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Abstract. We show equivalence of several standard conditions for non-
uniform hyperbolicity of complex rational functions, including the Topo-
logical Collet-Eckmann condition (TCE), Uniform Hyperbolicity on Peri-
odic orbits, Exponential Shrinking of components of pre-images of small
discs, backward Collet-Eckmann condition at one point, positivity of the
infimum of Lyapunov exponents of finite invariant measures on the Ju-
lia set. The condition TCE is stated in purely topological terms, so we
conclude that all these conditions are invariant under topological conju-
gacy.

For rational maps with one critical point in Julia set all the conditions
above are equivalent to the usual Collet-Eckmann and backward Collet-
Eckmann conditions. Thus the latter ones are invariant by topological con-
jugacy in the unicritical setting. We also prove that neither part of this
stronger statement is valid in the multicritical case.
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Introduction

We establish the equivalence of several standard and widely used (and also
some technical) conditions of non-uniform hyperbolicity of rational maps.
Since one of them, the Topological Collet-Eckmann condition (TCE), is
formulated in purely topological terms this shows their invariance under
topological conjugacy. The paper provides a comprehensive insight into the
exponential features for the maps satisfying TCE; surprisingly, there is no
need to involve any Markov type structure.

The condition TCE is natural and important because it can be formulated
in several terms: differential, topological, measure-theoretic, geometric. The
class of maps satisfying TCE is likely to be generic in the complement of
the class of uniformly hyperbolic maps in measure-theoretic sense (see [B]
and compare with [S] and [GSw1]). This is true for quadratic maps of
the interval (see [AM] and the earlier [Lyu]). Non-uniformly hyperbolic
dynamics was introduced by J. Sinai in the sixties in the context of billiards
and became a challenge in various areas of dynamical systems in the past 20
years. In this paper we deal with the complex 1-dimensional situation. Our
methods also contribute to the development of the theory of unimodal and
multimodal maps of the interval (see [GSw2] and G. Swigtek’s address at
the ICM, Berlin 1998).

1 The main results

Given a rational map f : C — C of the Riemann sphere C we denote by
J(f) the Julia set of f, which is the closure of the repelling periodic points
of f. Denote by Crit the set of critical points of f, which are the points
where the derivative of f is equal to zero. Derivatives are taken with respect
to the spherical metric.

I See also recent Collet-Eckmann condition in one-dimensional dynamics, AMS Proc.
Symposia Pure Math. 69 (2001), 489-498.
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All conditions below imply there are no parabolic periodic points (that is
no f"(p) = p, (/)'(p) being a root of unity). For elements of an analogous
theory in the presence of parabolic periodic orbits (cycles) see [PU2].)

The conditions we discuss include the following ones.

o CE. Collet-Eckmann condition. There exist Acg > 1 and C > 0 such

that for every critical point c in J( f), whose forward orbit does not meet
other critical points, and for every n > 0 we have

[(f") (fleN] = Chgg. (CE at )
Moreover there are no parabolic cycles.

e CE2(zy). Backward or second Collet-Eckmann condition at 7, € C.
There exist Acgy > 1 and C > 0 such that for every n > 1 and every

w € f"(z0),
|(f") ()| = Crgpy.
(In this case z is necessarily not in the forward orbit of a critical point.)

We write CE2(some z;) if there exists zo € C such that CE2(z¢) holds.

e CE2. Backward or second Collet-Eckmann condition. The condition
CE2(c) holds for all critical points ¢ € J(f) which are not in the
forward orbit of other critical points.

e UHP. Uniform Hyperbolicity on Periodic orbits. There exists Ape > 1
such that every repelling periodic point p € J(f) of period k > 1
satisfies,

(5 (D)) = Aper-

o ExpShrink. Exponential shrinking of components. There exist Agyx, > 1
and r > O such that for every x € J(f), every n > 0 and every connected
component W of f~"(B(x, r)) we have

diam(W) < Agg,.

e Holder Coding Tree. There are constants Ay, > 0 and C > 0 and a point
wo € C such that the following holds. For each preimage w; € f ~Hwop)
there exist a continuous path y,, C C\ U, f"(Crit), without self-
intersections, joining wy to wy, such that for every n > 0 and every
connected component y of ™" (yy,) we have diam(y) < CA_".

e TCE. Topological Collet-Eckmann condition. There exist M > 0 P=>1
and r > 0 such that for every x € J(f) there exists a strictly increasing
sequence of positive integers n;, for j = 1,2, ... such thatn; < P - j
and for each j

#{i 10 <i<ny, Comp i, f~" " B(f"(x),r) NCrit # 0} < M,

where Comp, means the connected component containing y (above

y = f'(x)).
We call the condition in the display above: TCE at x for n; with criticality
bounded by M.
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e Lyapunov. Lyapunov exponents of invariant measures are bounded away
from zero. There is a constant Ay y,, > 1 such that the Lyapunov exponent
of any invariant probability measure u supported on Julia set satisfies
A(p) == fln |f/|d//L > In KLyap-

e Negative Pressure. Pressure for large t is negative. For large values of ¢
the pressure function P(f) = Pp(—tIn|f’]) := sup{l(n) —tA(u) : p
being f-invariant probability supported on J(f)} is negative. Here (i)
is the entropy (information) for ; and f.

With the help of new technical ideas we complete the theory started in
[GS1], [PR1], [PR2], and [P3] to obtain the following result.

Main Theorem. For a rational map f : C — C the following conditions
are equivalent.

(a) TCE.

(b) ExpShrink.

(c) CE2(zo) holds for some zy € C.
(d) Holder Coding Tree.

(e) UHP.

(f) Lyapunov.

(g) Negative Pressure.

Supremums over possible constants Agxp, Acga (Supremum over all ), Axo,
APer, and Ay, coincide.

Moreover each of conditions (h) CE and (i) CE2 implies all the previous
ones, and there are counterexamples to any other implication not mentioned.

If all critical points in the Julia set have the same dynamical multiplicity,
then conditions CE and CE?2 are equivalent.

If there is only one critical point in the Julia set then all conditions
(a)—(i) are equivalent.

The dynamical multiplicity takes into account the possibility that a crit-
ical point may be mapped to another critical point; see Preliminaries for
a definition.

1.1 Ontopological invariance of the conditions. The condition TCE is stated
in purely topological terms and hence is invariant under topological conju-
gacy. So we obtain the following immediate corollary.

Corollary. All conditions (a)—(g) are invariant under topological conju-
gacy. So are conditions CE and CE2 in the case where there is only one
critical point in the Julia set.

If there are several critical points in the Julia set, conditions CE and
CE2 need not be invariant under topological conjugacy. In Appendix C we
provide examples of two real polynomials of degree 4 that are quasiconfor-
mally conjugated, one satisfying both conditions and the other satisfying
neither.
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1.2 Historical remarks. Conditions CE and CE2 were first introduced by
P. Collet and J.-P. Eckmann in [CE], providing a large class of S-unimodal
maps of an interval having a finite absolutely continuous invariant measure.
Further investigations by T. Nowicki, S. van Strien, and D. Sands proved the
equivalence of those and several similar properties in the real S-unimodal
setting, in which our investigations have originated; see [NS] and also [N].

Rational Collet-Eckmann maps were first studied in [P1]. The condition
TCE was first introduced in [PR1] in the complex setting and later in [NP]
in the real setting.

The existence of a unique non-atomic conformal measure and of an
absolutely continuous finite invariant measure for rational Collet-Eckmann
maps was proved in [GS2], see also [P1]. For TCE maps with more than 1
critical point in J(f) the answer is not known.

The situation in the complex setting is not completely analogous to the
real one and requires some new techniques. Furthermore, we obtain results
in the presence of several critical points, whereas some results in the real
setting are restricted to the unimodal case (one critical point), see [NS].
A natural question that arises for the real multimodal setting is whether
condition UHP is equivalent to TCE.

1.3 Further conditions and remarks. For every rational function f the pres-
sure function P(t) is convex (by definition) and monotone decreasing with
to the least zero being equal to the hyperbolic dimension of J(f), [P2].
Therefore condition Negative Pressure is equivalent to P(f) being strictly
decreasing. In Sect. 4 we prove that 7y is equal to Hausdorff and box di-
mensions of J(f) and fy < 2 provided J(f) # C. Negative Pressure not
satisfied is equivalent to P(f) = 0 for ¢ > ;.

We consider also further variants of condition TCE, that are more techni-
cal in nature. Several of them appear along the proof of the Main Theorem,
see Sect. 5.

In Appendix B we prove that if the upper density in the set of all natural
numbers of the set of integers 7, such that for a critical point ¢ € J(f)
condition TCE at c for n; with criticality bounded by M holds, is positive,
then it is also positive with M = 0 at a critical value f(¢’) for a critical point
¢’ in the closure of the forward orbit of c.

(Note however that TCE is related to the lower density.)

We remark that in the real unimodal setting condition CE2(some z()
does not imply neither ExpShrink or TCE. For example, for the Feigenbaum
quadratic polynomial condition CE2(z) holds (in the real sense) for all z;
not accumulated by the critical orbit.

2 Structure of the proof of the Main Theorem

The most involved part is the equivalence between conditions (b), (c) and (d)
(Sects. 1 and 2), which is explained in more detail in 2.1, below.
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The equivalence between conditions (a) TCE and (b) ExpShrink was
proven in [PR1], see also [P3, Sect. 4].

Condition (e) UHP is discussed in Sect. 3. The implication (b) ExpShrink
= (e) UHP is easy (Proposition 3.2.) The implication (¢) UHP = (c)
CE2(some z) is more difficult. We provide two proofs of this implication:
one in Sect. 3 and another in Appendix A. Both proofs involve a sort of
Bowen specification property (shadowing by periodic orbits.)

The proofs that conditions (f) Lyapunov and (g) Negative Pressure are
equivalent to the previous ones are contained in Sect. 4. The only deep one
(b) ExpShrink = (f) Lyapunov relies on Birkhoff Ergodic Theorem and
A(p) > 0 proved in [P5], which in turn has been based on Pesin theory.

The assertions concerning CE and CE2 follow from known results and
the equivalence of (a)—(g), except the examples presented in Sect. 6. Note
that in CE2 = (a)—(g) the implication CE2 = (c) is obvious.

2.1 On the equivalence of conditions (b) ExpShrink, (c) CE2(some zy) and
(d) Holder Coding Tree. The implication (b) ExpShrink=>(c) CE2(some z),
is rather simple (Sect. 2). The most unexpected and involved implication
is (¢) CE2(some zp) = (b) ExpShrink. A natural approach would be to
join zo to B(x, r) with a curve slowly approximated by the forward orbit
of critical points and deduce that the diameters of the connected compo-
nents of f~"(B(x,r)) shrink exponentially fast using condition CE2(z)
and controlling distortion along the curve. However it is hard to succeed
this way.?

We proceed in a different way, via (d), which is analogous to what was
done for polynomials in [GS1] and [P3]. Consider a polynomial P and
denote by B its attracting basin of infinity. In [GS1] it was proved that
condition CE2(zy) for some zy € B is equivalent to B being a Holder
domain, see [GS1] or [Po] for a definition. Then in [P3] it was proved that
if B is a Holder domain, then condition ExpShrink holds. The idea was
to consider a geometric coding tree in B, see [PS] for a general theory
and also [PUZ]. Here we follow a similar reasoning for general rational
maps, constructing a geometric coding tree (see the terminology below)
which is Holder, even in absence of B. The tree itself plays the role of
a basin.

The proof of (d) Holder Coding Tree = (b) ExpShrink (in Sect. 2)
is similar to what was done for polynomials in [P3]. We now explain the
implication (c) CE2(z¢) for some zo € C = (d) Holder Coding Tree.

In general a geometric coding tree is a graph composed of vertices
" (wp),n = 0,1, ..., for an arbitrary wy € C called the roor of the tree,
and edges being connected components of f~"(y,,) for y,, as in Holder
Coding Tree condition before.

2 In an early version of the paper we proved that condition CE2 implies ExpShrink using
this idea. Troubles with diamComp f~" (B(x, r)) arising after meeting a critical point ¢ can
be overcome directly using the assumption CE2(c).
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We say that such a geometric coding tree is Holder or a Holder coding
tree if there are constants Ay, > 1 and C > 0 such that for every edge y in
f7"(yw,) we have diam(y) < CAy..

Assuming condition (¢) CE2(some zp), we can construct a Holder
Coding Tree in the following way. First we choose an appropriate root
point wy (it might be necessary to replace the point zy by a better point)
and then for each preimage w; of wy we choose a path y,, joining w;
to woy, in such a way that y,, is slowly approximated by the forward
orbit of critical points. This latter step is done with the help of a gen-
eral geometric lemma (in Sect. 1), which is independent of dynamics.
Then we deduce an exponential shrinking of diam(y) from the exponen-
tial decay of |(f")'(w)|~! in the definition of CE2(zp) and a distortion
estimate.

Acknowledgements. The question we deal with in Appendix B was asked by Jacek Graczyk.
The first author would like to thank Steffen Rohde for stimulating discussions concerning
examples of CE and CE2.

Preliminaries

Distances, balls, diameters, and derivatives are considered with respect to
the spherical metric on C. For z € C and r > 0, B(z, r) denotes the ball
centered at z with radius r. Sometimes we omit the origin and write B(r).
Then B(ar) is the ball with the same origin and radius ar.

Const or C stand for various constants that can change even in one con-
sideration. We write a ~ b when numbers or functions a, b are comparable,
i.e. there is a positive constant C such that C~! < a/b < C.

Consider a rational map f. The measures we discuss are probabilities
(probability measures) on J(f), that is completed Borel measures u sup-
ported on J(f) with u(J(f)) = 1.

In the case that a critical point in J( f) is eventually mapped to another
critical point, our arguments work with whole blocks of critical points
treated as just one critical point. Namely if the critical points ¢;,, ..., c;, €
J(f) are such that ¢; is mapped to ¢; ,, by an iterate of f (and not mapped
to any critical point by a shorter iterate), then we treat this block of critical
points as one critical point with multiplicity equal to the product of the
multiplicities of the ¢;. This is the dynamical multiplicity referred to in the
introduction. So we can assume that no critical point in J(f) is mapped to
another critical point.

Fix two periodic orbits O, and O, of period at least 2 and let rx > O be
such that for every x € C the disc B(x, rk) is disjoint from either O; or O,.
Then for every positive integer n and every component W of f~"(B(x, rg))
we have

diam(@\ W) > min{diam(0O;), diam(O,)} > 0.
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Hence the following version of Koebe distortion Theorem for the spherical
metric holds for inverse branches of f” (see also [P1, Lemma 1.23]).

Koebe distortion Theorem. For every 0 < ¢ < 1 there exists a constant
Ck (&) > 1 such that for every disc B(x, b) with b < rg, every n, and every
component W of f~"(B(x, b)) such that f" is univalent on W, we have

| @I/ (22)] = Ck(e),

for every z1,z0 € W such that f"(z;) € B(x,¢eb) fori = 1,2. Moreover
Cx(e) > lase — 0.

We call the supremum of the left hand side ratios the distortion of f”
in W(e) = Compy, f~"(B(x, ¢b)). In the sequel we shall discuss also the

distortion sup,, .4 |(f")(z1)I/I(f")'(z2)| for an arbitrary set A C C.

1. A geometric lemma

The purpose of this section is to prove the following lemma.

Lemma 1.1. Fixx € (%, 1) and let f € C(z) be a rational map. Then there

is a set of full Lebesgue measure in C of points w, so that we can join w to
any preimage wy € f~'(w) with a path y,,, C C \ Up=1 f*(Crit) so that for
n > n(w), the distortion of f" in any pull-back of y,, by f™" is bounded
by D", where D > 1 is a constant independent of f.

The proof of this lemma is based on the following observation. Fix
apath y C C\ U2, f"(Crit). For any n > 1 if we consider a topological
disc U C W, = C\ Uj<<, f"(Crit) containing a path y, then there is an
estimate of the distortion of f” in any pull-back y, of y by f~", given by
Koebe distortion Theorem. It turns out that this distortion is bounded by
Dg, where £ is the hyperbolic diameter of y in U and Dy > 1 is a universal
constant, see a version of Koebe distortion Theorem in [Po].

Hence to prove Lemma 1.1 it is enough to find paths y = y,,, with an
estimate of the infimum of the hyperbolic diameter of y in U, over all such
discs U C W,, n > 1.If y is a rectifiable path, this latter quantity does not
exceed (up to a constant factor C),

/ |dw|

, dist(w, 9W,)’

which is called the quasihyperbolic length of y,, in W,, or gh length for
short, see [Po] and [P2, Sect. 3].

Thus Lemma 1.1 is an immediate consequence of the following lemma,
with D = D{€.

3 The exponents —1 and —2 in the first and third estimates of distortion in [P1,(1.1)] are
incorrect. One should replace them by the classical —3 and —4. Fortunately this error does
not hurt any further results.
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Geometric lemma. There is a universal constant A > 0 such that for
any o € (%, 1) the following property holds. For any sequence of points
{xu}ns0 C Cand every pairz, w € @\{xo, X1, ...} outside an exceptional set
of zero Lebesgue measure, there are a path y joining z to w in C\ {xo, x1, ...}
and no(z, w) such that for every n > ngy(z, w), the gh length of y in
@\ {x0, ..., x,,} is less than A - n“.

Similar lemmas (however with y depending on n), appeared in [P2] in
a related context, see also Remark 1.4, and in [HH] by Hall and Hayman to
study the distribution of zeros of Riemann ¢-function.

The proof of this lemma is based on Lemmas 1.2 and 1.3, below.

Lemma 1.2. Fix R > 0 and let S be the strip (—1, R+ 1) x (=1, 1) C R?
and £ = [0, R] x {0}. Consider r € (0, %) and a finite set Z C S so that

dist(Z, €) > r. Then the gh diameter of £ in S\ Z is less than R+4#Z -1n }
Proof. Consider the vertical projection Z’ of Zto [—1, R+ 1] x {0}. Then,

1
/ - dx < 2#7.
Bz dist(x, 9(S\ Z))
Note that for x € £\ B(Z’, 1) we have dist(x, (S \ Z)) > 1 so,

1
/ - dx < R
oz, 1) dist(x, 3(S\ Z))

Moreover, if x € £ N (B(Z',1)\ B(Z',r)) then dist(x, d(S \ Z)) >
dist(x, Z"). Thus,

1 1 1
/ - dxf#Z/ —dx =2#Z -1In —.
enB(z/,)\B(z,») dist(x, 3(S\ Z)) (—1,D\(=r,) X r

This proves the desired estimate. O

Fix a € (%, 1) as in Lemma 1.1 and for j > O let n; be the integer part
of e/.
Lemma 1.3. Let Q = (—2,2) x (—2,2) and let {x,},>0 be a sequence of
points in Q. There is a set of full Lebesgue measure of x in the interval
(—1, 1), for which there is j(x) such that for all j > j(x) the qh length of
6= (=11) x{x}in O\ {xo, ..., x,} is less than 5n‘}‘.

Proof. Since { :T;} j=0 1s summable, it follows that for almost every x €

(0, 1) there is jo"(x) such that for all j > jy(x) we have that dist(Z,, x,) is at
least n;Za if 0 < n < n;. The measure of those x € (-1, 1) for which the
strip,
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o

n"
; o .
Yy points in {x, ..., X, } is at most

contains at least

n; .
mTY. N S 2nn; (}1—20{) ~ (]_20{)]’
n; 2/ Inn, (Innj)n; je
which is summable. Thus for almost every x € (—1, 1) there is j;(x) such
that for all j > j;(x) the strip S] contains at most n— p01nts in {xo, .. xnj}
If x € (—1,1) belongs to the two descrlbed sets then for every j >
max{ jo(x), j1(x)} we have dist(Ly, {xo, ..., x,;}) > n% and the strip Sy
i

o

contains at most nf points in {xo, ..., Xn; }. Applying Lemma 1.2 to a scaled

copy of sJ by a factor of n = R and with r = n ", it follows that the

Ot

gh length of ¢, in S){ \ {xo0, .. o Xn; } is less than n +4 lnnj < Snj. O

lnn
Proof of the geometric lemma. Note that is enough to prove the analogous
statement for the square Q instead of C.

Let X,Y C (0, 1) be full measure sets from Lemma 1.3 found for the
sets {Xo, ..., xn,;} and {I(xo), ..., I(x,;)} respectively, where / is the map of
C interchanging the real and imaginary parts.

Let z = (zy, zx), w = (wy, wyx) be an arbitrary pair of points in the
set Y x X C Q. (Note that Y x X has full Lebesgue measure in Q.) Then
we find a curve y in (—1, 1) x {zx} U {wy} x (—1, 1) joining z to w, with
ghlengthin O\ {xo, ..., x,,}, for large j, less than 10n].

It follows that for large j and any n; < n < n;,, the gh length of y in
0\ {xo, ..., x,,} is less than 10”(}[+1 < 30n“. ]

Remark 1.4. With the same method it follows that, given any sequence

(X2)n=0 C C we can join any two points in C, outside an exceptional set
of Lebesgue measure zero, by a path y such that the gh length of y in

@\ {x0, 0, X2} 18 O (n% Inn(Inlnn)?) for any 8 > % The mentioned lemma
of Hall, Hayman and the first author yields a path depending on n, with gh

length O (n %) inC \ {x0, ..., X, }. Furthermore, if we require the exceptional
set in the Geometric Lemma of Hausdorff dimension at most 7 > 0, then

we obtain the estimate (n% (Inn) %Jr%) for the gh length.

2. Equivalence of conditions ExpShrink, CE2(some z,) and Holder

We begin with the easy implication.

Lemma 2.1. Suppose that there are .y > 1, w € J(f) and r > 0 such
that for every n > 1 every connected component W of f~"(B(w,r)) sat-
isfies diam(W) < A". Then condition CE2(zy) holds for a set of positive
Lebesgue measure of zy € B(w, r).
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Proof. Note that we have

Area(U B(f"(Crit), cz/n)> < (3 ) (#Crityr/n® = C3 #Critm /6,

n>1 n>1

which is smaller than the measure of B(w, r), for C, small enough. So there
is a set of positive measure of zop € B(w, r)notin | J,., B(f"(Crit), C»/n)).
Assume also that C, < dist(zg, 0B(w, r)).

It follows from Koebe distortion Theorem applied to the branch g of
f~*on B(zq, C2/k) mapping z, to some y € f*(z), that

C3 - (Co/k) - [(fY'I™" < diamComp,, f*(B(z¢, C2/k)) <
diamCompyf_k(B(w, r) < kl_k.

The constant C3 plays the role of 1/4; it takes into account that we consider
the spherical metric, rather than the Euclidean one in C in which the Koebe
distortion Theorem is usually considered. Hence for all A, € (1, A;) there
is C4 = C4(Xy) such that for all y € f7"(z),

(S D = Cars. O

Remark 2.2. The same proof yields that there is an exceptional set £ C
B(w, r) of Hausdorff dimension zero such that CE2(zg) holds for every
z0 € B(w,r) \ E with any constant A € (1, Acgp) and with a varying
constant C = C4(zp, A). In fact E can be taken of zero Hausdorff measure
with any gauge function ¢ (appearing in ) j ¢(diamB;) in the definition of
Hausdorff measure) satisfying ), ¢(u") < oo forall p < 1.

The proofs of the implications CE2(some zy) = Holder Coding Tree =
ExpShrink depend on the following lemma. This lemma (stated for individ-
ual backward trajectories) was proved in [P4, Lemma 5, Remark 1], where
it was called “telescope lemma.” For completeness we provide a simplified
proof.

Lemma 2.3. Suppose that CE2(zy) holds for a rational map f and some
point zy with some constant Acga > 1. Then for any A € (1, Acgz) there
is r > 0 such that for all n > 0 and every connected component W of
f7"(B(zo, 1)), we have diam(W) < A™".

The assumption CE2(zo) can be replaced by the existence of a con-
tinuum K containing 7, and some other point such that for every connected
component Ko of f~"(K), we have diam(Ky) < A", where A replaces
ACE2-

Before proving Lemma 2.3 let us make two observations about distortion.
First, it follows from Koebe distortion Theorem that for any D > 1 there
is € € (0, 1) such that if the disc W satisfies diam(W) < edist(W, f(Crit))
(in particular W N f(Crit) = ), then the distortion of f in any connected
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component Wy of f~!(W) is bounded by D. Secondly, once a small o > 0
is fixed, there is C; > 1 such that for every disc W C C and for every
component W, of f~!(W) the inequality diam(W;) < C,diam(W)]| f'(z)|™"
holds for every z € W;. We shall use this estimate for W close to f(Cerit).

Proof of Lemma 2.3. Let C; > 0 be the constant C that stands in the
property CE2(zg). Fix D € (1, Acg2/A) and consider ¢ > 0 as above.

Let C; > Obeasabove. Let/ > 1besuchthat Cy /' C7 ' Dingl, < 1a—
for j > [. Also let r; > 0 be so that for all ¢ € Crit, 0 < k < [, and
every connected component W of f~*(B(c,2r;)) we have diam(W) <
edist(W, Crit). Recalling the assumption that critical points are not hit by
trajectories of other critical points allows to find such ry.

Finally let r > 0 be so that for any connected component W of
f%(B(zo, r)) for 0 < k < [ we have diam(W) < er; (in particular r < ery).

Choose any sequence of pull-backs: Wy, = B(zo,7), Wi =
Comp f~1(Wp), ..., Wiy = Compf~' (W), ... and choose z; € W; so
that f(zy+1) = 24, for k > 0.

Let ko < k; < ... be all the integers k such that diam(W;) >
e dist(Wy, Crit).

So, when kg > 0, we have for all 0 < j < ko,

diam(W;) < D’|(f7)(z;)|” ' diam(Wp). 2.1
Setting j = ko — 1 we obtain
diam(Wy,) < Codiam(Wy—1)| £ (zxo)| ™
< Co DM (1) (2y) |~ diam(Wo)
< C,C7 ' DRACE diam(Wy) < %)ﬁkodiam(Wo) <er, (22)

the last line being true when ko > [. If ky < [ then directly diam(W,,) < ery.

We conclude that in both cases dist(Wy,, Crit) < %diam(Wko) <ry,and
Wi, C B(Crit, 2ry).
Now by induction we prove that

diam(Wy,) < C, 7 DR (£ (z4,) |~ diam (W), (2.3)

and the estimate can be continued by writing
: & 1
- < oy e DR O diam (W) < 5rkfcﬁam(wo) <er. (24

In fact, we already established (2.3) and (2.4) for i = 0. Assuming that (2.3)
and (2.4) hold for i < £, we see that dist(W,, Crit) < %diam(Wki) < r; for
i < £.Hence Wy, is contained in a ball of radius 2r; around some critical
point and thus k;;; — k; > [ by the definition of r|. Therefore for i = ¢
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estimate (2.4) holds (since k;, > [) and to prove (2.3) we can write similarly
to (2.2)

diam(W,,) < CyD* k1| (fle=h=1y/ (7, )| diam(W;,_,)
< C;—i‘k(f—l/le(g |(fk@)/(zk£)|—1diam(wo)
< DR (R (2,) | diam(Wo).

We have proved exponential decay of diameters of preimages of orders k; .
To deal with arbitrary order j, we deduce for j € [k;, k;11), similarly to
(2.1), the desired estimate

diam(W;) < D779 (f77) (z;)| " diam(W,)

< CYDI(FTY ()] diam(Wo) < A7,

when j > [/, and by decreasing r it follows for all ;.

This proves the first part of the Lemma. The same proof works for the
second part, where z is replaced by a continuum K in the assumptions,
with the following alterations in the estimates. We replace |( f/)'(z i) |~! for
J < ko, by the ratio

diam(Comp,_ /(K N Bz, 1))/
we replace | f'(z;,)| ™! by
diam(Comkae (K N B(z,7)))/
diam(Comp,, _, f~*“~"(K N B(zo, 1)));
and finally we replace |(fj_k")’(zj)|_l for j € [k;, kiy1) by
diam(Comijf_j(K N B(z, r)))/diam(Comka[_ f_kf(K N B(zo, r))).
The radius r has been chosen so that r < diamK. O

Now we are ready to prove our key implication.

Lemma 2.4 (CE2(zy) at some z, € C implies Holder Coding Tree).
Suppose that CE2(zq) holds for some z € C with constant Acgy > 1 and fix
AHo € (1, Acgn). Then there is a set of positive Lebesgue measure of wy € C
for which we can construct a Holder coding tree with root wy and constant
AHo-

Proof. Fix A € (Aho, Acr2), then by Lemmas 2.1 and 2.3 there is a set of
positive Lebesgue measure of points wg for which CE2(w) holds with the
constants A > 1 and C > 0. Thus one may choose such a point w, also
satisfying the conclusions of Lemma 1.1 in Sect. 1. That is, for a fixed
o€ (%, 1), we can join wy to any w; € f ~(wp) with a non-constant path
Yw, SO that the distortion of f”, n > 1 in any curve being a pull-back y,, of
Yuw, by f7" is bounded by D™ for some definite constant D > 1.

Then condition CE2(wy) implies diam(y,) = QD™ 1) = O (Agy)s
forn > 1. O
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Holder coding tree implies ExpShrink. We proceed like in the proof that
Holder implies ExpShrink in [P3].

Let wq be aroot of a Holder coding tree with constant Ag, = Ao > 1. We
define a map o on the vertices of the tree which sends w, € f~"(wy) to its
neighbor closest to the root, i.e. to the unique vertex o(w,) € £~V (wy)
such that they are joined by the pull-back of some path y,, along f"~I.
The latter path, which is the unique edge of the tree going from w, in the
direction of the root, we denote by y,,, .

Fix an arbitrary z € J(f) and let w,; be a sequence of n ;-preimages of
w converging to z as j — oo. Since f~"(wy) has finite cardinality, we can
choose a subsequence so that for alln > 1, z, = oM (wy;) € fT(w)
does not depend on j for big j > Const(n). By Holder it follows that,

o0
. . . - —k _
dist(z, z,) = jll)n;o dist(z, 0™ " (wy,)) < C ,; Aot < Cirg"s
=n

where C; = Ci(h, w) = % does not depend on n. Moreover y,, C

B(z, C 1A(1)_”). Thus the paths y,, form a ray § from w landing at z. Since
we choose y,, to be non-constant, ¢ := min,,, {diam(y,,)} > 0.

Forr : 0 < r < a and Wy = B(z,r) let § be a piece of the ray
inside W, that joins z to dW,. Choose an integer m so that C;A," < 1
and fix r satisfying a(sup |[f'])~"~Y > 2r. So, due to diam(yy,) >
a(sup | f/N~"V, we get 8 C Upzm s, -

So, for every component 8, of f~"(8y) we get diam(8,) < Cix, (nbm) <
Ay". So K = § satisfies the assumptions of Lemma 2.3. This proves
ExpShrink with Agy, arbitrarily close to Ap,. O

3. Uniform hyperbolicity at periodic orbits (UHP)

In this section we prove that UHP implies CE2(z) for some zo € C and
that ExpShrink implies UHP plus the non-existence of indifferent cycles.
The first implication is an easy consequence of Lemma 3.1 and the sec-
ond implication is stated as Proposition 3.2. Together with Sect. 2, these
implications show that these conditions are equivalent.

We will work with a hyperbolic set K C J(f) of positive Hausdorff
dimension HD(K') and with points zy € K which are away from the forward
iterates of the critical points in the following sense:

(Vn > 0) dist(z(), f"(Crit)) > max{n, no} %, (%)

with positive constants «, ny = n¢(zo). Recall that a compact set K C C is
called hyperbolic, or expanding, if there exist .y > 1 andn = ng > 0 such
that |(f")'(x)| = Ak for every x € K. The existence of such a set follows
from general theory ( cf. construction in the proof of Proposition 4.4.)
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First observe that for any rational map f € C(z) there is an abundance
of such points. Namely, when oo > HD(K)~! all 75 in K, except for a set of
Hausdorff dimension «~! < HD(K) satisfy (x). Indeed, for a fixed positive
ng consider the union A, over all positive integers n of balls centered at
n-th iterates of critical points with radii max{rng, n}~“. Then the intersection
A :=N,,A,, is exactly the set of all points z failing (x). On the other hand,

-1
forevery h > o™,

no 1
@+’;}W—>Oas ny — 00.
Up to a multiplicative constant (the number of critical points) the sum above
contains i’s powers of the radii of all balls constituting A,,,. So we conclude
by the definition of Hausdorff dimension that HD(A) < h.Lettingh \ ™'
we obtain HD(A) < a~' < HD(K).

Note that for z( satisfying (x) all pull-backs of B(zg, n™%) by f", for
n > ny, are univalent (we mean by this that f” is univalent on all the
components Comp f~"(B(zg, n~%))).

Lemma 3.1. Let f € C(z) be a rational map such that every repelling
cycle of period n has eigenvalue of modulus at least A, > 1. Then there
are positive constants ¢, C such that the following holds if zo € K satisfies
(x): For any n-th preimage z,, of zo, withn > ny(zo), we have |(f™) (z,)| >
CApixn~* for some 0 < k < Clnn.

Proof. Since f is expanding on K, there exists § > 0 and C(§) > 0
such that for all z € K and for all » > 0 the map f” is univalent on
Comp_ f™"(B(f"(z), 28)), and its distortion is bounded by C(§). This fol-
lows either from Koebe distortion Theorem or directly from the expanding
property and Holder continuity of In | /| in a neighborhood of K. One can
even show that C(§) - 1 as§ — 0.

For a ball of radius r < § around zq let [ = I(r) be the smallest integer
such that |(f)(z0)| = C(8)28/r. Then for U := f~'(B(f(z0),28)) C
B(zo, 7). Also we can write A" > < |(f"1)(z0)] < C(8)28/r and so I
satisfies / < C” + C’'In % with constants C” := ng (2 + In (C(8)268)/In Lg)
and C' :=ng/Inrg.

By the eventually onto property of Julia sets there is m such that m-th
image of any ball of radius § centered on J( /) covers the entire Julia set.

Now consider some point zo € K which satisfies ().

Take n > nop(zp) and fix z, € f"(z0). By () any pull-back V' of
B(zo, (n +m)~®) by f"*™ is univalent. Relying on Koebe distortion Theo-
rem, we may choose ¢ > 0 independent of n such that the pull-back V C V’
of B(zg, e(n +m)~*) by f" satisfies diam(V) < 4.

Now take r := e(n + m)™® and set w = f'(z0). By the discussion
above, one of the preimages f~"z,, say Z,4m, lies inside B(w, §). Let V
and V'’ be the corresponding pull-backs.
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Then V C B(w, 25). There is a univalent pull-back W’ of B(w, 25) by
f! such that W' C B(zg, r). Denote by W the pull back of V along the same
branch and note that / < C” + C’Inn for corrected constants C” and C’.

Since f"*"+ 1 W — B(zo, r) is a bijection, there is a repelling fixed
point p of f"+*+in W.Now take k := m +[,thenk < m+C"+C'Inn <
2C"Inn for n large enough, so it satisfies the last assertion of the lemma
with C = 2C’. To check the first assertion write

Mok < 1S (p)] < Constn®|(f") (f*(p)| < Constn®|(f") (z,)l,

where the last inequality follows by Koebe distortion Theorem. Therefore
[(f™") (zn)| = cApygn~® as claimed. O

UHP implies CE2(z() for some z, € C.Suppose that UHP holds with
constant Ape, > 1. Letting A,, = Af_, in Lemma 3.1 we obtain that for every
A € (1, Aper) there is C = C(A) > 0 such that CE2(z) holds with constants
C>0and X > 1. O

Proposition 3.2. If a rational map f € C(z) satisfies ExpShrink with
a constant Agx, > 1, then for every non-attracting periodic point p of
period k we have |(f*) (p)| > )“]I(Exp' In particular ExpShrink implies UHP
With Aper > )VExp-

Proof. Let r > 0 be the radius constant involved in ExpShrink. Suppose
that S is a Siegel disc for f. Take a ball B with center in the boundary of
S and radius r. Let g be the restriction of f to S, and U be a connectivity
component of B N §. Then because of the linearization, preimages g~"(U)
have diameters bounded away from zero and so do preimages f~"(B) along
the corresponding branches, which contradicts ExpShrink. Therefore f has
no Siegel discs, so every non-attracting periodic point belongs to J( f).

Let p € J(f) be a periodic point of period k > 1, then ExpShrink
implies that for a sufficiently small ball B(p, r) its preimages W}, along the
branches of f** preserving p are univalent. Applying Schwarz lemma to
the inverse of f** : Wy, — B(p, r) we obtain that,

1Y ()" = 1) (p)| = Constdiam(Wy,) ™" = Const Agy,.

Hence |(fX)'(p)| = A’éxp, as desired. o
Remark 3.3. Note that the definition of UHP imposes a condition only for
repelling cycles. However as a consequence of the implications UHP =
CE2(z) for some zg € C =ExpShrink and by Proposition 3.2 we obtain
that UHP implies the non existence of indifferent cycles, even outside the
Julia set.
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4. Lyapunov exponents, pressure and dimension

In this section we prove that conditions Lyapunov and Negative Pressure
are equivalent to the conditions (a)—(e), as stated in the Main Theorem. We
also consider some variants of condition Lyapunov (Sect. 4.2).

The implication Lyapunov=UHP is immediate. In fact suppose that
condition Lyapunov holds with constant Apy,, > 1. Given a repelling pe-
riodic orbit p, f(p), ..., f"(p) = p we consider the probability measure
w equidistributed on it; we have %ln [(f)'(p)| = A() = InApgap. So
condition UHP holds with constant Ay y,p.

In the opposite direction we prove

Proposition 4.1. The condition ExpShrink implies Lyapunov with Ay y,p >
AExp-

Proof. Take any f-invariant probability measure p on J(f). By [P5, Theo-
rem A] we have A() > 0. In particular the function In | f'| is u-integrable.
Hence by Birkhoff Ergodic Theorem for p-a.e. x there exists a limit
limn%m%Z’};(l) In|f'(f/(x))|. Hence for a, := In|f'(f"(x))| we get
lim,_, a,/n = 0. There exist constants C;, C; > 0 depending only on
f such that for every z € C we have dist(z, Crit) > C|f'(z)|°2. There-
fore for every 6 > 0 x as above and n large, setting z = f"(x) we get
dist( f"(x), Crit(f)) > exp(—dn).

Write M := sup | f’]. Fix an arbitrary 8; > 0. Fix r as in the definition
of ExpShrink. Set € := 21 L. Note that for all n large rM~" > exp —4in
and therefore Compfn(x)f_é”(B(f"Jré”(x) r)) D B(f"(x),exp —é1n)

Hence forevery 0 <s <n

diamComp () ™" (B(f" (x), exp(—8;n)))
< diamComp 1., f Sk (B (x), 1))

—31 In )"Exp

< p\_lten oy —en _ exn(—enlIn A =ex
p( Exp) p YIn M

Exp Exp

81 In Agxp
2InM

Comp s, f* " (B(f" (x), exp(—81n))) N Crit = ¢.

Hence distortion of f” on Comp, f ™" (B(f"(x), % exp(—481n))) is bound-
ed by a constant independent of n. Hence |(f")'(x)| > Cexp(—38n) /AEXP
Letting 6; — 0 we get A(ut) > In Agy,. O

Setting 6 := we obtain for n large and all 0 < s <n

4.1. On pressure and dimension

Proposition 4.2. The conditions Lyapunov and Negative Pressure are equiva-
lent.
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Proof. By the definition of P(f), since entropy is by definition non-negative,
for every f-invariant probability measure pu on J(f) we have —tA(un) <
P(t). Hence the condition P(#;) < O implies A(u) > —P(t;)/t; > 0. Thus

Negative Pressure=Lyapunov.
On the other hand by the definition of P(f) there exists the limit
lim, . P(#)/t = —inf{A(n) : n}. Hence Lyapunov=-Negative Pressure.
O

In general P(¢) is decreasing since A(u) > 0, see [P5]. Under condi-
tion Lyapunov, where A(u) > InApy,, > 0, the function P(7) is strictly
decreasing so its zero is unique.

Recall that a compact and forward invariant set X C C is called hy-
perbolic, or expanding, if there exists n > 0 such that |(f")'(x)| > 1 for
every x € X. Then the hyperbolic dimension of J(f), is the supremum of
Hausdorff dimensions of f-invariant hyperbolic subsets of J( f).

Theorem 4.3. If f satisfies Topological Collet-Eckmann (TCE), then the
pressure function P(t) has a unique zero that is equal to the hyperbolic
dimension, Hausdorff dimension and box dimension of J(f). All these di-
mensions of J(f) coincide and are less than 2 provided J(f) # C.

This equality of dimensions was proved under the Collet-Eckmann con-
dition in [P1] and under a summability condition in [GS2].

Proof of Theorem 4.3. The equality of the hyperbolic dimension of J(f) to
the first zero of P(#) holds for every rational function f, see [P2, (2.2) and
Appendix 2]. As in the proof of mean porosity of J(f) in [PR1], we see
that there exist p; > 1,£ > 0,6 > 0, M > 0 such that for every x € J(f)
there exist increasing sequences of integers n;, k; such that n; < p,j,
W; = Comp, f ki (B(f% (x), 8)) is contained in B(x,27") and contains
B(x,£27") and for each j there is only finite, bounded by M, number of
i :0 <i <kjsuchthat f/(W;) contains a critical point (§ replaced by 2§ in
the latter W;). In fact in the definition of TCE the constant P, hence p; here,
can be arbitrarily close to 1, see [PU2, Remark 4.3.c]. The trick to lessen P
(on the cost of M) is to use secondary, etc., telescopes as in Remark 5.2.

Let m be any probability «-conformal measure on J(f). Then there
exists a constant C depending on M such that m(W;) > C(diamW;)*,
compare [P1]. Hence for every r > 0 and every x € J(f) we obtain
m(B(x,r)) > Cr*"¢ where € depends on p; and tends to O for p; \ 1 and
C, = Cy(e) > 0 is a constant not depending on x and r.

For every r one can find a bounded multiplicity cover of J( f) by discs B;
of diameter r and m(B;) > C;r**€ (Besicovitch) hence ), (diamB,)**¢ <
C1_1 Zi m(B;) < Const. Hence upper box dimension BD(J(f)) < o + €.
Taking « equal to hyperbolic dimension of J( f) (possible by [DU] and [P5,
Corollary A and comments in Introduction]) proves the existence of box
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dimension of J( f) and its equality to Hausdorff dimension which is always
between hyperbolic and box ones. They are strictly less than 2 by mean
porosity of J(f), [PR1]. O

4.2. On variants of condition Lyapunov

Note that condition Lyapunov trivially implies the following condition.

LI. Lyapunov exponents of ergodic invariant measures with positive Lya-
punov exponent are bounded away from zero.

Moreover by Ruelle’s inequality: /() < 2A(u) for every ergodic f-
invariant measure w1 on J(f), this condition implies in turn the following
one.

L2. Lyapunov exponents of ergodic invariant measures with positive en-
tropy are bounded away from zero.

Denote possible bounds in L1 and L2 by A;; and X, respectively. We
obtain immediately supA;> > supArz; > sup Apya. Thus the following
proposition together with the Main Theorem imply that conditions L1 and
L2 above are equivalent to condition Lyapunov, with the same suprema over
all possible A’s.

Proposition 4.4. Condition L2 implies condition UHP with lpe; > Apo.

Proof. For every f-periodic p write A(p) := n(lp) In |( P (p)|, where
n(p) is a period of p. Denote the periodic orbit of p by O(p).

Given a repelling periodic point p of period n(p) we want, for an
arbitrary positive ¢, to find a measure p of positive entropy such that A(u) <
A(p) + €. We shall construct an invariant hyperbolic set of positive entropy
and demanded exponent using an idea of “building bridges” from O(p) to
itself, by E. Prado [Prado]. (This corresponds in higher dimension to finding
a “horseshoe” close to a homoclinic point.) Let xo = p, x1, ... be abackward
trajectory such that x;, x5, ... ¢ O(p) and x, — O(p) as n — oo. There
exists § > 0,m > 0 such that all f(B(p,8)) for 0 < t < n(p) are
pairwise disjoint with f univalent on them, £ (B(p,8)) D clB(p,$),
X € f"P(B(p,8))\clB(p,8),x, ¢ f*P(B(p,s)) forall0 < n < m and
X, € U05t<n(p) f(B(p, d)) forn > m.

Fix k large enough so that for Vy = Comppf_k"(f’)(B(p, §)and V, =

Comp, f"(Vp) forn = 1,2, ..., the following properties hold:

1.V, C f"P(B(p, 8)) \ clB(p. 8);
2. Allthe sets V,,,n =0, ..., m — 1 are disjoint from P (B(p, 8)).

Considering f'(Vp),0 <t < n(p) and V,,,0 < n < kn(p) + m, we ob-
tain a family of topological discs U; on which f is “generalized polynomial-
like”, that is satisfies the Markov property f({J; dU;) N{J; dU; = ¥. More
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precisely, we can guarantee this by making small changes of U; to destroy
f(@V,11) = aV, and f'(@Vy) = 3"+ (Vo).

If x,, do not meet Crit then choosing § small enough, denoting _J ;Ui
by U, we guarantee U N Crit = §J, hence f on the set of non-escaping points
X ={z: (Vn = 0)f"(z) € U} is expanding (that is (Vx € X)|(f™") (x)]
> 1).

If all backward trajectories from O(p) meet Crit, we replace first O(p)
by O(p') of minimal period kn(p) + m, with p’ € V, defined above, with
large k. O(p’) follows O(p) for time kn(p). For every ¢ > 0 we find k large
enough that A(p’) < A(p) + ¢ and backward trajectories from O(p’) do
not meet Crit (use gCrit < 00) so we can repeat the previous construction
for p replaced by p’. (Note that A(p”) can be much smaller than A(p) for
every p’ # p, consider for example z — z> — 2 and p = 2.)

We conclude with expanding X on which f is a topological Markov
chain, topologically transitive and not just one periodic orbit. Hence the
topological entropy of f on X is positive.

Note finally that for every ¢ > 0 one can find § so that Lyapunov
exponents of all points in X are smaller than A(p) + ¢ because the smaller
Vo the longer time each trajectory follows O(p) before it passes a bridge
Xms Xm—15 -, X0 SO €very pon X has Lyapunov exponent less than A(p)+e,
in particular the balanced measure, that is ergodic and has maximal, hence
positive, entropy. |

Remark 4.5. The proof of the implication ExpShrink=>Lyapunov uses [P5],
so it is not easy. To prove L1 is easier. One can prove directly UHP=L1
with A;; > Ape using Pesin-Katok Theory. The idea is that given an er-
godic probability f-invariant measure p supported on J(f) with positive
Lyapunov exponent, we can shadow a typical backward trajectory by a pe-
riodic repelling orbit, cf. the proofs of UHP=-CE2(z;) in Sect. 3, and in
Appendix A (using Lemma A.4).

5. Further conditions equivalent to TCE
In this section we consider further conditions that are equivalent to TCE.
We are mainly interested in the following condition.
e TCE at x. The same as TCE but only for a fixed x.
Furthermore we consider the following auxiliary property.

e BLS. Backward Lyapunov stability. For every § > O there exists r > 0
such that for every x € J(f) and any positive integer n,
diamComp, f " B(f"(x),r)) < 4.

We will prove that the condition (TCE at critical points & BLS) is
equivalent to TCE, which gives a new topological condition equivalent to
TCE. This leads us to state the following natural problem.
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Problem. Suppose that a rational map satisfies TCE at critical points. Does
it satisfy condition BLS?

Moreover we consider the further variants of condition ExpShrink.

e FExponential shrinking of components at critical points. There is A > 1
and » > 0 such that for every critical point ¢ € J(f) and for every n,
the connected component W of f~"(B(f"(c), r)) containing c, satisfies
diam(W) < 17",

e FExponential shrinking of components at x. The same as above but only
for a fixed x in place of c.

e Backward exponential shrinking of components at zo € C. There is
A > 1 and r > 0 such that for every n > 0 and every connected
component W of f~"(B(zg, r)) we have diam(W) < A7".

Complement to the Main Theorem. For a rational map f of degree at
least two, condition TCE is equivalent to the following ones.

1. TCE at all critical points in J(f) & BLS.

2. Exponential shrinking of components at critical points and no parabolic
periodic orbits.

3. Backward exponential shrinking of components at some z € C.

4. CE2(zp) holds forall zg € C, except for an exceptional set E of Hausdorff
dimension zero, with the same hcg, > 1 (and the same supremums of
Acg2’s at each 7o) and possibly with different constant C > Q.

5. Lyapunov exponents of invariant measures with positive entropy (resp.
positive Lyapunov exponent) are bounded away from zero.

Lemma 5.1. For an arbitrary x € J(f) the condition (TCE at x & BLS)
implies the condition: Exponential shriking of components at x.

Proof. TCE atx € J(f)implies mean exponential shrinking of components
at x (compare with [NP]); that is there is P > 0, § > 0, A > 1 and a strictly
increasing sequence of positive integers n;, j = 1,2, ... such that n; < Pj
and foreach jandi: 0 <i <n;

diamCompf,-(x)f_(”j—i)B(f”j (x),8) < A~

The proof is a part of the proof of Proposition 3.1 in [PR] (rewritten in
[NP, Sect. 2] for unimodal maps of the interval.) The idea is the telescope
construction. We can assume that all n; | — n; are larger than a constant so
that that

diamComp ;) f~ "7 B(f"+1(x), §) < /2.
Hence
diamComp, f " B(f" (x),r) < & < (£"/7)".

for a constant £ < 1. See [M] and also [P1, Lemma 1.1] or [GSw2, pp. 279—
280].
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Next notice that forn : nj < n < nj;, by BLS, we have
diamComp 1 , f~" 7" B(f" (x), r) < 6.

Hence Compfn,(x)f_(”‘”f)B(f”(x),r) C B(f"(x),8) and finally
diam, f " B(f"(x),r) <& <& 'g/M < g7 1(gVP)n o

Remark 5.2. In [PR1, Proposition 3.1] we proved Exponential shrinking
of components at critical points assuming CE. We also went via TCE, but
coped withn : n; < n < nj;y using again CE, referring to [P1, Sect. 3]
where the proof of CE=BLS was sketched (for a detailed proof see [PU2,
Appendix B]. Here we just assume condition BLS instead.

For TCE assumed at all points, we coped in [PR1] withn : n; <n <
n ;41 proving ExpShrink, by using secondary telescopes at f"/(x). Namely
for each y = f"o(x), due to TCE at y, there exists a sequence n’] with
the similar properties as n; with ¢ replaced by y; we are interested only in
n’; < nje+1 — nj,. The secondary gaps (n';, n’; ;) can be filled in with the
next generation telescopes, etc, yielding finally ExpShrink. See [P3, Lemma
4.3] for details.

Proof of the complement to the Main Theorem.

1 and 2. For the equivalence between TCE and condition 2, see [PR1]
and [P3]. Lemma 5.1 applied to x being critical points in J(f) and the
observation that BLS implies the absence of parabolic periodic orbits yields
the implication 1 = 2. So it remains to prove that TCE implies condition 1.
Obviously TCE implies TCE at critical points. Moreover by [PR1] and [P3]
condition TCE implies condition ExpShrink, which clearly implies BLS.

3 and 4. Clearly condition ExpShrink, which is equivalent to TCE, im-
plies condition 3. The condition ExpShrink also implies condition 4 by
Remark 2.2. Lemma 2.1 states that 3 implies condition CE2(z,) for some
zo € C, which is equivalent to TCE by the Main Theorem. That condition 4
implies TCE follows trivially from the Main Theorem.

5. That the conditions in 5 are equivalent to TCE was proven in Sect. 4.2.
O

6. On conditions CE and CE2. Counterexamples

We now explain the assertions of the Main Theorem related to the conditions
CE and CE2. Remind that we have already proved that conditions (a)—(g)
in the Main Theorem are equivalent.

The implication CE2 = (¢) CE2(some zj), is obvious and the implication
CE = (a) TCE was proven in [PR1]. So each of the conditions CE and CE2
implies the equivalent conditions (a)—(g).

Below we give examples of real polynomials of degree 5 that satisfy
CE but not CE2, and vice-versa. S. van Strien considered such an example
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(though not polynomial) for maps of the interval [vS]. We also provide a real
polynomial of degree 3 satisfying TCE but neither CE nor CE2. A similar
example (in degree 4) was considered in [PR2], but the measurable Riemann
mapping theorem was used to justify it.

The troubles with CE or CE2 arise when the forward trajectory of one
critical point closely approaches another critical point.

Rational maps with only one critical point in its Julia set. In [GS1] it is
proved that condition CE implies CE2(c), for all critical points ¢ of f in
J(f) with maximal (dynamical) multiplicity. On the other hand it is not
difficult to prove that condition CE2 together with condition ExpShrink
imply CE at ¢ for all critical points ¢ € J(f) with maximal (dynamical)
multiplicity, see [GS1] and also [R-L] for a simpler case.

Hence, due to our new implication (c)CE2(some zy) =(b)ExpShrink,
we obtain the equivalence of conditions CE and CE2 in the class of all
rational functions for which all critical points in the Julia set have the same
(dynamical) multiplicity. This class includes rational maps with only one
critical point in the Julia set.

It remains to note that for rational functions with only one critical point in
the Julia set the implication TCE = CE was proved in [P3]. Let us mention
that in [GP] J. Graczyk and I. Popovici proved directly the implication UHP
= CE for quadratic non infinitely renormalizable polynomials.

6.1. Counterexamples

A class of rational maps of a large interest are the semi-hyperbolic ones, see
[CIY].

Definition. We call a rational function f semi-hyperbolic if it does not
have parabolic periodic points and if all its critical points in J(f) are
NON-recurrent.

Semi-hyperbolicity does not exclude that one critical point belongs to
the forward limit set of another. It was proved in [CJY], with the use of
[M], that semi-hyperbolic maps satisfy condition ExpShrink. In [CJY] it
was also proved that semi-hyperbolicity is equivalent to TCE with P = 1
(in this case {n;} is the sequence of all non-negative numbers numbers.)

All counterexamples constructed in this section and in Appendix C are
semi-hyperbolic.

Consider a holomorphic one-parameter family of polynomials f, with
the following properties: f, is real for o real, O is a repelling fixed point
with multiplier f’(0) = A, and such that there are critical points ¢; and ¢,
with the criticalities u; and u, respectively such that f2(c;) = 0. Assume
furthermore that for some real oy, f§0 (¢1) = 0 for a natural number k, but

f§(cl) = 0, or stronger: Baf(f(cl) #% 0ato = oy.
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Moreover suppose that there is an open set W C C such that the re-
striction of f, to W is polynomial-like with ¢, as unique critical point.
Then there is an invariant interval / C W N R and an holomorphic motion
i of I compatible with dynamics such that i,, is the identity. Note that
lic (x)| ~ |x|* for x close to 0, where «, is defined by [A| = |As,|*.

Fix n > 0 close to 1 and consider a point x € I with lower Lyapunov
exponent lim inf,,_, % In|(f5) (x)| = Innfor f5, with the following prop-
erties. The orbit of x accumulates at ¢, and the closest return times of x to
¢y are ny < np < ... which are also the only times that f;lo (x) is close to c¢;.

Such x can be found with the use of induction. Suppose x' satisfies

1 ; . . .
[( f;o it Y (x")| ~ n"it! forall j < i and the closest return times to ¢, are are

ny, ...,n;. Putp; = | fi Hxh) — foo(c2)]. Consider the first time m > n; + 1
so that | 2 (x)| ~ 1. By bounded distortion |(f22~" =) (f2i+! (x"))| ~ o
and therefore m — n; ~ In(p;” h.

Choose y close to c;, such that |( Umo)/(xi)l Sy = et ~ gt Set
niy1 := m and define x'*! as the preimage of y under the branch of Jo"
mapping f7(x") to x' defined on an a priori fixed disc D disjoint from
the set { f»,(c2), 0} and such that f(x"), y € D' for another a priori fixed

disc D’ with closure in D. Hence by bounded distortion |( f;()’ +1)/ (x| ~

|(fn’+1) (Xj)_l forall j = 1,...,7 and |(f§(§+l)’(ﬁfi+l)| Sy = et ~
|(f"'+‘+1) x| ~ prrtl For x := lim;_ . x' for each j we obtain
ni+1 ni
|(foo ) ()] ~ !
Note that
n; -1 nit1—n; 1
£ ) — o2 g~ | ) — e,

if n is close enough to one, since n; 1 —n; ~ ln(,ol._l). Thus n;; is a closer
return than n;, as we wanted, provided p; is small enough (to define it, let
us set ny = 0), that is x close to 0. Moreover n;; —n; — 00 exponentially
fast; this assures the convergence of x'.

Hence

|(f"f“)’<ia<x>>|
~H ST (2 G o)) | - o i (0) — o]

—(, n ag(p2—1) o N
~Hp“ 70 (o () — o T~ g,

We conclude that the lower Lyapunov exponent of f, at the point i, (x) is
oy Inn.
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6.1.1. Semi-hyperbolicity does not imply neither CE nor CE2. Anexample,
a degree 4 polynomial, was constructed already in [P4], with the use of
Douady-Hubbard straightening of polynomial-like maps. Here we find di-
rectly degree 3 polynomials.

Just consider a family f, as above with an arbitrary n < 1. f,,(z) =
az(1 4+ z)(1 — z) — b in appropriate affine coordinates on C satisfies our

assumptions. We have critical points ¢; = —\/; and ¢, = \/g .

Parameterize the family by o, with a(o) and b(o), such that a(oy) =

and b(op) = 0; hence f,,(z) = 3T‘/gz(l +2)(1 — 7). We get fo(c,-) = 0 for
i=1,2.

There exists a curve (a(o), b(o)) with d,a, d,b > 0 at 0 = o and
fo(p) = p = faz(cz) for p = p(o). One can see this by computing the
gradients of the functions f,;(p) — p and fa% »(c2) — p in the coordinates

(a,b,p) e R¥ata = 3*76 b = p = 0. One can see that f2(c;) — p(o) > 0
for o > oy by computing for example that 9, fa2, »(c1) and 9, fa2, ,(c1) are

large ata = %, b=0.

Therefore there exists o > oy (arbitrarily close to o) and k > 2 such
that f[f (c1) = i,(x). Hence the lower Lyapunov exponent at the critical
value f;(cy) is In(n*r) < 0. Thus f, is not CE. Since u; = (= 2) here,

f» does not satisfy CE2 neither, see introduction and [GS1].

33
2

6.1.2. CE2 does not imply CE. Consider now a family f, with u, > u;.
Start for example with f, ,(z) = az*(1 — 2) + b, write ¢; = % and ¢, = 0,
find an appropriate curve a(o), b(o) and change coordinates so that the
repelling fixed point is always at 0.

Put n = 1 and let o close to o( such that f;‘(cl) = i,(x) for some
k > 2, there are such o since f,(c;) # 0. By the above the lower Lyapunov
exponent of f, is 0 so f, is not CE. Let us prove that f, is CE2.

Since ¢ is not an accumulation point of forward trajectories neither
of ¢; nor of ¢, there is a neighborhood U; of ¢; such that all £/ on all
components of f~ J(U,) are univalent and, since f, as semi-hyperbolic is
TCE (see [CJY]), the diameters shrink uniformly exponentially as j — oo.
So c; satisfies CE2.

Similarly there is a neighborhood U, of ¢, such that the diameters of
all pull-backs shrink uniformly exponentially. Note that a pull-back can
encounter now the critical point ¢, but for any (x;), a backward trajectory
of ¢, this can happen at most for one component Compxj £~/ (U,) (since the

diameters of the components shrink uniformly to 0 and ¢; is non-recurrent).

We can find a smaller neighborhood Uz C U, so that in all the compo-

nents of f~"(U,), as long as f" are univalent on the respective components
of f~"(U,), the derivatives of f” are exponential at the respective preimages
of Co.
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Consider now a pull-back V of U, by 1 so that ¢; € V. So f2is
univalent in f;(V), the respective pull-back of U, so the distortion of f
in fg(\7) is bounded by some definite constant, see Lemma 1.4 for, say,
Us = B(cy, ) and U, = B(cs, r/2), with r < r.

(Ifithappensthatc; € V'\ V then we replace for all backward trajectories

of ¢, through V the set U, by U,. As we cannot encounter ¢, again, only
univalent cases happen.)

Note that n = n; + k — 1 for some i, since the n; are the only
times that the orbit of i, (x) approaches c,. By the previous considerations
|25 (f5(c1))| > Constd™®, hence,

. —1 ~
| £ (c1) — 2|7 = Const -

(£ (folen] ™

Let ¢ close to ¢; be such that f,(¢) is the unique (n; + k)-th preimage of ¢,
in V. So, by bounded distortion,

£ (@) = fo(eD] ~ | £7 e = e (2 (foten)|

> Consteiuz_a—l|(f;1,-+k—1)/(fc(q))|_%’

p—1

and considering that | £ ()| ~ | f>(¢) — fo(c1)| 1,

l M

(7274 @] = Constd 5 5 (A1) o |~ 7T

Since p, > p; it follows that 1 — &= 1”—31 > 0 so the above estimate

is exponentially large in n;. Finally note that, by taking U, small we may
assume that ¢ € U so it follows that the derivative at preimages of this ¢ is
exponential so ¢, also satisfies CE2.

6.1.3. CE does not imply CE2. Such an example was already considered
by S. van Strien [vS]. Choose p; > u; this time and n > 1 and let f, as
above.

Use for example again the family fa,h(z) = az*(1 — z) + b but change
the roles of the critical points, ¢y =0, ¢; = 4, translate the repelling fixed
point to 0 and find an appropriate curve a(o), b(0).

Thus f, is CE and just as before we have an estimate,

(£27#441) (@) = Comsu(o ™) 751 | £ o] 05,

1 . . . .
now 1 — ’“T % < 0 so the above estimate is exponentially small in 7;,

if 1 is chosen close enough to 1. So ¢, does not satisfies CE2. Note that f,
is not CE2 even in the real sense (for backward trajectories in R).
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Appendix A. An alternative proof of UHP = CE2(some z()

In this Appendix we present an alternative proof that UHP implies
CE2(some zg).

Lemma A.1. For any integer L > 2 there exists R(L) > 0 such that if for
a ball B(x, R), intersecting J(f) and of radius R < R(L), a component
of f*B(x, R) contains a critical point, and also f~'B(x;, R) contains
a critical point, then k +1 > L. Here x;, € f~*x is a preimage of x
belonging to the component of f*B(x, R) under consideration.

Proof. Take § to be so small that the return time of the set of critical
points to its §-neighborhood is greater than L (recall our convention that no
critical point in J(f) is in the forward orbit of another critical point). By
compactness there is such R that for k < L any component of connectivity
of the pull-back f~*B of any ball of radius R has diameter less than 8. This
R is the desired one. |

Lemma A.2. Fixe and let R be sufficiently small. Then for sufficiently large
nanya € J(f) has a “good” preimage b € f~'*a, meaning that for some
k < en the ball B(f*b, R) can be pulled univalently along any branch of
f~"*R passing through a.

Proof. Denote by d the degree of f. Take R < R(L) with L large enough
to satisfy 4In(4dL)/L < eln(d) with € < ¢/2, and assume n > L/e.
For every branch of f~"*+) at g do the following procedure: take a ball
B(a, R) and pull it back until it hits some critical point after k; iterations,
take a ball B(f~*a, R) and pull it back until it hits some critical point after
k, iterations. We continue by induction until we obtain a ball B(f"a, R),
withm = kj +- - - +k;, which can be pulled back univalently till f~"+lDq,

For any ball B and positive integer i for at most 4d (more precisely:
at most 2(2d — 2)) (counting multiplicities) branches of f~' preimage
of B hits critical points first time exactly after i iterates. Thus one spe-
cification (ky, ..., k¢) can correspond to at most (4d)* distinct branches
of length m (depending on the branch). Also, as was shown above for
any specification we have k; + k;y; > L, thus in any interval [j, j + L),
with 0 < j < [(n + [en])/L], there are at most two numbers of the form
ki + - --+k;. Considering every second i each block [7L, (¢ + 1) L) contains
no Y ._, k, or at most one with L possible positions. Therefore there are
at most (L + 1)2T2HlenD/L - 1 4n/L ways to choose a specification, and
necessarily ¢ < 2 4+ 2(n + [en])/L < 4n/L. Hence the number of such
“critical” branches is at most

Lyd4n/L o €n
Ad)' L*'" < (4dL)T = exp (4nIn(4dL)/L)) < d*" .

But counting multiplicities there are d**! > d" preimages f~'*"la, thus

there is a point b € f~1*"lg, such that for all branches of f~""*1#"Dg passing
through it m < [en]. Clearly b is the desired point, and k = [en] — m is the
desired iterate. O
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Lemma A.3. Let u be the invariant measure of maximal entropy. Then for
almost all 7 with respect to |1 there is a positive integer n(z) such that for
n > n(z)

1. The ball B(f*z, R) can be pulled back univalently along any branch of
£~ passing through z, where k = k(n) < en.

2. The ball B(f"**z, R) can be pulled back univalently along branch of
£~*R passing through z, where k = k(n) < en.

Proof. Choosing arbitrarily small € in the Lemma A.2, we deduce that when
n is large, except for a set of exponentially small measure p, for all z in the
Julia set the ball B(f*z, R) can be pulled univalently along any branch of
f~*+0 passing through z, where k = k(n) < en. Here we use the fact that
Jacobian of f with respect to p is equal to d, hence exponentially small
proportion of preimages supports only exponentially small proportion of .
Letting n — oo and using Borel-Cantelli lemma, we deduce the first claim.
Similarly, passing to preimages (and using invariance of the measure 1),

we obtain the second claim. It also follows immediately from Pesin’s theory.
0O

In the sequel we shall need the following general fact.

Lemma A.4. There is a constant j = Const(R) such that if a component
U of f7"B(R) is a univalent pull back of some ball B(R) of radius R for
sufficiently large n, then any component U’ of f~" B(R/2) inside U contains
a repelling periodic point of period n + j.

Proof. Choose j to be large enough so that preimages of any point in J(f)
by f/ are R/(9deg(f))-dense in J( f). By compactness there is § > 0 such
that any component of the pull-back f~/B(8) of any ball B(8) of radius §
has diameter less than R/(9deg(f)). By a standard argument (dating back
to Fatou) for sufficiently large n component U’ would have diameter less
than §.

Since B(R/3) contains (for R < 1) atleast %71(R/3)2/(\/§R/9deg(f))2
> 4deg(f) points that are 4R/(9deg(f))-separated, we obtain at least
4deg(f) different components of £~/ (U’) inside B(R/2). By Fatou’s esti-
mate on the number of non-repelling cycles, at least one of them, say V,
would intersect only repelling cycles. Using an index argument for the map
f™J: V — B(R/2), we find the desired periodic point, which is forced to
be repelling. |

Now assume UHP. Take any A < Ape. Choose ¢ small enough, so
that Aper/A > M°. Denote M := sup, s | f’|. Parameters R, j are given
by Lemmas above. Then for n larger than some n’ we have (Ape/2)" >
CM‘WH—j.

Take as above the measure u of maximal entropy ( balanced measure).
Then by Lemma A.3 for p-almost all points zo for n > n(zp) the ball
B(f*z0, R) can be pulled univalently along any branch of f~*% passing
through z, where k = k(n) < en.
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Take one of such points zy, some n > n(zp), and some w € f~"(zo).
Let W be the component of f~"+Y B(f*z,, R/2) containing w. By the
Lemma A.4 there is a periodic point p € W with a period n + k + j. Using
Koebe distortion Theorem and UHP, we can write

[ )] = (Y (P)I/C = 1) (I NEMH) = a5,/ (CMEH),
which is greater than A" whenever n is large enough.

So we have shown that UHP implies CE2(zg) for almost all zo with
respect to L.

Using the second statement of Lemma A.3 we similarly note that for
w-almost all points |(f") (z)| > A" whenever n is large enough. Thus the
lower Lyapunov exponent lim inf,,_, % In|(f")(z)] is at least In & > O for
wu-almost all points z, and we infer that A(x) > In A > 0.

Remark A.5. Lemma A.3, hence the assertions above, hold for any invariant
measure pu of Jacobian bounded away from 1 on a set of full measure .
These are however not the best results. In Remark 4.5 it is noted that with
the use of Pesin-Katok method one can prove A(r) > InA > 0 for every
of positive Lyapunov exponent (in fact even this assumption can be skipped)
and every A < Aper. Furthermore CE(zg) for just one zo implies CE(z() for
almost all zo for all invariant ergodic measures of positive entropy (even
for a larger class of invariant measures) by Remark 1.1; any set of positive
measure has positive Hausdorff dimension by the formula: dimension of
measure = entropy / Lyapunov exponent. Nevertheless the direct method
via elementary Lemma A.2 seems to be of an independent interest.

Appendix B. Does bounded criticality imply zero criticality?

We shall discuss here the set of integers for which TCE holds at a critical
point with a given criticality.

Notation. For any A, a subset of the set of natural numbers, we write
d(A) :=liminf#([1, ...,n] N A)/n
n—oo

d(A) :=limsup#([1, ...,n] N A)/n.

n—o00

For every x € C,8 > 0 and n > k > 0 denote the set
Compfk(x)f_("_k)(B(f”(x), 8)) by Wi kx.s-

Given M > 0,8 > 0,x € C we say n > 0 is an (x, M, §) good time,
and write n € G(x, M, §) if

1O <k <n:W,rsNCrit # 0} < M.

We assume that ¢ is small enough that for all n € G(x, M,$) and 0 <
k < n, the sets W, s are topological discs of diameters smaller than
min dist(c, ¢’), the minimum taken over all pairs of distinct critical points,
see [M]; therefore each W, x s contains at most one critical point.
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Theorem B.1. d(G(c, M, 8)) > 0 at a critical point ¢ € J(f) implies
d(G(f(c),0,8)) > 0 for some § > 0and ¢ € CritNcl UnZO f"(c).

Remark B.2. We do not know whether d can be replaced by d in this this
Theorem, which would be in accordance to condition TCE at ¢ and ¢’. We
expect a negative answer, even in unicritical case.

Proof. The proof goes by induction with respect to M. Fix ¢, M, § and
assume d(G(c, M, 8)) > 0, M > 1. Forevery n € G(c, M, ) let§ > 4, >
27M§be chosen so that forevery 0 <k <n, (Wyx x.5, \ Wa k. x.6,/2) NCrit = .
Denote W,  := W, k.c.5,-

Shrinking § and taking only every no-th n for n( large enough, we
can assume the following telescope property: For every ny < n, < n3 €
G(c, M, 5) it holds Wm n C Wy,

Foralls =0,....,n,n € G(c, M, §), for §(s) := 2Msup\f’\“ we have

B(f"(e), 8'(s)) C Wi n—s
hence, forall k: 0 <k <n — s,
Wn—s,k,c,é’(s) C Wn,k-

Let t(n) : 0 < t(n) < n be the largest integer such that W, ,, contains
a critical point.

Since W, ;) captures a critical point, there are at most M — 1 integers
k : 0 < k < t(n) such that W, ; captures a critical point. Therefore for
s>n—tn),n—se Glc,M—1,8§()).

For every integer s > 0 denote G, := {n € G(c, M,3) : n — t(n) < s}.
Suppose there exists s > 0 such that

d(G(c, M —1,827M)) UG,) > 0.

Suppose n € Gy;. Then n —s € G(e, M — 1,68 (s)). Of course if n €
G(c,M —1,82Mythenn —s € G(c, M — 1, §'(s)). Therefore

d(G(e,M —1,8(s)) > d(G(c, M — 1,82 M) U G,) > 0.

Suppose now that s as above does not exist. Then there are sequences
n;j,s; — oo such that for

G ={neGe,MH\Gce,M—1,82"):0<n=<njn—1in) >s;}
it holds
. 1_
#G/ /n; > g := Ed(G(c, M, 8)) > 0.

Note that for an arbitrary j and alln € G/ and t(n) < m < n,m €
G(c, M, $), we have t(m) = t(n). Suppose to the contrary that #(m) > t(n).
The set W, /) contains a critical point by definition. If W, ; for k < #(n)
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contains a critical point then also W, ; contains it by the felescope prop-
erty. Since n ¢ G(c, M — 1,52~M) there are M of such k’s. So M + 1
number of W, ;’s, for k < m capture critical points, i.e. m ¢ G(c, M, ),
a contradiction.

We obtain #{t(n) : n € Gj}/nj <1/s; — Oas j — oo, since for each
t(m), the closest n > t(m),n € G/, satisfies n > t(n) + sj = t(m) +s;.
Hence there exists a pair n < n’ € G/ such that there is no integer of the
form #(m) between t#(n) and #(n’) and

#(G' N [1(n) + 1,1(n")])/s; > .

(We include to the set of #(n’)’s the last integer n; in G’)

Note that when m € G/ N [t(n) + 1,t(n)] and k € [t(n) + 1, m — 1]
the set W, cannot contain a critical point. Recall finally that a criti-
cal point ¢ € Wy, = Comp f~ =R (B(f™(c), 8,,)) belongs in fact to
Comp f~ "R (B(f™(c), 8,,/2)) by the definition of §,. Hence m €
G(f(c),0,8,/2) C G(f(c), 0,827 M),

Thus, by s; — 00, choosing ¢’ appearing infinitely many times for j’s,
we get

d(G(f(c)),0,82 MDYy > ¢ > 0.

By the construction, ¢’ € B(|,o f"(c),8), so ¢’ € cllJ,~, f"(c) if we
assumed that § < dist({, f"(c), Crit\ cl{ o f"(c)). O

Appendix C. Neither CE nor CE2 are preserved by quasiconformal
conjugacy

It is proved in [P3] that, in the presence of only one critical point in the Julia
set, CE is equivalent to TCE and therefore CE is invariant by topological
conjugacy, see also [PR2].

In this section we prove the existence of two quasiconformally conju-
gated real polynomials of degree 4, so that one of them satisfies conditions
CE and CE2 and the other one does not satisfies neither one of these two
properties. So it follows that neither CE nor CE2 are invariant by quasicon-
formal conjugacy.

1.— Consider the family of polynomials

C1

2
fra@ =24+ -4 (1 - i) , forc; #0.

For every such f; ., 2 is a fixed point, ¢, is a critical point mapped to 2
and f, ;,(—2) = 2. We are mainly interested in ¢; € [2, +00) big. If ¢;
is big there is a unique critical point ¢; = c2(c1) of fi, close to 0. In
fact such ¢, satisfies c% = %C2 +2s0¢c, = —401_1 + (9(c1_2). Then we
will fix A = A(c;) close to one so that f; ., (c2) = —2 and we denote f; ,
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just by f;,. Note that A(c;) =1+ (9(c1_2). Note also that f., converges
uniformly in compact sets to z> —2 as ¢; — oo and moreover the restriction
of f,, to some definite neighborhood W of [—2, 2] is polynomial like with
¢, as unique critical point and it is quasiconformally conjugated to z> — 2.
Then we consider the fixed point a(c;) of f,, in W, different from 2, so
that a(c;) = —1 — 201_1 + (9(01_2). Moreover let A;(cy) and A,(c;) be the
eigenvalues of 2 and «(c;) respectively so that,

Mlen) = fL(2) =4(1—4c;") + O(c;?) and
Aa(cy) = f;l (a(cr)) = —2(1 + Cl_l) + (9(C1_2).
Note that the function

In | () 3 .
— =21 - — O ,
In lia(e)] ( mz ) Ok

is not constant. Moreover, for different values of ¢, the f., are quasiconfor-
mally conjugated. We will find small perturbations f;, 4, of this family
so that all elements are quasiconformally conjugated and so that for some
values of ¢y, fe, o(c,) 1S CE and CE2 but for other values of ¢, the polynomial
Ser.0(cr) does not satisfy neither CE nor CE2.

2.— Given 1 close to one we can choose x., € [—2, 2] with lower Lyapunov
exponent In»n as x in Sect. 6 so that the orbit x, = f"(x.,) forn > 0 of
X¢» 1s in W and accumulates c,. Let n; < ny < ... be the for which x,,
is closer to ¢, than the previous times. Then we may choose x., so that
these times are also the only times that the x,, are close to ¢, and moreover
|(F2Y (o) | ~ .

Soif m; is such that |x,,, —2| ~ 1, then there is m; such that [m; —m;| <
Const so [x,,; —a(cr)| ~ [A2(c1)|~2"". Therefore, for some definite k > 0, we
have that |xml<+2m,»+k — a(cy)| ~ 1. We further assume that n;; is such that
[ni41 — (m;42")| < Const. Note that m; —n; ~ m} —n; ~ In(n;) <K 2™,

s(cy) ==

mi—nj—1\/ — omiN/ om;
(o) @) | ~ Taenl™ " and |(£27) ()| ~ 12a(e) P, so,
-1 —(niy1—n; i—ni 2Mmi
| f Qo DI~ g™ P00 () A (en) P

3.— Consider the family,
fer.0(2) = fu (2) — 0(z* — 4)(z — e2(cy))* for o € C,

note that f., , is real when ¢; and o are real. Moreover 2 is a fixed point
for f,, o, c2 = ca(cy) is a critical point mapped to 2 and f,, ,(=2) = 2.
Fix ¢ so there is a continuation ¢; = ¢,(¢;, &) of the critical point ¢; for
(¢1,6) close to (c1, 0) and note that ¢; is real when ¢; and & are real and
51(6‘1, 0) = 6‘1.

Furthermore there is canonic holomorphic motion i of [—2, 2] defined
in a neighborhood of (¢, 0) which is compatible with dynamics and so that
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ic,.0 1s the inclusion. Note that iz, s(c(c;)) is a fixed point of f, 5. Denote
by 1;(¢1,6), i = 1,2 the eigenvalues of 2 and i;, s(a(c;)) respectively.
Thus,

(F2"%) Gey.o Com) | ~ 1021, )P

and as in Sect. 6,

In[xy(21,6)|

|(fcl a) (lc a(xn +1))| ~ |fcl(x,, )| '"IAl(C])\ .

Considering that m; — n;, njy1 — n; — 2™ < 2™ it follows that the lower
Lyapunov exponent of f3, s, atiz s(x.,) is equal to

A oy, 02, 6)
InfAz(¢1, 6)| + ——————(Inn —In|ry(c1)])
In|A;(e)]

_ <1nl)»2(51,5)| _ Injha(c)
In|21(¢,6)  Infri(er)l

In|xi(¢1,0)]
In|xi(cr)l

)-lnlkl(51,6)|+

4.— For o0 > 0 and ¢ real, f;, ,(¢;) < 2 so we may choose a sequence
{0, }n>1 such that 0, — 0 and such that ¢, is eventually mapped to i, 4, (xc,)
by f,..,- Hence, for ¢} in some definite neighborhood of ¢, there is o,,(c})
so that

- . .1 ~
fc/l,zr,,(c’l)(cl) - lc’l,an(c/l) o lcl,g'n (fcl,on (Cl))-

Therefore fu () is quasiconformally conjugated to f;, ,, and moreover
the lower Lyapunov exponent of fu: s, /) at f¢t () (€1) is equal to the lower
Lyapunov exponent of it ,, ) (x¢,). By 3 these lower Lyapunov exponent
converges to,

In |2, (c))]

——1n

In|A(cr)l

as n — 0o, where the function s is as in 1. By 1 the function s is not

constant and since it is analytic one may choose ¢/ arbitrarily close to c¢; so
that s(c}) # s(c1). Once fixed such ¢} one may choose 7 so that,

(s(cp) = s(en) - In A (D] +

In [A; (DI
In|A;(en)l

have different signs. Hence, for n big one of the f,, ,, or fc on(c)) satisfies
CE and the other one does not. Since the polynomials considered have all
critical points with the same multiplicity, CEis equivalent to CE2. Hence,
neither CE nor CE2 are preserved by quasiconformal conjugacy.

Iny and (s(c)) —s(ep) - Infa ()] + In 7,
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