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We prove that the complex Euclidean field theory with local quartic self-interaction in two
dimensions arises as a limit of an interacting Bose gas at positive temperature, when the density
of the gas becomes large and the range of the interaction becomes small. The field theory is
supported on distributions of negative regularity, which requires a renormalization by divergent
mass and energy counterterms. We obtain convergence of the relative partition function and
uniform convergence of the renormalized reduced density matrices. The proof is based on three
main ingredients: (a) a quantitative analysis of the infinite-dimensional saddle point argument
for the functional integral introduced in [32] using continuity properties of Brownian paths, (b)
a Nelson-type estimate for a general nonlocal field theory in two dimensions, and (c) repeated
Gaussian integration by parts in field space to obtain uniform control on the renormalized
correlation functions. As a byproduct of our proof, in two and three dimensions we also extend
the results on the mean-field limit from [32, 56] to unbounded interaction potentials satisfying
the optimal integrability conditions proposed by Bourgain [13].

1. Introduction

1.1. Overview of Euclidean field theory. A Euclidean field theory of a scalar field on a domain
Λ ⊂ Rd is specified by a formal probability measure on a space of fields1 φ : Λ→ RK given by

µ(dφ) = 1
c

e−S(φ) Dφ , (1.1)

where Dφ =
∏
x∈Λ dφ(x) is the formal uniform measure on the space of fields, and S is the action.

The latter is typically the integral over Λ of a local function of the field φ and its gradient. One
of the simplest field theories with nontrivial interaction is the K-component Euclidean φ4

d theory,
whose action is given by

S(φ) ..= −
∫

Λ
dxφ(x) · (θ + ∆/2)φ(x) + λ

2

∫
Λ

dx |φ(x)|4 , (1.2)

where θ is a constant, λ is a coupling constant, ∆ is the Laplacian on Λ with appropriate boundary
conditions, and |·| denotes the Euclidean norm on RK .

Euclidean field theories originally arose in high-energy physics in d = 4 space-time dimensions,
through an analytic continuation of the time variable of the quantum field φ, which replaces the
Minkowski space-time metric with a Euclidean one [61, 71]. Subsequently, Euclidean field theories
have proven of great importance in statistical mechanics in d 6 3 dimensions, in particular through

1Rigorously, the space of fields is the Schwartz distribution space S ′(Λ,RK).
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their connection with the theory of phase transitions and critical phenomena. The works [74, 75]
recognized the analogy between Euclidean field theories and classical statistical mechanics, which
was followed by a purely probabilistic formulation of Euclidean field theories in [63,64]. The rigorous
study of field theories of the form (1.1) has been a major topic in mathematical physics since the
late sixties; see e.g. [43, 72] as well as the more recent [47] for reviews.

Euclidean field theories also play a central role in the theory of stochastic nonlinear partial
differential equations. Formally, (1.1) is the stationary measure of the stochastic nonlinear heat
equation

∂tφ = −1
2∇S(φ) + ξ = (θ + ∆/2)φ− λ|φ|2φ+ ξ

with space-time white noise ξ, which can be regarded as the Langevin equation for a time-dependent
field φ with potential given by the action S in (1.2). Constructing measures of the form (1.1) by
exhibiting them as stationary measures of stochastic nonlinear partial differential equations is the
goal of stochastic quantization developed in [26,52,62,66]. See for instance [23,45,46,51] for recent
developments.

In addition, Euclidean field theories are of great importance in the probabilistic Cauchy theory
of nonlinear dispersive equations. For K = 2 and identifying R2 ≡ C, the measure (1.1) is formally
invariant under the nonlinear Schrödinger (NLS) equation

i∂tφ = 1
2∇S(φ) = −(θ + ∆/2)φ+ λ|φ|2φ . (1.3)

Gibbs measures (1.1) for the NLS (1.3) have proven a powerful tool for constructing almost sure
global solutions with random initial data of low regularity. One considers the flow of the NLS
(1.3) with random initial data distributed according to (1.1). The invariance of the measure (1.1)
under the NLS flow (in low dimensions) serves as a substitute for energy conservation, which is not
available owing to the low regularity of the solutions. See for instance the seminal works [10–14,52]
as well as [15,18–21,25,39,40,58–60,76] and references given there for later developments.

The main difficulty in all of the works cited above is that, in dimensions larger than one, under
the measure (1.1) the field φ is almost surely a distribution of negative regularity, and hence the
interaction term

V (φ) ..= λ

2

∫
Λ

dx |φ(x)|4

in (1.2) is ill-defined. This is an ultraviolet problem: a divergence for large wave vectors (i.e. spatial
frequencies) producing small-scale singularities in the field. As the dimension d = 1, 2, 3 increases,
the difficulty of making sense of the measure in (1.1) increases significantly.

To outline the rigorous construction of the measure in (1.1), we introduce an (RK-valued)
Gaussian free field on Λ whose law P is the Gaussian measure on the space of fields with mean zero
and covariance (2κ−∆)−1, where κ > 0 is some positive constant. Then we write

µ(dφ) = 1
ζ

e−V (φ) P(dφ) (1.4)

for some normalization constant ζ > 0. For d = 1, the right-hand side of (1.4) makes sense as is,
since, under P, the field φ is almost surely a continuous function and hence V (φ) is almost surely
nonnegative and finite. This provides a simple construction of (1.1) for d = 1 and κ = −θ. See
e.g. [72] for a careful treatment.

For d > 1, the simple approach just sketched no longer works, since φ is almost surely of negative
regularity, and the interaction term V (φ) has to be renormalized by subtracting suitably chosen
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infinite counterterms. The most elementary renormalization is Wick ordering of V (φ) with respect
to the Gaussian measure P, denoted by : · : (see Appendix A). After Wick ordering, the interaction
term becomes

V (φ) = λ

2

∫
Λ

dx : |φ(x)|4 :

= λ

2

∫
Λ

dx
(
|φ(x)|4 − 4 + 2K

K
E
[
|φ(x)|2

]
|φ(x)|2 + K + 2

K
E
[
|φ(x)|2

]2)
, (1.5)

where E denotes expectation with respect to P. The second and third terms on the right-hand side
of (1.5) are infinite counterterms, which may be regarded as mass and energy renormalizations,
respectively. Hence, for d > 1, the constant θ in (1.2) is formally −∞. To make rigorous sense of
(1.5) in dimension d = 2, one has to mollify φ by convolving it with an approximate delta function,
and then show that as the mollifier is removed, the right-hand side of (1.5) converges in L2(P) (see
Section 2.1 below for more details). It is not hard to show that for d = 2 the renormalization on
the right-hand side of (1.5) yields a well-defined interaction term V (φ) ∈ L2(P). However, owing
to the mass renormalization in (1.5), after Wick ordering, V (φ) is unbounded from below, and the
integrability of e−V (φ) with respect to P represents a nontrivial problem, which was successfully
solved in the landmark work of Nelson [63,64].

For d = 3, it is easy to see that, even after Wick ordering, V (φ) almost surely does not
exist in L2(P). Further, a simple expansion of the exponential e−V (φ) in the two-point correlation
function, 1

ζ

∫
φi(x)φj(y) e−V (φ) P(dφ), yields a divergent term already at second order, associated

with the so-called sunset diagram of quantum field theory. Hence, a further mass renormalization
of V (φ) is required, which results in a measure µ that is mutually singular with respect to the free-
field Gaussian measure P. The mathematically rigorous construction of the Euclidean φ4

3 theory,
first achieved in the seminal work of Glimm and Jaffe [42], is one of the major successes of the
constructive field theory programme started in the sixties. By now, several different constructions
of this theory have been developed, based on, first, phase cell expansions [27, 42, 43, 67], then on
renormalization group methods [8,16,37], later on correlation inequalities [17], and, most recently,
on paracontrolled calculus [22,44], as well as variational methods [5].

For d > 4, it is expected, and indeed proven in some cases, that the φ4
d theory is trivial:

any renormalization of V (φ) resulting in a well-defined measure µ yields a (generalized free-field)
Gaussian measure. For d > 5, this triviality was proven in [2, 29]. Recently, the triviality of φ4

4 for
K = 1 was established in [3].

1.2. The φ4
2 theory as a limit of a Bose gas. In this paper, we establish for the first time a

relationship beween a local Euclidean field theory in dimension larger than one and an interacting
quantum gas. We show that the complex Euclidean φ4

2 theory describes the limiting behaviour
of an interacing Bose gas at positive temperature. The limiting regime is a high-density limit in
a box2 of fixed size, where the range of the interaction is much smaller than the diameter of the
box. This result provides a rigorous derivation of the φ4

2 theory starting from a realistic model
of statistical mechanics. Viewed differently, we introduce a new regularization of the φ4

2 theory in
terms of an interacting Bose gas, in addition to the commonly used smooth mollifiers or lattice
approximations.

To explain our result more precisely, we recall that a quantum system of n spinless non-
2For conciseness, in this paper we assume that Λ is the unit torus, although the actual shape of Λ and the boundary

conditions are not essential for our proof; see Remark 2.3 below.
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relativistic bosons of mass m in Λ is described by the Hamiltonian

Hn
..= −

n∑
i=1

∆i

2m + g

2

n∑
i,j=1

v(xi − xj)

acting on the space Hn of square-integrable wave functions that are symmetric in their arguments
x1, . . . , xn and supported in Λn. Here ∆i is the Laplacian in the variable xi, g is a coupling constant,
and v is a repulsive (i.e. with nonnegative Fourier transform) two-body interaction potential. We
consider a system in the grand canonical ensemble at positive temperature, characterized by the
density matrix

1
Z

⊕
n∈N

e−β(Hn−θn) (1.6)

acting on Fock space F =
⊕
n∈NHn, where β < ∞ is the inverse temperature, θ is the chemical

potential, and Z is a normalization factor. We refer to e.g. [7, 57] for reviews on interacting Bose
gases.

The limiting regime of this paper is obtained by introducing two parameters, ν, ε > 0, where
ν = β

m =
√
βg, and the potential v is taken to be an approximate delta function of range ε. We

suppose that ν, ε → 0 under the technical constraint ε > exp
(
−(log ν−1)1/2−c), for some constant

c > 0. We show that there exists a suitable renormalization of the chemical potential θ ≡ θεν such
that the reduced density matrices of the quantum state (1.6) converge to the correlation functions
of the field theory (1.1), (1.2).

Previously, this result was obtained for d = 1 in [30,53,55], where, as explained in Section 1.1,
no renormalization is required. In higher dimensions d = 2, 3, the mean-field limit was investigated
in [30–32,54,56,73], where the parameter ε was fixed as ν → 0. The resulting limiting field theory
differs from φ4

d in that the interaction term V (φ) is nonlocal, given by a convolution with a bounded
two-body interaction potential v. This nonlocal interaction term is considerably less singular than
the local one of φ4

2 theory. The stronger singularity of V (φ) requires additional renormalization as
compared to the nonlocal potential. This makes the local problem significantly more difficult than
the nonlocal one. In particular, the renormalized interaction term V (φ) is unbounded from below,
whereas in the nonlocal regime it is almost surely nonnegative.

The above lower bound on the range of the interaction ε is technical in nature (see Remark 2.5
below for a more detailed discussion on its origin). We expect that it can be improved, however
at the cost of a considerably more complicated argument. In this paper we wish to emphasize
that, using relatively simple methods, one can establish a connection between local Euclidean field
theories and interacting quantum gases. We leave quantitative improvements of such results to
future work.

Using our methods, we also extend the results on the mean-field limit for a nonlocal interaction
term V (φ) in [32, 56] from bounded two-body interaction potentials, v, to unbounded ones. Our
integrability assumptions on the function v are optimal, as given in [13]. We refer to Section 5.3
below for details.

1.3. Outlook. The close relationship between Euclidean field theory and interacting Bose gases
established in this paper leads to a web of conjectures concerning properties of φ4

d theories inspired
by results on Bose gases and, conversely and perhaps more interestingly, properties of interacting
Bose gases inspired by known results on φ4

d theories. In the following, we outline some of these
conjectures.
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We remark that an analysis very similar to the one in this paper yields an analogous relationship
between the φ4

2 theory with N complex components (that is, with K = 2N real components) and
an interacting Bose gas with N species of identical Bosons; see Remark 2.4 below.

1. It is known (see [4, 9, 38]) that systems of non-relativisitic quantum particles moving in d-
dimensional Euclidean space and interacting through delta function potentials are equivalent
to systems of free (i.e. non-interacting) particles, provided that d > 4. Given the connection
between interacting Bose gases and φ4

d theories exhibited in this paper, this suggests that the
latter theories are equivalent to free (i.e. Gaussian) field theories in dimensions d > 4, for a
field φ with an arbitrary number of complex components.

2. In d = 3 dimensions, φ4
d theories with N complex components are known to undergo a

phase transition accompanied by spontaneous O(2N)-symmetry breaking and the emergence
of Goldstone bosons [33]; (see also [35], as well as [36] for recent results on related lattice
models with disorder). Given our results for d = 2, as well as analogous results for d = 3
to appear in a future paper, the existence of a phase transition in the Euclidean field theory
strongly suggests that translation-invariant Bose gases with repulsive two-body interactions
in three dimensions exhibit Bose-Einstein condensation accompanied by the appearance of
massless quasi-particles with approximately relativistic dispersion at small wave vectors.
In two dimensions, the Mermin-Wagner theorem implies that such phase transitions do not
exist, and the O(2N)-symmetry remains unbroken for arbitrary values of the coupling con-
stant λ. A similar result is expected to hold for two-dimensional interacting Bose gases (and
easy to see for ideal Bose gases).

3. The one-component complex φ4
d - theory in d = 2 dimension is expected to exhibit a Berezinskii-

Kosterlitz-Thouless transition. This is rigorously known for the classical XY -model on a
square lattice, which is the limiting theory of lattice φ4

2-theory, as λ tends to∞, with κ = 2λ;
see [34,35]. In view of the results proven in this paper, this suggests that two-dimensional Bose
gases of one species of particles might exhibit a transition to a low-temperature phase where
reduced density matrices exhibit slow decay, analogous to the Berezinskii-Kosterlitz-Thouless
transition.
In contrast, for a two-dimensional φ4

d theory with two or more complex components, with
an O(2N)-symmetry, it is expected that connected correlations exhibit exponential decay for
arbitrary values of the coupling constant λ; see [68]. This suggests that two-dimensional
Bose gases of several species of identical particles exhibit rapidly decaying correlations at all
temperatures and densities.

4. For φ4
d theories with N complex components, there exists a systematic 1/N -expansion; see

[49, 50] and [78, Chapter 30]. The model obtained in the limit, as N → ∞, is the spherical
model, which is exactly solved. It is tempting to extend the method of the 1/N -expansion
to Bose gases of N species of identical particles interacting through two-body interactions of
strength O(1/N). The model obtained in the limit, as N → ∞, appears to be equivalent to
an ideal Bose gas, but with a renormalized chemical potential. In attempting to prove Bose-
Einstein condensation for translation-invariant interacting Bose gases, therefore, it seems
judicious to begin by studying Bose gases with a large number of species of identical particles.
The connection between Bose-Einstein condensation and phase transitions in classical field
theory has been discussed in e.g. [6, 48].
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2. Setup and results

2.1. Classical field theory. In this subsection we define the Euclidean field theory and its
correlation functions. We note that the measure µ from (1.1) can be formally viewed as the
thermal equilibrium measure of a classical field theory with Hamilton function given by S(φ) from
(1.2). We work on the d-dimensional torus Λ ..= [−1/2, 1/2)d. We use the Euclidean norm |·| for
elements of Λ regarded as a subset of Rd. We use the shorthand

∫
dx (·) ..=

∫
Λ dx (·) to denote

integration over Λ with respect to Lebesgue measure. We abbreviate H ..= L2(Λ;C) and denote by
〈· , ·〉 the inner product of the space H, which is by definition linear in the second argument. On H
we use the standard Laplacian ∆ with periodic boundary conditions.

The classical free field φ is by definition the complex-valued Gaussian field with covariance
(κ−∆/2)−1, where κ > 0 is a constant. Explicitly, the free field may be constructed as follows. We
use the spectral decomposition κ−∆/2 =

∑
k∈Zd λkuku

∗
k, with eigenvalues λk > 0 and normalized

eigenfunctions uk ∈ H (see also (4.5) below). Let X = (Xk)k∈Zd be a family of independent
standard complex Gaussian random variables3, whose law and associated expectation are denoted
by P and E, respectively. The classical free field is then given by

φ =
∑
k∈Zd

Xk√
λk

uk ,

which is easily seen to converge4 in L2(P) of the L2-Sobolev space H1−d/2−c for any c > 0.
In order to define the interacting theory, it is necessary to regularize the field φ by convolving

it with a smooth mollifier. To that end, choose a nonnegative function ϑ : Rd → R+ of rapid decay
satisfying ϑ(0) = 1, and for 0 < N <∞ define the regularized field

φN ..=
∑
k∈Zd

Xk√
λk

√
ϑ(k/N)uk , (2.1)

which is almost surely a smooth function on Λ. We define the regularized interaction

VN ..= 1
2

∫
dx : |φN (x)|4 : ,

where : · : denotes Wick ordering with respect to the Gaussian measure P (see Appendix A.1).
Explicitly,

: |φN (x)|4 : = |φN (x)|4 − 4E
[
|φN (x)|2

]
|φN (x)|2 + 2E

[
|φN (x)|2

]2
.

Here, the deterministic factor E
[
|φN (x)|2

]
=
∑
k∈Zd

ϑ(k/N)
λk

diverges as N →∞ for d > 1.
For d = 2, using Wick’s theorem, it is easy to see that VN converges as N → ∞ in L2(P) to a

random variable, denoted by V , which does not depend on the choice of ϑ. See e.g. [30, Lemma
1.5] for details. The interacting field theory is given as the probability measure

1
ζ

e−V dP , ζ ..= E[e−V ] . (2.2)

By the well-known Nelson bounds [63,64] mentioned in Section 1.1, e−V is integrable with respect
to P.

3We recall that Z is a standard complex Gaussian if it is Gaussian and satisfies EZ = 0, EZ2 = 0, and E|Z2| = 1,
or, equivalently, if it has law π−1e−|z|

2
dz on C, where dz denotes Lebesgue measure.

4In fact, an application of Wick’s rule shows that the convergence holds in Lm for any m <∞.
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We characterize the interacting field theory through its correlation functions, defined as follows.
For p ∈ N and x, x̃ ∈ Λp, we define the p-point correlation function as

(γp)x,x̃ ..= 1
ζ
E
[
φ̄(x̃1) · · · φ̄(x̃p)φ(x1) · · ·φ(xp) e−V

]
. (2.3)

which is the 2p-th moment of the field φ under the probability measure (2.2). This measure is sub-
Gaussian, and is hence determined by its moments (γp)p∈N∗ . (Note that any moment containing
a different number of φ̄s and φs vanishes by invariance of the measure (2.2) under the gauge
transformation φ 7→ αφ, where |α| = 1.)

As explained in [32, Section 1.5], the correlation function γp is divergent on the diagonal, even
for the free field. Hence, for instance, it cannot be used to analyse the distribution of the mass
density |φ(x)|2. As in [32, Section 1.5], we remedy this issue by introducing the Wick-ordered
p-point correlation function

(γ̂p)x,x̃ ..= 1
ζ
E
[
: φ̄(x̃1) · · · φ̄(x̃p)φ(x1) · · ·φ(xp) : e−V

]
, (2.4)

which has a regular behaviour on the diagonal. The Wick-ordered correlation function (2.4) can
be expressed explicitly in terms of the correlation functions (2.3) and the correlation functions of
the free field; see (2.20) below.

2.2. Quantum many-body system. In this subsection we define the quantum many-body sys-
tem and its reduced density matrices. For n ∈ N, we denote by Pn the orthogonal projection onto
the symmetric subspace of H⊗n; explicitly, for Ψn ∈ H⊗n,

PnΨn(x1, . . . , xn) ..= 1
n!

∑
π∈Sn

Ψn(xπ(1), . . . , xπ(n)) , (2.5)

where Sn is the group of permutations on {1, . . . , n}. For n ∈ N∗, we define the n-particle space
as Hn ..= PnH⊗n. We define Fock space as the Hilbert space F ≡ F(H) ..=

⊕
n∈NHn. We

denote by TrF (X) the trace of an operator X acting on F . For f ∈ H we define the bosonic
annihilation and creation operators a(f) and a∗(f) on F through their action on a dense set of
vectors Ψ = (Ψn)n∈N ∈ F as

(
a(f)Ψ

)
n
(x1, . . . , xn) =

√
n+ 1

∫
dx f̄(x) Ψn+1(x, x1, . . . , xn) , (2.6)

(
a∗(f)Ψ

)
n
(x1, . . . , xn) = 1√

n

n∑
i=1

f(xi)Ψn−1(x1, . . . , xi−1, xi+1, . . . , xn) . (2.7)

The operators a(f) and a∗(f) are unbounded closed operators on F , and are each other’s adjoints.
They satisfy the canonical commutation relations

[a(f), a∗(g)] = 〈f , g〉 1 , [a(f), a(g)] = [a∗(f), a∗(g)] = 0 , (2.8)

where [X,Y ] ..= XY − Y X denotes the commutator. We regard a and a∗ as operator-valued
distributions and use the notations

a(f) =
∫

dx f̄(x) a(x) , a∗(f) =
∫

dx f(x) a∗(x) . (2.9)
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The distribution kernels a∗(x) and a(x) satisfy the canonical commutation relations

[a(x), a∗(x̃)] = δ(x− x̃) , [a(x), a(x̃)] = [a∗(x), a∗(x̃)] = 0 . (2.10)

For ν > 0, we define the free quantum Hamiltonian H(0) ≡ H(0)
ν through

H(0) ..= ν

∫
dx a∗(x)((κ−∆/2)a)(x) . (2.11)

To describe the interaction potential of the Bose gas, we choose v : Rd → R to be an even,
smooth, compactly supported function of positive type5 whose integral is equal to one. For ε > 0
we define the rescaled interaction potential on Λ as

vε(x) =
∑
n∈Zd

1
εd
v

(
x− n
ε

)
. (2.12)

For ε, ν > 0 we define the interacting quantum Hamiltonian H ≡ Hε
ν through

H ..= H(0) + ν2

2

∫
dx dx̃ a∗(x)a(x) vε(x− x̃) a∗(x̃)a(x̃)− ναεν

∫
dx a∗(x)a(x) + θεν , (2.13)

where αεν and θεν are real renormalization parameters that we shall define shortly in (2.16) below.
Using (2.13), the quantum grand canonical density matrix from (1.6) can be expressed as the

operator

(1.6) = e−H

Z
, Z ..= TrF (e−H) ,

where Z is the grand canonical partition function. Analogously, the free grand canonical partition
function is

Z(0) ..= TrF (e−H(0)) .

We shall also use the relative partition function

Z ..= Z

Z(0) . (2.14)

In order to define the renormalization parameters αεν and θεν , we introduce the Green function
G of the free field φ, i.e. the integral kernel of the operator (κ−∆/2)−1. Since κ−∆/2 is invariant
under translations, we can write Gx,y = G(x− y). Explicitly, in the sense of distributions,

G(x− y) = E[φ(x)φ̄(y)] .

The Green function G exhibits a logarithmic singularity at the origin (see Lemma B.1 below).
Moreover, we denote by

%ν ..= ν TrF
(
a∗(0)a(0) e−H(0)

Z(0)

)
(2.15)

the expected rescaled particle density in the free quantum state. Then we set

αεν
..= %ν + τ ε , θεν

..= 1
2%

2
ν + τ ε%ν − Eε , (2.16)

5This means that the Fourier transform of v is a positive measure. Note that we do not assume v to be pointwise
nonnegative.
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where
τ ε ..=

∫
dx vε(x)G(x) , Eε ..= 1

2

∫
dx vε(x)G(x)2 . (2.17)

The parameter αεν describes a renormalization of the chemical potential, and θεν corresponds to
an energy renormalization. As ε, ν → 0, the renormalization of the chemical potential behaves as
αεν → +∞. We remark that, using the quantities (2.15) and (2.17), we can rewrite the Hamiltonian
(2.13) in the form

H = H(0) + 1
2

∫
dx dx̃

(
νa∗(x)a(x)− %ν

)
vε(x− x̃)

(
νa∗(x̃)a(x̃)− %ν

)
− τ ε

∫
dx
(
νa∗(x)a(x)− %ν

)
− Eε . (2.18)

Next, we define the p-particle reduced density matrix as

(Γp)x,x̃ ..= TrF

(
a∗(x̃1) · · · a∗(x̃p) a(x1) · · · a(xp)

e−H

Z

)
. (2.19)

As for the correlation function (2.3) and its Wick-ordered version (2.4), we would like to replace
(2.19) with its Wick-ordered version. To that end, we regard the expressions (2.3) and (2.4) as
integral kernels of operators acting on Hp, and observe that (see [32, Lemma A.4])

γ̂p =
p∑

k=0

(
p

k

)2

(−1)p−k Pp(γk ⊗ γ
(0)
p−k)Pp , (2.20)

where γ(0)
m denotes the m-point correlation function from (2.3) with V = 0. In analogy with (2.20),

we therefore define the Wick-ordered p-particle reduced density matrix as

(Γ̂p)x,x̃ ..=
p∑

k=0

(
p

k

)2

(−1)p−k Pp(Γk ⊗ Γ(0)
p−k)Pp , (2.21)

where Γ(0)
m denotes the m-particle reduced density matrix of the free grand canonical density matrix

e−H(0)
/Z(0). (For an interpretation of (2.21) as a result of Wick ordering (2.19) with respect to

the free field in the functional integral representation of quantum many-body theory, we refer the
reader to the discussion in [32, Section 1.7]).

2.3. Results. We may now state our main result.

Theorem 2.1. Suppose that d = 2 and ε ≡ ε(ν) satisfies

ε > exp
(
−(log ν−1)1/2−c) (2.22)

for some constant c > 0. Then as ε, ν → 0 we have the convergence of the partition function

Z → ζ (2.23)

and of the Wick-ordered correlation functions

νp Γ̂p
C−→ γ̂p (2.24)

for all p ∈ N, where C−→ denotes convergence in the space of continuous functions on Λp ×Λp with
respect to the supremum norm.
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We refer to [32, Section 1.5] for an in-depth discussion on applications of Theorem 2.1. In
particular, Theorem 2.1 yields the following result for unrenormalized correlation functions.

Corollary 2.2. Under the assumptions of Theorem 2.1,

νpΓp
Lr−→ γp

for all p ∈ N and r <∞, where Lr−→ denotes convergence in the Lr(Λp × Λp)-norm.

Another application of Theorem 2.1 is the convergence of the joint distribution of the Wick-
ordered quantum particle densities a∗(x)a(x) to those of the Wick-ordered mass densities |φ(x)|2;
see [32, Theorem 1.4].

Remark 2.3. In this paper we set Λ to be the unit torus for definiteness, but our methods extend
without complications to more general domains and boundary conditions. In particular, they also
apply to the full space R2 with one-body Hamiltonian −∆/2+U(x), where the particles are confined
by a suitable external potential U : R2 → R satisfying U(x) > b|x|θ for some b > 0 and θ > 2. We
refer to [32, Sections 1.6 and 7] and [56, Section 3.2] for an in-depth discussion of the analogous
extension for the mean-field scaling. The corresponding counterterm problem, which relates the
bare and renormalized external potentials, was formulated and solved in [30] for the mean-field
scaling. It, along with the arguments of [30, Section 5], can be adapted to the local scaling of the
current paper; we omit further details.

Remark 2.4. The proof of Theorem 2.1 can be extended to establish the convergence of the in-
teracting Bose gas of N species of identical Bosons to the φ4

2 theory with N complex components.
(Theorem 2.1 corresponds to N = 1.) More precisely, we introduce the species index i = 1, . . . , N ,
and augment the creation and annihilation operators to a∗i (x), ai(x) satisfying the canonical com-
mutation relations

[ai(x), a∗j (x̃)] = δijδ(x− x̃) , [ai(x), aj(x̃)] = [a∗i (x), a∗j (x̃)] = 0 , (2.25)

which generalize (2.10). The Hamiltonian from (2.11) and (2.13) is generalized to

H(0) ..= ν
N∑
i=1

∫
dx a∗i (x)((κ−∆/2)ai)(x)

and

H ..= H(0) + ν2

2

N∑
i=1

∫
dx dx̃ a∗i (x)ai(x) vε(x− x̃) a∗i (x̃)ai(x̃)− ναεν

N∑
i=1

∫
dx a∗i (x)ai(x) + θεν .

Then we find that the reduced density matrices of the N -species quantum Bose gas converge to the
correlation functions of φ4

2 theory with N complex components, in the sense of Theorem 2.1.

Remark 2.5. We conclude this section with a discussion on the technical condition (2.22) on the
range ε of the interaction potential. It is instructive to compare the right-hand side of (2.22) to
the typical inter-particle distance, which we claim is of order

` = ν1/2(log ν−1)−1/2 . (2.26)
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To show (2.26), it suffices to show that the expected number of particles, given by Tr(Γ1), is of order
ν−1 log ν−1. By Theorem 2.1 and the definition (2.21), we find Tr(Γ1) = Tr(Γ(0)

1 )+O(ν−1). Hence, it
suffices to show that Tr(Γ(0)

1 ) is of order ν−1 log ν−1, which follows using the Wick theorem for quasi-
free quantum states (see e.g. [32, Remark 1.5 and Lemma 2.9]), since Tr(Γ(0)

1 ) = Tr
( 1

eν(κ−∆/2)−1
)
�

ν−1 log ν−1, as claimed.
Comparing (2.26) and the right-hand side of (2.22), we conclude that the range of the interaction

ε may vanish much faster than any power of (log `−1)−1 but much slower than any power of `. As
stated in Section 1.2, we expect that it can be improved, however at the cost of a considerably more
complicated argument. We leave such quantitative improvements to future work, focusing here on
the first result of this kind while aiming for a relatively simple proof.

The origin of the condition (2.22) in our proof arises from controlling oscillatory integrals. It
can be traced to the functional Fourier representation from Lemmas 5.6 and 5.7 below. There, the
partition function is expressed in terms of an integral over a Gaussian field, where the integrand
includes a phase with a diverging prefactor. To compensate this rapidly oscillating phase and obtain
a quantity of order one, the integral is multiplied by the large factor

e(τε)2/2+Eε ,

(see (5.15)) which is propagated throughout the estimates of Section 5, for example in Lemma 5.9.
This large factor needs to be compensated by powers of ν which arise from our error estimates,
leading to the lower bound on ε in terms of ν.

3. Structure of the proof

The rest of this paper is devoted to the proof of Theorem 2.1. We begin with a short section that
lays out the general strategy. We use c, C to denote generic positive constants, which may change
from one expression to the next, and may depend on fixed parameters. We write x . y or x = O(y)
to mean x 6 Cy. If C depends on a parameter α, we write x .α y, x 6 Cαy, or x = Oα(y). We
abbreviate [n] = {1, . . . , n}.

We shall need two different interacting field theories approximating (2.2), obtained by replacing
the interaction V with regularized variants, denoted by W ε and V ε, respectively. They are defined
by

W ε ..= 1
2

∫
dx dx̃ : |φ(x)|2 : vε(x− x̃) : |φ(x̃)|2 :− τ ε

∫
dx : |φ(x)|2 :− Eε , (3.1)

V ε ..= 1
2

∫
dx dx̃ vε(x− x̃) : |φ(x)|2 |φ(x̃)|2 : . (3.2)

The rigorous construction of the random variablesW ε, V ε proceeds exactly like that of V explained
in Section 2.1: one introduces truncated versions W ε

N , V
ε
N defined in terms of the truncated free

field φN (see e.g. (4.7) below), and proves using Wick’s theorem that as N → ∞ they converge
in L2(P) to their respective limits W ε, V ε. Throughout the following, we shall make use of such
constructions of Wick-ordered functions of the free field without further comment. The integrability
of e−W ε and e−V ε is established in Section 4 below.

To emphasize the dependence of the quantities (2.2) and (2.4) on the interaction V , we some-
times include the interaction V in our notation as a superscript, writing ζV and γ̂Vp , respectively.

The proof consists of two main steps.
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Step 1. We compare Z and νp Γ̂p with ζW ε and γ̂W ε

p , respectively, in the limit ν, ε→ 0 under the
condition (2.22).

Step 2. We compare ζW ε and γ̂W ε

p with ζV and γ̂Vp , respectively, in the limit ε→ 0. This step is
done by passing via the further intermediate interaction V ε.

Step 1 relies on a quantitative analysis of the infinite-dimensional saddle point argument for
the functional integral introduced in [32].

Step 2 relies on three main ingredients. First, we show integrability of e−V ε , uniformly in ε.
Second, we use that V ε −W ε is small in L2(P) and it lies in the second polynomial chaos (see
Section A.2 below), which allows us to deduce integrability of e−W ε by expansion in V ε − W ε

and hypercontractive moment bounds. Third, to obtain uniform control on the Wick-ordered
correlation functions, we use Gaussian integration by parts, analogous to Malliavin calculus, to
derive a representation of the correlation functions in terms of expectations of derivatives of the
interaction potential.

The results of these two steps are summarized in the following two propositions.

Proposition 3.1. Suppose that d = 2 and that ν, ε → 0 under the constraint (2.22). Then
Z − ζW ε → 0. Moreover, for all p ∈ N∗,∥∥∥νp Γ̂p − γ̂W

ε

p

∥∥∥
C
→ 0 . (3.3)

Proposition 3.2. Suppose that d = 2 and that ε→ 0. Then ζW ε → ζV . Moreover, for all p ∈ N∗,∥∥∥γ̂W ε

p − γ̂Vp
∥∥∥
C
→ 0 . (3.4)

We remark that Proposition 3.1 holds also for d = 3, with the same proof, provided that the
condition (2.22) is suitably adjusted. We refer to Section 5 for more details and for the proof.

4. Proof of Proposition 3.2

In this section we prove Proposition 3.2. We set d = 2 throughout.

4.1. L2-estimates. In this subsection we derive L2-estimates for the differences V ε − V and
V ε −W ε.

Lemma 4.1. We have ‖V ε −W ε‖L2(P) → 0 as ε→ 0.

Proof. A straightforward calculation using (A.2) below yields

V ε = 1
2

∫
dx dx̃ : |φ(x)|2 : vε(x− x̃) : |φ(x̃)|2 :−

∫
dx dx̃ vε(x− x̃)G(x− x̃) φ̄(x)φ(x̃) + Eε

= 1
2

∫
dx dx̃ : |φ(x)|2 : vε(x− x̃) : |φ(x̃)|2 :−

∫
dx dx̃ vε(x− x̃)G(x− x̃) : φ̄(x)φ(x̃) :− Eε

= W ε −
∫

dx dx̃ vε(x− x̃)G(x− x̃)
(
: φ̄(x)φ(x̃) :− : |φ(x)|2 :

)
. (4.1)

By Lemma A.1 below (see also Example A.2 below), we find

‖V ε −W ε‖2L2(P) =
∫

dx dx̃ dy dỹ vε(x− x̃) vε(y − ỹ)G(x̃− x)G(ỹ − y)

×
(
G(x− ỹ)−G(x− y)

)(
G(x̃− y)−G(x− y)

)
. (4.2)
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We emphasize the crucial double cancellation on the second line of (4.2), which will ensure conver-
gence of the right-hand side, even though the first line of the right-hand side on its own is divergent
as ε→ 0. From Lemma B.1 below, we find

|G(x− ỹ)−G(x− y)| . |y − ỹ|+
∣∣∣∣log |x− ỹ|
|x− y|

∣∣∣∣ (4.3)

and similarly for |G(x̃ − y) − G(x − y)|. Switching to new integration variables h = (x̃ − x)/ε,
k = (y − ỹ)/ε, and z = x− y, we obtain

‖V ε −W ε‖2L2(P) .
∫

dhdk dz v(h) v(k)G(εh)G(εk)
(
ε|h|+

∣∣∣∣log |z + εh|
|z|

∣∣∣∣)(ε|k|+ ∣∣∣∣log |z + εk|
|z|

∣∣∣∣)
We multiply out the two parentheses on the right-hand side and treat each of the four terms
separately. The term arising from ε|h|ε|k| is easily estimated by Oα(ε2α) for any α ∈ (0, 1), using
that G(x)|x| .α |x|α, by Lemma B.1.

For the other three terms containing the logarithmic factor, we use∣∣∣∣log |x+ y|
|x|

∣∣∣∣ .
| log |x+ y||+ | log |x|| if |x| 6 2|y|
|y|
|x| if |x| > 2|y| ,

(4.4)

We estimate the mixed terms, for any α ∈ [0, 1), as∫
dhdk dz v(h) v(k)G(εh)G(εk) ε|k|

∣∣∣∣log |z + εh|
|z|

∣∣∣∣
.
∫

dk v(k)G(εk) ε|k|
∫

dh v(h)G(εh)
∫

dz
((
| log |z + εh||+ | log |z||

)
1|z|62ε|h| +

ε|h|
|z|

1|z|>2ε|h|

)
.α

∫
dk v(k)G(εk) ε|k|

∫
dh v(h)G(εh)

(
ε2α|h|2α + ε|h|

)
.α ε

2α .

Finally, we estimate, for any α′ < α < 1,∫
dhdk dz v(h) v(k)G(εh)G(εk)

∣∣∣∣log |z + εh|
|z|

∣∣∣∣ ∣∣∣∣log |z + εk|
|z|

∣∣∣∣
.
∫

dhdk v(h) v(k)G(εh)G(εk)
∫

dz
((
| log |z + εh||+ | log |z||

)
1|z|62ε|h| +

ε|h|
|z|

1|z|>2ε|h|

)
×
((
| log |z + εk||+ | log |z||

)
1|z|62ε|k| +

ε|k|
|z|

1|z|>2ε|k|

)
.α

∫
dhdk v(h) v(k)G(εh)G(εk)

(
[ε(|h| ∧ |k|)]2α + 2 (ε|h|)α ε|k|+ (ε|h|)α(ε|k|)α

)
.
∫

dhdk v(h) v(k)G(εh)G(εk) (ε|h|)α(ε|k|)α

.α′ ε
2α′ ,

where in the second step we used the estimates∫
dz
(
| log |z + εh||2 + | log |z||2

)
1|z|62ε|h|1|z|62ε|k| .α [ε(|h| ∧ |k|)]2α ,∫

dz | log |z + εh||+ | log |z||
|z|

1|z|62ε|h| .α (ε|h|)α
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and that ε|h|
|z| 6

( ε|h|
|z|
)α for |z| > 2ε|h|. We conclude that ‖V ε − W ε‖L2(P) .α εα for any α ∈

(0, 1).

Lemma 4.2. We have ‖V ε − V ‖L2(P) → 0 as ε→ 0.

Proof. Clearly,

V ε − V = 1
2

∫
dx dx̃

(
vε(x− x̃)− δ(x− x̃)

)
: |φ(x)|2 |φ(x̃)|2 :

Using Lemma A.1 below (see also Example A.2 below) we therefore find

E(V ε − V )2 = 1
2

∫
dx dx̃ dy dỹ

(
vε(x− x̃)− δ(x− x̃)

) (
vε(y − ỹ)− δ(y − ỹ)

)
×G(x− y)G(x̃− ỹ)

(
G(x− y)G(x̃− ỹ) +G(x̃− y)G(x− ỹ)

)
.

The right-hand side splits into two terms. We only consider the first one; the analysis of the second
one is analogous. With the change of variables x̃− x = h, ỹ − y = k, and z = x− y, the first term
reads

1
2

∫
dz dhdk

(
vε(h)− δ(h)

) (
vε(k)− δ(k)

)
G(z)2G(z + h− k)2

= 1
2

∫
dz G(z)2

∫
dhdk vε(h) vε(k)

(
G(z + h− k)2 −G(z − k)2 −G(z + h)2 +G(z)2

)
.

We now estimate the first two terms and the last two terms separately. (A more careful second-
order analysis could be done to take into account a further cancellation between all four terms,
yielding a bound ε2α for any α < 1 instead of ε, but we shall not need it.) The sum of the first two
terms on the right-hand side is estimated by

1
2

∫
dz G(z)2

∫
dhdk vε(h) vε(k)

∣∣∣G(z + h− k)2 −G(z − k)2
∣∣∣

.
1
2

∫
dhdk vε(h) vε(k)

∫
dz G(z)2 (G(z + h− k) +G(z − k)

)(
|h|+

∣∣∣∣log |z + h− k|
|z − k|

∣∣∣∣)
.

1
2

∫
dhdk vε(h) vε(k)

∫
dz G(z)2 (G(z + h− k) +G(z − k)

)
×
(
|h|+

(
|log|z + h− k||+ |log|z − k||

)
1|z−k|62|h| +

|h|
|z − k|

1|z−k|>2|h|

)
where in the second step we used the estimate (4.3), and in the third the estimate (4.4). Using
that on the support of the integral over h we have |h| . ε, we may perform the integral over z,
followed by the integrals over h and k, to deduce that the above expression is bounded by O(ε).
Here we also used that G has a logarithmic singularity at the origin, as established in Lemma B.1
below and the fact that

∥∥log |x|1|x|.ε
∥∥
Lp

.p ε for p ∈ (1, 2), combined with Hölder’s inequality.
This concludes the proof.

4.2. Integrability of e−V ε. In this subsection we establish the integrability of e−V ε , uniformly
in ε. This is an adaptation of Nelson’s argument [63] (see also [47] for a recent pedagocial account)
to a nonlocal interaction.
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Proposition 4.3. There is a constant c > 0 such that for all ε > 0 and t > 1 we have

P(e−V ε > t) . exp(−ec
√

log t) .

The same estimate holds for V ε replaced with V .

In particular, e−V ε is uniformly integrable in ε > 0.
The rest of this subsection is devoted to the proof of Proposition 4.3. We start by noting that

κ−∆/2 has eigenfunctions uk ∈ H and eigenvalues λk indexed by k ∈ Zd and given by

λk = κ+ 2π2|k|2 , uk = e2πik·x . (4.5)

We shall use the truncated field φN from (2.1) with a suitable truncation ϑ, which is smooth in
Fourier space. To that end, we fix ρ to be a smooth, nonnegative, rotation invariant function, that
has integral 1 and is supported in the unit ball. We suppose that its Fourier transform

ϑ(ξ) ..= Fρ(ξ) ..=
∫
R2

dx e−2πiξ·x ρ(x) (4.6)

is nonnegative and radially nonincreasing (this can always be achieved by taking ρ as a convolution
of two nonnegative functions).

We define the truncated version of V ε from (3.2) through

V ε
N

..= 1
2

∫
dx dx̃ vε(x− x̃) : |φN (x)|2 |φN (x̃)|2 : , (4.7)

which converges in L2(P) to V ε as N →∞.
Next, let (Yk)k∈Zd be a family of i.i.d. standard complex Gaussian random variables, which is

independent of the family (Xk)k∈Zd . For 0 < N 6M 6∞ we define the field

ψN,M ..=
∑
k∈Zd

Yk√
λk

√
ϑ(k/M)− ϑ(k/N)uk .

By construction, φN and ψN,M are independent. For M < ∞, they are almost surely smooth on
Λ. We define the truncated Green function

GN ..= G ∗ ρN , ρN (x) ..=
∑
n∈Zd

N2ρ(N(x+ n)) , (4.8)

and find by Poisson summation that, for N 6M ,

E
[
φN (x)φ̄N (y)

]
=
∑
k∈Zd

1
λk

e2πik·(x−y)ϑ(k/N) = GN (x− y) (4.9)

E
[
ψN,M (x)ψ̄N,M (y)

]
=
∑
k∈Zd

1
λk

e2πik·(x−y)(ϑ(k/M)− ϑ(k/N)
)

= GM (x− y)−GN (x− y) . (4.10)

By independence of φN and ψN,M , we therefore find that for any N 6M we have the decomposition
into low and high frequencies

φN + ψN,M
d= φM , (4.11)

and in particular setting M =∞ we get

φN + ψN,∞
d= φ .
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Here d= denotes equality in law.
By (4.11) we have, for any N 6M ,

V ε
M

d= 1
2

∫
dx dx̃ vε(x− x̃) : |φN (x) + ψN,M (x)|2 |φN (x̃) + ψN,M (x̃)|2 : .

For any N 6M we therefore have

V ε
M

d=
∑

a,ã,b,b̃∈{0,1}

V ε
N,M (a, ã, b, b̃) ,

where

V ε
N,M (a, ã, b, b̃) ..= 1

2

∫
dx dx̃ vε(x− x̃)

× :φN (x)1−aφN (x̃)1−ãφ̄N (x)1−bφ̄N (x̃)1−b̃ ψN,M (x)aψN,M (x̃)ãψ̄N,M (x)bψ̄N,M (x̃)b̃ : . (4.12)

Hence, for N 6M we have

V ε
M − V ε

N =
∑

a,ã,b,b̃∈{0,1}

1a+ã+b+b̃>0 V
ε
N,M (a, ã, b, b̃) . (4.13)

Lemma 4.4. There is a constant C depending on v such that almost surely

V ε
N > −C(logN)2

for all ε > 0.

Proof. Abbreviate S = 1 +
∫
R2 dx |v(x)|. Using the explicit form (A.2) of the Wick power in (4.7)

as well as (4.9), we find

V ε
N = 1

2

∫
dx dx̃ vε(x− x̃)

(
|φN (x)|2|φN (x̃)|2 −GN (0)|φN (x)|2 −GN (0)|φN (x̃)|2

− 2 ReGN (x− x̃)φN (x)φ̄N (x̃) +GN (0)2 +GN (x− x̃)2
)

= 1
2

∫
dx dx̃ vε(x− x̃)

[(
|φN (x)|2 − SGN (0)

)(
|φN (x̃)|2 − SGN (0)

)
+ (S − 1)GN (0)

(
|φN (x)|2 + |φN (x̃)|2

)
− 2 ReGN (x− x̃)φN (x)φ̄N (x̃)

− (S2 − 1)GN (0)2 +GN (x− x̃)2
]

> (S − 1)GN (0)
∫

dx |φN (x)|2 − Re
∫

dx dx̃ vε(x− x̃)GN (x− x̃)φN (x)φ̄N (x̃)− S2

2 GN (0)2 ,

where in the last step we used that v (and hence also vε) is of positive type with integral one. Using
|GN (x)| 6 GN (0) by (4.9) and Cauchy-Schwarz combined with Young’s inequality, we find∣∣∣∣∫ dx dx̃ vε(x− x̃)GN (x− x̃)φN (x)φ̄N (x̃)

∣∣∣∣ 6 (S − 1)GN (0)
∫

dx |φN (x)|2 ,

and the claim follows from Lemma B.3.

Next, we derive an estimate for the L2-norm of V ε
M − V ε

N .
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Lemma 4.5. For any fixed δ > 0 and for any 0 < N 6M <∞ we have∥∥V ε
M − V ε

N

∥∥
L2(P) . N−1+δ

Proof. By (4.13) and Minkowski’s inequality, it suffices to estimate

R ..= E
[
|V ε
N,M (a, ã, b, b̃)|2

]
= E

[
V ε
N,M (a, ã, b, b̃)V ε

N,M (a, ã, b, b̃)
]

(4.14)

for any fixed a, ã, b, b̃ ∈ {0, 1} satisfying a+ ã+ b+ b̃ > 0.
Using Lemma B.3 below we find the bounds GN (x) . p(x) and |GM (x)−GN (x)| . q(x), where

p(x) ..= 1 + |log|x|| , q(x) ≡ qN (x) ..= (1 + |log(N |x|)|) ∧ 1
N2|x|2

.

Note that q(x) . p(x). Using Wick’s theorem, Lemma A.1 below, and Young’s inequality, we find

R .
∫

dx dx̃ dy dỹ |vε(x− x̃)| |vε(y − ỹ)| q(x− y) p(x− y) p(x̃− ỹ)2

+
∫

dx dx̃ dy dỹ |vε(x− x̃)| |vε(y − ỹ)| q(x− y) p(x̃− ỹ) p(x− ỹ) p(x̃− y)

. sup
y∈Λ

∫
dx q(x) p(x− y)3 +

∫
dx dx̃ q(x) p(x̃)3

. sup
y∈Λ

∫
dx q(x) p(x− y)3

. sup
y∈Λ

[∫
|x|6C/N

dx
(
1 + | log |x||

)4 + 1
N2

∫
|x|>C/N

dx
(
1 + | log |x− y||

)3 1
|x|2

]
.δ N

−2+δ

for any δ > 0, where in the third step we used that
∫

dx̃ p(x̃)3 . 1 6 p(x)3, and in the last step we
used Hölder’s inequality.

Proof of Proposition 4.3. For any N > 1 we have, by Lemma 4.4,

P(e−V ε > t) = P
(
V ε − V ε

N < − log t− V ε
N

)
6 P

(
V ε − V ε

N < −(log t− C(logN)2)
)
.

Now choose N > 1 such that
log t− C(logN)2 = 1 ,

which is always possible for t large enough.
Next, we find that V ε

M (or more precisely its real and imaginary parts) is in the 4th polynomial
chaos (see Section A.2), by using Lemma A.3 and the easy fact that V ε

M is orthogonal to the nth
chaos for n 6= 4, which is a consequence of Wick’s theorem in Lemma A.1. Hence, from Remark
A.5 and Lemma 4.5 we deduce that for any 0 < N 6M <∞ and p ∈ 2N we have∥∥V ε

M − V ε
N

∥∥
Lp(P) .

p2

N2/3 . (4.15)

Since V ε
N → V ε in L2(P) as N →∞, by Lemma A.4 we find that (4.15) holds also for M =∞ (i.e.

replacing V ε
M with V ε). Hence we get from Chebyshev’s inequality, for any p ∈ 2N,

P(e−V ε > t) 6 E
[
|V ε − V ε

N |p
]
6
(
Cp2

N2/3

)p
6
(
p2
√
N

)p
6
(
p2e−c

√
log t)p ,

for large enough t (and hence N). Choosing p to be the largest element of 2N smaller than
ec/2

√
log t−1/2 yields the claim for V ε.

Finally, the claim for V easily follows from the one for V ε and Lemma 4.2.
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4.3. Convergence of the partition function. The first claim of Proposition 3.2, the conver-
gence ζW ε → ζV , follows immediately from the following result.

Lemma 4.6. For any 1 6 p <∞ we have
∥∥e−V − e−W ε∥∥

Lp(P) → 0 as ε→ 0.

Proof. We begin by estimating ‖e−W ε‖Lp(P) by comparing it to ‖e−V ε‖Lp(P) and recalling Propo-
sition 4.3. To that end, we note that V ε −W ε is in the second polynomial chaos by (4.1) (more
precisely, by Lemma A.1, V ε −W ε is orthogonal to the nth polynomial chaos for n 6= 2 and the
claim hence follows from Lemma A.3). Hence, by the hypercontractive bound from Lemma A.4 we
obtain

∥∥eV ε−W ε − 1
∥∥
Lp(P) 6

∑
k>1

1
k! ‖(V

ε −W ε)k‖Lp(P)

=
∑
k>1

1
k! ‖V

ε −W ε‖kLpk(P) .
∑
k>1

1
k! (pk)k‖V ε −W ε‖kL2(P) 6

∑
k>1

(
Cp‖V ε −W ε‖L2(P)

)k
for some constant C > 0, by Stirling’s approximation for k!. Using Lemma 4.1 and Proposition
4.3, we conclude that for small enough ε (depending on p), ‖e−W ε‖Lp(P) is uniformly bounded in ε.
The claim now follows by writing

∥∥e−V − e−W ε∥∥
Lp(P) 6

∫ 1

0
dt
∥∥∥(V −W ε) e−tW ε−(1−t)V

∥∥∥
Lp(P)

,

applying Hölder’s inequality to the right-hand side, and combining Lemmas 4.1 and 4.2 with Lemma
A.4 and the observation that V −W ε lies in the span of the polynomial chaoses up to order four.

4.4. Convergence of correlation functions. In this subsection we prove the second claim of
Proposition 3.2, the convergence of the correlation functions in (3.4). In order to obtain the uniform
convergence of the Wick-ordered correlation functions (γ̂W ε

p )x,x̃ to (γ̂Vp )x,x̃, we use a representation
obtained by repeated Gaussian integration by parts. To that end, we shall introduce a differential
operator, denoted by LN,x, such that

LN,xφ̄(y) = GN (x− y) (4.16)

and hence, formally,
LN,x =

∫
dy GN (x− y) δ

δφ̄(y)
. (4.17)

Our argument may be viewed as an instance of Malliavin calculus, with LN,x playing the role of
the Malliavin derivative.

We choose the regularizing function ϑ to have compact support. Recall (see (2.1)) that the
underlying probability space consists of elements X = (Xk)k∈Zd with Xk ∈ C. Define T to be
the space of random variables of the form f(X), where f is smooth in the sense that all of its
partial derivatives exist. We denote by ∂Xk and ∂X̄k the usual holomorphic and antiholomorphic
partial derivatives in the complex variable Xk. On the space T we define the first order differential
operators

LN,x ..=
∑
k∈Zd

1√
λk

√
ϑ(k/N)uk(x) ∂X̄k , L̄N,x ..=

∑
k∈Zd

1√
λk

√
ϑ(k/N) ūk(x) ∂Xk .
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where x ∈ Λ and 0 < N <∞. Here we recall the definitions (4.5). Note that, owing to our choice
of ϑ, each sum is finite. That this definition indeed satisfies (4.16) is verified in Lemma 4.8 below.

We record a few simple properties of LN,x. The first property is Gaussian integration by parts
for the operator LN,x.

Lemma 4.7. Let f(X) ∈ T ∩ L1(P). Then

E[LN,xf(X)] = E[φN (x)f(X)] , E[L̄N,xf(X)] = E[φ̄N (x)f(X)] .

Proof. We only prove the first identity. We use that if Z is a standard complex Gaussian random
variable, then E[Zf(Z)] = E[∂Z̄f(Z)], as can be seen by integration by parts. Thus, using that
each Xk is a standard complex Gaussian random variable independent of the others, we get

E[LN,xf(X)] =
∑
k∈Zd

1√
λk

√
ϑ(k/N)uk(x)E[∂X̄kf(X)]

=
∑
k∈Zd

1√
λk

√
ϑ(k/N)uk(x)E[Xkf(X)]

= E[φN (x)f(X)] .

The second property is the verification of the condition (4.16).

Lemma 4.8. For x, y ∈ Λ, we have

LN,x φ(y) = 0 , LN,x φ̄(y) = GN (x− y)

in the sense of distributions in the variable y. Similar identities hold for L̄N,x.

Proof. We only prove the second identity. We compute

LN,x φ̄(y) =
∑
k∈Zd

1√
λk

ϑ(k/N)uk(x) 1√
λk

ūk(y) = GN (x− y) ,

where the last step follows from (4.9) .

We may now prove the representation of (2.4) underlying our proof. We denote the regularized
Wick-ordered correlation function by

(γ̂VN,p)x,x̃ ..= 1
ζV

E
[
e−V : φ̄N (x̃1) · · · φ̄N (x̃p)φN (x1) · · ·φN (xp) :

]
.

Lemma 4.9. We have

(γ̂VN,p)x,x̃ = 1
ζV

E
[
L̄N,x̃1 · · · L̄N,x̃pLN,x1 · · ·LN,xpe−V

]
.

The same holds for V replaced with W ε.

Proof. Using the recursive characterization of Wick ordering from (A.3), we find

E
[
e−V :

∏
i∈[p]

φ̄N (x̃i)
∏
i∈[p]

φN (xi) :
]

= E
[
e−V :

∏
i∈[p]

φ̄N (x̃i)
∏

i∈[p−1]
φN (xi) :φN (xp)

]

−
∑
j∈[p]

GN (x̃j − xp)E
[
e−V :

∏
i∈[p]\{j}

φ̄N (x̃i)
∏

i∈[p−1]
φN (xi) :

]
.
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Here we used (4.9) and that E[φN (x)φN (y)] = 0. Using Lemmas 4.7 and 4.8 as well as the Leibniz
rule for the operator LN,x, we write the first term on the right-hand side as

E
[
LN,xp

(
e−V :

∏
i∈[p]

φ̄N (x̃i)
∏

i∈[p−1]
φN (xi) :

)]
= E

[
LN,xp(e−V ) :

∏
i∈[p]

φ̄N (x̃i)
∏

i∈[p−1]
φN (xi) :

]

+
∑
j∈[p]

GN (x̃j − xp)E
[
e−V :

∏
i∈[p]\{j}

φ̄N (x̃i)
∏

i∈[p−1]
φN (xi) :

]
.

We conclude that

E
[
e−V :

∏
i∈[p]

φ̄N (x̃i)
∏
i∈[p]

φN (xi) :
]

= E
[
LN,xp(e−V ) :

∏
i∈[p]

φ̄N (x̃i)
∏

i∈[p−1]
φN (xi) :

]
.

Repeating this argument 2p times yields the claim.

The following result is the main analytical tool behind the proof of (3.4).

Lemma 4.10. Let ` > 0 and z = (z1, . . . , z`) ∈ Λ`. Abbreviate

LN,z ..= L#
N,z1
· · ·L#

N,z`
,

where each L# stands for either L or L̄. Then the following holds for any r > 1.

(i) supN supz‖LN,zV ‖Lr(P) <∞.

(ii) As ε→ 0 we have supN supz‖LN,zW ε − LN,zV ‖Lr(P) → 0.

(iii) As M,N →∞ we have supz‖(LN,z − LM,z)V ‖Lr(P) → 0.

(iv) For any ε > 0, as M,N →∞ we have supz‖(LN,z − LM,z)W ε‖Lr(P) → 0.

Before proving Lemma 4.10, we use it to conclude the proof of (3.4), and hence also of Propo-
sition 3.2.

Proof of (3.4). We begin by showing that (γ̂VN,p)N>0 is a Cauchy sequence in ‖·‖C , and it hence
converges to a limit that is by definition γ̂Vp . In the notation of Lemma 4.10, we deduce from
Lemma 4.9 that

ζV
∥∥γ̂VN,p − γ̂VM,p

∥∥
C

= sup
z

∣∣∣E[(LN,z − LM,z)e−V
]∣∣∣ , (4.18)

where we abbreviate z = (x, x̃) ∈ Λ2p and choose the supercripts # in the definition of LN,z
appropriately. Applying the chain rule and the Leibniz rule to the 2p derivatives in LN,z and LM,z,
we estimate the right-hand side by a finite number of terms of the form

sup
z1,...,zk

E
∣∣∣∣∣
(

k∏
i=1

(LN,ziV )−
k∏
i=1

(LM,ziV )
)

e−V
∣∣∣∣∣ , (4.19)

where k 6 2p and, for all i = 1, . . . , k, zi ∈ Λ`i for some `i 6 4. Using the identity
∏
i ai −

∏
i bi =∑

i(ai − bi)
∏
j<i aj

∏
j>i bj , we estimate (4.19) by

k∑
i=1

sup
z1,...,zk

E
∣∣∣∣∣(LN,ziV − LM,ziV

)∏
j<i

(LN,zjV )
∏
j>i

(LM,zjV ) e−V
∣∣∣∣∣ . (4.20)
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Applying Hölder’s inequality, we conclude using Lemma 4.10 (i) and (iii), as well as Proposition
4.3, that (4.18) converges to 0 as M,N → ∞. We conclude that (γ̂VN,p)N>0 is a Cauchy sequence
in ‖·‖C .

The same argument with V replaced withW ε, using Lemma 4.10 (iv), shows that, for any ε > 0,
γ̂W

ε

N,p converges in ‖·‖C to γ̂W ε

p . Here, we also use the observation that supN supz‖LN,zW ε‖Lr(P) <
∞, which follows from Lemma 4.10 (i) and (ii).

Now writing∥∥ζW ε
γ̂W

ε

p − ζV γ̂Vp
∥∥
C
6
∥∥ζW ε

γ̂W
ε

p − ζW ε
γ̂W

ε

N,p

∥∥
C

+
∥∥ζW ε

γ̂W
ε

N,p − ζV γ̂VN,p
∥∥
C

+
∥∥ζV γ̂VN,p − ζV γ̂Vp ∥∥C ,

we therefore conclude, using limε→0 ζ
W ε = ζV by Lemma 4.6, that the convergence (3.4) holds

provided that
lim
ε→0

sup
N

∥∥ζW ε
γ̂W

ε

N,p − ζV γ̂VN,p
∥∥
C

= 0 . (4.21)

To prove (4.21), we write, using Lemma 4.9,∥∥ζW ε
γ̂W

ε

N,p − ζV γ̂VN,p
∥∥
C

= sup
z

∣∣∣E[LN,z(e−W ε − eV
)]∣∣∣ .

Similarly to (4.18)–(4.19) above, we estimate the right-hand side by a sum of terms of the form

sup
z1,...,zk

E
∣∣∣∣∣
k∏
i=1

(LN,ziW ε) e−W ε −
k∏
i=1

(LN,ziV ) e−V
∣∣∣∣∣ ,

which converges to 0 as ε → 0, uniformly in N , by telescoping (analogously to (4.20)), Hölder’s
inequality, as well as Lemma 4.10 (i)–(ii) and Proposition 4.6. This concludes the proof.

Proof of Lemma 4.10. Since all quantities appearing inside the Lr(P)-norms in Lemma 4.10 are
a superpositions of random variables in polynomial chaoses of order at most four (see Section A.2),
from the hypercontractivity estimate of Remark A.5 we find that it suffices to consider r = 2.

The proof of (i) is similar to that of (ii), and we omit it. To prove (ii), we proceed by telescoping
via V ε, writingW ε−V = (W ε−V ε)+(V ε−V ). Thus, we have to differentiate the random variables

W ε − V ε =
∫

dx dx̃ vε(x− x̃)G(x− x̃)
(
: φ̄(x)φ(x̃) :− : |φ(x)|2 :

)
,

V ε − V = 1
2

∫
dx dx̃

(
vε(x− x̃)− δ(x− x̃)

)
: |φ(x)|2 |φ(x̃)|2 :

by LN,v.
The zeroth order derivatives, ` = 0, were estimated in Lemmas 4.1 and 4.2. For the high-order

derivatives, let us start with W ε − V ε. For the first order derivative, from (A.4) and Lemma 4.8,
we find

LN,z(W ε − V ε) =
∫

dx dx̃ vε(x− x̃)G(x− x̃)GN (z − x) (φ(x̃)− φ(x)) ,

so that Lemma A.1 (see also Example A.2) yields

∥∥LN,z(W ε−V ε)
∥∥2
L2(P) =

∫
dx dx̃ dy dỹ vε(x− x̃)G(x− x̃)GN (z−x) vε(y− ỹ)G(y− ỹ)GN (z− y)

×
(
G(x− y) +G(x̃− ỹ)−G(x− ỹ)−G(x̃− y)

)
.
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The right-hand side is estimated similarly to the proof of Lemma 4.1, uniformly in N and z ∈ Λ,
using that GN is uniformly bounded in L2(Λ), and the bound∣∣G(x− y) +G(x̃− ỹ)−G(x− ỹ)−G(x̃− y)

∣∣ 6 |G(x− y)−G(x− ỹ)|+ |G(x̃− ỹ)−G(x̃− y)| .

For the second order derivative, we obtain

L̄N,z̃LN,z(W ε − V ε) =
∫

dx dx̃ vε(x− x̃)G(x− x̃)GN (z − x)
(
GN (z̃ − x̃)−GN (z̃ − x)

)
,

which can again be estimated as in the proof of Lemma 4.1, uniformly in N and z, z̃ ∈ Λ. This
concludes the estimate of ‖LN,zW ε − LN,zV ε‖L2(P).

To estimate ‖LN,zV ε − LN,zV ‖L2(P), we compute using (A.4) and Lemma 4.8

LN,z(V ε − V ) =
∫

dx dx̃
(
vε(x− x̃)− δ(x− x̃)

)
GN (z − x) :φ(x) |φ(x̃)|2 : ,

so that Lemma A.1 (see also Example A.2) yields

∥∥LN,z(V ε−V )
∥∥2
L2(P) =

∫
dx dx̃ dy dỹ

(
vε(x−x̃)−δ(x−x̃)

) (
vε(y−ỹ)−δ(y−ỹ)

)
GN (z−x)GN (z−y)

×
(
G(x− y)G(x̃− ỹ)2 +G(x− ỹ)G(x̃− y)G(x̃− ỹ)

)
.

The right-hand side is estimated as in the proof of Lemma 4.2, uniformly in N and z ∈ Λ. The
higher order derivatives are estimated analogously. This concludes the proof of (ii).

The proofs of (iii) and (iv) are similar, and we focus on (iii). For the first order derivative, we
find

(LN,z − LM,z)V =
∫

dx (GN (x− z)−GM (x− z)):φ(x)|φ(x)|2 : ,

so that Lemma A.1 (see also Example A.2) yields

‖(LN,z −LM,z)V ‖2L2(P) = 2
∫

dx dy (GN (x− z)−GM (x− z)) (GN (y − z)−GM (y − z))G(x− y)3 .

Telescoping GN −GM = (GN −G)− (GM −G) and using Lemma B.1 and Hölder’s inequality, we
conclude that

‖(LN,z − LM,z)V ‖L2(P) .
(∫

dx |GN (x)−G(x)|3
)1/3

+
(∫

dx |GM (x)−G(x)|3
)1/3

.

Using (B.2) and splitting the integration domain into |x| 6 1/N and |x| > 1/N , we easily deduce
that the right-hand side vanishes as N,M → ∞. The higher order derivatives are estimated in
exactly the same way. This concludes the proof.

5. Proof of Proposition 3.1

We study the rate of convergence of the relative partition function and the correlation functions
in the mean-field limit, while keeping track of the parameter ε. This amounts to a quantitative
analysis of the infinite-dimensional saddle point argument for the functional integral introduced
in [32]. Note that, without the τ ε and Eε correction terms in (2.18), (3.1), and with ε = 1,
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this convergence was obtained in a qualitative way in [32, Section 5]. The main ingredients that
enable a quantitative analysis are: (a) the Lipschitz continuity of the interaction potential vε, with
Lipschitz constant depending on ε (see Lemma 5.5 (ii) below), and (b) quantitative Lp-Hölder
continuity properties of Brownian motion (see Lemma 5.4 (ii) below). As a result, we can find a
suitable choice of ε as a function of ν such that we get the wanted convergence as ν → 0; see (5.1)
below. Our methods work for d = 2, 3, and hence all results of this section are stated for both
dimensions.

We now state the explicit lower bound on ε ≡ ε(ν). Namely, throughout the sequel we assume
that ε satisfies

ε(ν) &

exp
(
−(log ν−1)

1−a
2
)

if d = 2
(log ν−1)−

1−a
2 if d = 3 ,

(5.1)

for some a ∈ (0, 1). Let us define χ : R+ → R by

χ(t) ..=
{

log t−1 if d = 2
t−1 if d = 3 .

(5.2)

By (2.12), (2.17), (5.2), Lemma B.1 (when d = 2), and Remark B.2 (when d = 3), we note that6

|τ ε| .κ,v χ(ε) , |Eε| .κ χ(ε)2 . (5.3)

Furthermore, by (5.2) and (5.1), it follows that for all C, b > 0, we have

lim
ν→0

eCχ(ε)2
νb = 0 . (5.4)

We now state the main results which, in light of (5.4), imply Proposition 3.1.

Proposition 5.1. There exists C1 > 0 depending on κ, v such that

∣∣∣Z − ζW ε
∣∣∣ .κ,v

{
eC1χ(ε)2

ν1/4 if d = 2
eC1χ(ε)2

ν1/4 log ν−1 if d = 3 .

In statements of results, we use the notation b− to mean that the statement holds for b− c for
any constant c > 0.

Proposition 5.2. For p ∈ N, we define

θ(d, p) ..=

 1
4p+4 if d = 2

1
12p+8− if d = 3 .

(5.5)

There exists C2 > 0 depending on κ, v such that∥∥∥νp Γ̂p − γ̂W
ε

p

∥∥∥
C
.p,κ,v eC2χ(ε)2

νθ(d,p) .

Remark 5.3. We note that, in order to obtain Propositions 5.1 and 5.2 above, and hence Propo-
sition 3.1, we only need to use the bounds from Lemma 5.5 below. In light of this observation,
we can consider more general v, which are not smooth. We always assume that v : Rd → R is

6Throughout the sequel, we do not emphasize the dependence of the implied constants on d = 2, 3.
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even, L1 with integral 1, and of positive type. Since v is not smooth, we need to consider suitable
regularizations vη of v. For a motivation and detailed description of the regularization, we refer
the reader to [32, Section 3.1] and [32, Section 4.1]. A summary is also given in the study of the
nonlocal problem in Section 5.3 below.

In the first generalization, we consider v Lipschitz and compactly supported. Then the result
of Lemma 5.5 holds for vεη (given by (2.12) with v replaced by vη), uniformly in η. This follows
immediately from the proof of Lemma 5.5 below.

In the second generalization, we assume that v is differentiable and that uniformly in ε ∈ (0, 1),
we have

sup
x∈Λ

∑
n∈Zd

∣∣∣∣∣v
(
x− n
ε

)∣∣∣∣∣+ sup
x∈Λ

∑
n∈Zd

∣∣∣∣∣∇v
(
x− n
ε

)∣∣∣∣∣ . 1 . (5.6)

Let us note that (5.6) holds if we assume that there exists a > d such that for all x ∈ Rd

|v(x)|+ |∇v(x)| . 1
(1 + |x|)a .

In particular, under the latter conditions, we do not need to assume that v is compactly supported.

5.1. The partition function. In this subsection, we prove Proposition 5.1. Before proceeding
with the proof, we make several observations and review the functional integral representation
from [32]. See also [41]. We first recall some basic notions for Brownian paths. Given 0 6 τ̃ < τ ,
we denote by Ωτ,τ̃ the space of continuous paths ω : [τ̃ , τ ] → Λ. Given x̃ ∈ Λ and 0 6 τ̃ < τ ,
Pτ,τ̃x̃ (dω) denotes the law on Ωτ,τ̃ of standard Brownian motion with periodic boundary conditions
on Λ that equals x̃ at time τ̃ . Given x, x̃ ∈ Λ and 0 6 τ̃ < τ , Pτ,τ̃x,x̃(dω) denotes the law of the
Brownian bridge Ωτ,τ̃ with periodic boundary conditions on Λ that equals x̃ at time τ̃ and x at
time τ . For t > 0, we write the heat kernel on Λ as

ψt(x) ..= et∆/2(x) =
∑
n∈Zd

1
(2πt)d/2

e−
|x−n|2

2t .

For x, x̃ ∈ Λ and 0 6 τ̃ < τ , we define the positive measure

Wτ,τ̃
x,x̃(dω) ..= ψτ−τ̃ (x− x̃)Pτ,τ̃x,x̃(dω) . (5.7)

Given n ∈ N∗, τ̃ < t1 < · · · < tn < τ , and f : Λn → R continuous, the measure (5.7) satisfies∫
Wτ,τ̃
x,x̃(dω) f(ω(t1), . . . , ω(tn)) =∫

dx1 · · · dxn ψt1−τ̃ (x1 − x̃)ψt2−t1(x2 − x1) · · · ψtn−tn−1(xn − xn−1)ψτ−tn(x− xn) f(x1, . . . , xn) .

We note several useful estimates for the above quantities.

Lemma 5.4. The following estimates hold.

(i) There exists a constant C > 0 such that for all 0 6 τ̃ < τ , we have

sup
x,x̃

∫
Wτ,τ̃
x,x̃(dω) = sup

x,x̃
ψτ,τ̃ (x− x̃) 6 C

(
1 + 1

(τ − τ̃)d/2

)
.
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(ii) There exists a constant C > 0 such that for all τ̃ 6 s 6 t 6 τ , we have∫
Wτ,τ̃
x,x̃(dω) |ω(t)− ω(s)|2Λ 6 C

(
1 + 1

(τ − τ̃)d/2

)(
(t− s) + |x− x̃|2Λ

(t− s)2

(τ − τ̃)2

)
. (5.8)

and ∫
Wτ,τ̃
x,x̃(dω) |ω(t)− ω(s)|Λ 6 C

(
1 + 1

(τ − τ̃)d/2

)(
(t− s)1/2 + |x− x̃|Λ

t− s
τ − τ̃

)
. (5.9)

Here |x|Λ ..= minn∈Zd |x− n| denotes the periodic Euclidean norm of x ∈ Λ.

(iii) For 0 < s 6 t, we have
‖ψt − ψs‖L1(Λ) 6 d log(t/s) .

The results of Lemma 5.4 are contained in [32]. Part (i) is given in [32, Lemma 2.2]. Estimate
(5.8) is proved in [32, Lemma 2.3]. Estimate (5.9) then follows from the Cauchy-Schwarz inequality
and part (i). Part (iii) follows since

‖ψt − ψs‖L1 6
∫ t

s
du ‖∂uψu‖L1 6

∫ t

s
du

∫
Rd

dx
(
d

2u + |x|
2

2u2

)
ψ̃u(x) = d log(t/s) ,

where ψ̃u(x) = 1
(2πu)d/2 e−

|x|2
2u is the heat kernel on Rd, as was noted in the proof of [32, Lemma

5.18].
Let us fix a function ϕ ∈ C∞c (R) which is even, nonnegative, of positive type, and which satisfies

ϕ(0) = 1. For fixed L > 0, given η > 0, we define the ν-periodic function

δη(τ) ..= 1
η

∑
y∈Z

(F−1ϕ)
(
τ − νy
η

)
, (5.10)

where F denotes Fourier transform (see (4.6)). Here, (5.10) can be interpreted as an approximate
delta function on [−ν/2, ν/2). By construction, we have∫ ν

0
dτ δη(τ) = 1 , δη > 0. (5.11)

For simplicity of notation, we suppress the dependence on ε and ν in the quantum objects. We
only emphasize the η dependence through a subscript when appropriate. We write the ε dependence
as a superscript in the classical objects. Let us note several properties of vε that follow from (2.12).

Lemma 5.5. There exists C > 0, depending only on v, such that the following properties hold.

(i) ‖vε‖L∞(Λ) 6
C
εd
.

(ii) We have that
|vε(x)− vε(y)| 6 C

εd+1 |x− y|Λ

for all x, y ∈ Λ.
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For η > 0, recalling (5.10), we let (Cη)τ,τ̃x,x̃ ..= ν δη(τ − τ̃) vε(x− x̃) and define µCη(dσ) to be the
real Gaussian measure with mean zero and covariance∫

µCη(dσ)σ(τ, x)σ(τ̃ , x̃) = (Cη)τ,τ̃x,x̃ . (5.12)

Since v ∈ C∞c (Rd), under the law µCη , σ is almost surely a smooth periodic function on [0, ν]× Λ.
Let us note that we can rewrite (2.18) as

H =
⊕
n∈N

(
Hn,%ε −

(τ ε)2

2 − Eε
)
, (5.13)

where

Hn,%
..=
[
ν

n∑
i=1

(κ−∆/2)i + ν2

2

n∑
i,j=1

vε(xi − xj)
]
− %ν2n+ %2ν2

2 (5.14)

and
%ε ..= %ν

ν
+ τ ε

ν
,

where we recall the definition (2.15) of %ν . Namely, from (2.18), using notation as in (5.14) as well
as v̂ε(0) = 0, it follows that H acts on the n-th sector of Fock space as[

ν
n∑
i=1

(κ−∆/2)i + ν2

2

n∑
i,j=1

vε(xi − xj)
]
− τε(nν − %ν)− ν%ν v̂ε(0)n+ 1

2 v̂ε(0)%2
ν − Eε

= Hn,0 −
(
%ν
ν

+ τ ε

ν

)
ν2n+

(
%ν
ν

+ τ ε

ν

)2 ν2

2 −
(τ ε)2

2 − Eε ,

which gives us (5.13). In the sequel, we denote

T ε := (τ ε)2

2 + Eε . (5.15)

In particular, from (5.15) and (5.3), it follows that

|T ε| .κ,v χ(ε)2 . (5.16)

In Lemmas 5.6 and 5.7 below, we give the functional integral representation of the (quantum)
relative partition function (2.14) and the (classical) relative partition function ζW ε corresponding
to the interaction W ε given by (3.1). In both cases, the representation is based on the use of the
Hubbard-Stratonovich transformation [32].

Lemma 5.6. The relative partition function (2.14) can be written as Z = limη→0Zη, where

Zη ..=
∫
µCη(dσ) eT ε−

iτε[σ]
ν eF2(σ) , (5.17)

for

F2(σ) = −
∑

r∈(νN)3

1|r|>0 e−κ|r|

|r|

∫
[0,ν]3

dτ
∫

dx σ(τ2, x2)σ(τ3, x3)

×
∫

Wτ1+r3,τ3
x1,x3 (dω3)Wτ3+r2,τ2

x3,x2 (dω2)Wτ2+r1,τ1
x2,x1 (dω1) ei

∫
ds σ([s]ν ,ω1(s)) , (5.18)
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which satisfies
ReF2 6 0 . (5.19)

In (5.17), we write
[σ] ..=

∫ ν

0
dτ
∫

dxσ(τ, x) (5.20)

and in (5.18), we write
[t]ν ..= (tmod ν) ∈ [0, ν) . (5.21)

Proof. The proof follows from that of [32, Proposition 3.12] by setting

f(τ, x) =
n∑
i=1

δ(x− ωi(τ))− %ν
ν
− τ ε

ν
. (5.22)

Note that the only difference then is the factor eT ε coming from the constant term (5.15) in (5.13)
and the extra term − τε

ν in (5.22) above. By applying the Hubbard-Stratonovich transformation

e−
1
2 〈f,Cηf〉 =

∫
µCη(dσ) ei〈f,σ〉 ,

this new term adds a factor of

e−
iτε
ν

∫ ν
0 dτ

∫
dxσ(τ,x) = e−

iτε[σ]
ν

to the integrand of the functional integral (5.17). The formula (5.18) is given in [32, Lemma 5.4].

We now explain how to obtain the functional integral representation for the classical partition
function in our setting. We define µvε(dξ) to be the real Gaussian measure with covariance∫

µvε(dξ) ξ(x) ξ(x̃) = vε(x− x̃) . (5.23)

Since v ∈ C∞c (Rd), under the law µvε , ξ is almost surely a smooth periodic function on Λ. We have
the following representation.

Lemma 5.7. We have
ζW

ε =
∫
µvε(dξ) eT ε−iτε〈ξ,1〉L2 ef2(ξ) , (5.24)

for

f2(ξ) = −
∫

[0,∞)3
dr e−κ|r|

|r|

∫
dx ξ(x2) ξ(x3)

∫
Wr3,0
x1,x3(dω3)Wr2,0

x3,x2(dω2)Wr1,0
x2,x1(dω1) ei

∫
ds ξ(ω1(s)) ,

(5.25)
which satisfies

Re f2 6 0 . (5.26)

Note that in (5.24), 〈ξ, 1〉L2 =
∫

dx ξ(x) denotes the L2 inner product.
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Proof. We note that for fixed 0 < N <∞, we have

W ε
N := 1

2

∫
dx dx̃

(
|φN (x)|2 − E

[
|φN (x)|2

])
v(x− x̃)

(
|φN (x̃)|2 − E

[
|φN (x̃)|2

])
− τ ε

∫
dx
(
|φN (x)|2 − E

[
|φN (x)|2

])
− Eε

= 1
2

∫
dx dx̃

(
|φN (x)|2 −

{
E
[
|φN (x)|2

]
+ τ ε

})
v(x− x̃)

(
|φN (x̃)|2 −

{
E
[
|φN (x̃)|2

]
+ τ ε

})
− T ε .

(5.27)

Here, we recall (5.15). The claim then follows by using (5.27) in the proof of [32, Proposition 4.1].
In particular, by applying the Hubbard-Stratonovich transformation

e−
1
2 〈f,v

εf〉 =
∫
µvε(dξ) ei〈f,ξ〉 ,

for
f(x) = |φN (x)|2 − E

[
|φN (x)|2

]
+ τ ε ,

the τ ε terms in (5.27) add a factor of e−iτε〈ξ,1〉L2 to the integrand of the functional integral (5.24).
Here, we also recall (5.15). The formula (5.25) is given in [32, Lemma 5.4].

Recalling (5.11), let us note the following useful result.

Lemma 5.8. If σ = σ(τ, x) has law µCη with covariance (5.12), then its time average

〈σ〉(x) ..= 1
ν

∫ ν

0
dτ σ(τ, x) (5.28)

has law µvε with covariance (5.23).

We observe that 〈
〈σ〉, 1

〉
L2 = 1

ν
[σ] , (5.29)

for [σ] as in (5.20). Therefore, we can rewrite (5.24) as

ζW
ε =

∫
µCη(dσ) eT ε−

iτε[σ]
ν ef2(〈σ〉) . (5.30)

We note the following result.

Lemma 5.9. Uniformly in η > 0, we have∣∣∣Zη − ζW ε
∣∣∣ 6 eT ε

(∫
µCη(dσ)

∣∣F2(σ)− f2(〈σ〉)
∣∣2)1/2

.

Proof. By (5.17) and (5.30), we have

Zη − ζW
ε =

∫
µCη(dσ) eT ε−

iτε[σ]
ν

(
eF2(σ) − ef2(〈σ〉)

)
. (5.31)

By (5.19) and (5.26) and the elementary inequality |ea−eb| 6 |a−b| for a, b ∈ C with Re a,Re b 6 0,
we have that for all σ ∣∣∣eF2(σ) − ef2(〈σ〉)

∣∣∣ 6 ∣∣F2(σ)− f2(〈σ〉)
∣∣ . (5.32)

The claim follows from (5.31), (5.32), and the Cauchy-Schwarz inequality.
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In order to simplify notation in the sequel, we define the function Θ : R+ → R by

Θ(t) ..=
{√

t if d = 2√
t log t−1 if d = 3 .

(5.33)

Note that the upper bound in Proposition 5.1 can then be rewritten as eC1χ(ε)2Θ1/2(ν), with χ
given by (5.2). We prove the following two estimates, which correspond to quantitative versions
of [32, Lemma 5.9] and [32, Lemma 5.10] respectively, and in turn let us use the bound from Lemma
5.9 to prove Proposition 5.1.

Lemma 5.10. Uniformly in η > 0, we have∣∣∣∣∫ µCη(dσ)F2(σ)F2(σ)−
∫
µvε(dξ) f2(ξ)f2(ξ)

∣∣∣∣ .κ,v
Θ(ν)
ε5d+1 .

Lemma 5.11. Uniformly in η > 0, we have∣∣∣∣∫ µCη(dσ) f2(〈σ〉)F2(σ)−
∫
µvε(dξ) f2(ξ)f2(ξ)

∣∣∣∣ .κ,v
Θ(ν)
ε5d+1 .

Assuming Lemmas 5.10 and 5.11 for now, we can prove the convergence rate given in Proposition
5.1.

Proof of Proposition 5.1. The claim follows from Lemmas 5.6–5.11 by recalling (5.16).

The rest of this section is devoted to showing Lemmas 5.10 and 5.11. Before proceeding with
the proofs, we need to introduce some notation and definitions. Throughout we use the convention
that, given a path ω ∈ Ωτ,τ̃ and a function f , we write∫

ds f(ω(s)) ≡
∫ τ

τ̃
ds f(ω(s)) .

We define the following quantities that will allow us to rewrite the terms that arise in the sequel.

Definition 5.12 (Classical interactions). Let x, x̃ ∈ Λ and ω ∈ Ωτ1,τ̃1 , ω̃ ∈ Ωτ2,τ̃2 be continuous
paths. We then define the point-point interaction

(Vε)x,x̃ ..=
∫
µvε(dξ) ξ(x) ξ(x̃) = vε(x− x̃) ,

the point-path interaction

(Vε)x(ω) ..=
∫
µvε(dξ)

∫
ds ξ(ω(s)) =

∫
ds vε(x− ω(s)) ,

and the path-path interaction

Vε(ω, ω̃) ..=
∫
µvε(dξ)

∫
ds ξ(ω(s))

∫
ds̃ ξ(ω̃(s̃)) =

∫
ds
∫

ds̃ vε(ω(s)− ω̃(s̃)) .
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In what follows, we use the notation xi,0 ≡ xi, x̃i,1 ≡ x̃i for i = 1, 2 and we write

A ..= {2, 3} × {0, 1} . (5.34)

Arguing analogously as for [32, (5.8)–(5.9)], we get that∫
µvε(dξ) f2(ξ) f2(ξ) =

∫
[0,∞)3

dr e−κ|r|

|r|

∫
[0,∞)3

dr̃ e−κ|̃r|

|̃r| Iε(r, r̃) , (5.35)

where

Iε(r, r̃) ..=
∫

dx
∫

dx̃
∫

Wr3,0
x1,x3(dω3)Wr2,0

x3,x2(dω2)Wr1,0
x2,x1(dω1)

×Wr̃3,0
x̃1,x̃3(dω̃3)Wr̃2,0

x̃3,x̃2(dω̃2)Wr̃1,0
x̃2,x̃1(dω̃1) e−

1
2

(
Vε(ω1,ω1)+Vε(ω̃1,ω̃1)−2Vε(ω1,ω̃1)

)
×

∑
Π∈M(A)

∏
{a,b}∈Π

(Vε)xa,xb
∏

a∈A\[Π]
i
(
(Vε)xa(ω1)− (Vε)xa(ω̃1)

)
. (5.36)

Here, we write |r| = r1 + r2 + r3, |̃r| = r̃1 + r̃2 + r̃3. Moreover, we denote by M(A) the set of partial
pairings on the set A.

Definition 5.13 (Quantum interactions). Let (τ, x), (τ̃ , x̃) ∈ [0, ν] × Λ and let ω ∈ Ωτ1,τ̃1 , ω̃ ∈
Ωτ2,τ̃2 be continuous paths. With δη given by (5.10), we define the point-point interaction

(Vη)τ,τ̃x,x̃ ..=
∫
µCη(dσ)σ(τ, x)σ(τ̃ , x̃) = ν δη(τ − τ̃) vε(x− x̃) ,

the point-path interaction

(Vη)τx(ω) ..=
∫
µCη(dσ)σ(τ, x)

∫ ν

0
dt
∫

ds δ(t− [s]ν)σ(t, ω(s)) = ν

∫
ds δη(τ − [s]ν) vε(x− ω(s)) ,

and the path-path interaction

Vη(ω, ω̃) ..=
∫
µCη(dσ)

∫ ν

0
dt
∫

ds σ(τ, x) δ(t− [s]ν)σ(t, ω(s))
∫ ν

0
dt̃
∫

ds̃ δ(t̃− [s̃]ν)σ(t̃, ω̃(s̃))

= ν

∫
ds
∫

ds̃ δη([s]ν − [s̃]ν) vε(ω(s)− ω̃(s̃)) .

Here, we recall (5.21).

Arguing analogously as for [32, (5.17)–(5.18), (5.21)], we have that∫
µCη(dσ)F2(σ)F2(σ) =

∑
r∈(νN)3

1|r|>0 e−κ|r|

|r|
∑

r̃∈(νN)3

1|r̃|>0 e−κ|r̃|

|r̃| J(r, r̃) , (5.37)

where

J(r, r̃) ..=
∫

[0,ν]3
dτ

∫
[0,ν]3

dτ̃

∫
dx

∫
dx̃

∫
Wτ1+r3,τ3
x1,x3 (dω3)Wτ3+r2,τ2

x3,x2 (dω2)Wτ2+r1,τ1
x2,x1 (dω1)

×Wτ̃1+r̃3,τ̃3
x̃1,x̃3 (dω̃3)Wτ̃3+r̃2,τ̃2

x̃3,x̃2 (dω̃2)Wτ̃2+r̃1,τ̃1
x̃2,x̃1 (dω̃1) e−

1
2

(
Vη(ω1,ω1)+Vη(ω̃1,ω̃1)−2Vη(ω1,ω̃1)

)
×

∑
Π∈M(A)

∏
{a,b}∈Π

(Vη)τa,τbxa,xb

∏
a∈A\[Π]

i
(
(Vη)τaxa(ω1)− (Vη)τaxa(ω̃1)

)
. (5.38)

The first step in the proof of Lemma 5.10 is to compare (5.38) with ν6Iε(r, r̃), which appears
in a Riemann sum of mesh size ν for (5.35). We show the following quantitative estimate.
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Lemma 5.14 (Approximation of J(r, r̃)). For all r, r̃ ∈ (νN)3 with |r|, |r̃| > 0, we have that
uniformly in η > 0

J(r, r̃) = ν6Iε(r, r̃) +O

(
ν13/2

ε5d+1

(
1 + 1
|r|d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)6

)
. (5.39)

The second step in the proof of Lemma 5.10 consists in giving a quantitative estimate on the
error obtained by approximating the integral (5.35) with the above Riemann sum. To this end, we
prove the following estimate.

Lemma 5.15 (Quantitative Riemann sum approximation for (5.35)). Recalling (5.33), we
have that uniformly in η > 0∣∣∣∣∣
∫

[0,∞)3
dr e−κ|r|

|r|

∫
[0,∞)3

dr̃ e−κ|̃r|

|̃r| Iε(r, r̃)− ν6 ∑
r∈(νN)3

1|r|>0 e−κ|r|

|r|
∑

r̃∈(νN)3

1|̃r|>0 e−κ|̃r|

|̃r| Iε(r, r̃)
∣∣∣∣∣

.κ,v
Θ(ν)
ε5d+1 .

With the above two results, we have all of the necessary tools to prove Lemma 5.10.

Proof of Lemma 5.10. The claim follows from Lemmas 5.14 and 5.15 by using (5.35) and (5.37).

We now give the proofs of Lemmas 5.14 and 5.15. In the proof of Lemma 5.14, we use the
following estimates that are obtained from Definition 5.13 and Lemma 5.5 (i), and (5.11).

|(Vη)τ,τ̃x,x̃| 6
Cν

εd
δη(τ − τ̃) , |(Vη)τx(ω′)| 6 C

εd
[
(τ ′ − τ̃ ′) + ν

]
. (5.40)

In the second estimate in (5.40), we take ω′ ∈ Ωτ ′,τ̃ ′ . We note that for paths ω′, ω̃′ with

f(τ, x) =
∫

ds δ(τ − [s]ν) δ(x− ω1(s))−
∫

ds̃ δ(τ − [s̃]ν) δ(x− ω̃1(s))

we have that
Vη(ω, ω) + Vη(ω̃, ω̃)− 2Vη(ω, ω̃) = 〈f, Cηf〉 > 0 , (5.41)

since δη and vε are of positive type.

Proof of Lemma 5.14. We recall the definition (5.34) of the set A. For fixed τ , τ ∈ [0, ν]3,
arguing analogously as in [32, (5.21)], we apply a time translation and rewrite (5.38) as∫

[0,ν]3
dτ

∫
[0,ν]3

dτ̃

∫
dx

∫
dx̃

∫
Wτ1+|r|,τ3+r1+r2
x1,x3 (dω3)Wτ3+r1+r2,τ2+r1

x3,x2 (dω2)Wτ2+r1,τ1
x2,x1 (dω1)

Wτ̃1+|̃r|,τ̃3+r̃1+r̃2
x̃1,x̃3 (dω̃3)Wτ̃3+r̃1+r̃2,τ̃2+r̃1

x̃3,x̃2 (dω̃2)Wτ̃2+r̃1,τ̃1
x̃2,x̃1 (dω̃1) e−

1
2

(
Vη(ω1,ω1)+Vη(ω̃1,ω̃1)−2Vη(ω1,ω̃1)

)
∑

Π∈M(A)

∏
{a,b}∈Π

(Vη)τa,τbxa,xb

∏
a∈A\[Π]

i
(
(Vη)τaxa(ω1)− (Vη)τaxa(ω̃1)

)
= J(r, r̃) . (5.42)

In the sequel, we denote by k̂ either the quantity k or k̃. We hence consider paths ω̂ : [τ̂1, τ̂1 +
|r̂|]→ Λ obtained by concatenating ω̂1, ω̂2, ω̂3 occurring in (5.42). In particular,

ω̂1 = ω̂|[τ̂1,τ̂2+r̂1] , ω̂2 = ω̂|[τ̂2+r̂1,τ̂3+r̂1+r̂2] , ω̂3 = ω̂|[τ̂3+r̂1+r̂2,τ̂1+|r̂|] . (5.43)
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We define the following parameters for a ∈ A.
t(2,0)

..= τ2 + r1 , t(3,0)
..= τ3 + r1 + r2 , t(2,1)

..= τ̃2 + r̃1 , t(3,1)
..= τ̃3 + r̃1 + r̃2

s(2,0)
..= τ1 + r1 , s(3,0)

..= τ1 + r1 + r2 , s(2,1)
..= τ̃1 + r̃1 , s(3,1)

..= τ̃1 + r̃1 + r̃2

ω(2,0) = ω(3,0)
..= ω , ω(2,1) = ω(3,1)

..= ω̃ .

(5.44)

Note that the times ta in (5.44) were chosen as initial and final times of the paths ω̂j in (5.43). The
sa satisfy |sa − ta| 6 ν and are used as approximations of the ta which help us remove the τ̂2, τ̂3
dependence.

Using (5.41), (5.43) and Lemma C.1 (i) below for the factor e−
1
2

(
Vη(ω1,ω1)+Vη(ω̃1,ω̃1)−2Vη(ω1,ω̃1)

)
occurring in the integrand of (5.42), recalling (5.44) and integrating in the x̂2, x̂3 variables, we
obtain from (5.42) that

J(r, r̃) =
∫

[0,ν]3
dτ

∫
[0,ν]3

dτ̃

∫
dx1

∫
dx̃1

∫
Wτ1+|r|,τ1
x1,x1 (dω)Wτ̃1+|r̃|,τ̃1

x̃1,x̃1 (dω̃)[
e−

1
2

(
Vε(ω1,ω1)+Vε(ω̃1,ω̃1)−2Vε(ω1,ω̃1)

)
+O

(∣∣V̂η(ω1, ω1)
∣∣+ ∣∣V̂η(ω̃1, ω̃1)

∣∣+ ∣∣V̂η(ω1, ω̃1)
∣∣)

+O

(
ν(r1 + r̃1 + ν)

εd

)] ∑
Π∈M(A)

∏
{a,b}∈Π

(Vη)τa,τbωa(ta),ωb(tb)
∏

a∈A\[Π]
i
(
(Vη)τaωa(ta)(ω1)− (Vη)τaωa(ta)(ω̃1)

)
.

(5.45)

We first estimate the contributions to (5.45) coming from the two error terms occurring in the
square brackets. We recall (C.2), (C.3), (5.43), and apply Fubini’s theorem, Lemma 5.4 (i)–(ii),
and (5.11) to deduce that∫

Wτ1+|r|,τ1
x1,x1 (dω)Wτ̃1+|r̃|,τ̃1

x̃1,x̃1 (dω̃)
(∣∣V̂η(ω1, ω1)

∣∣+ ∣∣V̂η(ω̃1, ω̃1)
∣∣+ ∣∣V̂η(ω1, ω̃1)

∣∣)
6
C
√
ν

εd+1

(
1 + 1
|r|d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)2 . (5.46)

Note that here we used estimate (5.9) when applying Lemma 5.4 (ii). Combining (5.46) with (5.40),
and using (5.11) for the dτ̂ integration, we deduce that the first error term in the square brackets
in (5.45) gives a contribution which is

O

(
ν13/2

ε5d+1

(
1 + 1
|r|d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)6

)
. (5.47)

Here, we note that there are at most |A| = 4 factors of 1
εd

coming from (5.40). Likewise, there are
at most 4 additional factors of 1+ |r|+ |r̃|. Similarly, the second error term also gives a contribution
which is bounded from above by (5.47) (note that now, we do not need to use (5.46)). Therefore,
we can write (5.45) as

J(r, r̃) = J̄(r, r̃) +O

(
ν13/2

ε5d+1

(
1 + 1
|r|d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)6

)
, (5.48)
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where

J̄(r, r̃) ..=∫
[0,ν]3

dτ

∫
[0,ν]3

dτ̃

∫
dx1

∫
dx̃1

∫
Wτ1+|r|,τ1
x1,x1 (dω)Wτ̃1+|r̃|,τ̃1

x̃1,x̃1 (dω̃) e−
1
2

(
Vε(ω1,ω1)+Vε(ω̃1,ω̃1)−2Vε(ω1,ω̃1)

)
×

∑
Π∈M(A)

∏
{a,b}∈Π

(Vη)τa,τbωa(ta),ωb(tb)
∏

a∈A\[Π]
i
(
(Vη)τaωa(ta)(ω1)− (Vη)τaωa(ta)(ω̃1)

)
. (5.49)

In order to analyse (5.49), we note the following three estimates.

(i) We have

e−
1
2

(
Vε(ω1,ω1)+Vε(ω̃1,ω̃1)−2Vε(ω1,ω̃1)

)
= e−

1
2

(
Vε
(
ω|[τ1,τ1+r1],ω|[τ1,τ1+r1]

)
+Vε

(
ω̃|[τ̃1,τ̃1+r̃1],ω̃|[τ̃1,τ̃1+r̃1]

)
−2Vε

(
ω|[τ1,τ1+r1],ω̃|[τ̃1,τ̃1+r̃1]

))
+O

(
ν

εd
(1 + r1 + r̃1)

)
. (5.50)

(ii) For all a, b ∈ A, we have∫ ν

0
dτa

∫ ν

0
dτb (Vη)τa,τbωa(ta),ωb(tb) = ν2 (Vε)ωa(sa),ωb(sb)

+O

(
ν

εd+1

∫ ν

0
dτa

∫ ν

0
dτb δη(τa − τb)

(
|ωa(ta)− ωa(sa)|Λ + |ωb(tb)− ωb(sb)|Λ

))
. (5.51)

(iii) For all a ∈ A, we have∫ ν

0
dτa (Vη)τaωa(ta)(ω̂1) = ν (Vε)ωa(sa)(ω̂|[τ̂1,τ̂1+r̂1])

+O

(
r̂1
εd+1

∫ ν

0
dτa |ωa(ta)− ωa(sa)|Λ

)
+O

(
ν2

εd

)
. (5.52)

In order to show (i), we note that for paths ω′, ω̃′ and

f(x) =
∫

ds δ(x− ω1(s))−
∫

ds̃ δ(x− ω̃1(s)) ,

we obtain

Vε(ω′, ω′) + Vε(ω̃′, ω̃′)− 2Vε(ω′, ω̃′) =
∫

dx dy f(x) vε(x− y) f(y) > 0 , (5.53)

since vε is of positive type.
Claim (i) then follows by using Definition 5.12, (5.53), and Lemma C.1 (ii). In order to prove

claim (ii), we use Definition 5.13, (5.44) and (5.11) to rewrite the left-hand side of (5.51) as

ν2 vε
(
ωa(sa)− ωb(sb)

)
+ ν

∫ ν

0
dτa

∫ ν

0
dτb δη(τa − τb)

[
vε
(
ωa(ta)− ωb(tb)

)
− vε

(
ωa(sa)− ωb(sb)

)]
,
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which by Lemma 5.5 (ii) is of the form given by the right-hand side of (5.51). In order to prove
claim (iii), we use first recall (5.43) and use |τ̂1 − τ̂2| 6 ν, Definition 5.13, (5.11), and Lemma 5.5
(i) to rewrite the left-hand side of (5.52) as

ν

∫ ν

0
dτa

∫ τ̂1+r̂1

τ̂1
ds δη(τa − [s]ν) vε

(
ωa(sa)− ω̂(s)

)
+ ν

∫ ν

0
dτa

∫ τ̂1+r̂1

τ̂1
ds δη(τa − [s]ν)

[
vε
(
ωa(ta)− ω̂(s)

)
− vε

(
ωa(sa)− ω̂(s)

)]
+O

(
ν2

εd

)
. (5.54)

The last error term in (5.54) comes from replacing τ̂2 + r̂2 by τ̂1 + r̂1 in the upper limit of the s
integral. For the first term, we use (5.11) to integrate in τa. For the second term, we use Lemma 5.5
(ii) followed by (5.11) to integrate in s. It follows that (5.54) is of the form given by the right-hand
side of (5.52).

We recall (5.36), (5.43), (5.44). Then, we use the estimates (i)–(iii) above together with a
telescoping argument in (5.49), and argue analogously as in the proof of (5.48) to deduce that

J̄(r, r̃) = ν6Iε(r, r̃) +O

(
ν13/2

ε5d+1

(
1 + 1
|r|d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)6

)
. (5.55)

We hence deduce (5.39) from (5.48) and (5.55).

In the proof of Lemma 5.15, we use the following estimates that follow from Definition 5.12 and
Lemma 5.5 (i). ∣∣(Vε)x,x̃∣∣ 6 C

εd
,

∣∣(Vε)x(ω)
∣∣ 6 C(τ1 − τ̃1)

εd
. (5.56)

Proof of Lemma 5.15. We recall (5.36) and note that for r, r̃ ∈ [0,∞)3 × [0,∞)3, we have

|Iε(r, r̃)| 6 C

ε4d

(
1 + 1
|r|d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)4 , (5.57)

by using (5.56), (5.53), and Lemma 5.4 (i).
Let C0 > 0 be given. Recalling (5.33), we first prove the following two estimates.∣∣∣∣∣

∫
[0,∞)3

dr e−κ|r|

|r|

∫
[0,∞)3

dr̃ e−κ|̃r|

|̃r| Iε(r, r̃) 1min(rj ,r̃j)6C0ν

∣∣∣∣∣ .C0,κ,v

√
ν

ε4d . (5.58)

∣∣∣∣∣ν6 ∑
r∈(νN)3

1|r|>0 e−κ|r|

|r|
∑

r̃∈(νN)3

1|̃r|>0 e−κ|̃r|

|̃r| Iε(r, r̃) 1min(rj ,r̃j)6C0ν

∣∣∣∣∣ .C0,κ,v
Θ(ν)
ε4d . (5.59)

By using (5.57) and symmetry, we note that (5.58) follows from 7

∫
[0,∞)3

dr 1r36C0ν
e−κ|r|/2

|r|1+d/2 .C0,κ ν
2−d/2 . (5.60)

The estimate (5.60) follows by using spherical coordinates and considering the contributions C0ν
r > 1

and C0ν
r < 1 separately. We omit the details.

7We observe that this is a slightly stronger bound than what we need when d = 2. The bound (5.58) is sufficient
for the rest of the argument. An analogous observation holds for the bound (5.59).
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By using (5.57) and symmetry, we deduce that (5.59) follows from

ν3 ∑
r3∈νN

1r3>0
e−κr3

r
1+d/2
3

+ ν3 ∑
r∈(νN)3

1r36C0ν
1|(r1,r2)|>0 e−κ|r|

|r|1+d/2 .C0,κ Θ(ν) . (5.61)

The first term on the left-hand side of (5.61) is

6 ν3−d/2 ∑
r3∈νN

1r3>0
e−κr3
r3

.κ ν
2−d/2 log ν−1 . Θ(ν)

by considering Riemann sums in one dimension. The second term on the left-hand side of (5.61) is

.C0 ν
3 ∑

r∈(νN)2

1|r|>0 e−κ|r|

|r|1+d/2 .κ

√
ν ,

where the latter inequality follows by considering Riemann sums in two dimensions. Here, we use
the convention that for r = (r1, r2) ∈ (νN)2, we take |r| = r1 + r2. We deduce (5.61) and (5.59)
then follows.

We henceforth fix C0 > 0 large and consider r, r̃ ∈ [0,∞)3, α, α̃ ∈ R3 with

|ri|, |r̃i| > C0ν , |αi|, |α̃i| 6 ν . (5.62)

Under the assumption (5.62), we show that

|Iε(r + α, r̃ + α̃)− Iε(r, r̃)| = O

( √
ν

ε5d+1

(
1 + 1
|r|d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)5

)

+O

(
ν

ε4d
1
r3

(
1 + 1

(r1 + r2)d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)4

)

+O

(
ν

ε4d

(
1 + 1
|r|d/2

) 1
r̃3

(
1 + 1

(r̃1 + r̃2)d/2

)
(1 + |r|+ |r̃|)4

)
..= E1(r, r̃) . (5.63)

By using (5.57), (5.62), and the notation in (5.63) we have by a direct calculation that

e−κ|r+α|

|r + α|
e−κ|r̃+α̃|

|r̃ + α̃|
Iε(r + α, r̃ + α̃)− e−κ|r|

|r|
e−κ|r̃|

|r̃| Iε(r, r̃)

= O

(
e−κ|r|

|r|
e−κ|r̃|

|r̃| E1(r, r̃)
)

+Oκ

(
ν

ε4d

(
1 + 1
|r|(d+3)/2

)(
1 + 1
|r̃|(d+3)/2

)
(1 + |r|+ |r̃|)4 e−κ(|r|+|r̃|)

)
..= E2(r, r̃) . (5.64)

In order to obtain the second error term in (5.64), we note that, by (5.62), we have8

e−κ|r̂+α̂|

|r̂ + α̂|
− e−κ|r̂|

|r̂| = Oκ

(
e−κ|r̂| ν
|r̂| + e−κ|r̂| ν1/2

|r̂|3/2

)
. (5.65)

8In order to obtain the second error term in (5.65), we interpolate between the estimates | 1
|r̂+α̂| −

1
|r̂| | .

1
|r̂| and

| 1
|r̂+α̂| −

1
|r̂| | .

ν
|r̂|2 .
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We then deduce the lemma by using (5.58), (5.59), (5.62), (5.63), (5.64), and considering
Riemann sums for (5.35). Indeed, for all (s, s̃) ∈ [0,∞)3 × [0,∞)3, we take (r, r̃) ∈ (νN)3 × (νN)3

such that r̂j = bŝjcν , where
bscν ..= max {u ∈ νN , u 6 s} . (5.66)

Then, we automatically have |r̂j − ŝj | 6 ν for all j = 1, 2, 3. We then use (5.63), (5.64) with
r̂ + α̂ ≡ ŝ and we reduce the claim to showing

ν6 ∑
r,r̃∈(νN)3∩[C0ν,∞)3

E2(r, r̃) . Θ(ν) ,

which follows from (5.63)–(5.64). Let us note that when estimating the contributions from the last
two error terms in (5.63), we use∑

r3∈(νN)∩[C0ν,∞)

ν

r3
e−κr3/2 .κ log ν−1 (5.67)

∑
r∈(νN)2∩[C0ν,∞)2

ν2
(

1 + 1
|r|1+d/2

)
e−κ|r|/2 .C0,κ log ν−1 1d=2 + ν−1/2 1d=3 , (5.68)

which follow by considering Riemann sums in one and two dimensions respectively. Here, the term
on the left-hand side of (5.68) comes from estimating 1

|(r1,r2,r3)|(1 + 1
(r1+r2)d/2 ) . 1 + 1

(r1+r2)1+d/2 .
Finally, let us note that when d = 3, we have (d+ 3)/2 = 3 and therefore the second error term in
(5.64) yields the logarithmic factor in the error term. Similarly, in light of (5.67)–(5.68), the same
is true for the last two error terms in (5.63). This requires the necessary modification in (5.33)
when d = 3.

The rest of the proof is devoted to showing (5.63). Let r, r̃,α, α̃ be as in (5.62). Recalling
(5.36) and using an appropriate time translation of the paths9, we can write

Iε(r + α, r̃ + α̃)

=
∫

dx
∫

dx̃
∫

W|r|+|α|,r1+r2+α1+α2
x1,x3 (dω3)Wr1+r2+α1+α2,r1+α1

x3,x2 (dω2)Wr1+α1,0
x2,x1 (dω1)

×W|r̃|+|α̃|,r̃1+r̃2+α̃1+α̃2
x̃1,x̃3 (dω̃3)Wr̃1+r̃2+α̃1+α̃2,r̃1+α̃1

x̃3,x̃2 (dω̃2)Wr̃1+α̃1,0
x̃2,x̃1 (dω̃1)

× e−
1
2

(
Vε(ω1,ω1)+Vε(ω̃1,ω̃1)−2Vε(ω1,ω̃1)

) ∑
Π∈M(A)

∏
{a,b}∈Π

(Vε)xa,xb
∏

a∈A\[Π]
i
(
(Vε)xa(ω1)− (Vε)xa(ω̃1)

)
.

(5.69)

Note that, by (5.62), we indeed have that |r̃|+|α̃| > r̃1+ r̃2+α̃1+α̃2 and |r̃|+|α̃| > r̃1+ r̃2+α̃1+α̃2,
hence the above expression is well-defined.

We now show that

(5.69) = Īε(r + α, r̃ + α̃) +O

(
ν

ε4d
1
r3

(
1 + 1

(r1 + r2)d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)4

)

+O

(
ν

ε4d

(
1 + 1
|r|d/2

) 1
r̃3

(
1 + 1

(r̃1 + r̃2)d/2

)
(1 + |r|+ |r̃|)4

)
, (5.70)

9The time-translation is analogous to that used to in order to rewrite (5.38) as (5.42) above.
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where

Īε(r + α, r̃ + α̃) ..=
∫

dx
∫

dx̃
∫

W|r|,r1+r2+α1+α2
x1,x3 (dω3)Wr1+r2+α1+α2,r1+α1

x3,x2 (dω2)Wr1+α1,0
x2,x1 (dω1)

×W|r̃|,r̃1+r̃2+α̃1+α̃2
x̃1,x̃3 (dω̃3)Wr̃1+r̃2+α̃1+α̃2,r̃1+α̃1

x̃3,x̃2 (dω̃2)Wr̃1+α̃1,0
x̃2,x̃1 (dω̃1)

× e−
1
2

(
Vε(ω1,ω1)+Vε(ω̃1,ω̃1)−2Vε(ω1,ω̃1)

) ∑
Π∈M(A)

∏
{a,b}∈Π

(Vε)xa,xb
∏

a∈A\[Π]
i
(
(Vε)xa(ω1)− (Vε)xa(ω̃1)

)
(5.71)

is obtained by modifying (5.69) to replace the final time of ω3 and ω̃3 by |r| and |r̃| respectively10.
In order to deduce the estimate (5.70), let us first consider the case α̃ = 0. We note that neither

of the integrands in (5.69), (5.71) depend on ω3. Using (5.53), (5.56), integrating in x2, x̃1, x̃2, x̃3
and recalling Lemma 5.4 (i) as well as (5.62), we deduce that

|Īε(r + α, r̃)− Iε(r + α, r̃)| .d,v
1
ε4d

∫
dx1 dx3

∣∣ψr3+α3−α1−α2(x1 − x3)− ψr3−α1−α2(x1 − x3)
∣∣

×
(

1 + 1
(r1 + r2)d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)4

.d,v
|α3|
ε4d

1
r3

(
1 + 1

(r1 + r2)d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)4 .

For the last inequality, we used Lemma 5.4 (iii) and (5.62). We hence deduce (5.70) when α̃ = 0.
The general claim of (5.70) follows by a telescoping argument.

We now show that |Īε(r+α, r̃+α̃)−Iε(r, r̃)| is bounded by the first error term on the right-hand
side of (5.63). In order to do this, we rewrite Īε(r + α, r̃ + α̃) by arguing as in the proof of Lemma
5.14. Similarly as in (5.43), consider loops ω̂ : [0, |̂r|] → Λ which are obtained by concatenating
ω̂1, ω̂2, ω̂3. In particular,

ω̂1 = ω̂
∣∣
[0,r̂1+α̂1] , ω̂2 = ω̂

∣∣
[r̂1+α̂1,r̂1+r̂2+α̂1+α̂2] , ω̂3 = ω̂

∣∣
[r̂1+r̂2+α̂1+α̂2,|r̂|+|α̂|] . (5.72)

Given a ∈ A, we define the following quantities, similarly to (5.44).
t(2,0)

..= r1 + α1 , t(3,0)
..= r1 + r2 + α1 + α2 , t(2,1)

..= r̃1 + α̃1 , t(3,1)
..= r̃1 + r̃2 + α̃1 + α̃2 ,

s(2,0)
..= r1, s(3,0)

..= r1 + r2 , s(2,1)
..= r̃1 , s(3,1)

..= r̃1 + r̃2

ω(2,0) = ω(3,0)
..= ω , ω(2,1) = ω(3,1)

..= ω̃ .

(5.73)
Note that, in (5.73), the sa are the approximations of the ta which have been decoupled from the
variables α̂j . By construction, we have that ωa(ta) = xa and |sa − ta| . ν for all a ∈ A.

Therefore, integrating in x̂2, x̂3, we get

Īε(r + α, r̃ + α̃) =
∫

dx1

∫
dx̃1

∫
W|r|,0x1,x1(dω)W|̃r|,0x̃1,x̃1(dω̃) e−

1
2

(
Vε(ω1,ω1)+Vε(ω̃1,ω̃1)−2Vε(ω1,ω̃1)

)
×

∑
Π∈M(A)

∏
{a,b}∈Π

(Vε)ωa(ta),ωb(tb)
∏

a∈A\[Π]
i
(
(Vε)ωa(ta)(ω1)− (Vε)ωa(ta)(ω̃1)

)
. (5.74)

10Īε(r + α, r̃ + α̃) can easily be written as a function of (r, r̃). This notation is more convenient for the purposes
of our argument.
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We set α = α̃ = 0 in (5.69) and recall (5.72)–(5.73) to write

Iε(r, r̃) =
∫

dx1

∫
dx̃1

∫
W|r|,0x1,x1(dω)W|̃r|,0x̃1,x̃1(dω̃) e−

1
2

(
Vε(ω1,ω1)+Vε(ω̃1,ω̃1)−2Vε(ω1,ω̃1)

)
×

∑
Π∈M(A)

∏
{a,b}∈Π

(Vε)ωa(sa),ωb(sb)
∏

a∈A\[Π]
i
(
(Vε)ωa(sa)(ω1)− (Vε)ωa(sa)(ω̃1)

)
. (5.75)

In order to compare (5.74) and (5.75), we note the following three estimates, which hold uniformly
in η > 0.

(i) We have

e−
1
2

(
Vε(ω1,ω1)+Vε(ω̃1,ω̃1)−2Vε(ω1,ω̃1)

)
= e−

1
2

(
Vε
(
ω|[0,r1],ω[0,r1]

)
+Vε

(
ω̃[0,r̃1],ω̃[0,r̃1]

)
−2Vε

(
ω[0,r1],ω̃[0,r̃1]

))
+O

(
ν

εd
(1 + r1 + r̃1)

)
.

(ii) For all a, b ∈ A, we have∣∣(Vε)ωa(ta),ωb(tb) − (Vε)ωa(sa),ωb(sb)
∣∣ 6 C

εd+1

(
|ωa(ta)− ωa(sa)|Λ + |ωb(tb)− ωb(sb)|Λ

)
.

(iii) For all a ∈ A, we have∣∣(Vε)ωa(ta)(ω̂1)− (Vε)ωa(sa)(ω̂1)
∣∣ 6 C

εd+1 r̂1 |ωa(ta)− ωa(sa)|Λ .

Claim (i) follows by arguing as for (5.50). Claim (ii) follows by using Definition 5.12 and Lemma
5.5 (ii). Claim (iii) is shown analogously.

Starting from the identities (5.74), (5.75), using (5.56), estimates (i)–(iii) above, and recalling
Lemma 5.4 (i)–(ii), we deduce that

|Īε(r + α, r̃ + α̃)− Iε(r, r̃)| = O

( √
ν

ε5d+1

(
1 + 1
|r|d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)5

)
. (5.76)

Note that here we again used estimate (5.9) when applying Lemma 5.4 (ii). Combining (5.69)–
(5.70), and (5.76), we obtain (5.63) and the lemma follows.

In order to prove Lemma 5.11, we need to make some minor modifications. Arguing analogously
as for [32, (5.31)–(5.33)], we have that∫

µCη(dσ) f2(〈σ〉)F2(σ) = 1
ν3

∑
r∈(νN)3

1|r|>0 e−κ|r|

|r|

∫
[0,∞)3

dr̃ e−κ|r̃|

|r̃| J̃ε(r, r̃) , (5.77)

where

J̃ε(r, r̃) ..=
∫

[0,ν]3
dτ

∫
[0,ν]3

dτ̃

∫
dx

∫
dx̃

∫
Wτ1+r3,τ3
x1,x3 (dω3)Wτ3+r2,τ2

x3,x2 (dω2)Wτ2+r1,τ1
x2,x1 (dω1)

×Wr̃3,0
x̃1,x̃3(dω̃3)Wr̃2,0

x̃3,x̃2(dω̃2)Wr̃1,0
x̃2,x̃1(dω̃1) e−

1
2

(
Vη(ω1,ω1)+Vε(ω̃1,ω̃1)−2Vε(ω1,ω̃1)

)
×

∑
Π∈M(A)

∏
{a,b}∈Π

(Vη)τa,τbxa,xb

∏
a∈A\[Π]

i
(
(Vη)τaxa(ω1)− (Vε)xa(ω̃1)

)
. (5.78)

The following analogues of Lemmas 5.14 and 5.15 hold.
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Lemma 5.16. For all r ∈ (νN)3 and r̃ ∈ [0,∞)3 with |r|, |r̃| > 0, we have that uniformly in η > 0

J(r, r̃) = ν6Iε(r, r̃) +O

(
ν13/2

ε5d+1

(
1 + 1
|r|d/2

)(
1 + 1
|r̃|d/2

)
(1 + |r|+ |r̃|)6

)
.

Lemma 5.17. Recalling (5.33), we have that uniformly in η > 0∣∣∣∣∣
∫

[0,∞)3
dr e−κ|r|

|r|

∫
[0,∞)3

dr̃ e−κ|̃r|

|̃r| Iε(r, r̃)− ν3 ∑
r∈(νN)3

1|r|>0 e−κ|r|

|r|

∫
[0,∞)3

dr̃ e−κ|̃r|

|̃r| Iε(r, r̃)
∣∣∣∣∣

.κ,v
Θ(ν)
ε5d+1 .

The proofs of Lemmas 5.16 and 5.17 are very similar to those of Lemmas 5.14 and 5.15; see
Appendix C.

Proof of Lemma 5.16. The proof is analogous to that of Lemma 5.14 given above. The only
difference is that for ω̂1 = ω̃1, we replace (5.52) by the estimate

(Vε)ωa(ta)(ω̃1) = (Vε)ωa(sa)(ω̃|[τ̃1,τ̃1+r̃1]) +O

(
r̃1
εd+1 |ωa(ta)− ωa(sa)|Λ

)
+O

(
ν

εd

)
,

which follows from Lemma 5.5 (i)–(ii) and (5.43)–(5.44).

Proof of Lemma 5.17. The result follows directly from the proof of Lemma 5.15.

We can now prove Lemma 5.11.

Proof of Lemma 5.11. The claim follows from Lemmas 5.16 and 5.17 by using (5.35) and (5.77).

5.2. Correlation functions. We note the following analogues of Lemma 5.6 and 5.7 that give
us functional integral representations for (2.21) and (2.20) respectively.

Lemma 5.18. For all p ∈ N, we have that as η → 0, Γ̂p,η
C−→ Γ̂p, where Γ̂p satisfies

νp Γ̂p,η = p!
Zεη

PpQp,η (5.79)

for

(Qp,η)x,x̃ ..=
∫
µCη(dσ) eT ε−

iτε[σ]
ν eF2(σ)

p∏
i=1

[
ν
∑

ri∈νN∗
e−κri

∫
Wri,0
xi,x̃i

(dωi)
(
ei
∫ ri

0 dt σ([t]ν ,ωi(t)) − 1
)]
.

(5.80)
Here, F2 is given as in (5.18). Moreover, we recall that Pp denotes the projection given by (2.5)
and C−→ convergence in the space of continuous functions on Λp×Λp with respect to the supremum
norm.

Proof. We obtain (5.79)–(5.80) by arguing analogously as for [32, (5.36)–(5.37)]. The only differ-
ence is that, in the σ, integral, we have to add the extra factor of eT ε−

iτε[σ]
ν due to the ε-dependent

corrections in (2.18). This change is justified by arguing analogously as in the proof of Proposition
5.6 above.
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Lemma 5.19. For all p ∈ N, we have that

γ̂W
ε

p = p!
ζW ε Pp q

ε
p (5.81)

for

(qεp)x,x̃ ..=
∫
µvε(dξ) eT ε−iτε〈ξ,1〉L2 ef2(ξ)

p∏
i=1

[∫ ∞
0

dri e−κri
∫

Wri,0
xi,x̃i

(dωi)
(
ei
∫ ri

0 dt ξ(ωi(t)) − 1
)]
.

(5.82)
Here, f2 is given as in (5.25).

Proof. We obtain (5.81)–(5.82) analogously as for [32, (5.38)]. The only difference is that, in the ξ
integral, we have to add the extra factor of eT ε−iτε〈ξ,1〉L2 due to the second and third term in (3.1).
This change is justified by arguing analogously as in the proof of Proposition 5.7 above. Moreover,
since vε is already assumed to be smooth, there is no need to regularize it with the parameter η,
which was used in [32].

Recalling (5.2), we now compare the quantities (5.80) and (5.82).

Lemma 5.20. There exists c3 > 0 depending on κ, v such that the following results hold for all
p ∈ N.

(i) We have

‖Qp,η‖C 6 Cpκ,v ec3χ(ε)2
( 1
εd

)p/2
.

(ii) For θ(d, p) as in (5.5), we have uniformly in η > 0

‖Qp,η − qεp‖C 6 Cpκ,v ec3χ(ε)2
(( 1

εd

)p/2
+
( 1
ε5d+1

)1/2)
νθ(d,p) . (5.83)

Furthermore, we show the following lower bound on the classical and quantum relative partition
functions.

Lemma 5.21 (Lower bound on the relative partition function). The following estimates
hold for some constant c4 > 0 depending on κ.

(i) ζW ε
> exp[−c4χ(ε)2].

(ii) Z > exp[−c4χ(ε)2].

We prove Lemmas 5.20 and 5.21 in Appendix C. Using Lemmas 5.20 and 5.21, we now prove
Proposition 5.2.

Proof of Proposition 5.2. By Lemmas 5.6, 5.18, and 5.19 it suffices to estimate

lim
η→0

∥∥∥∥Qp,ηZη − qεp
ζW ε

∥∥∥∥
C

6

∣∣Z − ζW ε∣∣
Z ζW ε lim

η→0
‖Qp,η‖C + 1

ζW ε lim
η→0
‖Qp,η − qεp‖C . (5.84)

The claim now follows from (5.84) by using Proposition 5.1, Lemma 5.20 (i) and Lemma 5.21 to
estimate the first term and Lemma 5.20 (ii) combined with Lemma 5.21 (i) to estimate the second
term. Throughout we recall (5.1), and we obtain the claim if we take C2 > C1 + c3 + 2c4.
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5.3. The mean-field limit for unbounded nonlocal interactions in dimensions d = 2, 3.
We conclude this section by using the techniques developed above to extend the mean-field limit
of [32,56], with nonlocal interaction, from bounded interaction potentials to unbounded interaction
potentials. Our assumptions on the potential are the same as in the seminal work [13]. Previously,
the mean-field limit with unbounded interaction potentials was considered in [73], however with a
modified, regularized, quantum many-body state instead of the grand canonical state (1.6). We
remark that the results in [13] are originally stated in a setting that does not assume any positivity
of the interaction, and hence require a truncation in the Wick-ordered mass of the field. However,
when restricted to positive (defocusing) interactions, the truncation can be removed.

Assumption 5.22. In the classical setting, we consider v ∈ Lq(Λ) which is even, real-valued, and
of positive type, such that {

q > 1 if d = 2
q > 3 if d = 3 .

(5.85)

Note that, in terms of Lq integrability, (5.85) is the optimal range for q. We refer the reader
to [13] and [73, Section 1.4] for a further discussion. In particular, for d = 2 we can take v to be the
Coulomb potential. For q as in (5.85), one verifies that G ∈ L2q′(Λ) (where q′ denotes the Hölder
conjugate of q) by writing G as a Fourier series and using Sobolev embedding.

With v as above, we study the interacting field theory (2.2), where now

V = 1
2

∫
dx dy : |φ(x)|2 : v(x− y) : |φ(y)|2 : . (5.86)

The interaction V is rigorously defined by using a frequency truncation, as in Section 2.1. We refer
the reader to [73, Lemma 1.4] for a precise summary. We also make the appropriate modifications
in the definition of the correlation functions.

Similarly as in (5.10), we consider ψ ∈ C∞c (Rd) even, nonnegative and satisfying ψ(0) = 1 and
for ε > 0, we define δε : Λ→ C by

δε,Λ(x) ..= 1
εd

∑
y∈Zd

(F−1ψ)
(
x− y
ε

)
, (5.87)

where F denotes Fourier transform (see (4.6)). With notation as in (5.87) and v as in Assumption
5.22, we now write

vε ..= v ∗ δε,Λ ∈ C∞(Λ) . (5.88)

From (5.88), we deduce that
‖vε‖Lq = ‖v‖Lq , vε

Lq−→ v . (5.89)

When working in the quantum setting, we hence set τ ε = 0 and Eε = 0 in (2.18). In this
section, instead of (5.1), we take

ε(ν) & 1
log ν−1 . (5.90)

Theorem 5.23. Let d 6 3. With V as in (5.86), v as in Assumption 5.22, and ε > 0 as in (5.90),
we have the following results as ε, ν → 0.

(i) Z → ζV .

(ii) νp Γ̂p
C−→ γ̂Vp .
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Proof. We first prove (i). If v ∈ Lq(Λ), we use (5.88) and Young’s inequality, to deduce that for
ε > 0 sufficiently small, we have

‖vε‖L∞(Λ) .ψ,q,v ε
− d
q , ‖∇vε‖L∞(Λ) .ψ,q,v ε

− d
q
−1
. (5.91)

Furthermore, vε is of positive type and has compactly supported Fourier transform. We use the
functional integral setup as before and start from appropriate analogues of Lemmas 5.6 and 5.7.
Using (5.91) instead of Lemma 5.5, and arguing as for Lemmas 5.9–5.11, we deduce that for ε > 0
sufficiently small and all ν > 0, we have

∣∣∣Z − ζV ε∣∣∣ . (
Θ(ν)

ε
5d
q

+1

)1/2

, (5.92)

where V ε denotes the interaction as in (5.86) with v replaced by vε, and Θ(ν) is as in (5.33). By
(5.90), this is an acceptable upper bound and we reduce the claim to showing that

lim
ε→0

ζV
ε = ζV . (5.93)

Using the assumption that v, vε are of positive type and the Cauchy-Schwarz inequality, we obtain

|ζε − ζ| 6 ‖V ε − V ‖L2(P) . (5.94)

We now show that
‖V ε − V ‖L2(P) . ‖vε − v‖Lq . (5.95)

By (5.89), we have that (5.95) indeed implies (5.93).
By using Fubini’s theorem followed by Wick’s theorem, we can rewrite the right-hand side of

(5.94) as
1
2

(∫
dx dx̃ dy dỹ F ε(x, x̃, y, ỹ)

)1/2
, (5.96)

where

F ε(x, x̃, y, ỹ) ..=
∑

Π∈MWick
c (B)

∏
{i,j}∈Π

G(xi − xj)
(
vε(x− y)− v(x− y)

) (
vε(x̃− ỹ)− v(x̃− ỹ)

)
. (5.97)

In (5.97), we let B ..= {1, 2} × {1, 2} × {+,−}. Furthermore, we use the variables x(1,1,±) ≡
x, x(2,1,±) ≡ x̃, x(1,2,±) ≡ y, x(2,2,±) ≡ ỹ and denote byMWick

c (B) the set of all complete pairings
Π of B where {(a, b,+), (a, b,−)} /∈ Π for all a, b ∈ {1, 2}.

We note that each integration variable in (5.96) appears exactly once as part of the argument
of vε − v and exactly twice as part of an argument of a Green function. We can therefore apply
Hölder’s inequality and deduce (5.95). Here, we use that, uniformly in c, d ∈ Λ∫

dx |w(x)|
(
1 +G(x− c)

) (
1 +G(x− d)

)
6 ‖w‖Lq

(
1 + ‖G‖2

L2q′
)
. ‖w‖Lq , (5.98)

with w = vε − v, since G ∈ L2q′(Λ). When applying (5.98), we recall (5.89).
We now prove (ii). With notation defined analogously as in (5.79)–(5.82), we use (5.91) and

argue as in the proof of Lemma 5.20 to deduce that for all ε > 0 and uniformly in η > 0

‖Qp,η‖C 6 Cpκ,v

( 1
εd/q

)p/2
, ‖Qp,η − qεp‖C 6 Cpκ,v

(( 1
εd/q

)p/2
+
( 1
ε5d/q+1

)1/2)
νθ(d,p) , (5.99)
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with θ(d, p) given as in (5.5). Similarly, arguing as in the proof of Lemma 5.21, using Wick’s
theorem we have that for all ε > 0

ζV
ε
& 1 , Z > exp

[
−c
(

1 + νχ(
√
ν)

εd/q

)]
, (5.100)

with χ as in (5.2). In order to obtain (5.100) we used (5.98). Using (5.99)–(5.100), arguing as in
the proof of Proposition 5.2, and recalling (5.90), we deduce that∥∥∥νp Γ̂p − γ̂V

ε

p

∥∥∥
C
. να , (5.101)

for 0 < α < θ(d, p). Hence, we reduce to showing

lim
ε→0

∥∥∥γ̂V εp − γ̂Vp ∥∥∥
C

= 0 . (5.102)

By (5.95), we have that
∥∥e−V ε − e−V

∥∥
L2(P) → 0 as ε→ 0. Therefore, we obtain (5.102) if we prove

bounds analogous to those in Lemma 4.10 (with W ε replaced by V ε). More precisely, we note
that the following claims hold, with V as in (5.86) and V ε as in (5.86) with v replaced by vε and
notation as in Lemma 4.10.

(i) supN supz‖LN,zV ‖Lr(P) <∞.

(ii) As ε→ 0 we have supN supz‖LN,zV ε − LN,zV ‖Lr(P) → 0.

(iii) As M,N →∞ we have supz‖(LN,z − LM,z)V ‖Lr(P) → 0.

(iv) For any ε > 0, as M,N →∞ we have supz‖(LN,z − LM,z)V ε‖Lr(P) → 0.

We first show (ii). For fixed 0 < N <∞ and z ∈ Λ, we note that by Lemma 4.8

LN,z(V ε − V ) =
∫

dx dx̃
(
vε(x− x̃)− v(x− x̃)

)
GN (z − x)φ(x) : |φ(x̃)|2 :

and hence by Lemma A.1, we deduce that

∥∥LN,z(V ε−V )
∥∥2
L2(P) =

∫
dx dx̃ dy dỹ

[
vε(x−x̃)−v(x−x̃)

] [
vε(y−ỹ)−v(y−ỹ)

]
GN (z−x)GN (z−y)

×
[
G(x− y)G2(x̃− ỹ) +G(x− x̃)G(x̃− ỹ)G(y − ỹ) +G(x− ỹ)G(x̃− ỹ)G(y − x̃)

]
. (5.103)

Analogously as in (5.96), each integration variable in (5.103) appears exactly once as part of
the argument of vε − v and exactly twice as part of the argument of G or GN . We then use
Hölder’s inequality as in (5.98) where some of the factors of G can be replaced by GN and note
that ‖GN‖L2q′ 6 ‖G‖L2q′ < ∞, which holds by (4.8) and Young’s inequality. Putting everything
together, we get that

(5.103) . ‖vε − v‖2Lq ,

which is an acceptable bound by (5.89). The other terms for (ii) are treated similarly. We omit the
details. The proof of (i) is analogous, except that now we apply Hölder’s inequality similarly as in
(5.98) with w = v.
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We now show (iii). We first compute

(LN,z − LM,z)V =
∫

dx dx̃ v(x− x̃) (GN (x− z)−GM (x− z))φ(x): |φ(x̃)|2 : .

Hence, by Lemma A.1, we have

∥∥(LN,z − LM,z)V
∥∥2
L2(P) =

∫
dx dx̃ dy dỹ v(x− x̃) v(y − ỹ)

[
GN (z − x)−GM (z − x)

]
×
[
GN (z − y)−GM (z − y)

] [
G(x− y)G2(x̃− ỹ) +G(x− x̃)G(x̃− ỹ)G(y − ỹ)

+G(x− ỹ)G(x̃− ỹ)G(y − x̃)
]

(5.104)

Since each integration variable occurs exactly once as part of an argument of v and exactly twice
as a part of an argument of G or GN − GM , we can use Hölder’s inequality as earlier to deduce
that

(5.104) . ‖v‖2Lq ‖GN −GM‖2L2q′ (1 + ‖G‖3
L2q′ ) ,

which is an acceptable upper bound by using (B.2) as in the proof of Lemma 4.10 (iii) .The higher
order derivatives are estimated in the same way. The proof of (iv) is analogous, except that we
now apply apply Hölder’s inequality similarly as in (5.98) with w = vε and recall (5.89). We hence
obtain (5.102).

Remark 5.24. We note that if we relax the topology of convergence in (5.102) (and hence in
Theorem 5.23 (ii)) to the weak operator topology, we can obtain the result by using the first bound
in (5.100), and the Cauchy-Schwarz inequality, similarly as in (5.94). This applies to the case
(d, q) = 1 as well. We refer the reader to the proof of [32, Proposition 4.4] for details.

Remark 5.25. One can also consider v ∈ L1(Λ) which is even, real-valued, and of positive type
with suitable decay on its Fourier coefficients, see [13, (16)-(17)]. For d = 3, the assumption in [13]
is that v̂(k) 6 C

〈k〉2+δ for some δ > 0, which is covered by Theorem 5.23 above by the Hausdorff-
Young inequality (in the classical setting, the decay assumption was recently relaxed in [24]). For
d = 2, the assumption in [13] is that v̂(k) 6 C

〈k〉δ for some δ > 0. Note that this corresponds
the endpoint admissible regime in the terminology of [73, Definition 1.2 and Section 4], except
that we do not assume pointwise nonnegativity of v. Here, it is possible to prove convergence of
the partition function (and consequently the convergence of the correlation functions in the weak
operator topology as in Remark 5.24 above). We present the details in Appendix C.

A. Wick ordering and hypercontractive moment bounds

In this appendix we recall some standard facts about Wick ordering and hypercontractive estimates.
We refer e.g. to [65] for a comprehensive account. For the convenience of the reader, we keep this
appendix self-contained.

A.1. Wick ordering. Let ξ = (ξ1, . . . , ξn) be a real11 Gaussian vector with mean zero. We define
the Wick ordering of the monomial ξ1 · · · ξn through

:ξ1 · · · ξn : = ∂n

∂λ1 · · · ∂λn
eλ·ξ

E[eλ·ξ]

∣∣∣∣
λ=0

. (A.1)

11When dealing with complex vectors, we split them into their real and imaginary parts.
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The expectation is equal to
E[eλ·ξ] = e

1
2λ·Cλ ,

where
Cij ..= E[ξiξj ]

is the covariance matrix of ξ. Computing the derivatives explicitly, we hence find

:ξ1 · · · ξn : =
∑

Π∈M([n])

∏
i∈[n]\[Π]

ξi
∏
{i,j}∈Π

(−E[ξiξj ]) , (A.2)

where we defined [n] ..= {1, . . . , n}, and M([n]) is the set of partial pairings of the set [n] (i.e. a set
of disjoint unordered pairs of elements of [n]) with [Π] ..=

⋃
{i,j}∈Π{i, j}. Since both sides of (A.2)

are linear in ξ1, . . . , ξn, we can extend (A.2) to a complex Gaussian vector (ξ1, . . . , ξn).
By splitting the summation in (A.2) over Π satisfying n /∈ [Π] and n ∈ [Π], we obtain the

recursion

:ξ1 · · · ξn : = :ξ1 · · · ξn−1 : ξn −
n−1∑
i=1

E[ξiξn] :ξ1 · · · ξi−1ξi+1 · · · ξn−1 : . (A.3)

Moreover, from the definition (A.1) we find that Wick ordering commutes with differentiation, since

∂

∂ξ1
:ξ1 · · · ξn : = ∂n

∂λ1 · · · ∂λn
λ1eλ·ξ

E[eλ·ξ]

∣∣∣∣
λ=0

= ∂n−1

∂λ2 · · · ∂λn
e
∑n

i=2 λiξi

E[e
∑n

i=2 λiξi ]

∣∣∣∣
λ=0

= :ξ2 · · · ξn : . (A.4)

Note that the variables ξ1, . . . , ξn are treated as independent for the differentiation, although they
need not be stochastically independent. For instance, (A.4) implies that d

dξ :ξn : = :nξn−1 : .
The following is a generalization of Wick’s rule to moments of Wick-ordered monomials.

Lemma A.1. Let ξ = (ξ1, . . . , ξn) be a complex Gaussian vector with mean zero. Let Q be a
partition of [n]. Then

E

∏
q∈Q

:
∏
i∈q

ξi :

 =
∑

Π∈Mc([n],Q)

∏
{i,j}∈Π

E[ξiξj ] ,

where Mc([n], Q) is the set of complete pairings Π of the set [n] such that no pair {i, j} ∈ Π satisfies
i, j ∈ q for some q ∈ Q.

Proof. By linearity, we may assume that (ξ1, . . . , ξn) is real. From the definition (A.1) we find∏
q∈Q

:
∏
i∈q

ξi : = ∂n

∂λ1 · · · ∂λn
eλ·ξ

∏
q∈Q

exp
(
−1

2
∑
i,j∈q
Cijλiλj

)∣∣∣∣
λ=0

,

so that taking the expectation yields

E

∏
q∈Q

:
∏
i∈q

ξi :

 = ∂n

∂λ1 · · · ∂λn
exp

(1
2
∑
i,j∈[n]

CQijλiλj
)∣∣∣∣
λ=0

,

where CQij ..=
(
1−

∑
q∈Q 1i,j∈q

)
Cij . The claim now follows by differentiation.

Example A.2. IfQ has two blocks, Lemma A.1 takes on the following form. If (ξ1, . . . , ξn, ζ1, . . . , ζn)
is a complex Gaussian vector with mean zero, then

E[:ξ1 · · · ξn : :ζ1 · · · ζn :] =
∑
σ∈Sn

n∏
i=1

E[ξiζσ(i)] .
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A.2. Hypercontractive moment bounds. Let (H, 〈· , ·〉) be a separable real Hilbert space, and
let (φ(f))f∈H the abstract Gaussian process indexed by H. For an explicit definition, let (ek)k∈N
be an orthonormal basis of H, and let Ω = RN be equipped with the product sigma-algebra F and
the probability measure P, which is an infinite product of standard Gaussians. With the notation
ω = (ωk)k∈N ∈ Ω, we define

φ(f) ..=
∑
k∈N

ωk〈ek , f〉 ,

which converges in L2(Ω,F ,P). Moreover, since E[φ(f)φ(g)] = 〈f , g〉, the map φ : H 7→ L2(Ω,F ,P)
is an isometry.

For n ∈ N we define the nth polynomial chaos, denoted by Bn, as the closure of the subspace of
L2(Ω,F ,P) spanned by random variables of the form

:φ(f1) · · ·φ(fn) : , f1, . . . , fn ∈ H .

Lemma A.3. We have
L2(Ω,F ,P) =

⊕
n∈N
Bn .

Proof. The orthogonality of the spaces (Bn)n∈N is easy to deduce from the definition of Wick
ordering. It remains to show that L2(Ω,F ,P) ⊂

⊕
n∈N Bn.

For K ∈ N, let HK = Span(ek : k 6 K) ⊂ H. Let B(K)
n be the subspace of L2(Ω,F ,P)

spanned by random variables of the form :φ(f1) · · ·φ(fn) : with f1, . . . , fn ∈ HK . Let FK be the
sigma-algebra generated by (φ(f) : f ∈ HK). Note that B(K)

n ⊂ L2(Ω,FK ,P). We now claim that

L2(Ω,FK ,P) =
⊕
n∈N
B(K)
n . (A.5)

To see this, it suffices to show that if ξ ∈ L2(Ω,FK ,P) satisfies E[ξζ] = 0 for every ζ ∈ B(K)
n and

every n ∈ N then ξ = 0. We can write ξ = f(φ(e1), . . . , φ(eK)) for some measurable function
f : RK → R, which is square integrable with respect to the the standard Gaussian measure on RK ,
which we denote by µK . By assumption,

∫
µK(dx) f(x)P (x) = 0 for all polynomials P on RK .

Using that µK has Gaussian tails we easily deduce that f = 0.
To deduce the claim from (A.5), we choose ξ ∈ L2(Ω,F ,P) and set ξK ..= E[ξ|FK ] so that

(ξK)K∈N is a martingale. By Doob’s martingale convergence theorem (see e.g. [77, Chapter 12]),
we have ξK → ξ in L2, which concludes the proof.

Next, we state and prove a hypercontractive moment bound. Such an estimate is usually derived
as a consequence of the hypercontractive property of the Ornstein-Uhlenbeck semigroup associated
with φ. Here we give an elementary and very simple argument, relying only on Lemma A.1 and
the Cauchy-Schwarz inequality.

Lemma A.4. Let n ∈ N and ξ ∈ Bn. Then for any p ∈ 2N∗ and some universal constant C, we
have

E[ξp] 6 Cpnp/2 (E[ξ2])p/2 .

Proof. Let
ξ =

∑
k1,...,kn∈N

ak1···kn :φ(ek1) · · ·φ(ekn) : ,
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where ak1···kn is symmetric under permutations. By Lemma A.1 (see also Example A.2) we have

E[ξ2] = n!
∑

k1,...,kn

a2
k1···kn . (A.6)

To estimate the pth moment, it is convenient to introduce the index sets I = [p] × [n] and Ii =
{i} × [n] for i ∈ [p]. For any A ⊂ I we use the notation kA = (kij : (i, j) ∈ A) ∈ NA for the
summation variables indexed by the set A. In this notation we can write ξ =

∑
kIi

akIi
:∏n

j=1 φ(ekij ) :
for each i ∈ [n], and hence we get, using Lemma A.1,

E[ξp] =
∑
kI

p∏
i=1

akIiE
[ p∏
i=1

:
n∏
j=1

φ(ekij ) :
]

=
∑
Π

∑
kI

p∏
i=1

akIi

∏
{(i,j),(i′,j′)}∈Π

1kij=ki′j′ , (A.7)

where the summation ranges over all complete pairings Π of [p]×[n] such that for all {(i, j), (i′, j′)} ∈
Π we have i 6= i′.

The idea is to fix Π and to sum over the variables kij in pairs connected by the delta function
on the right-hand side of (A.7), by using a simple repeated application of Cauchy-Schwarz. To that
end, we introduce an inductive summation of the edges of Π one by one; the order of summation
is immaterial. After summing out a number of edges, we obtain a partial pairing Σ ⊂ Π, whose
blocks contain those summation variables that have not yet been summed out. We refer to Figure
A.1 for an illustration. For the example Π of Figure A.1, the complete estimate can be explicitly
written out:

∑
k,l,m,u,v,w

aklm aklu avwu avwm 6
∑

l,m,u,v,w

(∑
k

a2
klm

)1/2(∑
k

a2
klu

)1/2

avwu avwm

6
∑

l,m,u,v

(∑
k

a2
klm

)1/2(∑
k

a2
klu

)1/2(∑
w

a2
vwu

)1/2(∑
w

a2
vwm

)1/2

6
∑
l,u,v

(∑
k,m

a2
klm

)1/2(∑
k

a2
klu

)1/2(∑
w

a2
vwu

)1/2(∑
m,w

a2
vwm

)1/2

6
∑
u,v

(∑
k,l,m

a2
klm

)1/2(∑
k,l

a2
klu

)1/2(∑
w

a2
vwu

)1/2(∑
m,w

a2
vwm

)1/2

6
∑
v

(∑
k,l,m

a2
klm

)1/2(∑
k,l,u

a2
klu

)1/2(∑
u,w

a2
vwu

)1/2(∑
m,w

a2
vwm

)1/2

6

(∑
k,l,m

a2
klm

)1/2(∑
k,l,u

a2
klu

)1/2(∑
u,v,w

a2
vwu

)1/2( ∑
m,v,w

a2
vwm

)1/2

.

The estimate has six steps, corresponding to the six edges to be summed out. The third step
corresponds to the step illustrated in the right half of Figure A.1.

To describe the general procedure more formally, we denote, for any partial pairing Σ ⊂ Π,

VΠ(Σ) ..=
∑
k[Σ]

p∏
i=1

( ∑
kIi\[Σ]

a2
kIi

)1/2 ∏
{(i,j),(i′,j′)}∈Σ

1kij=ki′j′ , (A.8)
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Π Σ ∪ {e} Σ

e

(i, j)

(i′, j′)

−→

Figure A.1. An illustration of the inductive algorithm for successively summing out edges of the pairing Π.
Here p = 4 and n = 3. The pairing Π is illustrated in the figure on the left-hand side. The four grey blocks
correspond to the four factors akI1

, . . . , akI4
, and each vertex (i, j) ∈ [p] × [n] corresponds to a summation

variable kij . Note that each edge connects vertices from different grey blocks, as is required by Lemma
A.1. A partial pairing Σ ⊂ Π is represented in the figure on the right-hand side, where the edges of Σ are
drawn using solid lines. The dashed lines, incident to vertices corresponding to the summation variables
kI\[Σ], have been summed out at this point. This summation contributed a factor

∏p
i=1
(∑

kIi\[Σ]
a2

kIi

)1/2,
which depends on the remaining summation variables k[Σ] that correspond to the vertices incident to the
edges of Π. The middle figure corresponds to the partial pairing Σ ∪ {e} with an edge e ∈ Π \ Σ given by
e = {(i, j), (i′, j′)}. The induction step underlying the argument, going from Σ∪{e} to Σ, is the summation
of a single edge e, which amounts to summing over the variables kij = ki′,j′, and using Cauchy-Schwarz. For
this, it is crucial that i 6= i′, i.e. e connects vertices in different grey blocks.

where [Σ] ..=
⋃
σ∈Σ σ. This expression has three crucial properties. First, by (A.7) we have

E[ξp] =
∑
Π
VΠ(Π) (A.9)

Second, by the definition (A.8) we have

VΠ(∅) =
( ∑
k1,...,kn

a2
k1···kn

)p/2
. (A.10)

Third, for any partial pairing Σ ⊂ Π and any edge e ∈ Π \ Σ we have

VΠ(Σ ∪ {e}) 6 VΠ(Σ) . (A.11)

To show (A.11), we suppose that e = {(i, j), (i′, j′)} with i 6= i′ (see Figure A.1), and estimate the
sum over ke = (kij , ki′j′) in the expression (A.8) for VΠ(Σ ∪ {e}) as

∑
ke

( ∑
kIi\[Σ∪{e}]

a2
kIi

)1/2( ∑
kIi′ \[Σ∪{e}]

a2
kIi′

)1/2

1kij=ki′j′ 6
( ∑

kIi\[Σ]

a2
kIi

)1/2( ∑
kIi′ \[Σ]

a2
kIi′

)1/2

,

by Cauchy-Schwarz and the fact that the summation variable kij = ki′j′ appears exactly once in
each factor.
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From (A.9)–(A.11), we conclude that

E[ξp] 6
∑
Π

( ∑
k1,...,kn

a2
k1···kn

)p/2
. (A.12)

Using that the number of pairings Π is bounded by (np)!
(np/2)!2np/2 , we conclude from (A.12) and (A.6)

that
E[ξp] 6 (np)!

(np/2)!2np/2
1

(n!)p/2
(Eξ2)p/2 6 Cpnp/2 (Eξ2)p/2 ,

by Stirling’s approximation. This concludes the proof.

Remark A.5. If ξ is complex-valued such that Re ξ and Im ξ both belong to Bn, then by Minkowski’s
inequality we deduce from Lemma A.4 that for any p ∈ 2N∗ we have

E|ξ|p 6 Cpnp/2 (E|ξ|2)p/2 .

B. Basic estimates for the Green function

In this appendix we prove some basic analytic properties of the Green function G on the torus. All
of these results are well known, and we collect and prove them here for the reader’s convenience.
The following lemma is similar to e.g. [69, Lemma 5.4] or [1, Section III.3].

Lemma B.1. Let d = 2. There exists G̃ ∈ C∞(Λ \ {0}) such that

G(x) = − 1
π

log |x|+ G̃(x) ,

as well as |G̃(x)|+ |∇G̃(x)| . 1 and |∇2G̃(x)| . 1 + |log|x||.

Proof. Let gκ denote the Green function of the operator κ − ∆/2 on R2, which for κ > 0 has
Fourier transform

ĝκ(ξ) =
∫

dx gκ(x) e−2πiξ·x = 1
κ+ 2π2|ξ|2

.

Moreover, g0(x) = 1
π log|x|−1. Let 0 < r 6 1/4, and choose ϕ ∈ [0, 1] to be a smooth compactly

supported function equal to 1 in the ball of radius r around the origin and zero outside the ball of
radius 2r around the origin.

First we note that (1 − ϕ)gκ ∈ C∞(Λ). This is a manifestation of elliptic regularity (see for
instance [28, Theorem 8.6.1]), which can be seen directly by applying the operator (κ −∆/2)k to
(1−ϕ)gκ, using the Leibniz rule, and then estimating the decay of ĝκ for large enough k using the
a priori bound |ĝκ|(ξ) 6 1/κ.

Using h to denote some generic smooth function which may change from one expression to the
next, we therefore find that

(κ−∆/2)ϕ(gκ − g0) = −κϕg0 + h .

We conclude that

ϕgκ = ϕg0 − κgκ ∗ (ϕg0) + h = ϕg0 − κ(ϕgκ) ∗ (ϕg0) + h .
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By plugging this equation into itself, we conclude that

ϕgκ − ϕg0 + κ(ϕg0) ∗ (ϕg0) ∈ C2(Λ) ,

since (ϕgκ) ∗ (ϕg0) ∗ (ϕg0) ∈ C2(Λ) because its Fourier transform decays as |ξ|−6 for |ξ| → ∞.
It is elementary that g̃ ..= κ(ϕg0)∗(ϕg0) satisfies |g̃(x)|+ |∇g̃(x)| . 1 and |∇2g̃(x)| . 1+ |log|x||

for |x| 6 1. The claim now follows from the observation that

G(x) =
∑
n∈Zd

gκ(x+ n) ,

by Poisson summation.

Remark B.2. An analogue of the result of Lemma B.1 holds in three dimensions, with the same
proof. Namely, if G denotes the Green function of the operator κ −∆/2 on Λ for d = 3, then we
have

G(x) = 1
4π|x| + G̃(x) ,

where |G̃(x)| . 1.

Lemma B.3. Let d = 2. The truncated Green function from (4.8) satisfies the bounds

|GN (x)| . (1 + |log|x||) ∧ logN (B.1)

and
|GN (x)−G(x)| . (1 + |log(N |x|)|) ∧ 1

N2|x|2
. (B.2)

Proof. The bound (B.1) follows easily from Lemma B.1 and the definition (4.8), by considering
the cases |x| > 2/N and |x| 6 2/N separately.

To prove (B.2), we write

GN (x)−G(x) =
∫

dy
(
G(x+ y)−G(x)

)
ρN (y) (B.3)

For |x| 6 1/8, we get from Lemma B.1 that

|GN (x)−G(x)| .
∣∣∣∣∣
∫

dy
(
G̃(x+ y)− G̃(x)

)
ρN (y)

∣∣∣∣∣+
∣∣∣∣∣
∫
R2

dy
(

log
∣∣∣∣x+ y

N

∣∣∣∣2 − log|x|2
)
ρ(y)

∣∣∣∣∣ . (B.4)
If |x| 6 8/N then we estimate the right-hand side of (B.4) by

C + 2
∫
R2

dy
∣∣∣∣∣log

∣∣∣∣ x|x| + y

N |x|

∣∣∣∣
∣∣∣∣∣ ρ(y) . 1 +

∣∣∣∣log 1
N |x|

∣∣∣∣ .
If 8/N < |x| 6 1/8 we estimate the right-hand side of (B.4) as

1 + |log|x||
N2 +

∣∣∣∣∣
∫
R2

dy log
(

1 + 2 x · y
N |x|2

+ |y|2

N2|x|2
)
ρ(y)

∣∣∣∣∣ . 1
N2|x|2

,

by Taylor expansion and the fact that ρ is an even function. Similarly, for the case |x| > 1/8 we
easily get from Lemma B.1, a Taylor expansion and the evenness of ρ that the right-hand side of
(B.3) is bounded by 1/N2. This concludes the proof.
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C. Proofs of auxiliary claims from Section 5

Throughout this appendix, we recall that ε satisfies (5.1). Before proceeding to the proof of Lemma
5.14, we note a quantitative analogue of [32, Lemma 5.12] concerning path-path interactions.

Lemma C.1. For continuous paths ω ∈ Ωτ1,τ̃1 , ω̃ ∈ Ωτ2,τ̃2, the following properties hold.

(i) We have, uniformly in η > 0

Vη(ω, ω̃) = Vε(ω, ω̃) + V̂η(ω, ω̃) +O

(
ν

εd
(τ1 − τ̃1)

)
, (C.1)

where V̂η(ω, ω̃) satisfies

∣∣V̂η(ω, ω̃)
∣∣ 6 C

εd+1

∫
ds

N∑
i=1

∫
Ii

ds̃
∫
Ii

dŝ |ω̃(s̃)− ω̃(ŝ)|Λ δη([s]ν − [ŝ]ν) , (C.2)

for N ..= d τ2−τ̃2ν e and

Ii ..=
{

[τ̃2 + (i− 1)ν, τ̃2 + iν] for 1 6 i 6 N − 1 ,
[τ̃2 + (N − 1)ν, τ2] for i = N .

(C.3)

(ii) Consider continuous paths ω′ ∈ Ωτ ′1,τ̃
′
1 , ω̃′ ∈ Ωτ ′2,τ̃

′
2 that agree with the paths ω, ω̃ respectively

on the intersection of their domains. Suppose that |τj − τ ′j | 6 ν and |τ̃j − τ̃ ′j | 6 ν for j = 1, 2.
Then, we have

Vε(ω, ω̃) = Vε(ω′, ω̃′) +O

(
ν

εd
(τ1 − τ̃1) + ν

εd
(τ2 − τ̃2) + ν2

εd

)
.

Proof of Lemma C.1. Let us first show (i). By using Definition 5.12, (5.11), and (C.3) we write

Vη(ω, ω̃) =
∫

ds
N∑
i=1

∫
Ii

ds̃
∫
Îi

dŝ vε
(
ω(s)− ω̃(ŝ)

)
δη([s]ν − [ŝ]ν) , (C.4)

where Îi := [τ̃2 + (i− 1)ν, τ̃2 + iν] for 1 6 i 6 N . By Lemma 5.5 (i), it follows that we have∫
ds
∫
IN

ds̃
∫
IN\ÎN

dŝ vε
(
ω(s)− ω̃(ŝ)

)
δη([s]ν − [ŝ]ν) = O

(
ν

εd
(τ1 − τ̃1)

)
. (C.5)

For (C.5), we also used (5.11) to deduce that

0 6
∫
ÎN\IN

dŝ δη,ν([s]ν − [ŝ]ν) 6 1 .

Combining (C.4) and (C.4), it follows that

Vη(ω, ω̃) =
∫

ds
N∑
i=1

∫
Ii

ds̃
∫
Ii

dŝ vε
(
ω(s)− ω̃(ŝ)

)
δη([s]ν − [ŝ]ν) +O

(
ν

εd
(τ1 − τ̃1)

)
. (C.6)
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From (C.6) and Definition 5.13, we obtain (C.1) with

V̂η(ω, ω̃) ..=
∫

ds
N∑
i=1

∫
Ii

ds̃
∫
Ii

dŝ
[
vε
(
ω(s)− ω̃(ŝ)

)
− vε

(
ω(s)− ω̃(s̃)

)]
δη([s]ν − [ŝ]ν) . (C.7)

By using Lemma 5.5 (ii), we get that (C.7) satisfies (C.2). Claim (ii) follows from Definition 5.12
by using Lemma 5.5 (i).

We now give the proofs of Lemmas 5.20 and 5.21, which are used in the analysis of the rate of
convergence for correlation functions.

Proof of Lemma 5.20. In order to prove (i), we rewrite (5.80) as

(Qp,η)x,x̃ = νp
∑

r∈(νN∗)p
e−κ|r| Yx,x̃(r) , (C.8)

where

Yx,x̃(r) ..=
∫
µCη(dσ) eT ε−

iτε[σ]
ν eF2(σ)

p∏
i=1

[∫
Wri,0
xi,x̃i

(dωi)
(
ei
∫ ri

0 dt σ([t]ν ,ωi(t)) − 1
)]
. (C.9)

Here we recall the definition of T ε in (5.15) and the definition of F2 in (5.18). By arguing analogously
as for [32, (5.41)], we deduce that

|Yx,x̃(r)| 6 Cpd eT ε ‖vε‖p/2L∞

p∏
i=1

(
ri + r

1−d/2
i

)
6 Cpd,v eT ε

( 1
εd

)p/2 p∏
i=1

(
ri + r

1−d/2
i

)
, (C.10)

where in the second inequality we used Lemma 5.5 (i). Substituting (C.10) into (C.8), considering
Riemann sums, and recalling (5.16), we deduce claim (i).

We now prove claim (ii). Analogously to (C.8), we rewrite (5.82) as

(qεp)x,x̃ =
∫

[0,∞)p
dr e−κ|r| yεx,x̃(r, r) , (C.11)

where for r, s ∈ [0,∞)p with s 6 r (meaning that si 6 ri for all i), we define

yεx,x̃(r, s) ..=
∫
µvε(dξ) eT ε−iτε〈ξ,1〉L2 ef2(ξ)

p∏
i=1

[∫
Wri,0
xi,x̃i

(dωi)
(
ei
∫ si

0 dt ξ(ωi(t)) − 1
)]
. (C.12)

Here, we recall the definition of f2 in (5.25). Similarly as in [32, Section 5.2], we now divide the
proof into the following three steps.
Step 1. We truncate the variables ri occurring in (C.8), (C.11) to lie in some interval [δ, 1/δ] for
δ > 0 small.
Step 2. In the expression obtained by using the above truncation in qεp given by (5.82), we compare
the integral

∫ 1/δ
δ dri (· · · ) with the corresponding Riemann sum ν

∑
ri∈νN∗ 1δ6ri61/δ (· · · ).

Step 3. We replace ξ by 〈σ〉 given by (5.28) in the functional integral and compare the resulting
approximations of qεp and Qεp.

We now carry out the details of each of the steps above. At every stage, we keep explicit track
of the error terms.
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Step 1. Denoting [a, b]ν ..= [a, b] ∩ νZ, we observe the following estimate.∣∣∣∣(Qp,η)x,x̃ − νp
∑

r∈[δ,1/δ]pν

e−κ|r| Yx,x̃(r)
∣∣∣∣+ ∣∣∣∣(qεp)x,x̃−

∫
[δ,1/δ]p

dr e−κ|r| yεx,x̃(r, r)
∣∣∣∣

6 Cpκ,v eT ε ε−
dp
2 δ2− d2 . (C.13)

The estimate for the first term on the left-hand side of (C.13) follows from (C.8) and (C.10) by
considering Riemann sums. Similarly, the estimate for the second term on the left-hand side of
(C.13) follows from (C.11) and from the observation that yεx,x̃(r) satisfies the same bound as in
(C.10) by an analogous proof. We omit the details.
Step 2. We show that for δ = δ(ν) sufficiently small (for the precise bound, see (C.20) below), the
following estimate holds.∣∣∣∣∫

[δ,1/δ]p
dr e−κ|r| yεx,x̃(r, r)− νp

∑
r∈[δ,1/δ]pν

e−κ|r| yεx,x̃(r, r)
∣∣∣∣

6 Cpκ,v eT ε ε−
d
2 δ−

dp
2
√
ν + Cdp eT ε δ−

dp
2 −(d−1) ν . (C.14)

By arguing analogously as in the proof of [32, Lemma 5.17], we obtain that for all r ∈ [δ, 1/δ]pν and
for all s ∈ (0,∞)p with s 6 r we have∣∣yεx,x̃(r, r)− yεx,x̃(r, s)

∣∣ 6 Cpd,v eT ε ε−
d
2 δ−

dp
2 max

i
(ri − si) . (C.15)

We note that the δ dependence in (C.15) is obtained from Lemma 5.4 (i). Furthermore, the ε
dependence is obtained from Lemma 5.5 (i).

By arguing analogously as in the the proof of [32, Lemma 5.18], we deduce that∣∣∣e−κ|r| yεx,x̃(r, s)− e−κ|r̃| yεx,x̃(r̃, s)
∣∣∣ 6 Cpκ eT ε δ−

dp
2

ν

mini (ri − si)
, (C.16)

provided that r, r̃ ∈ [δ, 1/δ]p are such that |r− r̃| 6 ν, s ∈ (0,∞)p satisfies

s 6 r , s 6 r̃ , minisi > δ/2 , 1 > mini(ri − si) > 2ν . (C.17)

We now explain how (C.15) and (C.16) imply (C.14) for a suitable choice of δ. We recall (5.66)
and write brcν ..= (bricν)pi=1. By using (5.26) and Lemma 5.4 (i) in (C.12), we have that for all
r ∈ [δ, 1/δ]p and s ∈ (0,∞)p with s 6 r∣∣yεx,x̃(r, s)

∣∣ 6 Cpd eT ε δ−
dp
2 . (C.18)

Using (C.18), we get that∣∣∣∣∣νp ∑
r∈[δ,1/δ]pν

e−κ|r| yεx,x̃(r, r)−
∫

[δ,1/δ]p
dr e−κ|brcν | yεx,x̃(brcν , brcν)

∣∣∣∣∣ 6 Cpd eT ε δ−
dp
2 −(d−1) ν . (C.19)

We henceforth assume
δ ∼ νa , a ∈ (0, 1/2) . (C.20)
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For fixed r ∈ [δ, 1/δ]p, and ν sufficiently small, we define s ≡ s(r) ∈ (0,∞)p by si ..= ri −
√
ν. Note

that si > 0 for small ν by (C.20). By (C.15), we have that∣∣∣∣∣
∫

[δ,1/δ]p
dr e−κ|r| yεx,x̃(r, r)−

∫
[δ,1/δ]p

dr e−κ|r| yεx,x̃(r, s(r))
∣∣∣∣∣ 6 Cpκ,v eT ε ε−

d
2 δ−

dp
2
√
ν (C.21)

and∣∣∣∣∣
∫

[δ,1/δ]p
dr e−κ|brcν | yεx,x̃(brcν , brcν)−

∫
[δ,1/δ]p

dr e−κ|brcν | yεx,x̃(brcν , s(r))
∣∣∣∣∣

6 Cpκ,v eT ε ε−
d
2 δ−

dp
2
√
ν . (C.22)

In (C.22), we used |bricν − si| .
√
ν. By (C.16), we have that∣∣∣∣∣

∫
[δ,1/δ]p

dr e−κ|r| yεx,x̃(r, s(r))−
∫

[δ,1/δ]p
dr e−κ|brcν | yεx,x̃(brcν , s(r))

∣∣∣∣∣ 6 Cpκ eT ε ε−
d
2 δ−

dp
2
√
ν . (C.23)

Here, we used that for small ν, s(r) satisfies (C.17) with r̃ = brcν . We hence deduce (C.14) from
(C.19), (C.21), (C.22), and (C.23).
Step 3. Let us define

Iε ..= νp
∑

r∈[δ,1/δ]pν

e−κ|r| yεx,x̃(r, r) (C.24)

and
J ..= νp

∑
r∈[δ,1/δ]pν

e−κ|r| Yx,x̃(r) . (C.25)

Recalling (5.33), we show that∣∣Iε − J ∣∣ 6 Cpκ,v eT ε ε−
5d+1

2 δ−
dp
2 Θ1/2(ν) . (C.26)

In order to show (C.26), we first recall (C.12), Lemma 5.8, and (5.29), and compare (C.24) with

Ĩ ..= νp
∑

r∈[δ,1/δ]pν

e−κ|r|
∫
µCη(dσ) eT ε−

iτε[σ]
ν eF2(σ)

p∏
i=1

[∫
Wri,0
xi,x̃i

(dωi)
(
ei
∫ ri

0 dt 〈σ〉(ωi(t)) − 1
)]
.

(C.27)
In other words, (C.27) is obtained by replacing the factor by ef2(〈σ〉) by eF2(σ) in the σ integral
representation of (C.24). Using (5.19), (5.26), the Cauchy-Schwarz inequality, Lemmas 5.10–5.11,
and Lemma 5.4 (i), we deduce that∣∣Iε − Ĩ∣∣ 6 Cpκ,v eT ε ε−

5d+1
2 δ−

dp
2 Θ1/2(ν) . (C.28)

We now compare (C.25) and (C.27). By (5.19) and the Cauchy-Schwarz inequality, we have that

∣∣Ĩ − J ∣∣ 6 eT ε νp
∑

r∈[δ,1/δ]pν

e−κ|r|
p∏
i=1

∫
Wri,0
xi,x̃i

(dωi)

×
(∫

µCη(dσ)
∣∣∣∣∣
p∏
i=1

(
ei
∫ ri

0 dt 〈σ〉(ωi(t)) − 1
)
−

p∏
i=1

(
ei
∫ ri

0 dt σ([t]ν ,ωi(t)) − 1
)∣∣∣∣∣

2)1/2

. (C.29)
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By arguing analogously as in the proof of [32, Lemma 5.20], we have that for fixed 1 6 i 6 p,
∫
µCη(dσ)

∣∣∣ei
∫ ri

0 dt 〈σ〉(ωi(t)) − ei
∫ ri

0 dt σ([t]ν ,ωi(t))
∣∣∣2 6

C

ν

∑
s,s̃∈[0,ri)ν

∫ ν

0
du1 du2 dũ1 dũ2 δη(u1 − ũ1)

×
(
vε
(
ωi(s+ u1)− ωi(s̃+ ũ1)

)
− vε

(
ωi(s+ u2)− ωi(s̃+ ũ2)

))
, (C.30)

where [a, b)ν ..= [a, b− ν]ν . Using Lemma 5.5 (ii) and δη > 0, it follows that

(C.30) 6 C

εd+1ν

∑
s,s̃∈[0,ri)ν

∫ ν

0
du1 du2 dũ1 dũ2 δη(u1 − ũ1)

×
[∣∣ωi(s+ u1)− ωi(s+ u2)

∣∣
Λ +

∣∣ωi(s̃+ ũ1)− ωi(s̃+ ũ2)
∣∣
Λ

]
. (C.31)

We now use (C.31) and a telescoping argument in (C.29). In particular, by using the Cauchy-
Schwarz inequality in Wri,0

xi,x̃i
(dωi), applying Lemma 5.4 (i)–(ii) and (5.11), we deduce that

∣∣Ĩ − J ∣∣ 6 Cpκ,v eT ε ε−
d+1

2 δ−
dp
2
√
ν . (C.32)

Above we applied (5.8) when using Lemma 5.4 (ii). We hence deduce (C.26) from (C.28) and
(C.32). Here, we also recall (5.33).

We combine (C.13), (C.14), (C.26), and optimize in δ, keeping (C.20) in mind. We hence take
δ ∼ ν

1
4p+4 when d = 2 and δ ∼ ν

1
6p+4− when d = 3. Note that δ then indeed satisfies (C.20).

Putting everything together, and recalling (5.16), we obtain (5.83), with θ(d, p) as in (5.5) which
concludes the proof of claim (ii).

Proof of Lemma 5.21. We first prove (i). We recall (3.1). From Jensen’s inequality we get

ζW
ε = E[e−W ε ] > e−E[W ε(φ)] . (C.33)

We note that
E
[∫

dx : |φ(x)|2 :
]

= 0 . (C.34)

Furthermore, by using Wick’s theorem and arguing analogously as in [30, Section 3.1], we have that

E
[∫

dx dx̃ : |φ(x)|2 : vε(x− x̃) : |φ(x̃)|2 :
]

=
∫

dx dx̃ vε(x− x̃)G(x− x̃)G(x̃− x) .

By using that G is even, followed by (2.12), Lemma 5.5 (i), the above expression is in absolute
value

6
∫

dx |vε(x)|G(x)2 .v
1
εd

∫
|x|.ε

dxG(x)2 . (C.35)

Using Lemma B.1 when d = 2 and Remark B.2 when d = 3, a direct calculation shows that

(C.35) .κ,v χ(ε)2 . (C.36)

Here, we recall (5.2). Claim (i) now follows by recalling (3.1) and substituting (C.34) and (C.36)
into (C.33).

55



We now show (ii). We show that for α ∈ (0, 1− d
4), we have

Z > exp
[
−c
(
χ(ε)2 + να

εd

)]
, (C.37)

for some c > 0 depending on κ. Note that (C.37) implies claim (i), since by (5.1)–(5.2), we have
that χ(ε)2 &α,d

να

εd
.

We recall (2.18) and (2.11), and setW ..= Hε−H(0). By using the Peierls-Bogoliubov inequality
(see [70, Section 2.5]) in (2.14), we have that

Z > exp
[
TrF

(
−W e−H(0)

TrF (e−H(0))

)]
= exp

[
−%(0)

ν (W)
]
, (C.38)

where for a closed operator A on F , we define

%(0)
ν (A) ..= TrF (A e−H(0))

TrF (e−H(0))
.

Since %(0)
ν [
∫

dx
(
νa∗(x)a(x)− %ν

)
] = 0 , we get that

%(0)
ν (W) = 1

2 %
(0)
ν

[∫
dx dx̃

(
νa∗(x)aν(x)− %ν

)
vε(x− x̃)

(
νa∗(x̃)a(x̃)− %ν

)]
, (C.39)

By using the quantum Wick theorem (see [30, Lemma B1]) and using [30, Lemma 2.10], the right-
hand side of (C.39) is

∼
∫

dx dx̃ G[ν](x− x̃)
[
G[ν](x̃− x) + νδ(x̃− x)

]
vε(x− x̃) , (C.40)

where the quantum Green function G[ν] is given by

G[ν](x) ..=
∑
k∈Zd

ν

eλkν − 1 uk , (C.41)

with notation as in (4.5). From (C.41), we have that G[ν] is even and therefore by Lemma 5.5 (i),
we have

|(C.40)| .
∫

dx |vε(x)|G[ν](x)2 + ν

εd
G[ν](0) . (C.42)

We now bound each of the two terms on the right-hand side of (C.42) separately. For the first
term, we note that for α ∈ (0, 1− d

4), G =
∑
k∈Zd

1
λk

e2πik·x ∈ L2(Λ) satisfies∥∥G[ν] −G
∥∥
L2 .κ ν

α . (C.43)

In order to obtain (C.43), we note that for all δ ∈ [0, 1], we have∣∣∣∣ ν

eλkν − 1 −
1
λk

∣∣∣∣ 6 ν1−δ 1
λδk

. (C.44)

Using Plancherel’s theorem and taking δ > d/4 in (C.44), we deduce (C.43). We now use Hölder’s
inequality, Lemma 5.5 (i), (C.43), and recall (C.35)–(C.36) to deduce that the first term on the
right-hand side of (C.42) is

.κ

∫
dx |vε(x)|G(x)2 + να

εd
.κ,v χ(ε)2 + να

εd
. (C.45)
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From (C.41), by considering the terms with λk 6 1
ν and λk >

1
ν separately, we deduce that the

second term on the right-hand side of (C.42) is

.κ
νχ(
√
ν)

εd
.α

να

εd
, (C.46)

since α < 1/2. Estimate (C.37) now follows from (C.42), (C.45), and (C.46).

We now give the details of the proof of the claim from Remark 5.25.

Proof of claim from Remark 5.25. The claim follows if, instead of (5.95), we show

‖V ε − V ‖L2(P) .v ‖vε − v‖1/2
H−1+ δ

2
. (C.47)

Let us note that the x-dependence in (5.97) is of the form
[
vε(x−y)−v(x−y)

]
G(x−xa)G(x−xb)

for some distinct a, b ∈ B \ {(1, 1,±)}. We consider the different possibilities for xa and xb.
Case 1: xa = xb = x̃. This case is easy because the variables (x, x̃) and (y, ỹ) decouple. In
particular, the contribution to (5.96) is

.
∣∣∣∣∫ dx dx̃

[
vε(x− x̃)−v(x− x̃)

]
G2(x− x̃)

∣∣∣∣ . ‖vε−v‖H−1+ δ
2
‖G‖2

H−1+ δ
4
. ‖vε−v‖

H−1+ δ
2
. (C.48)

In order to prove (C.48), we used duality, and the bilinear estimate given in [73, Lemma 4.2] which
implies that ‖G2‖

H−1+ δ
2
.δ ‖G‖2

H−1+ δ
4
<∞.

Case 2: xa = xb 6= x̃. We can assume without loss of generality that xa = y. The integrand that
we then consider is[

vε(x− x̃)− v(x− x̃)
]
G2(x− y)

[
vε(y − ỹ)− v(y − ỹ)

]
G2(x̃− ỹ) .

We first integrate in x and use an estimate analogous to (C.48). We then integrate in x̃ and use
G ∈ L2(Λ). Finally, we integrate in y, ỹ and recall (5.88) to deduce that the contribution to (5.96)
is . ‖vε − v‖1/2

H−1+ δ
2
‖v‖1/2L1 .

Case 3: xa = x̃, xb 6= x̃ or xa 6= x̃, xb = x̃. We can assume without loss of generality that xb = y.
Then, we consider the integrand[

vε(x− x̃)− v(x− x̃)
]
G(x− x̃)G(x− y)

[
vε(y − ỹ)− v(y − ỹ)

]
G(x̃− ỹ)G(y − ỹ) .

We first fix x, ỹ and integrate in x̃ and y, using estimates analogous to (C.48). We then integrate
in x, ỹ to deduce that the contribution to (5.96) is . ‖vε − v‖

H−1+ δ
2
.

Case 4: xa 6= xb, xa 6= x̃, xb 6= x̃. This case is similar to Case 2 and we get the same upper bound
by an analogous argument. We hence deduce (C.47).
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