertex z € [N]; we refer to [10, Appendices A-C] for details. Let » € N and
x € [N]. Suppose that the vectors 1., X1, X21,,..., X"1, are linearly independent, and denote
by g9.81,82,---,8, the associated orthonormalized sequence. Then the tridiagonalization of X
around z up to radius r is the (r + 1) x (r + 1) matrix Z = (Z;;)] ;_ with Z;; :== (g;, Xg;). By
construction, Z is tridiagonal and conjugate to X restricted to the subspace Span{gg, g;,...,8,}-

Let now X = A = ATra be the adjacency matrix of Ty 4, whose root we denote by o. Then it is
easy to see that g; = 1g,(0)/|1g,(0)ll and the tridiagonalization of A around the root up to radius
oo is the infinite matrix \/gZ(p/q), where

1
0

1
1 0

0
Ja

Ja
0
Z(a) = 1

(A1)

If @ > 2, a transfer matrix analysis (see [10, Appendix C]) shows that Z(«) has precisely two
eigenvalues in R\ [-2,2], which are £A(a). The associated eigenvectors are ((#£)%u;);en, where

ug > 0 and u; = #0)‘1/2 ug for ¢ > 1. Note that the eigenvector components are exponentially

decaying since « >(2, and hence ug can be chosen so that the eigenvectors are normalized. Going
back to the original vertex basis of T, 4, setting o = p/q, we conclude that the adjacency matrix A
has eigenvalues +,/gA(a) with associated eigenvectors Yoy (2) uils; o)/l 1s;(0)II-

Next, we show that the measure pi,, from (4.12) is the spectral measure at the root of ATra/\/d
and the spectral measure at 0 of (A.1).

Lemma A.2. (i) For any a > 0 the measure p,, is the spectral measure of Z (o) at 0.

(i) For any p,q € N* the measure p,,, is the spectral measure of the normalized adjacency
operator ATP’Q/\/é at the root.

Proof. For (i), define the vector ey = (1,0,0,...) € ¢2(N). The spectral measure of Z(a) with
respect to eg is characterized by its Stieltjes transform

(e, (Z(a) — 2)eq) = !

—z—alep, (Z(1) — 2)"leg)

(A.2)

Here, we used Schur’s complement formula on the Green function (Z(«) — z)~!, observing that the
minor of Z(«a) obtained by removing the zeroth row and column is Z(1). Setting o = 1 in (A.2) and
recalling the defining relation (4.6) of the Stieltjes transform m of the semicircle law, we conclude
that (eq, (Z(1) — 2)~teg) = m(z) and hence from (4.7) and (A.2) we get (eq, (Z(a) — 2)"teg) =
ma(2), as desired.

The proof of (ii) is analogous. Denote the root of T, , by o. Again using Schur’s complement
formula to remove the oth row and column of H = ATra/ /4, we deduce that

-1
Loy (AT9/yT = 2) 10 = (=2 = 210, (AT /v = 2) 1)) (A3)

5The tridiagonalization algorithm that we use is the Lanczos algorithm. Tridiagonalizing matrices in numerical
analysis and random matrix theory [26,55] is usually performed using the numerically more stable Householder
algorithm. However, when applied to the adjacency matrix X = A of a graph, the Lanczos algorithm is more
convenient because it can exploit the sparseness and local geometry of A.
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where we used that T, from which o has been removed consists of p disconnected copies of Ty 4.
Setting p = ¢ in (A.3) and comparing to (4.6) implies that the left-hand side of (A.3) is equal to
m(z) if p = ¢, and hence (ii) for general p follows from (4.7).

Finally, we remark that the equality of the spectral measures of Z(p/q) and A1/, /g can also
be seen directly, by noting that Z(p/q) is the tridiagonalization of A™»4/,/g around the root 0. [

We conclude with some basic estimates for the Stieltjes transform m,, of p, used in Section 4.

Lemma A.3. For each k > 0 there is a constant C' > 0 depending only on k such that for all
z €8S and all o« > 0 we have

<C, (A4)
< Cla—1]. (A.5)

Proof. The simple facts follow directly from the corresponding properties of the semicircle law
and its Stieltjes transform m (see e.g. [16, Lemma 3.3]). We leave the details to the reader. O

A.3. Bounds on adjacency matrices of trees. In this appendix we derive estimates on the
operator norm of a tree. We start with a standard estimate on the operator norm of a graph.

Lemma A.4. Let T be a graph whose vertices have degree at most ¢ + 1 for some q > 1. Then
|AT|| < ¢+ 1 and if in addition T is a tree then ||AT| < 2,/7.

Proof. The first claim is obvious by the Schur test for the operator norm. To prove the second
claim, choose a root o and denote by C, the set of children of the vertex x. Then for any vector
w = (w,) we have

KW,ATW>] = =2

DD wewy

T yelCy

<Y (;#“2 + Vi)

T yeCy

qg+1 4 <q 2 2 2
<7w+g —wj ++/qw <2\/?]Ew,
\/a ° z#0 \/a$ ’ x ’

where in third step we used Young’s inequality and in the fourth step that each vertex in the sum
appears once as a child and at most ¢ times as a parent. This concludes the proof. O

T
Z Wa Ay wy
‘T7y

The same proof shows that if T is a rooted tree whose root has at most p children and all other
vertices at most ¢ children, then ||A”| < Va(p/qV 2). This bound is sharp for p < 2¢ but not for
p > 2q. The sharp bound in the latter case is established in the following result.

Lemma A.5. Let p,q € N*. Let T be a tree whose root has p children and all the other vertices
have at most q children. Then the adjacency matriz AT of T satisfies | AT|| < \/gA(p/qV 2).

Proof. Let » € N and denote by T, ,(r) the rooted (p, g)-regular tree of depth r, whose root x has
p children, all vertices at distance 1 < ¢ < r from x have ¢ children, and all vertices at distance
r 4+ 1 from z are leaves. For large enough r, we can exhibit T as a subgraph of T, ,(r). By the
Perron-Frobenius theorem,

1AT] = (w, ATw) (A.6)
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for the some normalized eigenvector w whose entries are nonnegative. We extend w to a vector
indexed by the vertex set of T, 4(r) by setting w, = 0 for y not in the vertex set of T. Clearly,

(w, ATw) < (w, ATra( ) | (A7)

Abbreviating A = ATra(") it therefore remains to estimate the right-hand side of (A.7) for large
enough r. To that end, we define Z as the tridiagonalization of A around the root up to radius r
(see Appendix A.2). The associated orthonormal set g, gy, .., g, is given by g; = 1g,(2)/[|1s, (),
and Z = \/qZ,(p/q), where Z,(c) is the upper-left (r + 1) x (r + 1) block of (A.1). We introduce
the orthogonal projections Py = gygj and P := Y i _,g;8". Clearly, PP = Py and hence (1 —
P)(1 — Py) = 1— P. For large enough r the vectors g, and w have disjoint support, and hence
(1-P)APw = (1-P)AY1 ") g;(g;,w) = 0, since Ag; C Span{g,_;,g;1} for i < r. Thus we have

1=

(w,Aw) = (w, PAPw) + (w, (1 — P)A(1 — P)w)
= (w,PAPw)+ (w,(1—-P)(1 - P)A(l — Ry)(1 - P)w). (A.8)

From [10, Appendices B and C] we find
Tim [[PAP| = lim 2] = VgA(p/qV 2). (A.9)

Moreover, the operator (1 — Py)A(1 — Py) is the adjacency matrix of a forest whose vertices have
degree at most ¢q. By Lemma A.4, we therefore obtain ||(1 — Py)A(1 — Py)| < 2/q. From (A.8) we
therefore get

lim sup(w, Aw) < y/gA(p/q v 2)|[Pw> + 2y/g](1 - P)w|]* < aA(p/q v 2)[[w]>.

=00

By (A.6) and (A.7), the proof is complete. O

A.4. Degree distribution and number of resonant vertices. In this appendix we record
some basic facts about the distribution of degrees of the graph G(N,d/N), and use them to estimate
the number of resonant vertices W) 5.

The following is a quantitative version of the Poisson approximation of a binomial random
variable.

Lemma A.6 (Poisson approximation). If D is a random variable with law Binom(n,p) then
for k < /n and p < 1/y/n we have

P(D = k) = P o (1 4 0(’;2 +p2n>) .

Proof. Plugging the estimates (1 — p)" % = e(n=k)log(1-p) — o=np+O(Pk+p*n) apq

k—1 . _ )
et T (1= £) = b elt) —peol),
. =0 n

(n—
into P(D, = k) = Wﬁk)!pk(l — p)"* yields the claim, since pk < k?/n + p?n. O

Lemma A.7. For G(N,d/N) we have ay < C(1 + %) with very high probability.
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Proof. This is a simple application of Bennett’s inequality; see [10, Lemma 3.3| for details. O

Next, we recall some standard facts about the distribution of the degrees. Define the function
fa:[1,00) = [4log(27d), 00) through

fala) =d(aloga —a+1) + %log(Zwad) , (A.10)

which is bijective and increasing. For its interpretation, we note that if Y 4 Poisson(d) then by
Stirling’s formula we have P(Y = k) = exp(—fa(k/d) + O(%)) for any k € N. There is a universal
constant C' > 0 such that for 1 <[ < CL\/E the equation fy(3) = log(/N/l) has a unique solution
B = Bi(d). The interpretation of f;(d) is the typical location of a,(;). By the implicit function

theorem, we find that d — f;(d) on the interval (0, ]CV—;} is a decreasing bijective function.
Definition A.8. An event = = =y holds with high probability if P(Z) =1 — o(1).

The following result is a slight generalization of [10, Proposition D.1], which can be established
with the same proof. We note that the qualitative notion of high probability can be made stronger
and quantitative with some extra effort, which we however refrain from doing here.

Lemma A.9. Ifd > 1 and l > 1 satisfies fi(d) > 3/2 then

1V (¢/log fi(d))

— <
lag@y — Bi(d)] < y

(A.11)

with high probability, where  is any sequence tending to infinity with N.
The following result® gives bounds on the counting function of the normalized degrees (o) 2€[N]-
Lemma A.10. Suppose that ¢ satisfies

d

gt
COS Cloglog N

(A.12)

for some large enough universal constant C. Then for any a > 2 we have with high probability
[(Ne™/al® —1)(log N)™2¢| < |[{z € [N] : az > o}| < [(Ne™74(®) 4 1)(log N)®]. (A.13)

Proof. If d > 3log N, then an elementary analysis using Bennett’s inequality shows that [{z €
[N]: a; > a}| = 0 with high probability. Since Ne=/4(®) < 1 for a > 2, the claim follows. Thus,
for the following we assume that d < 3log N.

Abbreviate T := %%, which is an upper bound for the right-hand side of (A.11). For the
following we adopt the convention that 8y(d) = co. Choose [ > 0 such that

Bra(d) <o < fi(d), (A.14)

and define
k= [l(logN)"%|, &= [(+1)(logN)*].

5The assumption d > loglog N in Lemma A.10 is tailored so that it covers the entire range o > 2, which is what
we need in this paper. The assumption on d could also be removed at the expense of introducing a nontrivial lower
bound on a.

59



We shall show that

Br(d) =T = Bi(d) (A.15)
fork>1
Br(d) + T < Biya(d), (A.16)
and
k< Ne fa3/2) (A.17)

Thus 3;(d) > 3/2 and, assuming k > 1, Lemma A.9 is applicable to the indices k and k. We obtain,
with high probability,

a, i < Bpld) + T < Biya(d) < a < fi(d) <

from which we deduce that

‘Q

kE<|{zx€[N]:a,>a} <k, (A.19)
which also holds trivially also for the case k = 0. By applying the function f; to (A.14) we obtain
I < Nefal®) <141, so that (A.19) yields (A.13).

Next, we verify (A.17). We consider the cases [ = 0 and [ > 1 separately. If [ = 0 then,
by the definition of Bz(d), for (A.17) we require (log N)* + 1 < Ne—fa(3/2) which holds by the
assumption d < 3log N and the upper bound on (. Let us therefore suppose that [ > 1. By
(A.14), a > 2, and the definition of f;(d), we have | < Ne /4(?)| and we have to ensure that
(I +2)(log N)*¢ < Ne /4(3/2) Since | > 1, this is satisfied provided that 3e~/4(?)(log N)* <
e 14(3/2) which holds provided that fy(2) — f4(3/2) > 3¢loglog N. This inequality is true because
fa(2) — fa4(3/2) > f(3/2)/2 > d/C, where we used that fj(a) = dloga + 5-.

What remains, therefore, is the proof of (A.15) and (A.16). We begin with the proof of (A.15).
We get from the mean value theorem that

Be(d) — Bi(d) = f; <log<];[)> in <log(];7>> > ch)g?)wlog(]i). (A.20)

The right-hand side of (A.20) is bounded from below by T provided that
l
log<k> > 2Clog B (d). (A.21)

(d) using the elementary bound fy(5) > 1%5 for B > 2, which yields

We estimate Bi(d) < Bi
% B1(d). By assumption on d we therefore get

log N = fa(B1(d)) >
Ai(d) < log N . (A.22)

Thus, (A.21) holds by & < I/(log N)%. This concludes the proof of (A.15).
Next, we prove (A.16). As in (A.20), we find

w002 on(25) () > s (i) o

Together with $11(d) < B1(d) <log N from (A.22), we deduce that the right-hand side of (A.23)
is bounded from below by T provided that log(5 +1) > 2(loglog N, which is true by definition of
k. This concludes the proof of (A.16). O
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The following result follows easily from Lemma A.10. Recall the definition (1.13) of the exponent
O(r).

Corollary A.11. Suppose that ¢ satisfies (A.12). Write d = blog N. Then for any o > 2 we have

loglog N
. > = 9b(a)+€ = <C 8108 )
Hrxe[N]:az>a}|V1I=N , e=0 Tog

with high probability.

Using the exponent 6;(«) from (1.13) and ayax(b) defined below it, we may state the following
estimate on the density of the normalized degrees and the number of resonant vertices.

Lemma A.12. The following holds for a large enough universal constant C'. Suppose that  satisfies
(A.12). Write d =blog N.

(i) For2 < a < B < amax(b) satisfying 8 — o > Cclgi}gijv, with high probability we have

{z € [N]: a < ay < B} = NO© e:o(floglogN).

og (A.24)

(ii) For d > C’M and 24 6 < X < Alamax(b)), with high probability we have

Wy g| = N O=8)+e . O<410gl°gN) ,
’ ’ log N
Note that, since & > d~'/2 if the conclusion of Theorem 1.2 is nontrivial then § > d~/2, and
hence the assumption on ¢ in Lemma A.12 (ii) is automatically satisfied for suitably chosen (.

Proof of Lemma A.12. Part (i) follows Corollary A.11 below by noting that the assumption on
B implies Op(cr) — 65(B) > CCIOg logN by the mean value theorem.

Part (ii) follows from Part ( ), using that log(A — §) > log 2, that A’ is bounded on [2,00), and
the mean value theorem. d

Corollary A.13. The following holds for large enough universal constants C,C. Suppose that
(1.10) holds. Write d = blog N. Let w = (wz),e[n] be a normalized eigenvector of A/\d with

nontrivial eigenvalue 2 + CEY? < X\ < A(omax(b)). Then with high probability for any 2 < p < oo
we have

loglog N 1
2 5 N@/p-D0A W)+ _o|loslog N ey <A )
[wll, e=0 oz v +b(log A\)| A+ s

Proof. We choose § := C(§ + £{x—2). Then by assumption on A we have § < (A — 2)/2, and hence
Theorem 1.2 yields, using that v(z) is supported in By, (), Y sew, ; 2yeB,. (2) wl > 3 with high

&+ §>\—2)1 :

probability. Using that for any vector x € R™ we have ||x]|2 > n?/P=1|x||3 (by Hélder’s inequality),
with the choice n =37 ¢y, (B, (7)], we get

2/p—1
Iwi2 > (zwm ) :

TEW) \8

N =

2/p—1
(17| N leslor N/ VIoE N ) ” (A.25)
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with high probability, where we used Lemma A.7 to estimate max,¢c(n]| By, ()] < N Cloglog N/Vieg N
with high probability.

Next, using the mean value theorem and elementary estimates on the derivatives of 8, and A1,
we estimate

1
Oy(A"E (X = 8)) — B,(A71(N)) < Cb(log N) ()\ + H)é.
Invoking Lemma A.12 (ii) with ¢ := loglog N, and recalling (A.25), therefore yields the claim. [

A.5. Connected components of G(N,d/N). In this appendix we give some basic estimates on
the sizes of connected components of G(N,d/N). These are needed for the analysis of the tuning
forks in Appendix A.6 below. The arguments are standard and are tailored to work well in the
regime 1 < d < log N that we are interested in. For smaller values of d, see e.g. [17].

Lemma A.14. Let Wy be the number of connected components that have k vertices and I//I\/k the
number of connected components that have k vertices and are not a tree. Then for k < N/2 we

have
E[W] < NeF(d/2-logd=1) E[Wk] < e k(d/2-logd-1)

Proof. For a set X C [N], denote by 7 (X) the set of spanning trees of X. If X is a connected
component of G then there exists T € 7 (X) a subgraph of G such that no vertex of X is connected
to a vertex of [N]\ X. Hence,

PRI nmﬂ Il «

XC [N] TeT (X z€X ye[N] \X

Taking the expectation now easily yields the claim, using |7(X)| = | X[XI=2 by Cayley’s theorem,
that a tree on k vertices has k — 1 edges, Stirling’s approximation, and 1 —x < e™*

The argument to estimate Wk is similar, noting that in addition to a spanning tree T of X, we
also have to have at least one edge not in T connecting two vertices of X. Thus,

< D0 Lx=k ) MCGH IT « Y Aw,

XC[N} TeT(X zeX ye N]\X {u,v}eXQ\E('JT)
and we may estimate the expectation as before. O

We call a connected component of G small if it is not the giant component. For the following
statement we recall the definition of high probability from Definition A.8.

Corollary A.15. Suppose that d > 1. All small components of G have at most O(logN) vertices
with very high probability. All small components of G are trees with high probability. The giant
component of G has at least N(1 — e_d/4) vertices with high probability.

Proof. Any small component has at most N/2 vertices. Using Lemma A.14 we therefore get that
the probability that there exists a small component with at least K vertices is bounded by

N/2
Pk € [K,N/2], W), > 1) < Y E[W] < 2Ne K(@/2-load=1)
k=K
by summing the geometric series. Since d/2 — logd — 1 > cd for some universal constant ¢, we
obtain the first claim. To obtain the second claim, we use Lemma A.14 to estimate the probabil-
ity that there exists a small component that is not a tree by Zg:/ ? EW, < e=%3. To obtain the
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last claim, we estimate the expected number of vertices in small components by E[ i\f:/ ? kWy] <
N> 2 ke~k(d/2=logd=1) « C'Ne~4/3 ysing Lemma A.14, and the third claim follows from Cheby-
shev’s inequality. O

We may now estimate the adjacency matrix on the small components of G(NN,d/N). The
following result follows immediately from Corollary A.15 and Lemma A.4.

Corollary A.16. Suppose that d > 1. Then the operator norm of A/\/& restricted to the small
components of G is bounded by O(ivlofN) with high probability.

Corollary A.16 makes it explicit that Theorem 1.8 excludes all eigenvectors on small components
of G, whose eigenvalues lie outside S,; precisely under the lower bound from (1.18).

A.6. Tuning forks and proof of Lemma 1.12. In this appendix we give a precise definition
of the D-tuning forks from Section 1.5 and prove Lemma 1.12.

Definition A.17. A star of degree D € N consists of a vertex, the hub, and D leaves adjacent
to the hub, the spokes. A star tuning fork of degree D is obtained by taking two disjoint stars of
degree D along with an additional vertex, the base, and connecting both hubs to the base. We say
that a star tuning fork is rooted in a graph H if it is a subgraph of H in which both hubs have
degree D + 1 and all spokes are leaves.

Lemma A.18. If a star tuning fork of degree D 1is rooted in some graph H, then the adjacency
matriz of H has eigenvalues +v/D with corresponding eigenvectors supported on the stars of the
tuning fork, i.e. on 2D + 2 vertices.

Proof. Suppose first that D > 1. Note first that the adjacency matrix of a star of degree D has
rank two and has the two nonzero eigenvalues ++v/D, with associated eigenvector equal to ++v/D at
the hub and 1 at the spokes. Now take a star tuning fork of degree D rooted in a graph H. Define
a vector on the vertex set of H by setting it to be +v/D at the hub of the first star, 1 at the spokes
of the first star, Fv/D at the hub of the second star, —1 at the spokes of the second star, and 0
everywhere else. Then it is easy to check that this vector is an eigenvector of the adjacency matrix
of H with eigenvalue ++v/D. If D = 0 the construction is analogous, defining the vector to be +1
at one hub and —1 at the other. O

We recall from Section 1.5 that F'(d, D) denotes the number of star tuning forks of degree D
rooted in Ggjant-

Lemma A.19. Suppose that 1 < d < VN and 0 < D < V/'N. Then

Nd26_2d

B[F(d, D)] = ~gp

(de™1)2P(1 4 0(1)) (A.26)
and E[F(d, D)?] < E[F(d, D)]2(1 + o(1)).
Proof of Lemma 1.12. From Lemma A.19 we deduce that if 1 < d = blog N = O(log N) and

D < log N/loglog N, then E[F(d, D)] = N'=20=20D+o(l) ' The claim then follows from the second
moment estimate in Lemma A.19 and Chebyshev’s inequality. O
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Proof of Lemma A.19. Let 21,22 € [N] be distinct vertices and Ry, Re C [N]\ {x1,z2} be
disjoint subsets of size D. We abbreviate U = (1,2, R1, R2) and sometimes identify U with
{1, 22} UR1 URy. The family U and a vertex o € [N]\ U define a star tuning fork of degree D with
base o, hubs x1 and x2, and associated spokes Ry and Rj. Let %) (H) denote the vertex set of the
kth largest connected component of the graph H. Then F(d,D) = %ZU > ocIN\U Loe# (G)So,U

where
2
So,U = H( H Axbu H (1 - Aazlu) H H (1 - Auv)) .

1=1 \ueR;U{o} u€[N]\(R;U{o}) u€R; ve[N|\{z;}

The factor % corrects the overcounting from the labelling of the two stars.

For disjoint deterministic U, we split the random variables A = (A’, A”) into two independent
families, where A" := (Ayy :u € U orv € U) and A” := (Ayy : u,v € [N]\ U). Note that S,y is
A’-measurable. We define the event

== {|G(G|nuv)| > [€(Glnpv)| + 2D + 2},

which is A”-measurable. By Corollary A.15 and the assumption on D, the event Z holds with high
probability. Moreover, we have 1z1 ¢4, (G)Sou = ]15]106(19”1(G|[N]\U)SO,U7 since the component of o in
G and G|y\y differ by 2D + 2 vertices. Thus, for fixed o € [N]\ U, using the independence of A’
and A”, we get

ElLoe (6)So,u] = El[lz1oew, (6l 0)FoU] + E[lzc Locw; 6)So,U]
= E[S,u][P(0o € €1(Glnpv)) + O(P(EY))] .

We have P(2°) = o(1) and P(o € 61(G|npv)) = 1 — o(1) by Corollary A.15 and the assumption
on D. Computing E[S, ] and performing the sum over o and U, we therefore conclude that

E[F(d, D)] =

NN —1) (N —2D—3+1) < d )2D+2( d )2(N—D—1)+2D(N—1)(1 T o(1)
N Y

1-— —
2D!? N

from which (A.26) follows. The estimate of the second moment is similar; one can even disregard
the restriction to the giant component by estimating E[F(d, D)% < 137 > o.6e[N] ElSo,u S5 7;
we omit the details. O

A.7. Multilinear large deviation bounds for sparse random vectors. In this appendix we
collect basic large deviation bounds for multilinear functions of sparse random vectors, which are
proved in [42]. The following result is proved in Propositions 3.1, 3.2, and 3.5 of [42]. We denote
by || X||» = (E|X|")Y/" the L"™-norm of a random variable X.

Proposition A.20. Letr be even and1 < d < N. Let X1,..., Xy be independent random variables

satisfying
1

Nd(k*Q)/Q
for alli € [N] and 2 < k < r. Let a; € C and b;; € C be deterministic for all i,j € [N]. Suppose

that
(2 I2>1/2 < maxilail &
AT a’L ~ ) - X 9
N5 K Vd

EX; =0, E|X;*<
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and
1/2

1/2
maxi,-|bi'\
(max Z’bw|2> Y, (max Z]bmz) <7, + <Y
for some v, = 0. Then

2r
| (Tremw

24
> ai(|Xil? — ElX) < 2(1 + N) max|a| (2 v \/Z) (A.27b)

i

% 2) (y V), (A.27a)

4r 2
;binin ) < (1 T+ (og(¥/7))5 \/4) (v V). (A.27¢)

The L™-norm bounds in Proposition A.20 induce bounds that hold with very high probability.

Corollary A.21. Fiz k € (0,1). Let the assumptions of Proposition A.20 be satisfied. If /vy >
N*®/4 then with very high probability

> a
i

i il <Cy. (A.28)
1#]
Remark A.22. Our proof of Corollary A.21 shows that C can be chosen as a linear function of v
for the first estimate of (A.28) and as a quadratic function of v for the second estimate of (A.28).

Proof. Fix v > 1. We choose = vlog N in (A.27a) of Proposition A.20 and obtain from Cheyb-
shev’s inequality that

. 4e
P(Zi:aiXi >c¢><N , C::;u
as k € (0,1). Similarly, choosing r = Jvlog N in (A.27c) yields
_ 16e?
P ij j>4C”Lﬂ <NV, CI:TV. O
K

i#]

A.8. Resolvent identities. In this appendix we record some well-known identities for the Green
function (4.2) and its minors from Definition 4.5. We assume throughout that z € C\ R.

Lemma A.23 (Ward identity). For x ¢ T C [N] we have
Z‘Gwy = Im G\

Proof. This is a standard identity for resolvents, see e.g. [16, Eq. (3.6)]. O
Lemma A.24. Let T C [N]. For z,y ¢ T and x # y, we have

(Ty)
Gg) = -GS T, = 60 Z MG Tm). (A.29)

vy
a
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For z,y,a ¢ T and x # a # y, we have

a0 (1)
T T za Uay
For any x € [N], we have
(z)
1 z
g =M~z ' MG My, (A.31)
rxr a,b

Proof. All identities are standard and proved e.g. in [16]: (A.29) in [16, Eq. (3.5)], (A.30) in [16,
Eq. (3.4)] and (A.31) in [16, Lemma A.1 and (5.1)]. O

We recall (4.1) and derive two expansions used in Section 4. For any 7' C [N] and x,y,u ¢ T,
T # u # y, we have

(Tu) (Tu)
G = O + Y G HW O + L6 S 6, (A.32a)

which follows from (A.30) and (A.29). Under the same assumptions, applying (A.29) to (A.32a)

yields
(Tw)

Gg;u) — uu Z G(Tu H,, Z H, G(Tu)

932/

" T (A.32D)

ZGT“H ZG(T“>+ G<T>ZG

A.9. Stability estimate — proof of Lemma 4.19. In this appendix we prove Lemma 4.19. The
estimate in [27, Lemma 3.5] corresponding to (4.43) has logarithmic factors, which are not affordable
for our purposes: they have to be replaced with constants. The following proof of Lemma 4.19 is
analogous to that of the more complicated bulk stability estimate from [9, Lemma 5.11].

Proof of Lemma 4.19. We introduce the vectors g := (g, )zex and € := (e;)zex. Moreover, with
the abbreviation m := m(z) we introduce the constant vectors m = (m),cx and e := | X|7/2(1) e x-
We regard all vectors as column vectors. A simple computation starting from the difference of (4.6)
and (4.42) reveals that

B(g — m) = m(g — m)(ee*(g — m)) — (g — m)me — m?e, (A.33)

2

where B := 1 — m“ee*, and column vectors are multiplied entrywise. The inverse of B is

2

m *

B l=1
+1—m2

For a matrix R € C**¥ we write || R||ocos00 for the operator norm induced by the norm ||r|s =

maxzex|rz| on CY. It is easy to see that there is ¢ > 0, depending only on &, such that |1 —
m(w)?| > c for all w € C, satisfying |[Rew| < 2 — k. Hence, owing to ||ee*|ls—00 = 1, we obtain
|B™ o000 < 1+|1—m?2|7! < 14c¢7L. Therefore, inverting B in (A.33) and choosing b, depending
only on k, sufficiently small to absorb the term quadratic in g — m into the left-hand side of the
resulting bound yields (4.43) for some sufficiently large C' > 0, depending only on . This concludes
the proof of Lemma 4.19. O
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A.10. Instability estimate — proof of (2.11). In this appendix we prove (2.11), which shows
that the self-consistent equation (2.10) is unstable with a logarithmic factor, which renders it useless
for the analysis of sparse random graphs. More precisely, we show that the norm ||(I—=m2%5) ™| so— 00
is ill-behaved precisely in the situation where we need it. For simplicity, we replace m? with a phase
a~t € S! separated from =+1, since for Re z € S,. we have

|m(2)]> =1—-0(Im z), Imm(z) <1, (A.34)

by [33, Lemma 3.5]. Moreover, for definiteness, recalling that with very high probability most of
the d(1 + o(1)) neighbours of any vertex in 7 are again in 7, we assume that S is the adjacency
matrix of a d-regular graph on 7 divided by d.

By the spectral theorem and because S is Hermitian, ||(a — S)7!||2_2 is bounded, but, as we
now show, the same does not apply to ||(a =)™} ||co—00- Indeed, the upper bound of (2.11) follows
from [34, Proposition A.2], and the lower bound from the following result.

Lemma A.25 (Instability of (2.10)). Let S be 1/d times the adjacency matriz of a graph whose
restriction to the ball of radius r € N* around some distinguished vertex is a d-reqular tree. Let
a € S be an arbitrary phase. Then

- 5)t > e — ) :
(@ =) oo > oo A (A.35)

for some universal constant ¢ > 0.

In particular, denoting by N the number of vertices in the tree (which may be completed to a

d-regular graph by connecting the leaves to each other), for d < log N and r < lﬁfﬁg ]J we find

(A.36)

which is the lower bound of (2.11).

Proof of Lemma A.25. After making r smaller if needed, we may assume that @ < d. We

shall construct a vector u satisfying [|ullc = 1 and |[(a — S)u|lec = O(lofr), from which (A.35)

will follow. To that end, we construct the sequence ag, a1, ...,a, by setting

a =1, a=a, G =0l - o

ap—qp for 1<kgr—1.

A short transfer matrix analysis shows that |ay| < e©1%/¢ for some constant Cj. Now choose
u o= Cy lofr with Cy = 2V 2C, and define b = e #kq;. Calling o the distinguished vertex,
we define u, = by if & = dist(o,z) < r and u, = 0 otherwise. It is now easy to check that
(= S)ullec = O(k’%), by considering the cases k =0, 1 <k <r — 1, and k > r separately. The
basic idea of the construction is that if 4 were zero, then (a—.S)u would vanish exactly on B,_1(0),
but it would be large on the boundary S, (o). The factor e #* introduces exponential decay in the
radius which dampens the contribution of the boundary S, (0) at the expense of introducing errors

in the interior B,_1(0). O
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