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» Gaussian free field and conformal field theory
> Probabilistic setting for CFT.

> Calculus of CFT and the source of tensor structures of conformal fields.
> Fields = certain types of Fock space fields + tensor nature.
> We use “conformal invariance” to denote consistence with conformal structures.

> We treat a stress energy tensor in terms of Lie derivatives.

» Radial conformal field theory
> In radial CFT, several trivial fields are multi-valued.

> 2 types of radial CFT and relation to SLE.
> Twisted radial CFT.
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» & : Gaussian Free Field

o = ia, 0.

n=1

> fu: O.N.B. for W(])’z(D) with Dirichlet inner
product.

> D: ahyperbolic R.S.

> a,:iid. ~ N(0,1).
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Ginibre eigenvalues University
@u(2) = V23 1(G(z, N) — G(z, )
{N}j=i : eigenvalues of the Ginibre ensemble, {1 }}—: an independent copy.

Ginibre ensemble is the n x n random matrix (ajx); ;.

vV vV v Vv

ajx : 1.i.d. complex Gaussians with mean zero and variance 1/n.

v

q’n (f) li)w ) (f) . (Y. Ameur, H. Hedenmalm, and N. Makarov)

Figure: Ginibre eigenvalues and uniform points (n = 4096)
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HA() = V2 (arg(1 +2) — arg(1 —2))
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Figure: ®,(z) + H(x=1)(z) = 0.
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Conjecture: Zero Set = Chordal SLE, ) s
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motivated by O. Schramm and S. Sheffield’s (/ University

Figure: ©,(z) + H(x=1)(z) = 0.
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Harmonic Explorer

Radial case

Figure: As the mesh gets finer, does the HE converge?

N
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Radial HE and Radial SLE,4 GO -y
N. Makarov and D. Zhan
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Figure: As the mesh gets finer, the HE converges to radial SLE4.
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)'(2) = V20" (£v/2) = £V2914(V3).

o
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Fock space fields (F-fields) are obtained from GFF by applying the following basic
operations:

i. derivatives;
ii. Wick’s products;

iii. multiplying by scalar functions and taking linear combinations.

Examples
J=0®, ®0d JOP, JOJ, JOIJ

Correlations (at distinct points) are defined for any finite collections of Fock fields:
(1) by differentiation; (ii) by Wick’s yoga; (iii) by linearity.
Examples

> EJ(O)®(2)] = 20:G((, 2)-

> E[09%(0)D(21)P(22)] = 2E[@(Q)D(21)]E[®(¢) @ (22)]-

ng/On
- B[O (32, YOy _ plaPEe0ee) _ plalo

n!
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Definition We consider a non-random field f on a Riemann surface. We say that

a. fis a differential of degree (d, d*) if for two overlapping charts ¢ and b, we
have

f= W) @)y Fon,
where f is the notation for (f||), f for (f||$), and h is the transition map.

b. fis a PS-form (pre-Schwarzian form) or 1-from of order 1 if

f=W)foh+uNy (Ny=h'[h' = (logh')");
c. fis an S-form (Schwarzian form) or 2-from of order y if
f=WYfoh+uSh (Si=Nj—N;i/2).

A field X is invariant wrt to some conformal automorphism 7 of M if

E[(X[|9)®(p1) © -+ © ®(pn)] = E[(X[ @077 )(p1) @ - © D(7pa)].

Conformal invariance allows to define fields in conformally equivalent situations.
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Q — Q
b ot ¢

Suppose M is a Riemann surface. Consider a (local) flow of a vector field v on M
M — M, Po(z) = v(z).
Suppose X is a field in M and v is holomorphic in U = U, C M. By definition, the

field X; in U is
Xi(2) | ) = (X(¥e2) || ¢ 0 ).

Definition
d

LX=— X;.
dt li=0 !
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> A pair of quadratic differentials W = (A4, A_) is called a stress tensor for X if
“residue form of Ward’s identity” holds:

1 1 _
LX(z) = 3 fi) VAL X(z) — 3 7{) VA_X(z).

Notation: F(W) is the family of fields with stress tensor W = (A4, A_).
» ForA=—1J®J, W = (A,A) is a stress tensor for GFF ®.

» IfX,Y € F(W), then 9X,X x Y € F(W).

Frame: 17/ 24



Virasoro field GO Seu

National
Abstract theory
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Definition Let W = (A, A) be a stress tensor. A Fock space field T is the Virasoro
field for the family F (W) if

» T — A is a non-random holomorphic Schwarzian form,
> T e F(W).

Example Twisted Radial CFT

> G((,2) = log 1+§1ir‘
1 1
> T:fEJ*J:AJrS,WhereA:75./@].
> BUOIE] = 5 o P (V@@ + V).
> EU(OIQ)] = ~ = — 569, s=T-a=2"0 s
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Proposition (Ward equation)
In D, for a string X of differentials in F (W), we obtain

+2¢5 -5
< G —sz,)zz' JEL

+z, C?+20"7 — 3
2CZZ( =t CIJ#W)E[X].

E[T()X) = EIT(¢ 1E[X1+2§zz( 520 +4

C+z
(-2
The reflection of a vector field in A is defined by v¥ (z) = —v (1/2)7

v? =ve=and ¢ = 1/ is the symmetric point of ¢ with respect to D.

Ove = —2m(¢*6¢.

» Consider a vector field v¢(z) = z

v

v

v
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SLE, map g(z): D —» D

1+ k(1)g:(2)
1 —k(t)g:i(z)’
where k(1) = e~ V"B Set wi(z) = k(1)g:(2).

B, : a 1-D standard Brownian motion on R, By = 0.
SLE hulls: K, :={z €D : 7(z) < t}.

SLE path: ; = ~[0, 1], where (1) = ;' (¢/V"P).

0g:(z) = 8:(2) g0(2) =z,

When k = 4, we consider Makarov-Zhan’s martingale
observable

I+ /w (Z)

¢i(z) = 2aarg
' 1 — Wt(Z)

’

where a = £1//2.
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Denote E,[X] = IE[eQ"“qﬁ(q”” X] and let X, denote the string X’ of F-fields under the
boundary condition with

:—2aarg1+f : (D,q,p) — (D,0,1).
Lemma E,[X] = E[X,].
Main idea. Recall that E[®({)®(z)] = 210 n D. Thus
(20120 = 2tog [{ YL LT i
1+ /w(z)

EI®!(q,/)8(2)] = GL{p.2) = Oh(0.2) = —2farg TV
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Suppose A;’s are conformally invariant (holomorphic
differentials) in 7 (W). For every (D, g) consider

R])(Zl, c 7Zn) - E})[AI(ZI) o ‘An(Zn)L zj € D, pE oD.
Denote

M, : = ]@w,)[A};,(Zl) o]
(=wi(z)" - Ei[As(wi(21)),---])

Then
M, is a (local) martingale,

or the CFT F (W) does not change under SLE, evolution.

Main idea: conformal invariance + degeneracy at level two

1
8§R(,l’9 = —EL‘vR(,,e, V= "V,0.
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Hadamard’s formula

> A 1-pt function
fé&& &) := E[@(2)]

is a martingale-observable.

> A 2-pt function
l E[®(21)®(22)] = 3(21)@(22) + 2G(z1, 22)
is a martingale-observable.
» Equating the drifts,
2dGi(z1,22) = —d{p(z1), p(22)):

wi(z1) wi(z2)
L—wi(zi) 1 —wi(z)

= —8R drt.
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Ward identity:

LfX(z) = ! ?{)vTX(z), T € F(W).

T 2w
14 /w(z)
1—+/w(z)

» Boundary condition changing operator: E,[X](:= E[eG""q’f(f’)X ) = E[X,].

» Boundary condition modification: d=d+2 arg

v

Correlations of conformally invariant fields in 7 (W) are martingale-observables
for SLE(4).

(=]
Frame: 24/ 24



	Outline
	Introduction
	Harmonic Explorer
	Fock space fields
	Conformal fields and conformal invariance
	Stress tensor
	Virasoro field
	SLE
	Summary

	0.0: 
	anm0: 
	1.0: 
	1.1: 
	1.2: 
	1.3: 
	1.4: 
	1.5: 
	1.6: 
	1.7: 
	1.8: 
	1.9: 
	1.10: 
	1.11: 
	1.12: 
	1.13: 
	1.14: 
	1.15: 
	1.16: 
	1.17: 
	1.18: 
	1.19: 
	1.20: 
	1.21: 
	anm1: 
	2.0: 
	2.1: 
	anm2: 
	3.0: 
	3.1: 
	3.2: 
	3.3: 
	3.4: 
	3.5: 
	anm3: 
	4.0: 
	anm4: 


