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Résumé
Sur un espace d’états fini, une chaîne de Markov irréductible à temps continu converge vers sa
mesure stationnaire unique, ou en d’autres termes, se mélange. La convergence est mesurée par
rapport à la distance en variation totale. Dans la théorie moderne des chaînes de Markov, nous
nous intéressons aux chaînes où l’espace d’états devient grand. En étudiant certains modèles
de mélange de cartes, Aldous, Diaconis et Shashahani ont découvert le phénomène remarquable
maintenant connu sous le nom de cutoff : lorsque l’espace d’états devient grand, la distance
entre la chaîne et l’équilibre reste proche de sa valeur maximale pendant une longue période,
puis chute soudainement vers zéro sur une échelle de temps beaucoup plus courte. Depuis, le
phénomène de cutoff a été observé dans de nombreux contextes différents, tels que les chaînes
de naissance et de mort, les systèmes de spin à haute température, les systèmes de particules
en interaction, etc. Malgré l’accumulation de modèles, il n’existe pas encore de théorie générale
permettant de prédire efficacement cutoff. Au lieu de cela, le cutoff est montré modèle par
modèle.

Dans cette thèse, nous étudions trois systèmes de particules en interaction: le processus
d’exclusion unidimensionnel avec réservoirs, le processus de Glauber-Exclusion dans le régime à
haut température, et le processus de Zero-Range à champ-moyen avec potentiel croissant sous-
linéairement. Pour chaque modèle, nous établissons cutoff et fournissons une estimation fine
pour le trou spectral. Nous nous concentrons particulièrement sur le cadre de la percolation de
l’information introduit par Lubetzky et Sly, qui nous permet de montrer le cutoff même sans
connaître la formule explicite de la mesure invariante.

Mots clés : temps de mélange, trou spectral, phénomène de cutoff, dynamique de Glauber,
processus d’Exclusion, processus de Zero-Range, percolation de l’information
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Abstract
On a finite state space, an irreducible continuous-time Markov chain converges to its unique
stationary measure, or in other words, mixes. The convergence is often measured by the total
variation distance. In the modern theory of Markov Chains, we are interested in the case where
the state space becomes large. When studying some models of card shuffling, Aldous, Diaconis,
and Shashahani discovered a remarkable phenomenon now known as cutoff : as the state space
becomes large, the distance between the chain and equilibrium stays close to its maximal value
for a long time and then suddenly drops to near zero in a much shorter time scale. Since then, the
cutoff phenomenon has been observed in many different contexts, such as birth and death chains,
high-temperature spin systems, interacting particle systems, etc. Despite the accumulation of
models, there is not yet a general theory to effectively predict cutoff. Instead, cutoff is proved
model by model.

In this thesis, we study three models: the one-dimensional Exclusion process with reservoirs,
the Glauber-Exclusion process in the high-temperature regime, and the mean-field Zero-Range
process with increasing sublinear potential. These three models all fall under the category of
interacting particle systems. For each model, we establish cutoff and provide a sharp estimate
on the spectral gap. We particularly focus on the information percolation framework introduced
by Lubetzky and Sly, which allows us to show cutoff even without knowing the explicit formula
of the invariant measure.

Keywords : mixing times, spectral gap, cutoff phenomenon, Glauber dynamics, Exclusion
process, Zero-Range process, information percolation
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Chapter 1
Introduction

In this chapter, we briefly introduce the study of mixing times and the cutoff phe-
nomenon. Then, we provide one of the simplest examples: the simple random walk
on the hypercube. Though simple, this model illustrates the field of study very well.
Furthermore, the method presented here is the base to build on the proofs for other
models of interest, two of which are presented in Chapter 2 and 3.

Goals
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Chapter 1. Introduction

1 Preliminaries

First, we provide some backgrounds on continuous-time Markov chains on finite state spaces.
Since there are already many books about this subject, we will be very brief. Most of the
materials here can be found in Chapter 2 of the book [62].

Let X be a finite set, which we call the state space. The elements of X are called states
or configurations. Let X be the set of right continuous functions ω : [0,∞) → X , with finitely
many jumps in any finite interval. X is given the smallest σ-algebra F such that the mapping
ω 7→ ω(t) is measurable for each t ≥ 0. Let the process X = (Xt)t≥0 be defined by

Xt(ω) = ω(t).

Markov chains. A continuous-time Markov chain on X is given by the following.

1. A right continuous filtration (Ft)t≥0, to which X is adapted, and

2. A collection of probability measure {Px, x ∈ X } on X,

satisfying
∀x ∈ X , Px [X0 = x] = 1,

and, for any bounded measurable function φ on X,

∀x ∈ X , ∀s ≥ 0,Ex
[
φ(Xs+·)

∣∣Fs
]

= EXs [φ] , Px almost surely, (1.1)

with (Xs+·(t))t≥0 = (Xs+t)t≥0. Naturally, Px is called the law of the process starting at config-
uration x. Condition (1.1) is called the Markov property.

A generator L on X , sometimes known under the name Q-matrix on X , is a square matrix
indexed by elements of X such that

∀x, y ∈ X , x ̸= y, L(x, y) ≥ 0,
∀x ∈ X , L(x, x) = −

∑
y∈X \{x}

L(x, y).

Probabilistic description. For any θ ∈ R>0, we denote by exp(θ) the exponential distribu-
tion with parameter θ, i.e. the distribution with density 1{s>0}θe

−θsds. For any Markov chain
(Xt)t≥0, one can show that there exists a unique generator L such that X has the following
probabilistic description: under Px, there exists a random time τ ∼ exp(|L(x, x)|) such that

1. X stays at x in the time interval [0, τ), i.e. Xt = x, ∀t ∈ [0, τ).

2. At time τ , X jumps randomly to a new state different from x, with

∀y ̸= x, Px [Xτ = y] = L(x, y)
|L(x, x)| .

2



1. Preliminaries

A Markov process X is uniquely determined by its generator L, and vice versa, given a generator
L, we can define a Markov process X by the above probabilistic description. Consequently, to
define a Markov process X, one only need to provide its generator. We call a function φ : X → R
an observable. Usually, the generator L is given by its action on the set of observables: for any
observable φ, Lφ is an observable defined by,

∀x ∈ X , Lφ(x) =
∑
y∈X

L(x, y) (φ(y) − φ(x)) .

From now until the end of this section, we fix a Markov process X with some generator L. For
any probability distribution µ on X , the law of the process starting from µ is

Pµ :=
∑
x∈X

µ(x)Px.

One can prove that if the chain starts with a law µ, then the law at time any time t > 0, i.e.
Pµ [Xt ∈ ·], is given by µetL, where

etL :=
∞∑

k=0

tkLk

k! .

A probability measure π is invariant if πL = 0, since it implies that

∀t ≥ 0,Pπ [Xt ∈ ·] = πetL = π.

We say that L is reversible with respect to a probability measure π if

∀x, y ∈ X , π(x)L(x, y) = π(y)L(y, x).

If such a measure π exists, it is not hard to see that π is also invariant. We say that L is
irreducible if, for any initial state x, the chain can eventually reach every state y with strictly
positive probability. This means that for any x, y ∈ X , there exists a sequence (xi)0≤i≤k for
some k ∈ Z+ such that x0 = x, xk = y, and L(xi, xi+1) > 0, ∀0 ≤ i ≤ k − 1. When the chain
is irreducible, there exists a unique invariant probability distribution π, and the distribution of
the process converges pointwise to π when the time tends to infinity, regardless of the initial
condition:

∀x, y ∈ X ,Px [Xt = y] −−−→
t→∞

π(y).

The convergence is often measured with respect to the total variation distance, defined by, for
any two probability distributions µ, ν on X ,

dtv (µ, ν) = max
A⊂X

|µ(A) − ν(A)|.

The speed of convergence is quantified by the mixing times:

tmix(x; ϵ) := inf {t ≥ 0 : dtv (Px [Xt ∈ ·] , π) ≤ ϵ} , x ∈ X , ϵ ∈ (0, 1).

3



Chapter 1. Introduction

Let D(·) be the worst-case distance to equilibrium:

∀t ≥ 0, D(t) := max
x∈X

dtv (Px [Xt ∈ ·] , π) .

The worst-case mixing times defined by:

tmix(ϵ) := inf {t ≥ 0 : D(t) ≤ ϵ} , ϵ ∈ (0, 1).

This means that tmix(ϵ) is the time for the chain from any initial state to get within distance
ϵ from the stationary distribution π. We write tmix for tmix(1/4). Understanding the mixing
times is the central goal of the modern theory of Markov chains.

One can prove that if the generator L is irreducible, then 0 is an eigenvalue of L with
multiplicity 1, and the other eigenvalues of L have negative real parts. A quantity of interest
is the smallest number among the absolute values of the real parts of the non-zero eigenvalues
of L, also called the spectral gap of L, denoted by gap, which governs the asymptotic speed of
convergence to equilibrium:

gap = lim
t→∞

−1
t

log max
x∈X

dtv (Px [Xt ∈ ·] , π) . (1.2)

It is worth noting that, for any observable φ,

gap ≤ inf
x,y

lim inf
t→∞

−1
t

log |Ex [φ(Xt)] − Ey [φ(Xt)]| . (1.3)

Asymptotic notations. For two sequences of positive numbers (an)n≥0 and (bn)n≥0, we write
an = O (bn) (resp. Ω(bn),Θ(bn), o(bn)) if an is upper bounded by (resp. lower bounded by, upper
and lower bounded by, negligible compared to) bn up to a constant factor independent of n.

The cutoff phenomenon. In the modern theory of Markov chains, we are very often in-
terested in studying the mixing times when the state space becomes large. We are thus led
to study the mixing times of a family of chains with generators (Ln)n≥1 on a family of state
spaces (Xn)n≥1, where the size of Xn grows to infinity. For many natural families of chains, a
remarkable phase transition known as cutoff occurs:

∀ϵ ∈ (0, 1) fixed ,
t(n)
mix(ϵ)

t(n)
mix(1 − ϵ)

−−−→
n→∞

1.

In words, the asymptotic of t(n)
mix(ϵ) does not depend on ϵ anymore. This implies that the

distance to equilibrium stays near 1 for a long time and then suddenly drops to 0 in a much
shorter time scale. We say that a family of chains exhibits cutoff with a window of size O (wn)

4



2. The random walk on the hypercube

if wn = O
(
t(n)
mix

)
and

lim
α→∞

lim inf
n→∞

Dn

(
t(n)
mix − αwn

)
= 1,

lim
α→∞

lim sup
n→∞

Dn

(
t(n)
mix + αwn

)
= 0.

Since its discovery by Aldous, Diaconis, and Shahshahani in the context of card shuffling in [2,
21, 23], cutoff has been observed in various contexts: birth and death chains [22, 15, 27], random
walks on finite groups [94, 23], high-temperature spin systems [68, 67, 69, 66, 98], interacting
particle systems [50, 51, 52, 40, 87, 48, 49, 29, 13], or random walks on various models of sparse
random graphs [38, 81, 64, 8, 7]. Despite the accumulating of models shown to exhibit cutoff,
there is not yet a theory to effectively predict whether a family of chains exhibit cutoff (though
a first step in this direction is undertaken in [85]). We refer the readers to the book [59] for
more backgrounds on the mixing times and the cutoff phenomenon, and to the books [56, 62,
31] for more backgrounds on continuous-time Markov chains.

Our contribution. We add three examples to the long list of models exhibiting cutoff: the
non-reversible one-dimensional Exclusion process with reservoirs (Chapter 2), the Glauber-
Exclusion process (Chapter 3), and the mean-field Zero-Range process with sublinear increasing
potential function (Chapter 4).

Structure of the thesis. In the rest of this chapter, we present one of the simplest examples:
the simple random walk on the hypercube. It will be used to illustrate the central questions
in the fields. Furthermore, the materials we presented here serve as the base to develop more
complicated methods in Chapter 2 and Chapter 3.

2 The random walk on the hypercube

From now until the end of this chapter, let X = {0, 1}N be the set of all binary vectors of length
N . We denote by ≤ the usual coordinate-wise order on X . For any x ∈ X and u ∈ [N ], we
denote by xu,0 (resp. xu,1) the configuration obtained by replacing the u−th coordinate of x by
0 (resp. 1). We consider the generator L which acts on any observable φ : X → R by

Lφ(x) =
N∑

u=1

(
φ(xu,1−x(u)) − φ(x)

)
. (1.4)

This means that each coordinate flips at rate 1, and the coordinates evolve independently. The
hypercube X is naturally equipped with a graph structure, where two different configurations
x, y are adjacent if they differ exactly at one coordinate. Then, the chain with generator L is
a random walk on X , where at rate N , the walk chooses a site uniformly among its neighbors
and jumps there, hence the name "the random walk on the hypercube". This model is classical,
and we do not claim any credit for the results presented here.

5



Chapter 1. Introduction

Reversibility. The generator L is irreducible and reversible with respect to the product law
π = B⊗N

1/2 . Here Bp denotes the Bernoulli random variable with parameter p ∈ [0, 1].
The rest of this chapter is dedicated to proving the following results.

Theorem 1.1 (Sub-optimal upper bound). There exists a constant κ such that for any ϵ ∈ (0, 1)
fixed,

tmix(ϵ) ≤ logN
2 + κ log(1/ϵ). (1.5)

Theorem 1.2 (Spectral gap). gap = 2.

Theorem 1.3 (Cutoff for the hypercube). Fix ϵ ∈ (0, 1). There exist constants κ1(ϵ), κ2(ϵ) such
that

logN
4 − κ1(ϵ) ≤ tmix(ϵ) ≤ logN

4 + κ2(ϵ).

In other words, the model exhibits cutoff at time logN
4 with cutoff window O (1).

The three theorems above are presented in order of difficulty of their proofs. The upper bound
in Theorem 1.1 is off by a factor 2 compared to the optimal bound in Theorem 1.3. However,
proving the optimal upper bound is often the most challenging step to establish cutoff. In fact,
for many models conjectured to exhibit cutoff, the existing upper and lower bounds are different
by a factor of 2, and the lower bound is often conjectured to be optimal, see e.g. [102]. Showing
cutoff then means getting rid of this extra factor 2, and some cases have been tackled only very
recently, see e.g. [50, 52]. Nevertheless, though suboptimal, Theorem 1.1 already gives us the
correct magnitude of the mixing times.

3 The grand coupling

Reformulation of the generator. It is more convenient to rewrite (1.4) differently as follows

Lφ(x) = 2
N∑

i=1

[1
2
(
φ(xu,0) − φ(x)

)
+ 1

2
(
φ(xu,1) − φ(x)

)]
. (1.6)

Reinterpretation. With this reformulation, the model can be interpreted as follows. The
value at each site, at rate 2, is replaced by an independent B1/2. The advantage of this inter-
pretation is made more precise below.

Graphical construction. Let Ξ = (Ξu)1≤u≤N be N independent homogeneous Poisson pro-
cesses of intensity 2, and let (ξk)k≥1 be a sequence of i.i.d. Bernoulli variable B1/2, independent
of Ξ. Given Ξ, (ξk)k≥1, and an initial configuration x ∈ X , we construct the process (Xx

t )t≥0 as
follows.

• The process (Xx
t )t≥0 is a piecewise constant process starting at x which can only jump

when Ξ jumps.

6



4. The suboptimal upper bound and the spectral gap

• Whenever Ξu jumps, say it is the k−th jump of Ξ, replace the u-th coordinate of Xx by
ξk.

Then, the process (Xx
t )t≥0 is a Markov process with generator L starting from x, or in other

words, (Xx
t )t≥0 follows the law Px.

The grand coupling. We can use the same Poisson process Ξ and the same independent
Bernoulli variables (ξk)k≥1 to construct the process from any configuration x ∈ X . In other
words, we construct the coupling of (Xx)x∈X , where we update the same site simultaneously
using the same Bernoulli variable. One important observation is that in this coupling, once
a site is updated, its values in all processes will coincide since then. Moreover, this coupling
preserves order, i.e. x ≤ x′ ⇒ ∀t ≥ 0, Xx

t ≤ Xx′
t .

Explicit measure at time t. Thanks to the independence of the coordinates, the law of the
system at any time t is a product law given by

Px [Xt ∈ ·] =
N⊗

i=1
B1/2+e−2t(xi−1/2). (1.7)

4 The suboptimal upper bound and the spectral gap

We now prove Theorem 1.1 and Theorem 1.2.

Proof. We use the grand coupling to construct the process from any configuration. Let x, y be
arbitrary configurations. Recall that (Xx

t )t≥0 and (Xy
t )t≥0 denote the processes starting from

x and y, respectively. Let 0,1 denote the all-zero and all-one configurations, respectively. By
monotonicity, almost surely,

∀t ≥ 0, X0
t ≤ Xx

t , X
y
t ≤ X1

t .

This means that

dtv (P [Xx
t ∈ ·] ,P [Xy

t ∈ ·]) ≤ P [Xx
t ̸= Xy

t ]

≤ P
[
X1

t ̸= X0
t

]
= P [∃u ∈ [N ] : Ξu(t) = 0]
≤
∑

u∈[N ]
P [Ξu(t) = 0]

= Ne−2t.

Here, we have used a union bound in the last inequality and the fact that Ξu(t) is a Poisson
variable with parameter 2t in the last equality. By convexity of the total variation distance, this
implies

dtv (P [Xx
t ∈ ·] , π) ≤ Ne−2t. (1.8)

7



Chapter 1. Introduction

We can take t = logN + log(1/ϵ)
2 to make the last expression equal ϵ, which finishes the proof

of Theorem 1.1. Moreover, (1.8) and (1.2) imply that

gap ≥ 2.

On the other hand, for arbitrary u ∈ [N ], by (1.3), for φ : x 7→ x(u),

gap ≤ lim
t→∞

−1
t

log
∣∣∣E [X1

t (u)
]

− E
[
X0

t (u)
]∣∣∣ = lim

t→∞
−1
t

logP [Ξu(t) = 0] = 2.

Hence, gap = 2, which finishes the proof of Theorem 1.2.

5 The lower bound

In this section, we prove the lower bound in Theorem 1.3. Let X∞ ∼ π (then Xt
d−−−→

t→∞
X∞).

We use the method known as distinguishing statistics, see [59], Chapter 7 for background on
the method. In short, to prove that the laws of Xt and X∞ are far apart, we only need to
prove that the law of φ(Xt) and φ(X∞) are far apart, for some observable φ. The initial
complicated problem of comparing some high-dimensional laws becomes comparing the law of
two real random variables, which is much easier. It then remains to choose a suitable observable
φ to obtain the lower bound. In this example, the comparison is carried out using the first and
second moments method. Surprisingly, this simple method often gives the correct estimate of
the mixing times.

Proof. We consider the process (X1
t )t≥0. It is natural to consider the observable φ given by

∀x ∈ X , φ(x) =
N∑

u=1
x(u).

By (1.7), we have

E
[
φ(X1

t )
]

= N

2 + N

2 e
−2t, (1.9)

Var
[
φ(X1

t )
]

= N
1 − e−2t

2
1 + e−2t

2 . (1.10)

By letting t tend to infinity,

E [φ(X∞)] = N

2 , (1.11)

Var [φ(X∞)] = N

4 . (1.12)

Hence, Var
[
φ(X1

t )
]

and Var [φ(X∞)] are both of magnitude N . So if

E
[
φ(X1

t )
]

− E [φ(X∞)] ≫
√
N,

8



6. The upper bound

then the system is not mixed yet. More precisely, by Proposition 7.9 in [59],

∥∥∥P [X1
t ∈ ·

]
− π

∥∥∥
T V

≥ 1 − 8max
{
Var

[
φ(X1

t )
]
,Var [φ(X∞)]

}(
E
[
φ(X1

t )
]

− E [φ(X∞)]
)2 .

By (1.10) and (1.12),
max

{
Var

[
φ(X1

t )
]
,Var [φ(X∞)]

}
= N/4.

Moreover, by (1.9) and (1.11),

E
[
φ(X1

t )
]

− E [φ(X∞)] = N

2 e
−2t.

Therefore, ∥∥∥P [X1
t ∈ ·

]
− π

∥∥∥
T V

≥ 1 − 8e4t

N
. (1.13)

For t = 1
4

(
logN − log

( 1
1 − ϵ

)
− log 8

)
, the right-hand side of (1.13) is equal to ϵ. Hence,

tmix(ϵ) ≥ 1
4

(
logN − log

( 1
1 − ϵ

)
− log 8

)
,

which finishes our proof.

6 The upper bound

First, we recall a result about perturbation of a product measure.

Lemma 1.4 (Perturbation of a product measure). Let Ω = {0, 1}n for some number n. For
each subset E ⊂ [n], let φE be a distribution on {0, 1}E. Let p ∈ (0, 1), and let ν be the product
measure B⊗n

p on Ω. Let µ be the measure on Ω obtained by first sampling a subset E ⊂ [n] via
some measure µ̃, and then, conditionally on E, generating independently the values on E via
φE and the values on [n] \ E via B⊗[n]\E

p . Then

4dtv (µ, ν)2 ≤
∥∥∥∥µν − 1

∥∥∥∥2

L2(ν)
≤ E

[
θ|E∩E′|

]
− 1, (1.14)

where E,E′ are i.i.d. with law µ̃, and θ = max
{1
p
,

1
1 − p

}
.

Roughly speaking, Lemma 1.4 says that if we perturb the product measure by first choosing
a set E ⊂ [n] randomly and then perturbing the values of the sites in E by a prescribed law
φE , then the perturbed measure is still close to the product measure if the perturbed region is
small and delocalized (measured by the exponential moments at the end of (1.14)).

Lemma 1.4 seems to be one of the most versatile inequalities in proving cutoff. Originally
introduced by Miller and Peres in [76] to prove cutoff for the lamplighter chain, it has been
used to prove cutoff for the Glauber dynamics of the Ising model by Lubetzky and Sly in [67,
68, 69], for the Exclusion with reservoirs on any network by Salez in [87], for the non-reversible
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one-dimensional SSEP with reservoirs in [99] (see Chapter 2), and for the Glauber-Exclusion
process at high temperature in [98] (see Chapter 3). We expect the list will continue to grow.
For the proof of Lemma 1.4, see Lemma 1 in [87]. Now we are ready to prove the upper bound
in Theorem 1.3.

Proof of the upper bound in Theorem 1.3. We consider the process starting from an arbitrary
configuration x ∈ X . We construct our process using the graphical construction described
above. Let t be a number that we choose later. Let Red and Blue be defined by:

Red := {u ∈ [N ] : Ξu(t) = 0},

Blue := [N ] \ Red.

Note that, conditionally on Ξ,

Xx
t (Blue) ∼ B⊗Blue

1/2 ,

Xx
t (Red) = x(Red),

and moreover, Xx
t (Red) and Xx

t (Blue) are independent. This means that the law of Xx
t can be

regarded as a product measure perturbed at the sites in Red. Hence, we can apply Lemma 1.4
to conclude that

4dtv (Px [Xt ∈ ·] , π)2 ≤ E
[
2|Red∩Red′|

]
− 1,

where Red′ is an independent copy of Red. Note that, by definition, the variables (1{u∈Red})u∈[N ],
(1{u∈Red′})u∈[N ] are independent. Therefore

E
[
2|Red∩Red′|

]
= E

[
2
∑

u∈[N ] 1{u∈Red}1{u∈Red′}
]

=
∏

u∈[N ]
E
[
21{u∈Red}1{u∈Red′}

]
=

∏
u∈[N ]

E
[
1 + 1{u∈Red}1{u∈Red′}

]
=

∏
u∈[N ]

(
1 + P [u ∈ Red]P

[
u ∈ Red′])

=
∏

u∈[N ]

(
1 + P [u ∈ Red]2

)
.

Note that, by definition,

P [u ∈ Red] = P [Ξu(t) = 0] = e−2t. (1.15)

Therefore,

E
[
2|Red∩Red′|

]
=

∏
u∈[N ]

(
1 + e−4t

)
= (1 + e−4t)N ≤ eNe−4t

. (1.16)
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7. The cutoff profile

(1.15) and (1.16) together implies

4dtv (Px [Xt ∈ ·] , π)2 ≤ eNe−4t − 1. (1.17)

For t = 1
4 (logN + 2 log(1/ϵ)),

eNe−4t = eϵ2 ≤ 1 + eϵ2 ≤ 1 + 4ϵ2, (1.18)

where we have used the inequality eθ ≤ 1 + eθ,∀θ ∈ (0, 1). Hence,

eNe−4t − 1 ≤ 4ϵ2.

The equations (1.17) and (1.18) together imply

dtv (Px [Xt ∈ ·] , π) ≤ ϵ.

Therefore,

tmix(x; ϵ) ≤ logN + 2 log(1/ϵ)
4 ,

which finishes our proof.

7 The cutoff profile

Once one succeeds in proving cutoff, a more ambitious question is to understand how the system
relaxes to equilibrium inside the cutoff windows. Recall that the worst-case total variation
distance to equilibrium is defined by

∀t ∈ R+, D(t) := max
x∈X

dtv (Px [Xt ∈ ·] , π) .

For µ ∈ R, σ ∈ R>0, let N
(
µ, σ2) denote the Gaussian distribution with mean µ and variance

σ2. Then one can prove the following.

Theorem 1.5 (Cutoff profile). For any s ∈ R fixed,

lim
N→∞

D
( logN

4 + s

)
= dtv

(
N (0, 1) ,N

(
e−2s, 1

))
.

Let t(s) := logN
4 + s. The intuition behind this result is as follows. Let

φ(x) :=
∑

u∈[N ]
x(u).

11
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We expect that the following limits hold due to the Central Limit Theorem:

φ (X∞) − E [φ(X∞)]√
Var [φ(X∞)]

d−−−−→
N→∞

N (0, 1) , (1.19)

φ
(
X1

t(s)

)
− E

[
φ
(
X1

t(s)

)]
√

Var
[
φ(X1

t(s))
] d−−−−→

N→∞
N (0, 1) . (1.20)

Moreover, by direct computation,

Var
[
φ
(
X1

t(s)

)]
= Var [φ(X∞)] (1 + o(1)). (1.21)

The equations (1.19), (1.20), and (1.21) together imply

φ(X1
t(s)) − E [φ(X∞)]√
Var [φ(X∞)]

N→∞−−−−→ N
(
e−2s, 1

)
. (1.22)

We expect that the distribution of the system is dictated by the law of the observable φ since it
is the distinguishing statistic. So, we expect that when N tends to infinity,

dtv
(
P
[
X1

t(s) ∈ ·
]
, π
)

≈ dtv
(
P
[
φ(X1

t(s)) ∈ ·
]
,P [φ(X∞) ∈ ·]

)
≈ dtv

(
N (0, 1) ,N

(
e−2s, 1

))
,

where the last approximation is due to (1.19) and (1.22). Usually, to prove the cutoff profile,
one needs to understand in detail the law of the system at any time t close to the mixing times.
The knowledge can come from either the understanding of the spectrum of the chain, as in [94,
78], or a reasonably explicit approximation of the law at time t as in [51, 37].

Though interesting, the question of obtaining the cutoff profile is not treated in this thesis.
In this thesis, we only focus on showing cutoff.

8 Summary and perspectives

In many examples, the proof of cutoff is proceeded as above. For the lower bound, we say that
the law of any observable mixes slower than the law of the system. On many occasions, there is
a natural choice for the observable, and it often gives the correct estimate on the mixing times.
For many examples, the suboptimal upper bound, such as in Theorem 1.1, is relatively easy
to prove and matches the magnitude of the lower bound. However, the prefactor is often not
sharp, cf. [102]. Proving the upper bound with the matching leading term is often much more
challenging. Nevertheless, Lemma 1.4 proves to be quite useful for this difficult task.

In the rest of this thesis, we discuss three models: the Exclusion process with reservoirs
(Chapter 2), the Glauber-Exclusion process (Chapter 3), and the Zero-Range process (Chapter
4). We will see that the proofs for cutoff of the first two models follow precisely the outline of
the proof for the random walk on the hypercube, both relying on Lemma 1.4. The proof for

12
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the Zero-Range process follows a similar general strategy, though the materials we use there are
different.
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Chapter 2
Cutoff for the exclusion process with
reservoirs

In this chapter, we prove cutoff with a diffusive window for the Symmetric Simple
Exclusion Process (SSEP) with reservoirs on the segment, confirming a conjecture
of Gantert, Nestoridi, and Schmid in [34]. Our proof follows exactly the outline
of the one presented in Chapter 1. However, the law of the system is no longer a
product law as in the case of the SRW on the hypercube. The novel ingredients
needed to overcome this difficulty include the negative dependence of the system,
the information percolation framework introduced by Lubetzky and Sly, and an
anticoncentration inequality at the conditional level. The results presented here
have been published in [99].
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Chapter 2. Exclusion process with reservoirs

1 Introduction

1.1 Model

The simple exclusion process is an interacting particle system where the particles attempt to
perform simple random walks on a graph, but they are not allowed to jump on top of each
other (the exclusion rule). Since its introduction by Spitzer as a simplified model for a gas
of interacting particles in [89] (see also [61]), it has been shown to exhibit many interesting
phenomena, thus received a lot of attention from mathematicians and theoretical physicists, see,
for example, [47, 60, 103]. Recently, a huge amount of work has been devoted to studying the
convergence to equilibrium of the conservative (without reservoirs) model in finite volume, see
[50, 51, 52, 58, 77, 102, 105]. Here, we study the non-conservative symmetric one-dimensional
variant: the SSEP on the segment (the bulk) with reservoirs at the two endpoints, where the
particles are allowed to enter or exit the bulk through the reservoirs. We refer the readers to the
papers [5, 54] for an introduction and motivations on the model and to [34, 37, 87] for recent
developments. More precisely, let N ∈ Z+ be the length of the segment, and let p, q ∈ [0, 1]
be the densities of the reservoirs at the two endpoints. We consider the process (Xt)t≥0 taking
values in the state space X = {0, 1}N , whose infinitesimal generator L acts on an observable
φ : X → R by

Lφ(x) =
N−1∑
u=1

N2(φ(xu↔u+1) − φ(x))

+N2[pφ(x1,1) + (1 − p)φ(x1,0) − φ(x)]
+N2[qφ(xN,1) + (1 − q)φ(xN,0) − φ(x)],

(2.1)

where xu↔u+1, xu,0, xu,1 are the configurations obtained from x by swapping the u-th and (u+1)-
th coordinates, resetting the u-th coordinate to 0, resetting the u-th coordinate to 1, respectively.
Here, time is accelerated by a factor N2 so that the process is observed on a diffusive time scale.
Then (Xt)t≥0 is a SSEP on the segment [N ] := {1, . . . , N} with one reservoir of density p placed
at site 1 and the other reservoir of density q placed at site N . If (p, q) /∈ {(0, 0), (1, 1)}, then L is
irreducible, and there is a unique invariant probability distribution π. When p = q, the system
is reversible w.r.t the product measure B⊗N

p . When p ̸= q, the process is no longer reversible,
and the invariant measure π is given by a more complicated matrix-ansatz formula in [20] (see
also [60]), which seems not easy to implement in the study of mixing times.

Previous works. The conservative SSEP (without reservoirs) has been thoroughly studied in
[50, 51, 52, 77, 102]. In particular, Lacoin proves cutoff for the segment in [50] and for the circle
in [52], and he even provides the cutoff profile for the latter model in [51]. On the contrary, only
a few works have been written on the non-conservative model. We mention here some recent
developments. In [34], Gantert, Nestoridi, and Schmid prove a pre-cutoff for the model: for any
fixed ϵ ∈ (0, 1),

1
2π2 ≤ lim inf

N→∞

tmix(ϵ)
logN ≤ lim sup

N→∞

tmix(ϵ)
logN ≤ C,
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1 2 NN-1density p density q

Figure 2.1: SSEP on the segment with reservoirs of densities p, q.

for some constant C independent of ϵ, and they conjecture that the system exhibits cutoff with
the right estimate on the mixing times given by the lower bound. Their proof relies on an
extension of the coupling used by Lacoin in [50] for the conservative model. In [37], Gonçalves,
Jara, Marinho, and Menezes study the reversible case where the two reservoirs have the same
density, p = q. Using Yau’s famous relative entropy method in [104], they prove that

tmix(ϵ) = logN + Oϵ(1)
2π2 ,

where we recall that O(·) means being bounded by the quantity inside the brackets up to a
prefactor not depending on N , and the notation Oϵ(·) emphasizes that the prefactor may depend
on ϵ. Recently, Salez studies in [87] the model on general networks where reservoirs of the same
density can be placed at arbitrary sites. By exploiting the negative dependence property of the
system, he proves that, under some mild conditions on the network,

tmix(ϵ) = logN + Oϵ(1)
2λ ,

where N is the size of the network, and λ is the absolute value of the smallest eigenvalue of the
Laplacian matrix of the network (see §1.3.3 below for more details). Interestingly, the Laplacian
of a network does not depend on the densities but only the rates of contact with the reservoirs.
In a more recent work [86], Salez studies the model on general networks where the reservoirs
can have different densities, proving that λ coincides with the spectral gap of the system. In
particular, in the case study in [37], λ ≈ π2, so all the results mentioned above are consistent.
We stress that the works above provide a more comprehensive study than the results we just
mentioned. The work [34] is more devoted to studying the case where the random motion of
the particles is asymmetric, the work [37] provides the convergence profile for the system from
any smooth initial condition, and the work [87] is more concerned with the characterization of
cutoff. However, as far as we know, cutoff has been established in the works [37, 87] only for the
case where every reservoir has the same density p, which subsequently implies that the system
is reversible w.r.t the product measure B⊗N

p .

Our contribution. In this chapter, we prove cutoff for the SSEP on the segment with reser-
voirs of arbitrary densities p, q ∈ (0, 1), thus confirming the conjecture of Gantert, Nestoridi,
and Schmid (see Conjecture 1.7 in [34]), and also making a step towards the study of irreversible
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models. Our proof exploits the information percolation framework introduced by Lubetzky and
Sly in [68], the negative dependence of the system, and an anticoncentration inequality at the
conditional level. In particular, our proof does not require the explicit formula for the invariant
measure π given in [20]. We believe that this approach is applicable to other models.

1.2 Results

Our main result is that the model exhibits cutoff at time logN
2π2 with a window of order O (1),

as conjectured by Gantert, Nestoridi, and Schmid.

Theorem 2.1 (Main theorem). For any p, q, ϵ ∈ (0, 1) fixed, we have

tmix(ϵ) = logN
2π2 + Op,q,ϵ(1).

In fact, we will prove a stronger result, which makes precise the dependence of the lower
order term on p, q, ϵ and is subsequently still valid when we allow p, q to vary with N . Without
loss of generality (by the symmetry between p and q and the duality between particles and
holes), we suppose that

q ≤ min{p, 1 − p}. (2.2)

We define the weight of the configuration x to be

S(x) =
∑

u∈[N ]
x(u).

We denote by E0 the expectation w.r.t the absorbing model where the two reservoir densities
p, q are zero. Let 1 denote the configuration where every site is occupied, and let t∗ be the time
that the expected weight of the process starting from 1 falls under a specific threshold:

t∗ := inf
{
t ≥ 0 : E0

1 [S(Xt)] ≤
√
Np ∨ 1

}
. (2.3)

In fact, we will see that t∗ is the time at which the expected weight of the process (with
densities of the reservoirs p, q) starting from the assumingly worst initial condition 1 becomes
"close enough" to the expected weight at equilibrium. We prove that t∗ is a good estimate on
the mixing times for the chain associated with the generator L given in (2.1).

Theorem 2.2 (Non asymptotic estimates). Under assumption (2.2), there exists a universal
constant C such that for any ϵ ∈]0, 1[,

t∗ − C

(
1 + log

( 1
1 − ϵ

))
≤ tmix(ϵ) ≤ t∗ + C

(
1 + log

(1
ϵ

)
+ log

( 1
1 − p

))
. (2.4)

Estimating t∗ is a classical problem corresponding to the study of the discrete heat equation
on the segment. Using the ingredients presented in Appendix A in [37], we will show that,

t∗ = 1
π2 log

(
N√
Np ∨ 1

)
± O (1) , (2.5)
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which means that the leading term is of order logN , and the lower order term is bounded by
some universal constant. This immediately implies the following corollary, of which Theorem
2.1 is a direct consequence.

Corollary 2.3. Under assumption (2.2), the system exhibits cutoff at t∗ when

1
1 − p

= No(1). (2.6)

Moreover, if p is bounded away from 1, then the cutoff window is of order O (1), and if p is also
bounded away from 0, then t∗ = logN

2π2 + O (1).

Condition (2.6) is valid for almost all pairs (p, q) satisfying (2.2), except for the case where
p and q vary with N and q → 0, p → 1 rapidly when N → ∞.

Intuition. Under assumption (2.2), the weight of configuration 1 (which is N) is the farthest
from the expected weight at equilibrium (which is N × p+ q

2 ). So, we expect 1 to be the worst
initial configuration. At equilibrium, we expect the sites to be "almost independent", and hence

Varπ [S] ≍ Eπ [S] = N(p+ q)
2 ≍ Np,

where a ≍ b means a = O (b) and b = O (a). It is not easy to explain in detail the intuition
for the equality above. However, we mention that the above equality is clearly true when p = q

(since in this case, π = B⊗N
p ). In fact, in our proof, we only need Varπ [S] = O (Eπ [S]), which

is immediate from the negative dependent property (see Section 2.1). In many spin systems
that exhibit cutoff, cutoff is shown to occur precisely at the time when the expected weight
of the system from the worst initial configuration falls within the deviation of the weight at
equilibrium. Examples, among many others, include the simple random walk on the hypercube,
the Glauber dynamics of the Ising model in high temperature [67, 68, 69], the reversible SSEP
with reservoirs [87], the noisy voter model [16]. We believe that the time t∗ proposed above is
exactly that time. However, we are not able to prove the other way of the inequality mentioned
above, namely Eπ [S] = O (Varπ [S]), to verify this rigorously.

1.3 Open problems

In this subsection, we present some open questions related to the SSEP with reservoirs.
1.3.1 Cutoff for all densities

With the intuition presented in the last subsection, we conjecture that cutoff should not be
restrained by Condition (2.6).

Conjecture 1 (Cutoff for arbitrary densities). Under condition (2.2), the system still exhibits
cutoff at time t∗ when N → ∞, even when p and q vary with N and Condition (2.6) does not
hold. In particular, the system exhibits cutoff at time logN

2π2 if p = 1, q = 0.
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Chapter 2. Exclusion process with reservoirs

In fact, our proof relies on Lemma 1.4 about perturbation of the product measure, which
only works well under Condition (2.6). We believe that this is the limit of our method but not
of the problem.

1.3.2 Cutoff profile

It is also tempting to understand how the system relaxes to equilibrium inside the cutoff window.
Let

t(b) = logN
2π2 + b

π2 . (2.7)

Let X∞ ∼ π. We expect that there exists some constant fp,q such that the following limit holds

lim
N→∞

E1
[
S(Xt(b))

]
− E [S(X∞)]√

Var [S(X∞)]
−−−−→
N→∞

fp,qe
−b, (2.8)

for any b ∈ R, because a similar result holds in [37] when p = q. View the result in [37], we
conjecture the following

Conjecture 2 (Cutoff profile). Let p, q be fixed and satisfy (2.2), and let t(b) and fp,q be defined
as in (2.7), (2.8). Then

lim
N→∞

D (t(b)) = dtv
(
N (0, 1) ,N

(
fp,qe

−b, 1
))
.

The intuition behind this conjecture is as presented in the previous chapter. We expect that
the following limits hold due to the Central Limit Theorem:

S(X∞) − E [S(X∞)]√
Var [S(X∞)]

d−−−−→
N→∞

N (0, 1) , (2.9)

S
(
X1

t(b)

)
− E

[
S
(
X1

t(b)

)]
√

Var [S(X∞)]
d−−−−→

N→∞
N (0, 1) . (2.10)

The equations (2.8),(2.9), and (2.10) together imply

S(X1
t(b)) − E [S(X∞)]√
Var [S(X∞)]

d−−−−→
N→∞

N
(
fp,qe

−b, 1
)
. (2.11)

So, we expect that, when N tends to infinity,

dtv
(
P1
[
Xt(b) ∈ ·

]
, π
)

≈ dtv
(
P1
[
S(Xt(b)) ∈ ·

]
,P [S(X∞) ∈ ·]

)
≈ dtv

(
N (0, 1) ,N

(
fp,qe

−b, 1
))
.

The work [37] makes rigorous this intuition using Yau’s relative entropy method for the case
p = q. We also mention the analogous result for the conservative case obtained by Lacoin in
[51]. However, proving the result in our settings when p ̸= q seems much more challenging.
First, we do not even have the exact computation for Var [S(X∞)], but only an upper bound.
Second, in [37] and [51], the authors manage to approximate the measure at any time near the
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mixing times with some fairly explicit measure, allowing them to have very fine computations
to prove the cutoff profile. However, in our case, even the invariant distribution given in [20]
seems complicated to implement to study mixing features.

1.3.3 In general geometry

We briefly recall the settings in [86] and [87] (with some slight adaptations).

Settings in general geometry. A finite network is a quadruple G = (n, c, κ, ρ), consisting
of

• a number n ∈ Z+, which is the size of the network. We identify the sites of the network
with the set [n].

• a symmetric array c : [n] × [n] → R+, whose entries are called conductances.

• a function κ : [n] → R+, whose entries are called external rates.

• a function ρ : Supp(κ) → [0, 1], whose entries are called densities of the external reservoirs,
where Supp(κ) = {i ∈ [n] : κ(i) > 0}.

Naturally, the support of c(·, ·) is regarded as the network’s edges, and the support of κ(·) is
regarded as the network boundary. The exclusion process associated with the network G is
the continuous time Markov process taking value in X = {0, 1}n, with generator L acts on an
observable φ : X → R by

(Lφ)(x) :=1
2
∑

i,j∈[n]
c(i, j)

[
(φ(xi↔j) − φ(x))

]
+

+
∑
i∈[n]

κ(i)
[
ρ(i)φ(xi,1) + (1 − ρ(i))φ(xi,0) − φ(x)

]
.

In words, each pair of sites {i, j} exchange contents at rate c(i, j), and the content at the site
i is resampled at rate κ(i) by an independent Bernoulli Bρ(i). We assume that the network
is connected and that ρ(·) is not identically equal to 0 or 1 to ensure the irreducibility of the
generator L. In the article [87], ρ is a constant function, i.e. does not vary on [n]. In the settings
in [86] (version 1 on arXiv), Section 4, this is equivalent to taking κ(i) = r+

i + r−
i , i ∈ [n] and

ρ(i) = r+
i

κ(i) , i ∈ Supp(κ). The Laplace matrix of the network G is given by ∆ = (∆ij)1≤i,j≤n,
where

∆ij :=

cij if i ̸= j,

−κ(i) −
∑

k∈[n]\{i} cik if i = j.

We remark that the matrix ∆ does not depend on the function ρ(·). Let λ be the smallest
eigenvalue of the matrix −∆. In [86], Salez proves the following analogy of Aldous’ spectral gap
conjecture.
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Chapter 2. Exclusion process with reservoirs

Theorem 2.4 (Theorem 2 in [86], version 1 on arXiv). The spectral gap of the generator L
coincides with λ.

In [87], he proves the following theorem.

Theorem 2.5 (Characterization of cutoff, Corollary 3 in [87]). Consider the exclusion processes
with reservoirs associated with a sequence of networks (Gn)n≥1, where the associated functions
ρ(n) are constant functions and bounded away from 0 and 1, i.e. there exists δ ∈ (0, 1) such that
δ < ρ(n)(·) < 1 − δ. Then the cutoff phenomenon occurs if and only if the so-called "product
condition",

λn × t(n)
mix(ϵ) −−−→

n→∞
+∞,

is satisfied.

Taking into account Corollary 2.3, Theorem 2.4, and Theorem 2.5, we boldly conjecture that
the condition ρ(·) is constant on its support is not necessary for cutoff to occur.

Conjecture 3. Theorem 2.5 is still correct upon removing the hypothesis ρ(n) are constant
functions.

In particular, the exclusion process with reservoirs in higher dimensions is included in the
regime above. We refer the reader to Subsection 1.3 in [87] for more details.

1.4 Structure of the proofs

In Subsection 2.1, we recall the negative dependence property of the SSEP with reservoirs and
the exponential bound introduced by Miller and Peres. In Subsection 2.2, we collect some
elementary but useful estimates. In Subsection 2.3, we introduce our method. Section 3 and
Section 4 are devoted to the proofs of the upper and lower bound in Theorem 2.2, respectively.
Finally, in Section 5, we compute t∗ explicitly.

2 Preliminaries

2.1 Negative dependence property

We recall the notion of negative dependence, which is essential throughout our proof.

Definition 2.6 (Negative dependence). A random vector Z = (Z1, . . . , Zn) taking values in
{0, 1}n, for some n ∈ Z+, is said to be negatively dependent (ND) if it satisfies

∀A ⊂ [n], E
[∏

i∈A

Zi

]
≤
∏
i∈A

E [Zi] . (2.12)

An important property of the SSEP with reservoirs is that it preserves the negative depen-
dence property.
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2. Preliminaries

Proposition 2.7 (The ND property is preserved by SSEP with reservoirs, Lemma 4 in [87]).
Let the generator L on X be defined by

L =
N∑

u,v=1
au,vLu,v +

N∑
u=1

a0
uL0

u +
N∑

u=1
a1

uL1
u,

where

Lu,vf(x) = f(xu↔v) − f(x),
L0

uf(x) = f(xu,0) − f(x),
L1

uf(x) = f(xu,1) − f(x),

and au,v, a
0
u, a

1
u ∈ R+, 1 ≤ u, v ≤ N . Then L preserves the negative dependence property, i.e. if

Z(0) ∼ µ is a negatively dependent vector for some measure µ on X , then Z(t) ∼ µeLt is also
ND.

In fact, the SSEP with reservoirs preserves a much richer property called the Strongly
Rayleigh property, of which negative dependence is a consequence. We refer the readers to
the beautiful paper [6] for more details. This proposition, however, is available exclusively for
the case where the exclusion process is symmetric and is not applicable in the case of ASEP or
TASEP.

A particular case of inequality (2.12) is when |A| = 2, which implies that the coordinates
of an ND vector Z are negatively correlated. As a consequence, the weight of the vector Z is
concentrated around its mean.

Lemma 2.8 (Concentration of the weight of an ND vector). Let Z = (Z1, . . . , Zn) be an ND
vector. Let S = ∑n

i=1 Zi. Then
Var [S] ≤ E [S] . (2.13)

2.2 Some elementary estimates

We first give a lemma about the symmetric simple random walk on the segment.

Lemma 2.9 (Simple random walk on the segment). Let (U(t))t≥0 be a continuous-time sym-
metric simple random walk on {0, . . . , N + 1}, which jumps to the left (or to the right) at
rate N2. For any u ∈ {0, . . . , N + 1}, let Tu be the first time that the walk reaches u, i.e.
Tu = inf {t ≥ 0 : U(t) = u}. Then there exists a constant c > 0 (independent of N) such that
for any u ∈ {0, . . . , N + 1},

Pu [T0 ≥ 2] < e−c. (2.14)

This lemma can be proved by a classical hitting time estimate for non-negative supermartingale
(see, e.g. Proposition 2.1 in [59], for the discrete version).

We identify a subset E ⊂ [n] with the vector (1{i∈E})1≤i≤n. We remark here that the
negative dependence property comes in very handy, as it allows us to bound the exponential
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Chapter 2. Exclusion process with reservoirs

moment in the Lemma 1.4 by some quantity that depends only on the marginal of the random
vector E, as stated in the following corollary.

Corollary 2.10 (Negative dependent perturbation of a product measure). Under the notations
in Lemma 1.4, if the random set E is ND, then

4dtv (µ, ν)2 ≤ e(θ−1)
∑n

i=1 P[i∈E]2 − 1.

For the proofs of Lemma 1.4 and Corollary 2.10, see Lemma 1 in [87].

2.3 Framework and some definitions

The SSEP with reservoirs (Xt)t≥0 evolves according to the following transitions:

1. x 7→ xu↔u+1 (exchange between site u and site u+ 1), which occurs at rate N2,

2. Resampling the value at site 1 by an independent Bernoulli Bp, which occurs at rate N2,

3. Resampling the value at site N by an independent Bernoulli Bq, which occurs at rate N2.

We introduce another Markov process closely related to the SSEP with reservoirs.

The colored interchange process. Let W := SN × {R,B,G}N , where SN is the symmetric
group on [N ], and R,B,G stand for red, blue, and green. Each element (σ, b) ∈ W describes a
way to put N colored labelled individuals on the segment as follows. The individuals are labelled
1, 2, . . . , N . For any u ∈ [N ], the individual labelled u is located at site σ(u) and colored b(u).
The colored interchange process W = (Wt)t≥0 is defined as the Markov process taking values in
the state space W which evolves according to the following transitions:

1. (σ, b) 7→ ((u, u+ 1) ◦ σ, b) (the individuals at sites u and u + 1 exchange their positions),
which occurs at rate N2, for 1 ≤ u ≤ N − 1,

2. (σ, b) 7→ (σ, bσ−1(1),B) (recoloring the individual at site 1 blue), which occurs at rate N2,

3. (σ, b) 7→ (σ, bσ−1(N),G) (recoloring the individual at site N green), which occurs at rate N2.

We denote by Pw [·] and Ew [·] the probability and expectation taken with respect to the law of
process W starting from w. There is a natural coupling between (Xt)t≥0 and (Wt)t≥0 as follows.

Natural coupling between (Xt)t≥0 and (Wt)t≥0. A coupling of the two processes is given
by making the transitions 1, 2, 3 listed above of the two processes (Xt)t≥0 and W occur at the
same time.

Roughly speaking, the labels and colors are added to keep better track of the exchange of
information inside the bulk and to memorize which reservoirs the resamplings come from. For
an introduction to the interchange process and its relation with the exclusion process, see [59],
chapter 23.
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2. Preliminaries

The "pushforward" function. Let the function f∗ : X × W × X × X → X be defined by, for
any w = (σ, b) ∈ W and x, vB, vG ∈ X ,

f∗(x,w, vB, vG)(u) =


x(σ−1(u)) if b

(
σ−1(u)

)
= R,

vB(u) if b
(
σ−1(u)

)
= B,

vG(u) if b
(
σ−1(u)

)
= G.

(2.15)

The interest of introducing the process W is the following lemma, whose proof is straight-
forward from the definition of the natural coupling.

Lemma 2.11. Let w0 ∈ W be the configuration where for any u ∈ [N ], the individual labelled
u is located at site u and is colored red:

w0 = (Id, (R, . . . , R)) ,

Let W, ξB, ξG be independent and as follows.

• W is a colored interchange process starting at w0.

• ξB ∼ B⊗N
p .

• ξG ∼ B⊗N
q .

Let (Xt)t≥0 be the SSEP with reservoirs started from some configuration x ∈ X . Then for any
t ≥ 0,

Xt
d= f∗(x,Wt, ξ

B, ξG), (2.16)

where d= means equal in distribution.

Red, blue, and green regions. For any w = (σ, b) ∈ W, we denote by Red(w) the red
region, i.e. the set of the sites containing the red individuals:

Red(w) := {u ∈ [N ]
∣∣b(σ−1(u)) = R}.

The blue region Blue(w) and the green region Green(w) are defined similarly. As the two reser-
voirs recolor the particles blue or green, the red region evolves exactly as an SSEP with two
reservoirs of density 0. Then t∗ is the time at which the red region becomes small enough:

t∗ = inf
{
t ≥ 0 : Ew0 [|Red(Wt)|] ≤

√
Np ∨ 1

}
, (2.17)

with w0 as in Lemma 2.11. We present a graphical construction of W that allows us to reveal
the green region before the red and blue regions.

Graphical construction of the colored interchange process. We can construct W in
the following way.

W = Ψ(σ, b,Ξ1,ΞN , (ΞG
u )1≤u≤N−1, (ΞBR

u )1≤u≤N−1), (2.18)
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Chapter 2. Exclusion process with reservoirs

where (σ, b) ∈ W and Ξ1,ΞN , (ΞG
u )1≤u≤N−1, (ΞBR

u )1≤u≤N−1 are independent and described as
follows.

• Ξ1 and ΞN are homogeneous Poisson processes of intensity N2 which indicate the times
at which we recolor the individuals at site 1 and site N , respectively.

• ΞG
u and ΞBR

u are homogeneous Poisson processes of intensity N2, 1 ≤ u ≤ N − 1. Each
time ΞG

u jumps, the two individuals at sites u and u+ 1 exchange their positions if at least
one of them is green, and each time ΞBR

u jumps, the two individuals at sites u and u + 1
exchange their positions if none of them is green.

This construction gives the colored interchange process W with initial condition (σ, b).

Trajectories of a single individual. It is well known, see e.g. Chapter 23 of [59], that if we
observe the trajectory of a single labelled individual, we see a continuous-time simple random
walk on the segment where the conductance of any edge is N2. As we add the colors here, we
also see that the labelled individual is always recolored at rate N2 when it is at site 1 or N .

Trajectories of the green regions. The above construction allows revealing (Green(Wt))t≥0

before (Red(Wt))t≥0 and (Blue(Wt))t≥0. In fact, (Green(Wt))t≥0 is measurable with respect to
the σ-algebra HG generated by Ξ1,ΞN , and ΞG.

Number of crossings. Let (Lt)t≥0 be the process that counts the number of times that a
blue or red individual is recolored green. Note that if an individual is recolored blue at site 1,
then it needs to cross the bulk to be recolored green. Accordingly, we call (Lt)t≥0 the number
of crossings. A simple but important observation is that (Lt)t≥0 is also HG-measurable.

3 The upper bound

Recall that
D(t) = max

x∈X
dtv (Px [Xt ∈ ·] , π) .

Our strategy is to compare directly two processes from two arbitrary configurations x and x̃ and
use the fact that

D(t) ≤ max
x,x̃∈X

dtv (Px [Xt ∈ ·] ,Px̃ [Xt ∈ ·]) , (2.19)

which is due to the convexity of the total variation distance. Our goal now is to compare the
distributions of those two processes at our predicted time t∗. The idea is to match perfectly
the green region of the two processes by the graphical construction above and to view the
distributions on the remaining sites as a product measure perturbed by the red region to compare
them using Lemma 1.4.

We will need the following lemmas and propositions.
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Lemma 2.12 (Exponential decay of the red region). For any w ∈ W, for any t ≥ 0,

Ew [|Red(W2t)|] ≤ e−c⌊t⌋ |Red(w)| ,

where c is the constant in Lemma 2.9.

Lemma 2.13 (Fast increase of the number of crossings). There exists a constant C such that
for any ϵ ∈ (0, 1), for t2 = C(1 + log(1/ϵ)), for any initial configuration w ∈ W,

Pw [Lt2 < 2N ] ≤ ϵ/4.

Proposition 2.14 (Negative dependence property of conditional law). For any initial configu-
ration w ∈ W, almost surely, conditionally on HG, Red(Wt) is negatively dependent at any time
t ≥ 0.

Lemma 2.15 (Conditional anticoncentration inequality). Let t be a positive number, and let
w = (σ, b) ∈ W be an initial configuration. Let Ws = (σs, bs). For any individual u that is
colored blue or red in w, for any site v, on the event {Lt ≥ 2N},

Pw
[
σt(u) = v, σs(u) /∈ Green(Ws),∀0 ≤ s ≤ t

∣∣HG

]
≤ 1
N
.

The following is a direct consequence, obtained by summing the inequality in Lemma 2.15
over all red individuals in w.

Corollary 2.16 (Conditional marginal of Red(Wt)). Let t be a positive number and w ∈ W be
an initial configuration. For any site v, on the event {Lt ≥ 2N},

Pw
[
v ∈ Red(Wt)

∣∣HG

]
≤ |Red(w)|

N
.

Now we are ready to prove the upper bound in Theorem 2.2.

Proof of the upper bound. Let x, x̃ ∈ X arbitrary, and let c be the constant in Lemma 2.9. Let
w0,W, ξ

B, ξG be defined as in Lemma 2.11. Let (ζt)t≥0 and (ζ̃t)t≥0 be defined by

ζt = f∗(x,Wt, ξ
B, ξG),

ζ̃t = f∗(x̃,Wt, ξ
B, ξG).

By Lemma 2.11,

Px [Xt ∈ ·] = Pw0 [ζt ∈ ·] ,

Px̃ [Xt ∈ ·] = Pw0

[
ζ̃t ∈ ·

]
.

So now we can compare the distributions of ζt and ζ̃t instead. We divide the proof into two
cases: Np ≤ 1 and Np > 1.
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Case 1: Np ≤ 1. We see that if |Red(Wt)| = 0, then Pw0

[
ζt ∈ ·

∣∣Wt
]

= Pw0

[
ζ̃t ∈ ·

∣∣Wt

]
, by

definition of f∗. Hence for t = t∗ + 2m, for some m ∈ Z+,

dtv
(
Pw0 [ζt ∈ ·] ,Pw0

[
ζ̃t ∈ ·

])
≤ E

[∥∥∥Pw0

[
ζt ∈ ·

∣∣Wt
]

− Pw0

[
ζ̃t ∈ ·

∣∣Wt

]∥∥∥
T V

]
≤ Pw0 [|Red(Wt)| > 0]
≤ Ew0 [|Red(Wt)|] ≤ e−cmEw0 [|Red(Wt∗)|] = e−cm,

where the first inequality is due to Jensen’s inequality, the second inequality is by upper bounding
∥·∥T V by 1 on the event {Red(Wt) > 0}, the third inequality is because |Red(Wt)| ∈ Z+, the
last inequality is by Lemma 2.12, and the equality is by (2.17). We can take m =

⌈− log ϵ
c

⌉
to

make e−cm smaller than ϵ, which finishes the proof.

Case 2: Np > 1. Let t1, t2, α be some positive numbers we will choose later. Let t = t1 + t2.
We see that,

dtv
(
Pw0 [ζt ∈ ·] ,Pw0

[
ζ̃t ∈ ·

])
≤ Ew0

[∥∥∥Pw0 [ζt ∈ ·|Wt1 ] − Pw0

[
ζ̃t ∈ ·|Wt1

]∥∥∥
T V

]
= Ew0

[∥∥∥PWt1
[ζt2 ∈ ·] − PWt1

[
ζ̃t2 ∈ ·

]∥∥∥
T V

]
≤ Pw0 [|Red(Wt1)| > α] + max

w:|Red(w)|≤α

∥∥∥Pw [ζt2 ∈ ·] − Pw

[
ζ̃t2 ∈ ·

]∥∥∥
T V

, (2.20)

where the first inequality is by Jensen’s inequality, the equality is due to the Markov property
of the process W at time t1, and the second inequality is by upper bounding the total variation
distance by 1 on the event {|Red(Wt1)| > α}. For any w ∈ W, we use the graphical construction
in Section 2 to construct the process W starting from w. Then∥∥∥Pw [ζt2 ∈ ·] − Pw

[
ζ̃t2 ∈ ·

]∥∥∥
T V

≤ E
[∥∥∥Pw [ζt2 ∈ ·|HG] − Pw

[
ζ̃t2 ∈ ·|HG

]∥∥∥
T V

]
≤ Pw [Lt2 < 2N ] + E

[∥∥∥Pw [ζt2 ∈ ·|HG] − Pw

[
ζ̃t2 ∈ ·|HG

]∥∥∥
T V

1{Lt2 ≥2N}
]
, (2.21)

where the first inequality is by Jensen’s inequality, and the second inequality is simply by upper
bounding the total variation distance by 1 on the event {Lt2 < 2N}. Combining (2.20) and
(2.21), we deduce that dtv

(
Pw0 [ζt ∈ ·] ,Pw0

[
ζ̃t ∈ ·

])
does not exceed

Pw0 [|Red(Wt1)| > α] + max
w∈W

Pw [Lt2 < 2N ]

+ max
w:|Red(w)|≤α

E
[∥∥∥Pw [ζt2 ∈ ·|HG] − Pw

[
ζ̃t2 ∈ ·|HG

]∥∥∥
T V

1{Lt2 ≥2N}
]
. (2.22)

We separately estimate the three terms in the sum (2.22).
The first term. We choose t1 = t∗ + 2m for some m ∈ Z+ that we will choose later. Then by
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Lemma 2.12 and equality (2.17), Ew0 [|Red(Wt1)|] ≤ Ew0 [|Red(Wt∗)|] e−cm =
√
Npe−cm. Hence,

by Markov’s inequality,

Pw0 [|Red(Wt1)| ≥ α] ≤
√
Npe−cm

α
.

The second term. This term is smaller than ϵ/4 for t2 as in Lemma 2.13.

The third term. Let w ∈ W. Observe that, under Pw, Red(Wt2)∪Blue(Wt2) = [N ]\Green(Wt2)
is HG-measurable. We write ζRB

t2 for ζt2(Red(Xt2) ∪ Blue(Xt2)) and ζ̃RB
t2 for ζ̃t2(Red(Xt2) ∪

Blue(Xt2)). Conditionally on HG, by construction, the distribution of ζt2 and ζ̃t2 on Green(Wt2)
is a product of Bq, independent of the restriction of ζt2 and ζ̃t2 on Red(Xt2) ∪ Blue(Xt2), so we
can safely project onto Red(Xt2) ∪ Blue(Xt2) to obtain

E
[∥∥∥Pw [ζt2 ∈ ·|HG] − Pw

[
ζ̃t2 ∈ ·|HG

]∥∥∥
T V

1{Lt2 ≥2N}
]

= E
[∥∥∥Pw

[
ζRB

t2 ∈ ·|HG

]
− Pw

[
ζ̃RB

t2 ∈ ·|HG

]∥∥∥
T V

1{Lt2 ≥2N}
]

≤ E
[∥∥∥Pw

[
ζRB

t2 ∈ ·|HG

]
− νRed(Xt2 )∪Blue(Xt2 )

∥∥∥
T V

1{Lt2 ≥2N}
]

+ E
[∥∥∥Pw

[
ζ̃RB

t2 ∈ ·|HG

]
− νRed(Xt2 )∪Blue(Xt2 )

∥∥∥
T V

1{Lt2 ≥2N}
]

≤ 2 sup
x

E
[∥∥∥Pw

[
ζRB

t2 ∈ ·|HG

]
− νRed(Xt2 )∪Blue(Xt2 )

∥∥∥
T V

1{Lt2 ≥2N}
]
, (2.23)

where νRed(Xt2 )∪Blue(Xt2 ) is the product measure of Bp on Red(Xt2) ∪ Blue(Xt2). Here, we have
used the triangle inequality at the first inequality and then bound everything by taking the
supremum over x and x̃. By construction of ζ, conditionally on HG, the variable ζRB

t2 can be
constructed by first sampling the set Red(Wt2), then sampling the values of ζt2 on Red(Wt2)
conditionally on Red(Wt2), and then sampling independently the values of ζt2 on Blue(Wt2) by
a product of Bp. By Proposition 2.14, almost surely, conditionally on HG, Red(Wt2) is negative
dependent. So thanks to Corollary 2.10, for a = 1

min{p, 1 − p}
, almost surely,

2
∥∥∥Pw

[
ζRB

t2 ∈ ·|HG

]
− νRed(Xt2 )∪Blue(Xt2 )

∥∥∥
T V

≤

√√√√√exp

 ∑
i∈Red(Xt2 )∪Blue(Xt2 )

(a− 1)Pw
[
i ∈ Red(Wt2)

∣∣HG

]2− 1,
(2.24)

By Corollary 2.16, on the event {Lt2 ≥ 2N},

∑
i∈Red(Xt2 )∪Blue(Xt2 )

Pw
[
i ∈ Red(Wt2)

∣∣HG

]2 ≤ |Red(Xt2) ∪ Blue(Xt2)| |Red(w)|2

N2

≤ N
|Red(w)|2

N2

= |Red(w)|2

N
. (2.25)
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Chapter 2. Exclusion process with reservoirs

The equations (2.23), (2.24), and (2.25) together imply that the third term in (2.22) is upper
bounded by

√
exp ((a− 1)α2/N) − 1. So altogether, with t1 = t∗ +2m and t2 as in Lemma 2.13,

dtv
(
Pw0 [ζt ∈ ·] ,Pw0

[
ζ̃t ∈ ·

])
≤

√
Npe−cm

α
+ ϵ

4 +
√

exp ((a− 1)α2/N) − 1. (2.26)

We take α = ϵ
√
N√
8a

. Then

a− 1
N

α2 ≤ ϵ2

8 ≤ log
(

1 + ϵ2

4

)
,

where we have used the inequality log(1 + x) ≥ x/2 if 0 < x < 1. This implies that the last
term on the right-hand side of (2.26) is smaller than ϵ/2. The first term on the right-hand side

of (2.26) now becomes
√

8ap
ϵ

e−cm. Observe that

ap = pmax
{1
p
,

1
1 − p

}
= max

{
1, p

1 − p

}
≤ 1

1 − p
,

Hence √
8ap
ϵ

e−cm ≤ 1
ϵ

√
8

1 − p
e−cm.

We can take
m =

⌈1
c

(1
2 log(128) + 1

2 log
( 1

1 − p

)
+ 2 log(1/ϵ)

)⌉
to make that term smaller than ϵ/4. Hence for t = t∗ + 2m+ t2 with m and t2 defined as above,
dtv (Px [Xt ∈ ·] ,Px̃ [Xt ∈ ·]) < ϵ, for any x, x̃ ∈ X , which finishes our proof.

The rest of this section is dedicated to proving Lemma 2.12, Lemma 2.13, Lemma 2.15, and
Proposition 2.14. First, we prove Lemma 2.12.

Proof of Lemma 2.12. As we mentioned near the end of Subsection 2.3, each labelled individual
moves as a continuous-time simple random walk on the segment where every edge has conduc-
tance N2. Each individual is also recolored at site 1 and N at rate N2. Hence the time at which
a red individual is recolored is also the time that a continuous-time random walk on Z, whose
edges are given conductance N2, starting from the same site reaches 0 or N + 1 (we imagine
that the red individual jumps to site 0 or site N + 1 when it is recolored). Hence, by Lemma
2.9, the probability that an individual remains red up to time 2 is smaller than e−c. Summing
over all red individuals, we get

Ew [|Red(W2)|] ≤ e−c |Red(w)| .

Moreover, since |Red(Wt)| almost surely decreases with respect to t as the individuals are only
recolored blue or green, the conclusion is obtained simply by iterating the above inequality via
the Markov property.

To prove Lemma 2.13, Proposition 2.14, and Lemma 2.15, we need to understand the evo-
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3. The upper bound

lution of the system conditionally on HG. We start by describing how the system evolves once
we fix a realization of Ξ1,ΞN , and ΞG.

Observation 2.17 (Evolution of the red and blue individuals conditionally on HG). Let T0 = 0,
and let (Ti)i≥1 be the times at which a point of Ξ1,ΞN , or ΞG appears, which are HG-measurable
and strictly increase to infinity almost surely. Conditionally on HG, the green region is constant
on [Ti, Ti+1), ∀i ≥ 1. From the graphical construction of W , we see that conditionally on HG,
when ΞBR is revealed, the red and blue individuals evolve as follows. On any time interval
(Ti, Ti+1), i ≥ 0, two neighbor (red or blue) individuals exchange their positions at rate N2, and
at time Ti, i ≥ 1, the system is forced to take some transitions by the environment, as follows.

• Two neighbor green individuals exchange their positions. Then nothing happens to the red
and blue individuals.

• A red or blue individual, say at site u, is forced to exchange positions with a green indi-
vidual, say at site u+ 1, due to a point of ΞG.

• The reservoirs recolor a green (or red) individual blue at site 1 or a blue (or red) individual
green at site N , due to a point of Ξ1 or ΞN .

In short, the blue and red individuals evolve as a simple exclusion process conditionally on the
environment created by the green region.

Now we prove Proposition 2.14.

Proof of Proposition 2.14. The proof is inspired by that of Proposition 2.7. We fix a realization
of Ξ1,ΞN ,ΞG and let (Ti)i≥0 be defined as in Observation 2.17. We will prove the following two
statements, which are conditional on HG:

1. For any i ≥ 0, if Red(WTi) is ND, then Red(Wt) is also ND, for any t ∈ [Ti, Ti+1).

2. For any i ≥ 0, if Red(WTi−) is ND, then Red(WTi) is also ND.

These two statements imply that if Red(W0) is ND (which is the case when W0 is deterministic),
then at any time t ≥ 0, Red(Wt) is still ND, which is precisely what we want. Now we prove
the first statement. From Observation 2.17, we see that on the time interval [Ti, Ti+1), the red
region evolves according to the generator L̃ given by

L̃ = N2∑
u

Lu,u+1,

with Lu,u+1 as in Proposition 2.7, where the sum is taken over all the site u such that {u, u +
1} ∩ Green(WTi) = ∅, as ΞBR allows us to exchange the contents on any edge (u, u+ 1) if none
of them is green. We can now apply Proposition 2.7 to conclude that the ND property of the
red region is preserved from time Ti to Ti+1−. Now we prove the second statement. According
to Observation 2.17, at Ti, only a few following things can happen.
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Chapter 2. Exclusion process with reservoirs

• Two green individuals exchange their positions. Then nothing happens to the red region,
i.e. Red(WTi) = Red(WTi−). It is straightforward that ND property is preserved.

• A red or blue individual is forced to exchange positions with a green individual, says the
exchange happens between two sites v and v + 1. Then Red(WTi) = Red(WTi−)v↔v+1.
This does not affect the ND property as the inequality (2.12) for Red(WTi) is exactly that
for Red(WTi−) when we replace A by Av↔v+1.

• The reservoirs recolor an individual, for example, at site 1. This corresponds to setting
the first coordinate to 0. If 1 /∈ A, this operation does not affect the inequality (2.12). If
1 ∈ A, the two sides of inequality (2.12) become 0. In both cases, this operation preserves
the inequality (2.12) and hence the ND property.

This finishes our proof.

Proof of Lemma 2.13. Let (Ti)i≥0 be as in Observation 2.17. Let m ∈ N be a number that we
will choose later. We call the modified dynamics the evolution of the system where we close the
reservoir at site N during the time interval [0, 2m] and close the reservoir at site 1 during time
]2m, 4m], i.e. we ignore the points of ΞN on the time interval [0, 2m] and the points of Ξ1 on
]2m, 4m].

We claim that at time 4m, we have fewer blue and red individuals recolored green in the
modified dynamics than in the original dynamics (actually, closing some reservoirs during any
time only slows down (Lt)t≥0). More precisely, let (L̄t)t≥0 be the number of crossings in the
modified dynamics. Note that L̄t is the number of triple (u, Tk, Tl) such that in the modified
dynamics, the individual u is green at time Tk− (if k > 0) and recolored blue at time Tk (or u
is simply blue or red at time T0 = 0), then keeps its color until being recolored green at time Tl,
for some u ∈ [N ] and some k, l ∈ Z+ such that Tl ≤ t. In fact, each time (L̄t)t≥0 jumps is a time
Tl of such a triple. A similar interpretation goes for (Lt)t≥0 in the original dynamics. Suppose
we observe the modified dynamics in the time windows [0, 4m]. Suppose also that (u, Tk, Tl)
is a triple counted by (L̄t)t≥0 in the modified dynamics. Due to the close of the reservoirs,
an individual can only be recolored blue in time [0, 2m] and recolored green in time (2m, 4m].
Hence, almost surely, 0 ≤ Tk ≤ 2m < Tl ≤ 4m. Now look at the original dynamics. The particle
u is necessarily green at time Tk− (if k > 0) since opening the reservoir at site N during time
[0, 2m] cannot change u to blue at time Tk−. Hence the individual u is still recolored blue at
time Tk. Afterward, either it is recolored green at some time T ′

l ∈ [Tk, 2m] due to the effect of
ΞN on [0, 2m], or it remains blue until time 2m. In the latter case, necessarily, it remains blue
until the time Tl− (since opening the reservoir at site 1 cannot change u to green in [2m,Tl−]),
and hence it is recolored green at time Tl. In summary, in the original dynamics, there exists Tl′

such that the particle u is recolored blue at time Tk, then keeps its color until being recolored
green at time Tl′ , where Tk < Tl′ ≤ Tl. The association of (u, Tk, Tl) and (u, Tk, Tl′) is injective
due to the identification of the time Tk in the two triples. Note that the triple (u, Tk, Tl′) is
counted by (Lt)t≥0. So we can conclude that L̄t ≤ Lt.

Now we prove that in the modified dynamics, many colorings occur at site N . The point
here is that when we close the reservoir at site N , the other reservoir at site 1 quickly paints
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almost the whole bulk blue, and vice versa, when we close the reservoir at site 1, the reservoir
at site N quickly paints almost the whole bulk green, and hence there are many blue individuals
recolored green. More precisely, we write E [·] ,P [·] ,Var [·] for the expectation, the probability,
and the variance taken with respect to the modified dynamics. In the modified dynamics, for
any initial configuration w, the set Green(W2m) is ND, by the same argument as in Proposition
2.14. Hence by Lemma 2.7,

Varw [|Green(W2m)|] ≤ Ew [|Green(W2m)|] .

In the modified dynamics, in the time interval [0, 2m], no individual is recolored green, and
the green individuals evolve as simple random walks on the segment killed at site 1 when being
recolored blue. Hence, by Lemma 2.9 and a proof similar to that of Lemma 2.12, for any m ∈ Z+,

Ew [|Green(W2m)|] ≤ |Green(w)| e−cm ≤ Ne−cm.

Then for m =
⌈1
c

log 1000
ϵ

⌉
,

Pw [|Green(W2m)| ≥ N/4] ≤ Pw

[
|Green(W2m)| − Ew [|Green(W2m)|] ≥ N/4 −Ne−cm

]
≤ Varw [|Green(W2m)|]

(1/4 − e−cm)2N2

≤ Ne−cm

(1/4 − e−cm)2N2

≤ ϵ

32 .

By the same argument,

Pw [|Green(W4m)| ≤ 3N/4] = Pw [|Red(W4m)| + |Blue(W4m)| ≥ N/4] ≤ ϵ/32.

We conclude that

Pw [L4m ≥ N/2] ≥ Pw [|Green(W2m)| < N/4, |Green(W4m)| > 3N/4]
≥ 1 − Pw [|Green(W2m)| ≥ N/4] − Pw [|Green(W4m)| ≤ 3N/4]
≥ 1 − ϵ/16.

This implies that, in the original dynamics, we also have

Pw [L4m ≥ N/2] ≥ 1 − ϵ/16.

Therefore, by an argument of union bound and the Markov property,

Pw [L16m ≥ 2N ] ≥ 1 − 4 × ϵ/16 = 1 − ϵ/4.

We choose t2 = 16m to conclude the proof.
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Chapter 2. Exclusion process with reservoirs

Remark 1. The number t2 above is not meant to be optimal. In fact, if we are interested only
in the case of large N , we can choose m = 1 + o(1)

c
log 4.

The rest of this section is devoted to proving the anticoncentration inequality in Lemma
2.15. We introduce some notations that we will use in Lemma 2.15 and Proposition 2.18. Let
(Ti)i≥0 be defined as in Observation 2.17. We fix t ∈ R+ and denote by Ta1 , . . . , Tar the times
at which a green individual is recolored blue at site 1, and Tb1 , . . . , Tbs the times at which a red
or blue individual is recolored green at site N , during the time interval [0, t]. All these times are
HG-measurable. By abuse of notation, we relabel those individuals by ã1, . . . , ãr, b̃1, . . . , b̃s.

Another description of the colored interchange process. The above notations can be
understood as follows. At each time Tai , the reservoir at site 1 removes the green individual at
it and replaces that one with a new blue one, which we label ãi, 1 ≤ i ≤ r. We have similar
interpretations for Tbi

, b̃i, 1 ≤ i ≤ s. We denote the random walk of the individual ãi by Ai.
This means Ai is the trajectory of the blue individual ãi until it is removed from the bulk by
the reservoir at site N . If the individual labelled u is blue or red at time 0, we denote by σ̃(u, ·)
the walk of the individual u until being removed by the reservoir at site N . Observe that the
walk σ̃(u, ·) either survives up to time t or is removed at some time Tbl

. We will use the notation
{σ̃(u, t) = v} to indicate the event that the individual u survives up to time t and reaches the
site v at time t, and {σ̃(u, t) = b̃l} to say that the individual u is removed at time Tbl

. Similar
notations are used for the walk Ak, 1 ≤ k ≤ r.
We will need the following proposition.

Proposition 2.18 (Crossing inequality). For any w ∈ W, for any individual labelled u that is
either blue or red in w, for any site v, for any 1 ≤ k ≤ r, 1 ≤ l ≤ s,

Pw

[
σ̃(u, t) = v,Ak(t) = b̃l

∣∣HG

]
≤ Pw

[
σ̃(u, t) = b̃l, Ak(t) = v

∣∣HG

]
. (2.27)

We show how we can prove Lemma 2.15 using Proposition 2.18.

Proof of Lemma 2.15. Let u, v be as in the statement of Lemma 2.15. Summing the inequality
in Proposition 2.18 over l, we get

Pw
[
σ̃(u, t) = v,Ak is killed by time t

∣∣HG

]
≤ Pw

[
σ̃(u, ·) is killed by time t, Ak(t) = v

∣∣HG

]
.

Now summing over k, we get

Ew

[
1{σ̃(u,t)=v} × #{walks among A1, . . . , Ar that are killed by time t}

∣∣HG

]
≤

s∑
k=1

Pw
[
σ̃(u, ·) is killed by time t, Ak(t) = v

∣∣HG

]
.

(2.28)

On the event {Lt ≥ 2N}, there are at least 2N times at which a blue or red individual is
recolored green by time t. Since originally there are at most N blue and red individuals, then
there are always at least N times a green individual is recolored blue at site 1 and then recolored
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3. The upper bound

green again by time t. In other words, at least N walks are killed at site N by time t among
A1, . . . , Ar. Hence the left-hand side of equation (2.28) is at least N×P

[
σ̃(u, t) = v

∣∣HG

]
. On the

other hand, we can realize the trajectories of σ̃(u, ·) and A1, A2, . . . , Ar altogether by revealing
ΞBR. Subsequently, the events on the right-hand side of (2.28) are pairwise disjoint since Ak

and Al cannot both occupy site v at time t, for any k ̸= l. This implies that the sum on the
right-hand side of (2.28) is smaller than 1. So overall, on the event {Lt ≥ 2N},

N × Pw
[
σ̃(u, t) = v

∣∣HG

]
≤ 1. (2.29)

Furthermore,

Pw
[
σ̃(u, t) = v

∣∣HG

]
= Pw

[
σt(u) = v, σs(u) /∈ Green(Ws),∀0 ≤ s ≤ t

∣∣HG

]
. (2.30)

Combining (2.29) and (2.30), we get what we want.

We now prove Proposition 2.18.

Proof of Proposition 2.18. We encourage the reader to draw a picture to follow the proof more
easily. The intuition behind this is as follows. We consider two walks σ̃(u, ·), Ak, and we
condition on the event that one of them survives and reaches the site v at time t, while the
other is removed at time Tbl

by the reservoir at site N . If the two walks do not cross each
other, then necessarily, σ̃(u, t) = b̃l and Ak(t) = v. On the other hand, if the two walks cross,
then we can no longer distinguish them, and hence in this case, {σ̃(u, t) = b̃l, Ak(t) = v} and
{σ̃(u, t) = v,Ak(t) = b̃l} are equiprobable. The proof is to turn this intuition into a rigorous
mathematical argument.
By Observation 2.17, we see that σ̃(u, ·) is a simple random walk conditionally on the environ-
ment created by the green region. If that walk is still alive at the time when ãk is born, then it
must be on the right of ãk at that time (since ãk is born at site 1). Those two individuals then
evolve as a simple exclusion process with two individuals conditionally on the environment as
we realize ΞBR, still by Observation 2.17. We propose another graphical construction of those
two walks as follows. At any time t, if there are two walks alive, say at two sites u, v with
u < v, we refer to the individual at site u as the individual on the left and to the individual at
site v as the individual on the right. In case there is only one walk alive, we refer to it as the
only individual. Let ΞR,ΞL,ΞE be 3 independent Poisson point processes with ΞR and ΞL of
intensity N2dt⊗ Card on R+ × {L,R}, and ΞE of intensity 2N2dt on R+. R,L, and E stand for
right, left, and exchange, and Card is the counting measure. The rule of evolution is as follows.

• For each point (s, w) of ΞR, the individual on the right at time s− (or the only individual
if there is only one walk alive) attempts to make a jump at time s to the left if w = L

or to the right if w = R. It succeeds except when trying to jump on a site occupied by a
green individual or the individual on the left, in which case the jump is cancelled.

• For each point (s, w) of ΞL, the individual on the left at time s− (if there exists) attempts
to make a jump at time s to the left if w = L or to the right if w = R. It succeeds except
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when trying to jump on a site occupied by a green individual or by the individual on the
right, in which case the jump is cancelled.

• For each point s of ΞE , we exchange the positions of the two individuals with probability
1/2 if they are adjacent at time s.

• For each time Ti, the two walks make the jump forced by the environment, as explained
in Observation 2.17.

This construction gives us the same distribution of the two walks as the one given by ΞBR, as the
rates of transitions given by the two constructions are always the same. In short, ΞR and ΞL are
used to generate the walks on the right and the left, respectively. When we realize ΞR,ΞL, we
observe two random walks that are not allowed to jump on top of each other, i.e. do not cross.
ΞE is then used to make precise where those two walks exchange their positions, i.e. to add
their possible crossings. With this construction, the set {σ̃(u, s), Ak(s)} is entirely determined
by ΞR,ΞL, for any 0 ≤ s ≤ t, since ΞE has no effect on that set. Now conditionally on the
(ΞR,ΞL)-measurable event {σ̃(u, t), Ak(t)} = {v, b̃l} (which means that one walk reaches v at
time t and the other walk was killed at bl), we realize ΞE to obtain a number m of exchange edges
between the two walks. We see that if m = 0, then we necessarily have σ̃(u, t) = b̃l, Ak(t) = v

due to monotonicity, which means

0 = Pw

[
σ̃(u, t) = v,Ak(t) = b̃l,m = 0

∣∣HG

]
≤ Pw

[
σ̃(u, t) = b̃l, Ak(t) = v,m = 0

∣∣HG

]
. (2.31)

If m > 0, we cannot distinguish the two individuals anymore since the probability that the sum
of m independent Bernoulli variables of parameter 1/2 is even (or odd) is 1/2, which means

Pw

[
σ̃(u, t) = v,Ak(t) = b̃l,m > 0

∣∣HG

]
= Pw

[
σ̃(u, t) = b̃l, Ak(t) = v,m > 0

∣∣HG

]
, (2.32)

since both are equal to 1
2Pw

[
{Wt(t), Ak(t)} = {j, b̃l},m > 0

∣∣HG

]
. Summing (2.31) and (2.32),

we get what we want.

4 The lower bound

We finish the proof of Theorem 2.2 by proving the lower bound on tmix(ϵ) in Theorem 2.2.

Proof of the lower bound. We still use the distinguishing statistics method. We consider the
process with the initial condition X0 = 1. Recall that the weight of a configuration x is

S(x) :=
N∑

u=1
x(u).

S(x) will be our distinguishing statistic. Recall that, for any t ≥ 0,

Xt
d= f∗(1,Wt, ξ

B, ξG),
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with Wt, ξ
B, ξG defined as in Lemma 2.11. We write St for S

(
f∗(1,Wt, ξ

B, ξG)
)
, and S∞ for

S(X∞), where X∞ ∼ π. By symmetry, we see that,

E [|Blue(Wt)|] = E [|Green(Wt)|] = N − E [|Red(Wt)|]
2 .

Hence

E [St] = E
[
E
[
St

∣∣Wt
]]

= E [|Red(Wt)| + p |Blue(Wt)| + q |Green(Wt)|]

= E [|Red(Wt)|] + N − E [|Red(Wt)|]
2 (p+ q),

Letting t → ∞, and observing that E [|Red(Wt)|] t→∞−−−→ 0 by Lemma 2.12, we get

E [S∞] = N × p+ q

2 ,

E [St] − E [S∞] = E [|Red(Wt)|]
(

1 − p+ q

2

)
.

By Proposition 2.7, Xt is ND. Hence by inequality (2.13),

Var [St] ≤ E [St] ,

and by letting t → ∞,
Var [S∞] ≤ E [S∞] .

Hence, under assumption (2.2),

max {Var [St] ,Var [S∞]} ≤ N(p+ q)
2 + E [|Red(Wt)|]

(
1 − p+ q

2

)
≤ Np+ E [|Red(Wt)|] .

So by Proposition 7.9 in [59],

∥P1 [Xt ∈ ·] − π∥T V ≥ 1 − 8max {Var [St] ,Var [S∞]}
(E [St] − E [S∞])2 ≥ 1 − 8 Np+ E [|Red(Wt)|](

1 − p+ q

2

)2
E [|Red(Wt)|]2

.

Let t = t∗ − 2m, for some positive integer m < t∗/2 that we will choose later, and let c
be the constant in Lemma 2.9. By Lemma 2.12 and the Markov property, E [|Red(Wt)|] ≥
E [|Red(Wt∗)|] ecm = (

√
Np ∨ 1)ecm, hence the last term is bigger than

1 − 8(
1 − p+ q

2

)2
e2cm

− 8(
1 − p+ q

2

)2
ecm

.

Note that with our assumption, 1 > 1 − p+ q

2 >
1
2. So we conclude that the term above is

greater than 1 − 32
e2cm

− 32
ecm

, which is greater than ϵ for m =
⌈1
c

log
( 64

1 − ϵ

)⌉
. This implies
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that tmix(ϵ) ≥ t∗ − 2m, if m < t∗/2. Besides, this inequality is trivial when m ≥ t∗/2, which
finishes our proof.

Remark 2. This method can also give a lower bound on the mixing times from any initial
configuration x. In fact, we can prove that, for some constant C,

tmix(x; ϵ) ≥ t∗(x) − C

(
1 + log

( 1
1 − ϵ

))
,

where
t∗(x) = inf

{
t ≥ 0 :

∣∣∣E0
x [St] − E [S∞]

∣∣∣ ≤
√
Np ∨ 1

}
.

5 The computation of t∗

For the sake of completeness, we include here the proof of equality (2.5), which is a particular
case of the computations presented in Appendix A of [37].

Proof of (2.5). We consider the model where the reservoirs are of density p = q = 0. We define
ft : [N ] → [0, 1] by ft(u) = E1 [Xt(u)]. Then by Dynkin’s formula, {ft; t ≥ 0} is the unique
solution of the system of equations

d

dt
ft(u) = ∆ft(u) for t ≥ 0 and u ∈ [N ],
f0(u) = 1 for all u ∈ [N ],

where ∆ is the discrete Laplacian defined by, for any function φ : [N ] → R,

∆φ = N2(φ(u+ 1) + φ(u− 1) − 2φ(u)), ∀u ∈ [N ],

with the convention that φ(0) = φ(N + 1) = 0. The eigenfunctions of ∆ are given by

φl(u) =
√

2 sin
(

πlu

N + 1

)
, 1 ≤ l ≤ N,

with the corresponding eigenvalues −λl given by

λl = 2N2
(

1 − cos
(

πl

N + 1

))
, 1 ≤ l ≤ N.

Besides, (φl)1≤l≤N is an orthonormal basis for the scalar product given by

⟨φ,ψ⟩ = 1
N + 1

N∑
u=1

φ(u)ψ(u),

for any φ,ψ : [N ] → R. Let t be an arbitrary positive number. We see that

E1 [|Red(Wt)|] =
N∑

u=1
ft(x) = (N + 1) ⟨ft, f0⟩ . (2.33)
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Let

f0 =
N∑

l=1
clφl

be the decomposition of f0 in the basis (φl)1≤l≤N . Then

ft =
N∑

l=1
cle

−λltφl.

Hence

⟨ft, f0⟩ =
N∑

l=1
c2

l e
−λlt. (2.34)

Note that λ1 = inf {λ1, . . . , λN }. Hence

c2
1e

−λ1t ≤ ⟨ft, f0⟩ ≤
(

N∑
l=1

c2
l

)
e−λ1t = ⟨f0, f0⟩ e−λ1t = N

N + 1e
−λ1t.

Plug in (2.33), we see that

(N + 1)c2
1e

−λ1t ≤ E1 [|Red(Wt)|] ≤ Ne−λ1t,

which means

1
λ1

(
2 log(c1) + log

(
N + 1

E1 [|Red(Wt)|]

))
≤ t ≤ 1

λ1
log

(
N

E1 [|Red(Wt)|]

)
. (2.35)

We finish the proof by estimating λ1 and c1. Note that by Taylor’s expansion of function cosine
around 0,

λ1 = 2N2
(

1
2

π2

(N + 1)2 + O
(

π4

(N + 1)4

))
= π2 + O (1/N) . (2.36)

Besides,

c1 = ⟨1, φ1⟩

= 1
N + 1

N∑
l=1

φ1(l)

=
√

2
N + 1

N∑
l=1

sin πl

N + 1 .

By some classical trigonometric computations,

c1 =
√

2
N + 1 ×

cos π

2(N + 1)
sin π

2(N + 1)
= 2

√
2

π

(
1 + O

(
1/N2

))
, (2.37)
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Chapter 2. Exclusion process with reservoirs

where we have used the Taylor expansion of the sine and cosine functions around 0. Note that
at t∗, E1 [|Red(Wt∗)|] =

√
Np ∨ 1, by (2.17). Then the three equations (2.35), (2.36), (2.37)

together imply
t∗ = 1

π2 log
(

N√
Np ∨ 1

)
± O (1) ,

which is precisely what we want.
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Chapter 3
The Glauber-Exclusion process

In this chapter, we discuss the Glauber-Exclusion process, a superposition of a
Glauber dynamics and the Symmetric Simple Exclusion Process (SSEP) on the lat-
tice. The model was shown to admit a reaction-diffusion equation as the hydrody-
namic limit. We define a notion of temperature regimes via the reaction function
in the equation and prove cutoff in the full high-temperature regime for the attrac-
tive model in dimensions 1 and 2 with periodic boundary conditions. Our results
show that the equation in the hydrodynamic limit reflects the mixing behavior of
the large but finite system. Besides, cutoff is proved despite the lack of reversibility
and an explicit formula for the invariant measure. We also provide the spectral gap
and prove pre-cutoff in all dimensions. The proof still follows the outline of the one
presented in Chapter 1. However, nontrivial adaptations and novel ingredients are
needed. Our proof involves a new interpretation of attractiveness, the information
percolation framework introduced by Lubetzky and Sly, anti-concentration of simple
random walk on the lattice, and a coupling inspired by excursion theory. We hope
that this approach can find new applications in the future. The results presented
here can be found in the preprint [98].

Goals

Contents
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3 Monotone boolean functions and attractiveness . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.1 Monotone boolean functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.2 Interpretation of attractiveness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4 Dual coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.1 Graphical Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.2 The branching exclusion process (BEP) . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.3 The idealized branching process (IBP) . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.4 The coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.5 Analysis of the IBP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.6 Success of the coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5 Application of the dual coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

41



Chapter 3. The Glauber-Exclusion process

6 The upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
6.1 Proof of the upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
6.2 Proof of Lemma 3.35: the bad set is rarely visited . . . . . . . . . . . . . . . . . . . . . 90
6.3 First step of the proof of Proposition 3.36: reformulation . . . . . . . . . . . . . . . . . 95
6.4 Second step of the proof of Proposition 3.36: the excursion coupling . . . . . . . . . . 101

Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

42



1. Introduction

1 Introduction

The Glauber-Exclusion process, introduced in [17, 18], is a superposition of a Glauber dynam-
ics and an appropriately accelerated symmetric simple exclusion process (SSEP) on a lattice.
The model is also called Glauber-Kawasaki dynamics in [19]. Here, we use the term Glauber-
Exclusion as in [93]. The model can be described as follows.

Notations. Fix a number d ∈ Z+. For any L ∈ Z+, let Λd
L := (Z/LZ)d be the torus of

side-length L in dimension d. For any finite set Ω, we call the elements of {−1, 1}Ω the spin
configurations on Ω, and we denote by ≤ the usual coordinate-wise order on {−1, 1}Ω. Our state
space is X := {−1, 1}Λd

L , the set of all spin configurations on Λd
L. For any x ∈ X , u, u′ ∈ Λd

L, we
denote by xu↔u′ the configuration obtained from x by exchanging the values at two sites u and
u′, and xu,1 (resp. xu,−1) the configuration obtained from x by replacing the value at site u by
1 (resp. −1). We also recall that exp(θ) denotes the exponential distribution with parameter θ,
i.e. the distribution with density 1{s>0}θe

−θsds.
The generator of the symmetric simple exclusion process (SSEP) LE acts on an observable

φ : X → R by
(LEφ)(x) :=

∑
u∼u′

(
φ(xu↔u′) − φ(x)

)
, (3.1)

where the sum is taken over all pairs of neighbors {u, u′} on the lattice. This means that LE

exchanges the contents of two neighboring sites u, u′ at rate 1.
To define the Glauber dynamics, we first need the following definition.

Flip-rate function. Throughout this chapter, we fix a number m ∈ Z+ and a function c :
{−1, 1}B(0,m) → R>0, where B(0,m) is the subset of Zd consisting of all sites of distance at
most m from 0. We call this function c the local flip-rate function.

For any L large enough, we identify B(0,m) with the subset of Λd
L consisting of all sites of

distance at most m from site 0. The function c extends to a global flip-rate function ĉ : Λd
L×X →

R>0 as follows.

1. ĉ(0, ·) is local and given by c:

∀x ∈ X , ĉ(0, x) := c
(
x|B(0,m)

)
.

2. ĉ is invariant by translation:

∀x ∈ X , u ∈ Λd
L, ĉ(u, x) := ĉ(0, xu+·),

where

xu+·(u′) := x(u+ u′), ∀x ∈ X , u, u′ ∈ Λd
L.

The generator LG of the Glauber dynamics associated with the local flip-rate function c(·) acts
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Chapter 3. The Glauber-Exclusion process

on an observable φ : X → R by

(LGφ)(x) :=
∑

u∈Λd
L

ĉ(u, x)(φ(xu,−x(u)) − φ(x)). (3.2)

This means that LG flips the spin on site u of configuration x at rate ĉ(u, x), for any (u, x) ∈
Λd

L × X . We suppose that the Glauber dynamics is attractive.

Hypothesis 1 (Attractiveness). For any x, y ∈ {−1, 1}B(0,m) such that x ≤ y,

c(x) ≥ c(y) if x(0) = y(0) = 1, (3.3)
c(x) ≤ c(y) if x(0) = y(0) = −1. (3.4)

Hypothesis 1 implies that, for any x, y ∈ X such that x ≤ y, for any u ∈ Λd
L,

ĉ(u, x) ≥ ĉ(u, y) if x(u) = y(u) = 1, (3.5)
ĉ(u, x) ≤ ĉ(u, y) if x(u) = y(u) = −1. (3.6)

These conditions are necessary and sufficient to construct a Markovian coupling of two processes
whose generators are LG that preserves order. More precisely, suppose that (Y 1

t )t≥0 and (Y 2
t )t≥0

are two Markov processes with generator LG starting at y1, y2, respectively. Then there is a
Markovian coupling of (Y 1

t )t≥0 and (Y 2
t )t≥0 such that, almost surely,

y1 ≤ y2 ⇒ ∀t ≥ 0, Y 1
t ≤ Y 2

t .

See Theorem 4.11, p.143 in [62] for more details. When such an order-preserving coupling exists,
we say that the process Y is attractive.

Although we will work with a general function c(·), we usually use the following example
considered by De Masi et al in [18] to illustrate our method.

Example 3.1 (Example of De Masi et al). The model considered is in dimension one, i.e.
d = 1, with the local flip-rate function c given by

∀x ∈ {−1, 1}{1,0,−1}, c(x) := 1 − γx(0)(x(1) + x(−1)) + γ2x(1)x(−1),

for some γ ∈ [0, 1). This corresponds to the global flip-rate function ĉ given by

∀x ∈ X , u ∈ ΛL, c(u, x) := 1 − γx(u)(x(u+ 1) + x(u− 1)) + γ2x(u+ 1)x(u− 1).

The Glauber-Exclusion process is a continuous time Markov process X = (Xt)t≥0, taking
values in X , whose generator is

LGE := L2LE + LG. (3.7)

This is a superposition of a Glauber dynamics and a SSEP accelerated by a diffusive factor L2.
For ρ ∈ [−1, 1], we denote by Rρ the Rademacher probability measure on {−1, 1} with
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average ρ. More precisely,

Rρ(1) = 1 + ρ

2 ,

Rρ(−1) = 1 − ρ

2 .

Reaction function. We denote by νρ the product measure of Rρ on {−1, 1}B(0,m). We define
the polynomial R(·) : [−1, 1] → R by

∀ρ ∈ [−1, 1], R(ρ) := Eνρ [−2ξ0c(ξ)] ,

where ξ = (ξu)u∈B(0,m) ∼ νρ. We call R(·) the reaction function. The reason behind this name
will be explained in the next paragraph.

The hydrodynamic limit. Originally, De Masi, Ferrari, and Lebowitz introduced the model
in [17, 18] for the infinite lattice Zd and proved that the hydrodynamic limit of the model is a
reaction-diffusion equation. We recall here the analogous result obtained by Kipnis, Olla, and
Varadhan [46] for our case in a finite box. Let the density field on (R/Z)d at time t be defined
by

µL
t (du) = 1

Ld

∑
u∈Λd

L

Xt(u)δu/L(du) on (R/Z)d.

Then, when L grows to infinity, under appropriate convergence conditions on the initial data,
the density field converges weakly to the solution ρ : R+ × (R/Z)d → [−1, 1] of the following
reaction-diffusion equation:

∂ρ

∂t
= ∆ρ+R(ρ), (3.8)

where ∆ is the Laplacian in (R/Z)d, and R(·) is the function defined above. Equation (3.8)
explains the name reaction function of R(·). The intuition behind this result is as follows.
Applying the generator LGE to the function φ : x 7→ x(u), we see that

Lφ(x) =
(
L2 ∑

u′∼u

(x(u′) − x(u))
)

− 2x(u)ĉ(u, x).

Therefore,

d

dt
E [Xt(u)] = E [Lφ(Xt)] =

(
L2 ∑

u′∼u

E
[
Xt(u′) −Xt(u)

])
− 2E [Xt(u)ĉ(u,Xt)] .

Suppose that E [Xt(u)] is well approximated by ρ(t, u/L) for some smooth function ρ, for any
site u and any fixed time t. Then

L2 ∑
u′∼u

E
[
Xt(u′) −Xt(u)

]
≈ L2 ∑

u′∼u

(
ρ(t, u′/L) − ρ(t, u/L)

)
≈ ∆ρ(t, u/L).
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Moreover, the local law around a site u at any fixed time t is believed to be close to that of a
product of RE[Xt(u)], a phenomenon known as local equilibrium, see Subchapter 1.2 and Chapter
3 in [47] for more details. Then

E [Xt(u)ĉ(u,Xt)] ≈ EνE[Xt(u)] [ξ0c(ξ)] = R (E [Xt(u)]) ≈ R(ρ(t, u/L)).

These intuitive arguments indicate that ρ(·, ·) satisfies equation (3.8). Showing the convergence
amounts to verifying the above intuition rigorously.

Based on this result, we define the temperature regimes as follows.

Temperature regimes.

• High-temperature regime: The system is at high temperature if the reaction function R(·)
has a unique root ρ∗ in [−1, 1], and R′(ρ∗) < 0.

• Critical-temperature regime: The system is at critical temperature if the reaction function
R(·) has a unique root (not counting multiplicity) ρ∗ in [−1, 1], and R′(ρ∗) = 0.

• Low-temperature regime: The system is at low temperature if the reaction function R(·)
has at least two roots (not counting multiplicity) in [−1, 1].

Explanation for the temperature regimes. Let us explain why we define the temperature
regimes for the model as above. Consider the equation (3.8) with the initial condition ρ(0, ·)
constant in space, say ρ(0, ·) = ρ0 for some ρ0 ∈ [−1, 1]. We then see that ρ(t, ·) must also be
constant in space, so we can safely denote by ρ(t) the value of the function ρ at time t. The
equation (3.8) then simply becomes an ODE:

ρ
′ = R(ρ),

ρ(0) = ρ0.
(3.9)

Though simple, the solution of (3.9) can exhibit very different behaviors, depending on R(·).
Consider the flip-rate function in Example 3.1. Then R(ρ) = −2(1 − 2γ)ρ − 2γ2ρ3. One can
verify that the system is at high temperature if 0 ≤ γ < 1/2, at critical temperature if γ = 1/2,
and at low temperature if 1/2 < γ < 1. We present in Figure 3.1 the phase diagrams of the
ODE (3.9) for two different values of γ.

Let ρ+(·) and ρ−(·) denote the solutions of the ODE (3.9) with initial conditions ρ+(0) := 1
and ρ−(0) := −1. Viewing the diagram, we see that, in the first case, for any initial condition
ρ0, the solution of ODE (3.9) converges to the unique root ρ∗ exponentially fast: |ρ(t) − ρ∗| ≲
eR′(ρ∗)t. In the second case, R(·) has 3 roots ρ(1) < ρ(2) < ρ(3), and ρ−(t) t→∞−−−→ ρ(1), and
ρ+(t) t→∞−−−→ ρ(3). Intuitively, this implies that the system mixes rapidly at high temperatures,
while at low temperatures, it exhibits the phenomenon known as metastability; see [10] for more
details.

In this chapter, we study the model in the high-temperature regime.

Hypothesis 2 (High temperature).
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|
−1

| 1>> <<•
ρ∗ = 0

R(ρ)

(a) High temperature

|
−1

| 1•
ρ(3)

> <•
ρ(1)
<> • ><

R(ρ)

(b) Low temperature

Figure 3.1: Phase diagram for γ = 5/12 and γ = 7/12.

• R(ρ) admits a unique root ρ∗ in [−1, 1],

• R′(ρ∗) < 0.

The primary purpose of this chapter is to study the mixing times of the system in the
high-temperature regime.

Conjectured universal behaviors. A stochastic spin system, with an appropriate notion of
temperature, under an appropriate time scale, is conjectured to exhibit the following behaviors.

• At high temperatures, the system mixes fast. The inverse-spectral-gap gap−1 is O (1), the
mixing times are logarithmic in the size of the lattice, and cutoff occurs.

• At critical temperatures, the inverse gap is (sub)-polynomial in the size of the lattice, and
so are the mixing times.

• At low temperatures, the inverse gap is exponential in the size of the lattice, and so is the
mixing time, and there is no cutoff.

See, for example, [41, 55, 101] for the conjectures.

Literature. The Glauber dynamics is arguably the most studied interacting particle system
in the literature. Tons of work have been devoted to verifying the conjectured behaviors above
for it; see Subsection 1.1 in [65] for a brief review of the development of the subject. The
readers can look at [1, 28, 42, 43, 44, 63, 68, 71, 73, 72, 90, 91, 92, 106, 107] for results in the
high-temperature regime, at [25, 26, 65, 80] for results in the critical-temperature regime, and
at [14, 45, 71, 88, 95] for results in the low-temperature regime. We especially mention here the
work [68], which proves cutoff in the full high-temperature regime in any dimension. The proof
in [68] involves a new framework called information percolation, see also [33, 67, 69, 70]. For
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background on Glauber dynamics, see the lecture notes [74], or Chapter 15 in [59] for a quick
introduction. In particular, Theorem 15.4 in [59] presents a very simple example that illustrates
the difference in mixing behaviors at low and high temperatures.

As mentioned in Chapter 2, the Exclusion Process is also an emblematic interacting particle
system. It describes the relaxation of a gas of interacting particles to equilibrium. The conver-
gence is usually studied from two points of view: the macroscopic evolution of the density of
particles, which is the study of hydrodynamic limits, or the microscopic evolution of the law of
the particles and its total variation distance to equilibrium, which is the study of mixing times.
The readers can see [47] for an introduction to the study of hydrodynamic limits and [59] for an
introduction to the study of mixing times. For the results on the hydrodynamic limit of SSEP,
see, for example, [5, 36, 37, 58, 46]. For the results on the mixing times, see [24, 50, 51, 52, 53,
77, 79, 102].

Cutoff for SSEP has been proved in relatively few cases: for the complete graph in [53], for
dimension one in [50, 51, 52], see also [37, 99] for nonconservative variants. The only result
available in general geometries for a nonconservative variant is obtained in [87]. However, it is
restricted to the case where the system is reversible w.r.t a product of i.i.d. Bernoulli.

As mentioned before, the Glauber-Exclusion process was introduced in [18] and also con-
sidered in [46]. To the best of our knowledge, the only works on its mixing times, also the
most related works to our work, are [93] and [100]. In [100], Tsunoda studies the model in
dimension one and proves exponentially slow mixing when the primitive of the reaction function
(the potential function) has two or more local minima, which implies that the system is at low
temperature. In [93], Tanaka and Tsunoda prove the upper bound O (logL) on the mixing times
for any dimension under the condition that maxρ∈[−1,1]R

′(ρ) < 0, which subsequently implies
that the system is at high temperature. These two works together show a phase transition of
the mixing times for the model in Example 3.1 between low and high temperatures, consistent
with the conjectured behaviors. In particular, we expect cutoff to occur in the high-temperature
regime. However, to establish cutoff, not only do we have to prove that the upper and lower
bounds are of the same magnitude logL, but we also need to show that the pre-factors in front
of logL in the two bounds are the same. Surprisingly, not even a lower bound of matching
magnitude logL is available, even though it is often "the easy part" in proving cutoff. It was
not yet known whether the upper bound in [93] is sharp either.

Our contribution. We sharpen the upper bound in [93] and prove a matching lower bound,
therefore showing cutoff for the full high-temperature regime for any attractive rate function c,
in dimensions 1 and 2. Furthermore, for any dimension, in the full high-temperature regime,
we prove that the inverse gap is of order 1 and provide lower and upper bounds of magnitude
logL on the mixing times. Our proof involves a new interpretation of the attractiveness, the
information percolation framework introduced by Lubetzky and Sly in [68], anti-concentration
of simple random walk on the lattice, and what we call the excursion coupling. We hope that
this approach can find new applications in the future.
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2 Results

The first main result of the chapter is the following.

Theorem 3.2 (Cutoff in dimensions 1 and 2). Let ϵ ∈ (0, 1) be fixed. For d ∈ {1, 2}, there
exists a constant κ such that

log |Λd
L|

2|R′(ρ∗)| − κ log logL ≤ tmix(ϵ) ≤ log |Λd
L|

2|R′(ρ∗)| + κ log logL. (3.10)

Remark 3. Here, cutoff is proved when the dynamics is generally not reversible, and no explicit
formula for the invariant measure π is available. In fact, in [32], Gabrielli et al showed that the
system is reversible if and only if the function c(·) is of the following form

c(x) = (a1 + a2x(0))h(x), (3.11)

where h(x) is independent of x(0), and in this case π is a product of i.i.d. Rademacher. To
the best of our knowledge, it is also the only case that an explicit formula for π is available.
However, one can show that if a function c(·) satisfies the reversibility condition (3.11), then it
is attractive if and only if it is a constant function.

Our second main result is about the spectral gap of the system.

Theorem 3.3 (Spectral gap). For any dimension d, there exists a constant κ such that

|R′(ρ∗)| − κ

logL ≤ gap ≤ |R′(ρ∗)| + κ

logL. (3.12)

Theorem 3.2 and Theorem 3.3 together confirm the conjectured behaviors of the system in
the full high-temperature regime in dimensions 1 and 2. Furthermore, they connect the mixing
behaviors of the Glauber-Exclusion process with the behaviors of the solutions of the ODE (3.9).

Our third result investigates the mixing times in higher dimensions.

Theorem 3.4 (Pre-cutoff in higher dimensions). Let ϵ ∈ (0, 1) be fixed. For any d ≥ 3, there
exists a constant κ such that

1
d

log |Λd
L|

|R′(ρ∗)| − κ ≤ tmix(ϵ) ≤ log |Λd
L|

|R′(ρ∗)| + κ
√

logL. (3.13)

Theorem 3.4 says that the magnitude of the mixing times in all dimensions is logL. Fur-
thermore, the pre-factor in front of logL is bounded between two constants independent of the
precision ϵ. This phenomenon is known as pre-cutoff ; see Chapter 18 in [59] for more details.
Establishing cutoff for the process in dimensions d ≥ 3 remains an open problem. We believe
that neither the lower nor the upper bounds in Theorem 3.4 is optimal. Furthermore, our proof
of the upper bound in dimensions 1 and 2 relies on the fact that the simple random walks in
dimensions 1 or 2 are recurrent, which is no longer valid for higher dimensions. We do not know
if this is just a coincidence. The Interchange Process, a Markov process closely related to the
Exclusion process, is conjectured to behave somehow differently in dimensions d ≥ 3 compared
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to d ∈ {1, 2} in [96]. This fact is verified for all dimensions d ≥ 5 in [30]. We do not know
whether this phase transition in infinite volume is connected to a change of mixing behavior in
finite volume.

Nevertheless, the upper bound in Theorem 3.4 is already better than that in [93]. In
[93], the authors impose the assumption that the derivative R′ of R is uniformly negative,

i.e. maxρ∈[−1,1]R
′(ρ) < 0, and prove the upper bound log |Λd

L|∣∣∣maxρ∈[−1,1]R′(ρ)
∣∣∣ on the mixing time.

Hence, our assumption is weaker, and the pre-factor in front of logL is sharper.

Example 3.5. Let θ be a strictly positive number. In dimension one, we consider the local
flip-rate function c(·) : {−1, 1}{−1,0,1} → R+ defined by

∀x ∈ {−1, 1}{−1,0,1}, c(x) := θ + 2 × 1{x(0)=1, x(1)=−1}. (3.14)

The corresponding global flip-rate function ĉ is given by

ĉ(u, x) := θ + 2 × 1{x(u)=1, x(u+1)=−1}. (3.15)

It is not hard to see that the function c(·) satisfies Hypothesis 1. The corresponding reaction
function is

R(ρ) = ρ2 − 2θρ− 1. (3.16)

By direct computation, one can show that R(ρ) has a unique root in the interval [−1, 1]:

ρ∗ = θ −
√
θ2 + 1,

and moreover,
R′(ρ∗) < 0.

However, if 0 < θ < 1, then ∀ρ ∈ (θ, 1], R′(ρ) > 0. This means that R(ρ) satisfies our conditions
but does not satisfy the condition in [93].

Structure of the proof. In Section 3, we interpret the attractiveness in a more intuitive
way. We also discuss some properties of monotone boolean functions, which will be used later
in our proof. In Section 4, we construct the dual coupling, which will subsequently be used in
Section 5 to prove Theorem 3.3, Theorem 3.4, and the lower bound in Theorem 3.2. Finally, in
Section 6, we prove the upper bound in Theorem 3.2. For simplicity, we will assume that d = 1.
Nevertheless, many ingredients are valid for other dimensions, and we will comment on how to
adapt the proof to higher dimensions when necessary.

3 Monotone boolean functions and attractiveness

This section aims to discuss some properties of monotone boolean functions and to prove Propo-
sition 3.9, which allows us to interpret the attractiveness more intuitively.
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3.1 Monotone boolean functions

Definition 3.6 (Boolean function). A boolean function is a function from some hypercube
{−1, 1}n, n ∈ Z+, into {−1, 1}. A boolean function f is increasing if x ≤ y ⇒ f(x) ≤ f(y), for
any x, y ∈ {−1, 1}n.

Definition 3.7 (Pivotal set). For an increasing boolean function f on {−1, 1}n, its pivotal set is
given by

Piv (f) := {j ∈ [n] : ∃x = (x1, . . . , xn) ∈ {−1, 1}n such that f(xj,1) = 1; f(xj,−1) = −1}.

In particular, to evaluate the value of an increasing boolean function f on a spin configuration
x, we do not need to know every coordinate of x but only the coordinates in Piv (f). The following
lemma is elementary but very useful in our proof.

Lemma 3.8 (Pivotal sets of monotone boolean functions). For any increasing boolean function
f on {−1, 1}n,

Piv (f) ̸= ∅ ⇐⇒ f(1, . . . , 1) = 1 and f(−1, . . . ,−1) = −1.

In particular, for any increasing boolean function f on {−1, 1},

|Piv (f) | = f(1) − f(−1)
2 .

3.2 Interpretation of attractiveness

We canonically identify the functions on X which depend only on the coordinates in B(0,m) with
the functions on {−1, 1}B(0,m). We now give a more intuitive interpretation of the attractiveness.

Proposition 3.9 (Interpretation of attractiveness). There exist q ∈ Z+ and increasing boolean
functions f1, . . . , fq on {−1, 1}B(0,m) and positive numbers λ1, . . . , λq, such that

∀x ∈ {−1, 1}B(0,m), c(x) =
q∑

i=1
λi1{fi(x)=−x(0)}. (3.17)

In particular, for any function φ on X ,

∀x ∈ X , LGφ(x) =
∑

u∈ΛL

q∑
i=1

λi

(
φ(xu,fi(xu+·)) − φ(x)

)
. (3.18)

Moreover, we can choose f1 ≡ 1, f2 ≡ −1 and λ1, λ2 strictly positive.

Interpretation. Proposition 3.9 is of independent interest. It implies that the technical con-
ditions (3.5), (3.6) for the attractiveness of the Glauber dynamics can be replaced by a more
intuitive interpretation: for each site u, x(u) is replaced by fi(xu+·) at rate λi, 1 ≤ i ≤ q. The
monotonicity of (fi)1≤i≤q clearly implies that the system is attractive. In fact, for two processes
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(Y 1
t )t≥0 and (Y 2

t )t≥0 whose generator is LG, one can construct a coupling of them by updat-
ing the same sites simultaneously using the same functions. This coupling preserves the order
thanks to the monotonicity of (fi)1≤i≤q. Besides, the updates given by deterministic functions
f1 ≡ 1 or f2 ≡ −1 can be carried out without looking at the spins of any sites. We say that
these updates are oblivious. We will see that oblivious updates play a crucial role in our proof.

Illustration by Example 3.1. For the flip-rate function considered in Example 3.1, one can verify
that the following functions and rates satisfy Proposition 3.9. For any x = (x(−1), x(0), x(1)) ∈
{−1, 1}{−1,0,1},

f1(x) = 1, λ1 = (1 − γ)2,

f2(x) = −1, λ2 = (1 − γ)2,

f3(x) = sgn(x(−1) + x(0) + x(1)), λ3 = 4γ2,

f4(x) = x(−1), λ4 = 2(γ − γ2),
f5(x) = x(1), λ5 = 2(γ − γ2).

Here sgn denotes the sign function: sgn(s) =


1 if s > 0,

0 if s = 0,

−1 if s < 0.
We first need the following lemma to prove Proposition 3.9.

Lemma 3.10 (Decomposition of monotone functions). Let Ω be a finite set with a partial order
≺. Let f : Ω → R+ be an increasing function, meaning that x ≺ y ⇒ f(x) ≤ f(y). Then there
exist q ∈ Z+ and increasing (not boolean) functions f1, . . . , fq : Ω → {0, 1} and positive numbers
λ1, . . . , λq such that

f(·) =
q∑

i=1
λifi(·). (3.19)

Moreover, we can choose f1(·) = 1{f(·)>0} and λ1 = 1{f ̸≡0} min
{f(·)>0}

f .

Lemma 3.10 can be proved by induction on the size of the support of the function f . We
omit the proof here. Now we prove Proposition 3.9.

Proof of Proposition 3.9. First we prove that (3.17) implies (3.18). Indeed, if (3.17) is true,
then by definition of ĉ(·), for any u in ΛL and x ∈ X ,

ĉ(u, x) =
q∑

i=1
λi1{fi(xu+·)=−x(u)}. (3.20)
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Therefore, for any function φ on X ,

LGφ(x) =
∑

u∈ΛL

ĉ(u, x)(φ(xu,−x(u)) − φ(x))

=
∑

u∈ΛL

q∑
i=1

λi1{fi(xu+·)=−x(u)}(φ(xu,−x(u)) − φ(x))

=
∑

u∈ΛL

q∑
i=1

λi1{fi(xu+·)=−x(u)}(φ(xu,fi(xu+·)) − φ(x))

=
∑

u∈ΛL

q∑
i=1

λi(φ(xu,fi(xu+·)) − φ(x)),

where the second equality is due to (3.20), the third equality is because xu,fi(xu+·) = xu,−x(u)

whenever fi(xu+·) = −x(u), and the last equality is because φ(xu,fi(xu+·)) − φ(x) = 0 whenever
fi(xu+·) = x(u). It remains to show (3.17).

Let n := |B(0,m)| − 1. We identify the set B(0,m) with {0, 1, . . . , n} such that the site
0 is identified with number 0. Then (3.17) is reformulated as follows: there exist increasing
boolean functions f̃1, . . . , f̃q on {−1, 1}n+1 and positive numbers λ1, . . . , λq such that, for any
ξ0, . . . , ξn ∈ {−1, 1},

c(ξ0, . . . , ξn) =
q∑

i=1
λi1{f̃i(ξ0,...,ξn)=−ξ0}. (3.21)

Note that Hypothesis 1 implies that c(−1, ξ1, . . . , ξn) is increasing and c(1, ξ1, . . . , ξn) is de-
creasing as functions of (ξ1, . . . , ξn). We can now apply Lemma 3.10 to the function c(−1, ·) to
conclude that there exist increasing functions f1, . . . , fq1 from {−1, 1}n to {0, 1} and positive
numbers λ1, . . . , λq1 , for some q1 ∈ Z+, such that, for any ξ1, . . . , ξn ∈ {−1, 1},

c(−1, ξ1, . . . , ξn) =
q1∑

i=1
λifi(ξ1, . . . , ξn). (3.22)

Moreover, we can choose

f1(ξ1, . . . , ξn) = 1{c(−1,ξ1,...,ξn)>0} ≡ 1,
λ1 = min

ξ1,...,ξn∈{−1,1}
c(−1, ξ1, . . . , ξn) > 0.

Here, we have used the fact that c(·) only takes strictly positive values. We then define the
boolean functions (f̃i)1≤i≤q1 on {−1, 1}n+1 by

f̃i(ξ0, . . . ξn) =

1 if ξ0 = 1,

2fi(ξ1, . . . , ξn) − 1 if ξ0 = −1.

It is easy to see that f̃i is increasing for any i. Note also that f̃1 ≡ 1.
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Let φ1 : {−1, 1}n+1 → R+ be defined by, for any ξ0, . . . , ξn ∈ {−1, 1},

φ1(ξ0, . . . , ξn) =
q1∑

i=1
λi1{f̃i(ξ0,...,ξn)=−ξ0}.

Noting that

1{f̃i(1,ξ1...,ξn)=−1} = 0,

1{f̃i(−1,ξ1,...,ξn)=1} = 1{fi(ξ1,...,ξn)=1} = fi(ξ1, . . . , ξn),

we conclude that

φ1(1, ξ1, . . . , ξn) = 0,
φ1(−1, ξ1, . . . , ξn) = c(−1, ξ1, . . . , ξn).

Similarly c(1, ξ1, . . . , ξn) is a positive decreasing function of (ξ1, . . . , ξn). We can still apply
Lemma 3.10, by replacing the relation ≤ by ≥, to conclude that there exist decreasing functions
(increasing functions w.r.t relation ≥) g1, . . . , gq2 and positive numbers λ′

1, . . . , λ
′
q2 such that

c(1, ξ1, . . . , ξn) =
q2∑

i=1
λ′

igi(ξ1, . . . , ξn). (3.23)

By a similar argument, we claim that the boolean functions (f̃q1+i)1≤i≤q2 defined by

f̃q1+i(ξ0, . . . ξn) =

1 − 2gi(ξ1, . . . , ξn) if ξ0 = 1,

−1 if ξ0 = −1,

are increasing. Similarly, we can choose λ′
1 > 0 and g1 ≡ 1. Hence f̃q1+1 ≡ −1. Similarly, we

define φ2 : {−1, 1}n+1 → R+ by, for all ξ0, . . . , ξn ∈ {−1, 1},

φ2(ξ0, . . . , ξn) =
q2∑

i=1
λ′

i1{f̃q1+i(ξ0,...,ξn)=−ξ0}.

φ2 satisfies

φ2(1, ξ1, . . . , ξn) = c(1, ξ1, . . . , ξn),
φ2(−1, ξ1, . . . , ξn) = 0.

Hence
c = φ1 + φ2.
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We can set λq+i = λ′
i, 1 ≤ i ≤ q2 to write

c(ξ0, . . . , ξn) =
q1+q2∑
i=1

λi1{f̃i(ξ0,...,ξn)=−ξ0}. (3.24)

We can renumber these functions and their coefficients such that f̃1 ≡ 1, f̃2 ≡ −1. So we have
established (3.21). This finishes our proof.

Remark 4. We can adapt this proposition to any flip rate function satisfying (3.5), (3.6), on
any graph. In this case, each site u has its own update functions fu,1, . . . fu,qu , which are
increasing and applied at rate λu,1, . . . , λu,qu respectively. In our case, those functions are local
and invariant by translation because the function ĉ is.

From now on, we fix a choice of (fi)1≤i≤q and (λi)1≤i≤q that satisfies Proposition 3.9. For our
purpose, we will rewrite the reaction function R and its derivative R′ in terms of (fi)1≤i≤q and
(λi)1≤i≤q. To do this, let λ := ∑q

i=1 λi. For any 1 ≤ i ≤ q, j ∈ B(0,m), ξ−m, . . . , ξm ∈ {−1, 1},
let us define

∇jfi(ξ−m, . . . , ξm)
:= fi(ξ−m, . . . , ξj−1, 1, ξj+1, . . . , ξm) − fi(ξ−m, . . . , ξj−1,−1, ξj+1, . . . , ξm).

Lemma 3.11 (R and R′ in terms of (fi)1≤i≤q and (λi)1≤i≤q). For any ρ ∈ [−1, 1],

R(ρ) =
( q∑

i=1
λiEνρ [fi]

)
− λρ, (3.25)

R′(ρ) =

 q∑
i=1

∑
j∈B(0,m)

λiEνρ

[1
2∇jfi

]− λ. (3.26)

Proof. Recall that R(ρ) = Eνρ [−2ξ0c(ξ)]. Hence, by (3.17).

R(ρ) = Eνρ

[
−2ξ0

q∑
i=1

λi1{fi(ξ)=−ξ0}

]

=
q∑

i=1
λiEνρ

[
−2ξ01{fi(ξ)=−ξ0}

]
=

q∑
i=1

λiEνρ

[
(fi(ξ) − ξ0)1{fi(ξ)=−ξ0}

]
=

q∑
i=1

λiEνρ [fi(ξ) − ξ0]

=
( q∑

i=1
λiEνρ [fi(ξ)]

)
− λρ.
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So we have established (3.25). We also know that, for any ρ ∈ [−1, 1],

Rρ = 1 + ρ

2 δ1 + 1 − ρ

2 δ−1,

and hence
d

dρ
Rρ = 1

2δ1 − 1
2δ−1.

Therefore, for νρ = R
⊗B(0,m)
ρ ,

d

dρ
νρ =

∑
j∈B(0,m)

R⊗{−m,...,j−1}
ρ ⊗

(1
2δ1 − 1

2δ−1

)
⊗ R⊗{j+1,...,m}

ρ .

This equality and (3.25) lead to (3.26).

4 Dual coupling

4.1 Graphical Construction

We call ΛL × R+ the space-time slab, where each slice ΛL × {t} is equipped with the graph
structure of ΛL. We identify ΛL with the subset {0, . . . , L− 1} of Z+.

We introduce a notation essential to our proof.

A collection of marks. A collection of marks C is a pair (Cexclusion, Cglauber), where Cexclusion

and Cglauber are subsets of ΛL × R+ and [q] × ΛL × R+, respectively, that satisfy the following
conditions.

• There is at most one mark at a time:

∀t > 0,
∣∣∣Cexclusion ∩ ΛL × {t}

∣∣∣+ ∣∣∣Cglauber ∩ [q] × ΛL × {t}
∣∣∣ ≤ 1.

• C is locally finite in time: for any 0 < t1 < t2,∣∣∣Cexclusion ∩ ΛL × [t1, t2]
∣∣∣+ ∣∣∣Cglauber ∩ [q] × ΛL × [t1, t2]

∣∣∣ < ∞.

In other words, C can be identified with a counting measure on (ΛL × R+) ∪ ([q] × ΛL × R+)
whose projection onto R+ has no multiple point and is locally finite. We call an element (u, t) ∈
Cexclusion the exclusion mark on the edge (u, u + 1) at time t and an element (i, u, t) ∈ Cglauber

the Glauber mark of type i on site u at time t.

Effect of a collection of marks. Given a collection of marks C and a configuration x0 ∈ X ,
the process (Xx0

t )t≥0 is defined recursively according to the following rules.

• Xx0
0 = x0 (x0 is the initial configuration).

• The process (Xx0
t )t≥0 is piecewise constant and can only jump when a mark appears.
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• When we see an exclusion mark on the edge (u, u+1), we make the transition x 7→ xu↔u+1

(exchange the spins at sites u and u+ 1).

• When we see a Glauber mark of type i at site u, we make the transition x 7→ xu,fi(xu+·)

(update site u using the function fi).

Roughly speaking, the marks tell us how the process (Xx0
t )t≥0 is updated. We have kept the

dependency on C implicit to lighten the notation. The Glauber-Exclusion process associated
with the generator LGE can be constructed as follows.

Graphical Construction 1. Let the background process

Ξ =
(
(Ξexclusion

u )0≤u≤L−1, (ΞGlauber
i,u )1≤i≤q, 0≤u≤L−1

)
(3.27)

be defined as follows. (Ξexclusion
u )0≤u≤L−1, (ΞGlauber

i,u )1≤i≤q, 0≤u≤L−1 are independent homogeneous
Poisson processes, and

• Ξexclusion
u is of intensity L2, 0 ≤ u ≤ L− 1,

• ΞGlauber
i,u is of intensity λi, 1 ≤ i ≤ q, 0 ≤ u ≤ L− 1.

Almost surely, a realization of Ξ naturally defines a collection of marks C as follows. For any
(i, u, t) ∈ [q] × ΛL × R+,

• (u, t) ∈ Cexclusion iff the process Ξexclusion
u jumps at time t,

• (i, u, t) ∈ Cglauber iff the process ΞGlauber
i,u jumps at time t.

Then the process (Xx0
t )t≥0 constructed by the rules above is a Markov process with generator

LGE starting from configuration x0. An illustration is given in Figure 3.2, where each exclusion
mark is naturally drawn as a left-right arrow on the corresponding edge, and each Glauber mark
is drawn as × on the corresponding site, with the corresponding update function next to it.

Remark 5. In the future, we may construct the (random) collection of marks C differently, but
as long as it has the same distribution as the one given by Ξ, the process (Xx0

t )t≥0 constructed
by the above rules is still a Markov process associated with generator LGE starting at x0.

The alphabet. Let A :=
∞⋃

i=0
(Z+ ×B(0,m)i) be the set of all words beginning with an element

in Z+ followed by elements in B(0,m). We define a lexicographical order on A using the usual
orders on Z+ and B(0,m). For any word w ∈ A, we call the elements of {w} × B(0,m) the
children of w. The alphabet A will be used to label the branching processes that naturally arise
when we study the update history of our process.

Update history. Consider a collection of marks C and the resulting process (Xx
t )t≥0 for some

x ∈ X . Let t ≥ 0, and let E ⊂ ΛL be a set whose spins we want to know at time t. A natural
way to reveal the spins of E at time t is to go backward in time, tracing the history of the
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information involved. At each site of E at time t, we put a particle labeled by the corresponding
element in A (we have E ⊂ ΛL ⊂ Z+ ⊂ A). The history of E, going backward in time, is as
follows.

1. Every time we see an exclusion mark, the particles at the endpoints of the corresponding
edge, if there are any, jump to the other endpoints.

2. Every time we see a Glauber mark, say at site u, if there is a particle w there, we remove
w, and at each site of B(u,m), we add a new particle. We canonically label the newborn
particles by the children of w. If a particle is born on a site already occupied by some
other particles, all of them will move together as one particle.

We follow all the particles backward until time 0. The update history of the set E at time t is
the sub-collection of marks Chis(E) consisting of all the marks (exclusion and Glauber) we meet
on the trajectories of all the particles described above. For our purpose, it is more convenient to
consider Cbw

his(E), the version of Chis(E) when we reverse the time interval [0, t]: Cbw
his(E) is the

set of marks obtained from Chis(E) by replacing the time s in each mark by t− s.
We define a spin configuration s on the set of all particles appearing as follows.

• For any particle w reaching time 0, say at site u,

sw := x(u).

• For any particle w not reaching time 0, let i be the type of the Glauber mark removing w.
Then

sw := fi((sw′)w′∈{w}×B(0,m)).

These rules allow us to define recursively the spins of all particles that appear. In particular, by
construction,

∀u ∈ E, su = Xx
t (u),

where su is the spin of the particle labeled u.

4.2 The branching exclusion process (BEP)

We fix a subset E of ΛL in this subsection. We claim that the history itself, viewed backward
in time, is a Markov process, called the branching exclusion process (BEP), defined as follows.

Definition of the BEP. We consider the following way of putting marks and particles in the
space-time slab. We go forward in time.

1. At time 0, at each site of E, we put a particle labeled by the corresponding element of
A. Each particle is associated with q Poisson clocks, called the Glauber clocks of type
1, . . . , q, of intensity λ1, . . . , λq, respectively. All the Glauber clocks are independent.
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Figure 3.2: History of Glauber-Exclusion dynamics.

2. Each edge of the lattice is associated with a Poisson clock of intensity L2, called the
exclusion clock. The exclusion clocks are independent and independent of the Glauber
clocks. Each time an exclusion clock rings, we put an exclusion mark on the corresponding
edge.

3. The particles follow the exclusion marks until one Glauber clock rings, says the clock of
type i of particle w at time s. Suppose that w is at site u at time s−. Then we put a
Glauber mark of type i on site u at time s. After that, we remove particle w and add new
particles to all sites in B(u,m), canonically labeled by the children of w. We think of this
as the particle w splits into its neighbor sites. Each particle born on a non-occupied site
is given q independent Glauber clocks, independent of all exclusion clocks and all Glauber
clocks of other particles. Each particle born on an occupied site "moves together" with
the particles already there. The particles moving together are called a group of particles,
and they are associated with the same q Glauber clocks. All the particles then continue
to evolve with similar rules.

The BEP starting from E consists of two parts (ΨBEP (E), CBEP (E)), where

• ΨBEP (E) is the collection of trajectories of all the particles, i.e. the map associating each
point (u, t) of the space-time slab with the set of particles occupying the site u at time t.

• CBEP (E) is the set consisting of all the marks on the trajectories of all the particles
constructed above.

Remark 6. Knowing E, the pair (ΨBEP (E), CBEP (E)) is determined by CBEP (E).
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We say that a particle w is alive at time t if it was born before time t and has not been
removed by time t. Let Wt be the set consisting of the particles with the smallest labels in each
group of particles alive at time t, for any t ∈ R+. A spin configuration on Wt is identified with
a spin configuration on the set of all particles alive at time t, where the particles in a group are
given the same spin.

Spins of particles in BEP. Each spin configuration s on Wt is extended to ⋃0≤s≤tWs by
the following rules. For any w in

(⋃
0≤s≤tWs

)
\Wt, w must be removed at some point in [0, t]

by a Glauber mark, say of type i. Then

sw := fi

(
(sw′)w′∈{w}×B(0,m)

)
.

This allows us to extend the spin configuration to all the particles alive at some point in the
time interval [0, t].

By the homogeneity of the Poisson processes, we can see that CBEP (E) and Cbw
his(E) have

the same distribution. In fact, we can show that their first marks have the same distribution,
then conditionally on their first marks, their second marks have the same distribution, etc. This
leads to the following result.

Proposition 3.12 (History is BEP). Let t ∈ R+, x ∈ X . Consider the BEP starting from E

and the history of E at time t given by a collection of marks generated by Ξ. Then the point
processes CBEP (E) and Cbw

his(E) have the same distribution. In particular, for some x ∈ X , if
we define the spin configuration s on Wt by

∀w ∈ Wt, sw := x(u), if w is at site u at time t,

then
Xx

t (E) d= (su)u∈E . (3.28)

Example 3.13. Figure 3.2 also illustrates the BEP starting from E = {1, 2}. The time axis
upward is the one of the Glauber-Exclusion process, and the one downward is the one of the
BEP.

The idea of looking at the history backward in time is not new. It is known as duality in
the context of interacting particle systems. For our case, the BEP was already introduced by
De Masi et al in the original paper [18] (for the proof of Proposition 3.12, see Theorem 3.1
in [18]). The primary motivation is that it makes the study of correlation functions easier.
To study the k−points correlation function, we only need to follow the history of k particles
backward instead of realizing the whole process forward. This idea also relates to the famous
"coupling from the past" algorithm in [82] and is also an essential ingredient of the information
percolation framework in [68]. Proposition 3.12 says that the history itself can be viewed as a
Markov process (the BEP). This will be useful for the construction of our coupling.

We introduce some further necessary notations.
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Update functions. By construction, for any particle w alive at some point in the time interval
[0, t], there exists an increasing boolean function Fw,t on {−1, 1}Wt such that for any spin
configuration s on Wt, its extension to ⋃0≤s≤tWs satisfies

sw = Fw,t((sw′)w′∈Wt). (3.29)

The function Fw,t describes the dependence of the spin of w on the spins of the particles alive
at time t.

Pivotal sets of the update functions. For any t ≥ 0, for any particle w that is alive at
some time s < t, we denote by

Piv (w, t) := Piv (Fw,t) . (3.30)

We write Piv (E, t) for ⋃w∈E Piv (w, t).

Observation 3.14. For any s < t,

Piv (w, t) ⊂
⋃

w′∈Piv(w,s)
Piv

(
w′, t

)
. (3.31)

Update times of the pivotal set. Let the sequence (Tj)j≥0 be defined recursively, as follows.

T0 = 0,
Tj+1 = inf {t ≥ Tj : a Glauber clock of a particle in Piv (E, Tj) rings at time t} .

Observation 3.15. (Piv (E, t))t≥0 is piece-wise constant and only jumps at the times (Tj)j>0.
The same conclusion is true for (Fw,t)t≥0, for any w ∈ E.

Information percolation. We now briefly explain the idea that we borrow from [68], which
will be made more precise later. First, to determine the spin of w ∈ E, we do not need to follow
the whole history, but only the part that is "essential", say (Piv (w, s))0≤s≤t. In particular, if
Piv (w, s) = ∅ for some s < t, then the update function Fw,s degenerates, i.e. becomes a constant
function. Then, we can determine sw without tracking further the history in the past. Second,
we regard (Piv (w, t))t≥0 as a percolation cluster in the space-time slab. Surprisingly, we prove
in Lemma 3.20 below that the information percolation cluster defined this way is "subcritical" in
the full high-temperature regime. This subcriticality means that the update functions quickly
degenerate, so the spins at time t quickly become independent of those at time 0 as t grows to
infinity, and the system mixes quickly.

4.3 The idealized branching process (IBP)

We will compare the BEP with its idealized version, the idealized branching process (IBP). The
IBP starting from a particle w ∈ A is defined as follows.
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Chapter 3. The Glauber-Exclusion process

• Initially, w has q independent Poisson clocks, of intensities λ1, . . . , λq, called the Glauber
clocks of type 1, . . . , q respectively.

• Each time a clock of a particle w′ rings, we remove w′ and add the children of w′ into the
set of particles. Each of them is given q independent Glauber clocks, and the clocks of
different particles are independent.

The IBP starting from w is a pair (ΨIBP , CIBP ), where

• ΨIBP is the process associating each time t ∈ R+ with the set of particles alive at time t,
i.e. the set of particles born before time t and not having been removed by time t.

• CIBP is the counting measure on [q] × R+ that tracks the type of the Glauber clocks that
ring.

Remark 7. In the IBP, the particles no longer live on the lattice. All the particles are different,
and all their clocks are independent. In particular, it is a dimension-free object, i.e. it does not
depend on the size L of the system.

For any finite subset E of A such that for all w1,w2 ∈ E, w1 is not a descendant of w2,
the IBP starting from E consists of |E| independent IBPs starting from particles labeled by the
elements of E.

Spins and update functions of the IBP. Let W̃t be the set of particles of the IBP alive
at time t. Similarly to what we have done for the BEP, for any spin configuration s̃ on W̃t, we
extend s̃ to ⋃0≤s≤t W̃s by defining for each w /∈ W̃t,

s̃w := fi((s̃w′)w′∈{w}×B(0,m)).

We can extend s̃ to all particles alive at some time s < t with this procedure. In particular, we
can define the spin of w. We define the update functions F̃w,t , the pivotal sets (P̃iv(F̃w,t))t≥0,
and the update times (T̃j)j∈Z+ analogously as for the BEP.

4.4 The coupling

Let E be a subset of ΛL. We will construct a coupling between the BEP and the IBP starting
from E. Let there be one exclusion clock at each edge of the lattice and an infinite number
of Glauber clocks of types 1, . . . , q. All of them are independent. We will use these clocks to
construct the two processes. We say that the coupling is succesful until time t if Piv (E, t) =
P̃iv(E, t), and for each w ∈ Piv (E, t), the Glauber clocks associated with it at time t are the
same in the BEP and the IBP. We now construct the coupling, which should be thought of as
embedding the IBP in the space-time slab ΛL × R+.

1. Whenever an exclusion clock rings, we put an exclusion mark at the corresponding edge.
When a particle of the BEP meets an exclusion mark, it jumps to the other endpoint of
the edge.
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4. Dual coupling

2. At time 0, each particle w ∈ E is associated with the same q Glauber clocks in the BEP
and the IBP.

3. For each particle, the set of clocks associated with it stays unchanged in the interval
(Tj , Tj+1], where (Tj)j≥0 are the update times of Piv (E, ·).

4. Suppose that the coupling is still successful until time Tj . Then Tj+1 corresponds to the
ring of a Glauber clock of some particle w ∈ Piv (E, Tj). Note that Tj+1 = T̃j+1 because
the same clock of w rings in the IBP. Suppose that w is at site u at time Tj+1−. Then one
of two cases can happen.

(a) Case 1: At time Tj+1−, there is no particle in B(u,m) except w. This means that the
children of w are born on sites not occupied by other particles in the pivotal set. Then
we update Piv (E, Tj+1) and P̃iv(E, T̃j+1): we let the particles in Piv (E, Tj+1−) \
{w} keep their clocks (in IBP and BEP), and we remove from Piv (E, Tj+1−) and
P̃iv(E, T̃j+1−) the particles whose spins are no longer necessary to determine the
spins atop, and then we associate the children of w in BEP and IBP with the same
Glauber clocks. Note that Piv (E, Tj+1) ⊂ (Piv (E, Tj+1−) \ {w}) ∪ ({w} ×B(0,m)).
In this case, the coupling is still successful until time Tj+1.

(b) Case 2: At time Tj+1−, there is some particles in B(u,m) other than w. Then from
time Tj+1, all the particles in the two pivotal sets are given different Poisson clocks.
The coupling becomes unsuccessful since then.

We say that the coupling is successful until infinity if it is successful until t for any finite t. The
interest in the above coupling is the following.

Observation 3.16 (Spins atop coincide). If the coupling is successful until time t, and if sw =
s̃w, ∀w ∈ Piv (E, t), then sw = s̃w, ∀w ∈ E.

We will show that the coupling is successful until infinity with high probability.

Proposition 3.17 (The coupling is successful w.h.p). Let E be an arbitrary subset of ΛL.
Consider the coupling of the BEP and the IBP starting from E described above. Then

P [The coupling is not successful until infinity] ≤ β
|E|2

L
, (3.32)

for some constant β.

The motivation for the coupling is as follows. We are inspired by the local equilibrium
phenomenon, so we try to couple the BEP and the IBP so that when we generate the spins of
the particles at time t in the two processes according to the same distribution (assuming that
those sets are the same), then the spins atop are the same. If this is the case, as the spins
atop of the IBP are independent, the spins atop of the BEP are also independent. The naive
coupling is to match every particle in the two processes. However, the total number of particles
increases exponentially fast, so we can not expect the naive coupling to work until the mixing
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Chapter 3. The Glauber-Exclusion process

times. Nevertheless, it is not necessary to match the evolution of every particle, but only the
ones that truly influence the spins atop, say Piv (E, ·).

The idea to look only at (Piv (E, t))t≥0 ultimately comes from [68] (in this paper, the authors
call it the update support function, see Subsection 2.2 in [68]). In Subsection 4.5, we analyze the
IBP, and in particular, we prove that P̃iv(·) behaves like a subcritical Galton Watson process.
In Subsection 4.6, we use this to prove Proposition 3.17.

4.5 Analysis of the IBP

In this subsection, we consider the IBP starting from a particle w ∈ A. For convenience, we
identify the set of children of w with B(0,m). Let the functions ϕ, ψ : R+ → R be defined by

ϕ(t) := P
[
P̃iv(w, t) ̸= ∅

]
, (3.33)

ψ(t) := E
[
|P̃iv(w, t)|

]
, (3.34)

which means that ϕ(t) is the probability that the process P̃iv(w, ·) still survives at time t and
ψ(t) is the average size of P̃iv(w, t). The main purpose of this subsection is to analyze several
aspects of the IBP and, in particular, to prove that ψ(t) ∼ eR(ρ∗)t.

The average size of P̃iv(w, t) conditionally on survival is

E
[
|P̃iv(w, t)|

∣∣P̃iv(w, t) ̸= ∅
]

= ψ(t)
ϕ(t) . (3.35)

Note that if P̃iv(w, t) = ∅, then the spin of w does not depend on the spins at time t anymore,
so we can safely write

ϑ(t) = E
[
s̃w
∣∣P̃iv(w, t) = ∅

]
(3.36)

for the average spin of w conditionally on the extinction of P̃iv(w, t). Clearly, the functions
ψ, ϕ, ϑ do not depend on our choice of w ∈ A.

First, we have a result linking the average of s̃w with the ODE (3.9).

Lemma 3.18 (Spin atop of an IBP). Let ρ0 ∈ [−1, 1] and t ≥ 0. Consider the IBP starting
from w. Suppose that, conditionally on the IBP, the spins at time t are generated independently
by a product of Rademacher: s̃(W̃t) ∼ R⊗W̃t

ρ0 . Then

E [s̃w] = ρ(t), (3.37)

where ρ is the solution of equation (3.9).

Proof. Let g(t) := E [s̃w]. Let ζ be the first time that a Glauber clock of w rings. Let E(i) be the
event that the Glauber clock ringing at time ζ is of type i. Then ζ and E(i) are independent,
and ζ ∼ exp(λ), P [E(i)] = λi/λ. Moreover, the branches starting from the children of w are
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•w

×

t

ζ

(a) ζ > t

•w

×•
(w, 0)

•
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ζ

t− ζ

(b) ζ < t

Figure 3.3: Conditionally on the first ring

independent and independent of ζ and E(i), each behaving as an IBP. We see that

g(t) = E
[
1{ζ>t}s̃w

]
+ E

[
1{ζ≤t}s̃w

]
. (3.38)

We estimate the two terms on the right-hand side of (3.38) separately.

• First term: conditionally on ζ (see Figure 3.3), on the event {ζ > t}, s̃w ∼ Rρ0 , and
hence

E
[
1{ζ>t}s̃w

]
= E

[
1{ζ>t}E [s̃w|ζ]

]
= E

[
1{ζ>t} × ρ0

]
= ρ0P [ζ > t] = ρ0e

−λt.

• Second term: we see that

E
[
1{ζ≤t}s̃w

]
=

q∑
i=1

E
[
1E(i)1{ζ≤t}fi((s̃w′)w′∈{w}×B(0,m))

]
=

q∑
i=1

P [E(i)]E
[
1{ζ≤t}fi

(
(s̃w′)w′∈{w}×B(0,m)

)]
,

since E(i) is independent of ζ and of the IBPs starting from the children of w. Conditionally
on ζ, on the event {ζ < t}, by construction, (s̃w′)w′∈{w}×B(0,m) are i.i.d. Rg(t−ζ). Hence

E
[
1{ζ<t}fi

(
(s̃w′)w′∈{w}×B(0,m)

)]
= E

[
1{ζ<t}Eνg(t−ζ) [fi]

]
.
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Hence

E
[
1{ζ≤t}s̃w

]
=

q∑
i=1

P [E(i)]E
[
1{ζ<t}Eνg(t−ζ) [fi]

]
=

q∑
i=1

λi

λ
E
[
1{ζ<t}Eνg(t−ζ) [fi]

]
= E

[
1{ζ<t}

q∑
i=1

λi

λ
Eνg(t−ζ) [fi]

]

= E
[
1{ζ<t} × 1

λ
× [R(g(t− ζ)) + λg(t− ζ)]

]
,

where the last equality comes from Lemma 3.11.

This implies that the first term of (3.38) equals e−λtρ0 and the second term of (3.38) equals
∫ t

0
λe−λs 1

λ
(R(g(t− s)) + λg(t− s)) ds =

∫ t

0
e−λs (R(g(t− s)) + λg(t− s)) ds

=
∫ t

0
e−λ(t−s) (R(g(s)) + λg(s)) ds,

where the last inequality follows from the change of variable s′ = t− s. This implies that

g(t) = e−λtρ0 +
∫ t

0
e−λ(t−s) (R(g(s)) + λg(s)) ds

= e−λt
(
ρ0 +

∫ t

0
eλs (R(g(s)) + λg(s)) ds

)
.

Now we can differentiate both sides with respect to t to conclude that

g′(t) = −λe−λt
(
ρ0 +

∫ t

0
eλs) (R(g(s)) + λg(s)) ds

)
+ e−λteλt (R(g(t)) + λg(t))

= −λg(t) +R(g(t)) + λg(t)
= R(g(t)).

This means that g solves equation (3.9) with initial condition g(0) = ρ0. This finishes our
proof.

Recall that ρ+ and ρ− are solutions of equation (3.8) with initial conditions 1 and −1. We
have the following lemma.

Lemma 3.19.

ϕ(t) = ρ+(t) − ρ−(t)
2 , (3.39)

ϑ(t) = ρ+(t) + ρ−(t)
2(1 − ϕ(t)) . (3.40)

Proof. Let us generate the IBP up to time t. We denote by E+ [·] the probability taken with
respect to the IBP when we assign the spins at time t to be all-plus, i.e. s̃w′ := 1, ∀w′ ∈ W̃t
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and E− [·] the probability taken when we assign the spins at time t to be all-minus, i.e. s̃w′ :=
−1, ∀w′ ∈ W̃t. Note that

E+ [s̃w] = E+

s̃w1{
P̃iv(w,t)̸=∅

}+ E+

s̃w1{
P̃iv(w,t)=∅

} . (3.41)

Recall that P̃iv(w, t) = Piv
(
F̃w,t

)
, where s̃w = F̃w,t

(
(s̃w′)w′∈W̃t

)
for some increasing boolean

function F̃w,t. Hence

E+

s̃w1{
P̃iv(w,t)̸=∅

} = E+

1{
P̃iv(w,t)̸=∅

} = P
[
P̃iv(w, t) ̸= ∅

]
,

where the first equality is due to Lemma 3.8. Moreover, when P̃iv(w, t) = ∅, s̃w no longer
depends on the spins of particles in W̃t, so the second term in (3.41) is equal to (1 − ϕ(t))ϑ(t)
by definition of the functions ϕ, ϑ. This implies that

ρ+(t) = ϕ(t) + (1 − ϕ(t))ϑ(t).

Similarly
ρ−(t) = −ϕ(t) + (1 − ϕ(t))ϑ(t).

These two equalities imply what we want.

In the following proposition, we prove that ψ satisfies a particular differential equation,
implying that the pivotal set is subcritical, one of the most important results in this chapter.

Proposition 3.20 (Differential equation for ψ). There exist a univariate polynomial Q1 and a
bivariate polynomial Q2 such that

ψ′ = ψ
(
R′(ρ∗) + (ϑ− ρ∗)Q1(ϑ) + ϕQ2(ϕ, ϑ)

)
. (3.42)

Proof. The idea is to proceed as in the proof of Lemma 3.18. See Figure 3.3 for intuition. Let
us generate the IBP starting from one particle w up to time t. Let ζ be the first time that a
Glauber clock of w rings. Then ζ ∼ exp(λ). We see that

ψ(t) = E
[
|P̃iv(w, t)|

]
= E

[
|P̃iv(w, t)|1{ζ>t}

]
+ E

[
|P̃iv(w, t)|1{ζ<t}

]
. (3.43)

We estimate the two terms in (3.43) separately.

• First term: when ζ > t, P̃iv(w, t) = {w} by construction, and hence

E
[
|P̃iv(w, t)|1{ζ>t}

]
= E

[
|{w}|1{ζ>t}

]
= P [ζ > t] . (3.44)

• Second term: For any subset A ⊂ B(0,m), any i ∈ [q], any spin configuration η, ξ on
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B(0,m), let us define the spin configuration ξA,η on B(0,m), the boolean function fA,η
i on

{−1, 1}B(0,m), and the events E(i), E(A, η) by

ξA,η(j) := η(j) × 1{j∈A} + ξ(j)1{j∈AC},

fA,η
i (ξ) := fi(ξA,η),

E(i) := {The Glauber clock of w ringing at time ζ is of type i},
E(A, η) := {P̃iv(w′, t) ̸= ∅, ∀w′ ∈ A, and P̃iv(w′, t) = ∅, ∀w′ ∈ AC} ∩ {(s̃w′)w′∈AC = η|AC }.

Note that, on the event E(i) ∩ E(A, η),

P̃iv(w, t) =
⋃

w′∈Piv
(

fAC ,η
i

) P̃iv(w′, t).

Hence

E
[∣∣∣P̃iv(w, t)

∣∣∣1{ζ<t}1E(i)1E(A,η)
]

=
∑

w′∈Piv
(

fAC ,η
i

)E
[∣∣∣P̃iv(w′, t)

∣∣∣1{ζ<t}1E(i)1E(A,η)
]
. (3.45)

By construction, ζ, E(i) and the branches of the IBP starting at the children of w are
independent. Hence, for any non empty A ⊂ B(0,m), w′ ∈ A, η ∈ {−1, 1}B(0,m),

E
[∣∣∣P̃iv(w′, t)

∣∣∣1{ζ<t}1E(i)1E(A,η)
]

= P [E(i)]E
[∣∣∣P̃iv(w′, t)

∣∣∣1{ζ<t}1E(A,η)
]
.

= λi

λ
E

1{ζ<t}

∣∣∣P̃iv(w′, t)
∣∣∣ ∏

w′′∈A\{w′}
1{

P̃iv(w′′,t)̸=∅
} ∏

w′′∈AC

1{
P̃iv(w′′,t)=∅,̃sw′′ =ηw′′

} .
Note that the branches starting at the children of w at time ζ are independent IBPs
independent of ζ, shifted by a time ζ. Then we can integrate out the randomness of these
branches to conclude that

E
[∣∣∣P̃iv(w′, t)

∣∣∣1{ζ<t}1E(i)1E(A,η)
]

= λi

λ
E

1{ζ<t}ψϕ
|A|−1 ∏

w′′∈AC

(1 − ϕ)Rϑ(ηw′′)

 ,
where we have used the definition of ψ, ϕ, and ϑ. In the formula above, the functions
ψ, ϕ, ϑ inside the expectation are evaluated at t− ζ. Hence

E
[∣∣∣P̃iv(w′, t)

∣∣∣1{ζ<t}1E(i)1E(A,η)
]

= E
[
1{ζ<t}M(i, A, η)

]
,

with

M(i, A, η) := λi

λ
ψϕ|A|−1(1 − ϕ)2m+1−|A| ∏

w′′∈AC

Rϑ(ηw′′),
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where the functions ψ, ϕ, ϑ are evaluated at t − ζ. For convention, M(i, A, η) := 0 if
|A| = 0. Hence

E
[∣∣∣P̃iv(w, t)

∣∣∣1{ζ<t}
]

=
∑
i,A,η

E
[
1E(i)1E(A,η)1{ζ<t}|P̃iv(w, t)|

]
=
∑
i,A,η

∑
w′∈Piv

(
fAC ,η

i

)E
[
1E(i)1E(A,η)1{ζ<t}|P̃iv(w′, t)|

]

= E

1{ζ<t}
∑
i,A,η

∣∣∣Piv
(
fAC ,η

i

)∣∣∣M(i, A, η)

 , (3.46)

where the sums are taken on all i ∈ [q], A ⊂ B(0,m), and η ∈ {−1, 1}B(0,m). Note that,

∑
i,A,η

1{|A|=0}

∣∣∣Piv
(
fA,η

i

)∣∣∣M(i, A, η) = 0, (3.47)

and

∑
i,A,η

1{|A|≥2}

∣∣∣Piv
(
fAC ,η

i

)∣∣∣M(i, A, η) = ψϕg, (3.48)

where g is a polynomial of ϕ and ϑ, and the functions ψ, ϕ, ϑ are evaluated at t − ζ. We
now estimate the sum on the subsets A such that |A| = 1. Note that if A = {j}, then

∣∣∣Piv
(
f

{j}C ,η
i

)∣∣∣ = 1
2∇jfi(η),

due to Lemma 3.8. Hence

∑
i,A,η

1{|A|=1}

∣∣∣Piv
(
fAC ,η

i

)∣∣∣M(i, A, η)

=
∑
i,j,η

1
2∇jfi(η)M(i, {j}, η)

=
∑
i,j,η

1
2∇jfi(η) × λi

λ
ψ(1 − ϕ)2m

∏
w′′∈B(0,m)\{j}

Rϑ(ηw′′)

= ψ(1 − ϕ)2m
q∑

i=1

λi

λ

∑
j∈B(0,m)

Eνϑ

[1
2∇jfi

]

= ψ(1 − ϕ)2m 1
λ

(R′(ϑ) + λ), (3.49)

where we have used Lemma 3.11 in the last equality. The equations (3.46), (3.47), (3.48), (3.49)
together imply that

E
[
P̃iv(w, t)1{ζ<t}

]
= E

[
1{ζ<t} ×

[
ψ(1 − ϕ)2m

(
R′(ϑ)
λ

+ 1
)

+ ψϕg

]]
, (3.50)

where the functions ψ, ϕ, ϑ inside the expectation are evaluated at t− ζ. The equations (3.44),
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(3.50), (3.43) together imply that

ψ(t) = P [ζ > t] + E
[
1{ζ<t} ×

[
ψ(1 − ϕ)2m

(
R′(ϑ)
λ

+ 1
)

+ ψϕg

]]
= e−λt +

∫ t

0
λe−λs

[
ψ(1 − ϕ)2m

(
R′(ϑ)
λ

+ 1
)

+ ψϕg

]
ds

where the functions ψ, ϕ, ϑ inside the integral sign are evaluated at t− s. We make a change of
variable s′ = t− s to conclude that

ψ(t) = e−λt +
∫ t

0
λe−λ(t−s)

[
ψ(1 − ϕ)2m

(
R′(ϑ)
λ

+ 1
)

+ ψϕg

]
ds

= e−λt
(

1 +
∫ t

0
λeλs

[
ψ(1 − ϕ)2m

(
R′(ϑ)
λ

+ 1
)

+ ψϕg

]
ds
)
,

where the functions ψ, ϕ, ϑ are now evaluated at s. Now, we can differentiate both sides with
respect to t to conclude that

ψ′ = −λψ + e−λtλeλt
[
ψ(1 − ϕ)2m

(
R′(ϑ)
λ

+ 1
)

+ ψϕg

]
,

where all functions ψ′, ϕ, ψ, ϑ are evaluated at t. Simplifying that formula, we obtain

ψ′ = ψ
(
−λ+ (1 − 2ϕ)2mλ+ (1 − 2ϕ)2mR′(ϑ) + ϕg

)
.

Recall that R is a univariate polynomial. Hence, we can find a univariate polynomial Q1 and a
bivariate polynomial Q2 such that

(ϑ− ρ∗)Q1(ϑ) = R′(ϑ) −R′(ρ∗),

ϕQ2(ϕ, ϑ) =
(
(1 − 2ϕ)2m − 1

)
(R′(ϑ) + λ) + ϕg.

This finishes the proof.

Remark 8. In the proof above, the monotonicity of the functions (fi)1≤i≤q is crucial, and so is
Hypothesis 1.

We derive the asymptotic of ψ using Hypothesis 2.

Lemma 3.21 (Asymptotic of some important functions). There exists a constant κ such that,
for any t ≥ 0, all the numbers logψ(t), log ϕ(t), log(ρ+(t)−ρ∗), log(ρ∗ −ρ−(t)) lie in the interval
[R′(ρ∗)t− κ,R′(ρ∗)t+ κ].

Proof of Lemma 3.21. We prove the result for ψ(t). The results for other functions are proved
similarly. By Hypothesis 2, we easily see that

R(ρ) > 0, ∀ρ ∈ [−1, ρ∗),
R(ρ) < 0, ∀ρ ∈ (ρ∗, 1].
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Hence ρ+(t) ↘ ρ∗. Moreover,

lim
t→∞

ρ′
+(t)

ρ+(t) − ρ
= lim

t→∞

R(ρ+(t)) −R(ρ∗)
ρ+(t) − ρ∗

= R′(ρ∗).

Then for t large enough,

ρ′
+(t)

ρ+(t) − ρ∗
≤ R′(ρ∗)

2 .

Then, by Gronwall’s lemma, there exists a positive constant κ1 such that

∀t ≥ 0, ρ+(t) − ρ∗ ≤ κ1e
1
2 R′(ρ∗)t.

One can prove that the inequality above is still true if we replace ρ+(t) − ρ∗ by the positive
functions ρ∗ − ρ−(t), ϕ(t), |ϑ(t) − ρ∗|. Therefore,

1. ϕ(t), |ϑ(t) − ρ∗| are absolutely integrable with respect to t.

2. Q1(ϑ) and Q2(ϕ, ϑ) are bounded uniformly in t.

Hence (ϑ− ρ∗)Q1(ϑ) + ϕQ2(ϕ, ϑ) is absolutely integrable as a function of t. Recall that Propo-
sition 3.20 implies that

ψ′

ψ
−R′(ρ∗) = (ϑ− ρ∗)Q1(ϑ) + ϕQ2(ϕ, ϑ).

Hence, taking integration from 0 to t, and using the inequality |
∫
f −

∫
g| ≤

∫
|f − g|, and noting

that ψ(0) = 1, we obtain

∣∣logψ(t) −R′(ρ∗)t
∣∣ ≤

∫ t

0
|(ϑ− ρ∗)Q1(ϑ) + ϕQ2(ϕ, ϑ)| ≤ κ,

where

κ =
∫ ∞

0
|(ϑ− ρ∗)Q1(ϑ) + ϕQ2(ϕ, ϑ)| .

This finishes our proof.

Remark 9. Hypothesis 2 is crucial for the proof above.
We present some elementary but useful results on W̃t.

Lemma 3.22. Consider the IBP starting from a set E. Then there exists a constant κ such
that, for any number t > 0,

E
[
|W̃t|2

]
≤ eκt|E|2.

Proof of Lemma 3.22. Note that (|W̃t|)t≥0 is a Markov process itself. Let L be the generator
associated with (|W̃t|)t≥0. Then, for any function φ : Z+ → R, for any n ∈ Z+,

Lφ(n) = λn [φ(n+ 2m+ 1 − 1) − φ(n)] = λn [φ(n+ 2m) − φ(n)] .
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We also know that, see e.g. [31],

d

dt
E
[
φ(|W̃t|)

]
= E

[
Lφ(|W̃t|)

]
.

Applying the formula above for φ : n 7→ n2, we obtain

d

dt
E
[
|W̃t|2

]
= E

[
λ|W̃t|(4m|W̃t| + 4m2)

]
≤ λ(4m+ 4m2)E

[
|W̃t|2

]
.

Then, we can apply Gronwall’s lemma to conclude that

E
[
|W̃t|2

]
≤ e(4m+4m2)λtE

[
|W̃0|2

]
,

which finishes the proof.

Lemma 3.23. Consider the BEP and IBP starting from E ⊂ ΛL. Then, |W̃t| stochastically
dominates |Wt| for any t ≥ 0.

Proof of Lemma 3.23. The reason is that the particles in the two processes are given q Poisson
clocks with the same rates. For the BEP, each time a clock of a particle rings, the particle is
removed, and at most 2m+1 new particles are added to Wt because some new particles are born
on the sites already occupied. In contrast, for the process |W̃t|, each time a clock of a particle
rings, exactly 2m+ 1 new particles are added.

4.6 Success of the coupling

Now we can prove Proposition 3.17. We will need a result about anti-concentration of the
Interchange Process IP(2).

Interchange process IP(2). The interchange process IP(2) on Λd
L, whose edges have con-

ductance L2, is a couple of random walk (U1,U2) that has the following description. The state
space is (Λd

L × Λd
L) \ {(u, u)|u ∈ Λd

L}. For any initial condition, the evolution is as follows. Each
edge of Λd

L is associated with an independent Poisson clock of intensity L2. Whenever a clock
rings, if U1 (or U2) is at one endpoint of the corresponding edge, it jumps to the other endpoint.

From now on, we denote by dist (·, ·) the shortest-path distance on the lattice. We have the
following result.

Lemma 3.24 (Anticoncentration). For any d ∈ Z>0. Let (U1,U2) be an IP(2) on Λd
L, whose

edges have conductance L2. Let θ be a strictly positive number and ζ ∼ exp(θ), independent of
(U1,U2). Then, for any k ∈ Z+,

max
u1,u2∈Λd

L; u1 ̸=u2
Pu1,u2 [dist (U1(ζ),U2(ζ)) ≤ k] =


Oθ,k(1/L) if d = 1,

Oθ,k(logL/L2) if d = 2,

Oθ,k(1/L2) if d ≥ 3.

72



4. Dual coupling

The proof of Lemma 3.24 is postponed to Appendix. To lighten the notation, we write Piv (t)
for Piv (E, t) and P̃iv(t) for P̃iv(E, t). The proof of Proposition 3.17 is divided into two following
lemmas.

Lemma 3.25. With the same notations as in Proposition 3.17,

P [The coupling is not successful until infinity] = O

∑∞
j=0 E

[
P̃iv(T̃j)

]
L

 .
Lemma 3.26. ∞∑

j=0
E
[∣∣∣P̃iv(T̃j)

∣∣∣] = O
(
|E|2

)
.

Clearly, those two lemmas imply Proposition 3.17. Those two lemmas separate the effect of
the exclusion process and the IBP.

Proof of Lemma 3.25. We say that two particles w1 and w2 have an interaction if there is a time
t such that:

1. Both are in the pivotal set at time t−, i.e. w1,w2 ∈ Piv (t−), and they do not occupy the
same site.

2. At time t, a clock of one of the two particles rings, and then one of the children is born
on the site occupied by the other particle.

In short, two particles in Piv (·) have an interaction if one splits into the site occupied by the
other. For example, in Figure 3.2, w and w′ have an interaction at time s3. By definition, the
coupling is successful up to time t if there is no interaction up to time t. Hence

P [The coupling is not successful until infinity] ≤ P [There is an interaction] .

We only need to prove

P [There is an interaction] ≤ O

∑∞
j=0 E

[
P̃iv(T̃j)

]
L

 . (3.51)

Note that

P [There is an interaction] =
∑

w1,w2

P [The first interaction is between w1,w2] .

Recall the definition of the update times (Tj)j∈Z+ of the pivotal set. Let E(j,w1,w2) be the
event that Tj is the first time such that both w1 and w2 are in the pivotal set. Let E(j) be the
event that there is no interaction up to time Tj , and let E(w1,w2) be the event that there is an
interaction between w1,w2. Then

P [The first interaction is of w1,w2] ≤
∞∑

j=0
P [E(j,w1,w2) ∩ E(j) ∩ E(w1,w2)] .
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Let Fj be the σ-algebra generated by the Poisson processes up to time Tj . Then

P [E(j,w1,w2) ∩ E(j) ∩ E(w1,w2)] = E
[
1E(j,w1,w2)1E(j)P

[
E(w1,w2)

∣∣Fj
]]

Let τ be the time such that a Glauber clock of w1 or w2 rings counted from Tj :

τ := inf {t > 0 : a Glauber clock of w1 or w2 rings at time Tj + t} .

Conditionally on Fj , on the event E(j,w1,w2) ∩ E(j), from time Tj onwards, w1 and w2 move as
an IP(2) on the lattice, until one of their Glauber clocks rings at time τ ∼ exp(2λ). To have an
interaction, the distance between w1 and w2 at time τ must be smaller than m. Therefore, by
Lemma 3.24, conditionally on Fj , on the event E(j,w1,w2) ∩ E(j),

P
[
E(w1,w2)

∣∣Fj
]

≤ β/L,

for some constant β. We deduce that,

P [There is an interaction] ≤
∑

w1,w2

∞∑
j=0

β

L
P [E(j,w1,w2) ∩ E(j)] .

Note that on the event E(j,w1,w2), either w1 or w2 (or both of them) is born at time Tj . We
denote by E(j,wi) the event that wi is born at time Tj , i ∈ {1, 2}. Hence

∑
w1,w2

1E(j,w1,w2)1E(j) ≤
∑

i∈{1,2}

∑
w1,w2

1E(j,w1,w2)1E(j)1E(j,wi).

Moreover, note also that on the event E(j,w1,w2), w2 ∈ Piv (Tj). Hence

∑
w1,w2

1E(j,w1,w2)1E(j)1E(j,w1) ≤
∑

w1,w2

1{w2∈Piv(Tj)}1E(j,w1)1E(j)

≤
∑
w1

|Piv (Tj)|1E(j,w1)1E(j)

≤ (2m+ 1) |Piv (Tj)|1E(j),

where all these inequalities are true almost surely. The last inequality is because at most (2m+1)
particles are born at time Tj . Note that, on the event E(j), Piv (Tj) = P̃iv(T̃j). This implies
that

∑
w1,w2

1E(j,w1,w2)1E(j) ≤ 2(2m+ 1)
∣∣∣P̃iv(T̃j)

∣∣∣ .
Taking expectation, we conclude that

P [There is an interaction] ≤ 2(2m+ 1)β
L

∞∑
j=0

E
[
P̃iv(T̃j)

]
,
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which finishes the proof.

We finish this section by proving Lemma 3.26. The left-hand side is the sum of the expected
sizes of the process

∣∣∣P̃iv(·)
∣∣∣ at its update times. The intuition is that the inequality is true if

we replace P̃iv(·) by a subcritical Galton-Watson process. The only problem is that
∣∣∣P̃iv(·)

∣∣∣ is
not Markovian. Nevertheless, it is "subcritical", and the idea is to enlarge the process

∣∣∣P̃iv(·)
∣∣∣ to

make it Markovian and then adapt the proof of the subcritical Galton-Watson case.

Proof of Lemma 3.26. Let t0 be a number such that ψ(t0) < 1, which exists thanks to Lemma
3.21. We rewrite the left-hand side as

∞∑
j=0

∞∑
i=0

E
[∣∣∣P̃iv(T̃j)

∣∣∣1{it0≤T̃j<(i+1)t0}
]
.

Let the sequence (Bi)i∈Z+ be defined recursively as follows.

B0 := P̃iv(0),
Bi :=

⋃
w∈Bi−1

P̃iv(w, it0), ∀i ≥ 1.

It is not hard to see that P̃iv(it0) ⊂ Bi,∀u ∈ Z+, because given the IBP up to time it0 and the
spins of the particles in Bi, by definition of Bi, we can recursively determine the spins of the
particles in Bi−1, and so on, up to time 0. It is also not hard to see that the sequence (|Bi|)i∈Z+

is a subcritical Galton-Watson process, by its definition and the definition of t0.
Let κ be the constant in Lemma 3.22. We claim that

E

 ∞∑
j=0

∣∣∣P̃iv(T̃j)
∣∣∣1{it0≤T̃j<(i+1)t0}

 ≤ eκt0

2m E
[
|Bi|2

]
.

To see this, consider the IBP starting from Bi (at time it0) up to time (i+ 1)t0. We denote this
process by Gwi. Let (Tj)j∈Z+ be the update times of Gwi. Then Gwi(it0) = Bi, and

E

 ∞∑
j=0

∣∣∣P̃iv(T̃j)
∣∣∣1{it0≤T̃j<(i+1)t0}

 ≤ E

 ∞∑
j=0

∣∣∣Gwi(Tj)1{it0≤Tj<(i+1)t0}

∣∣∣
 .

This is because Gwi can be thought of as an enlargement of P̃iv(·) in the time interval [it0, (i+1)t0],
where we first enlarge the set P̃iv(it0) to Bi, and then we do not remove any particle of the
branching process starting from Bi.

Note that the size of Gwi(·) increases almost surely, hence∣∣∣Gwi(Tj)1{it0≤Tj<(i+1)t0}

∣∣∣ ≤ |Gwi((i+ 1)t0)| .
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Moreover, at each update time Tj , the size of Gwi increases by 2m, and hence

∞∑
j=0

1{it0≤Tj<(i+1)t0} ≤ |Gwi((i+ 1)t0)|
2m .

This implies

∞∑
j=0

∣∣∣Gwi(Tj)1{it0≤Tj<(i+1)t0}

∣∣∣ ≤ |Gwi((i+ 1)t0)|2

2m .

By Lemma 3.22,

E
[
|Gwi((i+ 1)t0)|2

]
≤ eκt0E

[
|Bi|2

]
.

This proves the claim. Now, we can take the sum over i to conclude that

E

 ∞∑
j=0

∣∣∣P̃iv(T̃j)
∣∣∣
 ≤ eκt0

2m

∞∑
i=0

E
[
|Bi|2

]
.

Since (|Bi|)i∈Z+ is a subcritical Galton-Watson process, we have

∞∑
i=0

E
[
|Bi|2

]
= O

(
E
[
|B0|2

])
= O

(
|E|2

)
.

This finishes the proof.

5 Application of the dual coupling

Now we can prove Theorem 3.3, Theorem 3.4, and the lower bound in Theorem 3.2.

Proposition 3.27 (Replacement lemma). Suppose that X0 ∼ R⊗ΛL
ρ0 , for some ρ0 ∈ (−1, 1).

Then, for any subset E ⊂ ΛL,

sup
t≥0

dtv
(
Law (Xt(E)) ,R⊗|E|

ρ(t)

)
≤ β|E|2

L
, (3.52)

where ρ(·) is the solution of equation (3.9), and β is the constant in Proposition 3.17.

Remark 10. The proposition above is of independent interest. It shows that the joint distribution
of o

(√
L
)

arbitrary sites is close to that of a product of i.i.d. Rademacher. This provides sharp
estimates on the correlation functions, allowing us to derive the correct lower bound on the
mixing times using distinguishing statistics.

Proposition 3.27 is just a direct corollary of Proposition 3.17.

Proof. Consider the coupling of BEP and IBP starting from E in Subsection 4.4. We generate
the spins at time t by s(Wt) ∼ R⊗Wt

ρ0 and s̃(W̃t) ∼ R⊗W̃t
ρ0 . Conditionally on the success of the
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coupling until time t, we couple the spins on Piv (E, t) and P̃iv(E, t) such that sw = s̃w, ∀w ∈
Piv (E, t). Then Observation 3.16 implies that

sw = s̃w, ∀w ∈ E.

Recall that, by Proposition 3.12,

Xt(E) d= (sw)w∈E ,

and by Lemma 3.18,

(s̃w)w∈E
d= R⊗E

ρ(t).

Hence

dtv
(
Law (Xt(E)) ,R⊗|E|

ρ(t)

)
≤ P [(sw)w∈E ̸= (s̃w)w∈E ]

≤ P [The coupling is not successful until time t]

≤ β|E|2

L
.

This finishes our proof.

Corollary 3.28 (1-point and 2-point correlation functions). Under the hypothesis of Proposition
3.27, for any u, v ∈ ΛL, for any t ≥ 0,

|E [Xt(u)] − ρ(t)| ≤ 2β/L, (3.53)
|Cov (Xt(u), Xt(v))| ≤ 12β/L. (3.54)

Proof. Let u, v ∈ ΛL, and let ξ1, ξ2 be i.i.d. Rademacher Rρ(t). Let β be the constant in
Proposition 3.17.

1. Applying Proposition 3.27 with E := {u}, we deduce that there exists a coupling of Xt(u)
and ξ1 such that

P [Xt(u) ̸= ξ1] ≤ β

L
.

Hence,

|E [Xt(u)] − ρ(t)| = |E [Xt(u) − ξ1]|

=
∣∣∣E [(Xt(u) − ξ1)1{Xt(u) ̸=ξ1}

]∣∣∣
≤ E

[
|Xt(u) − ξ1|1{Xt(u)̸=ξ1}

]
≤ 2P [Xt(u) ̸= ξ1]
≤ 2β/L.
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2. Similarly, applying Proposition 3.27 with E := {u, v}, we deduce that there exists a
coupling of (Xt(u), Xt(v)) and (ξ1, ξ2) such that if we let E := {(Xt(u), Xt(v)) ̸= (ξ1, ξ2)},
then P [E ] ≤ 4β

L
. Hence

|Cov (Xt(u), Xt(v))| = |E [Xt(u)Xt(v)] − E [Xt(u)]E [Xt(v)]|
≤ |E [Xt(u)Xt(v)] − E [ξ1ξ2]| + |E [ξ1ξ2] − E [Xt(u)]E [Xt(v)]| .

The first term in the last expression is

|E [(Xt(u)Xt(v) − ξ1ξ2)1E ]| ≤ 2P [E ] ≤ 8β/L.

The second term does not exceed

|E [ξ1]| |E [ξ2] − E [Xt(v)]| + |E [Xt(v)]| |E [ξ1] − E [Xt(u)]| ≤ 2β/L+ 2β/L = 4β/L.

This finishes our proof.

We are ready to prove the lower bound on the mixing times. We denote by (X+
t )t≥0 the

Glauber-Exclusion process starting from all-plus and recall that ρ+(·) is the solution of (3.9)
with the initial condition ρ+(0) = 1.

Proof of the lower bound. The proof uses the classical distinguishing statistics method (see Sec-
tion 7.3 in [59]). Our distinguishing statistic is the total magnetization ∑

u∈ΛL

x(u). By abuse of

notation, let X∞ ∼ π (so that for any initial configuration, Xt
d−−−→

t→∞
X∞). Let β be defined as

in Proposition 3.17. From (3.53), we deduce that∣∣∣∣∣∣E
 ∑

u∈ΛL

X+
t (u)

− Lρ+(t)

∣∣∣∣∣∣ ≤ 2β,

and by letting t → ∞, ∣∣∣∣∣∣E
 ∑

u∈ΛL

X∞(u)

− Lρ∗

∣∣∣∣∣∣ ≤ 2β.

From (3.54), we see that

Var

 ∑
u∈ΛL

X+
t (u)

 =
∑

u∈ΛL

Var
[
X+

t (u)
]

+
∑
u̸=v

Cov
(
X+

t (u), X+
t (v)

)
≤ L+ L(L− 1) × 12β/L
< (12β + 1)L.
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By letting t tend to infinity, we get

Var

 ∑
u∈ΛL

X∞(u)

 ≤ (12β + 1)L.

So by Proposition 7.9 in [59],

dtv
(
P
[
X+

t ∈ ·
]
, π
)

≥ 1 − 8
max

{
Var

[∑
u∈ΛL

X+
t (u)

]
,Var

[∑
u∈ΛL

X∞(u)
]}

(
E
[∑

u∈ΛL
X+

t (u)
]

− E
[∑

u∈ΛL
X∞(u)

])2 .

Let t := logL
−2R(ρ∗) − κ for some constant κ that we will choose later. Let κ1 be a constant

satisfying Lemma 3.21. Then

ρ+(t) − ρ∗ ≥ eR(ρ∗)t−κ1

= e−R(ρ∗)κ−κ1
√
L

.

Therefore, when L is large enough,

E

 ∑
u∈ΛL

X+
t (u)

− E

 ∑
u∈ΛL

X∞(u)

 ≥ L(ρ+(t) − ρ∗) − 4β

=
√
Le−R(ρ∗)κ−κ1 − 4β.

>
1
2

√
Le−R(ρ∗)κ−κ1 .

Therefore,

8
max

{
Var

[∑
u∈ΛL

X+
t (u)

]
,Var

[∑
u∈ΛL

X∞(u)
]}

(
E
[∑

u∈ΛL
X+

t (u)
]

− E
[∑

u∈ΛL
X∞(u)

])2 <
32(12β + 1)
e−2R(ρ∗)κ−2κ1

.

Note that as R′(ρ∗) < 0, for κ large enough, the last expression is smaller than 1 − ϵ. Hence

dtv
(
P
[
X+

t ∈ ·
]
, π
)

≥ ϵ,

and therefore,

tmix(ϵ) > t = logL
−2R(ρ∗) − κ,

which finishes our proof.

Remark 11. The result in higher dimensions is proved similarly. One can first show a version
of Proposition 3.17 for higher dimensions, where the bound on the right-hand side is replaced

by O
(

|E|2 logL
L2

)
for dimension d = 2, and by O

(
|E|2

L2

)
for d ≥ 3, and then propagates these
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Chapter 3. The Glauber-Exclusion process

changes. The only modification needed in the proof is to use the anticoncentration in Lemma
3.24 for the appropriate dimension.

Now we prove the lower bound in Theorem 3.3 and the upper bound in Theorem 3.4. First,
we need the following lemma.

Lemma 3.29. Consider a BEP starting with one particle w. Then, there exist constants κ and
β such that for any t ∈ R+,

E [|Piv (w, t)|] ≤ ψ(t) + eκt β√
L
.

Proof of Theorem 3.3 and the lower bound in Theorem 3.4. Let x ∈ X be an arbitrary configu-
ration. We want to compare Px [Xt ∈ ·] and Pπ [Xt ∈ ·] for some t > 0. We use the same BEP
starting from E = ΛL to generate Xx

t and Xπ
t , the processes starting from x and π. Let w ∈ ΛL

be arbitrary. We see that

dtv (Px [Xt ∈ ·] ,Pπ [Xt ∈ ·]) ≤ P [Xx
t ̸= Xπ

t ]
≤
∑

u∈ΛL

P [Xx
t (u) ̸= Xπ

t (u)]

≤
∑

u∈ΛL

P [Piv (u, t) ̸= ∅]

= LP [Piv (w, t) ̸= ∅]
≤ LE [|Piv (w, t)|] .

By Observation 3.14, it is not hard to see that,

E [|Piv (w,mt)|] ≤ E [|Piv (w, t)|]m .

Hence, with the constant κ and β as in Lemma 3.29,

dtv (Px [Xmt ∈ ·] ,Pπ [Xmt ∈ ·]) ≤ LE [|Piv (w,mt)|] ≤ L

(
ψ(t) + eκt β√

L

)m

. (3.55)

Provided that
(
ψ(t) + eκt β√

L

)
< 1, we can take m =


logL− log ϵ

− log
(
ψ(t) + eκt

β√
L

)
 to make the

right-hand side smaller than ϵ. This implies that

tmix(x; ϵ) ≤ mt ≤

 logL− log ϵ

− log
(
ψ(t) + eκt

β√
L

) + 1

 t,

for any t such that
(
ψ(t) + eκt β√

L

)
< 1. It remains to choose a suitable t that leads to our

results. We will choose t such that eκt β√
L

≤ ψ(t). For such a number t, with κ1 the constant
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5. Application of the dual coupling

in Lemma 3.21, we have

log
(
ψ(t) + eκt β√

L

)
≤ logψ(t) + log 2 ≤ R′(ρ∗)t+ κ1 + log 2. (3.56)

Therefore, if R′(ρ∗)t+ κ1 + log 2 < 0,

tmix(ϵ) ≤ logL− log ϵ
−(R′(ρ∗)t+ κ1 + log 2) t+ t

= logL− log ϵ
−R′(ρ∗) + (κ1 + log 2)/t + t

= logL
−R′(ρ∗) + O

( logL
t

)
+ t.

We can take t =
√

logL, which satisfies all the conditions we impose on t, to finish the proof of
the upper bound in Theorem 3.4 for d = 1. The proof for higher dimensions is similar.

Now we prove the lower bound in Theorem 3.3. Recall that

gap = lim
t→∞

−1
t

log max
x∈Ω

dtv (Px [Xt ∈ ·] , π) .

= lim
m→∞

− 1
mt

log max
x∈Ω

dtv (Px [Xmt ∈ ·] , π) .

On the other hand, equation (3.55) implies that, for any t ≥ 0, m ∈ Z+,

log max
x∈Ω

dtv (Px [Xmt ∈ ·] , π) ≤ logL+m log
(
ψ(t) + eκt β√

L

)
.

Therefore,

gap ≥ lim
m→∞

− 1
mt

(
logL+m log

(
ψ(t) + eκt β√

L

))
= −1

t
log

(
ψ(t) + eκt β√

L

)
.

Combining with (3.56), we deduce that, for any t such that eκt β√
L

≤ ψ(t),

gap ≥ −R′(ρ∗) − κ1 + log 2
t

.

For t = (logL)/2 − log β − κ1
κ−R′(ρ∗) , eκt β√

L
= eR′(ρ∗t)−κ1 ≤ ψ(t), thanks to Lemma 3.21. This choice

of t gives us what we want to prove.

Now we prove Lemma 3.29.

Proof of Lemma 3.29. We use the coupling of BEP and IBP starting from one particle w. We
write Piv (t) for Piv (w, t) and P̃iv(t) for P̃iv(w, t). Let E denote the event that the coupling is
successful until time t. Then, on E , we have

|Piv (t)| =
∣∣∣P̃iv(t)

∣∣∣ .
81



Chapter 3. The Glauber-Exclusion process

Let β1 be as in Proposition 3.17. Then P
[
EC
]

≤ β1/L, where EC denotes the complement of E .
Hence

E [|Piv (t) |] = E [|Piv (t) |(1E + 1EC )]
= E [|Piv (t) |1E ] + E [|Piv (t) |1EC ] .

Note that
E [|Piv (t) |1E ] = E

[
|P̃iv(t)|1E

]
≤ E

[
|P̃iv(t)|

]
= ψ(t).

Let κ1 be the constant in Lemma 3.22. Note also that

E [|Piv (t) |1EC ]2 ≤ E [|Wt|1EC ]2 ≤ E
[
|Wt|2

]
P
[
EC
]

≤ E
[
|W̃t|2

]
P
[
EC
]

≤ eκ1t × β1
L
,

where we have used |Piv (t) | ≤ |Wt| for the first inequality, the Cauchy-Schwarz inequality for the
second inequality, Lemma 3.23 for the third inequality, and Lemma 3.22 for the last inequality.
Therefore,

E [|Piv (t) |] ≤ ψ(t) + eκ1t/2 ×
√
β1√
L
.

We can take κ = κ1/2 and β =
√
β1 to finish the proof.

Now we prove the upper bound in Theorem 3.3. We will need the following results.

Lemma 3.30. Consider a BEP starting with one particle w. Then

∀t > 0, gap ≤ −1
t

logP [|Piv (w, t) | = 1] . (3.57)

Lemma 3.31. Consider a BEP starting with one particle w. Let β be as in Proposition 3.17.
Then, there exists a constant κ > 0 such that

P [|Piv (w, t) | = 1] ≥ κeR′(ρ∗)t − β

L
. (3.58)

With these results, we can prove the upper bound in Theorem 3.3.

Proof of the upper bound in Theorem 3.3. Lemma 3.30 and Lemma 3.31 together implies that,
for any t > 0,

gap ≤ −1
t

log
(
κeR′(ρ∗)t − β

L

)
,

for some positive constant κ. It remains to choose a suitable number t. We will choose t such
that

β

L
≤ κ

2 e
R′(ρ∗)t. (3.59)
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5. Application of the dual coupling

For such a number t, we have

gap ≤ −1
t

log
(
κ

2 e
R′(ρ∗)t

)
= −R′(ρ∗) + log 2 − log κ

t
.

We can take t = logL+ log κ− log 2 − log β
|R′(ρ∗)| , which satisfies (3.59), to finish the proof.

We finish this section with the proofs of Lemma 3.30 and Lemma 3.31.

Proof of Lemma 3.30. The idea is that for a subcritical branching process, conditionally on the
event of survival at time t, it is likely that the pivotal set contains exactly one particle. By a
proof similar to that of Lemma 3.19, we can show that

∀t ≥ 0, E
[
X+

t (u) −X−
t (u)

2

]
= P [Piv (w, t) ̸= ∅] .

Therefore, by (1.3),

gap ≤ lim
t→∞

−1
t

logE
[
X+

t (u) −X−
t (u)

2

]

= lim
t→∞

−1
t

logP [Piv (w, t) ̸= ∅]

= lim
m→∞

− 1
mt

logP [Piv (w,mt) ̸= ∅] . (3.60)

On the other hand, by recurrence, it is easy to prove that

P [Piv (w,mt) ̸= ∅] ≥ P [|Piv (w, t) | = 1]m . (3.61)

This is because, conditionally on time (m − 1)t, on the event |Piv (w, (m− 1)t) | = 1, the BEP
starting from the unique element of Piv (w, (m− 1)t) has the same law as the BEP starting from
w. The equations (3.60) and (3.61) together lead to what we want.

Proof of Lemma 3.31. We only need to consider the case t > 1. Consider the coupling of the
BEP and the IBP starting from w. Note that,

P [|Piv (w, t) | = 1] ≥ P
[
|P̃iv(w, t)| = 1, the coupling is successful until infinity

]
≥ P

[
|P̃iv(w, t)| = 1

]
− P [the coupling is not successful until infinity]

≥ P
[
|P̃iv(w, t)| = 1

]
− β

L
. (3.62)

For s ∈ R+, let Gs be the σ-algebra generated by the IBP starting from w up to time s. Then,
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for any positive integer m,

P
[
|P̃iv(w, t)| = 1

]
≥ P

[
|P̃iv(w, t− 1)| ≠ ∅, |P̃iv(w, t− 1)| ≤ m, |P̃iv(w, t)| = 1

]
= E

[
E
[
1|P̃iv(w,t−1)|̸=∅,|P̃iv(w,t−1)|≤m,|P̃iv(w,t)|=1

∣∣∣Gt−1
]]

= E
[
1|P̃iv(w,t−1)|̸=∅,|P̃iv(w,t−1)|≤m

P
[
|P̃iv(w, t)| = 1

∣∣∣Gt−1
]]
. (3.63)

We claim that almost surely,

P
[
|P̃iv(w, t)| = 1

∣∣∣Gt−1
]

≥ κα|P̃iv(w,t)|−1, (3.64)

where

κ = P [w does not receive any update in [0, 1]] ,
α = min

ξ∈{−1,1}
P [w receive an oblivious update in [0, 1], s̃w = ξ] .

We first prove the result using the claim. The equations (3.63) and (3.64) together imply

P
[
|P̃iv(w, t)| = 1

]
≥ καm−1P

[
|P̃iv(w, t− 1)| ≠ ∅, |P̃iv(w, t− 1)| ≤ m

]
.

Moreover,

P
[
|P̃iv(w, t− 1)| ≠ ∅, |P̃iv(w, t− 1)| ≤ m

]
= P

[
|P̃iv(w, t− 1)| ≠ ∅

]
− P

[
|P̃iv(w, t− 1)| > m

]
≥ P

[
|P̃iv(w, t− 1)| ≠ ∅

]
−

E
[
|P̃iv(w, t− 1)|

]
m

= ϕ(t− 1) − ψ(t− 1)
m

. (3.65)

Therefore,

P
[
|P̃iv(w, t)| = 1

]
≥ καm

(
ϕ(t− 1) − ψ(t− 1)

m

)
.

By choosing m large enough and combining with Lemma 3.21, we get what we want. It remains
to show the claim. Suppose that P̃iv(w, t − 1) = {w1, . . . ,wk}. By the definition of pivotal set,
there exist ξ2, . . . , ξk ∈ {−1, 1} such that F̃w,t−1(s̃w1 , ξ2, . . . , ξk) is not a constant function. Let
E1 be the event that w1 does not receive any update in [t− 1, t], and for 2 ≤ i ≤ k, and let Ei be
the event that wi receive an oblivious update in [t− 1, t] and s̃wi = ξi. Note that,

P
[
|P̃iv(w, t)| = 1

∣∣∣Gt−1
]

≥ P
[

k⋂
i=1

Ei

∣∣∣Gt−1

]
.

Conditionally on Gt−1, the branches starting from w1, . . . ,wk are independent IBPs shifted by a
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time t− 1. Therefore,

P
[

k⋂
i=1

Ei

∣∣∣Gt−1

]
=

k∏
i=1

P
[
Ei

∣∣∣Gt−1
]
.

Note that

P
[
E1
∣∣∣Gt−1

]
= κ,

P
[
Ei

∣∣∣Gt−1
]

≥ α, ∀2 ≤ i ≤ k.

These equations imply the claim.

6 The upper bound

In this section, we prove the upper bound in Theorem 3.2. For simplicity, we only give the proof
for d = 1, but we will comment on how to adapt the proof for d = 2.

Recall that in the decomposition of the local flip-rate function c(·) in Proposition 3.9, f1 ≡
1, f2 ≡ −1, so the updates given by f1, f2 are called oblivious because they can be carried out
without looking at the spins of any sites. These updates will play a crucial role in our proof. It
is more convenient to merge two oblivious deterministic updates into a single oblivious random
update as follows. We allow the collection of marks to contain another type of mark: the refresh
marks, which can appear on the sites in the space-time slab. We adapt the definition of the
collection of marks accordingly. From now on, let

ρ̄ := λ1 − λ2
λ1 + λ2

. (3.66)

We will use the following graphical construction.

Graphical Construction 2. Let the background process Ξ be defined as follows.

Ξ =
(
(Ξexclusion

u )0≤u≤L−1, (Ξrefresh
u )0≤u≤L−1, (ΞGlauber

i,u )3≤i≤q, 0≤u≤L−1
)
, (3.67)

where (Ξexclusion
u )0≤u≤L−1, (Ξrefresh

u )0≤u≤L−1, (ΞGlauber
i,u )3≤i≤q, 0≤u≤L−1 are independent homoge-

neous Poisson processes, and

• Ξexclusion
u is of intensity L2, 0 ≤ u ≤ L− 1,

• Ξrefresh
u is of intensity λ1 + λ2, 0 ≤ u ≤ L− 1,

• ΞGlauber
i,u is of intensity λi, 3 ≤ i ≤ q, 0 ≤ u ≤ L− 1.

The process Ξ naturally defines a collection of marks C consisting of exclusion, refresh, and
Glauber marks as follows.

• Whenever Ξexclusion
u jumps, we put an exclusion mark on the edge (u, u+ 1).
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• Whenever Ξrefresh
u jumps, we put a refresh mark at site u.

• Whenever ΞGlauber
i,u jumps, we put a Glauber mark of type i at site u.

Given the collection of marks C, an infinite sequence of independent Rademacher variables
Rρ̄, and an initial condition x0 ∈ X , we construct the process, which we always denote by
(Xx0

t )t≥0, as follows.

• The process (Xx0
t )t≥0 is a piecewise constant process starting at x0 which can only jump

when a mark appears.

• When we see an exclusion mark, say on the edge (u, u + 1), we make the transition x 7→
xu↔u+1 (exchange the spins of sites u and u+ 1).

• When we see a refresh mark, say at site u, we replace the u − th coordinate of X by an
independent Rρ̄ (randomize the spin at site u).

• When we see a Glauber mark, say of type i at site u, we make the transition x 7→ xu,fi(xu+·)

(update site u using the function fi).

Then, when the collection of marks C is generated by Ξ and the Rademacher variables Rρ̄

are independent of Ξ, the process (Xx0
t )t≥0 is a Markov process with the generator LGE starting

from x0.

The grand coupling. We can use the same Poisson process Ξ and the same independent
Rademacher variables Rρ̄ to construct the Glauber-Exclusion process from any configuration
x ∈ X . It is not hard to see that this coupling preserves order, i.e. , x ≤ x′ ⇒ ∀t ≥ 0, Xx

t ≤ Xx′
t .

Correlation marks associated with Glauber marks. It is convenient to associate each
Glauber mark with a set of points as follows. Whenever we see a Glauber mark at site u, we
put on each site in B(u,m) a mark, and we call those marks the correlation marks associated
with the aforementioned Glauber mark. These correlation marks indicate that the spins of those
sites are (possibly) used in the corresponding Glauber updates.

We introduce another Markov process Z, which we call the independent-site process, con-
structed as follows.

Independent-site process. From the collection of marks generated by Ξ, let (Zt)t≥0 be the
process taking values in Z := {0, 1}ΛL constructed as follows. For any initial configuration
z0 ∈ Z,

• The process (Zz0
t )t≥0 is a piecewise constant process starting at z0 which can only jump

when a mark appears.

• When we see an exclusion mark, say on the edge (u, u + 1), we make the transition z 7→
zu↔u+1.
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• When we see a refresh mark, say at site u, we make the transition z 7→ zu,1.

• When we see a Glauber mark, says at site u, we remove all the sites with the associated
correlation marks from Z, i.e. we make the transition z 7→ z \B(u,m).

Here we have identified the elements of {0, 1}ΛL with the subsets of ΛL. As its name suggests, the
process Z tracks the positions of independent sites in X conditionally on Ξ. Roughly speaking,
when a site is resampled according to an independent Rademacher Rρ̄ due to a refresh mark, it
becomes independent of all other sites and hence is added to Z. On the other hand, when a site
u is updated due to a Glauber mark, it creates a correlation with its neighbors, and all these
neighbors are removed from Z. By abuse of notation, for any z ⊂ ΛL, we denote by Pz [·] the
distribution of the process Z starting from z.

The grand coupling for Z. We can use the same background process Ξ to construct the
process Z from any configuration z ⊂ ΛL.

Remark 12 (Attractiveness of the process Z). For any z1, z2 ⊂ ΛL such that z1 ≤ z2, if Zz1 and
Zz2 are constructed using the grand coupling, then almost surely,

∀t ≥ 0, Zz1
t ≤ Zz2

t .

Red, blue, and green regions. Let the red, blue, and green regions be defined as follows:

Blue(t) = Z∅
t ,

Red(t) = {u ∈ ΛL|X+
t (u) ̸= X−

t (u)},
Green(t) = ΛL \ (Red(t) ∪ Blue(t)) .

Here, (X+
t )t≥0 and (X−

t )t≥0 denote the process X starting from configurations all-plus and all-
minus, respectively. To lighten the notation, we write Xx

t (Blue) for Xx
t (Blue(t)), and similarly for

Red, and Green. Let Ft be the σ-algebra generated by Ξ([0, t]) and (Xx
s (ΛL \ Blue(s)))x∈X ,0≤s≤t.

The interest in introducing red, blue, and green regions is the following.

Observation 3.32. By construction, almost surely, conditionally on Ft, for any x ∈ X ,
Xx

t (Blue) ∼ R
⊗Blue(t)
ρ̄ and is independent of Xx

t (Red ∪ Green).

From now on, for any subset E ⊂ ΛL, we will use the shorthand notation νE := R⊗E
ρ̄ . The

meanings of the red, blue, and green regions above are as follows: the red region Red is the set
of disagreements of X+ and X−. Conditionally on Ft, the spins in the blue region Blue have the
product measure νBlue(t), independent of the spins on Red ∪ Green, and the green region Green is
the set of sites whose spins may present correlation but independent of the initial configuration.
More precisely, notice that, as X+

t (Green) = X−
t (Green), by monotonicity, in the grand coupling,

the spins on Green do not depend on the initial configuration anymore:

X+
t (Green) = X−

t (Green) = Xx
t (Green), ∀x ∈ X .
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Therefore, we can safely denote it by Xt(Green). Note also that Xt(Green) and Xx
t (Red), x ∈ X ,

are Ft measurable.
The following lemma summarizes the discussion above.

Lemma 3.33 (The conditional law). Almost surely, for any t ≥ 0, conditionally on Ft,

Xx
t ∼ νBlue(t) ⊗ δXx

t (Red) ⊗ δXt(Green), (3.68)

where δXt(Green) and δXx
t (Red) are the Dirac measures on {−1, 1}Green(t) and {−1, 1}Red(t) which

give all mass to Xt(Green) and Xx
t (Red), respectively.

6.1 Proof of the upper bound

First, note that, by the definition of Red,

|Red(t)| = 1
2E

 ∑
u∈ΛL

(
X+

t (u) −X−
t (u)

) ∣∣∣Ft

 .
This and Corollary 3.28 lead to the following lemma.

Lemma 3.34 (Decay of the red region).

E [|Red(t)|] = L

2 (ρ+(t) − ρ−(t)) + O (1) . (3.69)

For any β ∈ R>0, let

BADβ =
{
z ∈ Z : ∃ 0 ≤ l ≤

⌈
L

⌈β logL⌉

⌉
, z ∩ Jl ⌈β logL⌉ , (l + 1) ⌈β logL⌉ − 1K = ∅

}
,

where Ji, jK := [i, j] ∩ Z.
We will need the following results.

Lemma 3.35 (BAD is rarely visited). There exist constants β2, β3 ∈ R>0 such that, for any
t > β3,

max
z∈Z

Pz [∃s ∈ [t, t+ 1] : Zs ∈ BADβ2 ] = O
(
1/L6

)
. (3.70)

Proposition 3.36 ("Adjacent" measures quickly become close). Let z ⊂ ΛL, let u ∈ ΛL \ z,
and let y be an arbitrary spin configuration on ΛL \ (z ∪ {u}). Let π1, π2 be the two probability
distributions on X given by

π1 = δu
1 ⊗ νz ⊗ δy; π2 = νz∪{u} ⊗ δy, (3.71)

where δu
1 denotes the Dirac measure on {−1, 1}{u} which gives all mass to 1. Let β2 be as in

Lemma 3.35. Then there exists a constant κ such that

∥Pπ1 [X1 ∈ ·] − Pπ2 [X1 ∈ ·]∥T V ≤ κ

( logL√
L

+
√
Pz∪{u} [∃s ∈ [0, 1] : Zs ∈ BADβ2 ]

)
. (3.72)
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The same result holds if we replace π1 by δu
−1 ⊗ νz ⊗ δy.

Proposition 3.36 says that very quickly, one cannot distinguish two processes starting from
the measure of the form π2 and its perturbation π1: the total variation distance drop from 1
to logL√

L
in a time O (1). This is the result whose proof involves the information percolation

framework and the idea from excursion theory.
With Lemma 3.35 and Proposition 3.36, we can now prove the upper bound in Theorem 3.2.

Proof of the upper bound. Let t = t1 + 1, for some number t1 that we will choose later. Let
β2, β3 be as in Lemma 3.35. To lighten the notation, we write BAD for BADβ2 . We will
estimate directly dtv (Px1 [Xt ∈ ·] ,Px2 [Xt ∈ ·]) for x1, x2 arbitrary in X , as we do not have
an explicit formula for the invariant measure π. We use the grand coupling to construct the
Glauber-Exclusion process from any initial configuration. To lighten the notation, here we write
Red, Blue, and Green for Red(t1),Blue(t1), and Green(t1). Let |Red| = R and Red = {u1, . . . , uR},
which are all measurable w.r.t Ft1 . Let the (random) distribution L(x, j), for x ∈ X , 0 ≤ j ≤ R,
be defined by

L(x, j) = νBlue∪{u1,...,uj} ⊗ δXx
t1

(Red\{u1,...,uj}) ⊗ δXt1 (Green),

which means that L(x, j) is the law of the random configuration obtained by resampling the
spins on the sites in {u1, . . . , uj} of Xx

t1 according to i.i.d. Rρ̄ independent of Xx
t1 . By Lemma

3.33, almost surely, L(x, 0) is exactly the conditional distribution of Xx
t1 given Ft1 , and

L(x,R) = νBlue∪Red ⊗ δXt1 (Green),

which does not depend on x. So we can write L(R) for L(x,R). The point here is that the
sequence (L(x, j))j=0,...,R forms a "path" from L(x, 0) to L(R). We see that, for any x1, x2 ∈ X ,

dtv (Px1 [Xt ∈ ·] ,Px2 [Xt ∈ ·]) ≤ E [∥Px1 [Xt ∈ ·|Ft1 ] − Px2 [Xt ∈ ·|Ft1 ]∥T V ]

= E
[∥∥∥PL(x1,0) [X1 ∈ ·] − PL(x2,0) [X1 ∈ ·]

∥∥∥
T V

]
≤ 2 max

x∈X
E
[∥∥∥PL(x,0) [X1 ∈ ·] − PL(R) [X1 ∈ ·]

∥∥∥
T V

]
. (3.73)

By the triangle inequality, for any x ∈ X ,

∥∥∥PL(x,0) [X1 ∈ ·] − PL(R) [X1 ∈ ·]
∥∥∥

T V
≤

R−1∑
j=0

∥∥∥PL(x,j) [X1 ∈ ·] − PL(x,j+1) [X1 ∈ ·]
∥∥∥

T V
. (3.74)

By Proposition 3.36, there exists a constant κ such that∥∥∥PL(x,j) [X1 ∈ ·] − PL(x,j+1) [X1 ∈ ·]
∥∥∥

T V

≤ κ

( logL√
L

+
√
PBlue∪{u1,...,uj+1} [∃s ∈ [0, 1] : Zs ∈ BAD]

)
≤ κ

( logL√
L

+
√
PBlue [∃s ∈ [0, 1] : Zs ∈ BAD]

)
. (3.75)
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We have used the attractiveness of Z and the fact that BAD is a decreasing subset of ΛL in the
last inequality. The equations (3.73), (3.74), (3.75) together imply

dtv (Px1 [Xt ∈ ·] ,Px2 [Xt ∈ ·]) ≤ 2E
[
Rκ

( logL√
L

+
√
PBlue [∃s ∈ [0, 1] : Zs ∈ BAD]

)]
≤ 2κ logL√

L
E [R] + 2κE

[
R
√
PBlue [∃s ∈ [0, 1] : Zs ∈ BAD]

]
.

(3.76)

The latter term in the last expression above can be bounded by the Cauchy-Schwarz inequality:

E
[
R
√
PBlue [∃s ∈ [0, 1] : Zs ∈ BAD]

]
≤
√
E [R2]E [PBlue [∃s ∈ [0, 1] : Zs ∈ BAD]]

≤
√
L2P∅ [∃s ∈ [t1, t1 + 1] : Zs ∈ BAD].

Here, we have used the facts that R ≤ L, Blue = Z∅
t1 (by definition) and the Markov property

of the process Z∅ at time t1. Then, by Lemma 3.35, provided that t1 ≥ β3,

E
[
R
√
PBlue [∃s ∈ [0, 1] : Zs ∈ BAD]

]
≤
√
L2O (1/L6)

= O
(
1/L2

)
.

It remains to estimate the first term in (3.76). Thanks to Lemma 3.34 and Lemma 3.21, we can
take t1 = logL

2|R′(ρ∗)| + 2 log logL
|R′(ρ∗)| to make logL√

L
E [R] = O (1/ logL). Clearly, t1 ≥ β3 when L is

large enough. This implies that

dtv (Px1 [Xt ∈ ·] ,Px2 [Xt ∈ ·]) = O (1/ logL) + O
(
1/L2

)
= O (1/ logL) ,

for any x1, x2 ∈ X . This finishes our proof.

The rest of the chapter is devoted to proving Lemma 3.35 and Proposition 3.36. In Subsection
6.2, we prove Lemma 3.35, and finally, in Subsection 6.3 and Subsection 6.4, we prove Proposition
3.36.

6.2 Proof of Lemma 3.35: the bad set is rarely visited

First, we need the following lemmas.

Lemma 3.37 (the bad set has small mass). There exist positive constants β2 and β3 such that
for any t ≥ β3, and for any deterministic subset E of ΛL of cardinality at least ⌈β2 logL⌉,

max
z∈Z

Pz [Zt ∩ E = ∅] = O
(
1/L10

)
. (3.77)
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Lemma 3.38 (Inertia in a short time). Let τout be the time at which the process Z jumps out
of the initial state Z0:

τout = inf {t ≥ 0 : Zt ̸= Z0} . (3.78)

Then there is a constant β > 0 such that,

min
z∈Z

Pz

[
τout >

1
L3

]
≥ β. (3.79)

Now we can prove Lemma 3.35.

Proof of Lemma 3.35. Let z be an element of Z. Let β2, β3 be as in Lemma 3.37. We write
BAD for BADβ2 to lighten the notation. We apply the union bound in Lemma 3.37 for the

subsets Ej = Jj ⌈β2 logL⌉ , (j + 1) ⌈β2 logL⌉ − 1K , j ∈
s

0,
⌈

L

⌈β2 logL⌉

⌉{
, to obtain:

∀t ≥ β3, Pz [Zt ∈ BAD] = O
(
1/L9

)
.

This implies that for any t ≥ β3,

Ez

[∫ t+1+1/L3

t
1{Zs∈BAD}ds

]
=
∫ t+1+1/L3

t
Pz [Zs ∈ BAD] ds = O

(
1/L9

)
. (3.80)

Let

τBAD := inf {t ≥ 0 : Zt ∈ BAD} .

By the Markov property,

Ez

[∫ t+1+1/L3

t
1{Zs∈BAD}ds

]

= Ez

[
EZt

[∫ 1+1/L3

0
1{Zs∈BAD}ds

]]

≥ Ez

[
EZt

[
1{τBAD≤1}

∫ 1+1/L3

0
1{Zs∈BAD}ds

]]

≥ Ez

[
EZt

[
1{τBAD≤1}EZτBAD

[∫ 1+1/L3−τBAD

0
1{Zs∈BAD}ds

]]]
. (3.81)

Note that if τBAD ≤ 1, then
∫ 1+1/L3−τBAD

0 1{Zs∈BAD}ds ≥
∫ 1/L3

0 1{Zs∈BAD}ds. On the other
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hand, with β as in Lemma 3.38, we have

EZτBAD

[∫ 1/L3

0
1{Zs∈BAD}ds

]
≥ EZτBAD

 1
L31

{
τout>

1
L3

}


≥ min
z∈Z

1
L3Pz

[
τout >

1
L3

]
≥ β

L3 .

This and (3.81) together imply

Ez

[∫ t+1+1/L3

t
1{Zs∈BAD}ds

]
≥ β

L3Ez

[
EZt

[
1{τBAD≤1}

]]
. (3.82)

This and (3.80) together imply

Ez [PZt [τBAD ≤ 1]] = O
(
1/L6

)
. (3.83)

Note that the left-hand side of the equation above is exactly Pz [∃s ∈ [t, t+ 1] : Zs ∈ BAD]. So
this leads to what we want.

We now prove Lemma 3.38 and Lemma 3.37.

Proof of Lemma 3.38. τout is at least the time that the first point of Ξ appears, which has
distribution exp(L2 × L+ λL), where λ = ∑q

i=1 λi. Hence

Pz

[
τout >

1
L3

]
≥ P

[
exp(L3 + λL) > 1

L3

]
= exp

(
−L3 + λL

L3

)

= exp(−1 − λ

L2 ).

We can choose, for example, β = e−1−λ.

To finish this subsection, we prove Lemma 3.37.

Proof of Lemma 3.37. Recall that the process Z is attractive. Note also that for any E ⊂ ΛL,
the set {z ⊂ ΛL|z∩E = ∅} is decreasing. So, we only need to prove the statement for the initial
condition z := ∅. To know whether E ∩ Z∅

t = ∅, a natural way, again, is to trace the history of
the set E backward in time. We do it by placing at each site in E at time t a particle labeled
by the corresponding element in A and trace them back to time 0, given the collection of marks
generated by Ξ.

• When a particle meets an exclusion mark, it jumps to the other endpoint of the corre-
sponding edge.

92



6. The upper bound

• When a particle, say w, meet a correlation mark, it is removed, and Z∅
t (w) := 0.

• When a particle, say w, meet a refresh mark, it is removed, and Z∅
t (w) := 1.

• If a particle w reaches time 0, then Z∅
t (w) := 0.

With those rules, we can construct Z∅
t (E).

It is more convenient to generate the history in the forward direction. Let

Ξ∗ = (Ξexclusion,*,ΞGlauber,*,Ξrefresh,*)

be an independent copy of Ξ. In another copy of the space-time slab, we construct the process
(Es)0≤s≤t takings values in Z and the collection of marks C∗ as follows.

• E0 := E.

• Whenever Ξexclusion,*
u jumps, say at time s, we perform the following operations:

1. Put an exclusion mark on the edge (u, u+ 1),

2. Es := Eu↔u+1
s− .

• Whenever Ξrefresh,*
u jumps, 0 ≤ u ≤ L− 1, say at time s,

– If u ≤ |Es−|, put a refresh mark on the u−th site in Es− , say site u′. Then Es :=
Es− \ {u′}.

– If u > |Es−|, put a refresh mark on the (u − |Es−|)-th site in ΛL \ Es−. Then
Es := Es−.

• Whenever ΞGlauber,*
i,u jumps, say at time s,

– if u ≤ |B(Es−,m)|, put a Glauber mark on the u−th site in B(Es−,m), say site u′,
and put correlation marks on all the sites in B(u′,m). Then Es := Es− \B(u′,m).

– if u > |B(Es−,m)|, put a Glauber mark on the (u − |B(Es−,m)|)−th site in ΛL \
B(Es−,m), say site u′, and put correlation marks on all the sites in B(u′,m). Then
Es := Es−.

By the homogeneity of the Poisson processes Ξ and Ξ∗, the collection of marks C∗|[0,t] has the
same distribution as C|[0,t] viewed backward in time. In particular, the process (Es)0≤s≤t has the
same distribution as the set of particles alive when we track the history of the set E backward
from time t. In particular, P

[
Z∅

t ∩ E = ∅
]

is the same as the probability that no site is removed
from (Es)0≤s≤t due to the appearance of a refresh mark.

Here, we have rearranged the Poisson clocks so that the first clocks in Ξrefresh,* indicate the
refresh of the sites in (Es)0≤s≤t, and the first clocks in ΞGlauber,* indicate the Glauber updates
of the sites in the neighbors of the process (Es)0≤s≤t. This makes our computation easier. More
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Chapter 3. The Glauber-Exclusion process

precisely, let Gs be the σ-algebra generated by Ξ∗ up to time s. Let T0 = 0 and (τi, Ti)i≥1 be
defined recursively as follows.

Ti+1 = inf
{
t > Ti : a clock among (Ξrefresh,*

u )1≤u≤|ETi |
or (ΞGlauber,*

u,i )3≤i≤q,1≤u≤(2m+1)|ETi | rings at time t
}

τi+1 = Ti+1 − Ti.

Then we have the following:

1. Conditionally on GTi , τi+1 ∼ exp ((λ1 + λ2) |ETi | + (λ− λ1 − λ2)(2m+ 1) |ETi |).

2.
|Es| = |ETi | , ∀s ∈ [Ti, Ti+1);

∣∣ETi+1

∣∣ ≥ |ETi | − (2m+ 1),

and hence
|ETi | ≥ |E| − i(2m+ 1).

This is because at most (2m+ 1) sites are removed each time a Glauber mark appears.

3.

P
[
the ring at Ti+1 is among Ξrefresh,*

1 , . . . ,Ξrefresh,*
|ETi |

∣∣GTi

]
= λ1 + λ2

(λ1 + λ2) + (λ− λ1 − λ2)(2m+ 1)
=: 1 − α. (3.84)

Based on the arguments above,

P
[
Z∅

t ∩ E = ∅
]

= P
[
For any Ti ≤ t, the ring at Ti is among ΞGlauber,*

]
.

Note that, for any l ∈ Z+,

P
[
For any Ti ≤ t, the ring at Ti is among ΞGlauber,*

]
≤ P [Tl > t] + P

[
Tl ≤ t, the ring at T1, . . . , Tl are among ΞGlauber,*

]
. (3.85)

By equation (3.84),

P
[
Tl ≤ t, the ring at T1, . . . , Tl are among ΞGlauber,*

]
≤ αl. (3.86)

We can choose l = 10
⌈ logL

− logα

⌉
to make this term smaller than 1

L10 . The bound for the first
term on the right side of (3.85) is a consequence of the concentration of the sum τ1 + · · · + τl.
Let β := (λ1 + λ2) + (λ − λ1 − λ2)(2m + 1). By Claims 1 and 2, conditionally on GTi , τi+1 is
stochastically dominated by exp (β(|E| − i(2m+ 1)). Set θ := (2m + 1)l, then provided that
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6. The upper bound

|E| > θ + 2θ
β

,
β(|E| − (i− 1)(2m+ 1))

β(|E| − (i− 1)(2m+ 1)) − θ
≤ 2, ∀1 ≤ i ≤ l.

Therefore,

E
[
eθTl

]
= E

[
E
[
eθ(Tl−1+τl)|GTl−1

]]
= E

[
eθTl−1E

[
eτl |GTl−1

]]
≤ E

[
eθTl−1 × β(|E| − (l − 1)(2m+ 1))

β(|E| − (l − 1)(2m+ 1)) − θ

]
≤ 2E

[
eθTl−1

]
.

By induction, we deduce that

E
[
eθTl

]
≤ 2l.

Hence, by Chernoff’s bound,

P [Tl > t] ≤ e−θt2l = (2e−(2m+1)t)l.

With l chosen as above, there exists β3 such that when t ≥ β3, the last expression is smaller
than 1/L10. We finish the proof by choosing β2 such that β2 logL ≥ θ+θ/β, which clearly exists
when θ = (2m+ 1)l, l = 10

⌈ logL
− log q

⌉
.

6.3 First step of the proof of Proposition 3.36: reformulation

The rest of this chapter is devoted to proving Proposition 3.36. This is done in two steps. In
this subsection, we do the first step: reduce our task to estimating the local time that a certain
Markov process spends in a certain subset of its state space. In the next subsection, we use
techniques from excursion theory to estimate this local time.

Without loss of generality, we can suppose u = 0. Throughout this subsection, let z, π1, π2

be as in the statement of Proposition 3.36. We recall Lemma 1.4 with the necessary adaptation
for our state space.

Lemma 3.39 (Perturbation of a product measure). Let Ω = {−1, 1}n. For each subset S ⊂ [n],
let φS be a distribution on {−1, 1}S. Let ρ ∈ (−1, 1), and let ν be the product measure R⊗n

ρ on
Ω. Let µ be the measure on Ω obtained by first sampling a subset S ⊂ [n] via some measure µ̃,
and then, conditionally on S, generating independently the values on S via φS and the values
on [n] \ S via R

⊗[n]\S
p . Then

4dtv (µ, ν)2 ≤
∥∥∥∥µν − 1

∥∥∥∥2

L2(ν)
≤ E

[
θ|S∩S′|

]
− 1,

where S, S′ are i.i.d. with law µ̃, and θ = max
{ 2

1 + ρ
,

2
1 − ρ

}
.
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Chapter 3. The Glauber-Exclusion process

We will use the following graphical construction. We will construct a coupling (X,Z) where
X starts from π1 or π2, and Z starts from z ∪ {0}. Recall that a site in Z is viewed as colored
blue. From now on, we will color all sites not in Z black. The content of a site u at time t is its
spin Xt(u) ∈ {−1, 1} and its color Zt(u) ∈ {0, 1}. From now on, we allow a collection of marks
to contain new types of marks: blue and black marks, which can appear on the edges of ΛL,
and whose effects are explained later.

Graphical Construction 3. Let Ξrefresh and ΞGlauber be defined as in Graphical Construction
2. They generate the refresh and Glauber marks as before. However, we replace the effect of
the exclusion marks with that of the blue and black marks, as follows. Let (Ξblue

u )0≤u≤L−1 and
(Ξblack

u )0≤u≤L−1 be independent of Ξrefresh,ΞGlauber and defined as follows.

• (Ξblack
u )0≤u≤L−1 are independent Poisson clocks of intensity L2 on the edges. When Ξblack

u

jumps, we put a black mark on the edge (u, u+ 1).

• (Ξblue
u )0≤u≤L−1 are independent Poisson clocks of intensity 2L2 on the edges. When Ξblue

u

jumps, we put a blue mark on the edge (u, u+ 1).

From now on, let Ξ := (Ξrefresh,ΞGlauber,Ξblack,Ξblue). Each realization of Ξ defines a collection
of marks consisting of refresh, Glauber, black, and blue marks. We construct the process X
from this collection of marks as follows.

• The effect of the refresh marks and Glauber marks are as before.

• Each time we see a black mark, say on the edge (u, u+1), if at least one of the endpoints of
the edge (u, u+1) is black, we exchange the contents of those endpoints: x 7→ xu↔u+1, z 7→
zu↔u+1.

• Each time we see a blue mark, say on the edge (u, u + 1), if both endpoints are blue, we
exchange their spins with probability 1/2 (we decide by sampling an independent Bernoulli
variable with parameter 1/2).

With this construction, X is still a Glauber-Exclusion process, and Z still tracks the independent
sites of X if X starts from π2. The idea is to reveal Ξ but not the Rademacher variables Rρ̄

used to refresh the sites at the refresh marks and the Bernoulli variables used to make decisions
at the blue marks.

The conditional distribution of X. Conditionally on Ξ([0, 1]), let (u1, τ1), (u2, τ2), . . . ,
(uk, τk) be the positions of the correlation marks that appear on the blue sites, i.e. ∀i, (ui, τi−) ∈
Zτi−. In other words, they are the correlation marks that turn some blue sites black. We claim
that, conditionally on Ξ, almost surely, there is a function Φ independent of the initial configu-
ration of X such that

X1 = Φ(y,Xτ1−(u1), . . . , Xτk−(uk), X1(Z1)). (3.87)
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The explanation for the formula above is as follows. At time 1, almost surely, each site is either
black or blue. The spins of the blue sites are given by X1(Z1). The spins of the black sites can
be constructed from

1. The spins of the black sites at the beginning, i.e. y,

2. The trajectories of the black sites given by Ξblack and the update functions given by
ΞGlauber. All that information is encoded in the function Φ,

3. The spins of the blue sites used in the update functions at the Glauber marks. Those spins
are exactly Xτ1−(u1), . . . , Xτk−(uk).

Let L1 (resp. L2) be the distribution of (Xτ1−(u1), . . . , Xτk−(uk), X1(Z1)) when the Glauber-
Exclusion process starts from π1 (resp. π2). We remark here that if we start with the distribution
π2, then L2 = R⊗k

ρ̄ ⊗ R⊗Z1
ρ̄ , and L1 is a perturbation of L2. Now, we can take advantage of

the information-percolation framework in [68]. Thanks to partially revealing the randomness
of the graphical construction, we transform the problem into comparing a product law with
its perturbation, which can be done using Lemma 3.39. More formally, we have the following
lemma.

Lemma 3.40 (Projection).

∥Pπ1 [X1 ∈ ·] − Pπ2 [X1 ∈ ·]∥T V ≤ E [∥L1 − L2∥T V ] . (3.88)

Proof. We have

∥Pπ1 [X1 ∈ ·] − Pπ2 [X1 ∈ ·]∥T V

≤ E
[∥∥Pπ1

[
X1 ∈ ·

∣∣Ξ([0, 1])
]

− Pπ2

[
X1 ∈ ·

∣∣Ξ([0, 1])
]∥∥

T V

]
≤ E [∥L1 − L2∥T V ] ,

where in the last inequality, we have use (3.87) and the definitions of L1,L2.

It remains to estimate the right-hand side in equation (3.88). First, we introduce a random
walk used to track the position of the perturbation.

The perturbation position. Let the random walk (U1(t))t≥0 taking values in ΛL ∪ {†} be
constructed as follows.

• U1(0) = 0 (the walk U1 starts at site 0).

• Whenever a refresh mark or a correlation mark appears on the site occupied by U1, the
walk U1 is killed (it becomes the cemetery state †).

• Whenever a black mark appears, if U1 is at one of the two endpoints of the corresponding
edge and the other endpoint is black, then U1 takes the edge (U1 jumps to the other
endpoint).
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• Whenever a blue mark appears, if U1 is at one of the endpoints of the mark, with probability
1/2 (decided by an independent Bernoulli variable with parameter 1/2), it attempts to take
the edge, and it succeeds if the other endpoint is blue and fails if the other endpoint is
black.

Let U2 be an independent copy of U1 conditionally on Ξ, i.e. the decisions of the two walks
each time a blue mark appears are independent. The law of U1 (or U2) conditionally on Ξ is the
averaging process, introduced by Aldous in [3], defined as follows.

The averaging process. Let H = (Ht)t≥0 be the piece-wise constant process taking values
in the space of function from ΛL to [0, 1], constructed as follows:

• H0(0) = 1; H0(u) = 0, ∀u ∈ ΛL \ {0}.

• When we see a refresh mark, say at site u, we make the transition h 7→ hu,0, where hu,0 is
obtained from h by replacing the values at u by 0, i.e.

∀u′ ∈ ΛL, h
u,0(u′) = h(u′) × 1{u′ ̸=u}.

• When we see a Glauber mark, say at site u, we make the transition h 7→ hB(u,m),0, where
hB(u,m),0 is obtained from h by replacing the values in B(u,m) by 0, i.e.

∀u′ ∈ ΛL, h
B(u,m),0(u′) = h(u′) × 1{u′ /∈B(0,m)}.

• When a black mark appears, say on the edge (u, u+1), if the process Z makes the transition
z 7→ zu↔u+1, we make the transition h 7→ hu↔u+1, where hu↔u+1 is obtained from h by
exchanging the values at sites u and u+ 1, i.e.

hu↔u+1(u′) = h(u′) × 1{u′ /∈{u,u+1}} + h(u) × 1{u′=u+1} + h(u+ 1) × 1{u′=u}.

• When a blue mark appears, say at site u, if both sites u and u + 1 are blue, we replace

h(u) and h(u+ 1) by their average h(u) + h(u+ 1)
2 , i.e. h 7→ h+ hu↔u+1

2 .

The averaging process is an interesting Markov process by itself. We refer the readers to [84,
13] for recent development. By construction, (Hs)s∈[0,t] is measurable w.r.t Ξ([0, t]). Moreover,

Ht(u) = P [U1(t) = u|Ξ] , ∀i ∈ ΛL,∀t ≥ 0,

and in a particular
Ht(u)2 = P [U1(t) = U2(t) = u|Ξ] . (3.89)

Recall that dist (·, ·) denotes the shortest-path distance on ΛL. By convention, we define

dist (u, †) := dist (†, u) := ∞, ∀u ∈ ΛL ∪ {†}.
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The purpose of this subsection is to prove the following result.

Lemma 3.41 (Comparision with local time). There exists a constant β such that

∥Pπ1 [X1 ∈ ·] − Pπ2 [X1 ∈ ·]∥2
T V ≤ βE

[∫ 1

0
1{dist(U1(s),U2(s))=0}ds

]
. (3.90)

Thanks to Lemma 3.40, we only need to show the following results to prove Lemma 3.41.

Lemma 3.42 (Conditional upper bound by the Averaging process).

∥L1 − L2∥2
T V ≤

(
max

{ 2
1 + ρ̄

,
2

1 − ρ̄

}
− 1

) k∑
j=1

H2
τj−(ij) + ∥H1∥2

2

 . (3.91)

Lemma 3.43. There exist a constant β such that

E

 k∑
j=1

H2
τj−(ij) + ∥H1∥2

2

 ≤ βE
[∫ 1

0
1{dist(U1(s),U2(s))=0}ds

]
. (3.92)

It remains to show Lemma 3.42 and Lemma 3.43. We first show Lemma 3.42.

Proof of Lemma 3.42. By construction, L2 is a product of Rρ̄, and L1 is a perturbed version of
L2, and the walk U1 tracks the perturbation position. Let

S1 := {(uj , τj−)|j ∈ [k], U1(τj−) = uj} ∪ {(u, 1)|u ∈ Z1, U1(1) = u}.

In words, S1 contains places perturbed in the vector (Xτ1−(u1), . . . , Xτk−(uk), X1(Z1)). Note
that the walk U1 is killed when it meets a correlation or refresh mark. Hence |S1| ≤ 1. Let S2

be defined as S1 when we replace U1 by U2. Then, by Lemma 3.39,

∥L1 − L2∥2
T V ≤ E

[
θ|S1∩S2| − 1|Ξ

]
, (3.93)

where θ = max
{ 2

1 + ρ̄
,

2
1 − ρ̄

}
. Note that, as |S1 ∩ S2| ≤ 1,

E
[
θ|S1∩S2| − 1

∣∣Ξ]
= E

[
(θ − 1) |S1 ∩ S2|

∣∣∣∣Ξ]

= (θ − 1)

 k∑
j=1

P
[
U1(τj−) = U2(τj−) = uj

∣∣Ξ]
+

 ∑
u∈ΛL

P [U1(1) = U2(1) = u|Ξ]


= (θ − 1)

 k∑
j=1

H2
τj−(uj) × + ∥H1∥2

2

 ,
which is what we want.

Now we show Lemma 3.43.
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Chapter 3. The Glauber-Exclusion process

Proof of Lemma 3.43. Recall that (u1, τ1), . . . , (uk, τk) are the correlation marks that turn some
blue sites green up to time 1. Let (ui, τi)i≥k+1 be the correlation marks that turn some blue
sites green from time 1 onwards. Let us define

Ft :=
∞∑

j=1
H2

τj−(uj)1{τj≤t}. (3.94)

Then (Zt, Ht, Ft)t≥0 is a Markov process. In particular, let L be the generator corresponding to
this Markov process. Then for any function φ on the state space of this process,

Lφ(z, h, f)

=
L−1∑
u=0

L2
(
φ(zu↔u+1, hu↔u+1, f) − φ(z, h, f)

) (
1{z(u)=0} ∨ 1{z(u+1)=0}

)

+
L−1∑
u=0

2L2
(
φ

(
z,
h+ hu↔u+1

2 , f

)
− φ(z, h, f)

)
1{z(u)=z(u+1)=1}

+
L−1∑
u=0

(λ1 + λ2)
(
φ(zu,1, hi,0, f) − φ(z, h, f)

)

+
q∑

i=3

L−1∑
u=0

λi

φ
z \B(u,m), hB(u,m),0, f +

∑
u′∈B(0,m)

h2(u′)1{z(u′)=1}

− φ(z, h, f)

 .
Let φ be the projection onto the third coordinate. Then

Lφ(z, h, f) =
q∑

i=3

L−1∑
u=0

λi

∑
u′∈B(u,m)

h2(u′)1{z(u′)=1}

= (λ− λ1 − λ2)
L−1∑
u=0

L−1∑
u′=0

h2(u′)1{z(u′)=1}1{u′∈B(u,m)}

= (λ− λ1 − λ2)
L−1∑
u′=0

L−1∑
u=0

h2(u′)1{z(u′)=1}1{u∈B(u′,m)}

≤ (λ− λ1 − λ2)(2m+ 1)
L−1∑
u′=0

h2(u′)1{z(u′)=1}

= (λ− λ1 − λ2)(2m+ 1) ∥h∥2
2 .

A classical result (see e.g. [31]) says that

Ft − F0 −
∫ t

0
Lφ(Zs, Hs, Fs)ds
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is a zero-mean martingale, and hence

E [Ft] = E [F0] + E
[∫ t

0
Lφ(Zs, Hs, Fs)ds

]
≤ (λ− λ1 − λ2)(2m+ 1)E

[∫ t

0
∥Hs∥2

2 ds

]
. (3.95)

Moreover, ∥Ht∥2
2 almost surely decreases, hence

∥H1∥2
2 ≤

∫ 1

0
∥Hs∥2

2 ds. (3.96)

Let

β := (λ− λ1 − λ2)(2m+ 1) + 1.

Two equations (3.95), (3.96), and Fubini’s theorem together imply that

E

 k∑
j=1

H2
τj−(ij) + ∥H1∥2

2

 ≤ β

∫ 1

0
E
[
∥Hs∥2

2

]
ds. (3.97)

Note that for any s ∈ [0, 1],

E
[
∥Hs∥2

2

]
= E

 ∑
u∈ΛL

P [U1(s) = U2(s) = u|Ξ]

 = E
[
1{dist(U1(s),U2(s))=0}

]
.

Therefore ∫ 1

0
E
[
∥Hs∥2

2

]
ds =

∫ 1

0
E
[
1{dist(U1(s),U2(s))=0}

]
ds

= E
[∫ 1

0
1{dist(U1(s),U2(s))=0}ds

]
. (3.98)

Two equations (3.97), (3.98) lead to what we want.

6.4 Second step of the proof of Proposition 3.36: the excursion coupling

This subsection is devoted to estimating the right-hand side of (3.92). It should be more
convenient to consider a modified version (Z̄, Ū1, Ū2) of (Z,U1, U2), where we do not kill the
walks when we see refresh marks or correlation marks, and we always color the sites occupied by
Ū1, Ū2 blue. Note that before U1 or U2 are killed, (Z̄, Ū1, Ū2) = (Z,U1, U2). Therefore, almost
surely, ∫ 1

0
1{dist(U1(s),U2(s))=0}ds ≤

∫ 1

0
1{dist(Ū1(s),Ū2(s))=0}ds. (3.99)
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Besides, not killing the walks only increases the blue sites, i.e. , almost surely,

Z̄s ≥ Zs, ∀s ∈ R+. (3.100)

An important fact here is the observation of Aldous in [3]: (Z̄, Ū1, Ū2) itself is a Markov process
(without conditional probability), constructed as follows. We still use the collection of marks
given in Graphical Construction 3. Suppose that we are at state (z, u1, u2).

• When a refresh mark appears, say at site u, make the transition (z, u1, u2) 7→ (zu,1, u1, u2).

• When a Glauber mark appears, say at site u, make the transition (z, u1, u2) 7→ ((z \
b(u,m)) ∪ {u1, u2}, u1, u2).

• When a black mark appears, say on the edge (u, u+ 1), if z(u) = 0 or z(u+ 1) = 0, make
the transition (z, u1, u2) 7→ (zu↔u+1, uu↔u+1

1 , uu↔u+1
2 ), where uu↔u+1

1 is given by

uu↔u+1
1 =


u+ 1 if u1 = u,

u if u1 = u+ 1,

u1 if u1 /∈ {u, u+ 1},

and uu↔u+1
2 is defined similarly.

• When a blue mark appears, say on edge (u, u+ 1), if z(u) = z(u+ 1) = 1,

(z, u1, u2) 7→ (z, u1, u2) with probability 1/4,
(z, u1, u2) 7→ (z, uu↔u+1

1 , u2) with probability 1/4,
(z, u1, u2) 7→ (z, u1, u

u↔u+1
2 ) with probability 1/4,

(z, u1, u2) 7→ (z, uu↔u+1
1 , uu↔u+1

2 ) with probability 1/4.

By abuse of notation, we write Pz,u1,u2 [·] ,Ez,u1,u2 [·] for the probability and expectation
taken with respect to the process (Z̄, Ū1, Ū2) starting from (z, u1, u2). We will compare (Ū1, Ū2)
with its idealized version (Ũ1, Ũ2), defined§ as follows.

Idealized version of (Ū1, Ū2). Let two random walks (Ũ1, Ũ2) on ΛL be constructed as follows.
Each edge of the lattice is associated with a Poisson clock of intensity 2L2. Whenever a clock
rings, if Ũ1 (or Ũ2) is at one endpoint of the edge, it decides to take the edge with probability
1/2. If both can take the edge, their decisions are made independently. Informally, (Ũ1, Ũ2) is
the version of (Ū1, Ū2) where we assume that all the sites are always blue.

The excursion. Let τ0→1
i be the time for i-th passage from 0 to 1, and let τ1→0

i be the time
for i-th passage from 1 to 0 of

(
dist

(
Ū1(t), Ū2(t)

))
t≥0

. More precisely, let τ0→1
i , τ1→0

i , and Ti
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•0 •1 •2 • • •
L

2
− 1

•
L/2

2L2 2L2 2L2 2L2 2L2

L2 2L2 2L2 2L2 4L2

Figure 3.4: Transition rates of dist
(
Ũ1, Ũ2

)
when L is even.

be defined recursively as follows.

Tj =
j−1∑
i=1

(τ0→1
i + τ1→0

i ), (3.101)

τ0→1
i = inf

{
t ≥ 0 : dist

(
Ū1(Ti + t), Ū2(Ti + t)

)
= 1

}
, (3.102)

τ1→0
i = inf

{
t ≥ 0 : dist

(
Ū1(Ti + τ0→1

i + t), Ū2(Ti + τ0→1
i + t)

)
= 0

}
. (3.103)

The sequence (τ̃0→1
i , τ̃1→0

i , T̃i)i≥1 is defined similarly by replacing (Ū1, Ū2) with (Ũ1, Ũ2). The
idea is to express the local time in terms of the excursions:∫ 1

0
1{dist(Ū1(s),Ū2(s))=0}ds =

∑
i≥1

1{Ti<1} × (τ0→1
i ∧ [1 − Ti]), (3.104)

∫ 1

0
1{dist

(
Ũ1(s),Ũ2(s)

)
=0
}ds =

∑
i≥1

1{T̃i<1} × (τ̃0→1
i ∧ [1 − T̃i]). (3.105)

Let us define Υ by:
Υ =

∑
i≥1

1{T̃i<1} × τ̃0→1
i . (3.106)

From now on, we fix a choice of β2, β3 as in Lemma 3.37, and we alway write BAD for BADβ2 .
We have the following results.

Lemma 3.44. dist
(
Ũ1, Ũ2

)
is a Markov process with transition rates given in Figure 3.4.

Proposition 3.45 (Excursion coupling). There is a coupling of (Ū1, Ū2) and (Ũ1, Ũ2) where

dist
(
Ū1(0), Ū2(0)

)
= dist

(
Ũ1(0), Ũ2(0)

)
= 0

such that, almost surely, for all i ≥ 1,

τ0→1
i ≥ τ̃0→1

i , (3.107)
τ1→0

i = τ̃1→0
i . (3.108)

Lemma 3.46 (Fast passage to 1 from good environment). There exists a constant β > 0 such
that

max
t≥0

max
z /∈BAD,u∈z

Ez,u,u

[
(τ0→1

1 ∧ t) × 1{Z̄s /∈BAD, ∀s∈[0,t]}
]

≤ β
log2 L

L2 .
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Chapter 3. The Glauber-Exclusion process

Lemma 3.47 (Anti-concentration, integral form).

E [Υ] = O (1/L) . (3.109)

Remark 13. In dimension 2, the bound on the right-hand side of (3.109) is replaced by
O
( logL
L2

)
.

Now we can prove Proposition 3.36.

Proof of Proposition 3.36. Thanks to Lemma 3.41 and equation (3.99), we now only have to
estimate E

[∫ 1
0 1{dist(Ū1(s),Ū2(s))=0}ds

]
. We have

E
[∫ 1

0
1{dist(Ū1(s),Ū2(s))=0}ds

]
= E

[∫ 1

0
1{dist(Ū1(s),Ū2(s))=0}ds

(
1{∃s∈[0,1]:Z̄s∈BAD} + 1{∀s∈[0,1]:Z̄s /∈BAD}

)]
. (3.110)

For the first term, we write

E
[∫ 1

0
1{dist(Ū1(s),Ū2(s))=0}ds1{∃s∈[0,1]:Z̄s∈BAD}

]
≤ P

[
∃s ∈ [0, 1] : Z̄s ∈ BAD

]
≤ P [∃s ∈ [0, 1] : Zs ∈ BAD] , (3.111)

where we have used (3.100) in the last inequality. Now, we estimate the second term. We will
prove that

E
[∫ 1

0
1{dist(Ū1(s),Ū2(s))=0}ds1{∀s∈[0,1]:Z̄s /∈BAD}

]
= O

(
log2 LE [Υ]

)
. (3.112)

Thanks to (3.104), (3.105), and Lemma 3.47, we only need to prove that there exists a
constant β such that

E
[
1{∀s∈[0,1]:Z̄s /∈BAD}1{Ti<1} × (τ0→1

i ∧ [1 − Ti])
]

≤ β log2 L× E
[
1{T̃i<1} × τ̃0→1

i

]
. (3.113)

Let β1 be the constant in Lemma 3.46. By the Markov property at time Ti,

E
[
1{∀s∈[0,1]:Z̄s /∈BAD}1{Ti<1} × (τ0→1

i ∧ [1 − Ti])
]

= E
[
1{∀s∈[0,Ti]:Z̄s /∈BAD}1{Ti<1}

× EZ̄(Ti),Ū1(Ti),Ū2(Ti)

[
1{∀s∈[0,1−Ti]:Z̄s /∈BAD} ×

(
τ0→1

1 ∧ (1 − Ti)
)]]

≤ E
[
1{∀s∈[0,Ti]:Z̄s /∈BAD}1{Ti<1}

β1 log2 L

L2

]

≤ β1 log2 L

L2 P [Ti < 1]

≤ β1 log2 L

L2 P
[
T̃i < 1

]
. (3.114)
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6. The upper bound

Here we have used Lemma 3.46 in the first inequality and the fact that Ti ≥ T̃i (due to Proposition
3.45) in the last inequality. On the other hand,

E
[
1{T̃i<1} × τ̃0→1

i

]
= E

[
1{T̃i<1}EŨ1(T̃i),Ũ1(T̃i)

[
τ̃0→1

1

]]
= E

[
1{T̃i<1}

1
2L2

]
. (3.115)

Here we have used the fact that dist
(
Ũ1(T̃i), Ũ2(T̃i)

)
= 0 by construction, and that the expected

time needed for dist
(
Ũ1, Ũ2

)
to reach 1 from this time onwards is 1

2L2 , due to Lemma 3.44.
So (3.114) and (3.115) together imply (3.113). The equations (3.90), (3.99), (3.110), (3.112),
(3.111) together imply that

∥Pπ1 [Xt ∈ ·] − Pπ2 [Xt ∈ ·]∥2
T V = O

(
log2 L

L
+ Pz∪{0} [∃s ∈ [0, 1] : Zs ∈ BAD]

)
.

Together with the inequality
√
a+ b ≤

√
a+

√
b, a, b > 0, the inequality above gives us what we

want.

It remains to prove Lemma 3.44, Proposition 3.45, Lemma 3.46, and Lemma 3.47. We will
need the following result to prove Lemma 3.44 and Proposition 3.45.

Lemma 3.48 (Strong lumpability of Markov process). Let X and Y be two finite sets, and let
f : X → Y be a surjective function. Let (Xt)t≥0 be a Markov process with a generator L on X .
Then (f(Xt))t≥0 is a Markov process for any initial condition of (Xt)t≥0 if and only if

∀y1, y2 ∈ Y, y1 ̸= y2, ∀x1, x
′
1 ∈ f−1(y1),

∑
x∈f−1(y2)

L(x1, x) =
∑

x∈f−1(y2)
L(x′

1, x). (3.116)

Moreover, if (3.116) is satisfied, then the generator L′ of (f(Xt))t≥0 is determined by

∀y1, y2 ∈ Y, y1 ̸= y2,∀x1 ∈ f−1(y1),L′(y1, y2) =
∑

x∈f−1(y2)
L(x1, x). (3.117)

Lemma 3.48 is a classical result. For its proof, the readers can see Theorem 2.4 in [4] and
Lemma 2.5 in [59] for the analogous result for discrete-time Markov chains. Now we prove
Lemma 3.44 and Proposition 3.45.

Proof of Lemma 3.44. This is just a direct application of Lemma 3.48 for the process (Ũ1, Ũ2)
and the function dist (·, ·).

Proof of Proposition 3.45. The intuition is that (Ū1, Ū2) evolves exactly like (Ũ1, Ũ2) when Ū1

and Ū2 are not on a same site. This explains (3.108). The only difference is when Ū1 and Ū2 are
on a same site since they might be forced to move together when their neighbors are not blue.
This explains (3.107).

More precisely, for any initial configuration of (Z̄, Ū1, Ū2), consider the modified version
(Z̄mod, Ūmod

1 , Ūmod
2 ) of (Z̄, Ū1, Ū2) which is stopped at E := {(z, u, u)|z ∈ Z, u ∈ ΛL}. Then
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(Z̄mod, Ūmod
1 , Ūmod

2 ) is also a Markov process, and up to the time that (Z̄, Ū1, Ū2) reaches E,
those two processes are the same. The modified version (Ũmod

1 , Ũmod
2 ) of (Ũ1, Ũ2) is defined

similarly.
We apply Lemma 3.48 for the function

f : (z, u1, u2) 7→ dist (u1, u2)

and the chain (Z̄mod, Ūmod
1 , Ūmod

2 ) to see that f(Z̄mod, Ūmod
1 , Ūmod

2 ) is also a Markov process.
Let L be the generator associated with this process. By direct computation, the process with
generator L can be described as in Figure 3.4, except that the transition from 0 to 1 is suppressed.

Similarly, we apply Lemma 3.48 for the function

f̃ : (u1, u2) 7→ dist (u1, u2)

and the process (Ũmod
1 , Ũmod

2 ) to see that f̃(Ũmod
1 , Ũmod

2 ) is also a Markov process. By direct
computation, we can see that its generator is also L.

Our coupling is as follows. Let Gt be the σ-algebra generated by Ξ([0, t]). Recall the definition
of (Ti) in (3.101).

• Conditionally on GTi , let τi be the first time counted from Ti onwards that Ū1 meets a blue
mark and the two walks Ū1, Ū2 take different decisions. Then,

τi ≤ τ0→1
i ,

where the inequality is strict if the other endpoint of the blue mark is a black site.

• Conditionally on GTi+τ0→1
i

, dist
(
Ū1, Ū2

)
evolves as a Markov process with generator L

until it reaches 0. This gives us the excursion τ1→0
i .

Note that, by construction,

• τi is independent of GTi , and hence of (τj , τ
1→0
j )1≤j≤i−1.

• τ1→0
i is independent of GTi+τ0→1

i
and hence of (τj , τ

1→0
j )1≤j≤i−1.

• For any i, τi ∼ exp(2L2).

• For any i, τ1→0
i is the time of an excursion of a Markov process with generator L starting

at state 1 until reaching state 0.

Hence (τi, τ
1→0
i )i≥1 are i.i.d., and they have the same distribution as the (τ̃0→1

i , τ̃1→0
i )i≥1. This

finishes our proof.

Now we prove Lemma 3.46. We will need the following results.

Lemma 3.49 (Fast transition in good environment). There exist constants β, β′ > 0 such that

min
z /∈BAD,u∈z

Pz,u,u

[
τ0→1

1 <
β′ log2 L

L2

]
≥ β.
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Proof of Lemma 3.46. Let z ∈ BAD, u ∈ z arbitrary. Let β, β′ be as in Lemma 3.49. Then

Ez,u,u

[
(τ0→1

1 ∧ t) × 1{Z̄s /∈BAD, ∀s∈[0,t]}
]

≤
⌊tL2/(β′ log2 L)⌋∑

i=0
Ez,u,u

τ0→1
1 × 1{Z̄s /∈BAD, ∀s∈[0,t]}1

{
iβ′ log2 L

L2 ≤τ0→1
1 <

(i+ 1)β′ log2 L

L2

}


+ Ez,u,u

[
t× 1{Z̄s /∈BAD, ∀s∈[0,t]}1{τ0→1

1 >t}
]

≤


⌊tL2/(β′ log2 L)⌋∑

i=0

(i+ 1)β′ log2 L

L2 Ez,u,u

1{Z̄s /∈BAD, ∀s∈[0,t]}1
{
iβ′ log2 L

L2 ≤τ0→1
1

}



+ tEz,u,u

[
1{Z̄s /∈BAD, ∀s∈[0,t]}1{τ0→1

1 >⌊tL2/(β′ log2 L)⌋(β′ log2 L)/(L2)}
]

≤

⌊tL2/(β′ log2 L)⌋∑
i=0

(i+ 1)β′ log2 L

L2 (1 − β)i

+ t(1 − β)⌊tL2/(β′ log2 L)⌋

= O
(
log2 L/L2

)
.

Now we prove Lemma 3.49. We recall the following classical result about the hitting time of
a simple random walk.

Lemma 3.50 (Hitting time of a symmetric simple random walk). Let U be a simple random
walk on Z where edges have conductance 1. Let τ := inf {t ≥ 0 : U(t) = 0} be the hitting time of
the site 0. Then there exists a constant β > 0 such that

max
u∈Z

Pu

[
τ ≤ 2|u|2

]
> β. (3.118)

In dimension 2, with similar notations and assumptions, there exists a constant β > such that

max
u∈Z2

Pu

[
τ ≤ 2 ∥u∥3

]
> β.

This lemma can be proved by a classical hitting time estimate for non-negative supermartin-
gale. For completeness, we include the proof for dimension 2 in Appendix.

Proof of Lemma 3.49. First, consider the case where one of the neighbors of u, say u + 1, is
blue. Then there is a probability bounded away from 0 that a blue mark appears on edge
(u, u + 1) before time 1/L2 and before any blue or black mark appears on edges (u + 1, u + 2)
and (u−1, u). When this happens, with probability 1/2, the two walks Ū1, Ū2 can make different
decisions. Therefore, τ0→1

1 < 1/L2 with a probability greater than some constant β4 > 0.
Now we come back to the general case. Since z /∈ BAD, there exists a blue site u′ at a

distance at most 2β2 logL from u. Let U3 be the walk starting at u′, which behaves like U1 (see
paragraph "the perturbation position") when it meets the marks.
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Let β1 be a constant that we will choose later. The number of Glauber marks appearing

in the interval
[
0, β1 log2 L

L2

]
is a Poisson variable with average λβ1 log2 L

L
. Hence, for L large

enough,

P
[
no Glauber mark appears in

[
0, β1 log2 L

L2

]]
≥ 1/2.

Conditionally on this event, U3 and Ū1 evolve as two independent random walks on ΛL in[
0, β1 log2 L

L2

]
, until they are at distance 1 from each other. Let

τ := inf
{
t ≥ 0|dist

(
U3(t), Ū1(t)

)
= 1

}
.

Note that U3 − Ū1 is a simple random walk on ΛL where edges have conductance 2L2 until it
reaches 1 or −1. So for β as in Lemma 3.50, there exists a constant β1 such that

P
[
τ <

β1 log2 L

L2

∣∣∣∣∣no Glauber mark appears in
[
0, β1 log2 L

L2

]]
≥ β.

Hence,

P
[
τ <

β1 log2 L

L2 , no Glauber mark appears in
[
0, β1 log2 L

L2

]]
≥ β/2.

By the strong Markov property at time τ and the first case, we can deduce that

P
[
τ0→1

1 ≤ τ + 1/L2, τ <
β1 log2 L

L2 , no Glauber mark appears in
[
0, β1 log2 L

L2

]]
≥ β4β/2.

This finishes our proof.

Remark 14. In dimension d = 2, there is a similar version of Lemma 3.49. This time, the proof
involves the 2-dimensional version of Lemma 3.50, so in the statement of the result, we replace
log2 L by log3 L. We see that, with the same notations as in the proof above, U3 and Ū1 still
evolve as two independent walks until they are at a distance 1 from each other or until U3 is
killed when a Glauber mark appears. The number of Glauber marks appearing in the time

interval
[
0, β1 log3 L

L2

]
is O

(
log3 L

)
. Each time there is a ring among the Glauber clocks, the

chance that the mark appearing kills U3 is O
(
1/L2). So the chance that U3 is killed in the time

interval
[
0, β1 log3 L

L2

]
is O

(
log3 L

L2

)
= o(1). So if initially, dist

(
U3, Ū1

)
= O (logL), then U3

can still meet Ū1 in time interval
[
0, β1 log3 L

L2

]
with a chance bounded away from 0. The proof

is then adapted accordingly.

It remains to prove Lemma 3.47. It is not hard to prove the result if we replace (Ũ1, Ũ2)
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•0 •1 •2 • • •
L

2
− 1

•
L/2

4L2 2L2 2L2 2L2 2L2

2L2 2L2 2L2 2L2 4L2

Figure 3.5: Transition rate of dist
(
Ǔ1, Ǔ2

)
when L is even.

with two independent SRWs. We will prove the results for two independent SRWs and use a
comparison argument to transfer the result back to the pair (Ũ1, Ũ2).

Let Ǔ1 be a SRW starting from 0 on ΛL, where every edge has conductance L2. Let Ǔ2 be
an independent copy of Ǔ1. Let (τ̌0→1

i , τ̌1→0
i , Ťi)i≥1 be defined as in (3.101), (3.102), (3.103)

when we replace (Ū1, Ū2) by (Ǔ1, Ǔ2). For two real random variables ζ1, ζ2, we write ζ1
d
≤ ζ2 if

ζ2 dominates stochastically ζ1. We will need the following results.

Lemma 3.51.

τ̌1→0
1

d
≤ τ̃1→0

1 , (3.119)

τ̌0→1
1

d
≤ τ̃0→1

1 . (3.120)

Lemma 3.52.
∞∑

i=1
P
[
Ťi < 1

]
= O (L) . (3.121)

Now we prove Lemma 3.47.

Proof of Lemma 3.47. In this proof, E0 [·] means the expectation taken with respect to the law
of the process dist

(
Ũ1, Ũ2

)
starting from 0. We have

E [Υ] =
∑
i≥1

E
[
1{T̃i<1} × τ̌0→1

i

]
=
∑
i≥1

E
[
1{T̃i<1} × E0

[
τ̃0→1

1

]]
=
∑
i≥1

1
2L2P

[
T̃i < 1

]
,

where we have used the Markov property for the process dist
(
Ũ1, Ũ2

)
in the second equality,

and the formula of the generator of dist
(
Ũ1, Ũ2

)
in the third equality. Note that, by Lemma
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3.51, Ťi

d
≤ T̃i, ∀i ≥ 1. Therefore,

∑
i≥1

1
2L2P

[
T̃i < 1

]
≤ 1

2L2

∑
i≥1

P
[
Ťi < 1

]
= 1

2L2 O (L)

= O (L) .

This finishes our proof.

It remains to prove Lemma 3.51 and Lemma 3.52. We first prove Lemma 3.51.

Proof of Lemma 3.51. See Figure 3.4 and 3.5 for intuition. A direct application of Lemma 3.48
shows that dist

(
Ǔ1, Ǔ2

)
is a Markov process with transition rates as in Figure 3.5. Then we see

that

τ̃0→1
1 ∼ exp(2L2),
τ̌0→1

1 ∼ exp(4L2).

This proves (3.120). Now let τ2→1 be the (random) time it takes for dist
(
Ũ1, Ũ2

)
to reach state

1 from state 2. By Figure 3.4 and Figure 3.5, it is also the time it takes for dist
(
Ǔ1, Ǔ2

)
to reach

state 1 from state 2. Let (ζi)i≥1, (τ2→1
i )i≥1, and (ξi)i≥1 be three independent sequences of i.i.d.

random variables such that

• (ζi)i≥1 is a sequence of i.i.d. exp(L2).

• (τ2→1
i )i≥1 is a sequence of independent copies of τ2→1.

• (ξi)i≥1 is a sequence of i.i.d. Bernoulli random variables with parameter 2/3.

Then we see that

τ̃1→0
1

d= ζ1
3 + ξ1τ

2→1
1 + ξ1

ζ2
3 + ξ1ξ2τ

2→1
2 + . . .

=
∞∑

i=1

ζi

3

i−1∏
j=1

ξi

+

τ2→1
i

i∏
j=1

ξi

 .
This is because to go to state 0 from state 1, first, we need to jump out of state 1, which takes a
time exp(3L2). Then, with probability 1/3, we succeed to jump to state 0, and with probability
2/3, we jump to state 2. Then we have to come back to state 1 and try again. Similarly, let
(ξ′

i)i≥1 be a sequence of i.i.d. Bernoulli random variables with parameter 1/2, independent of
(ζi)i≥1 and (τ2→1

i )i≥1. Then

τ̌1→0
1

d=
∞∑

i=1

ζi

4

i−1∏
j=1

ξ′
i

+

τ2→1
i

i∏
j=1

ξ′
i

 .
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Since ξ′
i

d
≤ ξi, we conclude that τ̌1→0

1
d
≤ τ̃1→0

1 , which finishes our proof.

Finally, we show Lemma 3.52. We will need the following classical result about anticoncen-
tration of SRW on the lattice.

Lemma 3.53 (Local limit theorem). Let Ǔ be a SRW on ΛL starting from 0, where every edge
has conductance L2. Then,

max
u∈ΛL

P0
[
Ǔ(t) = u

]
= O

( 1
L

( 1√
t

+ 1
))

.

Proof of Lemma 3.52. Let us define

Υ̌ :=
∑
i≥1

1{Ťi<1} × τ̌0→1
i .

We see that

Υ̌ −
∫ 1

0
1{dist(Ǔ1(s),Ǔ2(s))=0}ds

= 1{dist(Ǔ1(1),Ǔ2(1))=0} ×
(
inf
{
t ≥ 1|dist

(
Ǔ1(t), Ǔ2(t)

)
= 1

}
− 1

)
Taking the expectation and using the Markov property at time 1, we get

E
[
Υ̌ −

∫ 1

0
1{dist(Ǔ1(s),Ǔ2(s))=0}ds

]
= P

[
dist

(
Ǔ1(1), Ǔ2(1)

)
= 0

]
E
[
τ̌0→1

1

]
≤ 1 × 1

4L2

= 1
4L2 .

Note that 1{dist(Ǔ1(s),Ǔ2(s))=0} = 1{Ǔ1(s)−Ǔ2(s)=0}, and note also that (Ǔ1(s) − Ǔ2(s))s≥0 is a
SRW on the lattice, where edges have conductance 2L2. Hence by Lemma 3.53,

P
[
Ǔ1(s) − Ǔ2(s) = 0

]
= O

( 1
L

( 1√
s

+ 1
))

.

Therefore,

E
[
Υ̌
]

≤ 1
4L2 + E

[∫ 1

0
1{dist(Ǔ1(s),Ǔ2(s))=0}ds

]
= 1

4L2 +
∫ 1

0
P
[
Ǔ1(s) − Ǔ2(s) = 0

]
ds

= 1
4L2 + O

(∫ 1

0

1
L

( 1√
s

+ 1
)

ds
)

= O
( 1
L

)
.
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On the other hand,

E
[
Υ̌
]

=
∑
i≥1

P
[
Ťi < 1

]
× 1

4L2 .

The two equations above imply that

∑
i≥1

P
[
Ťi < 1

]
= O (L) ,

which finishes our proof.
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Appendix

In this appendix, we prove Lemma 3.24 and Lemma 3.50. First, we prove Lemma 3.24. We will
need the following result.

Lemma 3.54 (Anticoncentration of SRW, integral form). Let Ǔ1, Ǔ2 be two i.i.d. SRWs on
Λd

L where edges have conductance L2. Let θ be a strictly positive number and ζ ∼ exp(θ),
independent of (Ǔ1, Ǔ2). Then, for any k ∈ Z+,

max
u1,u2∈Λd

L

Pu1,u2

[
dist

(
Ǔ1(ζ), Ǔ2(ζ)

)
≤ k

]
=


Oθ,k(1/L) if d = 1,

Oθ,k(logL/L2) if d = 2,

Oθ,k(1/L2) if d ≥ 3.

For u1, u2 ∈ ΛL, we write u1 ⪯ u2 if dist (u1, 0) ≤ dist (u2, 0). In higher dimensions, for
u1, u2 ∈ Λd

L, we write u1 ⪯ u2 if there exists a permutation σ of [d] such that ∀i ∈ [d], u1(i) ⪯
u2(σ(i)). We will also need the following result.

Lemma 3.55 (Distance between 2 walks in an IP (2)). Consider the lattice Λd
L where every

edge has conductance L2. Let (U1,U2) be an IP(2) and (Ǔ1, Ǔ2) be a pair of independent SRWs
on Λd

L. There is a Markovian coupling of (U1,U2) and (Ǔ1, Ǔ2) such that if the initial condition
(u1, u2, ǔ1, ǔ2) satisfies (ǔ2 − ǔ1) ⪯ (u2 − u1), then almost surely,

∀t ≥ 0, (Ǔ2(t) − Ǔ1(t)) ⪯ (U2(t) − U1(t)),

and in particular,

dist
(
Ǔ2(t), Ǔ1(t)

)
≤ dist (U2(t),U1(t)) .

Clearly, Lemma 3.54 and Lemma 3.55 together imply Lemma 3.24.

Proof of Lemma 3.24. Let u1, u2 ∈ ΛL. Consider the coupling of the IP(2) (U1,U2) and a pair
of independent SRWs (Ǔ1, Ǔ2), both starting from u1, u2, independent of ζ, that satisfies Lemma
3.55. Then, by Lemma 3.55,

P [dist (U1(ζ),U2(ζ)) ≤ k] ≤ P
[
dist

(
Ǔ1(ζ), Ǔ2(ζ)

)
≤ k

]
.

This and Lemma 3.54 lead to what we want.

Lemma 3.54 is just the integral form of Lemma 3.53.

Proof of Lemma 3.54. We denote by Ǔ1(t, i) the i-th coordinate of Ǔ1(t), and similarly for Ǔ2.
We see that (Ǔ1(·, i) − Ǔ2(·, i))1≤i≤d are d independent SRWs on ΛL, where every edge has
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conductance 2L2. Hence, for any t ≥ 0,

P [dist (U1(t),U2(t)) ≤ k] ≤
d∏

i=1
P
[(

Ǔ1(t, i) − Ǔ2(t, i)
)

∈ {−k, . . . , k}
]

≤
d∏

i=1

(
(2k + 1) max

u∈ΛL

P
[
Ǔ1(t, i) − Ǔ2(t, i) = u

])
= Ok

( 1
Ld

( 1
td/2 + 1

))
.

Note that

P
[
dist

(
Ǔ1(ζ), Ǔ2(ζ)

)
≤ k

]
=
∫ ∞

0
P
[
dist

(
Ǔ1(t), Ǔ2(t)

)
≤ k

]
θe−θtdt.

We split the integral above into three intervals [0, 1/L2], [1/L2, 1], [1,∞). First, we estimate the
integral on [0, 1/L2]:

∫ 1/L2

0
P
[
dist

(
Ǔ1(t), Ǔ2(t)

)
≤ k

]
θe−θtdt

≤
∫ 1/L2

0
θe−θtdt

≤ θ/L2.

Now we estimate the integral on [1,∞):∫ ∞

1
P
[
dist

(
Ǔ1(t), Ǔ2(t)

)
≤ k

]
θe−θtdt

= Ok

(∫ ∞

1

1
Ld

( 1
td/2 + 1

)
θe−θtdt

)
= Ok

( 1
Ld

∫ ∞

1
θe−θtdt

)
= Ok

( 1
Ld

)
.

114



Appendix

Finally, we estimate the integral on [1/L2, 1]:
∫ 1

1/L2
P
[
dist

(
Ǔ1(t), Ǔ2(t)

)
≤ k

]
θe−θtdt

= Ok

(∫ 1

1/L2

1
Ld

( 1
td/2 + 1

)
θe−θtdt

)

= Ok

(
θ

Ld

∫ 1

1/L2

1
td/2 dt

)

=



Ok

(
θ

L

(
2
√
t
∣∣∣1
1/L2

))
= Ok

(
θ

L

)
if d = 1,

Ok

(
θ

L2

(
log t

∣∣∣1
1/L2

))
= Ok

(
θ logL
L2

)
if d = 2,

Ok

 θ

Ld

 t1−d/2

1 − d/2

∣∣∣∣∣
1

1/L2

 = Ok

(
θ

L2

)
if d ≥ 3.

The estimates above lead to what we want.

Now we prove Lemma 3.55.

Proof of Lemma 3.55. The intuition is simple: an IP(2) evolves exactly like 2 independent SRWs
when the two particles are not next to each other. The distance between 2 walks in IP(2) is
forbidden to jump to 0, while the distance between two independent SRWs can. This makes
the distance between 2 particles in IP (2) always bigger than that of 2 independent SRWs in
distribution.

More formally, note that Y := (U1 − U2) and Ỹ := (Ǔ1 − Ǔ2) are also Markov processes. We
only have to construct a coupling of Y and Ỹ .

Let L (resp. L̃) be the generator of Y (resp Ỹ ). Let e1, . . . , ed be the unit vectors in Λd
L.

Then

L̃(u, u′) =

2L2 if u′ = u± ei for some i ∈ [d],

0 if not,

and

L(u, u′) =


2L2 if u′ = u± ei for some i ∈ [d] and u′ ̸= 0,

L2 if (u, u′) ∈ {(±ei,∓ei)|i ∈ [d]},

0 if not,

To construct the coupling kernel Lcoupling, we only need to construct the jump rates from
each configuration (u, ǔ) such that u ⪯ ǔ. Without loss of generality, we can suppose that
dist (u(i), 0) ≤ dist (ǔ(i), 0) , ∀i ∈ [d]. The kernel is as follows. For any coordinate i,

• If dist (u(i), 0) < dist (ǔ(i), 0),

Lcoupling((u, ǔ), (u± ei, ǔ)) = Lcoupling((u, ǔ), (u, ǔ± ei)) = 2L2.
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• If dist (u(i), 0) = dist (ǔ(i), 0), then u(i) = ±ǔ(i), and therefore there exists ξ ∈ {−1, 1}
such that dist (u(i) ± 1, 0) = dist (ǔ(i) ± ξ, 0). Then

Lcoupling((u, ǔ), (u± ei, ǔ± ξei)) = 2L21{u±ei ̸=0}.

If u ∈ {±ei}, then we necessarily have ǔ ∈ {±ei}, and in this case,

Lcoupling((u, ǔ), (−u, ǔ)) = L2,

Lcoupling((u, ǔ), (u, 0)) = 2L2.

For any (u′, ǔ′) ̸= (u, ǔ) not listed in the cases above,

Lcoupling((u, ǔ), (u′, ǔ′)) = 0.

We can verify that this gives us a coupling kernel for (Y, Ỹ ) that preserves the relation ⪯. This
finishes our proof.

Now we prove Lemma 3.50.

Proof of Lemma 3.50. We only need to prove the result for ∥u∥ large enough. Let us consider a
random walk (U(t))t≥0 starting from u. Let k and K be two parameters such that k ≤ ∥u∥ ≤ K

that we will choose later. Let τk, τK be defined by

τk = inf {t ≥ 0 : ∥U(t)∥ ≤ k} ,

τK = inf {t ≥ 0 : ∥U(t)∥ ≥ K} .

Let a(·) be the potential kernel defined as in §4.4 in [57]. Note that a(·) is harmonic at every
point except 0, and moreover, by Theorem 4.4.4 in [57],

∀v ∈ Z2, a(v) = 2
π

log ∥v∥ + O (1) . (3.122)

Hence, (a(U(t∧τk ∧τK)))t≥0 is a bounded martingale. Note also that τk and τK are finite almost
surely, thanks to the recurrence of the simple random walk in dimension two. So, we can apply
the optional stopping theorem to conclude that

a(u) = E [a(U(τk ∧ τK))] .

Note that by (3.122), almost surely,

a(Uτk
) = 2

π
log k + O (1) ,

a(UτK ) = 2
π

logK + O (1) .
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Hence

a(u) = E
[
1{τk<τK}a(Uτk

)
]

+ E
[
1{τK<τk}a(UτK )

]
= P [τk < τK ] ×

( 2
π

log k + O (1)
)

+ P [τK < τk] ×
( 2
π

logK + O (1)
)
.

Therefore,

log ∥u∥ = P [τk < τK ] × (log k + O (1)) + (1 − P [τk < τK ]) × (logK + O (1)) .

So

P [τk < τK ] = logK − log ∥u∥ + O (1)
logK − log k + O (1) .

We choose k = 2 and K = ∥u∥5/4. Then

P [τk < τK ] =
log ∥u∥

4 + O (1)
5 log ∥u∥

4 + O (1)
≳

1
5 , (3.123)

when ∥u∥ is large enough. Let U(t, 1) and U(t, 2) (resp. u(1), u(2)) be two coordinates of
U(t) (resp. u). By the anticoncentration inequality, see e.g. Proposition 2.4.4 in [57] for the
discrete-time version,

max
l∈Z

P [U(t, 2) − u(2) = l] = O
( 1√

t

)
.

Therefore, by an union bound, for t = ∥u∥3,

P [|U(t, 2) − u(2)| ≤ K] = O
(
K√
t

)
= O

(
∥u∥5/4

∥u∥3/2

)
= O

(
∥u∥−1/4

)
<

1
10 ,

when ∥u∥ is large enough. In this case,

P
[∥∥∥U(∥u∥3 , 2)

∥∥∥ ≤ K
]

≤ P [|U(t, 2) − u(2)| ≤ K] ≤ 1/10,

and therefore,

P
[
τK ≤ ∥u∥3

]
≥ P

[∥∥∥U(∥u∥3 , 2)
∥∥∥ > K

]
≥ 9

10 . (3.124)

The equations (3.123), (3.124) together imply that

P
[
τk ≤ ∥u∥3

]
≥ 9

10 + 1
5 − 1 = 1

10 .
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Therefore

Pu

[
τ ≤ 2 ∥u∥3

]
≥ Eu

[
1{τk≤∥u∥3}PU(τk)

[
τ < ∥u∥3

]]
Note that as k is a constant,

PU(τk)
[
τ < ∥u∥3

]
≥ min

{v:∥v∥≤k}
Pv

[
τ < ∥u∥3

]
= 1 + o(1)

when ∥u∥ → ∞. Therefore, when ∥u∥ is large enough,

Pu

[
τ ≤ 2 ∥u∥3

]
≥ β,

for certain constant β. This finishes our proof.
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Chapter 4
The mean-field Zero-Range process

In this chapter, we study the mean-field Zero-Range process where the potential
function r is increasing to infinity at sublinear speed, and the density of particles is
bounded. We determine the mixing times of the system and establish cutoff. We also
prove that the spectral gap is bounded away from zero and infinity. Our proof uses
the path coupling method of Bubley and Dyer and stochastic calculus. The results
presented here have been published in [97].
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Chapter 4. The Zero-Range process

1 Introduction

1.1 Model

The Zero-Range process, introduced by Spitzer, is a model of interacting particle systems in
continuous time. It describes the evolution of m ≥ 1 indistinguishable particles jumping ran-
domly across n ≥ 1 sites, where the speed of a particle only depends on the number of its
cooccupants (hence the name Zero-Range). More precisely, the interaction is represented by a
function r : {1, 2, . . . } → (0,∞), called the potential function, where r(k) is the rate at which a
site with k particles expels a particle. For convenience, we let r(0) = 0 (no jump from empty
sites). In this chapter, we focus on the mean-field version of the model, where a jumping particle
chooses its destination uniformly among all sites. More precisely, we consider a continuous-time
Markov chain X := (Xt)t≥0 = (Xt(1), Xt(2), . . . , Xt(n))t≥0 taking values in the state space

X :=
{
x ∈ Zn

+ :
n∑

i=1
x(i) = m

}
, (4.1)

whose Markov generator L acts on an observable φ : X → R as follows:

(Lφ)(x) = 1
n

∑
1≤i,j≤n

r(x(i))(φ(x− δi + δj) − φ(x)). (4.2)

Here (δi)1≤i≤n denotes the canonical basis of Zn
+. The generator L is irreducible and reversible

with respect to the following law:

π(x) ∝
n∏

i=1

x(i)∏
k=1

1
r(k) , (4.3)

with the convention that an empty product is 1. This implies that the process mixes. We recall
that the Dirichlet form associated with our process is defined by:

E(φ,ψ) := − ⟨φ,Lψ⟩π ,

where ⟨φ,ψ⟩π := ∑
x∈X

π(x)φ(x)ψ(x) denotes the usual inner-product in L2(X , π). Then the

Poincaré constant, denoted by λ∗, is defined by:

λ∗ := min
{E(φ,φ)

Var [φ]

}
,

where the minimum is taken over all non-constant observables, and Var [φ] denotes the variance
of φ under π. In our case, due to reversibility, λ∗ coincides with the spectral gap defined in
(1.2):

λ∗ = gap.

We favor the term Poincaré constant in this chapter because sometimes we discuss Poincaré
constants of non-reversible models. The purpose of the present chapter is to estimate λ∗ and
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1. Introduction

tmix(x; ϵ), under certain assumptions on r(·).

Previous works. To the best of our knowledge, the total-variation mixing times of the Zero-
Range process have only been studied in a few cases: the case where r is constant in [50], [51],
[75], the case where r is non-decreasing and bounded in [40], and the somehow-trivial case of
independent walkers where r is linear. Regarding the Poincaré constant, a notable result is given
in [77], where Morris determines the order of magnitude of λ∗ in the case where r is constant.
Another result is obtained by Caputo in [12] for the case where r is homogeneously Lipschitz
and increasing at infinity, i.e.

sup
k≥1

|r(k + 1) − r(k)| < ∞, (4.4)

inf
k−l≥δ

r(k) − r(l) > 0, (4.5)

for some δ ∈ Z+, where he proves that the Poincaré constant is bounded away from zero. In
[39], Salez and Hermon prove a comparison principle that allows us to compare the Poincaré
constant of many models with that of the mean-field model. We will use this principle below.

1.2 Main results

We consider the "intermediate" regime where the function r is non-decreasing and unbounded
but grows slower than a linear function. More precisely, throughout the chapter, we assume
that r satisfies:

r(k + 1) ≥ r(k), ∀k ∈ Z+, (4.6)
lim

k→∞
r(k) = ∞, (4.7)

sup
k∈Z+

r(k)
k

< ∞. (4.8)

We study the regime where the number of sites diverges while the density of particles per site
remains bounded. More precisely, we always suppose that m = m(n) and x = x(n), and all
asymptotic statements refer to the regime:

n → ∞,
m

n
≤ ρ, (4.9)

where ρ is a positive constant. To lighten the notation, we keep the dependency upon n implicit
as much as possible. By a dimension-free constant, we mean a number that depends only on
r and ρ. Recall that our notation O (·) (resp. Ω(·), Θ(·), o(·)) means being upper bounded by
(resp. lower bounded by, upper and lower bounded by, negligible compared to) the quantity
inside the brackets up to a dimension-free prefactor. We define a function R : {1, 2, . . . } → R
as follows:

∀k ∈ Z+, R(k) =
k∑

i=1

1
r(i) . (4.10)
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Chapter 4. The Zero-Range process

Under condition (4.8), we easily see that

lim
k→∞

R(k) = ∞. (4.11)

Our main result says that R(∥x∥∞) is a good estimate for tmix(x; ϵ).

Theorem 4.1 (Main result). For ϵ ∈ (0, 1) fixed, for any initial state x,

tmix(x; ϵ) ≤ (1 + o(1))R(∥x∥∞) + O (logn) . (4.12)

In addition, if the initial state x = x(n) satisfies
∥∥∥x(n)

∥∥∥
∞

−−−→
n→∞

∞, then

tmix(x; ϵ) ≥ (1 − o(1))R(∥x∥∞).

Maximizing over all initial states x, we obtain the following corollary.

Corollary 4.2 (Cutoff). Suppose additionally that R(m) ≫ logn. Then for ϵ ∈ (0, 1) fixed,

tmix(ϵ)
R(m) = 1 + o(1). (4.13)

In other words, the system exhibits cutoff at time R(m).

The class of functions r that satisfy conditions (4.6), (4.7), (4.8) is quite large. A natural
example is when r is of the form r(k) = kα, ∀k ∈ Z+, for some α ∈ (0, 1). In this case,

R(k) = (1 + o(1)) k
1−α

1 − α
, as k → ∞,

by the Stolz-Cesàro Theorem. Thereupon, a direct application of our result gives the following.

Example 4.3. Suppose that r(k) = kα, ∀k ∈ Z, for some α ∈ (0, 1), and suppose that m ≫

(logn)1/(1−α). Then the system exhibits cutoff at time m1−α

1 − α
.

Cutoff for the Zero-Range process was obtained in [75] for the case r(k) = 1 and more
generally in [40] for the case where r is non-decreasing and bounded. Our work complements
these results by investigating the case where r → ∞. We also prove that the Poincaré constant
is bounded away from zero and infinity:

Theorem 4.4 (Poincaré constant). λ∗ = Θ(1).

Thanks to the comparisons in the paper [39] of Hermon and Salez, we can extend this
result to the more general case where a jumping particle chooses its destination according to a
doubly stochastic matrix P rather than uniformly among all sites (for example, take P to be the
transition matrix of random walk on a regular graph). More precisely, let P be an irreducible
doubly stochastic transition matrix on [n] := {1, 2, . . . , n}, and let LP be the generator on X
that acts on an observable φ : X → R by:

(LPφ)(x) =
∑

1≤i,j≤n

r(x(i))P (i, j)(φ(x− δi + δj) − φ(x)).

122



2. The lower bound

Similarly, we can define the Poincaré constants λ∗(P ) and λ∗(LP ) of P and LP via their asso-
ciated Dirichlet forms and their stationary laws. Then we have the following.

Corollary 4.5 (Poincaré constant in arbitrary geometry). λ∗(LP ) = Θ(λ∗(P )).

We give an example where we can compute λ∗(P ) explicitly to obtain an explicit estimate
on λ∗(LP ).

Example 4.6 (Poincaré constant of torus model). Let P be the transition matrix of the simple
random walk on the lattice Zd/pZd, for some p, d ∈ Z+. Then λ∗(LP ) = Θ(1/(dp2)), as pd → ∞.

The calculation of λ∗(P ) is deferred to the end of the chapter.

Heuristics. If we ignore arrivals and only consider departures of particles, then R(∥x∥∞) is
exactly the expectation of the time it takes for the initially highest site to be emptied. In the true
system, due to the conditions imposed on r, the arrival rate at each site is uniformly bounded.
Consequently, R(∥x∥∞) remains a good approximation for the emptying time. For the lower
bound, we prove that before time R(∥x∥∞), the initially highest site still has too many particles,
and hence the system has not yet reached equilibrium. For the upper bound, we will see that
at time t = (1 + o(1))R(∥x∥∞) + O (logn), ∥Xt∥∞ = O (logn). Afterwards, the system quickly
reaches equilibrium.

2 The lower bound

2.1 Preliminaries

We will use the following two graphical constructions of the process X.

Graphical construction 1. Let Ξ be a Poisson point process of intensity 1
n

dt⊗ du⊗ Card ⊗
Card on [0,∞) × [0,∞) × [n] × [n], where Card denotes the counting measure. Define the piece-
wise constant process X = (Xt)t≥0 taking values in X as follows: X0 = x, and for each point
(t, u, i, j) of Ξ,

Xt :=

Xt− − δi + δj , if u ≤ r(Xt−(i))

Xt− otherwise.
(4.14)

Then X is a càdlàg Markov process starting from x with generator L.

Graphical construction 2. Let Ψ be a Poisson point process of intensity dt ⊗ du ⊗ Card
on [0,∞) × [0,∞) × [n]. Consider the piece-wise constant process X = (Xt)t≥0 which starts at
X0 = x and has the following jumps: for each point (t, u, j) of Ψ,

Xt :=


Xt− − δi + δj , if 1

n

i−1∑
k=1

r (Xt−(k)) < u ≤ 1
n

i∑
k=1

r(Xt−(k)),

for some i ∈ [n],

Xt− otherwise.

(4.15)
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Chapter 4. The Zero-Range process

Then X is also a Markov process starting from x with generator L. We can view the Poisson
process in Graphical Construction 2 as the repartition of the Poisson process in Graphical
Construction 1 according to the destination of the jumps.

Filtration. We always note (Ft)t≥0 the filtration generated by the Poisson processes in the
graphical construction we are using, where Ft is the σ − algebra generated by these processes
up to time t. It is immediate that the process X is adapted to the filtration and has càdlàg
trajectories.

Mean-field jump rate. At any time t, as the model is mean-field, the arrival rate at each
site is the same. We denote this quantity by ζt:

ζt := 1
n

n∑
j=1

r(Xt(j)).

Condition (4.8) implies that

ζt ≤

 1
n

n∑
j=1

Xt(j)

 sup
k∈Z+

r(k)
k

≤ ρ sup
k∈Z+

r(k)
k

=: κ. (4.16)

Hence, the number of particles arriving at each site is stochastically dominated by a Poisson
process of dimension-free intensity κ.

Martingale associated with an observable. For any observable φ : X → R, under Px, the
process M = (Mt)t≥0 given by

Mt := φ(Xt) − φ(x) −
∫ t

0
Lφ(Xu)du (4.17)

is a zero-mean martingale, see e.g Theorem 3.32 in [62]. Let φ1, φ2 be two observables, and let
M (1), M (2) be the associated martingales. Then the predictable covariation of M (1) and M (2) is
given by

〈
M (1),M (2)

〉
t

=
∫ t

0

∑
y∈X

L(Xu, y) (φ1(y) − φ1(Xu)) (φ2(y) − φ2(Xu)) du. (4.18)

We recall a lemma on the concentration of martingales with jumps (see [35]):

Lemma 4.7 (Concentration of martingale). Let (Mt)t≥0 be a zero-mean càdlàg martingale w.r.t
a filtration that satisfies the usual conditions. Suppose that M0 = 0 and Mt −Mt− ≤ K for all
t > 0 and some 0 ≤ K < ∞. Then for each a > 0, b > 0,

P
[
∃t ≥ 0 : Mt ≥ a, ⟨M,M⟩t ≤ b2

]
≤ exp

[
− a2

2(aK + b2)

]
. (4.19)

124



2. The lower bound

Gain/loss at a site. We will need the following quantities:

1. For i ∈ [n], let Gi(t) be the counting process that counts the number of particles arriving
at site i up to time t. We call Gi the gain at site i.

2. Let Li(t) be the counting process that counts the number of particles jumping out of site
i up to time t. We call Li the loss at site i.

Obviously,
Xt(i) = X0(i) +Gi(t) − Li(t).

2.2 Elementary concentration inequalities

We list here some useful inequalities, whose proofs are simple applications of Chernoff’s bound
(see, e.g. [9] for more details on Chernoff’s bound).

Lemma 4.8 (Poisson concentration). Let Z be a Poisson variable. Then for any B > 1,

P [Z ≥ BEZ] ≤ e−(1+B ln B−B)EZ .

Lemma 4.9 (Concentration of sum of independent exponential variables). Let λ1, . . . , λk be
positive numbers, and let ξ1, . . . , ξk be independent random variables such that ξi ∼ exp(λi), ∀1 ≤
i ≤ k. Let

S :=
k∑

i=1
ξi.

For B > 0 arbitrary, we have the following inequalities:

P
[
S − ES ≤ −

√
Var [S]B

]
≤ e−B2/4, (4.20)

and
P
[
S − ES ≥ λVar [S] + B

λ

]
≤ e−B/2, (4.21)

where λ = min
1≤i≤k

{λi}.

2.3 Proof of the lower bound

In this subsection, we prove the lower bound on tmix(x; ϵ) in Theorem 4.1. First, we analyze the
law of a single site at equilibrium. We still denote by X∞ a random variable following the law
π.

Proposition 4.10 (Single site marginals at equilibrium). There exists a dimension-free constant
q > 0 such that

∀k ∈ Z+,
P [X∞(1) = k]

P [X∞(1) = k − 1] <
q

r(k) .

Proof. Let x be an arbitrary configuration in X such that x(1) ≥ 1. Thanks to (4.9), the number
of sites that have at least 2ρ particles is at most n2 , and hence the number of sites that have less
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Chapter 4. The Zero-Range process

than 2ρ particles is at least n2 . For any l ∈ [n] \ {1} such that x(l) < 2ρ, thanks to (4.6),

π(x)
π(x− δ1 + δl)

= r(x(l) + 1)
r(x(1)) ≤ r(⌈2ρ⌉)

r(x(1)) .

Taking average over all sites l such that x(l) < 2ρ, we obtain

π(x) ≤ r(⌈2ρ⌉)
r(x(1))

2
n

∑
l ̸=1

x(l)<2ρ

π(x− δ1 + δl)

≤ r(⌈2ρ⌉)
r(x(1))

2
n

∑
l ̸=1

π(x− δ1 + δl).

Now we take the sum over all x such that x(1) = k to get:

P [X∞(1) = k] ≤ r(⌈2ρ⌉)
r(k)

2
n

∑
x(1)=k

∑
l ̸=1

π(x− δ1 + δl)

= r(⌈2ρ⌉)
r(k)

2
n

∑
l ̸=1

∑
x(1)=k

π(x− δ1 + δl)

= r(⌈2ρ⌉)
r(k)

2
n

∑
l ̸=1

∑
z(1)=k−1,

z(l)≥1

π(z) (change of variable: z = x− δ1 + δl)

≤ r(⌈2ρ⌉)
r(k)

2
n

∑
l ̸=1

∑
z(1)=k−1

π(z)

=r(⌈2ρ⌉)
r(k)

2
n

∑
l ̸=1

P [X∞(1) = k − 1]

≤ r(⌈2ρ⌉)
r(k)

2n
n
P [X∞(1) = k − 1]

= q

r(k)P [X∞(1) = k − 1] ,

where q = 2r(⌈2ρ⌉).

Now we study the effect of arrivals at a particular site. Recall that Li denotes the loss at
site i, as defined at the end of subsection 2.1.

Lemma 4.11 (Effect of arrivals). Let x be an arbitrary initial configuration. For i ∈ [n] and
h ∈ Z+ such that x(i) ≥ h, there exist independent variables Uk ∼ exp

(
n− 1
n

r(k)
)
, h ≥ k ≥ 1,

such that for any 0 ≤ k ≤ h− 1,

1. Tk := Uh + Uh−1 + · · · + Uh−k is a stopping time,

2. almost surely, Li(Tk) ≥ k + 1 ,

3. almost surely, Xt(i) ≥ h− k, ∀t ∈ [0, Tk).
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2. The lower bound

The intuition is as follows: if we ignore arrivals and consider only departures at site i, then
Tk is the time to have k+ 1 particles depart from i. Arrivals, on the one hand, slow down a site
from being emptied, but on the other hand, accelerate the rate of expelling and hence increase
the loss. So the inequalities at points 2 and 3 follow.

Proof. We use the graphical construction 1. We first prove for the case k = 0. Let Uh be defined
by

Uh = inf
{
t ≥ 0 : Ξ

(
[0, t] × [0, r(h)] × {i} × ([n] \ {i})

)
> 0

}
.

It is clear that Uh is a stopping time and Uh ∼ exp
(
n− 1
n

r(h)
)

. Moreover, by definition of Uh,

Ξ
(
[0, Uh) × [0, r(h)] × {i} × ([n] \ {i})

)
= 0,

so before time Uh, X(i) cannot fall from h to h− 1. In other words, ∀t ∈ [0, Uh), Xt(i) ≥ h. In
particular, XUh−(i) ≥ h, so there should be a jump from site i to [n] \ {i} at Uh. Consequently,
Li(Uh) ≥ 1 and XUh

(i) = XUh−(i) − 1 ≥ h− 1, almost surely, which finishes the case k = 0.
Now we define Uk inductively by:

Uk = inf
{
t ≥ 0 : Ξ

(
(Th−k−1, Th−k−1 + t] × [0, r(k)] × {i} × ([n] \ {i})

)
> 0

}
,

where Th−k−1 = Uh + Uh−1 + · · · + Uk+1. The variables (Uk)h≥k≥1 are independent by the
stationary and independent increments of Poisson processes. In addition,

Uk ∼ exp
(
n− 1
n

r(k)
)
.

The claim is simply obtained by induction and by the strong Markov property.

Useful variables. Lemma 4.11 allows us to compare certain random times with the random
variables (Sk)k≥1 defined by

Sk =
k∑

i=1
ξi, (4.22)

where (ξi)i≥1 is a sequence of independent random variables such that ξi ∼ exp(r(i)), ∀i ∈ Z+.

Obviously, E [Sk] =
k∑

i=1

1
r(i) = R(k), Var [Sk] =

k∑
i=1

1
r(i)2 . Due to (4.6), (4.7), (4.8), the functions

r,R diverge, so we easily see that

lim
k→∞

Var [Sk]
ESk

= 0. (4.23)

Lemma 4.11 makes precise the fact that arrivals can only slow down a site from being emptied,
while Proposition 4.10 together with condition (4.7) say that at equilibrium, the typical height
of a site cannot be very large. This leads to the lower bound on tmix(x; ϵ) in Theorem 4.1:

Proof of the lower bound in Theorem 4.1. Let δ ∈ (0, 1) be fixed, and let x ∈ X be arbitrary.

127



Chapter 4. The Zero-Range process

We only need to prove that for ∥x∥∞ sufficiently large,

tmix(x; ϵ)
R(∥x∥∞) > 1 − δ. (4.24)

Without loss of generality, suppose that site 1 is originally the highest, i.e. ∥x∥∞ = x(1). Our
distinguishing statistic is φ : x 7→ x(1). We know that for any A ⊂ X ,

dtv (Px [Xt ∈ ·] , π) ≥ Px [Xt ∈ A] − π(A).

We choose
A = {y ∈ X : y(1) ≥ k},

where
k = sup

{
l ∈ Z+ : |R(l)| ≤ δ

2R(∥x∥∞)
}
.

We only need to show that π(A) = o(1), and for t = (1 − δ)R(x(1)), Px [Xt ∈ A] = 1 − o(1).
Thanks to (4.11), ∥x∥∞ ≫ 1 ensures that R(∥x∥∞) ≫ 1 and hence k ≫ 1, so by Proposition 4.10
and (4.7), P [X∞ ∈ A] = o(1). On the other hand, we apply Lemma 4.11 with i = 1, h = x(1)
to conclude that there exists a stopping time

Tx(1)−k−1
(d)= n

n− 1(Sx(1) − Sk),

where the sequence (Si)i≥1 is defined in (4.22), such that Xt(1) ≥ k+ 1, ∀t ∈ [0, Tx(1)−k−1). We
define Sk,x(1) = Sx(1) − Sk, for any k < x(1). Then

Px

[
X(1−δ)R(x(1)) ∈ A

]
≥ Px

[
Tx(1)−k−1 > (1 − δ)R(x(1))

]
≥ P

[
Sk,x(1) > (1 − δ)R(x(1))

]
= 1 − P

[
Sk,x(1) ≤ (1 − δ)R(x(1))

]
.

Moreover, R(k) ≤ δ

2R(x(1)) by definition of k, and hence E
[
Sk,x(1)

]
= R(x(1)) − R(k) ≥

(1 − δ/2)R(x(1)). So by the concentration inequality (4.20),

P
[
Sk,x(1) ≤ (1 − δ)R(x(1))

]
≤ P

[
Sk,x(1) − ESk,x(1) ≤ −δ

2R(x(1))
]

≤ exp
(

−1
4 · δ

2

4 R(x(1))2Var
[
Sk,x(1)

]−1
)

≤ exp
(

− δ2

16R(x(1))Var
[
Sx(1)

]−1
)
.

= o(1),

where in the third inequality we have used the fact that Var
[
Sx(1)

]
> Var

[
Sk,x(1)

]
, and in the

last equality we have used (4.23) and the fact that x(1) = ∥x∥∞
n→∞−−−→ ∞. Hence Px [Xt ∈ A] =
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1 − o(1), which finishes our proof.

3 The upper bound

We will prove the following statements:

Proposition 4.12 (Dissolution). There exist dimension-free constants σ, α1 such that for any
δ ∈ (0, 1) fixed, for any x ∈ X , for any t ≥ (1 + δ)R(∥x∥∞) + σ logn,

Px [∥Xt∥∞ ≥ α1 logn] = O
(
n−2

)
.

Proposition 4.13 (Quick convergence to equilibrium). Let α1 be defined as in Proposition
4.12. Then there exists a dimension-free constant α so that for any configuration x such that
∥x∥∞ ≤ α1 logn,

dtv (Px [Xα log n ∈ ·] , π) = O
(
n−2

)
.

First we see how these propositions lead to the upper bound on tmix(x; ϵ) in Theorem 4.1:

Proof of the upper bound in Theorem 4.1: Let σ, α1, α be defined as in Proposition 4.12 and
Proposition 4.13. Let x be an arbitrary configuration; let t1 = (1 + δ)R(∥x∥∞) + σ logn, for
some δ, t2 = α logn, and t = t1 + t2. We only need to prove that for arbitrary δ ∈ (0, 1) fixed,
for n large enough, for any x ∈ X ,

tmix(x; ϵ) ≤ t.

By the convexity of the total variation distance,

dtv (Px [Xt ∈ ·] , π) ≤
∑
y∈X

Px [Xt1 = y] dtv (Py [Xt2 ∈ ·] , π)

≤ Px [∥Xt1∥∞ ≥ α1 logn] + max
∥y∥∞≤α1 log n

dtv (Py [Xt2 ∈ ·] , π) ,

which is O
(
n−2) by Proposition 4.12 and Proposition 4.13, hence smaller than ϵ when n is large

enough.

The structure of the rest of this section is as follows. In Subsection 3.1, we prove Proposition
4.12 and provide some analysis on the trajectory of the system which will be used in the proof
of Proposition 4.13. In Subsection 3.2, we prove Proposition 4.13 by the path coupling method
of Bubley and Dyer.

3.1 Dissolution

Recall that Gi denotes the gain at site i, as defined at the end of subsection 2.1. First we give
an estimate on Gi at the predicted time.
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Lemma 4.14 (Estimating the gain at a site). For any dimension-free constant d, there exists
a dimension-free constant c0 such that for t = (1 + δ/4)(R(∥x∥∞) + d logn), for any δ ∈ (0, 1)
fixed,

Px [Gi(t) ≥ c0(R(∥x∥∞) ∨ logn)] = O
(
n−5

)
. (4.25)

Proof. We use the graphical construction 2. Since ζt < κ at all time (see (4.16)), Gi is simply
dominated by the Poisson process Ψ

∣∣
·×[0,κ]×{i}. Consequently, at time t = (1 + δ/4)(R(∥x∥∞) +

d logn), Gi(t) is stochastically dominated by a random variable Y , with

Y ∼ Poisson
(
κ(1 + δ/4)(R(∥x∥∞) + d logn)

)
.

Then the result is simply obtained by Lemma 4.8, for c0 large enough.

For any site i, Lemma 4.11 says that arrivals can only accelerate the loss Li, while Lemma
4.14 gives us a (random) upper bound on Gi. They together lead to the following proposition:

Proposition 4.15 (First phase dissolution). Let d = 7
r(1) , and let c0 be defined as in Lemma

4.14. Then for any x ∈ X , for any δ ∈ (0, 1) fixed, for t = (1 + δ/4)(R(∥x∥∞) + d logn),

Px [∥Xt∥∞ ≤ c0(R(∥x∥∞) ∨ logn)] = 1 − O
(
n−2

)
. (4.26)

Proof. Let i ∈ [n]. We apply Lemma 4.11 with h = x(i) to conclude that there exists a
stopping time Tx(i)−1

(d)= n

n− 1Sx(i) such that Li(Tx(i)−1) ≥ x(i). Note that Sx(i) is dominated
stochastically by S∥x∥∞

, hence by using (4.21), we deduce that

P
[
Tx(i)−1 ≥ n

n− 1

(
E
[
S∥x∥∞

]
+ r(1)Var

[
S∥x∥∞

]
+ 6 logn

r(1)

)]
= P

[
Sx(i) ≥

(
E
[
S∥x∥∞

]
+ r(1)Var

[
S∥x∥∞

]
+ 6 logn

r(1)

)]
≤ P

[
S∥x∥∞

≥
(
E
[
S∥x∥∞

]
+ r(1)Var

[
S∥x∥∞

]
+ 6 logn

r(1)

)]
≤ n−3.

Note that Var
[
S∥x∥∞

]
= o(R(∥x∥∞) ∨ logn) by (4.23), and hence

n

n− 1

(
E
[
S∥x∥∞

]
+ r(1)Var

[
S∥x∥∞

]
+ 6 logn

r(1)

)
< t,

when n is large enough. Consequently, for n large enough,

Px [Li(t) < x(i)] ≤ Px

[
Tx(i)−1 > t

]
≤ n−3.

We take a union bound of this and the event in (4.25) over all sites to conclude that

P [∃i, Gi(t) ≥ c0(R(∥x∥∞) ∨ logn)] + P [∃i, Li(t) < x(i)] = O
(
n−2

)
.
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The claim follows.

We now recall a simple version of Gronwall’s lemma that we will use a lot:

Lemma 4.16 (Gronwall’s lemma). Let α, β be some positive numbers. Let u : [0,∞) → R+ be
a continuously differentiable function such that d

dt
u(t) ≤ −βu(t) + α. Then

u(t) < α

β
+
(
u(0) − α

β

)
e−βt.

In particular, if t ≥ log u(0)
β

, then u(t) < α

β
+ 1.

For θ a positive number, and for i ∈ [n], we define the observable φθ
i : X → R by

φθ
i (x) = eθx(i), (4.27)

and we define the observable φθ by

φθ(x) = 1
n

n∑
i=1

φθ
i (x).

Lemma 4.17 (Estimate on Lφθ). For any dimension-free constants θ, β > 0, there exists a
number L = L(θ, β) such that, for any configuration x,

Lφθ(x) ≤ −βφθ(x)1{φθ(x)>L} + (eθ − 1)κφθ(x)1{φθ(x)≤L}. (4.28)

In particular,

Lφθ(x) ≤ −βφθ(x) + ((eθ − 1)κ+ β)L. (4.29)

Proof. For simplicity, we write φ instead of φθ and φi instead of φθ
i . It is not difficult to see

that

Lφi(x)
φi(x) = eθ − 1

n

∑
j∈[n]\{i}

r(x(j)) − 1 − e−θ

n

∑
j∈[n]\{i}

r(x(i))

= eθ − 1
n

∑
j∈[n]

r(x(j)) −
(

(1 − e−θ)n− 1
n

+ eθ − 1
n

)
r(x(i)).

Hence, by (4.16),

Lφi(x) ≤ (eθ − 1)κφi(x) − (1 − e−θ)φi(x)r(x(i)).
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Taking the average over all sites i we get

Lφ(x) ≤ (eθ − 1)κφ(x) − (1 − e−θ)
∑

i∈[n] r(x(i))φi(x)
n

.

The claim follows when φ(x) ≤ L. It remains to consider the case φ(x) > L. For any c ∈ Z+,
r(x(i))φi(x) ≥ r(c)(φi(x) − eθc) due to the monotonicity of r, hence

∑
i∈[n]

r(x(i))φi(x) ≥ r(c)
∑
i∈[n]

(φi(x) − eθc)

≥ r(c)(nφ(x) − neθc).

Consequently,

Lφ(x) ≤ (eθ − 1)κφ(x) − (1 − e−θ)r(c)(φ(x) − eθc).

Let L = L(c) = 2eθc. If φ(x) > L, then φ(x) − eθc >
φ(x)

2 , which implies:

Lφ(x) ≤ (eθ − 1)κφ(x) − (1 − e−θ)r(c)φ(x)
2 . (4.30)

We can take c large enough to make the right-hand side of the inequality above smaller than
−βφ(x), which finishes the proof of (4.28). (4.29) is obtained by rewriting (4.28) as follows,

Lφ(x) ≤ −βφ(x)(1 − 1{φ(x)≤L}) + (eθ − 1)κφ(x)1{φ(x)≤L}

= −βφ(x) + ((eθ − 1)κ+ β)φ(x)1{φ(x)≤L}

≤ −βφ(x) + ((eθ − 1)κ+ β)L,

which is what we want.

A good estimate on Lφθ will guarantee the good behavior of the trajectories of X, as stated
in the following proposition.

Proposition 4.18 (Dissolution). Let θ, β > 0 be some dimension-free constants. Then for any
x ∈ X , for any t ≥ θ

β
∥x∥∞,

Px

[
∥Xt∥∞ ≥ 6

θ
logn

]
= O

(
n−5

)
. (4.31)

Proof. We still write φ instead of φθ, for simplicity. Let L = L(θ, β) be defined as in Lemma
4.17. Let u(t) = Ex [φ(Xt)]. By (4.17),

d

dt
u(t) = Ex [Lφ(Xt)] .
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This and (4.29) imply:

d

dt
u(t) ≤ −βu(t) + ((eθ − 1)κ+ β)L.

Therefore, by Lemma 4.16,

u(t) ≤ ((eθ − 1)κ+ β)L
β

+ u(0)e−βt.

Hence for t ≥ θ

β
∥x∥∞, u(t) ≤ ((eθ − 1)κ+ β)L

β
+ 1. Note that eθ∥x∥∞ ≤ nφ(x), hence

E
[
eθ∥Xt∥∞

]
≤ nu(t). Then the claim is a simple consequence of Chernoff’s bound.

We now prove Proposition 4.12:

Proof of Proposition 4.12. We fix δ ∈ (0, 1). Let c0 be defined as in Lemma 4.14. Let θ1 > 0
be fixed, and let β1 be such that θ1c0

β1
≤ δ

2. Let L1 = L(θ1, β1) as in Lemma 4.17. Let

t1 = (1+δ/4)(R(∥x∥∞)+d logn), t2 = δ

2(R(∥x∥∞)∨ logn). By definition of β1 and Proposition
4.15,

Px

[
θ1 ∥Xt1∥∞

β1
≤ t2

]
= 1 − O

(
n−2

)
.

By Markov property at time t1 and inequality (4.31) , we conclude that for any t ≥ t1 + t2,

Px

[
∥Xt∥∞ ≥ 6

θ1
logn

]
= O

(
n−2

)
.

We choose α1 = 6
θ1

and σ = 5
4d+ 1

2 to conclude the proof.

The estimate on Lφθ in Lemma 4.17 also ensures that the system quickly reaches the set
where φθ is small.

Proposition 4.19 (Exponential moment of hitting time). Let θ, β > 0 be some dimension-free
constants, and let L = L(θ, β) be defined as in Lemma 4.17. Let T be the hitting time of the set
{x ∈ X : φθ(x) ≤ L}. Then for any x ∈ X ,

Ex

[
eβT

]
≤ eθφθ(x)/L. (4.32)

Proof. We write φ instead of φθ. The idea is that if φ is large, then the drift Lφ is negative,
and its magnitude is of the same order as φ. Hence the system will quickly reach the set where
φ is small, which will be made precise by stochastic calculus. Consider the function F : R2 → R
defined by F (u, v) = uv, which is twice continuously differentiable. By (4.17),

φ(Xt) = φ(X0) +
∫ t

0
Lφ(Xu)du+Mt,

133



Chapter 4. The Zero-Range process

where (Mt)t≥0 is a martingale. Moreover, φ(X) is a pure-jump process since X is piece-wise
constant. For a càdlàg process Y , we denote by ∆Y its jumps: ∆Y (s) = Y (s)−Y (s−). We define
G(t) = F (eβt, φ(Xt)). Note that the function t 7→ eβt has bounded variation. Consequently,
applying Itô’s formula (for example, see Theorem 33 in chapter 2 of [83]) to the function F and
the semi-martingales t 7→ φ(Xt) and t 7→ eβt, we get:

G(t) =φ(X0) +
∫ t

0
eβuLφ(Xu)du+

∫ t

0
eβudMu +

∫ t

0
φ(Xu)βeβudu

+
∑

0≤s≤t

[
∆G(s) − ∂F

∂v

(
eβs−, φ(Xs−)

)
· ∆φ(Xs)

]
.

(4.33)

On the other hand, as ∂F
∂v

(u, v) = u and the function t 7→ eβt is continuous,

∆G(s) = eβsφ(Xs) − eβsφ(Xs−)
= eβs∆φ(Xs)

= ∂F

∂v

(
eβs−, φ(Xs−)

)
· ∆φ(Xs).

Hence the last term in the right-hand side of (4.33) is zero. Moreover, the term
∫ t

0 e
βudMu is a

martingale. Applying the formula at time t ∧ T , we get:

eβ(t∧T )φ(Xt∧T )

= φ(X0) +
t∧T∫
0

eβu
(
Lφ(Xu) + βφ(Xu)

)
du+

t∧T∫
0

eβudMu.
(4.34)

By Lemma 4.17, Lφ(Xu) + βφ(Xu) ≤ 0 when u < T . It follows that
(
eβ(t∧T )φ(Xt∧T )

)
t≥0

is a
supermartingale. Thus,

Ex

[
eβ(t∧T )φ(Xt∧T )

]
≤ φ(x). (4.35)

Clearly, if x ∈ arg minφ, then Lφ(x) ≥ 0, and hence by (4.28), φ(x) ≤ L. In particular,
{φ ≤ L} ≠ ∅, so T < ∞ a.s. as the process is irreducible. In (4.35), letting t → ∞ and using
Fatou’s lemma, we obtain

Ex

[
eβTφ(XT )

]
≤ φ(x).

It is easy to see that φ(XT ) ≥ φ(XT −)/eθ ≥ Le−θ, which leads to our claim.

The next lemma says that if we start from a configuration x such that ∥x∥∞ = O (logn),
then this remains true for a long time.

Lemma 4.20 (Stability of trajectories). Let α1 be defined as in Proposition 4.12. There is a
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dimension-free constant α2 such that

sup
∥x∥∞≤α1 log n

Px

[
∃t ∈ [0, (logn)2], ∥Xt∥∞ > α2 logn

]
= O

(
n−3

)
. (4.36)

Proof. Suppose that ∥x∥∞ ≤ α1 logn. Let θ1 = 6
α1

, and let β1 be a constant, and let t =
θ1
β1
α1 logn ≥ θ1

β1
∥x∥∞. Then by (4.31),

Px [∥Xt∥∞ > α1 logn] = O
(
n−5

)
.

Moreover, by Lemma 4.8, for a dimension-free constant α′
2 large enough,

P
[
Gi(t) ≥ α′

2 logn
]

= O
(
n−5

)
.

Taking a union bound, we deduce that

Px
[
{∥Xt∥∞ > α1 logn} ∪ {∃i : Gi(t) ≥ α′

2 logn}
]

= O
(
n−4

)
.

This implies

Px

[
∥Xt∥∞ ≤ α1 logn, sup

s∈[0,t]
∥Xs∥∞ ≤ (α1 + α′

2) logn
]

≥ 1 − O
(
n−4

)
.

The inequality remains true when we take the supremum over all x such that ∥x∥∞ ≤ α1 logn.
Iterating, and using the Markov property, we deduce that, for any k ∈ Z+,

Px

[
∥Xkt∥∞ ≤ α1 logn, sup

s∈[0,kt]
∥Xs∥∞ ≤ (α1 + α′

2) logn
]

≥ (1 − O
(
n−4

)
)k

≥ 1 − O
(
kn−4

)
.

We finish the proof simply by taking k =
⌊
(logn)2⌋, and α2 = α1 + α′

2.

In the next proposition, we prove that the bound on ∥X∥∞ above leads to a strong bound
on φθ(X) for some θ > 0.

Proposition 4.21 (Strong concentration of trajectories). Let θ2, β2 be two positive dimension-
free constants and L2 = L(θ2, β2) as in Lemma 4.17. Let T be the hitting time of the set
{φθ2 ≤ L2}. Let α1 be defined as in Proposition 4.12. Then, provided that θ2 is small enough,
for any x such that ∥x∥∞ ≤ α1 logn,

Px

[
sup

s∈[T,(log n)2]
φθ2(Xs) > L2 + 4

]
= O

(
n−3

)
. (4.37)

We will need the following lemma:
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Lemma 4.22 (Martingale estimate). Let α1 be defined as in Proposition 4.12. Let θ2 be a
positive dimension-free constant. Suppose that ∥x∥∞ ≤ α1 logn. Let (Mt)t≥0 be defined by

Mt = φθ2(Xt) − φθ2(X0) −
∫ t

0
Lφθ2(Xu)du,

which is a martingale according to (4.17). Then, for θ2 small enough,

Px

[
sup

s∈[0,(log n)2]
|Ms| ≥ 1

]
= O

(
n−3

)
.

For simplicity, in the proofs of Lemma 4.22 and Proposition 4.21, we still write φ instead of
φθ2 and φi instead of φθ2

i . First we see how Lemma 4.22 leads to Proposition 4.21:

Proof of Proposition 4.21. Let θ2 and M be as in Lemma 4.22. We will prove that{
sup

s∈[T,(log n)2]
φ(Xs) > L2 + 4

}
⊂

{
sup

s∈[0,(log n)2]
|Ms| ≥ 1

}⋃ {
T ≥ (logn)2},

and then we show that the probabilities of the events on the right-hand side are O
(
n−3). By

contrapositivity, suppose that for a realization of X which is càdlàg almost surely, we have
sup

s∈[0,(log n)2]
|Ms| < 1 and T < (logn)2. We prove that

sup
s∈[T,(log n)2]

φ(Xs) ≤ L2 + 4.

For h ∈ [T, (logn)2] arbitrary, let sh = sup{s ∈ [0, h] : φ(Xs−) ≤ L2}. Note that for any
s ∈ [0, (logn)2],

|∆φ(Xs)| = |∆Ms| ≤ 2 sup
s∈[0,(log n)2]

|Ms| ≤ 2.

Moreover, by definition of sh, φ(Xsh−) ≤ L2, and hence φ(Xsh
) ≤ L2 + ∆φ(Xsh

) ≤ L2 + 2.
Also by definition of sh, φ(Xu) > L2 when sh ≤ u < h, and hence Lφ(Xu) < 0 by Lemma 4.17.
Consequently,

φ(Xh) = φ(Xsh
) −Msh

+Mh +
∫ h

sh

Lφ(Xu)du ≤ L2 + 4, (4.38)

which proves the inclusion. Besides, Proposition 4.19 gives us Px
[
T ≥ (logn)2] = O

(
n−3) by

Chernoff’s bound. Combining this and Lemma 4.22, we deduce the claim.

Now we prove Lemma 4.22:

Proof of Lemma 4.22. We will provide good control on ∆M and ⟨M,M⟩, and afterward we use
Lemma 4.7. By (4.17), the process (M (i)

t )t≥0 defined by

M
(i)
t = φi(Xt) − φi(X0) −

∫ t

0
Lφi(Xu)du
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is a zero-mean martingale. It is clear that M is the average of M (i):

Mt = 1
n

n∑
i=1

M
(i)
t .

Due to the conservation of the number of particles, the martingales (M (i))i∈[n] have negative
covariations. More precisely, according to (4.18), we have

d
〈
M (i),M (j)

〉
t

=
∑

1≤k,l≤n

r(Xt(k))
n

(
φi(Xt − δk + δl) − φi(Xt)

)
×

×
(
φj(Xt − δk + δl) − φj(Xt)

)
.

Note that when i ̸= j, (φi(x− δk + δl) − φi(x)) (φj(x− δk + δl) − φj(x)) is negative if {k, l} =
{i, j} and is zero otherwise. Hence

〈
M (i),M (j)

〉
t

≤ 0, ∀i ̸= j. Consequently, for all t positive,

⟨M,M⟩t ≤ 1
n2

n∑
i=1

〈
M (i),M (i)

〉
t
.

Let α2 be defined as in Lemma 4.20, and let U be the exit time from {∥·∥∞ ≤ α2 logn}. Note
that, almost surely, for any u ≥ 0, ∆Mu = 0 or there exist k, l ∈ [n] such that

∆Mu = φ(Xu − δk + δl) − φ(Xu) = 1
n

(eθ2 − 1)(eθ2Xu−(l) − eθ2(Xu−(k)−1)).

In either case, before time U , almost surely,

|∆Mu| ≤ 1
n

(eθ2 − 1)eθ2∥Xu−∥∞ ≤ (eθ2 − 1)nθ2α2−1.

Similarly,
|φi(x− δk + δl) − φi(x)| ≤ (eθ2 − 1)eθ2∥x∥∞(1{k=i} ∨ 1{l=i}).

Hence for any u < U ,

|φi(x− δk + δl) − φi(x)|2 ≤ (eθ2 − 1)2n2θ2α2(1{k=i} ∨ 1{l=i}).

For any i ∈ [n], let M (i),U be the martingale M (i) stopped at time U , i.e. ,

∀t ≥ 0, M (i),U
t := M

(i)
t∧U .

Similarly, let MU be the martingale M stopped at time U . We have

〈
M (i),U ,M (i),U

〉
t

=
∫ t∧U

0

∑
1≤k,l≤n

r(Xu(k))
n

(φi(Xu − δk + δl) − φi(Xu))2 du.
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Then, by dividing the double sum to the sum where k = i or l = i or k ̸= i ̸= l, we get

〈
M (i),U ,M (i),U

〉
t

≤
∫ t∧U

0
(r(Xu(i)) + ζu(eθ2 − 1)2n2θ2α2du,

where we recall that ζu is the mean-field jump rate. Taking the sum over i ∈ [n], we get

〈
MU ,MU

〉
t

≤ 1
n2

∫ t∧U

0
2nζu n

2θ2α2(eθ2 − 1)2du

≤ 1
n2

∫ t∧U

0
2nκn2θ2α2(eθ2 − 1)2du

= O
(
tn2θ2α2−1

)
,

where we have used (4.16) in the second inequality. Now for θ2 small enough, 2θ2α2 −1 < −1/2,
which implies ∆Mu = O (1/

√
n) and

〈
MU ,MU

〉
t

= O (1/
√
n) if u < U and t = (logn)2.

Then we apply Lemma 4.7 to the martingale (MU∧(log n)2

t )t≥0 := (MU∧(log n)2∧t)t≥0, with a = 1,
K = b2 = O (1/

√
n), to obtain

Px

[
sup
s≥0

MU∧(log n)2
s ≥ 1

]
≤ e−Ω(

√
n).

Using the same argument for −M , and taking a union bound, we deduce that

Px

[
sup
s≥0

∣∣∣MU∧(log n)2
s

∣∣∣ ≥ 1
]

≤ 2e−Ω(
√

n).

Taking a union bound with the event in Lemma 4.20, we get

Px

[
∃s ∈ [0, (logn)2] : |Ms| ≥ 1

]
≤ Px

[
sup
s≥0

∣∣∣MU∧(log n)2
s

∣∣∣ ≥ 1
]

+ Px

[
U ≤ (logn)2

]
= O

(
n−3

)
,

which finishes our proof.

3.2 Path coupling via tagged particles

For k ∈ Z+, define
∆r(k) := r(k + 1) − r(k) ≥ 0. (4.39)

Let Θ be a Poisson point process of intensity 1
n

dt⊗ du⊗ Card on R+ × R+ × [n], independent
of the Poisson processes used in the graphical construction of X. For a site i ∈ [n], define an
[n]- valued process I = (It)t≥0 by setting I0 = i and for each (t, u, k) in Θ,

It :=

k if u ≤ ∆r(Xt−(I))

It− otherwise,
(4.40)
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where Xt(I) := Xt(It). This definition means that conditionally on X, the process I will jump
with the time-varying rate ∆(Xt(I)), and the destination is uniformly chosen among all sites. A
simple but important observation is that (Xt +δIt)t≥0 has the same distribution as a Zero-Range
process starting at x+ δi. We call I a tagged particle, and we stress here that the construction
of I relies strictly on condition (4.6). For another site j, similarly, we can construct a second
tagged particle J starting from J0 = j using the same process Θ. Thus we have a coupling
(Xt + δIt , Xt + δJt)t≥0 of two Zero-Range processes starting at x+ δi and x+ δj respectively. We
call the particles of X non-tagged particles. We denote by Px,i,j the law of the process (X, I, J)
starting from (x, i, j) and Ex,i,j the expectation taken w.r.t Px,i,j . Let τ be the coalescence time
of I and J :

τ := inf{t ≥ 0 : It = Jt}. (4.41)

By the classical relation between dtv (·, ·) and coupling, we have:

dtv
(
Px+δi

[Xt ∈ ·] ,Px+δj
[Xt ∈ ·]

)
≤ Px,i,j [τ > t] . (4.42)

By construction, if the two tagged particles manage to jump at the same time, then coalescence
occurs. However, the jump rates of the tagged particles depend on their number of cooccupants,
which complicates our task. We will need to analyze carefully the trajectories of (X, I, J) to
obtain a good estimate on τ .

The inequality (4.42) gives us the estimate on the total variation distance of two processes
starting from two adjacent configurations. We can extend the comparison to two arbitrary con-
figurations by choosing a path between them and then using triangle inequality. This simple but
powerful idea, originally due to Bubley and Dyer in [11], is the strategy that we will implement.

Throughout this subsection, α1 will be as in Proposition 4.12, and θ2, β2, L2 will be as in
Proposition 4.21. Proposition 4.21 and (4.32) imply that starting from any configuration x such
that ∥x∥∞ ≤ α1 logn, the system will reach the set {φθ2 ≤ L2} quickly (in time O (logn)) and
then remains in {φθ2 ≤ L2 + 4} for a long time, namely Ω((logn)2). We will prove that if this
is the case, then the coalescence time τ is likely to be O (logn).

From now on, let Good := {φθ2 ≤ L2 + 4}. We say that a configuration x is good if x ∈ Good
and x is bad otherwise. We introduce the process (X∗, I∗) taking values in Good × [n] whose
infinitesimal generator L∗ acts on an observable φ : Good × [n] → R by:

L∗φ(x, i) =
∑
k,l

r(x(k))
n

(φ(x− δk + δl, i) − φ(x, i))1{x−δk+δl∈Good}+

+
n∑

j=1

∆r(x(i))
n

(φ(x, j) − φ(x, i)).
(4.43)

This definition means that X∗ is a Zero-Range process constrained to staying in Good, and I∗

jumps with a time-varying rate ∆r(X∗
t (I∗)) and chooses its destination uniformly among all

sites, where X∗
t (I∗) := X∗

t (I∗
t ), ∀t ≥ 0. We can use the same Poisson processes in the graphical

construction of (X, I) and (X∗, I∗) to obtain a coupling of them, and we can construct the second
tagged particle J∗ analogously. By their construction, if the processes (X, I, J) and (X∗, I∗, J∗)
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start from the same configuration (x, i, j), then they coincide up to the time when X turns bad.
For any θ > 0, we define the observable φθ

∗ : Good × [n] → R+ by

φθ
∗(x, i) := φθ

i (x) = eθx(i).

Lemma 4.23 (Exponential moment of the number of cooccupants). There exist dimension-free
constants c2 and K such that for any (x, i, j) ∈ Good × [n] × [n], when t ≥ c2(x(i) ∨ x(j)),

Ex,i,j

[
eθ2(X∗

t (I∗)∨(X∗
t (J∗))

]
≤ K. (4.44)

Proof. We will prove that there exist positive dimension-free constants a2, b2 such that

L∗φθ2
∗ (x, i) ≤ −a2φ

θ2
∗ (x, i) + b2, (4.45)

for any (x, i) ∈ Good × [n]. Let us see how (4.45) leads to the claim:
Let u(t) = Ex,i

[
φθ2

∗ (X∗
t , I

∗
t )
]
. Then

u′(t) = Ex,i

[
L∗φθ2

∗ (X∗
t , I

∗
t )
]

≤ −a2u(t) + b2.

Hence, by Lemma 4.16,
Ex,i

[
eθ2X∗

t (I∗)
]

≤ b2
a2

+ 1,

for any t ≥ θ2
a2
x(i). We take c2 = θ2

a2
, K = 2

(
b2
a2

+ 1
)

, so the claim follows from the inequality

eθ2(X∗
t (I∗)∨X∗

t (J∗)) ≤ eθ2X∗
t (J∗) + eθ2X∗

t (I∗).

It remains to prove (4.45). It is similar to Lemma 4.17 except now we have an extra term
corresponding to the jump of the tagged particle I, which is controlled by the fact that the
system is constrained to staying in Good. More precisely,

L∗φθ2
∗ (x, i) =

∑
k ̸=i

r(x(k))
n

(
eθ2 − 1

)
φθ2

∗ (x, i)1{x−δk+δi∈Good}

+
∑
k ̸=i

r(x(i))
n

(
e−θ2 − 1

)
φθ2

∗ (x, i)1{x−δi+δk∈Good}

+
n∑

j=1

∆r(x(i))
n

(φθ2
∗ (x, j) − φθ2

∗ (x, i)).

We will bound the three terms above to obtain an upper bound on L∗φθ2
∗ :

The first term: since 1
n

n∑
k=1

r(x(k)) ≤ κ by (4.16), hence,

∑
k ̸=i

r(x(k))
n

(
eθ2 − 1

)
φθ2

∗ (x, i)1{x−δk+δi∈Good} ≤ κ(eθ2 − 1)φθ2
∗ (x, i).
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The third term: it is negative when x(i) > 1
θ2

log(L2 + 4) since x ∈ Good, hence,

∆r(x(i))
(∑n

j=1 e
θ2x(j)

n
− eθ2x(i)

)
< max

k≤
1
θ2

log(L2+4)

∆r(k)(L2 + 4)=:c,

for some dimension-free constant c.
The second term: we first observe that there are at most n

N
sites l such that x(l) > Nρ, for

any constant N > 0, thanks to (4.9). On the other hand, if x(i) > Nρ and x(l) ≤ Nρ, then
φθ2(x − δi + δl) ≤ φθ2(x), so if x is good, then so is x − δi + δl. Consequently, as e−θ2 − 1 is
negative, we have

∑
k ̸=i

r(x(i))
n

(e−θ2 − 1)φθ2
∗ (x, i)1{x−δi+δk∈Good}

≤
∑
k ̸=i

r(x(i))
n

(e−θ2 − 1)φθ2
∗ (x, i)1{x−δi+δk∈Good}1{x(i)>Nρ}

≤
∑
k ̸=i

r(⌈Nρ⌉)
n

(e−θ2 − 1)φθ2
∗ (x, i)1{x(i)>Nρ}1{x(k)≤Nρ}

≤r(⌈Nρ⌉)(e−θ2 − 1)φθ2
∗ (x, i)1{x(i)>Nρ}(1 − 1/N)

=r(⌈Nρ⌉)(e−θ2 − 1)φθ2
∗ (x, i)(1 − 1/N)+

+ r(⌈Nρ⌉)(1 − e−θ2)φθ2
∗ (x, i)(1 − 1/N)1{x(i)≤Nρ}.

We sum the three inequalities, and afterwards we take

a2 = −κ(eθ2 − 1) + (1 − 1/N)r(⌈Nρ⌉)(1 − e−θ2)

and
b2 = c+ r(⌈Nρ⌉)eθ2Nρ.

We choose N large enough to make a2 > 0, which is what we needed.

We fix a constant c2 which satisfies Lemma 4.23. For any initial configuration (x, i, j) ∈
Good × [n] × [n], we define successively the stopping times (Tk)k≥1 as follows:

T1 = c2(x(i) ∨ x(j)) + 1 = c2(X∗
0 (I∗) ∨X∗

0 (J∗)) + 1,

Tk = Tk−1 + c2
(
X∗

Tk−1(I∗) ∨X∗
Tk−1(J∗)

)
+ 1.

(4.46)

Lemma 4.24 (Bound of τ by Tk). Let (Tk)k≥1 be defined as in (4.46). Then there exists a
dimension-free constant c3 such that for any (x, i, j) ∈ Good × [n] × [n], for any k ≥ 1,

Px,i,j

[
τ ≥ Tk;X

∣∣
[0,Tk] = X∗∣∣

[0,Tk]

]
≤ (1 − c3)k. (4.47)

Proof. We only need to prove for k = 1, then use induction and the strong Markov property.
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Chapter 4. The Zero-Range process

Let c2 be the constant used in the definition of (Tk)k≥1, and let K be the corresponding constant
in Lemma 4.23, and let t = c2(x(i) ∨ x(j)) = T1 − 1. By (4.44) and Chernoff’s bound,

Px,i,j [X∗
t (I∗) ∨X∗

t (J∗) ≥ a] ≤ K

eθ2a
,

for any a > 0. We choose a large enough to make the right-hand side less than 1/2. We will
prove that for any (x, i, j) ∈ Good×[n]×[n] such that x(i)∨x(j)<a, there exists a dimension-free
constant c > 0 such that

Px,i,j [τ < 1] > c. (4.48)

Assuming for the moment that we have (4.48), let us prove the lemma. It is not hard to see that

Px,i,j

[
τ > T1, X

∣∣
[0,T1] = X∗∣∣

[0,T1]

]
≤ Px,i,j [X∗

t (I∗) ∨X∗
t (J∗) ≥ a] + Px,i,j

[
X∗

t (I∗) ∨X∗
t (J∗) < a,X

∣∣
[0,t] = X∗∣∣

[0,t], τ>t+ 1
]

≤ Px,i,j [X∗
t (I∗) ∨X∗

t (J∗) ≥ a] + (1 − c)Px,i,j [X∗
t (I∗) ∨X∗

t (J∗) < a]
≤ 1 − cPx,i,j [X∗

t (I∗) ∨X∗
t (J∗) < a]

≤ 1 − c/2.

In the second inequality, we have used (4.48) and the Markov property at time t. We deduce
the claim simply by taking c3 = c/2. It remains to prove (4.48).

Suppose that x is good and x(i) ∨ x(j) < a. The scenario is that in a finite time, there is
no particle arriving at i and j, and the tagged particles wait for two sites i, j to be completely
emptied, and afterwards they jump at the same time. More precisely, we use the mixed graphical
construction for the process X as follows: let Ξ and Ψ be two independent Poisson processes
defined as in Graphical Construction 1 and Graphical Construction 2. Consider the process X
which starts from x and has the following jumps: for each (t, u, e) ∈ Ψ where e ∈ {i, j},

Xt :=


Xt− − δl + δe, if 1

n

l−1∑
k=1

r (Xt−(k)) < u ≤ 1
n

l∑
k=1

r(Xt−(k)),

for some l ∈ [n],

Xt− otherwise,

(4.49)

and for each (t, u, k, l) ∈ Ξ where l ∈ [n] \ {i, j},

Xt :=

Xt− − δk + δl, if r(Xt−(k)) ≥ u,

Xt− otherwise.
(4.50)

Then X is a Markov process with generator L on X . Here, we use Ψ to indicate the jumps to
two sites i, j and Ξ to indicate other jumps. Let

• A =
{

Ψ
(

[0, 1] × [0, κ] × {i, j}
)

= 0
}

,
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• Bi =
{

Ξ
(

[0, 1/2] × [0, r(1)] × {i} ×
(
[n] \ {i, j}

))
≥ a

}
,

• Bj =
{

Ξ
(

[0, 1/2] × [0, r(1)] × {j} ×
(
[n] \ {i, j}

))
≥ a

}
,

• C =
{

Θ
(

[0, 1/2] × [0,max
k≤a

∆r(k)] × [n]
)

= 0)
}

∩
{

Θ
(

[1/2, 1] × [0, r(1)] × [n]
)

≥ 1
}

.

In fact, A is the event that there is no non-tagged particle arriving at two sites i, j up to time
1. If A happens, then Bi and Bj ensure that all non-tagged particles of two sites i, j jump to
[n] \ {i, j} in [0, 1/2]. If A,Bi, Bj happen, then two sites i, j are empty in [1/2, 1], and event
C ensures that the two tagged particles stay at {i, j} in [0, 1/2] then jump at the same time
(hence coalescence) in [1/2, 1]. Moreover, the Poisson random variables used in the definitions
of these events are independent and have parameters Θ(1). We conclude that the events above
are independent and their probabilities are Θ(1). It follows that

Px,i,j [τ < 1] ≥ Px,i,j [A ∩Bi ∩Bj ∩ C] = Θ(1),

which finishes our proof.

Lemma 4.25 (Exponential moment of Tk). Let c2 and (Tk)k≥1 be as in (4.46), and let K be the
corresponding constant in Lemma 4.23. Let θ3 = θ2/c2. Then for any (x, i, j) ∈ Good× [n]× [n],
for any k ≥ 1,

Ex,i,j

[
eθ3Tk

]
≤ n(Keθ3)k(L2 + 4).

Proof. By convention, let T0 = 0. For any k ≥ 2, note that Tk−1 is FTk−2-measurable by its
definition. Conditionally on FTk−2 , we have

Ex,i,j

[
eθ3Tk

]
= Ex,i,j

[
Ex,i,j

[
eθ3Tk |FTk−2

]]
= Ex,i,j

[
eθ3(Tk−1+1)Ex,i,j

[
e

θ3c2(X∗
Tk−1

(I∗)∨X∗
Tk−1

(J∗)|FTk−2

]]
= Ex,i,j

[
eθ3(Tk−1+1)EX∗

Tk−2
,I∗

Tk−2
,J∗

Tk−2

[
eθ2(X∗

I (T1)∨X∗
J (T1))

]]
≤ Keθ3E

[
eθ3Tk−1

]
,

where the inequality is due to (4.44). Moreover,

Ex,i,j

[
eθ3T1

]
= Ex,i,j

[
eθ2(x(i)∨x(j))+θ3

]
≤ n(L2 + 4)eθ3 ,

where the last inequality is due to the fact that x ∈ Good. The claim is then obtained by
induction.

Corollary 4.26 (Quick coalescence while staying good). There exists a dimension-free constant
α3 such that for any (x, i, j) ∈ Good × [n] × [n],

Px,i,j [τ > α3 logn;Xt = X∗
t , ∀t ≤ α3 logn] = O

(
n−3

)
. (4.51)
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Proof. For any α3 > 0 and k ∈ Z+, the left-hand side is upper bounded by

Px,i,j [Tk > α3 logn] + Px,i,j

[
τ ≥ Tk;X

∣∣
[0,Tk] = X∗∣∣

[0,Tk]

]
≤ n(Keθ3)k(L2 + 4)n−θ3α3 + (1 − c3)k,

for some dimension-free constants K, θ3, c3, due to Lemma 4.24, Lemma 4.25, and Chernoff’s
bound. We choose k = O (logn) such that (1 − c3)k = O

(
n−3) and α3 large enough such that

(Keθ3)kn1−θ3α3 = O
(
n−3) to get what we wanted.

Now we can finally prove the quick coalescence for a configuration x such that ∥x∥∞ ≤
α1 logn.

Proposition 4.27 (Quick coalescence). Recall that α1 is fixed in this subsection. There exists
a dimension-free constant α such that for any x such that ∥x∥∞ ≤ α1 logn, for any i, j ∈ [n],

Px,i,j [τ ≥ α logn] = O
(
n−3

)
. (4.52)

Proof. Let α = α4 + α3, where α3 is as in Corollary 4.26, and α4 is a dimension-free constant
that we will choose later. Let T be the hitting time of the set {φθ2 ≤ L2}. The probability that
we want to estimate does not exceed the following sum:

Px [T ≥ α4 logn]

+ Px

[
sup

s∈[T,(log n)2]
φθ2(Xs) > L2 + 4

]

+ Px,i,j

[
T < α4 logn; sup

s∈[T ;(log n)2]
φθ2(Xs) ≤ L2 + 4; τ ≥ T + α3 logn

]
.

(4.53)

We simply prove that all the terms are O
(
n−3):

1. The first term: By (4.32) and Chernoff’s bound, it is upper bounded by O
(
nθ2α1−β2α4

)
,

which is O
(
n−3) when α4 is large enough.

2. The second term is O
(
n−3) by Proposition 4.21.

3. The last term: From the time T onward, we couple the processes (X, I, J) and
(X∗, I∗, J∗) starting from (XT , IT , JT ) by using the same Poisson processes for their
graphical constructions. We observe that up to time (logn)2, (X, I, J) and (X∗, I∗, J∗)
coincide. Therefore, this term is O

(
n−3) by the strong Markov property at time T and

(4.51), which finishes our proof.

Now we can prove Proposition 4.13.

Proof of Proposition 4.13. Let t = α logn, where α is as in Proposition 4.27. We say that two
configurations are adjacent if they differ only by one jump. (4.52) implies that for any x, y such
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that x, y are adjacent and ∥x∥∞ ∨∥y∥∞ ≤ α1 logn, dtv (Px [Xt ∈ ·] ,Py [Xt ∈ ·]) = O
(
n−3). Now

for x, y arbitrary such that ∥x∥∞ ∨ ∥y∥∞ ≤ α1 logn, we can always connect x and y by a path,
i.e. a sequence (ω0, ω1, . . . , ωk) in X such that ω0 = x, ωk = y, and ωl−1 is adjacent to ωl for
1 ≤ l ≤ k. Furthermore, we can pick one of the shortest paths to make sure that k ≤ m and

max
1≤l≤k

∥ωl∥∞ ≤ ∥x∥∞ ∨ ∥y∥∞ ≤ α1 logn.

Then by triangle inequality,

dtv (Px [Xt ∈ ·] ,Py [Xt ∈ ·]) ≤
k∑

u=1
dtv

(
Pωu−1 [Xt ∈ ·] ,Pωu [Xt ∈ ·]

)
≤ mO

(
n−3

)
= O

(
n−2

)
,

where the last equality is due to (4.9). By stationarity of π and convexity of dtv (·, ·),

dtv (Px [Xt ∈ ·] , π) ≤
∑
y∈X

π(y)dtv (Px [Xt ∈ ·] ,Py [Xt ∈ ·])

=
∑

{y:∥y∥∞>α1 log n}
π(y)dtv (Px [Xt ∈ ·] ,Py [Xt ∈ ·])

+
∑

{y:∥y∥∞≤α1 log n}
π(y)dtv (Px [Xt ∈ ·] ,Py [Xt ∈ ·])

≤ π(∥y∥∞ > α1 logn) + π(∥y∥∞ ≤ α1 logn)O
(
n−2

)
.

Moreover, by letting t → ∞ in Proposition 4.12, we obtain π(∥y∥∞ > α1 logn) = O
(
n−2).

Combining it with the above inequality, we deduce the claim.

4 The Poincaré constant

This section is devoted to proving Theorem 4.4 and Corollary 4.5. We first recall a classical
lemma for general Markov processes:

Lemma 4.28 (Lower bound on Poincaré constant). Let Ω be a finite state space, and let L be an
irreducible reversible Markov generator on Ω. Fix γ > 0, and suppose that for any (x, y) ∈ Ω×Ω
such that L(x, y) > 0, there exists a coupling Px,y of two processes with generator L starting
from x and y such that

Ex,y [eγτ ] < ∞,

where τ is the coalescence time of the two processes. Then λ∗(L) > γ.

Proof. Let A = max
x,y:L(x,y)>0

Ex,y [eγτ ]. Then for any x, y such that L(x, y) > 0,

dtv (Px [Xt ∈ ·] ,Py [Xt ∈ ·]) ≤ Px,y [τ > t] ≤ e−γtEx,y [eγτ ] ≤ Ae−γt.

Now for (x, y) ∈ Ω × Ω arbitrary, as L is irreducible, we can connect x and y by a path, i.e.
a sequence (ω0, ω1, . . . , ωk) in Ω such that ω0 = x, ωk = y, and L(ωl−1, ωl) > 0, for 1 ≤ l ≤ k.
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Picking one of the shortest paths ensures that k ≤ |Ω|. Hence by the triangle inequality,

dtv (Px [Xt ∈ ·] ,Py [Xt ∈ ·]) ≤
k∑

l=1
dtv

(
Pωl−1 [Xt ∈ ·] ,Pωl

[Xt ∈ ·]
)

≤ A|Ω|e−γt.

By stationarity of π and convexity of dtv (·, ·),

dtv (Px [Xt ∈ ·] , π) ≤
∑
y∈Ω

π(y)dtv (Px [Xt ∈ ·] ,Py [Xt ∈ ·]) ≤ A|Ω|e−γt.

We deduce that

−1
t

log max
x∈Ω

dtv (Px [Xt ∈ ·] , π) ≥ γ − 1
t
(logA+ log |Ω|).

The claim is obtained simply by letting t → ∞.

Thanks to Lemma 4.28, in order to prove λ∗ = Ω(1), we just need to prove the following:

Proposition 4.29 (Exponential moment of coalescence time). There exists a dimension-free
constant γ such that for all (x, i, j) ∈ X × [n] × [n], for the coupling of two Zero-Range processes
starting from x+ δi, x+ δj using tagged particles as described above,

Ex,i,j [eγτ ] < ∞. (4.54)

Proof. We only need to prove the result for big enough n. Let α1 be as in Proposition 4.12.
Let θ1 = 6/α1, β1 be a dimension-free constant, and L1 = L(θ1, β1) as in Lemma 4.17. Let
θ2 < θ1 be a constant that satisfies Proposition 4.21, and let L2 > L1 and Good be defined as
in subsection 3.2. Let T1 be the hitting time of the set {φθ1 ≤ L1}. (4.32) says that Ex

[
eβ1T1

]
is finite for all x ∈ X , so we only need to prove the result for x ∈ {φθ1 ≤ L1}. By abuse of
notation, we will note P∗(·) (resp. E∗(·)) for the maximum of Px,i,j(·) (resp. Ex,i,j(·)) taken over
all x such that φθ1(x) ≤ L1 and all (i, j) ∈ [n] × [n]. We will prove that there exists γ such that
E∗
[
eγ(τ∧k)

]
is bounded uniformly in k. Then the claim is proved simply by letting k tend to

infinity using the Monotone Convergence Theorem.
Let A = Good ∪ {y : ∃x ∈ Good, L(x, y) > 0}. Let Tbad be the exit time from Good, and let

T2 := Tbad ∧ α3 logn, where α3 is defined in Corollary 4.26. In fact, A is the set of all possible
values of X up to time Tbad, and in particular, XT2 ∈ A.By our definitions of the dimension free
constants, when n is large enough, {φθ1 ≤ L1} ⊂ {φθ2 ≤ L2}∩{∥·∥∞ ≤ α1 logn}. Consequently,
by Proposition 4.21 and Proposition 4.27,

P∗ [τ ≥ T2] = O
(
n−3

)
.

Note that T2 ≤ α3 logn, and hence E∗
[
eγ(τ∧k)1{τ<T2}

]
≤ eγα3 log n = nγα3 . We deduce that

E∗
[
eγ(τ∧k)

]
≤ nγα3 + E∗

[
eγ(τ∧k)1{τ≥T2}

]
.
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Conditionally on FT2 , by the strong Markov property, we have

E∗
[
eγ(τ∧k)1{τ≥T2}

]
≤ E∗

[
eγ(T2∧k)1{τ≥T2}EXT2

[
eγ(τ∧k)

]]
≤ nγα3P∗ [τ ≥ T2] max

y∈A
Ey

[
eγT1

]
E∗
[
eγ(τ∧k)

]
,

where in the last inequality we use the fact that XT2 ∈ A, almost surely. Putting things together,
we obtain

E∗
[
eγ(τ∧k)

]
≤ nγα3 + O

(
nγα3−3

)
max
y∈A

Ey

[
eγT1

]
E∗
[
eγ(τ∧k)

]
. (4.55)

Consequently,
E∗
[
eγ(τ∧k)

]
≤ nγα3

1 − O (nγα3−3) max
y∈A

Ey [eγT1 ] ,

provided that the denominator of the right-hand side is positive. Note that for y ∈ A, ∥y∥∞ =
O (logn), and hence φθ1(y) < np, for some dimension-free constant p. Then by (4.32) and
Jensen’s inequality, for all y ∈ A and γ < β1,

Ey

[
eγT1

]
≤ Ey

[
eβ1T1

]γ/β1 = O
(
nγp/β1

)
.

Then the denominator above is 1 − O
(
nγα3+γp/β1−3

)
, which is positive when γ is small enough.

This finishes our proof.

We now prove Theorem 4.4 and Corollary 4.5.

Proof of Theorem 4.4 and Corollary 4.5. In [39] (more precisely, in Corollary 3 and Lemma 13),
the authors prove that for P a doubly stochastic transition matrix on [n],

λ∗(L) ≤ λ∗(LP )
λ∗(P ) ≤ (1 − 1/n)E [r(X∞(1))]

Var [X∞(1)] .

Lemma 4.28 and Proposition 4.29 readily imply that λ∗(L) = Ω(1), and hence so is λ∗(LP )
λ∗(P ) . It

remains to prove that
E [r(X∞(1))]
Var [X∞(1)] = O (1) . (4.56)

We consider two cases: the case where the density is bounded away from zero : 1
2 ≤ E [X∞(1)] =

m

n
≤ ρ, and the case of low density: E [X∞(1)] = m

n
<

1
2.

In case the density is bounded away from zero, it is easy to deduce from Proposition 4.10
that E [r(X∞(1))] = Θ(1) and Var [X∞(1)] = Θ(1), and hence the claim.

In the case of low density, we have Var [X∞(1)] ≥ E [X∞(1)]−E [X∞(1)]2 and E [r(X∞(1))] ≤
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sup
k∈Z+

r(k)
k

E [X∞(1)]. We deduce that

E [r(X∞(1))]
Var [X∞(1)] ≤

sup
k∈Z+

r(k)
k

1 − E [X∞(1)] < 2 sup
k∈Z+

r(k)
k
,

which finishes the proof.

Finally, we compute the Poincaré constant of the transition matrix P in Example 4.6.

Proof of example 4.6. Let P1 be the transition matrix of the simple random walk on Z/pZ. It is
not hard to see that both P and P1 are reversible w.r.t the uniform measures on their domains.
Note that, for f1, . . . , fd some eigenfunctions of P1 with eigenvalues λ1, . . . , λd respectively, the
function f : (Z/pZ)d → R defined by

f(x(1), . . . , x(d)) =
d∏

i=1
fi(x(i))

is an eigenfunction of P with eigenvalue λ :=
∑d

i=1 λi

d
. Moreover, as the eigenfunctions of P1

generate the space of functions from Z/pZ to R due to reversibility, the functions f of the form
above also generate the space of functions from (Z/pZ)d to R. Hence every eigenvalue of P is

of the form λ =
∑d

i=1 λi

d
, where λi, 1 ≤ i ≤ d, are some eigenvalues of P1. It is well-known

that the eigenvalues of P1 are cos
(2πk

p

)
, 0 ≤ k ≤ p (see e.g. Chapter 12 of [59]). Due to

reversibility of P , λ∗(P ) is the smallest eigenvalue of I − P (see e.g. Chapter 12 of [59]), so it
is given by

λ∗(P ) = 1 − 1
d

(
cos

(2π
p

)
+ d− 1

)
= 1
d

(
1 − cos

(2π
p

))
≈ 1
d

· 2π2

p2 ,

which finishes our proof.
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MOTS CLÉS

temps de mélange, trou spectral, phénomène de cutoff, dynamique de Glauber, processus d’Exclusion, pro-

cessus de Zero-Range, percolation de l’information

RÉSUMÉ

Sur un espace d’états fini, une chaîne de Markov irréductible à temps continu converge vers sa mesure stationnaire
unique, ou en d’autres termes, se mélange. La convergence est mesurée par rapport à la distance en variation totale.
Dans la théorie moderne des chaînes de Markov, nous nous intéressons aux chaînes où l’espace d’états devient grand.
En étudiant certains modèles de mélange de cartes, Aldous, Diaconis et Shashahani ont découvert le phénomène re-
marquable maintenant connu sous le nom de cutoff : lorsque l’espace d’états devient grand, la distance entre la chaîne
et l’équilibre reste proche de sa valeur maximale pendant une longue période, puis chute soudainement vers zéro sur
une échelle de temps beaucoup plus courte. Depuis, le phénomène de cutoff a été observé dans de nombreux contextes
différents, tels que les chaînes de naissance et de mort, les systèmes de spin à haute température, les systèmes de
particules en interaction, etc. Malgré l’accumulation de modèles, il n’existe pas encore de théorie générale permettant de
prédire efficacement cutoff. Au lieu de cela, le cutoff est montré modèle par modèle.

Dans cette thèse, nous étudions trois systèmes de particules en interaction: le processus d’exclusion unidimensionnel

avec réservoirs, le processus de Glauber-Exclusion dans le régime à haut température, et le processus de Zero-Range

à champ-moyen avec potentiel croissant sous-linéairement. Pour chaque modèle, nous établissons cutoff et fournissons

une estimation fine pour le trou spectral. Nous nous concentrons particulièrement sur le cadre de la percolation de

l’information introduit par Lubetzky et Sly, qui nous permet de montrer le cutoff même sans connaître la formule explicite

de la mesure invariante.

ABSTRACT

On a finite state space, an irreducible continuous-time Markov chain converges to its unique stationary measure, or in
other words, mixes. The convergence is often measured by the total variation distance. In the modern theory of Markov
Chains, we are interested in the case where the state space becomes large. When studying some models of card
shuffling, Aldous, Diaconis, and Shashahani discovered a remarkable phenomenon now known as cutoff : as the state
space becomes large, the distance between the chain and equilibrium stays close to its maximal value for a long time and
then suddenly drops to near zero in a much shorter time scale. Since then, the cutoff phenomenon has been observed
in many different contexts, such as birth and death chains, high-temperature spin systems, interacting particle systems,
etc. Despite the accumulation of models, there is not yet a general theory to effectively predict cutoff. Instead, cutoff is
proved model by model.
In this thesis, we study three models: the one-dimensional Exclusion process with reservoirs, the Glauber-Exclusion
process in the high-temperature regime, and the mean-field Zero-Range process with increasing sublinear potential.
These three models all fall under the category of interacting particle systems. For each model, we establish cutoff and
provide a sharp estimate on the spectral gap. We particularly focus on the information percolation framework introduced
by Lubetzky and Sly, which allows us to show cutoff even without knowing the explicit formula of the invariant measure.

KEYWORDS

mixing times, spectral gap, cutoff phenomenon, Glauber dynamics, Exclusion process, Zero-Range process,

information percolation
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