ON ”THERMODYNAMICS” OF RATIONAL MAPS I. NEGATIVE SPECTRUM

N. MAKAROV AND S. SMIRNOV

Abstract. We study the pressure spectrum P (t) of the maximal measure for arbitrary rational maps. We also consider its modified version P̃ (t) which is defined by means of the variational principle with respect to non-atomic invariant measures. It is shown that for negative values of t, the modified spectrum has all major features of the hyperbolic case (analyticity, the existence of a spectral gap for the corresponding transfer operator, rigidity properties etc). The spectrum P (t) can be computed in terms of P̃ (t). Their Legendre transforms are the Hausdorff and the box-counting dimension spectra of the maximal measure respectively. This work is closely related to a paper [32] by D. Ruelle.

1. Introduction and results

This is the first of two papers in which we study the pressure spectrum P (t) of the maximal measure for rational maps, and also some other related parameters. In this part we consider the case t < 0.

We begin by briefly introducing the main objects. Let F be a rational map on the Riemann sphere, of degree d ≥ 2. We write F^n for the n-th iterate of F , and F^′_n for the derivative of F^n. Distances and derivatives are measured in the spherical metric. The Julia set of F is denoted by J_F . Crit F is the set of all critical points ( ≡ zeros of F^′), and Per F is the set of periodic points. We refer to [6, 24] for definitions and basic facts of complex dynamics. See also [3, 29, 40] regarding thermodynamical formalism of conformal dynamical systems.

1.1. Pressure functions. Let M be the set of all F -invariant probability measures on J_F . For μ ∈ M, we denote by h_μ the entropy and by χ_μ the Lyapunov exponent of μ, χ_μ := ∫ log |F^′| dμ. For each real number t, the corresponding free energy of μ is F_t(μ) := h_μ − tχ_μ. The pressure function (or spectrum) P (t) ≡ P_F (t) of F can be defined by means of the so called variational principle: P (t) := sup_{μ∈M} F_t(μ),

see [3, 36]. A measure satisfying F_t(μ) = P (t) is called an equilibrium state for F_t.

The first author is supported by N.S.F. Grants No. DMS-9402946 and DMS-9800714. The second author is supported by N.S.F. Grants No. DMS-9304580 and DMS-9706875. 1

A version P̃ (t) ≡ P̃_F (t) of the pressure spectrum is obtained by restricting the class of admissible measures to the subclass M̃ ⊂ M which consists of all invariant non-atomic measures: P̃ (t) := sup μ∈M̃ F_t(μ). The functions P (t) and P̃ (t) have several useful interpretations, in particular in terms of partition functions or in terms of certain transfer operators. Some of these approaches are mentioned below. Our main result concerning the behavior of the pressure functions for t < 0 is the following. Denote

χ_{max} := sup{χ_a : a ∈ Per F },

where χ_a is the Lyapunov exponent of a periodic point {a}:

χ_a := 1 n log |F^′_n(a)|, (n = period of a).

Theorem A. For an arbitrary rational map F , the pressure function P̃_F (t) is real analytic on (−∞, 0), and

P_F (t) = max{P̃_F (t), −χ_{max}t}.

1.2. Transfer operators. Our motivation for Theorem A comes from the classical theory of Sinai, Ruelle, and Bowen (see [3, 29, 30, 31, 34]) which applies to the (”hyperbolic”) case where the dynamics is expanding on the Julia set (i.e. ||F^′|| > 1 on J_F with respect to a smooth conformal metric defined near J_F ), and from a more recent paper [32] by Ruelle.

Let L_t denote the (Ruelle-Perron-Frobenius) transfer operator which acts in appropriate function spaces according to the formula L_tf(z) = ∑ y∈F^−1(z) f(y) |F^′(y)|^{−t} (1.1)

(the preimages are counted with multiplicities). Let us recall some properties of the hyperbolic case.

• The operators L_t act in the space C(J_F ) of continuous functions and λ(t) := e^{P (t)} is the spectral radius of L_t.

• λ(t) is a simple eigenvalue of L_t. There is a strictly positive eigenfunction f_t, and there is a unique probability measure ν_t on J_F which is an eigenvector of the adjoint operator.

• The probability measure μ_t := f_t ν_t (we always assume ν_t(f_t) := ∫ f_tdν_t = 1) is a unique equilibrium state for the free energy F_t. We also have the usual form of the Perron-Frobenius theorem:

λ(t)^{−n} L^n_t φ → ν_t(φ) f_t as n → ∞, (∀φ ∈ C(J_F )). (1.2)

• The operator L_t is quasicompact in the space H_α of Hölder continuous (with exponent α > 0) functions on J_F . Quasicompactness means that the essential spectral radius of L_t : H_α → H_α is strictly smaller than the spectral radius λ(t). Moreover, the eigenvalue λ(t) has spectral multiplicity one, and there are no other eigenvalues of the same modulus.

• Consequently, the convergence in (1.2) is exponentially fast for Hölder continuous functions, and the pressure function P (t) is real analytic.

The same is true for transfer operator of the form Lf(z) ≡ L_g f(z) = ∑ y∈F^−1 (z) f(y) g(y) (1.3)

provided that F is expanding and the weight function g is Hölder continuos and strictly positive.

In [32], Ruelle extended some of the mentioned properties to transfer operators associated with arbitrary, non-expanding rational maps F assuming that the weight function g ≥ 0 belongs to the space BV_2 (≡ functions for which the second derivatives are complex measures) and satisfies a certain integrability condition at all critical points of F . (The weights g = |F^′|^{−t}, corresponding to our operators L_t, satisfy this condition for every t < 0.) He showed that in this case

L is quasicompact in BV_2 provided that g satisfies the following additional condition

∃n : λ^n > sup_{JF} g_n, (1.4)

where λ is the spectral radius of L in C(J_F ), and g_n := ∏_{n−1} j=0 g ∘ F^j. Moreover, λ is an eigenvalue of L and there is a non-negative eigegenfunction.

To relate the spectral radius λ of L to the pressure

P (log g) := sup_{μ∈M} [h_μ + μ(log g)],

Ruelle referred to the following fact which is due to Przytycki [28]:

Let F be an arbitrary rational function and let g be a non-negative continuous function on J_F . If λ denotes the spectral radius of the transfer operator (1.3) in C(J_F ), then log λ = P (log g).

The quasicompactness of transfer operators in spaces of smooth functions is usually derived from the smoothness improving property of the operators λ^{−1}L. In the hyperbolic case, this property follows from the expanding nature of the dynamics. To establish quasicompactness in the non-hyperbolic case, one can try to find an appropriate functional space which relates to the smoothness ”on the average” or in some other generalized sense. Ruelle’s choice of BV_2 seems to have been motivated by the similarity with the space BV (functions of bounded variation) which is widely used in one-dimensional real dynamics.

In this paper we will use the Sobolev spaces W_{1,p}. They work almost as well as the space BV_2, but the corresponding estimates are somewhat simpler. We state a version of Ruelle’s theorem for Sobolev spaces in Section 2.7. Moreover, our approach gives a weaker condition (cf. (2.6)) than the condition (1.4) in Ruelle’s theorem. This weaker condition (unlike the latter) is always satisfied for the weights g = |F^′|^{−t} with t < 0, so the operators L_t are always quasicompact in appropriate Sobolev spaces. On the other hand, the well-known (see, e.g., [14, 7, 28, 13]) condition (1.4) will be used for uniqueness of the equilibrium states. We discuss the uniqueness problem in the next subsection.

1.3. Exceptional maps and ”phase transition”. The function P_F (t) may or may not be real analytic. We will see that the first possibility is more typical. We say that F has a phase transition if P_F (t) is not real analytic on (−∞, 0). (See the papers [2, 10, 18, 25] for the ”physical” interpretation of this phenomenon.) If this is the case, then we have a phase transition point t_c < 0 at which the first derivative has a jump discontinuity, and

P_F (t) = { P̃_F (t), t_c ≤ t ≤ 0, −χ_{max} t, −∞ < t ≤ t_c. To characterize the phase transition case, we need the following definition. A rational map F is said to be exceptional if there is a finite, non-empty set Σ such that

F^{−1}Σ \ Crit F = Σ. (1.5)

Any such Σ has at most four elements (at most two in the polynomial case, cf. [21]), and so there is a maximal set Σ ≡ Σ_F satisfying (1.5). This set contains at least one periodic orbit, and we define

χ_∗ := max {χ_a : a ∈ Σ_F ∩ Per F }.

Theorem B. A rational map F has a phase transition if and only if F is exceptional and χ_∗ > sup {χ_μ : μ ∈ M, μ(Σ_F ) = 0}. (1.6)

According to an unpublished result by F. Przytycki, the supremum of Lyapunov exponents in (1.6) can be computed by considering only periodic cycles and so (1.6) is equivalent to the condition

χ_∗ > sup {χ_a : a ∈ PerF \ Σ_F }. (1.7)

On the other hand, it is easy to see that if the exponent of a periodic point can not be approximated by the exponents of periodic cycles with arbitrarily large periods, then this point has to be in the exceptional set. Thus a rational map has a phase transition if and only if there is a finite number of periodic points such that their Lyapunov exponents are larger than the exponents of all other periodic points by a positive constant.

The algebraic condition (1.5) means that the (local) geometry of J_F near Σ_F is different from the geometry of other parts of the Julia set. The meaning of (1.6) or (1.7) in the polynomial case is the following: the Julia set has a ”tip” at some point of Σ_F , and this tip is substantially more ”pointed” than any tip in J_F \ Σ_F , see [21].

In terms of equilibrium distributions, one can describe the phase transition case as follows. For each t ∈ (t_c, 0) there is a unique equilibrium state which is supported by the whole Julia set. At t = t_c we have another equilibrium state that lives on a periodic cycle in Σ_F and persists for t < t_c. The original equilibrium state, however, extends analytically to {t < t_c} but its free energy P̃ (t) is now smaller than that of the new (degenerate) state. Thus we can think of P̃ (t) as a ”hidden” pressure spectrum which can be obtained by the analytic continuation of P (t). Note that this phenomenon differs from the phase transition in the positive spectrum (e.g. for parabolic maps, see [9]), or from the one described in [10].

Critically finite rational functions with parabolic orbifolds (see, e.g., [8, 24]) provide important examples of exceptional maps. Recall that if F is critically finite, i.e. if # ⋃ n≥0 F^n(Crit F ) < ∞, then the ramification function ν ≡ ν_F : Ĉ → N ∪ {∞} can be defined as a minimal function satisfying the following condition: ν(F x) is a multiple of ν(x) deg_x F, (∀x ∈ Ĉ ).

The orbifold (Ĉ , ν_F ) is parabolic if its Euler characteristic 2 − ∑ x∈^C^{(1 − 1ν(x) )} is zero, or, equivalently, if ν(F x) = ν(x) deg_x F, (∀x ∈ Ĉ ). The latter implies that the set Σ = {x : ν(x) = max ν} satisfies (1.5), and therefore maps with parabolic orbifolds are exceptional.

The Euler characteristic of an orbifold (Ĉ , ν_F ) is zero if and only if the set of values of ν at the ramification points is one of the following:

(2, 2, 2, 2), (3, 3, 3), (2, 4, 4), (2, 3, 6), (2, 2, ∞), or (∞, ∞).

The latter two cases correspond to Chebychev’s polynomials and to the maps z^{±d} respectively. In the four former cases, the Julia set is the whole Riemann sphere. One can show that P (t) = max{1 − t, −2t} log d for Chebychev’s polynomials, and P (t) = max{1 − t 2 , −kt} log d with k = 1, 3 2 , 2, 3 for the types (2, 2, 2, 2), (3, 3, 3), (2, 4, 4) and (2, 3, 6) respectively. These maps play a special role in many questions of rational dynamics. The fact that is relevant to our study is essentially due to Zdunik [38]:

Theorem C. Let F be a rational function. Then P̃^{′′}_F (t) = 0 for some/every point t < 0 if and only if the function F is critically finite and the corresponding orbifold is parabolic.

It is easy to give examples of exceptional maps other than critically finite. For instance, the family

F_λ(z) =

(z + λ)^2 z , (λ ∈ C , λ ≠ 0), consists of exceptional maps with Σ_F = {0, ∞}. See also polynomial examples in [21]. Note though that polynomials with #Σ_F = 2, and rational functions with #Σ_F = 4 must be critically finite of types (2, 2, ∞) and (2, 2, 2, 2) respectively.

1.4. Dimension spectrum of the maximal measure. Our results concerning the pressure functions P (t) and P̃ (t) can be interpreted in terms of the ”multifractal analysis” of the maximal measure. See the book [27] for background material.

Recall that for every rational map F , there is a natural invariant measure m,

m := weak*- lim_{n→∞} 1 d^n ∑ y∈F^{−n} (z) δ_y, where d is the degree of F and z is any complex number (with at most two exceptions). The measure m is called the maximal measure of F . It was characterized in [4, 11, 19] as a unique invariant probability measure with entropy equal to log d.

If F is a polynomial, then m is the harmonic measure of J_F evaluated at infinity. Harmonic measure is a basic object of harmonic and complex analysis, and there is extensive literature relating the properties of harmonic measure to the geometry of the boundary.

To each point z ∈ J ≡ J_F one can associate a range of local dimensions α given by lim inf r→0 log m(B(z, r)) log r

≤ α ≤ lim sup_{r→0} log m(B(z, r)) log r , where B(z, r) is the ball of radius r about z and lim inf and lim sup are called the upper and lower pointwise dimensions of m at z respectively. For many z these pointwise dimensions will be equal so that one can talk of a local dimension α(z). Typically, there are large fluctuations in the value of α(z) as z ranges over J. The multifractal analysis is a description of the fine-scale geometry of the set J whose ”components” are the subsets {z : α(z) = α} with a homogenous concentration of m parameterized by α ∈ R.

The Hausdorff dimension spectrum of m is defined as the function f̃(α) := dim {α(z) = α}, where dim denotes the Hausdorff dimension. Note that the standard notation for the Hausdorff spectrum is f(α) but we reserve the latter for the definition based on box-counting methods (which are supposed to be more relevant for numerical simulations). Namely, we define the box-dimension spectrum f(α) of m as the limit (assuming its existence)

f(α) := lim_{δ→0} log N (δ, α) | log δ| , where N (δ, α) denotes the number of squares Q of a δ-grid satisfying m(Q) ≈ δ^α; see Section 5 for an accurate definition.

To relate the dimension spectra to the pressure functions, we denote

s(t) := P (t) log d and s̃(t) := P̃ (t) log d .

It is well-known that if F is hyperbolic, then f(·) ≡ f̃(·) and s(·) ≡ s̃(·), and these functions are Legendre-type transformations of each other:

s(t) = sup_α f(α) − t α , (1.8)

f(α) = inf_t [t + αs(t)]. (1.9)

If, in addition, F is not conjugate to z^{±d}, then the equation αs^′(t) = −1 establishes a one-to-one correspondence between the points t ∈ R and the local dimensions α in some interval (α_{min}, α_{max}). In particular, the negative t-axis corresponds to the interval (α_{min}, α_0), where

α_0 = |s^′(0)|^{−1} = dim m.

Here dim m denotes the Hausdorff dimension of the measure m, i.e. the maximal Hausdorff dimension of a Borel set supporting m.

For general, non-hyperbolic rational maps, we have the following result.

Theorem D. Suppose F is not a critically finite map with parabolic orbifold. Denote α_0 := dim m. Then

(i) the functions s(t) on {t ≤ 0}, and the function f(α) on {α ≤ α_0} form a Legendre pair in the sense of (1.8)-(1.9);

(ii) the same is true for s̃(t), t ≤ 0, and f̃(α), α ≤ α_0.

This theorem shows that the Hausdorff dimension spectrum always has hyperbolictype behavior: if we set α̃_{min} := sup {α : f̃(α) > −∞}, then

f̃ (α) is real analytic on the interval (α̃_{min}, α_0).

On the other hand, the box-counting spectrum may have a discontinuity in the second derivative.

1.5.

The paper is organized as follows. In Section 2, we prove quasicompactness of the transfer operators L_t in appropriate Sobolev spaces. In Section 3, we establish analyticity of the pressure function assuming the existence of a non-atomic eigenmeasure. In Section 4, we study the phase transition case and complete the proofs of Theorems A and B. Theorem C is discussed in Section 3.8. Finally, in Section 5, we study the dimension spectrum of the maximal measure and prove Theorem D.

In what follows, we consider only the polynomial case. This allows to replace some of the dynamical arguments with shorter proofs based on complex analysis, and also to reduce the number of cases in the study of exceptional maps. There is no difficulty in extending the proofs to general rational maps.

In the study of the pressure spectrum, the case t ≥ 0 is considerably more difficult than the case t < 0. We have only partial results concerning the positive part of the pressure spectrum for some special classes of polynomials. This will be the topic of the second part [22] of our work.

For related recent results and further references see [1, 5, 7, 12, 15, 17, 28, 33, 37].

2. Transfer operators in Sobolev spaces

In this section we prove the quasicompactness of the operators L_t (see (1.1)) in appropriate Sobolev spaces. The proof is based on the standard technique – the two-norm inequality of Ionescu-Tulcea and Marinescu [16]. To state the result, we introduce the following notation.

Let F be a polynomial of degree d. Fix a large open disc Ω containing J_F such that F^{−1}Ω ⊂ Ω.

For technical reasons we always assume that the orbits of critical points of F do not intersect the boundary ∂Ω. We will consider the operators L_t in C(Ω̄) and in the Sobolev spaces W_{1,p}(Ω). We write ρ(L_t, X) for the spectral radius of L_t in the corresponding functional space X,

ρ := lim_{n→∞} ‖L^n_t ‖^{1n}_X .

The essential spectral radius is denoted by

ρ_{ess}(L_t, X) := inf {ρ(L_t − K, X) : K compact operator in X}.

2.1.

Theorem. Let t < 0. Then for all p > 2 sufficiently close to 2, the transfer operator L_t is bounded in W_{1,p}(Ω), and ρ_{ess}(L_t, W_{1,p}(Ω)) < ρ(L_t, W_{1,p}(Ω)) = ρ(L_t, C(Ω̄)).

The proof takes the rest of this section. We begin by recalling some properties of W_{1,p}(Ω). See [39] for general reference.

2.2. Sobolev spaces. The Sobolev space W_{1,p}(Ω), p ≥ 1, is equipped with the norm ‖f‖_{1,p} := ‖f‖_p + ‖∇f‖_p, where ‖ · ‖_p is the L^p-norm. We will need only the case p > 2. It is well known that for p > 2, the elements of W_{1,p}(Ω) can be represented as continuous functions and the embedding W_{1,p}(Ω) ⊂ C(Ω̄) is a compact operator. Moreover, continuous W_{1,p}-functions are Hölder continuous: ( |x − y| ≤ δ ) ⇒ ( |f(x) − f(y)| . δ^{1− 2p} ‖∇f‖_Lp_{(B(x,δ))} ) . (2.1)

The embedding result will be used in the following form.

Lemma. There is a constant C (depending on Ω and on p > 2) such that for any ε > 0 there exists a finite rank operator K in W_{1,p}(Ω) such that ‖K‖_{1,p} ≤ C, ‖f − Kf‖_∞ ≤ ε ‖f‖_{1,p}. (2.2)

Proof: Extend f to the whole plane with Sobolev norm ≍ ‖f‖_{1,p}, and consider a grid of equilateral triangles Δ of size δ ≪ 1. Define Kf to be a continuous function satisfying Kf = { f at all vertices linear in each triangle Δ.

Then for each Δ, we have the following estimates: |∇(Kf)| . 1 δ ‖f − f(center)‖_L∞_{(Δ)}

(2.1) . δ^{− 2p (∫}_{Δ∗} |∇f|^{p) 1p} , where Δ^∗ is the union of Δ with the adjacent triangles. It follows that ∫ Δ |∇Kf|^p . ∫ Δ^∗ |∇f|^p. Summing up over all Δ’s, we obtain the first inequality. The second inequality follows from (2.1) by the choice of δ. 2

2.3.

Lemma. If p > 2 and t < −2(1 −^2_p ), then L_t W_{1,p}(Ω) ⊂ W_{1,p}(Ω). Proof: Let f ∈ W_{1,p}(Ω). Changing the variable in the integral we obtain ∫ Ω |∇(Lf)|^p ≤ ∫ Ω |∇(f|F^′|^{−t})|^p |F^′|^{2−p} . I + II, where I := ∫ Ω |∇f|^p|F^′|^{−tp+2−p} ≤ const ‖f‖_{1,p}, (because −tp + 2 − p > 0), and II := ∫ Ω |f|^p |∇(|F^′|^{−t})|^p|F^′|^{2−p} ≤ ‖f‖^p_∞ ∫ Ω |∇(|F^′|^{−t})|^p |F^′|^{2−p}. To see that the latter integral is finite, we only need to consider neighborhoods of critical points. Suppose c is a zero of F^′ of order k ≥ 1. Then we have (as z → c): |∇(|F^′|^{−t}) . |z|^{−1−kt}, and |∇(|F^′|^{−t})|^p |F^′|^{2−p} . |z|^{−p(1+kt)+k(2−p)}. Since the inequality t < −(1 +^1_k )(1 −^2_p ) implies −p(1 + kt) + k(2 − p) > −2, the integral converges. 2

2.4. The function s(t). We define s(t) := log_d ρ(L_t, C(Ω̄)).

We will see later (Remark 3.4) that ρ(L_t, C(Ω̄)) = ρ(L_t, J_F ), and therefore by Przytycki’s result (see Section 1.2), we have s(t) = P (t) log d , in agreement with notation in Introduction. Some preliminary properties of s(t) are stated in the following lemma.

Lemma. (i) For every point z_0 ∈ ∂Ω, we have L^n_t 1(z_0) ≍ ‖L^n_t ‖_∞, and therefore ∑ y∈F^{−n} (z0) |F^′_n(y)|^{−t} = d^{s(t)n+o(n)}.

(ii) The function s(t), t ≤ 0 is strictly decreasing and satisfies the inequality s(kt) ≤ k s(t) (∀k ≥ 1). (2.3) Proof: Since t ≤ 0, the function z → L^n_t 1(z) is subharmonic, and therefore we have ‖L^n_t ‖_∞ = ‖L^n_t 1‖_∞ = sup_{∂Ω} L^n_t 1 .

If z_1, z_2 ∈ ∂Ω, then we can choose a simply connected domain that contains z_1 and z_2 but does not contain forward iterates of the critical points. All branches of F^{−n} are conformal on such a domain, and by the distortion theorem we have |F^′_n(y_1)| ≍ |F^′_n(y_2)| as n → ∞, where y_1, y_2 denote the images of z_1, z_2 under the same branch. It is easy to see that the constants in this relation can be chosen independent of the points z_1, z_2. This completes the proof of the first statement.

Similar argument and the area estimate show that ∑ y∈F^{−n} (z0) |F^′_n(y)|^{−2} . 1 .

By Hölder’s inequality,

d^n = ∑ y∈F^{−n} (z0) 1 = ∑ y∈F^{−n} (z0) |F^′_n(y)|^{−t} 2 2−t ∑ y∈F^{−n} (z0) |F^′_n(y)|^{−2} −t 2−t ,

and we have s(t) ≥ 1 −^t_2 , and s^′(0−) ≤ −^1_2 , so s(t) is strictly decreasing. To prove (2.3), we simply observe that L^n_{kt} 1 ≤ (L^n_t 1)^k. 2

2.5. Two-norm inequality.

Lemma. Let t and p be as in Lemma 2.3. Then there exists a positive number ε = ε(p, t) such that ‖L^n_t f‖_{1,p} ≤ d^{n(s(t)−ε)+o(n)}‖f‖_{1,p} + C_n‖f‖_∞ , (f ∈ W_{1,p}(Ω)). (2.4) Proof: We have ∫ Ω |∇(L^n_t f)|^p . ∫ Ω ∑ y∈F^{−n} (z) |(∇f)(y)| |F^′_n(y)|^{−(1+t)} p dA(z)

+ ∫ Ω ∑ y∈F^{−n} (z) |f(y)| |F^′_n(y)|^{−1} |∇(|F^′_n|^{−t})(y)| p dA(z) := I + II . By the argument of the previous lemma, we have II ≤ C^p_n ‖f‖^p_∞. On the other hand, by Hölder’s inequality, we have I ≤ ∫ Ω ∑ y∈F^{−n} (z) |(∇f)(y)|^p |F^′_n(y)|^{−2} ∑ y∈F^{−n} (z) |F^′_n(y)|^{p′ ( 2p −1−t)} p p′ dA(z), where p^′ is the conjugate exponent (i.e. p^{−1} + (p^′)^{−1} = 1). Using the obvious relation |F^′_n(y)|^{−2}dA(z) = dA(y), we obtain the estimate I ≤ ‖∇f‖^p ‖ ‖ ‖L^n_p′_{(1+t−} 2_{p )} ‖ ‖ ‖ p p′ ∞ . It remains to note that ‖ ‖ ‖L^n_p′_{(1+t−} 2_{p )} ‖ ‖ ‖ 1_{p′} ∞ = d^{n 1p′ s(p′(1+t− 2p ))+o(n)}, and that 1 p^′ s ( p^′ · ( 1 + t − 2 p )) < 1 p^′ s(p^′t) ≤ s(t) by Lemma 2.4. 2

2.6. Proof of Theorem. Fix numbers t < 0 and p > 2 satisfying t < −2 ( 1 − 2 p ) . The transfer operator L_t is bounded in W_{1,p}(Ω) by Lemma 2.3. By Lemma 2.5, for any given q ∈ (0, 1), we can find an integer N and a constant Q such that ‖L^N_t f‖_{1,p} ≤ q d^{Ns}‖f‖_{1,p} + Q‖f‖_∞, (s := s(t)). (2.5) By induction, we have ‖L^{kN}_t f‖_{1,p} ≤ d^{kNs}‖f‖_{1,p} + QM_k‖f‖_∞, (k = 1, 2, . . .), where the sequence {M_k} is determined by the equations M_1 = 1, M_{k+1} = d^{Ns}M_k + ‖L^{kN}_t ‖_∞.

Since d^s is the spectral radius of L_t in C(Ω̄), we have M_k ≤ d^{(k+o(k))Ns} as k → ∞. It follows that ‖L^{kN}_t ‖_{1,p} ≤ d^{(k+o(k))Ns}, and ρ(L_t, W_{1,p}(Ω)) ≤ d^s. The opposite inequality is obvious: ‖L^n_t ‖_∞ = ‖L^n_t 1‖_∞ . ‖L^n_t 1‖_{1,p} . ‖L^n_t ‖_{1,p}.

Let us now prove the strict inequality for the essential spectral radius. The argument is again based on the estimate (2.5), in which we choose q such that q < 1 3(1 + C) , where C is the constant in Lemma 2.2. We also take ε < 1 3Q d^{Ns} in (2.2). By Lemma 2.2, there is a finite rank operator K satisfying ‖K‖_{1,p} ≤ C, ‖f − Kf‖_∞ ≤ ε ‖f‖_{1,p}. Thus we have ‖L^N_t (f − Kf)‖_{1,p} ≤ qd^{Ns}‖f − Kf‖_{1,p} + Q‖f − Kf‖_∞ ≤ d^{Ns}q(1 + C) ‖f‖_{1,p} + Qε ‖f‖_{1,p} ≤ 2 3 d^{Ns} ‖f‖_{1,p}, and therefore ρ_{ess}(L_t, W_{1,p}(Ω)) ≤ ( 2 3 ) 1_N d^s < d^{s(t)}. 2.7. A version of Ruelle’s theorem. The main result of this section can be extended to general transfer operators with Sobolev weight functions. Repeating the argument of Lemma 2.3 and Lemma 2.5 with obvious simple changes, we obtain the following statement.

Proposition. Let F be a rational function, and let g be a non-negative continuous function on the Riemann sphere such that g vanishes at the critical points of F and belongs to some Sobolev space W_{1,q}(Ĉ ) with q > 2. Then for all numbers p > 2 sufficiently close to 2, the condition

P (p^′ log [g |F^′|^{2p −1}]) < p^′P (log g), ( p^′ := p p − 1 ) , (2.6)

implies the quasicompactness of the transfer operator L_g in W_{1,p}(Ĉ ).

Corollary. Let F and g be as above, and let λ denote the spectral radius of L_g in C(J_F ). Suppose also that g satisfies Ruelle’s condition (1.4):

∃n : λ^n > sup_{JF} g_n.

Then for all numbers p > 2 sufficiently close to 2, the operator L_g acts in W_{1,p}(Ĉ ) and is quasicompact.

Proof: Since g vanishes at the critical points of F , we can represent it as follows: g = h |F^′|^τ , where τ is some positive number and h ∈ W_{1,q} for some q > 2. By the argument of Lemma 2.3, the transfer operator acts in W_{1,p} provided that 2 < p < q and p < 4 2 − τ (we can assume τ < 2). It remains to show that (1.4) implies (2.6) for all p close to 2.

If the condition (1.4) is true, then there is λ_1 < λ such that

‖g_n‖_∞ . λ^n_1 .

It follows that for all sufficiently small ε > 0, we have ‖ g_n |F^′_n|^{−ε}‖_∞ = ‖ h^{ετ}_n g^{τ−ετ}_n ‖_∞ . λ^n_2 for some λ_2 < λ. Given p close to 2, we set ε = p − 2. Then we have ‖ ‖ ‖ ‖ ‖ z → ∑ y∈F^{−n} (z) g_n(y)^{p′} |F^′_n(y)|^{(−1+2/p)p′} ‖ ‖ ‖ ‖ ‖_∞ = ‖ ‖ ‖ ‖ ‖ z → ∑ y∈F^{−n} (z) [ g_n |F^′_n(y)|^{−ε} ]_p′_{−1} g_n ‖ ‖ ‖ ‖ ‖_∞ . . λ^{(p′ −1)n}_2 λ^{n+o(n)} . λ^{p′ n}_3

with some λ_3 < λ. This implies (2.6). 2

The last statement represents a version of Ruelle’s theorem mentioned in Section 1.2. As we noted, the condition (1.6) is weaker than Ruelle’s condition (1.4). The latter condition can fail even if (1.6) is valid.

3. Analyticity of the pressure function.

In this section we verify the statements of Theorems A and B for non-exceptional polynomials.

3.1.

Theorem. If F is not exceptional, then the function s(t) is real analytic for t < 0.

Again, the proof is rather standard. It is contained in the next four lemmas. Fix t < 0 and p > 2 satisfying the condition of Lemma 2.3. Denote λ ≡ λ(t) := d^{s(t)}. In other words, λ = ρ(L_t, C(Ω̄)) = ρ(L_t, W_{1,p}(Ω)).

We show that λ(t) is an isolated, simple eigenvalue of L_t : W_{1,p}(Ω) → W_{1,p}(Ω). Then the theorem follows by the usual application of the analytic perturbation theory. The first lemma is taken from [32]. Lemma 3.3 is a version of the construction of conformal measures due to Patterson [26] and Sullivan [35]. Lemma 3.5 is essentially Lemma 6.1 of [21]. For the convenience of the reader, we outline the proofs.

3.2. λ is an eigenvalue.

Lemma. We have ker(L_t − λ) ≠ ∅ in W_{1,p}(Ω). The corresponding eigenspace contains a non-negative eigenfunction.

Proof: Since ρ_{ess}(L_t, W_{1,p}(Ω)) < λ, there are only finitely many eigenvalues λ_j satisfying |λ_j| = λ, and the corresponding spectral projections have finite ranks. Denote g_j := P_j 1; g_0 := 1 − ∑ g_j. Applying L^n_t , we have

L^n_t g_0 + ∑ L^n_t g_j = L^n_t 1,

and since

‖L^n_t g_0‖_∞ . ‖L^n_t g_0‖_{1,p} = o(‖L^n_t 1‖_∞) as n → ∞, at least one of g_j’s is not zero.

We also have ‖L^n_t g_j‖_{1,p} ≍ n^{kj} λ^n as n → ∞, where k_j ≥ 0 is the maximal integer number such that

φ_j := (L − λ_j )^{kj} g_j ≠ 0,

(i.e. k_j is the size of the corresponding Jordan cell). Let k := max{k_j}. Then

p_n := n^{−k} (L^n_t 1) = ∑ j: k_j =k λ^n_j φ_j + o(λ^n) (3.1)

in W_{1,p}(Ω) and also in C(Ω̄). Since the functions φ_j are linearly independent, we have ‖p_n‖_∞ ≍ ‖p_n‖_{1,p} ≍ λ^n, and we also have p_n(z_0) ≍ λ^n for some fixed z_0 ∈ ∂Ω. Since p_n ≥ 0, it follows that ‖ ‖ ‖ ‖ ‖ 1 N N∑ n=1 p_n λ^n ‖ ‖ ‖ ‖ ‖_∞ & 1 N N∑ n=1 p_n(z_0) λ^n ≍ 1 .

By (3.1), this is possible only if one of the eigenvalues λ_j is positive. 2

3.3. Existence of eigenmeasures. Let L^∗_t denote the adjoint of the operator L_t : C(Ω̄) → C(Ω̄). Then L^∗_t acts in the space M (Ω̄) of finite complex measures according to the following formula: L^∗_t : ν → μ := |F^′|^{−t} (ν ∘ F ). The latter means that |F^′|^t ∈ L^1(μ), in particular μ(Crit F ) = 0, and that ν(F A) = ∫ A |F^′|^t dμ for every set A such that F is one-to-one on A and satisfies A ∩ (Crit F ) = ∅. In the special case ν = δ_z, we have L^∗_t δ_z = ∑ y∈F^−1(z) |F^′(y)|^{−t}δ_y . (3.2)

Lemma. There exists a probability measure ν on J_F such that L^∗_t ν = λ(t) ν. Proof: Fix a point z ∈ ∂Ω and consider the sequence of positive measures μ_n := λ^{−n} (L^∗_t )^n δ_z = λ^{−n} ∑ y∈F^{−n} (z) |F^′(y)|^{−t} δ_y . Clearly, L^∗_t μ_n = λ μ_{n+1}, and by the proof of Lemma 3.2, we have ‖μ_n‖ = λ^{−n} L^n_t 1(z) ≍ n^k for some integer k ≥ 0. Next we define

ν_n := n∑ j=0 μ_n , and take some (weak-∗) limit point ν of the sequence ν_n / ‖ν_n‖. Then ν is a probability measure supported on J_F , and since ‖L^∗_t ν_n − λν_n‖ ‖ν_n‖ = ‖λ(μ_{n+1} − μ_0)‖ ‖ν_n‖ ≍ n^k n^{k+1} = 1 n → 0, we have L^∗_t ν = λν. 2

3.4. Remark. The last lemma implies in particular that ρ(L_t, C(J_F )) = ρ(L_t, C(Ω̄)).

Indeed, λ is an eigenvalue of the adjoint of L_t : C(J_F ) → C(J_F ), and therefore ρ(L_t, C(J_F )) ≥ λ. The opposite inequality is obvious: ‖L^n_t ‖_{C(JF )} = ‖L^n_t 1‖_{C(JF )} ≤ ‖L^n_t 1‖_{C(}¯_{Ω)}.

3.5. The support of an eigenmeasure.

Lemma. Let ν be a probability measure on J_F satisfying L^∗_t ν = λ(t) ν. Then either supp ν = J_F , or the set Σ := supp ν is finite and satisfies F^{−1}Σ \ Crit F = Σ, in particular F is exceptional. In the latter case, we have (see Introduction for notation) log λ(t) = −tχ_∗ = −tχ_{max}.

Proof: From the equation λν = |F^′|^{−t}ν ∘ F (3.3) we have F^{−1}Σ \ Crit F ⊂ Σ.

It follows that if #Σ = ∞, then we can find a point a ∈ Σ such that ⋃ n≥0 F^{−n}a ⊂ Σ, which implies Σ = J_F .

On the other hand, if #Σ < ∞, then by (3.3) we have (x ∈ Σ) ⇒ (ν(x) ≠ 0) ⇒ (|F^′(x)| ≠ 0 and ν(F x) ≠ 0) ⇒ (x ∈ F^{−1}Σ \ Crit F ).

The prove the last statement of the lemma, observe that if b ∈ Per F , then clearly log λ(t) ≥ −tχ_b. On the other hand, we have log λ(t) = −tχ_a for every periodic point a ∈ Σ. 2

3.6. Multiplicity of λ.

Lemma. Suppose there exists a probability measure ν such that L^∗ ν = λ(t) ν and supp ν = J_F .

Then λ ≡ λ(t) is a simple eigenvalue of the operator L_t in W_{1,p}(Ω): dim ker (L_t − λ)^2 = 1 .

Proof: We will need the following fact: if f ∈ W_{1,p}(Ω), then { L_tf = λf f|_{JF} = 0 implies f = 0 . (3.4)

Assuming (3.4), we can use the following standard argument to prove the lemma. It is known that the existence of an eigenmeasure with supp ν = J_F implies dim ker (L_t − λ) = 1 in C(J_F ), see for example Section 3.6 of [21]. By (3.4), the same is true for the space W_{1,p}(Ω). Suppose now that (L_t − λ)^2h = 0 for some h ∈ W_{1,p}(Ω). We need to show that f := (L_t − λ)h is trivial. By (3.4), it is sufficient to prove f|_{JF} = 0. We have (f, ν) = (L_th, ν) − (λh, ν) = (h, L^∗_t ν) − λ (h, ν) = 0. Since dim ker (L_t − λ) = 1, we can assume (by Lemma 3.2) that f ≥ 0, and therefore, we have f = 0 ν-almost everywhere. The equality f|_{JF} = 0 now follows from the assumption supp ν = J_F .

It remains to prove (3.4). Fix z ∈ Ω. We have |f(z)| = |λ^{−n} L^n_t f(z)| ≤ λ^{−n} ∑ y∈F^{−n} (z) |F^′_n(y)|^{−t} |f(y)| . λ^{−n ∑}_{y∈F −n (z)} |F^′_n(y)|^{−t} dist(y, JF )^α, where α < −t is a fixed positive number such that W_{1,p}(Ω) ⊂ H_α, see (2.1). Observe now that dist(y, J_F ) . |F^′_n(y)|^{−1}. (3.5) Indeed, if z is in the basin of attraction to ∞, and G(·) denotes the Green function with pole at infinity, then (3.5) follows from the estimates |F^′_n(y)| |∇G(z)| = d^n |∇G(y)| .^{dnG(y)} dist(y, J_F )

(3.6) = G(z) dist(y, J_F ) . On the other hand, if z belongs to some bounded component of C \J_F , then the iterates {F^n} are uniformly bounded in the discs B(y, dist(y, J_F )) (the discs lie in the filled-in Julia set), and so (3.5) follows from the Schwarz lemma.

We can now finish the proof of (3.4). From (3.6) and (3.5), we have |f(z)| . λ^{−n} ∑ y∈F^{−n} (z) |F^′_n(y)|^{−t−α} ≤ d^{−s(t)n} d^{s(t+α)n} d^{o(n)} → 0 as n → ∞, because s(·) is strictly decreasing. 2

We conclude this section with several remarks concerning some other ”hyperbolic” features of non-exceptional polynomials.

3.7. Remarks. (i) Perron-Frobenius Theorem.

The probability eigenmeasure ν ≡ ν_t in Lemma 3.3 is unique, and if f_t ∈ W_{1,p}(Ω) denotes the non-negative eigenfunction of L_t satisfying ν_t(f_t) = 1, then the rank one operator P := (·, ν_t)f_t is the spectral projection of L_t : W_{1,p}(Ω) → W_{1,p}(Ω) corresponding to the isolated eigenvalue λ ≡ λ(t). One can show that ρ((I − P)L_t, W_{1,p}(Ω)) < λ, (3.7) which implies that λ^{−n}L^n_t → P with exponential rate of convergence in the uniform operator topology.

To prove (3.7), we first observe that the set {f_t = 0} is finite. Assume that L_tf̂ = λ̂f̂ for some number λ̂ of modulus λ and some function f̂ ∈ W_{1,p}(Ω) with normalization ν_t(|f̂|) = 1. Then we have |f̂| = f_t (use, e.g., the argument of [21], p.142). Define the function η = η(z) for z ∈ J_F \ {f_t = 0} by the equation f̂ = ηf_t. From the identity (L_t f_t)(z) = λ λ̂η(z) (L^t ηf^t)(z), we have ∑ y∈F^−1 z ( 1 − λη(y) λ̂η(z) ) f_t(y)|F^′(y)|^{−t} = 0, and therefore η(F y) η(y) = λ λ̂ except for a finite set of y’s. Taking two periodic points with relatively prime periods and with orbits avoiding this finite set, we have λ̂ = λ.

(ii) Equilibrium states.

Let μ_t denote the probability measure f_tν_t. Standard argument shows that μ_t is an ergodic, F -invariant measure. We claim that μ_t is a unique equilibrium state: P (t) = h_t − tχ_t, (3.8) where we write h_t and χ_t for the entropy and the exponent of μ_t.

The equality (3.8) follows from the Rokhlin-type formula

h_t = ∫ log J_t dμ_t, (3.9)

where J_t := λ(t) f_t ∘ F f_t |F^′|^t ∈ L^1(μ_t) is the Jacobian of μ_t. (We also use the obvious fact that log f_t is integrable with respect to μ_t.) The formula (3.9) follows from the well-known estimate h_t ≥ ∫ log J_t dμ_t

and from the variational principle.

To prove the uniqueness result, it is sufficient to show that if μ is an equilibrium state, then μ(Ψ) = μ_t(Ψ) for all Ψ ∈ C^∞.

The latter is an immediate consequence (cf. [28]) of the differentiability at 0 of the pressure function p(s) := P (−t log |F^′| + sΨ), (s ∈ R), see the next remark and also Section 2.7.

(iii) Derivatives of the pressure function.

For non-exceptional polynomials, one can establish the same formulas for the derivatives of P (t) as in the hyperbolic case (see [29, 30, 31]). Namely, for the first derivative we have P^′(t) = −χ_t, (t < 0), and also P^′(0−) = −χ_m,

P^′(−∞) = sup_M χ_μ = lim_{n→∞} 1 n log ‖F^′_n‖_∞.

(Recall that m denotes the measure of maximal entropy.) The first statement follows, for example, from the variational principle which also implies the inequality P^′(0−) ≥ −χ_m. To prove that P^′(0−) ≤ −χ_m, we denote P_ε(t) = P (−t log(|F^′| + ε)), and consider the corresponding equilibrium state μ_{ε,t}: P_ε(t) = h_{ε,t} − t ∫ log(|F^′| + ε) dμ_{ε,t} (h_{ε,t} is the entropy of the equilibrium state). It follows that h_{ε,t} → P_ε(0) = log d as t → 0, and therefore weak*- lim_{t→0} μ_{ε,t} = m by the upper semicontinuity of the entropy and the uniqueness of the maximal measure. Since P_ε(t) ≤ P (t), we have

P^′(0−) ≥ lim sup_{t→0−} log d − P_ε(t) −t ≥ lim sup t→0− h_{ε,t} − P_ε(t) −t = − lim inf t→0− ∫ log(|F^′| + ε) dμ_{ε,t} = − ∫ log(|F^′| + ε) dm → χ_m as ε → 0.

To state the formula for the second derivative of the pressure function, we denote A := log |F^′| and S_n := ∑_{n−1} j=0 A ∘ F^j. For t < 0, consider the asymptotic variance σ^2_t of the process {A ∘ F^n}_{n≥0} in L^2(μ_t):

σ^2_t := lim_{n→∞} 1 n ∫ [S_n − μ_t(S_n)]^2 dμ_t = ∫ A^2 dμ_t + 2 ∞∑ n=1 ∫ A(A ∘ F^n)dμ_t. The asymptotic variance is finite because of the exponential decay of the correlations ∫ A(A ∘ F^n)dμ_t (use the fact that L_t(Af_t) ∈ W_{1,p}(Ω) and apply Perron-Frobenius).

As in the hyperbolic case, we have P^{′′}(t) = σ^2_t .

Indeed, standard computation based on the differentiation of the identity L_τ f_τ = λ(τ )f_τ (with normalization ν_t(f_τ ) ≡ 1 for the eigenfunctions f_τ ) shows that P^{′′}(t) = n^{−1}[μ_t(S^2_n) − μ_t(S_n)^2]− < n^{−1}S_nḟ_t, ν_t >, (the dot denotes the derivative with respect to t) and so we need to show that the last term tends to zero as n → ∞. Since < (A ∘ F^j)ḟ_t, ν_t > = λ(t)^{−j} < A(L^j_t )ḟ_t, ν_t >, we have < n^{−1}S_nḟ_t, ν_t > = < AM_nḟ_t, ν_t >, where

M_nḟ_t := 1 n n−1∑ j=0 L^j_t λ(t)^j ḟ_t^{W1,p}−→ < ḟ_t, ν_t > f_t = 0.

(iv) P (t) ≡ P̃ (t) for non-exceptional maps.

This follows from the fact that the equilibrium states μ_t are non-atomic. The latter can be proved as follows. The analyticity of the pressure function implies that P (t) > P^′(−∞) t, (∀t < 0).

On the other hand, we have |P^′(−∞)| = lim_{n→∞} 1 n log ‖F^′_n‖_∞.

Hence, for every t < 0, we have ‖F^′_n‖^{−t}_∞ = o(λ(t)^n) as n → ∞. Suppose now that ν_t(x) ≠ 0. Since ν_t is an eigenmeasure, we have |F^′_n|^{−t}(ν_t ∘ F^n) = λ(t)^nν_t, and ν_t(F^nx) = λ(t)^n |F^′_n(x)|^{−t} ν_t(x) → ∞.

3.8. Rigidity. It follows from Remark (iii) that if P^{′′}(t) = 0 for some t < 0, then σ_t = 0 and therefore the function log |F^′| is homologous to a constant in L^2(μ_t), i.e. for some u ∈ L^2(μ_t) we have log |F^′| = u − u ∘ F + const (3.10) According to Zdunik [38], log |F^′| can be homologous to a constant in L^2(m), where m is the maximal measure, if and only if F is critically finite and the corresponding orbifold is parabolic. One can modify the argument in [38] to extend her result to our equilibrium states μ_t.

Theorem. Let F be a nonexceptional rational function. Then P^{′′}(t) > 0 for all t < 0.

Proof: Suppose P^{′′}(t) = 0 for some t < 0 and let μ = μ_t denote the corresponding equilibrium state. We claim that (3.10) implies F^{−1}(CV) ⊂ CV ∪ C, (3.11) where C := J ∩ Crit F and CV := {F^nc : n ≥ 1, c ∈ C}.

It then follows that the set CV is finite, in which case the statement is known.

To prove (3.11), we need the following lemma. Let us choose a subset S ⊂ J with μS > 1/2 such that u is bounded on S.

Lemma. Let p ∈ J \ CV. Then there is a disc B about p and a subset E ⊂ B of full μ-measure in B such that the following is true:

for every pair of points x, y ∈ E, there is an integer n > 0 and a component P of F^{−n}B such that

(i) the map F^n : P → B is univalent, and (ii) x, y ∈ F^n(S ∩ W ).

This lemma immediately implies (3.11). First we observe that u is bounded on E ∩^1_2 B. Indeed, if x = F^na and y = F^nb for some a, b ∈ S ∩ W , then by (3.10) we have u(x) − u(y) = log |F^′_n(a)| |F^′_n(b)| + u(b) − u(a), and the first term to the right is bounded by the distortion theorem. Next we take x ∈ CV, y ∈ F^{−1}x and suppose that y ∉ C ∪ CV. It follows that u is μ-bounded in some neighborhood of y. Applying (3.10), we see that u is μ-bounded in some neighborhood of x. On the other hand, there is a critical point c ∈ C \ CV such that x = F^kc for some k ≥ 1. Then u is μ-bounded near c, but the equation log |F^′_k| = u ∘ F^k − u + const, shows that u cannot be μ-bounded at x. This proves (3.11) and hence the theorem.

We now turn to the proof of the lemma.

Consider the natural extension (J̃, F̃ , μ̃) of the dynamical system (J, F, μ). Recall that F̃ is the left shift in the space of sequences J̃ := {x̃ = (. . . , x_{−1}, x_0, x_1, . . . ) ∈ J Z: x_{k+1} = F x_k}.

Let π_k : J̃ → J denote the projection onto the k-th coordinate. We will write π for π_0. The ergodic measure μ̃ is defined as a unique F̃ -invariant measure satisfying μ = π_∗μ̃.

For a given disc B and n > 0, we denote by U_{−n} the union of the components of F^{−n}B on which F^n is univalent. Consider the set O := {x̃ ∈ J̃ : x_0 ∈ B, x_k ∈ U_k for all k < 0}.

We can introduce a direct product structure in O in the following way. Let Σ be the set of all infinite sequences of the inverse branches participating in the construction of O: Σ = O/ ∼, where, by definition, x̃ ∼ ỹ if the points x_k and y_k belong to the same component of U_k for all k < 0. If τ : O → Σ denotes the corresponding projection, then the map π × τ : O → B × Σ is a bijection.

Consider now the restriction of μ̃ to the set O as a measure on B × Σ. Let ρ denote the projection of this measure to Σ and {μ_σ : σ ∈ Σ} the corresponding family (”canonical system”) of conditional measures on B. The proof of the lemma is based on the following two facts:

(*) if the radius of B is sifficiently small, then μ̃(O) > 0;

(**) the restriction of μ to B is absolutely continuous with respect to μ_σ for ρ-a.e. σ.

Assuming these facts, we can now finish the proof of the lemma. Since μ̃(π^{−1}S) > 1 2 , applying the ergodic theorem we can find a subset E of O of full measure, μ̃(O \ E) = 0, such that (x̃, ỹ ∈ E) ⇒ (∃k < 0, x_k ∈ S, y_k ∈ S). Denote E_σ := π(E ∩ τ^{−1}σ). Then we have

0 = μ̃(O \ E) = ∫ μ_σ (B \ E_σ) dρ(σ), and therefore μ_σ(B \ E_σ) = 0 for ρ-a.e. σ.

By (**), we have μE_σ = μB for ρ-a.e. σ, and so almost every set E_σ satisfies the condition of the lemma.

It remains to verify (*) and (**).

Proof of (*): Recall that μ = fν, where f = f_t and ν = ν_t are the corresponding eigenfunction and eigenmeasure respectively. Since p ∉ CV, we have f(p) ≠ 0. We will also use the estimate ‖ F^′_n ‖^{−t}_∞ . λ^n_1 , λ_1 < λ := λ(t), (3.12) which is true, as was already mentioned, for all non-exceptional maps. For n > 0, let C_{−n} be the union of the components P of F^{−n}B such that P ∩ C ≠ ∅, but F P ⊂ U_{1−n}. It is clear that the number of such components P of C_{−n} as well as the degrees of the maps F^n : P → B are bounded by a constant depending only on the degree of F . Using the fact that ν is an eigenmeasure and that f(p) ≠ 0, it follows that if the radius of B is small enough, then

μC_{−n} . const ‖f‖_∞ ‖ F^′_n ‖^{−t}_∞ μB f(p) λ^n , with a constant depending only on the degree of F . For an arbitrary N , we can take B so small that C_{−1}, . . . , C_{−N} = ∅, and by (3.12), we can choose N such that ∑ n>0 μC_{−n} = ∑ n>N μC_{−n} < μB. Since π^{−1}B \ O ⊂ ⋃ n>0 {x̃ ∈ π^{−1}B : x_{−n} ∈ C_{−n}}, we have μ̃O ≥ μB − ∑ μC_{−n} > 0. Proof of (**): Fix η ∈ (0, 1), and let B^′ denote the disc ηB. We will show that if μ̃(O ∩ π^{−1}B^′) > 0 (3.13) then ( μe > 0, e ⊂ B^′ ) ⇒ (μ_σ e > 0 for ρ-a.e. σ).

By (*), the inequality (3.13) holds for all η close to 1, and therefore (**) follows.

We will use the symbols P_k, k > 0, to denote any component of U_{−k}. The statement follows from the estimate

μ̃ [O ∩ π^{−1}_0 e ∩ π^{−1}_{−k}P_k] ≥ const μ̃ [O ∩ π^{−1}_0 B^′ ∩ π^{−1}_{−k}P_k], (3.14) with a constant independent of k and P_k. Since ⋃ (P_n) π^{−1}_{−n}P_n ↘ O as n → ∞, we have

μ̃ [O ∩ π^{−1}_0 e ∩ π^{−1}_{−k}P_k] = lim_{n → ∞} ∑ μ̃ [O ∩ π^{−1}_{−n}P_n] = lim_{n → ∞} ∑ μ(P_n ∩ F^{−n}e), (3.15)

where the sums are taken over all components P_n such that F^{n−k}P_n = P_k. We can represent the right hand side of (3.14) in a similar way, and so to prove (3.14) we only need to compare the μ-measures of the sets P_n ∩ F^{−n}e and P_n ∩ F^{−n}B^′.

Assume first that the eigenfunction f does not vanish on J. Then it is enough to notice that the ν-measures of the above sets are comparable. The latter is a consequence of the distortion theorem and of the fact that ν is an eigenmeasure: ν(P_n ∩ F^{−n}e) ν(P_n ∩ F^{−n}B^′) = λ^{−n} ∫ e |F^′_n|^t d(ν ∘ F^n) λ^{−n} ∫ B^′ |F ′ n|^t d(ν ∘ F^n) .

The eigenfunction f may have zeros in general. Let Z denote the set {f = 0}. Since F in non-exceptional, there is an integer m > 0 such that

δ := dist(Z, F^{−m}Z) > 0.

We can also assume that the disc B is so small that the diameters of all sets P_n ∩ F^{−n}B^′ are ≪ δ. Returning to the computation (3.15), we modify some of the terms μ(P_n ∩ F^{−n}e) as follows. If the set P_n ∩ F^{−n}e contains a point at which f is very small, then we replace the coresponding term with the sum ∑ μ(P_{n+m} ∩ F^{−n−m}e) taken over all components P_{n+m} such that F^mP_{n+m} = P_n. In the new expression, the eigenfunction f is bounded away from zero by a constant independent of n, and so the previous argument applies. 2

4. Hidden Spectrum

In this section we study the phase transition case, and complete the proof of Theorems A and B.

Let F be an exceptional polynomial. We assume that F not conjugate to a Chebychev’s polynomial. From the discussion in Section 1.3, it follows that there exists a fixed point a ∈ J_F , F (a) = a, such that F^{−1}a \ {a} ⊂ Crit F. Consider the function H(z) := |z − a|. We have H ∘ F H (z) = ∏ c∈Crit F ∩F^−1 a |z − c|^{k(c)+1}, where k(c) denotes the multiplicity of a critical point c. We also define the number κ̃ > 0 from the equation κ̃ 1 − κ̃ = min{k(c) : c ∈ F^{−1}a ∩ Crit F }.

4.1. The functions s_κ(t). The idea is to replace the weights |F^′|^{−t} in the transfer operators (1.1) with ”homologous” weights of the form G_{κ,t} := |F^′|^{−t} ( H ∘ F H )_{κt} . If 0 ≤ κ ≤ κ̃, then the weights G_{κ,t} are continuous in Ω̄ and the corresponding transfer operators L_{κ,t}f(z) := ∑ y∈F^−1(z) G_{κ,t}(y)f(y) are bounded in C(Ω̄). The special property of the case κ = κ̃ is that every point in Ω has at least one preimage that is not a zero of G_{κ̃,t}. This means that we are no longer in the ”exceptional” situation – we have L^∗_{κ̃,t} ν ≠ 0 (4.1) for every probability measure ν on J_F . Unfortunately, the operators L_{κ̃,t} are not bounded in any space W_{1,p}(Ω), and to apply the technique of Sections 2 and 3 we have to use L_{κ,t} with κ < κ̃. (The operators with κ < κ̃ do not satisfy (4.1) but they are bounded in appropriate Sobolev spaces.)

Let λ_κ(t) denote the spectral radius of L_{κ,t} in C(Ω̄). Define s_κ(t) := log_d λ_κ(t).

We will need the following properties of the functions s_κ(t). (i) If t < 0 and 0 ≤ κ ≤ κ^′ ≤ κ̃, then s_κ′ (t) ≤ s_κ(t). Proof: Denote h(z) = |z − a|^{−t(κ′−κ)} and observe that L^n_κ′_{,t} 1 = 1 h L^n_{κ,t} h. Let z_n be the points in ∂Ω such that ‖L^n_κ′_{,t}‖_∞ = L^n_κ′_{,t} 1(z_n). The existence of such points follows from the subharmonicity of the function z → L^n_κ′_{,t} 1(z). Then we have ‖L^n_κ′_{,t}‖_∞ ≍ L^n_{κ,t} h(z_n) ≤ ‖L^n_{κ,t} h‖_∞ . ‖L^n_{κ,t}‖_∞, which implies the statement. 2 (ii) If there is a probability measure ν satisfying L^∗_{κ,t} ν = λ_κ(t) ν and if ν ≠ δ_a, then s_κ′ (t) = s_κ(t) for all κ^′ > κ.

Proof: We have ‖L^n_κ′_{,t}‖_∞ & ‖h L^n_κ′_{,t} 1‖_∞ = ‖L^n_{κ,t} h‖_∞ & < L^n_{κ,t} h, ν > = λ^n_κ (t) < h, ν > ≍ λ^n_κ (t), which implies s_κ′ (t) ≥ s_κ(t). 2 (iii) For every κ ∈ [0, κ̃], the function s_κ(·) is strictly decreasing. Proof: It is clear that ν_t ≠ δ_a if t is sufficiently close to 0. By the previous statement, we have s_κ(t) = s(t) for such t’s, and therefore the function s_κ(t) is strictly decreasing in a neighborhood of 0. It remains to note that s_κ is convex (use Hölder’s inequality and the definition of s_κ).

4.2.

Lemma. s̃(t) > −t(1 − κ̃) log_d |F^′(a)|.

Proof: Denote M := F^′(a). The statement is obvious if a is a neutral fixed point, so we assume that a is repelling: |M | > 1. For simplicity, we write G and L instead of G_{κ̃,t} and L_{κ̃,t} respectively. Observe that G(a) = |M |^{−t(1−κ̃)}. By (4.1), we can consider the operator ν → ‖L^∗ν‖^{−1} L^∗ν on the set of probability measures on J_F . By Schauder’s theorem, this operator has a fixed point ν, and we have L^∗ν = λ ν (4.2) for some λ > 0. It is clear that log_d λ ≤ s̃(t), and it remains to show that G(a) < λ. (4.3) Since a is a repelling point of F , there is a conformal map φ from the unit disc onto some neighborhood of a such that φ(M z) = F (φ(z)), (|z| < |M |^{−1}). If |z| < |M |^{−(1+n)}, then we have |F^′_n(φ(z))| = |M |^n |φ^′(M^nz)| |φ^′(z)| ≍ |M |^n, and G_n(φ(z)) = |F^′_n|^{−t} ( |φ(M^nz) − a| |φ(z) − a| )_{κ̃t}

≍ |M |^{−tn} (|M |^n)^{κ̃t} = G(a)^n.

To prove (4.3), we consider the sequence of pairwise disjoint domains U_n := φ (|M |^{−(2+n)} < |z| < |M |^{−(1+n)}), (n ≥ 0). By construction, F^n is injective on U_n, F^n(U_n) = U_0, and G_n(z) ≍ G(a)^n for z ∈ U_n.

Then by (4.2), we have ν(U_n) = λ^{−n} ∫ U G_n(z) dν(z) ≍ λ^{−n} G(a)^n ν(U ). It is easy to see that supp ν = J_F . (This follows from (4.1), see the proof of Lemma 3.5.) Hence ν(U ) > 0, and since the domains U_n are disjoint, we have ∑ n≥0 ( G(a) λ )_n .^∑_{n≥0} ν(Un) < 1, which implies (4.3). 2

4.3. The operators L_{κ,t} with κ < κ̃. The argument of Lemma 2.3 shows that if t < 0 and 0 ≤ κ < κ̃, then L_{κ,t} is bounded in W_{1,p}(Ω) with p > 2 sufficiently close to 2. We can now apply the methods of Sections 2 and 3 to establish the following result. The condition (4.4) below simply means that a measure ν satisfying L^∗_{κ,t}ν = λ_κ(t) ν cannot be equal to δ_a, and therefore supp ν = J_F by the proof of Lemma 3.5. Indeed, we have L^∗_{κ,t}δ_a = G_{κ,t}(a) δ_a, and if we assume (4.4), then G_{κ,t}(a) = |F^′(a)|^{−t(1−κ)} < λ_κ(t).

Lemma. Let 0 ≤ κ < κ̃, and t < 0. Suppose that s_κ(t) > −t(1 − κ) log_d |F^′(a)|. (4.4) Then the function s_κ(·) is real analytic at t, and there is a non-atomic equilibrium state μ_{κ,t} for the function log G_{κ,t}.

Proof: There are only minor changes in the reasoning of the previous sections. We again write G and L for G_{κ,t} and L_{κ,t}.

(i) We first establish a two-norm inequality similar to (2.4). Choose p > 2 such that L acts in W_{1,p}(Ω). We claim that for some ε > 0, ‖L^n f‖_{1,p} ≤ d^{n(sκ(t)−ε)+o(n)}‖f‖_{1,p} + C_n‖f‖_∞ , (f ∈ W_{1,p}(Ω)). (4.5)

To prove (4.5), we repeat the computation of Lemma 2.5 to obtain ∫ Ω |∇(L^nf)|^p . ‖L̂^n‖^{pp′} ‖∇f‖^p_{1,p} + C_n‖f‖^p_∞, (4.6) where L̂ denotes the transfer operator L̂f(z) = ∑ y∈F^−1z f(y) Ĝ(y) with the weight function Ĝ := G^{p′} |F^′|^{( 2}p^{−1)p′} ≡ G_{κ̂,t̂}, p^′ is the conjugate exponent, and t̂ := p^′ ( t + 1 − 2 p ) , κ̂ := κt t + 1 −^2_p . Since κ̂ > κ and t̂ > p^′t, the properties (i) and (iii) of Section 4.1 imply that 1 p^′ s_{κ̂}(t̂) < 1 p^′ s_κ(p^′t) ≤ s_κ(t), and therefore ‖L̂^n‖^{1p′} = d^{n(sκ(t)−ε)+o(n)}. Together with (4.6), the latter implies (4.5).

(ii) The quasicompactness of L, ρ_{ess}(L, W_{1,p}(Ω)) < ρ(L, W_{1,p}(Ω)) = ρ(L, C(Ω̄)) ≡ λ_κ(t), is a consequence of the two-norm inequality (4.5). It also follows that λ_κ(t) is an eigenvalue of L : W_{1,p}(Ω) → W_{1,p}(Ω) and that there is a probability measure ν_{κ,t} satisfying L^∗ν_{κ,t} = λ_κ(t) ν_{κ,t}. The proofs are identical to those in Sections 2 and 3. As we mentioned, from (4.4) we have supp ν_{κ,t} = J_F . (4.7) This in turn implies that λ_κ(t) is a simple isolated eigenvalue of L : W_{1,p}(Ω) → W_{1,p}(Ω), and so the spectrum s_κ(·) is analytic at t. The proof is exactly the same as in Lemma 3.6 except that the fact

( f ∈ W_{1,p}(Ω), Lf = λ_κ(t) f, f|_{JF} ≡ 0 ) ⇒ (f ≡ 0) (4.8) requires a slightly different argument. Fix z ∈ Ω \ J_F . Then we have |f(z)| = |λ_κ(t)^{−n} L^nf(z)| . λ^{−n}_κ (t)^∑_{y∈F −n (z)} |Gn(y)| dist(y, JF )^β ,

for some positive number β < −t. Using the inequality (3.5), we have |f(z)| . λ^{−n}_κ (t) ∑ y∈F^{−n} (z) G_n(y) |F^′_n(y)|^{−β} = λ^{−n}_κ (t) H(z)^{tκ} ∑ y∈F^{−n} (z) |F^′_n(y)|^{−t−β} H(y)^{−tκ} = e^{o(n)} d^{−sκ(t)n} d^{sκ̂(t̂)n}, with t̂ := t + β > t, and κ̂ = t t + β > κ. By (i) and (iii) of Section 4.1, we have s_{κ̂}(t̂) < s_κ(t), which completes the proof of (4.8).

(iii) The construction of an equilibrium state μ and the proof that μ has no atoms is the same as in Section 3.7. 2

4.4. Corollary. P̃ (t) = s̃(t) log d.

Proof: Fix t < 0. By property (i) of Section 4.1 and by Lemma 4.2, we have s_κ(t) ≥ s̃(t) > −t(1 − κ̃) log_d |F^′(a)|, and therefore s_κ(t) > −t(1 − κ) log_d |F^′(a)| for some parameter κ ∈ (0, κ̃) which we now consider fixed. As we mentioned, the last inequality implies that there exists an eigenmeasure ν_{κ,t} satisfying supp ν_{κ,t} = J_F . By property (ii), it follows that s̃(t) = s_κ(t). Applying the variational principle (see Section 1.2), we have s_κ(t) log d = P (log G_{κ,t}).

We also have the equality P̃ (t) = P (log G_{κ,t}) which follows from the existence of a non-atomic equilibrium state for the function log G_{κ,t} and from the fact that if μ is a probability measure on J_F such that μ(a) = 0, then μ(log G_{κ,t}) = −tχ_μ. (4.9) To prove (4.9), we observe that if log H ∘ F H ∉ L^1(μ), then both sides in (4.9) are −∞, otherwise we have μ ( log H ∘ F H ) = 0.

Indeed, for ε ∈ (0, 1) denote H_ε := H + ε. Then | | |log H^ε ∘ F H_ε | | | ≤ | | |log H ∘ F H | | | + const on J_F , and log H_ε ∘ F H_ε μ-a.e. −→ log H ∘ F H as ε → 0. 2 4.5. Proof of Theorems A and B. If F is not exceptional, then P_F (t) is real analytic on the negative axis, and therefore P_F (t) > −χ_{max} for all t < 0. The equality P_F = P̃_F was explained in Section 3.7.

Suppose now that F is an exceptional map. Clearly, we always have P_F (t) ≥ max {P̃_F (t), −χ_{max}t}.

If P_F (t) > −χ_∗t for some t < 0, then we have P_F (t) = P̃_F (t) by the property (ii) and Lemma 3.5. This completes the proof of Theorem A.

A phase transition occurs if and only if χ_∗ > P̃^′_F (−∞). On the other hand, it is clear that P̃^′_F (−∞) = sup {χ_μ : μ ∈ M, μ(Σ_F ) = 0}, and Theorem B follows.

4.6. Remark. One can extend all results of Sections 3.7 and 3.8 to exceptional polynomials. In particular, the argument of Section 3.8 proves Theorem C: P̃^{′′}(t) > 0 for all t < 0 unless F is critically finite with parabolic orbifold. In the next section we will also use the following formula involving P̃^′(t).

For t < 0, let κ be a number satisfying the conditions of Lemma 4.3, and let μ ≡ μ_{κ,t} be the corresponding equilibrium state. Then applying (4.9), we have P̃^′(t) = −χ_μ.

Since P̃ (t) = h_μ − tχ_μ, we get

dim μ = h_μ χ_μ = t − P̃ (t) P̃ ′(t) . (4.10) (The first equality in (4.10) follows from Mañé’s formula [23].)

5. Dimension spectrum In this section we study the dimension properties of the maximal measure m and prove Theorem D.

5.1. Definitions and results. We define the box-counting dimension spectrum f(α) of m as follows:

f(α) := lim_{η→0} lim sup_{δ→0} log N (δ; α, η) | log δ| , where N (δ; α, η) is the maximal number of disjoint discs B of radius δ centered at J_F and satisfying δ^{α+η} ≤ mB ≤ δ^{α−η}. The Hausdorff dimension spectrum f̃ (α) is defined be the equation f̃ (α) := dim {z : α(z) exists and = α}, where α(z) is the pointwise dimension of m at z, and dim denotes Hausdorff dimension if the set is uncountable and −∞ otherwise. Recall the statement of Theorem D. Let α_0 denote the Hausdorff dimension of the maximal measure. By (iii) of Section 3.7, we have α_0 = |s^′(0−)|^{−1}.

Claim. (i) The function s(t) on {t ≤ 0}, and the function f(α) on {α ≤ α_0} form a Legendre pair:

s(t) = sup_{α≤α0} f(α) − t α , (t ≤ 0), f(α) = inf_{t≤0} [t + αs(t)], (α ≤ α_0).

(ii) The functions s̃(t), t ≤ 0, and f̃(α), α ≤ α_0 form a Legendre pair.

Using Theorem D, we can restate our results on the pressure function in terms of the spectra f(α) and f̃ (α). Let us assume that F is not critically finite with parabolic orbifold. Denote α_{min} := 1 |s^′(−∞)| . If s(t) has a phase transition point, then we also define the parameters

α̃_{min} := 1 |s̃^′(−∞)| and α_c := 1 |s^′(t_c+)| = 1 |s̃^′(t_c)| . We always have 0 < α_{min} < α_0, and in the phase transition case we have 0 < α_{min} < α̃_{min} < α_c < α_0.

Finally, note that f(α_0) = f̃ (α_0) = α_0 because α_0 = dim m.

Corollary 1. If F is not critically finite with parabolic orbifold, then f̃ (α) is a real analytic, strictly increasing and strictly convex (f̃^{′′} > 0) function on the interval (α̃_{min}, α_0), and f̃(α) ≡ −∞ for α < α̃_{min}.

Proof: Define α(t) := |s̃^′(t)|^{−1}.

Since s̃^{′′} > 0, we have α^′(t) = s̃^{′′}(t) (s̃^′(t))^2 > 0, and so α(t) is strictly increasing on the interval (−∞, 0), and the inverse function t(α) is real analytic on (α̃_{min}, α_0). It follows that for α ∈ (α̃_{min}, α_0), the function f̃ (α) = inf_{t≤0} [t + αs̃(t)] = t(α) + αs̃(t(α)) has the stated properties. It is also clear that f̃ (α) ≡ −∞ if α < α̃_{min}. 2

Corollary 2. If F is not exceptional (more generally, if there is no phase transition), then f ≡ f̃ . In the phase transition case, f(α) is C^1 but not C^2 on (α_{min}, α_0). More precisely,

f(α) = f̃ (α), α_c ≤ α ≤ α_0, linear, α_{min} ≤ α ≤ α_c, 0, α = α_{min}, −∞, α < α_{min}. Proof: Reasoning as above, we have f(α) = t + αs(t), (α_c ≤ α ≤ α_0), where α and t are related by the equation αs^′(t) = −1. We also have f(α) = t_c ( 1 − α α_{min} ) on [α_{min}, α_c].

It follows that f^′ is continuous at α_c. Indeed,

f^′(α_c+) = 1 α_c [f(α_c) − t_c] = 1 α_c [ t_c ( 1 − α_c α_{min} ) − t_c ]

= − t_c α_{min}

= f^′(α_c−).

The rest of the proof is obvious. 2

We will prove the theorem only for polynomials with connected Julia sets. The proof is considerably shorter in this special case because we can express the spectra s(t) and s̃(t) in terms of the Riemann map φ : Δ := {|z| > 1} → A(∞), (φ(∞) = ∞), where A(∞) is the basin of attraction to infinity, and apply some general facts of the conformal mapping theory. (For arbitrary rational maps, one should replace certain parts of the argument with corresponding dynamical considerations.) Recall that for connected polynomial Julia sets, m is the image of the normalized Lebesgue measure under the boundary correspondence. In what follows, we assume that the polynomial F is exceptional (but not Chebychev’s) with Σ_F = {a}.

5.2.

Lemma. For each t < 0, we have d^{ns(t)} ≍ d^{n(1−t)} ∫ |z|=1+d^{−n} |φ^′|^t, (5.1)

d^{ns̃(t)} ≍ d^{n(1−t)} ∫ |z|=1+d^{−n} |φ − a|^{−κ̃t} |φ^′|^t. (5.2) Proof: Fix some point in A(∞) and consider the preimages {y} under F^n. The Riemann map φ conjugates F with the dynamics T : z → z^d on Δ . Differentiating the identity F^n ∘ φ = φ ∘ T^n, we get |F^′_n(y)| ≍ d^n|φ^′(φ^{−1}y)|^{−1}. The points {φ^{−1}y} are equidistributed on a circle of radius r_n satisfying r_n − 1 ≍ d^{−n}. Applying the distortion theorem, we have ‖L^n_t ‖_∞ ≍ d^{n(1−t)} ∫ |z|=r_n |φ^′|^t, and ‖L^n_{κ̃,t}‖_∞ ≍ ∑ y |F^′_n(y)|^{−t}|y − a|^{−κ̃t} ≍ d^{n(1−t)} ∫ |z|=r_n |φ − a|^{−κ̃t} |φ^′|^t. 2 5.3. Proof of (i). The key observation is that s(t) coincides with the packing spectrum of the maximal measure m: π(t) = lim sup_{ε→0} log L(ε; t) | log ε| , where L(ε; t) := sup_B ∑ B∈B diam(B)^t

the supremum being taken over all collections B of disjoint discs B satisfying mB = ε. It is a general fact (see [20]) that the harmonic measure packing spectrum of an arbitrary simply connected domain is related to the integral means spectrum

β(t) := lim sup_{r→1} ∫ |z|=r |φ ′(z)|^t |dz| | log(r − 1)| of the corresponding conformal map by the equation π(t) = β(t) + 1 − t. Thus for polynomials with connected Julia set, the equality s(t) = π(t) follows from (5.1). The packing spectrum and the box-counting dimension spectrum of an arbitrary measure satisfy the Legendre-type relation s(t) = sup_{α≤dim m} f(α) − t α , (t ≤ 0), and so we obtain the first formula in (i).

Applying the inverse Legendre transform , we get co f(α) = inf_{t<0} [t + αs(t)],

where co f denotes the convex envelope of f. Since s(t) is differentiable and strictly convex on (t_c, 0), we have f(α) ≡ co f(α) on (α_c, α_0), and to finish the proof, it remains to show that f(α) ≥ co f(α) ≡ t_c ( 1 − α α_{min} ) on (α_{min}, α_c). (5.3)

To prove (5.3), we fix α ∈ (α_{min}, α_c) and consider a neighborhood U of a such that the dynamics F |_U : U → F U is conjugate to the map z → F^′(a) : {|z| < 1} → {|z| < e^{χ∗} }. (Recall that χ_∗ = log |F^′(a)| and α_{min} = χ^{−1}_∗ log d.) For a small number δ let N be the maximal number of disjoint discs B ⊂ U of radius δ and harmonic measure ≥ δ^{αc} . We have N ≥ ( 1 δ )_{f(αc )−ε}

with ε arbitrarily small (as δ → 0). Let k be an integer number such that

k ≈ 1 χ_∗ α_c − α α − α_{min} log 1 δ . Applying (F |_U )^{−k} to the discs B, we find N new discs of radius ≍ δ_{(k)} := e^{−χ∗n}δ and harmonic measure ≥ d^{−n}δ^{αc} = δ^α_{(k)}. It follows that

f(α) ≥ f(α_c) lim sup_{δ→0} log δ log δ_{(k)} = f(α_c) α − α_{min} α_c − α_{min} = t_c ( 1 − α α_{min} ) .

5.4. Proof of (ii). Let us now prove the statement concerning the Hausdorff dimension spectrum. For ε > 0, let U_ε denote the ε-neighborhood of the exceptional point a, m_ε the restriction of the maximal measure m to J \ U_ε, and let π_ε(t) and f_ε(α) be the packing and the box dimension spectra of m_ε. As we mentioned, π_ε(t) is the Legendre transform of f_ε(α). From (5.2) it is easy to see that π_ε(t) ≤ s̃(t). Applying the inverse transform to this inequality, we have co f_ε ≤ inf_{t≤0} [t + αs̃(t)].

On the other hand, it is clear that the Hausdorff spectrum f̃ (α) satisfies the inequality f̃(α) ≤ sup ε>0 f_ε(α), and therefore we have f̃ (α) ≤ inf_{t≤0} [t + αs̃(t)].

To finish the proof, we need to verify the opposite inequality.

Fix α ∈ (α̃_{min}, α_0) and define t = t(α) by the equation αs̃^′(t) + 1 = 0.

We will show that dim{z : α(z) ≥ α} ≥ αs̃(t) + t = t − s̃(t) s̃^′(t) . Let κ be a number satisfying the conditions of Lemma 4.3, and let μ ≡ μ_{κ,t} be the corresponding equilibrium state. By (4.10), we have

dim μ = t − s̃(t) s̃^′(t) . On the other hand standard ergodic argument shows that for μ-a.e. z, we have α(z) ≥ log d χ_μ = − 1 s̃^′(t) = α. This completes the proof of Theorem D.

References

[1] Baladi, V.: Periodic orbits and dynamical spectra. Ergodic Theory Dynamical Systems 18, 255-292 (1998) [2] Bohr, T., Cvitanović, P., Jensen, M. H.: Fractal aggregates in the complex plane. Europhys.

Lett. 6, 445–450 (1988) [3] R. Bowen, R.: Equilibrium states and the ergodic theory of Anosov diffeomorphisms. Lecture Notes in Math. 470. Berlin: Springer, 1975 [4] Brolin, H.: Invariant sets under iteration of rational functions. Ark. Mat. 6, 103–144 (1965) [5] Bruin, H., Keller, G.: Equilibrium states for S-unimodal maps. Ergodic Theory Dynamical Systems 18, 765–789 (1998) [6] Carleson, L., Gamelin, T. W.: Complex dynamics. New York: Springer, 1993 [7] Denker, M., Urbański, M.: Ergodic theory of equilibrium states for rational maps. Nonlinearity 4, 103–134 (1991) [8] Douady, A., Hubbard, J. H.: A proof of Thurston’s topological characterization of rational functions. Acta Math. 171, 263–297 (1993)

[9] Douady, A., Sentenac, P., Zinsmeister, M.: Implosion parabolique et dimension de Hausdorff.

R. Acad. Sci. Paris Sér. I Math. 325, 765– 772 (1997) [10] Feigenbaum, M. J., Procaccia, I., Tél, T.: Scaling properties of multifractals as an eigenvalue problem. Phys. Rev. A (3) 39, 5359–5372 (1989) [11] Freire, A., Lopes, A. O., Mañé, R.: An invariant measure for rational maps. Bol. Soc. Brasil.

Mat. 14, 45–62 (1983) [12] Haydn, N.: Convergence of the transfer operator for rational maps. Preprint (1996) [13] Haydn, N., Ruelle, D.: Equivalence of Gibbs and equilibrium states for homeomorphisms satisfying expansiveness and specification. Comm. Math. Phys. 148, 155–167 (1992) [14] Hofbauer, F., Keller, G.: Equilibrium states for piecewise monotonic transformations. Ergodic Theory Dynamical Systems 2, 23–43 (1982) [15] Hofbauer, F., Keller, G.: Equilibrium states and Hausdorff measures for interval maps. Math.

Nachr. 164, 239–257 (1993) [16] Ionescu-Tulcea, C. T., Marinescu, G.: Théorie ergodique pour des classes d’opérations non complètement continues. Ann. of Math. (2) 52, 140–147 (1950) [17] Liverani, C., Decay of correlations. Ann. of Math. (2) 142, 239–301 (1995) [18] Lopes, A. O.: Dimension spectra and a mathematical model for phase transition. Adv. in Appl. Math. 11, 475–502 (1990) [19] Ljubich, M. Ju.: Entropy properties of rational endomorphisms of the Riemann sphere. Ergodic Theory Dynamical Systems 3, 351–385 (1983) [20] Makarov, N.: Fine structure of harmonic measure. Algebra i Anal. 10, 217–268 (1998) [21] Makarov N., Smirnov, S.: Phase transition in subhyperbolic Julia sets. Ergodic Theory Dynamical Systems 16, 125–157 (1996) [22] Makarov N., Smirnov, S.: Thermodynamics of rational maps, II. (in preparation) [23] Mañé, R.: The Hausdorff dimension of invariant probabilities of rational maps. In: Dynamical systems. Valparaiso 1986, pp. 86–117. Lecture Notes in Math. 1331. Berlin, New York: Springer, 1988 [24] Milnor, J.: Dynamics in One Complex Variable: Introductory lectures. SUNY Stony Brook Institute for Mathematical Sciences Preprints 5, 1990 [25] Ott, E., Withers, W. D., Yorke, J. A.: Is the dimension of chaotic attractors invariant under coordinate changes? J. Statist. Phys. 36, 687–697 (1984) [26] Patterson, S. J.: The limit set of a Fuchsian group. Acta Math. 136, 241–273 (1976) [27] Pesin, Y.: Dimension theory in dynamical systems. Chicago University Press, 1997 [28] Przytycki, F.: On the Perron-Frobenius-Ruelle operator for rational maps on the Riemann sphere and for Hölder continuous functions. Bol. Soc. Brasil. Mat. (N.S.) 20, 95–125 (1990) [29] Ruelle, D.: Thermodynamic formalism. The mathematical structures of classical equilibrium statistical mechanics. Encyclopedia of Mathematics and its Applications 5. Addison-Wesley, 1978 [30] Ruelle, D.: Repellers for real analytic maps. Ergodic Theory Dynamical Systems 2, 99–107 (1982) [31] Ruelle, D. The thermodynamic formalism for expanding maps. Comm. Math. Phys. 125, 239–262 (1989) [32] Ruelle, D.: Spectral properties of a class of operators associated with conformal maps in two dimensions. Comm. Math. Phys. 144, 537–556 (1992) [33] Ruelle, D. Dynamical zeta functions for piecewise monotone maps of the interval. CRM Monograph Series 4. Providence, RI: American Mathematical Society, 1994 [34] Sinai, Ya. G.: Gibbs measures in ergodic theory. Russ. Math. Surveys 27, 21–69 (1972) [35] Sullivan, D.: Conformal dynamical systems. In: Geometric dynamics. Rio de Janeiro, 1981, pp. 725–752. Lecture Notes in Math, 1007. Berlin, New York: Springer, 1983 [36] Walters, P.: An introduction to Ergodic Theory. New York: Springer, 1982 [37] Young, L.-S.: Statistical properties of dynamical systems with some hyperbolicity. Ann. of Math. 147, 585–650 (1998) [38] Zdunik, A.: Parabolic orbifolds and the dimension of the maximal measure for rational maps.

Invent. Mat. 99, 627–649 (1990) [39] W. Ziemer: Weakly differentiable functions. Sobolev spaces and functions of bounded variation. New York: Springer, 1989 [40] Zinsmeister, M.: Formalisme thermodynamique et systèmes dynamiques holomorphes. Paris:

Panoramas et Synthèses. Société Mathematique de France, 1996

California Institute of Technology, Department of Mathematics, Pasadena, CA 91125, USA

E-mail address: makarov@cco.caltech.edu

Yale University, Department of Mathematics, 10 Hillhouse Ave., New Haven, CT 06520, USA, and Royal Institute of Technology, Department of Mathematics, Stockholm, S10044, Sweden

E-mail address: stas@math.yale.edu