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Abstract

We study discrete complex analysis and potential theory on a large family of planar graphs, the so-called
isoradial ones. Along with discrete analogues of several classical results, we prove uniform convergence
of discrete harmonic measures, Green’s functions and Poisson kernels to their continuous counterparts.
Among other applications, the results can be used to establish universality of the critical Ising and other
lattice models.
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1. Introduction
1.1. Motivation

This paper is concerned with discrete versions of complex analysis and potential theory in the
complex plane. There are many discretizations of harmonic and holomorphic functions, which
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(B)

Fig. 1. (A) An isoradial graph I" (black vertices, solid lines), its dual isoradial graph I'* (gray vertices, dashed lines),
the corresponding rhombic lattice or quad-graph (vertices A = I" U I'*, thin lines, thombic faces) and the set & = A* of
rhombi centers (diamond-shaped points). (B) Local notations near # € I". The dual face W () is shaded.

have a long history. Besides proving discrete analogues of the usual complex analysis theorems,
one can ask to which extent discrete objects approximate their continuous counterparts. This can
be used to give “discrete” proofs of continuous theorems (see, e.g., [15] for such a proof of the
Riemann mapping theorem) or to prove convergence of discrete objects to continuous ones. One
of the goals of our paper is to provide tools for establishing convergence of critical 2D lattice
models to conformally invariant scaling limits.

There are no “canonical” discretizations of Laplace and Cauchy—Riemann operators, the most
studied ones (and perhaps the most convenient) are for the square grid. There are also definitions
for other regular lattices, as well as generalizations to larger families of embedded into C planar
graphs (see [22] and references therein).

We will work with isoradial graphs (or, equivalently, rhombic lattices) where all faces can be
inscribed into circles of equal radii. Rhombic lattices were introduced by R.J. Duffin [8] in late
sixties as (perhaps) the largest family of graphs for which the Cauchy—Riemann operator admits
a nice discretization, similar to that for the square lattice. They reappeared recently as isoradial
graphs in the work of Ch. Mercat [16] and R. Kenyon [12], as the largest family of graphs where
certain 2D statistical mechanical models (notably the Ising and dimer models) preserve some
integrability properties. Note that isoradial graphs can be quite irregular — see e.g. Fig. 1(A).
It was shown by R. Kenyon and J.-M. Schlenker [13] that many planar graphs admit isoradial
embeddings — in fact, there are only two topological obstructions. Also isoradial graphs have a
well-defined mesh size § — the common radius of the circumscribed circles.

It is thus natural to consider this family of graphs in the context of universality for 2D models
with (conjecturally) conformally invariant scaling limits (as the mesh tends to zero).

The primary goal of our paper is to provide a “toolbox” of discrete versions of continuous
results (particularly “hard” estimates) sufficient to perform a passage to the scaling limit. Of
particular interest to us is the critical Ising model, and this paper starts a series devoted to its
universality (which means that the scaling limit is independent of the shape of the lattice). See
[20,3] for the strategy of our proof, [4] for the convergence of certain discrete holomorphic
observables and [21] for the square lattice case.
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Our results can also be applied to other lattice models. The uniform convergence of the dis-
crete Poisson kernel (1.3) already implies universality for the loop-erased random walks on
isoradial graphs. Namely, our paper together with [14] implies that their trajectories converge
to SLE(2) curves (see Section 3.2, especially Remark 3.6, in [14]). There are several other fields
where discrete harmonic and discrete holomorphic functions defined on isoradial graphs play
essential role and hence where our results may be useful: approximation of conformal maps [2];
discrete integrable systems [1]; and the theory of discrete Riemann surfaces [18].

Local convergence of discrete harmonic (holomorphic) functions to continuous harmonic
(holomorphic) functions is a rather simple fact. Moreover, it was shown by Ch. Mercat [17] that
each continuous holomorphic function can be approximated by discrete ones. Thus, the discrete
theory is close to the continuous theory “locally”. Nevertheless, until recently almost nothing
was known about the “global” convergence of the functions defined in discrete domains as the
solutions of some discrete boundary value problems to their continuous counterparts. This setup
goes back to the seminal paper by R. Courant, K. Friedrichs and H. Lewy [6], where convergence
is established for harmonic functions with smooth Dirichlet boundary conditions in smooth do-
mains, discretized by the square lattice, but not much progress has occurred since. For us it is
important to consider discrete domains with possibly very rough boundaries and to establish
convergence without any regularity assumptions about them. Besides being of independent inter-
est, this is indispensable for establishing convergence to Oded Schramm’s SLEs, since the latter
curves are fractal.

1.2. Preliminary definitions

The planar graph I" embedded in C is called isoradial iff each face is inscribed into a circle
of a common radius §. If all circle centers are inside the corresponding faces, then one can
naturally embed the dual graph I'* in C isoradially with the same §, taking the circle centers
as vertices of I'*. The name rhombic lattice is due to the fact that all quadrilateral faces of
the corresponding bipartite graph A (having the vertex set I” U I'*) are rhombi with sides of
length & (see Fig. 1(A)). We will often work with rhombi half-angles, denoted by 6, for which
we also require the following mild but indispensable and widely used assumption (see, e.g.,
[5, pp. 124 and 130], where the similar assumption is called Zldmal’s condition):

(&) the rhombi half-angles are uniformly bounded from 0 and %n (in other words, all these
angles belong to [n, %rr — n] for some fixed n > 0), i.e., there are no “too flat” rhombi in A.

Note that condition (#) implies that for each u1, up € I' the Euclidean distance |up — u1| and
the combinatorial distance § - dp(u1, up) (where dp(uy, u) is the minimal number of vertices
in the path connecting u; and u» in I") are comparable. Below we often use the notation const
for absolute positive constants that does not depend on the mesh § or the graph structure but, in
principle, may depend on 1.

The function H : .Q}i — R defined on some subset (discrete domain) .Q}i of I' is called
discrete harmonic, if

> tané, - (H(uy) — Hw) =0 (1.1)
s=1
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atall u € [2}2 where the left-hand side makes sense. Here 6; denotes the half-angles of the cor-
responding rhombi, see also Fig. 1(B) for notations. As usual, this definition is closely related to
the random walk on I" such that the probability to make the next step from u to uy is proportional
to tan 6. Namely, RW(t + 1) = RW(z) + El({&,(t) , where the increments £ ) are independent with
distributions

tan 6
>, tanfy

Under our assumption all these probabilities are uniformly bounded from 0. Note that the choice
of tan 6 as the edge weights in (1.1) gives

PE, =ur—u) = fork=1,...,n.

E[(Re&,)?] =E[(Im&,)?*] =T,

ER u :EI u =0
[Re&,] = E[Im&,] E[Re&, Im&,] =0,

(1.2)

where T, = 82 - >y sin26g/ > "_, tan6, (see Lemma 2.2). Our results may be directly inter-
preted as the convergence of the hitting probabilities for this random walk. Moreover, condition
(#) implies that quadratic variations satisfy 0 < const - 8> < T, < 282, and so one can define a
proper lazy random walk (or make a time re-parametrization) according to (1.2) so that it con-
verges to standard 2D Brownian motion.

1.3. Main results

Let .Q;i C I" be some bounded, simply connected discrete domain and Int £2°., B.Q;i denote
the sets of interior and boundary vertices, respectively (see Section 2.1 for more accurate def-
initions). For u € Int .Q}i and £ C 852;3« the discrete harmonic measure o’ (u; E; .Q‘SF) is the
probability of the event that the random walk on I” starting at u first exits .Q}i through E. Equiv-
alently, (- E; .Q‘SF) is the unique solution of the following discrete Dirichlet boundary value
problem:

e 0°(-; E; £2%) is discrete harmonic everywhere in £2%-;
e 0 (a; E;R2%)=1foraeE and o’(a; E; 23)=0fora e 2%\ E.

We prove uniform (with respect to the shape .le and the structure of the underlying isoradial
graph) convergence of the basic objects of the discrete potential theory and their discrete gradi-
ents (which are discrete holomorphic functions defined on subsets of & = A*, see Section 2.4
and Definition 3.7 for further details) to continuous counterparts. Namely, we consider

solution of the discrete Dirichlet problem with continuous boundary values;
discrete harmonic measure @® (- a’h®: .Q}i) of boundary arcs a’h? c 9925.;
discrete Green’s function G(_S(zﬁ (-:v%), v8 e Int 2%,;

r

e discrete Poisson kernel

@® (-5 {a®}); 2%)

P® -;v‘s;aa;.Q}i =_—,
( ) @ (V% {a®}; £2))

a® €902, (1.3)

normalized at the interior point v® € Int £2.;
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e discrete Poisson kernel Pjé (-; al; .wa), a® € 9822, normalized at the boundary point 0% e

8.(2}3- by some analogue of the condition [, P](0®) = 1 (we assume that the boundary 3[21@
is “straight” near o®, see precise definitions in Section 3.4).

1.4. Organization of the paper

We begin with the exposition of basic facts concerning discrete harmonic and discrete holo-
morphic functions on isoradial graphs. The larger part of Section 2 follows [8,16,12,18,2].
Unfortunately, none of these papers contains all the preliminaries that we need. Besides, the
basic notation (sign and normalization of the Laplacian, definition of the discrete exponentials
and so on) varies from source to source, so for the convenience of the reader we collected all pre-
liminaries in the same place. Note that our notation (e.g., the normalization of discrete Green’s
functions and the parametrization of discrete exponentials) is chosen to be as close in the limit to
the standard continuous objects as possible. Also, we prefer to deal with functions rather than to
use the language of forms or cochains [18] which is more adapted for the topologically nontrivial
cases.

The main part of our paper is Section 3, where the convergence theorems are proved. The
proofs essentially use compactness arguments, so it does not give any estimate for the conver-
gence rate. Thus, as in [21], we derive the “uniform” convergence from the “pointwise” one,
using the compactness of the set of bounded simply connected domains in the Carathéodory
topology (see Proposition 3.8). The other ingredients are the classical Arzela—Ascoli theorem,
which allows us to choose a convergent subsequence of discrete harmonic functions (see Propo-
sition 3.1) and the weak Beurling-type estimate (Proposition 2.11) which we use in order to
identify the boundary values of the limiting harmonic function. We prove C!-convergence, but
stop short of discussing the C* topology since there is no straightforward definition of the sec-
ond discrete derivative for functions on isoradial graphs (see Section 2.5). Note however that a
way to overcome this difficulty was suggested in [2].

2. Discrete harmonic and holomorphic functions. Basic facts
2.1. Basic definitions. Approximation property

Let I' = I’ be some infinite isoradial graph embedded into C and Vos C I' be some
connected subset of vertices (identified with points in C). Let E s be the set of all edges (open
intervals in C) incident to Vs and Fgs be the set of all faces (open polygons in C) incident
to E_QB .

We call 2% :=F 08 U Egs UVgs C C the polygonal representation of a discrete domain
Sl‘} =1Int .jS U 89‘}, where interior and boundary vertices are defined as

It} :=Vgs and 32} :={(a; (ain@)): dine € Vg, (@ima) € Egps, a ¢ Vs |,

respectively. Further, we say that .Q;i is simply connected, if £2° is simply connected. The reason
for this definition of 39}3« is that the same a may serve as several different boundary vertices,
if it can be approached from Int .Q}S- by several edges — see e.g. vertices b and ¢ in Fig. 2(A).
However, when no confusion arises, we will often treat 89? as a subset of I, not indicating
explicitly the corresponding outgoing edges.
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Fig. 2. (A) Discrete domain. The interior vertices are gray, the boundary vertices are black and the outer vertices are

white. Both b and ¢ have two interior neighbors, and so we treat, e.g., (b; (bi(r:[) b)) and (b; (bi(ft) b)) as different elements

of B.Q;i. (B) Discrete half-plane H? and discrete rectangle R3(S, T). The lower, upper and vertical parts of BR‘IX(S, T)
are denoted by L‘} (S), U;Z (S, T) and Vl‘sw(S, T), respectively.

Below we often need some natural discretizations of standard continuous domains (e.g., discs
and rectangles). For an open convex D C C we introduce D‘} C I' and its polygonal represen-
tation D% C C by defining Int £22. = Vs as the vertices of the (largest) connected component of
I' lying inside D (see Figs. 2(B) and 3(A)).

Let

52
uS(u) == = > sin26; 2.1)

Ug~u

be the weight of a vertex u € I, where 0, are the half-angles of the corresponding rhombi. Note
that /J,‘} (u) is the area of a dual face W (1) = wiw> ... w, (see Fig. 1(B)).

Let ¢ : 2° — C be a Lipschitz (i.e., satisfying |¢(u1) — ¢ (u2)| < Cluy — u3|) function and
¢° =¢| 2. be its restriction to [2}1 Note that all points in a dual face W (u) are §-close to
its center u. Thus, approximating values of ¢ on W(u) by ¢ (u#) and taking into account that
Area(£2°%\ U, cInt 2l Wu)) <6 - Length(a.Q‘S ), we arrive at the simple inequality

‘ > P wuk@ —//(ﬁ(x—}—iy)dxdy‘ < C5 - Area(£2°) + M5 - Length(952°)  (2.2)
uelnt 4. 28
with the same constant C and M := sup{|¢(z)|, z € £2°: dist(z, 82%) < 8}.

Definition 2.1. Let .Q}s« be some connected discrete domain and H : .jS — RR. We define the
discrete Laplacian of H at u € Int 2% by

1
- Z tan6 - [H (uy) — H(u)]

A H () :=
[A°H](w) T 2
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(see Fig. 1(B) for notations). We call H discrete harmonic in .Q}Sa iff [A® H](u) = 0 at all interior
vertices u € Int .Q}Sa.

It is easy to see that discrete harmonic functions satisfy the maximum principle:

max H(u) = max H(a). 2.3)
ues2s. acd s

Further, a simple calculation shows that the discrete Green’s formula

Z [HA’G — GAPH](u)pl-(u) = Z tanOg,a - [H (@in) G (@) — H(@)G(ain)]  (2.4)

uelnt 22, acd

holds true for any two functions H, G : SZ} — R. Here and below, for a boundary vertex
(a; (aint@)), 64,0 denotes the half-angle of the rhombus having aina as a diagonal.

Lemma 2.2 (Approximation property). Let ¢ € C3 be a smooth function defined in the disc
B(u, 28) C C for some u € I. Denote by ¢° its restriction to I'. Then

@

A8¢‘S =0, if¢ is constant or a linear function, and

A5¢5 =A¢p=2a+c), ifpkx+iy)= ax* + bxy + cy2 is quadratic in x and y.
(i1)

[A%¢°] () — [A@](u) | < const-8- sup |D¢|.
B(u,25)

Proof. We start by enumerating neighbors of u as uy, ..., u, and its neighbors on the dual lattice
as wi, ..., w, —see Fig. 1(B). Obviously, A5¢5 =0, if ¢ is a constant. Since

Do tanby - (ug —uw)=—i ) (wy1 —wy) =0,

Ug~u Ug™~u

one obtains A®@? = 0 for linear functions x = Reu and y = Imu. Similarly,

Z tan o, - (u% - u2) =—i Z (W1 — wy) (U + 1) = —i Z (ws2+1 - wg) =0,

Ug™~u Ug™~u Ug~u

so A%p® =0 for x? — y? = Reu? and 2xy = Imu?. The result for x> 4 y? follows from

Z tan6 - lus —ul> =282 Z sin26; = 4u8-(u),

Ug~u Ug~u

thus proving (i). Finally, Taylor formula implies (ii)). O
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2.2. Green’s function. Dirichlet problem. Harnack Lemma. Lipschitzness

Definition 2.3. Let ugp € I'. We call H = G (-;ug) : I' = R the free Green’s function iff it
satisfies the following:

(i) [A*H](u) =0 for all u # ug and [A® H1(uo) - u-(uo) = 1;
(i) H(u)=o(|lu—uol) as lu — ug| — oo;
>iii) H(ug) = %(logtﬁ — YEuler — 10g2), where ygyler is the Euler constant.

Remark 2.4. We use a nonstandard normalization at u( (usually the additive constant is chosen
so that G (ug; ug) = 0) in order to have convergence to the standard continuous Green’s function
% log |u — ugp| as the mesh § goes to zero.

Theorem 2.5 (Kenyon). There exists a unique Green’s function G r (- ; ug). Moreover, it satisfies

1 82
GF(M§M0):EIOgW_MOH‘O(m)’ u # uo, (2.5)

uniformly with respect to the shape of the isoradial graph I"' and ug € I'.

Proof. This asymptotic form for isoradial graphs was first obtained in [12]. Some small im-
provements (the correct additive constant and the order of the remainder) were done in [2]. We
give a sketch of Kenyon’s beautiful proof in Appendix A.1. O

Let 2%, be some bounded connected discrete domain. It is well known that for each
[ 3!2}3- — R there exists a unique discrete harmonic function H in .Q}S- such that H|, QL= f
(e.g., H minimizes the corresponding Dirichlet energy, see [8]). Clearly, H depends on f lin-
early, and so

Huw= Y o (u:{a} 2}) f@

)
a€ify

for all u € SZ}X, where o® (u; ~;.Qf~) is some probabilistic measure on 8[2}2 which is called
harmonic measure at u. It is harmonic as a function of u and has a standard interpretation as
the exit probability for the random walk on I (the measure of a set E C 89}2 is the probability
that the random walk started from u exits .Q}S- through E).

Definition 2.6. For u( € Int 2%., we call H =G Qb (+; ug) the Green’s function in SZ‘} iff

(i) [A®H](u) = 0 for all interior vertices u € Int £29. except ug, and [A® H](uo) - uS-(uo) = 1;
(i) H =0 on the boundary 8.(2}2.
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Note that these properties determine G 2. (-; up) uniquely. Namely, G Q. = Gr — G*_Qa ,
r

where

Gy =G (iuo)i= Y o (- laki 27) - Gr(as uo)

aed s
is a unique solution of the discrete boundary value problem

A‘SG};}z in 9., op.=Gr(:;uo) on 3828,

Applying Green’s formula (2.4) to H = o’ (-; {a}; .Q}i) and G = GQ% (-; ug), one obtains
@® (uo; {a}; 23) = —tan Oy a - G s (@ing o), where a = (a; (aina)) € 325 (2.6)

It was noted by U. Biicking [2] that, since the remainder in (2.5) is of order 0(82|u — u0|_2),
one can directly use R.J. Duffin’s ideas [7] in order to derive the Harnack Lemma for discrete
harmonic functions.

Recall that B}i (z,r) C I' denotes the discretization of an open disc B(z,r) C C.

Proposition 2.7 (Discrete Harnack Lemma). Let ug € I" and H : B}i (ug, R) — R be a nonneg-
ative discrete harmonic function.

@) If uy ~ uo, then
§H (uo)
|H(u1) — H(uo)| < const - —z

(i) Ifu,uz € B (uo,r) C Int BY (ug, R), then

R—r

}< H (u3)
H(uy)

r
exp |:—const . < exp [const : i| .
R—r

Remark 2.8. In Section 3.4 we also give a version of the boundary Harnack principle which
compares the values of a positive harmonic function in the bulk with its normal derivative on a
“straight” part of the boundary (see Proposition 3.19).

Proof. In order to make our presentation complete, we recall briefly the arguments from [7] and
[2] in Appendix A.2. O

Corollary 2.9 (Lipschitzness of discrete harmonic functions). Let H be discrete harmonic in
B;Sa(uo, R)anduyi,u, € B}i(uo, r) C Int B}Sﬂ(uo, R). Then

Mluy —u
M, where M = max ]H(u)].

|H (uz) — H(uy)| < const -
R—r BS.(ug, R)
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Proof. By assumption (#) we can find a path u; = vovvy ... vg—1 vk = us, connecting u; and
uy inside B}Sﬂ(uo, r), such that k < const - 8_1|u2 —uq|. Since 0 < H + M < 2M, applying
Harnack’s inequality to H 4+ M, one gets

k—1
|H(u2) — H@p)| < ) _|H(j41) — H(;)| < const -
j=0

lup —ui| M
) R—r’

2.3. Weak Beurling-type estimates

The following simple fact is based on the approximation property (Lemma 2.2) for the discrete
Laplacian on isoradial graphs.

Lemma 2.10. Let ug € I', r > 0 and B;i(uo, r) be the discretization of a disc B(ug,r) (see
Fig. 3(A)). Leta,b € BB}Sﬂ (uo, r) be two boundary vertices such that

TT.

B

arg(b —uo) — arg(a —ug) >

Then,
5 5 5 1
@’ (u; ab; Bj-(0,r)) > const >0 for all u € By-| uo, 57 )

where ab denotes the discrete counter clockwise arc from a to b.
Proof. Fix some small p > 0 and a smooth function ¢q : B(0, 1 + p) — R such that

(ia) ¢o(z) < 1forallz=re'®, re(l—p,14p),¢€l0, i7];

(ib) ¢o(z) <Oforall z= re® re(— p,1+p),¢¢€ [}Tn, 2],

(i1) ¢ is subharmonic, moreover [A¢p](¢) > const > 0 everywhere in B(0, 1 4 p);
(iii) ¢o(z) > const > 0 for all z € B(0, § + p).

For instance, one can take ¢o(z) := h(z) — ¢ + d|z|?, where & is the (continuous) harmonic
measure of the arc {¢: |[¢| =1+ p: arg¢ € [én, %n]}; ¢ > 0 is chosen so that (ib) and (iii) are
fulfilled (c exists, if p is small enough); and d > 0 is sufficiently small.

Let

u

¢ () :=¢o< —
-

u0> foru e B}i(uo, r).
1o

Then, ¢3 < 1 on the discrete arc ab and ¢5 < 0 on the complementary arc ba.
If §/r is small enough, then, due to (ii) and Lemma 2.2 (approximation property), ¢° is dis-
crete subharmonic in B;SW (ug, r). Using the maximum principle, one obtains

1
@ (u; ab; B?(O, r)) > q)a(u) >const >0 forallue B}i <0, zr)
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(B)

Fig. 3. (A) A discrete disc. The “black” polygonal boundary B and the “white” contour W are shown together with
the correspondences z — u(z), z € Wy, and z = w(z), z € Bg. (B) The proof of the weak Beurling-type estimate
(Proposition 2.11). The probability that the random walk makes a whole turn inside the annulus (and so hits the boundary
352%) is uniformly bounded from 0 due to Lemma 2.10.

If §/r > const > 0, then the claim is trivial, since the random walk starting at uo can reach the
discrete arc ab in a uniformly bounded number of steps. O

Let .Q;i be some connected discrete domain, u € .Q;i and E C 8!2}2. We set
distQ; (u; E) = inf{R: u and E are connected in .Q;s« N B(u, R)}.

The following proposition is a simple discrete version of the classical Beurling estimate with a
(sharp) exponent 1/2 replaced by some (small) positive .

Proposition 2.11 (Weak Beurling-type estimates). There exists an absolute constant 8 > 0 such
that for any simply connected discrete domain Q?w interior vertex u € Int wa and some part of
the boundary E C B.Qf« one has

dist(u; 3£2%.)

5 s diamE 7°
w (u;E;.Qr)gconsL - .
dlStQ? (u; E)

B
] and a)‘s(u; E; .Q}i) < const - [—
dlSt_QIE_ (u; E)

Above we set diam E := 4, if E consists of a single vertex.

Proof. The proof is quite standard. Let d = dist(u; 8[2;2) and r = distgar (u; E). Recall that

@ (u; E; .Q}S-) is equal to the probability that the random walk starting at u first hits the boundary

of .Q}i inside E. Using Lemma 2.10 (see Fig. 3(B)), it is easy to show that for each d <r’ < %
the probability to cross the annulus B(u, 2r") \ B(u, r’) inside .Qf— without touching its boundary
is bounded above by some absolute constant p < 1 that does not depend on r’ and the shape

of £28.. Hence,

r
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o (u; E: 2p) < post/Ot = p=t @ /ry~romr,

so the first estimate holds true with the exponent g = —log, p > 0.
To prove the second estimate, let us fix any vertex e € E. By definition of d = distQ? (u; E),

it’s clear that E and ug are disconnected in Q}i N B(e, ld) (otherwise ug and E would be for
sure connected in .Q‘SF N B(ug, d)). Now one can mimic the arguments given above for annuli
B(e,2r')\ B(e,r') withdiam E <r' < 3d. O

2.4. Discrete holomorphic functions. Definitions

Above we discussed the theory of discrete harmonic functions defined on the isoradial
graph I" (or, in a similar manner, on its dual I"*). Now, following [7,16,12], we introduce the
notion of discrete holomorphic functions. These are defined either on vertices A = I" U I'™* of
the rhombic lattice, or on the set & = A* of the rhombi centers. Note that, in contrast to sim-
ilar I" and I'*, A and < have essentially different combinatorial properties, so we obtain two
essentially different definitions. As it will be shown in Section 2.5, the first class (holomorphic
functions defined on A) can be thought as couples of harmonic functions and their harmonic
conjugates, while the second (holomorphic functions defined on <>) consists of gradients of har-
monic functions. We are mostly interested in the second class, but start with some preliminaries
concerning functions defined on A.

Definition 2.12. Let z € <> be a center of the thombus u~w~utw™, where u* € I and w* € I'*
are listed in counter clockwise order. Let a function H be defined on some part of A including
u®, wE. We define its discrete derivatives 3% H, 3° H at z as

s ! HuHY—-Hw") Hwh -Hw")
[°H]@ '_2|: —u- T wr—w :|’
- ITHu™ —Hwu™) Hw") —Hw") }
PH|(2) == A — .
[9°4)@) 2[ ut —u- " wt —w™

We use the same notations, if H is defined on I (or I'*) only, formally setting H|r+ := 0
(or H|r := 0, respectively). We call H discrete holomorphic at z iff [0° H](z) = 0, which is
equivalent to say that

Hw")—Hw) Hw)—Hw"
2ob | @) = L= HW) _HWDZHW) o). @)
ur —u w" —w

These difference operators naturally discretize the standard differential operators ok = %(h; -
i h/y) and dh = %(h; + ih’y). In particular, 3° and 3° have approximation properties similar to
those in Lemma 2.2. Namely,

[3°¢14]@) — 39)(2)| = 0(5?)

[3°¢14](2) — (39)(2)

’

for smooth functions ¢.
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Further, for z € <, let 6, denote the half-angle of the corresponding rhombus u~w ™ uTw™
along the diagonal u~u™, so that

wt —w™ =itand, - (u+ - u_).
We define the weight of z by
/L‘SQ(Z) = Area(u_w_u+w+) = 8%sin 20,.

Also, for v € I' and, in the same way, for v € I'*, we set (cf. (2.1))

1 - (v)
Ha W) =7 Y i) =~

s~V

Clearly, formulas similar to (2.2) are fulfilled for ¢’s defined on subsets of <> or A. It is easy to
check that Definition 2.12 may be rewritten in the following form:

[a“H](z)=4 o) > EwH®). [S‘SH](z>=4 o > wawH®),

where the weights ., are given by

[t i=2tan0; - (u= —z) =i (w¥ —wF),

Mot i=2c0tl, - (wF —2) =i - (u* —u¥).
The difference operators 3% and 3° given above map functions defined on A to functions
on <. Further, we introduce their formal adjoint —(8‘S )*, —(85)*, also denoted by 9% and 8%,

respectively, to keep the notation short. Note that no confusion arises since the latter operators,
vice versa, map functions defined on <> to functions on A.

Definition 2.13. Let a function F' be defined on some subset of <>. For v € A, we set

[3°F]() :=— wF(z) and [°F](v):=

ZNU S~V

z;uF(Zs

if the right-hand sides make sense. We call F discrete holomorphic at v iff [0 Fl(v) =0

These definitions are natural discretization of the formulas

3 N ffw(v)(éff’)(x +iy)dxdy i
O~ Area(W (v)) T 2Area(W() f ¢ () dg,
IW (v)
I @) +iyydxdy
O~ Area(W (v)) 2Area(W(v)) f’g p()de,

IW(v)
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where W (v) denotes the corresponding dual face (e.g., see Fig. 1(B), if v =u € I"). For constant
and linear ¢’s, these discretizations give the true answers, thus

[0°dlo] (@) — 3¢) ()| = 0(3)

[8°¢10] @) —
for all smooth functions ¢. Note that, in general, one cannot replace O (8) by 0(8%).
2.5. Factorization of A°. Basic properties of discrete holomorphic functions
The following factorization of A% was noted in [16] and [12]:
Proposition 2.14. For functions H defined on subsets of A the following is fulfilled:
[A°H](u) =4[8°9° H](u) = 4[3°9° H ] (u)
at all vertices u € A where the right-hand side makes sense.

Proof. Straightforward computations give (see Fig. 1(B) for notations)

a [AS H(u)

[Hus) — Hw)| —i - [H(ws41) — Hwy)]] = 1

[8°0° H](u) =

1
and similarly for [°3° H](u). O

In the lemmas below we list basic properties of discrete holomorphic functions coming from
this factorization of A®. We often omit the word “discrete” (e.g., writing “holomorphic on <”
instead of “discrete holomorphic on <) for short.

Lemma 2.15.

(1) Let a function H be defined on some subset of A. If H is holomorphic on A, then H is
harmonic on both I and I'*, i.e. both components H|r, H|p+ are complex-valued harmonic
functions.

(ii) Conversely, in simply connected domains, H is (complex-valued) harmonic on I' iff there
exists a (complex-valued) harmonic on I'* function H such that H + iH is holomorphic

on A. H is called discrete harmonic conjugate to H and is defined uniquely up to an
additive constant. Moreover, H is real-valued, if H is real-valued.

Proof. (i) The claim easily follows by writing A’ H = 43%3° H = 0.

(i1) For any u € I" and z5; € <, 75 ~ u (see Flg 1(B) for notations), the holomorphicity con-
dition at z; defines the increments H (Ws41) — H (ws) uniquely. These increments are locally
consistent, i.e. their sum around u is zero, iff [A® H](u) = 0. In simply connected domains, the
local consistency directly implies the global one. O

Due to Lemma 2.15, each holomorphic on A function is a couple of a complex-valued har-
monic function H | and its harmonic conjugate H |+. Since the real part of H|r depends only
on the imaginary part of H|r+ (and vice versa), both functions



1604 D. Chelkak, S. Smirnov / Advances in Mathematics 228 (2011) 1590-1630

BH:=ReH|r+ilmH|r+ and WH :=ilmH|r+ReH|p+ (2.8)

are still holomorphic on A and completely independent of each other. Thus, to avoid a “doubling
of information”, at least unless some boundary conditions are specified, it is natural to consider
(as many authors do) only those H, which are purely real on I" (black vertices of A) and purely
imaginary on I"* (white vertices of A), or vice versa.

Lemma 2.16.

(i) Let H be a (complex-valued) harmonic function defined on some subset of I' or I'*. Then
its derivative F = 3°H is holomorphic on < (recall that, defining 3’ H, we formally set
H|r=:=0o0r H|r :=0, respectively). The same holds true, if H is a holomorphic function
defined on some subset of A.

(ii) Conversely, in simply connected domains, if F is holomorphic on <, then there exists a
holomorphic on A function H (which we call discrete primitive [ Sp (z)d%z) such that
8% H = F. Its complex-valued harmonic components H|r and H|r« are defined uniquely
up to (different) additive constants by

1
H(v+)—H(v_) = F(z)~(v+—v_), ZZE(U_+U+)’
where v € ' or vt € I'* are neighbors of 7 € <.

Proof. (i) The claim easily follows by writing 3°F = 3°8° H = }A°H =0.

(i) Since we are looking for holomorphic H'’s, it’s necessary and sufficient to have B (H|r) =
3%(H|p+) = L F (see (2.7)). Thus, the increments H (v) — H(v™) are defined uniquely. For any
u € A, the condition [3° F](u) =0 guarantees that these increments are locally consistent (i.e.,
their sum around u is zero). In simply connected domains, this implies the global consistency as
well. O

Due to Lemma 2.16, there is a correspondence between holomorphic on <> functions and their
primitives, which are complex-valued harmonic functions on I" (and, in the same way, on I"*).
Since the latter space is naturally split on purely real and purely imaginary functions, the same

should take place for functions, holomorphic on <.

Definition 2.17. Let z € < be the center of the rhombus u~w~utw™T, where u* € I' and
wrerl* and F be a complex-valued function defined at z. We set

[BF1(z) :=Proj[F(z);ut —u~] and [WFI(z) :=Proj[F(2); wt —w~ ],

where

161) 18]~ 20€)?

denotes the orthogonal projection of F onto the line £R. Note that |BF|, |WF| < |F| and F =
BF + WF,sinceut —u= Lwt —w™.

P Te2
Proj[F; £] :=Re<F 5 ) & —ﬂ
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Remark 2.18. Let F = 3° H, where H is purely real on I" and purely imaginary on I"*, or, vice
versa, Re H|p =0 and Im H |+ =0. Then, F = BF or F = WF, respectively.

The next lemma shows that, exactly as it happens for holomorphic on A functions, each
holomorphic on <> function F consists of two completely independent halves: BF and WF, the
first coming as a gradient of a real-valued harmonic on I" function and the second as a gradient
of a real-valued harmonic on I"* function.

Lemma 2.19. A function F is holomorphic on some subset of < if and only if both projections
BF and WF are holomorphic on this subset. Moreover, in this case,

§ )
Ban“[B[/F(z)d%H and Wanf‘[wUF(z)d“zﬂ,

where H = f(s F(2)d%z is any (local) primitive of F and BH, WH are given by (2.8).
Proof. It is easy to check that
P°[BF1=Re[d°F] and 3’[WF]=iIm[3°F] onT,
P°[BF1=iIm[3°F] and 3°[WF]=Re[d°F] onI™

thus F is holomorphic iff both BF and WF are holomorphic. In this case, the primitive H is
locally well defined (up to additive constants), F = 9°H = 3°[BH] + 9°[WH], and so BF =
[BH], WF = 3°[WH] (see (2.8) and Remark 2.18). O

It is worthwhile to note that there exists a natural averaging operator m®, which maps func-
tions defined on A to functions on <>. Namely, m? is given by

]G o= G [H ) + Hw) + H@h) + B, zeo, 2.9)

where, as above, ut e I' and w* € I'* denote neighbors of z € <.

Lemma 2.20. Let H be holomorphic on (some part of) A. Then the averaged function m®H is
holomorphic on <> at all u € A, where the expression [0°m® H(u) makes sense.

Proof. The condition [3° H](zs) = 0 (see Fig. 1(B) for notations) implies

H(u) n H(ws11)(wsy1 —u) — H(ws) (ws —u)
2 2(Wyt1 — wy) '

[mBH](Zs) =

Summing the terms (wg41 — ws)[mSH](zs) around u, one arrives at [3°m® Hl(w)=0. O
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Below we will also need the averaging operator m® (adjoint to (2.9)) which, conversely, maps
functions defined on <> to functions on A:

[’ F](v) := Y b @)F ). vea. 2.10)

B
4y (v) vz €S

Unfortunately, there are two unpleasant facts that make discrete complex analysis on rhombic
lattices more complicated than the standard continuous theory and even than the square lattice
discretization:

e One cannot (pointwise) multiply discrete holomorphic functions: the product FG is not
necessary holomorphic if both ' and G are holomorphic.

e One cannot differentiate discrete holomorphic functions infinitely many times. Moreover,
we don’t know any “local” discretizations of d that map holomorphic functions on A or &
to holomorphic functions defined on the same set (A or <>). One cannot use natural combi-
nations of 8% and m® since both 3° F and m® F are not necessary exact holomorphic on A, if
F is holomorphic on <.

The first obstacle (multiplication) exists in all discrete theories. Concerning the second, note that
in our case there is some “nonlocal” discrete differentiation (so-called dual integration, see [8]
and [18]). Also in two particular cases the local differentiation leads to holomorphic function
again: for the classical definition on the square grid (since in this case both A and <> are square
grids, see the book by J. Lelong-Ferrand [15]) and for some particular definition on the triangular
lattice (see [9]).

2.6. The Cauchy kernel. The Cauchy formula. Lipschitzness
The following asymptotic form of the discrete Cauchy kernel is due to R. Kenyon.

Theorem 2.21 (Kenyon). Let zg € <. There exists a unique function F = K (-; zg) : A — C such
that

(i) [0°F1(z) =0 for all z # zo and [0° F1(z0) - n3(z0) = 1;
@G1) |F(uw)| — 0as |u — z9| = oo.

Moreover, the following asymptotics hold:

2_ 1 - — 5
K (u; z0) = —Proj sug —ug | +0( ——=5 ), uel;
T u— 2z lu — zol

i ]eo( ) wer
Wy — W 5], w s
w—2zo ©° 0 |lw — z0|2

where 140i eI’ and woi € I'* are the black and white neighbors of 7o, respectively.

2
K(w; z9) = —Proj|:
T

Proof. We give a short sketch of Kenyon’s arguments [12] in Appendix A.1. O
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Let Q}X be a bounded simply connected discrete domain (see Figs. 2(A), 3(A)). Denote by
B =upuuy...u,, ug € I', its closed polyline boundary, enumerated in counter clockwise or-
der. Denote by W = wowws ... wy,, ws € I'*, the closed polyline path (enumerated in counter
clockwise order) passing through the centers of all faces touching B from inside. For functions
G defined on By :=<>N B and W, := < N W, we introduce “discrete contour integrals”

8 n—1
f G()d’z:= g G(%(um + us)> (g1 — uy),

8 m—1

%G(z) d’z = Z G(%(wH] + ws)) (Wy41 — wy).
W s=0
We also set .Qi = ANRY,
=000, 25:=02°UBy, and Int22):=02\ We,
where £2° denotes the polygonal representation of .Q}Z

Proposition 2.22 (Cauchy formula). Let F : 5‘30 — C be a discrete holomorphic function, i.e.,
[9° F1(v) =0 for all v € 22%. Then, for any zo € Int 22,

5 5
F(z0) = %[% K(w(2);20)F(2)d’z + yg K (u(z); ZO)F(Z)dSZi|’
W

B

where w(z) € W+ := I'* N W denotes the nearest “white” vertex to 7 € B¢, and u(z) € B :=
I’ N B denotes the nearest “black” vertex to z € W, (see Fig. 3(A)).

Proof. By definitions of the discrete Cauchy kernel K and the operator 3°, one has

AFGo)= Y. Y  F@uaK@iz)= Y. >  K@iz)unF (@),

ZEQg,Z"'U, veS_Z‘j‘ veﬁ‘;,v~z,z€(2g

where .(_2‘3x = .Qf‘ U Br. Since vaz’ze_@g U F()=0forallve Qi, this gives

4AFo)= Y.  KwwuaF@— ). K@z)uaFe)
veBp,v~z,z€Qf> vGQé,U’VZ,ZEBQ
= D K(u@;20) F@rae — Y K(w);20)F (Dizu)-
zeWe zZE€Bs

Both sums coincide with the discrete contour integrals defined above. O
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The Cauchy formula may be nicely rewritten in the asymptotic form for both components BF
and WF of a holomorphic function F' separately. Recall that these components are completely
independent of each other (see Lemma 2.19).

Corollary 2.23 (Asymptotic Cauchy formula). Let F : §‘S<> — C be a discrete holomorphic func-
tion, z¢ € Int .Qg and u(:)IE el, wa—L € I'* be its neighboring vertices. Then

g 8
[BF](zo) =Proj[ﬁ( [ljii]z(j)déﬁ [lji]z(z) daz);ﬁ} n 0(51:1/12L>,
w

where d = dist(zo, W), M = max;ep,uw,, |F(z)| and L = Length(B) + Length(W). The same
Sformula holds true for WF, if one replaces ug' —ugy by wa' —w, .

Proof. We plug Kenyon’s asymptotics (Theorem 2.21) into Proposition 2.22:

if z € W, then [BF1(z) d’z/4i € R, and so

8 $ 5
K(u(z);ZO).w:pm-[w. +_u5]+0<w>.

4 2mi(z — zo) "o d? ’

if z € Bg, then [BF](2) d‘sz/4i € iR, and so, again,

[BF1(z)d’z [[BF1(z)d’z = sM|d’z|
K(w(Z); Zo) PR =Prq[m; ”(J)r —u, ] + 0<T>’

since wg —w, L ua’ — uy, . The claim follows by summing along B and W. O

Finally, the Cauchy formula implies Lipschitzness of discrete holomorphic functions. Since
BF and WF are independent of each other, this should be valid for both components separately.
On the other hand, the phase of [BF](z) depends only on the direction of the edge u~u™ passing
through z, so one cannot expect that [BF](z1) and [BF](z2) are close in the usual sense, if z|
and z, are close. Thus, we firstly use the operator m® defined by (2.10) and average our function
around vertices v € A.

Proposition 2.24 (Lipschitzness of discrete holomorphic functions). Let u € I' and let F be dis-
crete holomorphic in Bg(u, R). Then, for all z; ~ u, z5 € < (see Fig. 1(B) for notations),

|[BF](ZS) - Proj[Z[ms(BF)](u); Us — u]‘ < const - M78’ where M = _max ‘F(z)|.
BO(M,R)

The same formula holds true for WF, if one replaces us — u by wg41 — ws. Furthermore, if
v, Vg € Bi(u, r), r < R, then

Mvy — vy

|[m® F](v2) — [m® F](v1)| < const- e
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Proof. Let B and W be the same discrete contours as above (see Fig. 3(A)), note that their
lengths are bounded by const - R. Applying Corollary 2.23 for all z; ~ u and taking into account

that |(z —zs) ' — (z —u)~'| < const - §/ R2, one obtains
M$é 1 p BF ; BF
[BF1(zs) = ProjlA; ity —u ]+0< ) A;:_.< BFI@) 45, ﬂdaz)‘
R 27 z—Uu Z—u
W

Due to the identity

A+ e 2 arg(us—u) A

Z 82 sin 20, - 7

Y w()Proj[As iy —u

Apd ) = 4/LA(u) =,
_ % + 52? Z (e—2i arg(ws—u) __ e—2i arg(ws_,_l—u))
16ll’LA(M) Us~u
A
=7
it gives

A Ms
[m® (BF)] ) = —+0< I )

In particular, |[BF](zs) —Proj[2[m8(BF)](u); us —u ]| < const- M§/R. The proof for WF goes

exactly in the same way, since e~ 2 &8(Wst1—ws) — _p—2iarglus—1) Moreover, using the same
calculations for [m® F](wy), one obtains

|[m® BF)](wy) = [m*(BF)]

,|[m® OWF) | (wy) — [m® OWF)](u)| < const - MT’S,

so the same estimate holds true for the function m® F = m®(BF) + m® WF )

Summing these inequalities along the path connecting vy and v, inside B? ¢ (u, r) (due to con-
dition (), there is a path of length < const-§~ Ly, —v1]), one immediately arrives at the estimate
for [m® F1(v2) — [m’ F1(v1)|. O

3. Convergence theorems
3.1. Precompactness in the C'-topology

In the continuous setup, each uniformly bounded family of harmonic functions (defined in
some common domain §2) is precompact in the C*°-topology. Using Corollary 2.9 and Proposi-
tion 2.24, it is easy to prove the analogue of this statement for discrete harmonic functions.

Below we widely use the following convention. Let a function H® be defined in a discrete
domain .jS C I'. Then, H® can be thought of as defined in its polygonal representation §2° ¢ C
by some standard continuation procedure, say, linear on edges and harmonic inside faces. Note
that this continuation is bounded in £2°, if H® is bounded on .Q}S«, and Lipschitz in % if HY is
Lipschitz on £2% (with the same constants).
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Proposition 3.1. Let H% : Q}Sf — R be (real-valued) discrete harmonic functions defined in

discrete domains .QI-’ c I with 8; — 0. Let 2 C j;xf j‘;’i 2% < C be some continuous

domain. If H% are uniformly bounded on £2, i.e.

max ‘H‘S-/' (u)| <M < +oo forall j,

3j
ueR N2

then there exists a subsequence §j, — 0 (which we denote by &y for short) and two functions
h:82 — R, f:8 — C such that (we denote by “=" uniform convergence)

H% = h uniformly on compact subsets K C 2

and

Ho () — H% u —u;
( ﬁ) ") jRe[f(u).%} 3.1
lug —uy | lug —uy |

zfuzE e ', u,j ~u, and u,f —u € K C 2 as k — o0o. Moreover, the limit function h, |h| < M,
is harmonic in 2 and f = h', — ih’, =20h is analytic in 2.

Remark 3.2. In other words, the discrete gradients of H?® defined by the left-hand side of (3.1)
converge to Vh. Looking at the edge uk_u,j one sees only the discrete directional derivative
of H® along the unit vector 7} := (u,:r — uk_)/|u,‘<|r — u; | which converges to (Vh(u), 7)) =
Re[20h(u) - ¢ ].

Proof. Due to the uniform Lipschitzness of bounded discrete harmonic functions (see Corol-
lary 2.9) and the Arzela—Ascoli theorem, the sequence { %} is precompact in the uniform topol-

c g . 8
ogy on any compact subset K C £2. Moreover, their discrete derivatives (defined for z € §2 <>’ )

HP (u} () — H% (u7 (2))

ui(2) —uj(2)

Foi() = [8% H* ] (2) = . i~ut@er?,

are discrete holomorphic and uniformly bounded on any compact subset K C £2. Then, due to
Proposition 2.24 and the Arzela-Ascoli theorem, the sequence of averaged functions m®% F°i

(defined on .Qf-’ by (2.10)) is precompact in the uniform topology on any compact subset of 2.
Thus, for some subsequence §; — 0, one has

H% =h and 2m*F% = f
uniformly on compact subsets of §2. Moreover, due to Proposition 2.24, it also gives

}F‘sk (z) — Proj[ f(2); uf (z) —u; (z)]| =0 uniformly on compact subsets of £2.

It is easy to see that / is harmonic. Indeed, let ¢ : 2 — R be an arbitrary C{°($2) test function
(i.e., ¢ € C* and supp¢ C £2). Denote by h®, ¢ and (A¢)? the restrictions of &, ¢ and A¢ onto
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the lattice I"®. The approximation properties ((2.2) and Lemma 2.2) and discrete integration by
parts give

(hAglo= lm > KA Wur = Tlim > [ ]w@urw

MG.Q;S—- ue.Q;sw
=, Jim ZQ H @[A°¢" @) = lim ZQ: [A°H®)@0)® () () = 0.

Furthermore, for any path [uounl® = uouy ... uy, Ust] ™~ Ug, Us € "%, one has

8 n—1
1
H® (uy) — H’ (ug) = / F()d’z=Y F° (Ewm + m) g1 — ).
[140“)1](S $=0
Taking appropriate discrete approximations of segments [uv] C §2 (recall that thombi angles

are bounded from 0 and 7, so one may find polyline approximations with uniformly bounded
lengths) and passing to the limit as § = 6 — 0, one obtains

h(v)—h(u):/Re[f(z)dz]:Re[/f(z)dz:| for all segments [uv] C £2.

[uv] [uv]
It gives ah’, (u) + ﬂh;,(u) =Re[(e+iB)f(u)]forallu e 2 anda, B e R, s0 f =20h. O

As an illustration of what directly follows from basic facts collected in Section 2, we give
a proof of the most classical convergence result for solutions of the Dirichlet boundary value
problem, when a single domain 2 C C bounded by Jordan curves is approximated by discrete
ones, “growing from inside”. Later, in Theorem 3.10, we will prove the uniform (w.r.t. £2) version
of the same result for simply connected £2’s.

Proposition 3.3. Let 2 C C be a (possibly not simply connected) continuous domain, bounded

by a finite number of closed nonintersecting Jordan curves, 92 = J;U---U J,,and g:J" — R
be a continuous function defined in some closed r-neighborhood J" of 952. Let a sequence of

discrete domains .fo c i, 8; — 0, approximate §2 so that
+00
Q\J chcerc-cR ad | RV =g.
j=1

. . . . . 8 . 8
Let H% denote the discrete harmonic continuation of g from 982 [ CJ"into 27 and h be the
continuous harmonic continuation of g from J into §2. Then,

HY = h uniformly on compact subsets K C §2.

Moreover, discrete gradients (3.1) of functions H% uniformly converge to Vh.
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Proof. Since J” is compact, g is bounded by some constant M := max,c; |g(z)| and uniformly
continuous on J”. Set

v(p) = max |g(2) —g(w)| =0 asp— 0.
zZ2wel": |z—w|<Lp

By the maximum principle, all H% are uniformly bounded in §2. Then, Proposition 3.1 al-
lows one to extract a subsequence H% which converges to some harmonic function H (and
the gradients of H% converge to VH). Thus, it is sufficient to prove that each subsequential
limit coincides with £, i.e. to identify the boundary values of H.

Letz=z%¢ .Qf-" C I'%, w € 382 be (one of) the closest to z points on 952, and d := |z — w|.
Since H% = gon 9828, for any § = 8, and p > 2d, one has

|1 (2) = g(w)| < max{[H* ) — g(w)|, u € 02} N B(z, p)} - *(z; 02} N B(z, p); 27
+max{|H° ) — gw)|. u € 927\ Bz, p)} - (2: 82} \ B(z. p); 2})
<v(2p)+2M - const - (Zd/p)ﬁ,

where we have used dist(z; B.Q;Sw) < d + 26 < 2d and the weak Beurling-type estimate (Proposi-
tion 2.11) for the second discrete harmonic measure. Choosing p(d) so that v(2p(d)) - o(d)Pf =
dP and passing to the limit as § — 0, we obtain the estimate

|H(z) —g(w)| = 0(v(2p(@))) >0 asd=|z—w|— 0.
Thus, boundary values of H coincide with those of 4, hence H =h in £2. O
3.2. Carathéodory topology and uniform C'-convergence

Below we need some standard concepts of geometric function theory (see [19, Chapters 1, 2]).

Let £2 be a simply connected domain. A crosscut C of §2 is an open Jordan arc in §2 such
that C = C U {a,b} with a,b € 352. A prime end of §2 is an equivalence class of sequences
(null-chains) (C,) of prime ends such that C, N C,,1 =@, C, separates Co from C,, and
diam C, — 0 as n — oo (null chains (C,), (C), are equivalent iff for all sufficiently large m
there exists n such that C,, separates C‘o from Cn and C‘m separates Co from Cp,).

Let P(S£2) denote the set of all prime ends of §2 and let ¢ : £2 — DD be a conformal map. Then
(see Theorem 2.15 in [19]) ¢ induces the natural bijection between P($£2) and the unit circle
T =oD.

Let ug € C be given and £2,,, £2 C C, be simply connected domains # C with ug € £2,, £2.
We say that £2, — §2 as n — o0 in the sense of kernel convergence with respect to ug iff

(i) some neighborhood of every z € §2 lies in §2,, for large enough n;
(ii) for every a € 952 there exist a, € 32, such that a, — a as n — oo.

Let ¢ : 2 — D, ¢ : 2 — D be the Riemann uniformization maps normalized at ugo (i.e.,
¢ (o) = 0 and ¢’ (ug) > 0). Then (see Theorem 1.8 in [19])

Q2 —> 2 wrtu <& ¢,:1 = ¢! uniformly on compact subsets of ID.
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Using the Koebe distortion theorem (see Section 1.3 in [19]), it is easy to see that

(a) ¢r = ¢ as k — oo uniformly on compact subsets K C £2;
(b) for any £21, £2; such that ug € 21 C 2, # C, the set of all simply connected domains
{§2: £21 C 2 C §2,} is compact in the topology of kernel convergence w.r.t. ug.

Definition 3.4. Let 2 = (£2; v,...;a, b, ...) be a simply connected bounded domain with sev-
eral (possibly none) marked interior points v, ... € Int§2 and prime ends (boundary points)
a,b,...e P(£2) (we admit coincident points, say, a = b) and let u € §2. We write

(.Qk;uk):(Qk;uk,vk,...;ak,bk,...)%(Q;u):(.Q;u,v,...;a,b,...) as k — oo,

iff the domains §2; are uniformly bounded, u; — u, £2y — 2 in the sense of kernel convergence
w.r.t. u and ¢ (vg) = d(v), ..., dx(ar) — ¢p(a), ..., where ¢y : 2t = D, ¢ : 2 — D are the
Riemann uniformization maps normalized at u.

Remark 3.5. Since v € £2, one has |¢ (v)| < 1. Thus, ¢x (vr) — ¢ (v) implies vy — v. Moreover,
one can equivalently use the point v instead of u in the definition given above.

Definition 3.6. Let £2 be a simply connected bounded domain, u, v, ... € £2 and r > 0. We say
that the inner points u, v, ... are jointly r-inside £ iff B(u,r), B(v,7),... C §2 and there are
paths Ly, ... connecting these points r-inside £2 (i.e., dist(L,y, 3§2), ... > r). In other words,
u,v,...belong to the same connected component of the r-interior of £2.

Note that for each 0 < r < R there exists some C(r, R) such that, if £ C B(0, R) and u, v, ...
are jointly r-inside £2, then

¢ (v)

,...<C(r,R) <1, (3.2)

where ¢ : £2 — D is the Riemann uniformization map normalized at u. Indeed, considering the
standard plane metric, one concludes that the extremal distance (see, e.g., Chapter IV in [11])
from L,, to 352 in §2 \ Ly, is not less than r/7 R?. Thus, the conformal modulus of the annulus
D\ ¢ (L,y) is bounded below by some const(r, R) > 0. Since ¢ (u) = 0, (3.2) holds true.

Now we formulate a general framework for the theorems below. Suppose that some harmonic
function (e.g., harmonic measure, Green’s function, Poisson kernel, etc.)

h(-;2)=h(-,v,...;a,b,...;2):2 >R
is associated with each (continuous) domain 2 = (£2;v,...;a,b,...).

Similarly, let .Q;i = (.{23 w8 add bl L .) denote a simply connected bounded discrete
domain with several marked vertices v?, ... € Int .Q}S— andab, b8, ... € B.Qfﬂ and

H‘S(-;9}5«)=H8(~,v5,...;a‘s,b‘s,...;s?}i):.Q}S« —R
be some discrete harmonic function associated with this configuration. The idea of Proposi-

tion 3.8 is to use the compactness argument again, now for the set of all simply-connected
domains. Recall that £2° ¢ C denotes the polygonal representation of .Q}S—
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Definition 3.7. We say that H® are uniformly C!-close to k inside £2°, iff for all 0 < r < R
there exist £(8) = ¢(8,r, R), £€(8) =&(8,r, R) — 0 as § — 0 such that for all discrete domains
.{2}2 =(R%:0%,...;ab b°, .. )and u’ € Int.Q}s- the following holds true:

If 2% c B(0, R) and u®, v?, ... are jointly r-inside £2°, then
|H‘3(u8, v‘s, . ..;a‘s,ba, o Q}i) —h(u‘s, va,...;a’s,b‘s,...; .Q’S)| <e(6) 3.3)
and, for all u® ~ u?, ud € 2%,

8

s _
Re[zah(ué; 2% ﬁ]‘ <EO), (34)
N

Ho(uy; 2p) — How’; 27)
|ug — |

where 20h = h), — ih.

Proposition 3.8. Let (a) H® > h “pointwise” as § — 0, i.e.,

HY (45 20) — h(u; ), if (2% u®) S (2:u) as 8 — 0 (3.5)
and (b) h be Carathéodory-stable, i.e.,
h(ug; 2) —> h(u; 2),  if (2% ug) %(Q;u) as k — oo. 3.6)

Then functions H® are uniformly C'-close to h inside $2° (see Definition 3.7).

Remark 3.9. Typically, if one is able to prove (a) using the “toolbox” developed in Section 2,
then the same reasoning applied in the continuous setup would lead to (b), since all these tools
are just discrete versions of classical facts from complex analysis.

Proof. Suppose (3.3) does not hold true, i.e.,

|H5(u5; SZ}S«) — h(us; .Q‘S)‘ >e0>0
for some sequence (.{28 ; u’s), d =38; — 0, such that B(u‘s, r) C 2% ¢ B(0, R). Taking a sub-
sequence, one may assume that u® — u for some u € B(0, R). The set of all simply connected

domains £2 : B(u, %r) C £2 C B(0, R) is compact in the Carathéodory topology. Thus, taking a
subsequence again, one may assume that

(2% u’ 0. 5d% b0, ) == (25u,v,...5a,b,..) asd=8 —0

(note that the marked points v’, ... cannot reach the boundary due to (3.2)). Then, (a) the point-
wise convergence H® — h and (b) the Carathéodory stability of 4 easily give a contradiction.
Indeed, both

@ H°(u’;2})— h(u;2) and (b) h(u’ 2°) — h(u; 2) asd =8 — 0.
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In view of Proposition 3.1, the proof for discrete gradients goes by the same way. Assume (3.4)
does not hold for some sequence of discrete domains. As above, one may take a subsequence

8 = 8 such that (£2%; u®) Cara (52, u). Note that (b) directly implies
8 . B 1
h(-;SZ):{h(-;Q) uniformly on B u,zr as § =6 — 0.

Cara

Indeed, (£2°; 1) —> (£2; ii) for all i € B(u, §r). If |h(ii®; 2°) — h(@®; £2)| > &9 > O for some
i#® and all 8 = &, then, taking a subsequence & = §,, so that #® — ii € B(u, %r), one obtains a
contradiction with h(ii%; £2%) — h(i; 2) and h(@%; 2) — h(i; 2).

The uniform estimate |H%(-; .Q}i) —h(-; £2%)] < e(8) — 0 (see above) gives

— 1
H‘s(~ ; .Q}s«) = h(-;$2) uniformly on B(u, 51’) as § =6 — 0.

In particular, all H L (-; .Q}Sf) are uniformly bounded in B (u, %r). Thus, using Proposition 3.1,
one can find a subsequence 8 = §,, such that the discrete derivatives of H% converge (as defined
by (3.4)) to f =20h(-; £2) which gives a contradiction. O

3.3. Basic uniform convergence theorems

We start with a uniform (w.r.t. £2) version (Theorem 3.10) of Proposition 3.3 for simply-
connected domains. It immediately gives the uniform convergence for the discrete Green’s
functions (Corollary 3.11). Then, we prove very similar Theorem 3.12 devoted to the discrete
harmonic measure of boundary arcs. The last result, Theorem 3.13 devoted to the discrete Pois-
son kernel P%(-;v?;a%; .Q}Sw) (see (1.3)), needs more technicalities, essentially because of the
unboundedness of P near a®.

Let g: E(O, R) — R be a continuous function. Then, for a simply connected domain §2 C
B(0, R),lethg(-; §2) : 2 — R denote a unique solution of the Dirichlet boundary value problem

Ahg(,ﬂ)zo inside.Q, hg(aQ):g on 9£2.

This is the classical result that the solution £, exists for any simply connected £2 (see, e.g., $1IL5,
§II1.6 and Corollary 6.2 in [11]). Note that this also follows from the proof of Theorem 3.10,
where h, naturally appears as a limit of discrete approximations.

Similarly, for a discrete simply-connected domain £2°, let H g =H é( -3 .jS) be a unique so-
lution of the discrete Dirichlet problem

A°H)=0 inQ},  Hl=g ondf).

Theorem 3.10. For any continuous g : B(0, R) — R, the functions Hé‘,S are uniformly C'-close

inside §2° (in the sense of Definition 3.7) to hsg. Moreover, the estimates (3.3) and (3.4) are also
uniform in

g€ Gr(M,v):= {g: max |g(Z)| <M, max }g(z) — g(w)| < v(p)},
|z|€eB(0,R) lz—wl<p



1616 D. Chelkak, S. Smirnov / Advances in Mathematics 228 (2011) 1590-1630

if both M < +o00 and the modulus of continuity v(p) — 0 as p — 0 are fixed. In other words,
there exist £(5), £(8) — 0 as § — 0 (which may depend on r, R, M, v) such that (3.3), (3.4) are
fulfilled for any g € Gr(M, v) and any simply connected 2 C B(0, R).

Proof. Let g be fixed. It is sufficient to verify both assumptions (a) and (b) in Proposition 3.8.
In fact, (a) was already essentially verified in the proof of Proposition 3.3.
Indeed, H g are uniformly bounded in §2 by a constant M, and so Proposition 3.1 allows one to

extract a convergent subsequence H;" — H. Thus, it is sufficient to prove that each subsequential
limit H coincides with g on 0£2.

Letz =z% ¢ .Q?‘ CcI% wedbe (one of) the closest to z points on 952, and d := |z — w)|.
Due to the geometric description of the kernel convergence, there is a sequence of points w’ €
EYel approximating w as § — 0. Thus, one still has dist(z; 8.(2}3—) < 2d for § small enough, and
the proof finishes exactly as before.

As it was pointed out in Remark 3.9, the Carathéodory stability of i, follows from the same
reasonings applied in the continuous setup. Namely, one can always find a subsequence of the
uniformly bounded harmonic functions A (-; §£2¢) uniformly converging on compact subsets of
£2 together with their gradients. Then, exactly as above, the classical Beurling estimate implies
that 1 = g on 942, and so each subsequential limit coincides with /(- ; £2).

Finally, for g € Gr(M, v), let £(8; g) and £(8; g) denote the best possible bounds in (3.3)
and (3.4), respectively. Due to the (both, discrete and continuous) maximum principles and the
Harnack inequalities for harmonic functions, one sees that

N . g1 — g2llc

e(8; 81) — £(8; 82)| <2llg1 — g2llc and  |E(8; g1) — E(8; g2)| < const - %,
where ||gllc := max, .z, g |g(z)| is the standard sup-norm in the space C(B(0, R)). Thus,
&(8; +) and £(6; -) are uniformly (in §) continuous (as functions of g) on the set Gr(M, v).
Since £(8; g), £(8; g) — 0 for any fixed g € Gr(M, v), this implies

max £,(8), max £&,(8)—>0 asd—0,
geGrM,v) © " geGrM,v) ¢

due to the compactness of the set Ggr (M, v) C C(B(O,R)). O

Let .Qfﬂ be some bounded simply connected discrete domain. Recall that the discrete Green’s
function G_er (-3 v‘s), vd e IntQ?« can be written as

L8\ )8 08
Gy (1) =Gr(-v) = Gl (+11°),
where G?zé = GES (-;v%): .Qf« — R is a solution of the discrete Dirichlet problem
r r

S . )
A in 2,

8
@ = Gr ondf2r.

* —_—
s =
‘QF

Theorem 2.5 claims uniform C!-convergence of the free Green’s function G - to its continuous

counterpart G¢ (u; v) := % log |u — v| with an error O(82|u — v|~2) for the functions and so
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O(8lu — v|_2) for the gradients. Let G§, = G5 (-;v) : 2 — R denote a solution of the corre-
sponding continuous Dirichlet problem

AGE =0 in £2, ©=Gc onds2.

Corollary 3.11. The discrete harmonic functions G"‘le (-:v%) are uniformly C'-close inside $2°
r

(in the sense of Definition 3.7) to their continuous counterparts G?ﬁ (-;v%).

Proof. Let g(u;v) := % max{log|u — v|,logr}. Note that all the functions g(-; v) are uni-
formly bounded and equicontinuous. Let A® G}‘Z s = G}‘? 5 (-5 v%) denote a solution of the discrete
r r

Dirichlet problem
ASG;? =0 inQ?%, G?ﬁr =g¢g=G¢c ondsf.

Due to Theorem 3.10, the functions G*Q s are uniformly C'-close to G*_Q ; inside £2%. On the other
r

hand, since B(v‘s, r) C 2%, one has
* L 2,2 §
|G95F—G95r|<const-8 /r* ondfy.

Then, the maximum principle and the discrete Harnack estimate (Corollary 2.9) guarantees that

G* , are uniformly C'-close to G* ; inside £2°. O
‘QF 91"

Theorem 3.12. The discrete harmonic measures ®(-;b’a’; .Q;Sa) are uniformly C'-close in-
side $2° (in the sense of Definition 3.7) to their continuous counterparts w( - ; b%a®; £2%).

Proof. By conformal invariance, the continuous harmonic measure is Carathéodory stable, so
the second assumption in Proposition 3.8 holds true. Thus, it is sufficient to prove pointwise

convergence (3.5) (see also Remark 3.9).

C . .
Let (.Q‘S; ul: al, b‘s) ﬂ(ﬂ; u;a,b). The functions 0 < a)‘s(o;b‘sa‘s; Q}S«) < 1 are uniformly

bounded in §2. Due to Proposition 3.1, one can find a subsequence §; — 0 such that
a)‘sk(-; b a’ .Q?l‘) =H

uniformly on compact subsets of £2, where H : 2 — R is some harmonic function. It is sufficient
to prove that H (u) = w(u; ba; §2) for each subsequential limit.
Let z° € Int .Q‘SF The weak Beurling-type estimate (see Proposition 2.11) gives

dist(z%; 9822

B
0< J 5;195 S;SZ‘S <const: | ———m——
o (& b'a’; 2r) dist_QsF(z‘S; bad)

uniformly as § — 0. Passing to the limit as § = §; — 0, one obtains

dist(z; 982)

B
_ for all z € Int £2.
disto (z; ba)

O<H(z)<const-[
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Therefore, H = 0 on the boundary arc ab C P(£2). Similar arguments give H = 1 on the arc
ba C P($2). Hence, H = w(-; ba; §2) and, in particular, H (1) = w(u; ba; 2). O

Let .Q}i be a simply connected discrete domain, a® € B.Q}i and v° € Int .Q}l. We call
P®= P‘S(-; Vo a; .jS) :.Q;Sa —R
the discrete Poisson kernel normalized at v?, if
A°PP=0 inf2), P°=0 onde)\{a’}, and P°(°)=1.

Note that the function P? is uniquely defined by these conditions (see (1.3)) and Pé>0.
In the continuous setup, let £2 be a simply connected domain, a € P(§2) be some prime end
and v € Int 2. Let P = P(-; v; a; §2) denote a solution of the boundary value problem

AP=0 in £, P=0 onaf2\{a}, P>0, and P)=1

(note that P is uniquely defined by these conditions for any simply connected domain £2 as the
conformal image of the standard Poisson kernel defined in the unit disc D).

Theorem 3.13. The discrete Poisson kernels P‘S( vl ad: .Q}S-) are uniformly Cl-close in-
side 29 (in the sense of Definition 3.7) to their continuous counterparts P(-; v; al; .Q‘S).

Proof. The continuous Poisson kernel P(-; v, a, §2) is Carathéodory stable due to its conformal
invariant definition, so (3.6) holds true. Thus, it is sufficient to prove pointwise convergence (3.5)
(see also Remark 3.9).

Let ([23; ub, e, a‘s) %(Q; u, v; a). Recall that v® — v and B(v,r) C 2% for some r > 0,
if § is small enough. It follows from P(v®) = 1 and the discrete Harnack Lemma (Proposi-
tion 2.7(ii)) that P® are uniformly bounded on each compact subset of £2. Then, due to Proposi-
tion 3.1, one can find a subsequence §; — 0 such that

P‘Sk(-;va";a’sk;[l}s«") =H

uniformly on compact subsets of £2, where H > 0 is some harmonic function in £2. It is sufficient
to prove that H («) = P (u; v; a; §2) for each subsequential limit H.

Let d > 0 be small enough. Then, there exists a crosscut ¥/ C B(aq, %d) in 2 separating a
and u, v (see Fig. 4). Moreover, one may assume that u, v ¢ B(ay,4d) and u, v belong to the
same component of £2 \ B(ay, 4d). For sufficiently small § let

LdC{z: Iz—ad|=d}ﬁ.QS

be an arc separating v® and a® in 2% (we take the arc closest to v%, see Fig. 4). Let .Qg denote

. . C
the connected component of £2° \ Ly containing v®. Since 2% == 2 w.r.t. v and v® — v, one
has

w(v’; Lg; 23) > const(d) > 0 (3.7)
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Fig. 4. Parts of the continuous domain §2 and some discrete domain 29 close to £ in the Carathéodory topology. Marked
boundary points a® € 32% and a € P(2) are close to each other in this topology since the corresponding small cross-cuts
near ag are close. Ly denotes the closest to v arc in {z: |z —ag| =d} N 2% which separates v and a®. The quadrilateral
de is shaded.

(here and below constants const(d) do not depend on §). Similarly, let .Qg , be the connected
component of £2° \ L3, containing u, v. Denote

8 8(.8\ .8 8 )
M3, =max{P°(z°), 2° € 23, N I"°}.
Since the function P? is discrete harmonic, one has
s 8(,8 8(,8 8(.8
M3y = P°(20) < P°(2}) < P°(23) < -+
for some nearest-neighbor path Kgd = {zg ~ z‘f ~ zg ~e zf € .jS}, starting at some zg € .di.
Since P’ a8\(ab) = 0, the unique possibility for this path to end is a®.

Using (3.7), it is not hard to conclude (see Lemma 3.14 below) that the following holds true
for the continuous harmonic measures:

a)(v‘s; K34 08 \ K3d) > a)(v5; K3; N .Qg; .{22 \ K3d) > const - a)(v’s; Ly; .Qg) > const(d),

where K34 is the corresponding polyline starting at zg and ending at a®. Applying Theorem 3.12
with ¢ = %const(d ), one obtains the same inequality

@’ (v°; K33 29\ K3,) = const(d) > 0
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for discrete harmonic measures uniformly as § — 0 (with smaller const(d)). Recall that
Piwd) =1 by definition and Pé(v) > Mésd along the path Mgd. Thus,

Mésd < const(d), if § is small enough.

Finally, let 2% € ' N .Qg ; be such that |28 — agq| > 3d. The weak Beurling-type estimate imme-
diately gives

dist(z%; 9£2%)

dist(z%; 9£2°) 7°
dist(z%; L3g) '

B
8
] - M3, < const(d) - [m

P8 (z‘s) < const - |:

Passing to the limit as § = §y — 0, one obtains

dist(z; 082)

B
—] for all z € §23;4 such that |z — ag4| > 3d.
|z —aql —3d

H (z) < const(d) - |:

Thus, H =0o0n 952 \ {a}. Since H > 0 and H (v) = 1, this gives H = P(-;v;a; £2). O
Lemma 3.14. Let 2 C C be some simply connected domain, v € Int2 and a € P($2). Let
Lg C{z: |z —aq| =d} N 2 be the arc separating v and a that is closest to v, and §24 be the

connected component of §2'\ Lq containing v. Let K34 be some path connecting L3q and Lg
inside the conformal quadrilateral R3¢ = 24 \ 234 (see Fig. 4). Then

o (v; K34; §24 \ K3q) 2 const- (v; Lg; $24)
for some absolute positive constant.

Proof. Note that w(v; Lg; $24) < w(v; Lg; 24 \ K3q) + o (v; K3q; 24 \ K3q). Thus, it is suffi-
cient to prove that

w(v; La; $24 \ K34) < const- w(v; K343 24 \ K3q)-
Furthermore, monotonicity arguments give
@(v; La; $2q \ K3q4) < f w(v; |dz]; 224 \ K3a) - (25 La U L3g; R\ K3q)
Loy
and, in a similar manner,

wv; K3q; 24 \ K3q) 2 / w(v; 1dz]; 224\ K3d) - (2 K3a; R\ K3a).

Log

Let Ly = A4 By and so on (see Fig. 4). Applying monotonicity arguments once more, one sees

o(z; K3a; R\ K34) > min{w(z; A3gAg; Rjd), o(z; BaBsa; Rfld)}-
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Thus, it is sufficient to prove that
w(z; AgBi U B3gAszg; Rs’ld) < const - min{a)(z; A3qAg; Rgd), w(z; B;B3g; Rg,d)}

for all z € Lo4. Due to the conformal invariance of harmonic measure, the last estimate follows
from the uniform bounds on the extremal distances (conformal modulii of quadrilaterals)

1 m
A Ana Bua Bng Ama (And Amds Bmda Bua) = 3 log — 1<n<m<3. O

3.4. Boundary Harnack principle and normalization on a “straight” part of the boundary

Recall that H? denotes the polygonal representation of a half-plane H = {z: Imz > 0} dis-
cretization (i.e., the union of all faces, edges and vertices that intersect H, see Fig. 2(B)). As for
bounded domains, denote by @ (b {x%); H‘}) the probability of the event that the random walk
starting at u® € H‘} first hits the boundary 8H5F at a vertex x° € GH‘}. It is easy to see (e.g., using
the unboundedness of the free Green’s function (2.5) or Proposition 2.11) that

Z a)‘s(u‘s; {x‘s}; ]HI‘}) =1.
x‘seBH‘}ﬂ
Let
35(u‘s) =Imu’® — Z Im x° -a)’s(u‘s; {x‘s}; (Ci_) for u® € ]HI‘}. (3.8)
x568H‘§-

The function 3° is discrete harmonic in HY-, 3% = 0 on 9H3. and |¥°(u®) — Imu®| < 2§ for all
ub e H‘} (note that these conditions define RE uniquely). In particular, if Im u® € [38, 58], then

X%(u?) < 8 (here and below we write
f=<g iff const;- f < g<consty-g
for some positive absolute constants). Since %% > 0 is discrete harmonic, this implies

S(xd,) =8 forallx® = (x°; (x),x°)) € 9HY-.
Below we say that a discrete domain £2° has a “straight” boundary near x° € 9£2°, if £2% and
H? coincide near x® (certainly, it’s more natural to include not only H? itself but all discrete
half-planes into the definition but H® will be sufficient for our purposes).

Definition 3.15. For a function H defined in a domain £2° having a “straight” boundary near x°
we define the value of its (inner) normal derivative at x° as
s s H(xh) — H(x®)
[0y H](x®) = —2 ——— (3.9)

3 (xisnt
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Remark 3.16. In other words, we use the value J (xmt) as a natural normalization constant, so

that [323%](x%) = 1. Note that, if H(x®) =0, then [3] H](x®) < 6 TH(x{ ).

Below we need some rough estimates for the discrete harmonic measure in rectangles. Let
R(s,t) ;== (—s;5) x (0; 1) C C be an open rectangle, 0% e 8H‘§~ denote the closest to 0 boundary
vertex, R? = R? (s,t) C I be the discretization of R(s, t), and

Ly = Lj(s) == {v° € 3R} (s, 1): Imv® <0},
UL =Ul(s, 1) :={v° € R} (s, 1): Imv°® > 1},
Vi =V, )= {v’ € IR} (s.1): [Rev’| =5}

be the lower, upper and vertical parts of the boundary BR‘} (s, ) (see Fig. 2(B)).
Lemma 3.17. Let t > 268 and s > 2t. Then
@® (0%, URs R3(5,0)) <8/t and o (0l V5 R3(s, 1)) < const - 8t /s°.

Remark 3.18. The last estimate is very rough but sufficient for us. Standard arguments similar
to the proof of Proposition 2.11 easily give an exponential bound.

Proof. We consider two harmonic polynomials

y+ _ y X2+ (428 +25—y)
d h = — .
s nd haletiy) = 52

hi(x +iy) =

Their restrictions on I" are discrete harmonic due to Lemma 2.2(i), and

hi(x+iy)>1
hi(x+iy) =0
>

hi(x+iy) >0

> hy(x +iy), ifyelr;t+25],
> hy(x +iy), ifye[-28;0],
>hy(x +iy), ifye[-28,t+258]and |x]| € [s;s+ 28].

Thus, hl(v‘s) > w‘s(v‘s; U;i; R?) > hz(v‘g) for all v? € RS, and so, by the maximum principle,
for all v% € R}X. In particular, if # > 56 (the case t < 56 is trivial), then

75 36 56t
> _

§(..8 1) ) S
> ;UM RY) > - f e[—28;28 35; 58],
a5 2@ WHURRE) > s = > s fortel 1>139: 5]

because of 5¢(t + 28) < 7¢2 < 252. Since «? is discrete harmonic and nonnegative, we obtain
w® = 8/t everywhere near o°. The upper bound for w®(0°; Vﬁ; R‘IS«) follows by the consideration
of the quadratic harmonic polynomial

2
. x“+ (428 +25—y)
h3(x +iy) = >

which is nonnegative on L3. U U% and not less than 1 on V2. O
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Proposition 3.19 (Boundary Harnack principle). Let t > 8, H be a nonnegative discrete har-
monic function in a discrete rectangle R®(2t,2t), 0 be the boundary vertex closest to 0, and c®
denote the inner vertex closest to the point ¢ = it. If H = 0 everywhere on the lower boundary
LS (2t), then the double-side estimate

H(c%)

[3](0f) <

holds true with some constants independent of § and t.

Proof. Recall that [8,‘3 H)(0®) <81 H (ofm) (see Remark 3.16). Let t > 48 (the case t < 46 is
trivial). It follows from discrete Harnack Lemma (Proposition 2.7(ii)) that the values of H on
U }2 (t, %t) are uniformly comparable with H (c?). Then,

H(ofm) > w® (ofm; U?; R? <t, %t)) - const - H(C’S) >const-§/t - H(c‘s).

Further, note that M := max ) H (v) < const- H(c?). Indeed, by the maximum principle,

veR(t, 5t
H > M holds true along some nearest-neighbor path K running from d R (¢, %t) to U%(2t,2t)
or V¥(2t,2¢) (this path cannot end on L%(21) since H = 0 there). Arguing as in the proof of
Proposition 2.11, it is easy to see that the probability that the random walk starting at ¢® hits K
before dR?(2¢, 2¢) is bounded below by some absolute constant, so H (¢®) > const - M. Then,
Lemma 3.17 gives

1
H(Oism) <o’ (Ofnt: U;S~ U Vfi; R? (t, §t>> - M < const-8/t - H(c‘s). O

From now on, we consider only discrete domains (.Q‘S : a®) such that
8 8 8 8 8 8 )
R (T, T) C 2, Ly (T)Co82y, and a°€df2p\Lp(T) (3.10)

for some T > 0. Note that all continuous domains (£2; a) appearing as Carathéodory limits of
these (£2%; a%) satisfy

(=T;T)yx(0;T) C £2, [-T;T]C0s2 and aecdf2\(-T;T). (3.11)

For a domain (£2;a) satisfying (3.11), we define the continuous Poisson kernel Py =
Po(-; a; £2) normalized at O as the unique solution of the boundary value problem

APy=0 in$2, Py=0 onas2\{a}, Py>0, and [0,Pp]0)=1,

where [3,, Po](0) = [9y Pp](0) denotes the (inner) normal derivative of Py at 0.
For a discrete domain (£2%.; a®) satisfying (3.10), we call P’ = P‘S,3 (-:a’; 3’2}2) the discrete
(o (o
Poisson kernel normalized at 0°, if

A°PY =0 inQ}, P5 =0 ond2)\{a}, and [3)P%](c%) =1,
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where the discrete normal derivative 8;2 is given by (3.9). Note that Pja is uniquely defined by
these conditions, namely

~8 (A0
~ (oint)

i 2

P (st 20) =of (1% 2}).

Theorem 3.20. The discrete Poisson kernels Pfg(ga‘s; Q}s«) defined for the class of discrete
domains satisfying (3.10) with some T > 0 are uniformly C'-close inside $2° (in the sense of
Definition 3.7) to the continuous Poisson kernels Py(-; a’: Q‘S), where 2% denotes the modified
polygonal representation of the discrete domain .Q;l with the “straight” part of the boundary
L%(T) C 982% replaced by the straight segment [—T, T. The rate of the uniform convergence
may depend on T .

Proof. The continuous Poisson kernel Py is Carathéodory stable, so (3.6) holds true. Thus, it is
sufficient to check (3.5).

Let (52‘3; ub: a5) Cig(.{?; u; a) and ¢ denote the vertex closest to the point %iT. Due to the
boundary Harnack principle (Proposition 3.19), the values Pjé (c®) are uniformly bounded by
some constant (depending on 7). Hence, P38(~;a‘3; .Q}i) are uniformly (w.r.t. §) bounded on
each compact subset of £2 because of the discrete Harnack Lemma (Proposition 2.7). Then, due
to Proposition 3.1, one can take a subsequence §; — 0 so that

b ) 8
Pi(-sa™;2r) = H
uniformly on compact subsets of §2, where H > 0 is some harmonic in §2 function. We need to
prove that H (u) = Py(u; a; §2) for each subsequential limit H.

Repeating the arguments given in the proof of Theorem 3.13, one obtains that, first, for each
r > 0 the functions P(iS are uniformly bounded everywhere in .Q}s« away from a® (in particular,

everywhere in the smaller rectangle R?(%T, %T)) and, second, H =0 on 952 \ {a}. Therefore,
dueto H >0,

H=uPy(-;a;$2) forsome u>0.
Now one needs to prove that u = 1. Let
0°():=Ph(-:a% 2p) = ().

By definition, the function Q‘S is discrete harmonic in R‘SF(T, T), Q5 = 0 on the lower boundary
LY(T), Q%(0? ) =0 and

Qs(v) = uPy(v;a; 2)—Imv asd=6 —0

uniformly on compact subsets of R(T', T'). Since Py|(—r,7) =0 and [9,, Po](0) = 1, one has

11 1
Py(x +iy)=y+ O(xy +y2) forx +iye [_ET; 5Ti| X [0; zTi|
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Thus, for any fixed T' > s > ¢ > 0, the following hold true:

0% = (u— 1t + O(st) as 8 — 0 uniformly on U (z, s),

Q‘S =0 on L‘sp(s) and ]Q‘S} < const on ij(s, ).
Then, the normalization Q° (ofm) =0 and Lemma 3.17 give
|(t — Dt + O(st) + 05—0(1)| - 8/t < const - §t /s> as § — 0.

So, for any s and ¢, one has | — 1| < const - (s +7/s%). Setting 7 := s> and passing to the limit
ass — O,one arrivesat u = 1. 0O
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Appendix A
A.l. Kenyon’s asymptotics for the Green’s function and the Cauchy kernel
Below we give a sketch of R. Kenyon’s [12] arguments. See also [2].

Proof of Theorem 2.5. Following J. Ferrand [10], R. Kenyon [12] and Ch. Mercat [18], we
introduce discrete exponentials

2k—1

1+ 2 (up — ug—1)
e(h, u;up) := 1_[ ﬁ, (A.1)
j=0 2 Mk — Uk—1

where Py, = uouiuz ... ux—1uz is a path from ug to uox = u on the corresponding rhombic
lattice (thus, uz; € I' and uz;_1 € I'* for all j). We prefer the parametrization which is closest
to the continuous case, so that e(X, u; ug) — exp[A(u — up)] as § — 0. It’s easy to see that this
definition does not depend on the choice of the path. Since the angles of rhombi are bounded
from 0 and 7, one can choose P, so that the following condition holds:
for all j either (a) |arg(u ;41 —uj) —arg(u —ug)| < % or (b) u; and u;, are opposite ver-
tices of some thombus and |arg(u ;12 — u;) — arg(u — ug)| < % In particular, arg(u ;11 —
uj) —arg(u —ug) € (—m, ) forall j.
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Define (see R. Kenyon [12] and A. Bobenko, Ch. Mercat and Yu. Suris [1])

G 1 log A _
F(M,M())—m Te(k,u,uo)d)», (A2)
C

where C is a curve which runs counter clockwise around the disc of (large) radius R from the

angle arg (u — ug) — 7 to arg (u — ug) + 7, then along the segment ¢! 2 “~#0)[—R —r], then
clockwise around the disc of (small) radius r and then back along the same segment (the integral
does not depend on the log branch, since e(0, u; ug) = e(co, u; ug) = 1).

This function is discrete harmonic away from u( since all discrete exponentials are harmonic
(as functions of #) and one can use the same contour of integration for all u; ~ u. Furthermore,
G(uo; uo) = 0 and, by straightforward computation,

- O cotbg . 5~ B
GF(”S;MO):Ts ifus~u, so A°Gr(uo;uo) - ur(ug) =1.

Rotating and scaling the plane, one may assume that arg(u — up) =0 and § = 1. It’s easy
to see that the contribution of intermediate A = —¢ < 0 to the integral in (A.2) is exponentially
small. Indeed, in case (a) one has

‘ 1— LePi

2
ol 8t cos B; <exp[—8tcos'3j],
1+ %e’ﬂf

2 4+4rcosBj+4 (t +2)?

where 8; = arg(ujy1 —u;) and cos B; =Re(uj+1 —u;) > 0. Similarly, in case (b),

(- %eiﬂj)(l — %eiﬂjﬂ)
(1+ SePiy(1 + LelPi+r)

2 Cex |:_ 8t (cos B; +cosﬂj+1)}’
(t+2)?

due to cos B; +cos Bj+1 =Re(uj2 —uj) > 0. Thus,

4t (u — uo)]

le(—t, u; up)| < eXP[— (127

and the asymptotics of (A.2) as |u — ug| — oo are determined by the asymptotics of e(X, u; ugp)
near 0 and co. Some version of the Laplace method (see [12] and [2]) gives

; ! +1log?2
G ) = oo — g+ L2 1082

- o + O (Ju — uol ™),

where the remainder is of order |u — ug|~2 due to

d2 d2

o2 log(e(h, u; MO))|A:O =3 log(e (A, u; up)) |A:oo =0.

The uniqueness of G(-; up) (and Im G = 0) easily follows by the Harnack inequality (Corol-
lary 2.9). Indeed, G := G (-; uo) — G2(-; uo) would be discrete harmonic everywhere on I" and
max|,<r |[H@m)|/R—0as R — 00,50 G(u) =G(up) =0. O
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Proof of Theorem 2.21. Asin Theorem 2.5, K (-; zo) can be explicitly constructed using (mod-
ified) discrete exponentials. Similarly to (A.1), denote

1

(1= 2y —wyN( =3y —wi))

e(h uy;z0) = (A3)

for the “black” vertices ua—L € I' of the rhombus Uy wy u(")"wa' centered at zo and, by induction,

e wizo) _ 1+5w—u)

= - foralw~u, uel, wel™*.
e(hu;20) 1 —5(w—u)

Then, all e(A, -; zo) are well defined and discrete holomorphic on A. Let (see [12])

0
1
K(v;z0)=; / e(h,v; z0)dA,

—(v—zp)00

where the integral being, say, along the ray arg¢ = arg (v — zo) = 7 (taking the path from
zo to u as in the proof of Theorem 2.5, one guarantees that all poles of e(-,v;zp) are in
larg A —arg(v — zo)| < 7). Then K(-;zp) is holomorphic everywhere except zo. Straightfor-
ward calculations give

40%  A(dm —0,)
, and H’Z()woi . K(w(:)t’ ZO) = % = %’

0z

Mg K (g5 20) =

50 [0° K 1(z0; z0) - ui(z()) = 1. Scaling the plane, one may assume that § = 1. As in Theorem 2.5,
the integrand is exponentially small for intermediate A. One has

e(r, v;20) =exp[r(v —z20) + O(IA1* v — 20)], A — 0,

and

472 4(v —z0) lv — zo|
e(k,v;zo)=v-eXp[T+0< e ) A — 00,

: -y : +_-y . _
where t = ¢/ €W ~%) if y € ', and T = &' @80 ~o) _if y € I'* (T2 comes from the first
factors (A.3) of e(A, v; z9)). Summarizing, one arrives at

1 1 72 1 2 I 1 _ 1
K(u;z0) = — + +0 5 | = =Proj T+ 0( — )
Tlv—z0 v—20 v — zo| T v — 20 v — zo|

Finally, K (-, zo) is unique due to Corollary 2.9. O
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A.2. Proof of the discrete Harnack Lemma

Below we recall the modification of R.J. Duffin’s arguments [7] given by U. Biicking [2].
For the next it is important that the remainder in (2.5) is of order 82|u — ug|~2 (and not just
8lu —uo|™").

Proposition A.1. Let ug € I' and R > §. Then

8

@’ (uo; {a}; BY-(uo, R)) < = forall a € 3B (uo, R),

i.e.,, consty - §/R < b (up; {a}; Q}s«) < consty - 8/ R for some positive absolute constants.

Proof. One has R < |a —ug| < R+ 25 foralla e 8B}3~(u0, R). Therefore, (2.5) gives

1 [ — up|
GB*}(uO,R)(“; up) — =— log

- b N . 82 N 82
< —+4const- { ——— + —
27 R TR lu —ugl> R2

for all u # ug. In particular, if R/§ is large enough, then

8
|G 3. (g, 1y (5 10) | = o forallue B2 (ug, R): R —58 < |u —uo| < R —38.

Since Green’s function is discrete harmonic and nonpositive near SB;X (ug, R), the same holds
true for all ain: (a; aint) € 8B}3~ (1o, R). In view of (2.6), this gives the result for sufficiently large
R/é. For small (i.e. comparable to §) radii R the claim is trivial, since the random walk can reach
a starting from ug in a finite number of steps. O

Proposition A.2 (Mean value property). Let H : B;i (19, R) — R be a nonnegative discrete har-
monic function. Then

1 s 8 H (uo)
H(uo) — ) Z H ) (u) R
uelnt B (ug, R)

< const -

Proof. Let

ogR R? — |u —140|2

o . u € BY = B (uo, R).

1
Fu) :=Gru;up) —

Note that [A® F](u) = —(x R?)~! for all u # uo (see Lemma 2.2(i)). Using (2.5), it is easy to see
that F(u) = 0(82/R2), if [u — R| < const - §. The discrete Green’s formula (2.4) applied to H
and F gives

1
Hwo) = —7 Y H@pup@ = Y tan g, - [Ham) F¥@) — H(@) F* (@],

ueInth- aeaB}S~
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where the functions F* = F 4const- 82/ R? are positive/negative, respectively, near BB}Sw (uo, R).
Using H > 0, one obtains

82 82
—const — > H(a) < Huo - > H(u)mp(u)gconst-ﬁ > Hain).

aed B, u€lnt B aed B
Both sums are comparable to § H (up)/R due to Proposition A.1. O

Proof of Proposition 2.7. (i) Applying the mean value property for B;i (ug, R) and B}S- (ug,
R — 26) and taking into account that H (u1) < const - H (¢¢), one obtains

7 R?H (ug) — (R — 28)*H (uy) = > H)p-(u) + O(SRH (ug)).
ueBS (ug, R)\BS (u1,R—28)

Proposition A.1 gives

> H (u)pd-(u) < > 82H(u) = O(8RH (uo)),

u€ B (ug, R)\ B (u1,R—28) u€ B (ug, R)\BS (u1,R—28)

so R? - (H (u1) — H(u9)) = O(8RH (up)).
(ii) Let u1 = voviv2 ... vg—1vx = up be some path connecting u and u; inside B‘SF (ug, r) (one
can choose this path so that k < const - §~'r). Since B%.(v;, R —r) C B%(uo, R),

k—1 const-r /8§
H H(v;
(u2) = | | Hwj+) < [l + const - :| <exp[const~ r i| O
H(up) i<o H(vj) R—r R—r
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