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Résumé

Sur un espace d’états fini, une chaine de Markov irréductible a temps continu converge vers sa
mesure stationnaire unique, ou en d’autres termes, se mélange. La convergence est mesurée par
rapport a la distance en variation totale. Dans la théorie moderne des chaines de Markov, nous
nous intéressons aux chaines ou l’espace d’états devient grand. En étudiant certains modeles
de mélange de cartes, Aldous, Diaconis et Shashahani ont découvert le phénoméne remarquable
maintenant connu sous le nom de cutoff: lorsque I'espace d’états devient grand, la distance
entre la chaine et ’équilibre reste proche de sa valeur maximale pendant une longue période,
puis chute soudainement vers zéro sur une échelle de temps beaucoup plus courte. Depuis, le
phénomene de cutoff a été observé dans de nombreux contextes différents, tels que les chaines
de naissance et de mort, les systemes de spin a haute température, les systemes de particules
en interaction, etc. Malgré I'accumulation de modeles, il n’existe pas encore de théorie générale
permettant de prédire efficacement cutoff. Au lieu de cela, le cutoff est montré modele par
modele.

Dans cette theése, nous étudions trois systémes de particules en interaction: le processus
d’exclusion unidimensionnel avec réservoirs, le processus de Glauber-Exclusion dans le régime a
haut température, et le processus de Zero-Range a champ-moyen avec potentiel croissant sous-
linéairement. Pour chaque modele, nous établissons cutoff et fournissons une estimation fine
pour le trou spectral. Nous nous concentrons particulierement sur le cadre de la percolation de
I'information introduit par Lubetzky et Sly, qui nous permet de montrer le cutoff méme sans

connaitre la formule explicite de la mesure invariante.

Mots clés : temps de mélange, trou spectral, phénomene de cutoff, dynamique de Glauber,

processus d’Exclusion, processus de Zero-Range, percolation de 'information

vii






Abstract

On a finite state space, an irreducible continuous-time Markov chain converges to its unique
stationary measure, or in other words, mizres. The convergence is often measured by the total
variation distance. In the modern theory of Markov Chains, we are interested in the case where
the state space becomes large. When studying some models of card shuffling, Aldous, Diaconis,
and Shashahani discovered a remarkable phenomenon now known as cutoff: as the state space
becomes large, the distance between the chain and equilibrium stays close to its maximal value
for a long time and then suddenly drops to near zero in a much shorter time scale. Since then, the
cutoff phenomenon has been observed in many different contexts, such as birth and death chains,
high-temperature spin systems, interacting particle systems, etc. Despite the accumulation of
models, there is not yet a general theory to effectively predict cutoff. Instead, cutoff is proved
model by model.

In this thesis, we study three models: the one-dimensional Exclusion process with reservoirs,
the Glauber-Exclusion process in the high-temperature regime, and the mean-field Zero-Range
process with increasing sublinear potential. These three models all fall under the category of
interacting particle systems. For each model, we establish cutoff and provide a sharp estimate
on the spectral gap. We particularly focus on the information percolation framework introduced
by Lubetzky and Sly, which allows us to show cutoff even without knowing the explicit formula

of the invariant measure.

Keywords : mixing times, spectral gap, cutoff phenomenon, Glauber dynamics, Exclusion

process, Zero-Range process, information percolation
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Chapter

Introduction

Goals

In this chapter, we briefly introduce the study of mixing times and the cutoff phe-
nomenon. Then, we provide one of the simplest examples: the simple random walk
on the hypercube. Though simple, this model illustrates the field of study very well.
Furthermore, the method presented here is the base to build on the proofs for other
models of interest, two of which are presented in Chapter 2 and 3.
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Chapter 1. Introduction

1 Preliminaries

First, we provide some backgrounds on continuous-time Markov chains on finite state spaces.
Since there are already many books about this subject, we will be very brief. Most of the
materials here can be found in Chapter 2 of the book [62].

Let X be a finite set, which we call the state space. The elements of X are called states
or configurations. Let X be the set of right continuous functions w : [0,00) — X, with finitely
many jumps in any finite interval. X is given the smallest o-algebra F such that the mapping

w — w(t) is measurable for each ¢t > 0. Let the process X = (X¢):>0 be defined by
Xi(w) = w(t).

Markov chains. A continuous-time Markov chain on X is given by the following.
1. A right continuous filtration (F3):>0, to which X is adapted, and
2. A collection of probability measure {P,,z € X'} on X,

satisfying
Ve e X, Py [Xo =2x] =1,

and, for any bounded measurable function ¢ on X,
Vo € X,Vs > 0,E; [p(Xsy.)|Fs] = Ex, [¢], P, almost surely, (1.1)

with (Xs1.(£))t>0 = (Xs4¢)t>0. Naturally, P, is called the law of the process starting at config-
uration x. Condition (1.1) is called the Markov property.
A generator £ on X, sometimes known under the name Q-matrix on X, is a square matrix

indexed by elements of X such that

Ve,ye X,x#y, L(x,y) >0,

Vo e X, L(z,x)=— > L(z,y).
yeX\{z}

Probabilistic description. For any 6 € R-(, we denote by exp(f) the exponential distribu-
tion with parameter 6, i.e. the distribution with density 1{S>0}96_95ds. For any Markov chain
(Xt)t>0, one can show that there exists a unique generator £ such that X has the following

probabilistic description: under P, there exists a random time 7 ~ exp(|L(z, x)|) such that
1. X stays at  in the time interval [0,7), i.e. Xy =z, Vt € [0, 7).
2. At time 7, X jumps randomly to a new state different from z, with

L(z,y)

Yy # z, Py [X; =y m
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A Markov process X is uniquely determined by its generator £, and vice versa, given a generator
L, we can define a Markov process X by the above probabilistic description. Consequently, to
define a Markov process X, one only need to provide its generator. We call a function ¢ : X — R
an observable. Usually, the generator L is given by its action on the set of observables: for any

observable ¢, Ly is an observable defined by,

Vo€ X, Lo(x) =) L(z.y) (p(y) — o(z)).
yeX
From now until the end of this section, we fix a Markov process X with some generator £. For

any probability distribution p on X', the law of the process starting from p is

P, = Z p(x)Py.
zeX

One can prove that if the chain starts with a law u, then the law at time any time ¢ > 0, i.e.

P, [X¢ € -], is given by pe'*, where

X Lk rk
0w t"L
e T

k=0 :

A probability measure 7 is invariant if 7£ = 0, since it implies that
Vt > 0,P, [X; € ] = metF = .
We say that L is reversible with respect to a probability measure 7 if
Va,y € X, m(x)L(x,y) = 7(y)L(y, ).

If such a measure m exists, it is not hard to see that 7 is also invariant. We say that L is
irreducible if, for any initial state x, the chain can eventually reach every state y with strictly
positive probability. This means that for any z,y € X, there exists a sequence (z;)o<i<) for
some k € Zy such that g = x, 2, = y, and L(x;,z;+1) > 0, V0 < ¢ < k — 1. When the chain
is irreducible, there exists a unique invariant probability distribution 7, and the distribution of
the process converges pointwise to m when the time tends to infinity, regardless of the initial
condition:

Va:,y € X7]P)x [Xt :y] —>7T(y)

t—o00

The convergence is often measured with respect to the total variation distance, defined by, for

any two probability distributions u,v on X,
dav (p,v) = max |u(A4) —v(4)].
The speed of convergence is quantified by the mizing times:

tmix(z;€) ;=inf {t > 0:dpy Py [ Xt €],7m) <€}, ze€ X, e€(0,1).
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Let D(-) be the worst-case distance to equilibrium:

Vit >0, D(t) := maxdyy (P [ Xt € 1], 7).

reX

The worst-case mixing times defined by:
tmix(€) :=1inf {t > 0:D(t) <€}, e€(0,1).

This means that tyix(€) is the time for the chain from any initial state to get within distance
e from the stationary distribution 7. We write tpix for tmix(1/4). Understanding the mixing
times is the central goal of the modern theory of Markov chains.

One can prove that if the generator L is irreducible, then 0 is an eigenvalue of £ with
multiplicity 1, and the other eigenvalues of £ have negative real parts. A quantity of interest
is the smallest number among the absolute values of the real parts of the non-zero eigenvalues
of L, also called the spectral gap of L, denoted by gap, which governs the asymptotic speed of

convergence to equilibrium:
~ lim 21 dry (P, [X; € 1.2
gap = fup —ploenpgdn (B lXe € om) (12)
It is worth noting that, for any observable ¢,

e 1
gap < inf lim inf — log £, [p(X,)] — By [p(X0)]| (13)

Asymptotic notations. For two sequences of positive numbers (a,)n>0 and (b, )n>0, we write
an = O (by) (resp. Q(by,), O(by),0(by)) if ay, is upper bounded by (resp. lower bounded by, upper

and lower bounded by, negligible compared to) b, up to a constant factor independent of n.

The cutoff phenomenon. In the modern theory of Markov chains, we are very often in-
terested in studying the mixing times when the state space becomes large. We are thus led
to study the mixing times of a family of chains with generators (£,),>1 on a family of state
spaces (X,)n>1, where the size of X, grows to infinity. For many natural families of chains, a
remarkable phase transition known as cutoff occurs:

(n)

Ve € (0,1) fixed | (t)mix(e) 1.
) (1 —¢) "7

mix

In words, the asymptotic of tfgl)x(e) does not depend on ¢ anymore. This implies that the
distance to equilibrium stays near 1 for a long time and then suddenly drops to 0 in a much

shorter time scale. We say that a family of chains exhibits cutoff with a window of size O (wy,)



2. The random walk on the hypercube

ifw, =0 (t(n) ) and

mix

lim liminf D,, (t(”) — awn> =1,

a—00 M—00 mix

ah_)n;() 1171;11_) sup D, (tfgi)x + awn> =0.
Since its discovery by Aldous, Diaconis, and Shahshahani in the context of card shuffling in [2,
21, 23], cutoff has been observed in various contexts: birth and death chains [22, 15, 27], random
walks on finite groups [94, 23], high-temperature spin systems [68, 67, 69, 66, 98], interacting
particle systems [50, 51, 52, 40, 87, 48, 49, 29, 13], or random walks on various models of sparse
random graphs [38, 81, 64, 8, 7]. Despite the accumulating of models shown to exhibit cutoff,
there is not yet a theory to effectively predict whether a family of chains exhibit cutoff (though
a first step in this direction is undertaken in [85]). We refer the readers to the book [59] for
more backgrounds on the mixing times and the cutoff phenomenon, and to the books [56, 62,

31] for more backgrounds on continuous-time Markov chains.

Our contribution. We add three examples to the long list of models exhibiting cutoff: the
non-reversible one-dimensional Exclusion process with reservoirs (Chapter 2), the Glauber-
Exclusion process (Chapter 3), and the mean-field Zero-Range process with sublinear increasing

potential function (Chapter 4).

Structure of the thesis. In the rest of this chapter, we present one of the simplest examples:
the simple random walk on the hypercube. It will be used to illustrate the central questions
in the fields. Furthermore, the materials we presented here serve as the base to develop more

complicated methods in Chapter 2 and Chapter 3.

2 The random walk on the hypercube

From now until the end of this chapter, let X = {0, 1}V be the set of all binary vectors of length
N. We denote by < the usual coordinate-wise order on X'. For any z € X and u € [N], we
denote by %0 (resp. x%!) the configuration obtained by replacing the u—th coordinate of = by
0 (resp. 1). We consider the generator £ which acts on any observable ¢ : X — R by

N
Lo@) =Y (pa™' =) — p(@)) . (1.4)
u=1

This means that each coordinate flips at rate 1, and the coordinates evolve independently. The
hypercube X is naturally equipped with a graph structure, where two different configurations
x,y are adjacent if they differ exactly at one coordinate. Then, the chain with generator L is
a random walk on X, where at rate N, the walk chooses a site uniformly among its neighbors
and jumps there, hence the name "the random walk on the hypercube". This model is classical,

and we do not claim any credit for the results presented here.
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Reversibility.  The generator £ is irreducible and reversible with respect to the product law

= B%g . Here B, denotes the Bernoulli random variable with parameter p € [0, 1].

The rest of this chapter is dedicated to proving the following results.

Theorem 1.1 (Sub-optimal upper bound). There ezists a constant r such that for any e € (0,1)

fixed,
log N
tmix (6> S o8

+ rlog(1/e). (1.5)
Theorem 1.2 (Spectral gap). gap = 2.

Theorem 1.3 (Cutoff for the hypercube). Fize € (0,1). There exist constants k1(€), ka(€) such

that
log N

4

log N

— H1(€) < tmix(e) <

+ ka(e€).

log N
In other words, the model exhibits cutoff at time © with cutoff window O (1).

The three theorems above are presented in order of difficulty of their proofs. The upper bound
in Theorem 1.1 is off by a factor 2 compared to the optimal bound in Theorem 1.3. However,
proving the optimal upper bound is often the most challenging step to establish cutoff. In fact,
for many models conjectured to exhibit cutoff, the existing upper and lower bounds are different
by a factor of 2, and the lower bound is often conjectured to be optimal, see e.g. [102]. Showing
cutoff then means getting rid of this extra factor 2, and some cases have been tackled only very
recently, see e.g. [50, 52]. Nevertheless, though suboptimal, Theorem 1.1 already gives us the

correct magnitude of the mixing times.

3 The grand coupling

Reformulation of the generator. It is more convenient to rewrite (1.4) differently as follows
1 u,0 1 u,1
Lo(w) =23 |5 (p@™0) = 0(@)) + 5 (p@) = p(@)) | - (1.6)

Reinterpretation. With this reformulation, the model can be interpreted as follows. The
value at each site, at rate 2, is replaced by an independent By /,. The advantage of this inter-

pretation is made more precise below.

Graphical construction. Let == (E,)1<y<ny be N independent homogeneous Poisson pro-
cesses of intensity 2, and let (§;)r>1 be a sequence of i.i.d. Bernoulli variable B /2, independent
of Z. Given Z, ({;)r>1, and an initial configuration z € X', we construct the process (X}")i>0 as

follows.

o The process (X[)¢>0 is a piecewise constant process starting at x which can only jump

when = jumps.
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e Whenever =, jumps, say it is the k—th jump of =, replace the u-th coordinate of X* by
Ek-

Then, the process (X7 )i>0 is a Markov process with generator £ starting from z, or in other
words, (X7)¢>0 follows the law P,.

The grand coupling. We can use the same Poisson process = and the same independent
Bernoulli variables (§;)r>1 to construct the process from any configuration € X. In other
words, we construct the coupling of (X%),cr, where we update the same site simultaneously
using the same Bernoulli variable. One important observation is that in this coupling, once
a site is updated, its values in all processes will coincide since then. Moreover, this coupling

preserves order, i.e. x <2’ =Vt >0, X7 < Xf/.

Explicit measure at time t. Thanks to the independence of the coordinates, the law of the

system at any time ¢ is a product law given by

N
Py [Xi €] = ®Bl/2+e*2t(mi—1/2)' (L.7)
i=1

4 The suboptimal upper bound and the spectral gap

We now prove Theorem 1.1 and Theorem 1.2.

Proof. We use the grand coupling to construct the process from any configuration. Let x,y be
arbitrary configurations. Recall that (X[);>¢ and (X} ):;>¢ denote the processes starting from
x and y, respectively. Let 0,1 denote the all-zero and all-one configurations, respectively. By
monotonicity, almost surely,

vt >0, X < X7, XY < X}

This means that

drv (P[X] € ], P[X{ € ]) <P[X} # X/
<P|X}# X
=P [Fu € [N]: Z,(t) = 0]
< Y P[E.(t) =0]

u€[N]
= Ne 2,

Here, we have used a union bound in the last inequality and the fact that =, (t) is a Poisson
variable with parameter 2t in the last equality. By convexity of the total variation distance, this

implies

dry (P[X] € ],7) < Ne 2. (1.8)
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log N + log(1/¢)

We can take t = to make the last expression equal €, which finishes the proof
of Theorem 1.1. Moreover, (1.8) and (1.2) imply that

gap > 2.
On the other hand, for arbitrary u € [N], by (1.3), for ¢ :  — x(u),
. 1 1 0 . 1 —_
gap < tlg(r)lo —Zlog ’IE {Xt (u)} -E {Xt (u)} = lim —7 logP[2,(t) =0] =

Hence, gap = 2, which finishes the proof of Theorem 1.2. O

5 The lower bound

In this section, we prove the lower bound in Theorem 1.3. Let X ~ 7 (then X; ﬁ Xoo)-
We use the method known as distinguishing statistics, see [59], Chapter 7 for background on
the method. In short, to prove that the laws of X; and X, are far apart, we only need to
prove that the law of p(X;) and p(X) are far apart, for some observable ¢. The initial
complicated problem of comparing some high-dimensional laws becomes comparing the law of
two real random variables, which is much easier. It then remains to choose a suitable observable
i to obtain the lower bound. In this example, the comparison is carried out using the first and
second moments method. Surprisingly, this simple method often gives the correct estimate of

the mixing times.

Proof. We consider the process (X});>o. It is natural to consider the observable ¢ given by

N
Ve e X, p(z) = Z z(u).
u=1
By (1.7), we have
N N
) NV NV gy
E[@(Xt )] =5t (1.9)
1— 67215 1 4 672t
1y
Var [p(X})] = N . : (1.10)
By letting ¢ tend to infinity,
N
Elp(Xeo)] = 5 (1.11)
N
Var [p(Xoo)] = - (1.12)

Hence, Var [p(X})] and Var [p(X)] are both of magnitude N. So if

E |¢(X})] — E[p(Xa)] > VN,
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then the system is not mixed yet. More precisely, by Proposition 7.9 in [59],

gmax {Var [p(X})], Var [p(Xoo)]}
(E [p(X})] — E [p(Xoo)])?

plxte] -, >1-

By (1.10) and (1.12),
max { Var [p(X})] , Var [p(Xo0)] } = N/4.

Moreover, by (1.9) and (1.11),

E [o(x])] ~ Blp(X0)] = S

Therefore,
8ett
1 . —_— —_——
HP [Xt < } 7THTV 21 N (1.13)
1 1 . : .
For t = 1 log N — log T-<) log 8 ), the right-hand side of (1.13) is equal to e. Hence,
—€
tmix (€) > L (l N —1 ( ! > 1 8>
m1x€_4 0og og 1_« 0og ’
which finishes our proof. ]

6 The upper bound

First, we recall a result about perturbation of a product measure.

Lemma 1.4 (Perturbation of a product measure). Let Q@ = {0,1}" for some number n. For
each subset E C [n], let i be a distribution on {0,1}F. Let p € (0,1), and let v be the product
measure Bff” on ). Let pu be the measure on € obtained by first sampling a subset E C [n] via
some measure [i, and then, conditionally on E, generating independently the values on E via

vp and the values on [n]\ E via Bf?[n]\E. Then

2

B
14

4dTV (,LL, V)2 S

<E[0F1) -1, (1.14)
L2(v)

where E, E' are i.i.d. with law fi, and 6 = max {1, 1}.
pl=p

Roughly speaking, Lemma 1.4 says that if we perturb the product measure by first choosing
a set £ C [n] randomly and then perturbing the values of the sites in E by a prescribed law
wEg, then the perturbed measure is still close to the product measure if the perturbed region is
small and delocalized (measured by the exponential moments at the end of (1.14)).

Lemma 1.4 seems to be one of the most versatile inequalities in proving cutoff. Originally
introduced by Miller and Peres in [76] to prove cutoff for the lamplighter chain, it has been
used to prove cutoff for the Glauber dynamics of the Ising model by Lubetzky and Sly in [67,

68, 69], for the Exclusion with reservoirs on any network by Salez in [87], for the non-reversible

9



Chapter 1. Introduction

one-dimensional SSEP with reservoirs in [99] (see Chapter 2), and for the Glauber-Exclusion
process at high temperature in [98] (see Chapter 3). We expect the list will continue to grow.
For the proof of Lemma 1.4, see Lemma 1 in [87]. Now we are ready to prove the upper bound

in Theorem 1.3.

Proof of the upper bound in Theorem 1.3. We consider the process starting from an arbitrary
configuration x € X. We construct our process using the graphical construction described
above. Let ¢ be a number that we choose later. Let Red and Blue be defined by:

Red := {u € [N] : 2,(t) = 0},
Blue := [N] \ Red.

Note that, conditionally on =,

X{(Blue) ~ BES™,

X/ (Red) = z(Red),

and moreover, X (Red) and X}’ (Blue) are independent. This means that the law of X can be
regarded as a product measure perturbed at the sites in Red. Hence, we can apply Lemma 1.4
to conclude that

Aduy (By [X; € ], m)* < B [2RedTRedl] g,

where Red’ is an independent copy of Red. Note that, by definition, the variables (1 {ueRed})ue[N]»
(Luered’}Jue(ny are independent. Therefore

E [2|RedﬂRed'|} ) [QZue[N] ﬂ{ueRed}ﬂ{uERed’}:|

= H E[Qn{ueRed}l{ueRed/}}

u€[N]
= H E [1 + ]l{ueRed}]l{uGRed’}}
u€[N]
= J] (1+P[ucRed]P[u € Red’])
u€[N]
= I (14P[uecRed?).
u€[N]
Note that, by definition,
Plu € Red] = P[Z,(t) = 0] = e > (1.15)
Therefore,
E [2lRedRedl] = T (14 e7) = (14 )N <N ™. (1.16)
u€[N]

10



7. The cutoff profile

(1.15) and (1.16) together implies

—4t

Adpy (P, [X € ], m)2 <eNe ™ — 1. (1.17)

(log N + 2log(1/e)),

=

For t =
eNe ™™ — ¢ <14 ee® <1+ 4, (1.18)
where we have used the inequality e/ < 1+ €6,V € (0,1). Hence,
eNe Tt < 462,
The equations (1.17) and (1.18) together imply
dpy (P [Xr € ],7) <e.

Therefore,

log N + 21log(1
tmix(x;e) S o8 +4 Og( /6)7

which finishes our proof. O

7 The cutoff profile

Once one succeeds in proving cutoff, a more ambitious question is to understand how the system
relaxes to equilibrium inside the cutoff windows. Recall that the worst-case total variation

distance to equilibrium is defined by

vVt e Ry, D(t) := max dpy (P [Xt € ],7).

For u € R,0 € Rs, let N (g, 02) denote the Gaussian distribution with mean p and variance

o2. Then one can prove the following.

Theorem 1.5 (Cutoff profile). For any s € R fized,

lim D (IOiN + s> = dpy (N (0,1), N (e7,1)) .

N—oo

_ log N

Let t(s) := + s. The intuition behind this result is as follows. Let

11
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We expect that the following limits hold due to the Central Limit Theorem:

¢ (X) —Elp(Xoo)]  d

.o R N(0,1), (1.19)
v (th(s)) —E {‘P (th(s>)] T N(0,1). (1.20)
var[ptxly)] T
Moreover, by direct computation,
Var | (X[,))| = Var [p(Xa0)] (1 + o(1)). (1.21)
The equations (1.19), (1.20), and (1.21) together imply
P i) ~ Ble(Xoc)] yoee N (e7,1). (1.22)

Var [p(Xoo)]

We expect that the distribution of the system is dictated by the law of the observable ¢ since it
is the distinguishing statistic. So, we expect that when N tends to infinity,

Aoy (]P’ [th(s) c } ,7r> ~ doy (IP [QO(th(s)) c ] Pp(Xs0) € -])
~ dyy (N(o, 1),N (6*28, 1)) ,

where the last approximation is due to (1.19) and (1.22). Usually, to prove the cutoff profile,
one needs to understand in detail the law of the system at any time ¢ close to the mixing times.
The knowledge can come from either the understanding of the spectrum of the chain, as in [94,
78], or a reasonably explicit approximation of the law at time ¢ as in [51, 37].

Though interesting, the question of obtaining the cutoff profile is not treated in this thesis.

In this thesis, we only focus on showing cutoff.

8 Summary and perspectives

In many examples, the proof of cutoff is proceeded as above. For the lower bound, we say that
the law of any observable mixes slower than the law of the system. On many occasions, there is
a natural choice for the observable, and it often gives the correct estimate on the mixing times.
For many examples, the suboptimal upper bound, such as in Theorem 1.1, is relatively easy
to prove and matches the magnitude of the lower bound. However, the prefactor is often not
sharp, cf. [102]. Proving the upper bound with the matching leading term is often much more
challenging. Nevertheless, Lemma 1.4 proves to be quite useful for this difficult task.

In the rest of this thesis, we discuss three models: the Exclusion process with reservoirs
(Chapter 2), the Glauber-Exclusion process (Chapter 3), and the Zero-Range process (Chapter
4). We will see that the proofs for cutoff of the first two models follow precisely the outline of
the proof for the random walk on the hypercube, both relying on Lemma 1.4. The proof for

12



8. Summary and perspectives

the Zero-Range process follows a similar general strategy, though the materials we use there are
different.

13






Chapter

Cutoft for the exclusion process with

reservoirs

Goals

In this chapter, we prove cutoff with a diffusive window for the Symmetric Simple
Exclusion Process (SSEP) with reservoirs on the segment, confirming a conjecture
of Gantert, Nestoridi, and Schmid in [34]. Our proof follows exactly the outline
of the one presented in Chapter 1. However, the law of the system is no longer a
product law as in the case of the SRW on the hypercube. The novel ingredients
needed to overcome this difficulty include the negative dependence of the system,
the information percolation framework introduced by Lubetzky and Sly, and an
anticoncentration inequality at the conditional level. The results presented here
have been published in [99].
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Chapter 2. FExclusion process with reservoirs

1 Introduction

1.1 Model

The simple exclusion process is an interacting particle system where the particles attempt to
perform simple random walks on a graph, but they are not allowed to jump on top of each
other (the exclusion rule). Since its introduction by Spitzer as a simplified model for a gas
of interacting particles in [89] (see also [61]), it has been shown to exhibit many interesting
phenomena, thus received a lot of attention from mathematicians and theoretical physicists, see,
for example, [47, 60, 103]. Recently, a huge amount of work has been devoted to studying the
convergence to equilibrium of the conservative (without reservoirs) model in finite volume, see
[50, 51, 52, 58, 77, 102, 105]. Here, we study the non-conservative symmetric one-dimensional
variant: the SSEP on the segment (the bulk) with reservoirs at the two endpoints, where the
particles are allowed to enter or exit the bulk through the reservoirs. We refer the readers to the
papers [5, 54] for an introduction and motivations on the model and to [34, 37, 87] for recent
developments. More precisely, let N € Z, be the length of the segment, and let p,q € [0, 1]
be the densities of the reservoirs at the two endpoints. We consider the process (X¢)i>0 taking
values in the state space X = {0, l}N , whose infinitesimal generator £ acts on an observable
p: X = Rby

N—-1
Lo(x) =Y N* (@) — p(x))
u=1 9.
+ N2po(zhh) + (1 = p)p(z"?) — o(x)] 2

+ N?[gp(a™) + (1 = @)p(a™?) — p(2))],

u,0 1

where x

u<—>u+1, T

,x'" are the configurations obtained from = by swapping the u-th and (u+1)-
th coordinates, resetting the u-th coordinate to 0, resetting the u-th coordinate to 1, respectively.
Here, time is accelerated by a factor N2 so that the process is observed on a diffusive time scale.
Then (X¢)i>0 is @ SSEP on the segment [N] := {1,..., N} with one reservoir of density p placed
at site 1 and the other reservoir of density g placed at site N. If (p,q) ¢ {(0,0),(1,1)}, then L is
irreducible, and there is a unique invariant probability distribution 7. When p = ¢, the system
is reversible w.r.t the product measure B]?N . When p # g, the process is no longer reversible,
and the invariant measure 7 is given by a more complicated matrix-ansatz formula in [20] (see

also [60]), which seems not easy to implement in the study of mixing times.

Previous works. The conservative SSEP (without reservoirs) has been thoroughly studied in
[50, 51, 52, 77, 102]. In particular, Lacoin proves cutoff for the segment in [50] and for the circle
in [52], and he even provides the cutoff profile for the latter model in [51]. On the contrary, only
a few works have been written on the non-conservative model. We mention here some recent
developments. In [34], Gantert, Nestoridi, and Schmid prove a pre-cutoff for the model: for any
fixed € € (0,1),

-5 < lim inf mix (€) <
27 N—oo log N—ooo logN
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NZ N? N? N? N? NZ
/\ FNX KX KN
0
densnyp

2
Figure 2.1: SSEP on the segment with reservoirs of densities p, q.

for some constant C' independent of €, and they conjecture that the system exhibits cutoff with
the right estimate on the mixing times given by the lower bound. Their proof relies on an
extension of the coupling used by Lacoin in [50] for the conservative model. In [37], Gongalves,
Jara, Marinho, and Menezes study the reversible case where the two reservoirs have the same

density, p = ¢. Using Yau’s famous relative entropy method in [104], they prove that

log N 4+ O(1)

tmix (5) = o2 s

where we recall that O(-) means being bounded by the quantity inside the brackets up to a
prefactor not depending on N, and the notation O(+) emphasizes that the prefactor may depend
on €. Recently, Salez studies in [87] the model on general networks where reservoirs of the same
density can be placed at arbitrary sites. By exploiting the negative dependence property of the

system, he proves that, under some mild conditions on the network,

log N + O(1)

tmix(6) = o\ s

where N is the size of the network, and X is the absolute value of the smallest eigenvalue of the
Laplacian matrix of the network (see §1.3.3 below for more details). Interestingly, the Laplacian
of a network does not depend on the densities but only the rates of contact with the reservoirs.
In a more recent work [86], Salez studies the model on general networks where the reservoirs
can have different densities, proving that A\ coincides with the spectral gap of the system. In

2. 50 all the results mentioned above are consistent.

particular, in the case study in [37], A~ 7
We stress that the works above provide a more comprehensive study than the results we just
mentioned. The work [34] is more devoted to studying the case where the random motion of
the particles is asymmetric, the work [37] provides the convergence profile for the system from
any smooth initial condition, and the work [87] is more concerned with the characterization of
cutoff. However, as far as we know, cutoff has been established in the works [37, 87] only for the
case where every reservoir has the same density p, which subsequently implies that the system

is reversible w.r.t the product measure By,
Our contribution. In this chapter, we prove cutoff for the SSEP on the segment with reser-

voirs of arbitrary densities p,q € (0,1), thus confirming the conjecture of Gantert, Nestoridi,

and Schmid (see Conjecture 1.7 in [34]), and also making a step towards the study of irreversible
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Chapter 2. FExclusion process with reservoirs

models. Our proof exploits the information percolation framework introduced by Lubetzky and
Sly in [68], the negative dependence of the system, and an anticoncentration inequality at the
conditional level. In particular, our proof does not require the explicit formula for the invariant

measure 7 given in [20]. We believe that this approach is applicable to other models.

1.2 Results

1
Our main result is that the model exhibits cutoff at time — with a window of order O (1),

g
272
as conjectured by Gantert, Nestoridi, and Schmid.

Theorem 2.1 (Main theorem). For any p,q,e € (0,1) fized, we have

_logN

tmix(€) = 9.2 + Opge(1).

In fact, we will prove a stronger result, which makes precise the dependence of the lower
order term on p, ¢, € and is subsequently still valid when we allow p, ¢ to vary with N. Without
loss of generality (by the symmetry between p and ¢ and the duality between particles and

holes), we suppose that
¢ < min{p, 1 — p}. (2.2)

We define the weight of the configuration z to be

u€[N]

We denote by E° the expectation w.r.t the absorbing model where the two reservoir densities
p, q are zero. Let 1 denote the configuration where every site is occupied, and let t* be the time

that the expected weight of the process starting from 1 falls under a specific threshold:

t=inf {t > 0: E§ [$(X))] < VNpV1}. (2.3)

In fact, we will see that ¢* is the time at which the expected weight of the process (with
densities of the reservoirs p, q) starting from the assumingly worst initial condition 1 becomes
"close enough" to the expected weight at equilibrium. We prove that t* is a good estimate on

the mixing times for the chain associated with the generator £ given in (2.1).

Theorem 2.2 (Non asymptotic estimates). Under assumption (2.2), there exists a universal
constant C' such that for any e €]0,1],

1i6>) < tmix(€) St*+C’(1+log (1) + log <1ip>> . (2.4)

Estimating t* is a classical problem corresponding to the study of the discrete heat equation

t*—C(l—i—log(

on the segment. Using the ingredients presented in Appendix A in [37], we will show that,

L <N>
2% VNpV1

18
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1. Introduction

which means that the leading term is of order log IV, and the lower order term is bounded by
some universal constant. This immediately implies the following corollary, of which Theorem

2.1 is a direct consequence.

Corollary 2.3. Under assumption (2.2), the system exhibits cutoff at t* when

Moreover, if p is bounded away from 1, then the cutoff window is of order O (1), and if p is also

log N
bounded away from 0, then t* = (;g 5 +O(1).
m

Condition (2.6) is valid for almost all pairs (p, q) satisfying (2.2), except for the case where
p and ¢ vary with N and ¢ — 0, p — 1 rapidly when N — oo.

Intuition. Under assumption (2.2), the weight of configuration 1 (which is V) is the farthest
pP+q

from the expected weight at equilibrium (which is N x ). So, we expect 1 to be the worst

initial configuration. At equilibrium, we expect the sites to be "almost independent", and hence
Np+aq) _

Var, [S] < E; [S] = —g = Np,

where a < b means a = O (b) and b = O (a). It is not easy to explain in detail the intuition
for the equality above. However, we mention that the above equality is clearly true when p = ¢
(since in this case, 7 = BYN). In fact, in our proof, we only need Vary [S] = O (Ex [S]), which
is immediate from the negative dependent property (see Section 2.1). In many spin systems
that exhibit cutoff, cutoff is shown to occur precisely at the time when the expected weight
of the system from the worst initial configuration falls within the deviation of the weight at
equilibrium. Examples, among many others, include the simple random walk on the hypercube,
the Glauber dynamics of the Ising model in high temperature [67, 68, 69], the reversible SSEP
with reservoirs [87], the noisy voter model [16]. We believe that the time t* proposed above is
exactly that time. However, we are not able to prove the other way of the inequality mentioned

above, namely E. [S] = O (Var, [S]), to verify this rigorously.

1.3 Open problems

In this subsection, we present some open questions related to the SSEP with reservoirs.
1.3.1 Cutoff for all densities

With the intuition presented in the last subsection, we conjecture that cutoff should not be
restrained by Condition (2.6).

Conjecture 1 (Cutoff for arbitrary densities). Under condition (2.2), the system still exhibits
cutoff at time t* when N — oo, even when p and q vary with N and Condition (2.6) does not

log N
og2 ifp=1, ¢q=0.
w

hold. In particular, the system exhibits cutoff at time
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Chapter 2. FExclusion process with reservoirs

In fact, our proof relies on Lemma 1.4 about perturbation of the product measure, which
only works well under Condition (2.6). We believe that this is the limit of our method but not
of the problem.

1.3.2 Cutoff profile

It is also tempting to understand how the system relaxes to equilibrium inside the cutoff window.

Let | )
og N
H) 22 + 2 (2.7)

Let X ~ m. We expect that there exists some constant f, , such that the following limit holds

B [S()| - ES(X)]
Ngnoo Var [S(Xoo)] N—oo

Foae ™0, (2.8)

for any b € R, because a similar result holds in [37] when p = ¢. View the result in [37], we

conjecture the following

Conjecture 2 (Cutoff profile). Let p, q be fized and satisfy (2.2), and let t(b) and f,, be defined
as in (2.7), (2.8). Then

lim D (¢(b)) = drv (N (0,1), N (frge 1)) -

N—o0

The intuition behind this conjecture is as presented in the previous chapter. We expect that
the following limits hold due to the Central Limit Theorem:

S(XOO) _E[S(XOO)] d

e e Ve, (2.9)
S (Xhy) ~E[S (Xk)]
™) T N(0,1). (2.10)
The equations (2.8),(2.9), and (2.10) together imply
S(Xhy) ~EIS(X)] )
VeS| v (Fpac™1). (2.11)

So, we expect that, when N tends to infinity,

dry (P1 [Xi) €], 7) = duy (P2 [S(Xyr) € 1] PIS(Xo) € )
~ oy (N (0,1), N (frge™1)).

The work [37] makes rigorous this intuition using Yau’s relative entropy method for the case
p = q. We also mention the analogous result for the conservative case obtained by Lacoin in
[51]. However, proving the result in our settings when p # ¢ seems much more challenging.
First, we do not even have the exact computation for Var [S(X )], but only an upper bound.

Second, in [37] and [51], the authors manage to approximate the measure at any time near the
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mixing times with some fairly explicit measure, allowing them to have very fine computations
to prove the cutoff profile. However, in our case, even the invariant distribution given in [20]

seems complicated to implement to study mixing features.

1.3.3 In general geometry

We briefly recall the settings in [86] and [87] (with some slight adaptations).

Settings in general geometry. A finite network is a quadruple G = (n, ¢, k, p), consisting
of

e a number n € Z,, which is the size of the network. We identify the sites of the network
with the set [n].

e a symmetric array c : [n] x [n] = Ry, whose entries are called conductances.
 a function & : [n] — Ry, whose entries are called external rates.

o a function p : Supp(x) — [0, 1], whose entries are called densities of the external reservoirs,
where Supp(k) = {i € [n] : k(i) > 0}.

Naturally, the support of ¢(-,-) is regarded as the network’s edges, and the support of k(-) is
regarded as the network boundary. The exclusion process associated with the network G is
the continuous time Markov process taking value in X = {0, 1}", with generator £ acts on an
observable ¢ : X — R by

(Le)(w) =g 3 eliv) [(p(ai™) - p(a))] +

i,j€[n]

+ 3 w00 [pG)e™) + (1= p(i)p(@) - p(x)] .

i€[n]

In words, each pair of sites {i,j} exchange contents at rate c(i,7), and the content at the site
i is resampled at rate x(7) by an independent Bernoulli B,;. We assume that the network
is connected and that p(-) is not identically equal to 0 or 1 to ensure the irreducibility of the
generator £. In the article [87], p is a constant function, i.e. does not vary on [n]. In the settings

in [86] (version 1 on arXiv), Section 4, this is equivalent to taking (i) = r;” +r;, i € [n] and

p(i) = e Supp(k). The Laplace matrix of the network G is given by A = (A4j)1<i,j<n,

r(i)
where
Ay = {Cij it 7,

We remark that the matrix A does not depend on the function p(-). Let A be the smallest
eigenvalue of the matrix —A. In [86], Salez proves the following analogy of Aldous’ spectral gap

conjecture.
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Chapter 2. FExclusion process with reservoirs

Theorem 2.4 (Theorem 2 in [86], version 1 on arXiv). The spectral gap of the generator L

coincides with .
In [87], he proves the following theorem.

Theorem 2.5 (Characterization of cutoff, Corollary 3 in [87]). Consider the exclusion processes
with reservoirs associated with a sequence of networks (Gp)n>1, where the associated functions
o™ are constant functions and bounded away from 0 and 1, i.e. there exists & € (0,1) such that
§ < p™(.) < 1—46. Then the cutoff phenomenon occurs if and only if the so-called "product
condition”,

An X tg}l)x(e) — >,

1s satisfied.

Taking into account Corollary 2.3, Theorem 2.4, and Theorem 2.5, we boldly conjecture that

the condition p(-) is constant on its support is not necessary for cutoff to occur.

Conjecture 3. Theorem 2.5 is still correct upon removing the hypothesis p(”) are constant

functions.

In particular, the exclusion process with reservoirs in higher dimensions is included in the

regime above. We refer the reader to Subsection 1.3 in [87] for more details.

1.4 Structure of the proofs

In Subsection 2.1, we recall the negative dependence property of the SSEP with reservoirs and
the exponential bound introduced by Miller and Peres. In Subsection 2.2, we collect some
elementary but useful estimates. In Subsection 2.3, we introduce our method. Section 3 and
Section 4 are devoted to the proofs of the upper and lower bound in Theorem 2.2, respectively.

Finally, in Section 5, we compute t* explicitly.

2 Preliminaries

2.1 Negative dependence property

We recall the notion of negative dependence, which is essential throughout our proof.

Definition 2.6 (Negative dependence). A random vector Z = (Zi,...,Z,) taking values in
{0,1}", for some n € Z,, is said to be negatively dependent (ND) if it satisfies

VA C|[n], E [H ZZ-] <JI[E[Z]. (2.12)

i€A €A

An important property of the SSEP with reservoirs is that it preserves the negative depen-

dence property.
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Proposition 2.7 (The ND property is preserved by SSEP with reservoirs, Lemma 4 in [87]).
Let the generator £ on X be defined by

N N N
£= Z au,vﬁu,v + Z agﬁg + Z a%t‘c'zlu
u=1 u=1

u,v=1

where
Lupf(z) = f(="7") = f(2),
Lof(x) = f="0) = f(),
Lof(a) = fa") = f(a),
and Gy, al,al € Ry, 1 <wu,v<N. Then £ preserves the negative dependence property, i.e. if

Z(0) ~ p is a negatively dependent vector for some measure u on X, then Z(t) ~ pe™ is also
ND.

In fact, the SSEP with reservoirs preserves a much richer property called the Strongly
Rayleigh property, of which negative dependence is a consequence. We refer the readers to
the beautiful paper [6] for more details. This proposition, however, is available exclusively for
the case where the exclusion process is symmetric and is not applicable in the case of ASEP or
TASEP.

A particular case of inequality (2.12) is when |A| = 2, which implies that the coordinates
of an ND vector Z are negatively correlated. As a consequence, the weight of the vector Z is

concentrated around its mean.

Lemma 2.8 (Concentration of the weight of an ND vector). Let Z = (Zy,...,2Z,) be an ND
vector. Let S =311 Z;. Then
Var [S] < E[S]. (2.13)

2.2 Some elementary estimates
We first give a lemma about the symmetric simple random walk on the segment.

Lemma 2.9 (Simple random walk on the segment). Let (U(t)):>0 be a continuous-time sym-
metric simple random walk on {0,...,N + 1}, which jumps to the left (or to the right) at
rate N2. For any u € {0,...,N + 1}, let T, be the first time that the walk reaches u, i.e.
T, = inf{t >0:U(t) = u}. Then there exists a constant ¢ > 0 (independent of N ) such that
for any u € {0,...,N + 1},

P, [To > 2] < e *. (2.14)

This lemma can be proved by a classical hitting time estimate for non-negative supermartingale
(see, e.g. Proposition 2.1 in [59], for the discrete version).
We identify a subset E C [n] with the vector (Igcpy)i<i<n. We remark here that the

negative dependence property comes in very handy, as it allows us to bound the exponential
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moment in the Lemma 1.4 by some quantity that depends only on the marginal of the random

vector F, as stated in the following corollary.

Corollary 2.10 (Negative dependent perturbation of a product measure). Under the notations
in Lemma 1.4, if the random set E is ND, then

Ad gy (u,v)Q < 6(971)217:1?[1'615]2 Y
For the proofs of Lemma 1.4 and Corollary 2.10, see Lemma 1 in [87].

2.3 Framework and some definitions

The SSEP with reservoirs (X¢)¢>o evolves according to the following transitions:
1. 2+ 2u7%Hl (exchange between site u and site u + 1), which occurs at rate N2,
2. Resampling the value at site 1 by an independent Bernoulli B,,, which occurs at rate N 2,
3. Resampling the value at site N by an independent Bernoulli B, which occurs at rate N 2,

We introduce another Markov process closely related to the SSEP with reservoirs.

The colored interchange process. Let W := Sy x {R, B, G}, where Sy is the symmetric
group on [N], and R, B, G stand for red, blue, and green. Each element (o,b) € W describes a
way to put NV colored labelled individuals on the segment as follows. The individuals are labelled
1,2,...,N. For any u € [N], the individual labelled u is located at site o(u) and colored b(u).
The colored interchange process W = (W;)¢>0 is defined as the Markov process taking values in

the state space VW which evolves according to the following transitions:

1. (o,b) — ((u,u+ 1) 0 o,b) (the individuals at sites u and u + 1 exchange their positions),
which occurs at rate N2, for 1 <u < N — 1,

2. (0,b) — (0,67 W:B) (recoloring the individual at site 1 blue), which occurs at rate N2,
3. (0,b) = (0,67 (NG (recoloring the individual at site N green), which occurs at rate N2,

We denote by Py, [-] and E,, [-] the probability and expectation taken with respect to the law of

process W starting from w. There is a natural coupling between (X¢):>0 and (W:)¢>0 as follows.

Natural coupling between (X;):;>0 and (W;);>0. A coupling of the two processes is given
by making the transitions 1, 2,3 listed above of the two processes (X¢):>0 and W occur at the
same time.

Roughly speaking, the labels and colors are added to keep better track of the exchange of
information inside the bulk and to memorize which reservoirs the resamplings come from. For
an introduction to the interchange process and its relation with the exclusion process, see [59],
chapter 23.
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The "pushforward" function. Let the function f, : X x W x X x X — X be defined by, for
any w = (0,b) € W and z,v5,v% € X,

z(o~H(w)) ifb(o7!(u)) = R,
fula,w, 0P v9) () = < vB(u) if b (o~ (u)) = B, (2.15)
v () if b (071 (u)) =G.

The interest of introducing the process W is the following lemma, whose proof is straight-

forward from the definition of the natural coupling.

Lemma 2.11. Let wg € W be the configuration where for any u € [N], the individual labelled

u 18 located at site uw and s colored red:
wo = (Id, (R, ..., R)),

Let W, &8, €9 be independent and as follows.

e W is a colored interchange process starting at wy.
B QN

o« {P BT
G QN

o U BT

Let (Xt)i>0 be the SSEP with reservoirs started from some configuration x € X. Then for any
t>0,
d
Xy = fulz, Wi, €7,69), (2.16)

d . . . .
where = means equal in distribution.

Red, blue, and green regions. For any w = (0,b) € W, we denote by Red(w) the red

region, i.e. the set of the sites containing the red individuals:
Red(w) := {u € [N]|b(c™(u)) = R}.

The blue region Blue(w) and the green region Green(w) are defined similarly. As the two reser-
voirs recolor the particles blue or green, the red region evolves exactly as an SSEP with two

reservoirs of density 0. Then ¢* is the time at which the red region becomes small enough:
t* = inf {t > 0: By, [[Red(W)] < VNpV 1}, (2.17)

with wg as in Lemma 2.11. We present a graphical construction of W that allows us to reveal

the green region before the red and blue regions.

Graphical construction of the colored interchange process. We can construct W in

the following way.

W = \11(0'7 b, E17 E'N’ (Eg)lﬁuﬁN—h (EER)lﬁuﬁN—1)7 (2‘18)
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where (o,b) € W and E!,EV, (Eg)lguSN—L (EER)ISUSN—I are independent and described as

follows.

e = and =V are homogeneous Poisson processes of intensity N2 which indicate the times

at which we recolor the individuals at site 1 and site N, respectively.

BR
u

e =¢ and ZBE are homogeneous Poisson processes of intensity N2, 1 < u < N — 1. Each

u
time Z& jumps, the two individuals at sites v and u + 1 exchange their positions if at least
one of them is green, and each time ZB% jumps, the two individuals at sites v and u + 1

exchange their positions if none of them is green.

This construction gives the colored interchange process W with initial condition (o, b).

Trajectories of a single individual. It is well known, see e.g. Chapter 23 of [59], that if we
observe the trajectory of a single labelled individual, we see a continuous-time simple random
walk on the segment where the conductance of any edge is N2. As we add the colors here, we

also see that the labelled individual is always recolored at rate N2 when it is at site 1 or N.

Trajectories of the green regions.  The above construction allows revealing (Green(W;)):>0
before (Red(W3))i>0 and (Blue(W:))i>0. In fact, (Green(W;))>0 is measurable with respect to
the o-algebra H¢g generated by =!, 2V and ZC.

Number of crossings. Let (L;);>0 be the process that counts the number of times that a
blue or red individual is recolored green. Note that if an individual is recolored blue at site 1,
then it needs to cross the bulk to be recolored green. Accordingly, we call (L;);>p the number

of crossings. A simple but important observation is that (L;);>0 is also Hg-measurable.

3 The upper bound

Recall that

D(t) = max dpy (Py [Xt € ],m).

Our strategy is to compare directly two processes from two arbitrary configurations  and & and
use the fact that

D(t) < shax dey (Pe [Xi € ], Pz [Xi € ]), (2.19)
which is due to the convexity of the total variation distance. Our goal now is to compare the
distributions of those two processes at our predicted time t*. The idea is to match perfectly
the green region of the two processes by the graphical construction above and to view the
distributions on the remaining sites as a product measure perturbed by the red region to compare
them using Lemma 1.4.

We will need the following lemmas and propositions.
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3. The upper bound

Lemma 2.12 (Exponential decay of the red region). For any w € W, for any t > 0,
E., [|Red(Wa)[] < el |Red(w)],

where ¢ is the constant in Lemma 2.9.

Lemma 2.13 (Fast increase of the number of crossings). There exists a constant C' such that
for any e € (0,1), for to = C(1 + log(1/€)), for any initial configuration w € W,

P, [Ly, < 2N] < ¢/4.

Proposition 2.14 (Negative dependence property of conditional law). For any initial configu-
ration w € W, almost surely, conditionally on Hg, Red(Wy) is negatively dependent at any time
t>0.

Lemma 2.15 (Conditional anticoncentration inequality). Let t be a positive number, and let
w = (0,b) € W be an initial configuration. Let Wy = (04,bs). For any individual u that is

colored blue or red in w, for any site v, on the event {L; > 2N},
1
Py [o1(u) = v, 05(u) ¢ Green(W),V0 < s < t|Hqg]| < N

The following is a direct consequence, obtained by summing the inequality in Lemma 2.15

over all red individuals in w.

Corollary 2.16 (Conditional marginal of Red(W})). Let t be a positive number and w € W be

an initial configuration. For any site v, on the event {L; > 2N},

Red(w)|

P, [v € Red(W3)[Ha] < T

Now we are ready to prove the upper bound in Theorem 2.2.

Proof of the upper bound. Let x,& € X arbitrary, and let ¢ be the constant in Lemma 2.9. Let
wo, W, 8, €5 be defined as in Lemma 2.11. Let (¢;);>0 and (ft)tzg be defined by

gt = f*(x7 ngBaEG)?
Et = f*(j7 Wt7§ngG)'

By Lemma 2.11,

T [Xt ] = ng [Ct c ] s

P €
Pz [Xt S ] :Pwo [ft S } .

So now we can compare the distributions of ¢; and ¢; instead. We divide the proof into two

cases: Np <1 and Np > 1.
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Case 1: Np < 1. We see that if [Red(W;)| = 0, then Py, [¢; € -|[W] = Py, [ft € ~\Wt}, by

definition of f.. Hence for ¢t = t* + 2m, for some m € Z,

dov (Pug [ € ], Puy |G € ])

<[] 9] o [ )
< Py, [|Red(Wy)] > 0]

< By, [[Red(W)]] < €7 Euy, [|[Red (Wi )[] = e,

TV}

where the first inequality is due to Jensen’s inequality, the second inequality is by upper bounding
I/l by 1 on the event {Red(W;) > 0}, the third inequality is because |Red(W;)| € Z,, the
—log e"
to
c

last inequality is by Lemma 2.12, and the equality is by (2.17). We can take m = [

C

make e~ smaller than e, which finishes the proof.

Case 2: Np > 1. Let t1,t2, a be some positive numbers we will choose later. Let t = t1 + to.
We see that,

dTV (Pwo Kt € ] 7]Pwo [Et € })
< Ewo pro [Ct € '|Wt1] _]P)wo [51‘/ € '|Wt1}
= Ky, HPth [CtQ € ] - Pth [th € } HTV}

< Py, [IRed(Wi,)| > ]+ max [Py [y €]~ Pu [Gy €]

w:|Red(w)|<a

’TV]

o (2.20)

where the first inequality is by Jensen’s inequality, the equality is due to the Markov property
of the process W at time t1, and the second inequality is by upper bounding the total variation
distance by 1 on the event {|Red(W;,)| > a}. For any w € W, we use the graphical construction

in Section 2 to construct the process W starting from w. Then

[Po (G € 1= G € ]|,
<E[|Pulc. € 1Ml — Pu [Gn € %],

< Py [Liy < 2N]+E[|[Pu Gy € -[Ha] = Pu [ € M| (2.21)

v Yz sany]

where the first inequality is by Jensen’s inequality, and the second inequality is simply by upper
bounding the total variation distance by 1 on the event {L;, < 2N}. Combining (2.20) and
(2.21), we deduce that dry (Pwo (¢t € ], Py, [ft S D does not exceed

Pwo [\Red(th)] > Oé] + Hléii/)\gpw [Ltz < QN]

+ e E [[Pu 6. € 1Ha] = Pu [Gs € [He] HTV ]1{Lt222N}} . (2.22)

We separately estimate the three terms in the sum (2.22).

The first term. We choose t; = t* + 2m for some m € Z that we will choose later. Then by
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3. The upper bound

Lemma 2.12 and equality (2.17), E,, [|[Red(W4,)|] < Ey, [[Red(Wix)|] e = /Npe~“". Hence,
by Markov’s inequality,

oy [Red(W3,)| > o] < Y=

The second term. This term is smaller than €/4 for ¢; as in Lemma 2.13.

The third term. Let w € W. Observe that, under P,,, Red(W,, )UBlue(W,,) = [N]\Green(W,,)
is Hg-measurable. We write (/'8 for ¢;,(Red(Xy,) U Blue(Xy,)) and (8 for (i, (Red(Xy,) U
Blue(X3,)). Conditionally on Mg, by construction, the distribution of ¢;, and {;, on Green(WW},)
is a product of By, independent of the restriction of ¢;, and (;, on Red(Xy,) U Blue(Xy,), so we
can safely project onto Red(X,) U Blue(Xy,) to obtain

E [[[Pu (6 € #a) =P |G € o] |, L n,, 20y

=B [|[Pu [¢" € 1#0] - P [GF € o], Lpnsynomy]

<E H‘Pw [thB € ‘\HG} ~ VRed(Xu,)UBlue(Xe) || s 11{Lt222N}}
+E[||Pu [057 € 1Mo — vreatxy uBuetxi) ||y Lz, 2201]

< QSng {H]P’w [CgB € \’HG] ~ VRed(X4, )UBlue(Xy,)

TV ]I{LtzZQN}} ’ (2.23)
where VRed(x,,)UBlue(X,,) i the product measure of B), on Red(X¢,) U Blue(Xy,). Here, we have
used the triangle inequality at the first inequality and then bound everything by taking the
supremum over x and Z. By construction of ¢, conditionally on H¢, the variable Ct}jB can be
constructed by first sampling the set Red(W,,), then sampling the values of (;, on Red(W,,)
conditionally on Red(W,), and then sampling independently the values of (;, on Blue(W,,) by
a product of B,. By Proposition 2.14, almost surely, corllditionally on Hg, Red(WWy,) is negative

dependent. So thanks to Corollary 2.10, for a = , almost surely,

min{p, 1 — p}
2 H]P’w [CSB € "HG} ~ VRed (X1, )UBlue(Xty) ||
) (2.24)
< |exp > (a— 1Py [i € Red(W,)|Ha] | — 1,
i€Red(Xt, )UBlue(Xt,)
By Corollary 2.16, on the event {L;, > 2N},
. 2 [Red (w)[”
> Py [i € Red(Wy,)|He]™ < |Red(Xt,) U Blue(Xy,)| 7
i€Red (Xt )UBlue(Xt,)
Red(w)|?
< NT
|Red(w)/?
= 2.2
- (2.25)
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Chapter 2. FExclusion process with reservoirs

The equations (2.23), (2.24), and (2.25) together imply that the third term in (2.22) is upper
bounded by \/exp ((a — 1)a?/N) — 1. So altogether, with ¢; = t*+2m and t2 as in Lemma 2.13,

doy (Puy (G € ], Pug |G €]) < \/]W:_cm + i +y/exp ((a — 1)a2/N) — 1. (2.26)
We take a = 6\\//877' Then

a—1 5 ¢ =
< =<1 1+ —
N a_8_0g<+4>’
where we have used the inequality log(1 4+ z) > x/2 if 0 < < 1. This implies that the last
term on the right-hand side of (2.26) is smaller than €/2. The first term on the right-hand side

\/8
ape_cm. Observe that
€

of (2.26) now becomes

P R e S
ap = pmax max 4 1, ,
1- 1-p
1

Hence

ERA

m= “} (; log(128) + %log (1_p) + 2log(1/6)ﬂ

to make that term smaller than €/4. Hence for ¢ = t* + 2m + ¢t with m and t5 defined as above,
dry (P [ Xy € 1] ,Pz [ Xy € 1)) <€, for any x, & € X, which finishes our proof. O

We can take

The rest of this section is dedicated to proving Lemma 2.12, Lemma 2.13, Lemma 2.15, and

Proposition 2.14. First, we prove Lemma 2.12.

Proof of Lemma 2.12. As we mentioned near the end of Subsection 2.3, each labelled individual
moves as a continuous-time simple random walk on the segment where every edge has conduc-
tance N2. Each individual is also recolored at site 1 and IV at rate N?. Hence the time at which
a red individual is recolored is also the time that a continuous-time random walk on Z, whose
edges are given conductance N2, starting from the same site reaches 0 or N + 1 (we imagine
that the red individual jumps to site 0 or site N 4+ 1 when it is recolored). Hence, by Lemma
2.9, the probability that an individual remains red up to time 2 is smaller than e™¢. Summing

over all red individuals, we get
w [|Red(W3)|] < e ¢|Red(w)] .

Moreover, since |Red(W})| almost surely decreases with respect to ¢ as the individuals are only
recolored blue or green, the conclusion is obtained simply by iterating the above inequality via

the Markov property. O

To prove Lemma 2.13, Proposition 2.14, and Lemma 2.15, we need to understand the evo-
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lution of the system conditionally on Hg. We start by describing how the system evolves once

we fix a realization of =1, =N and Z°.

Observation 2.17 (Evolution of the red and blue individuals conditionally on H¢). Let Ty = 0,

N orZ2C appears, which are Hc-measurable

and let (T;);>1 be the times at which a point of %, =
and strictly increase to infinity almost surely. Conditionally on Hg, the green region is constant
on [T;,Ti+1), Yi > 1. From the graphical construction of W, we see that conditionally on He,
when ZBE s revealed, the red and blue individuals evolve as follows. On any time interval
(T3, Ti1), i > 0, two neighbor (red or blue) individuals exchange their positions at rate N2, and

at time T;, i > 1, the system is forced to take some transitions by the environment, as follows.

e Two neighbor green individuals exchange their positions. Then nothing happens to the red

and blue individuals.

e A red or blue individual, say at site u, is forced to exchange positions with a green indi-

vidual, say at site u+ 1, due to a point of ZC.

o The reservoirs recolor a green (or red) individual blue at site 1 or a blue (or red) individual

green at site N, due to a point of Z! or EN.

In short, the blue and red individuals evolve as a simple exclusion process conditionally on the

environment created by the green region.
Now we prove Proposition 2.14.

Proof of Proposition 2.14. The proof is inspired by that of Proposition 2.7. We fix a realization
of 21, 2N ¢ and let (T3)i>0 be defined as in Observation 2.17. We will prove the following two

statements, which are conditional on Hq:
1. For any ¢ > 0, if Red(Wr,) is ND, then Red(W4) is also ND, for any t € [T}, Tj+1).
2. For any i > 0, if Red(Wr,_) is ND, then Red(W7r;) is also ND.

These two statements imply that if Red(Wy) is ND (which is the case when W) is deterministic),
then at any time ¢ > 0, Red(W;) is still ND, which is precisely what we want. Now we prove
the first statement. From Observation 2.17, we see that on the time interval [T}, T;+1), the red

region evolves according to the generator £ given by
Z — N2 Z£u7u+17
u

with £, 41 as in Proposition 2.7, where the sum is taken over all the site u such that {u,u +
1} N Green(Wr,) = ), as =B allows us to exchange the contents on any edge (u,u + 1) if none
of them is green. We can now apply Proposition 2.7 to conclude that the ND property of the
red region is preserved from time T; to T;41—. Now we prove the second statement. According

to Observation 2.17, at T;, only a few following things can happen.
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e Two green individuals exchange their positions. Then nothing happens to the red region,
i.e. Red(Wr,) = Red(Wr,_). It is straightforward that ND property is preserved.

e A red or blue individual is forced to exchange positions with a green individual, says the
exchange happens between two sites v and v + 1. Then Red(Wr,) = Red(Wy,_)?<v+L,
This does not affect the ND property as the inequality (2.12) for Red(Wr;) is exactly that

for Red(Wr,_) when we replace A by AU+,

e The reservoirs recolor an individual, for example, at site 1. This corresponds to setting
the first coordinate to 0. If 1 ¢ A, this operation does not affect the inequality (2.12). If
1 € A, the two sides of inequality (2.12) become 0. In both cases, this operation preserves

the inequality (2.12) and hence the ND property.
This finishes our proof. O

Proof of Lemma 2.13. Let (T;)i>0 be as in Observation 2.17. Let m € N be a number that we
will choose later. We call the modified dynamics the evolution of the system where we close the
reservoir at site N during the time interval [0,2m] and close the reservoir at site 1 during time
]2m, 4m], i.e. we ignore the points of =V on the time interval [0,2m] and the points of Z! on
12m, 4m).

We claim that at time 4m, we have fewer blue and red individuals recolored green in the
modified dynamics than in the original dynamics (actually, closing some reservoirs during any
time only slows down (L¢):>0). More precisely, let (I_/t)tzo be the number of crossings in the
modified dynamics. Note that L; is the number of triple (u,Tj,T}) such that in the modified
dynamics, the individual u is green at time Ty— (if £ > 0) and recolored blue at time T}, (or u
is simply blue or red at time T, = 0), then keeps its color until being recolored green at time 7;,
for some u € [N] and some k,[ € Z, such that T; < t. In fact, each time (L;);>o jumps is a time
T; of such a triple. A similar interpretation goes for (L;):>0 in the original dynamics. Suppose
we observe the modified dynamics in the time windows [0,4m]. Suppose also that (u, Tk, T})
is a triple counted by (I_/t)tz() in the modified dynamics. Due to the close of the reservoirs,
an individual can only be recolored blue in time [0, 2m] and recolored green in time (2m,4m)|.
Hence, almost surely, 0 < T, < 2m < T; < 4m. Now look at the original dynamics. The particle
u is necessarily green at time Tj— (if £ > 0) since opening the reservoir at site N during time
[0,2m] cannot change u to blue at time Tp—. Hence the individual u is still recolored blue at
time T. Afterward, either it is recolored green at some time 7] € [T, 2m] due to the effect of
En on [0,2m], or it remains blue until time 2m. In the latter case, necessarily, it remains blue
until the time 7;— (since opening the reservoir at site 1 cannot change u to green in [2m,T;—]),
and hence it is recolored green at time 7;. In summary, in the original dynamics, there exists Ty
such that the particle u is recolored blue at time T}, then keeps its color until being recolored
green at time Ty, where Ty, < Ty < T;. The association of (u, T, T;) and (u, Ty, Ty) is injective
due to the identification of the time T} in the two triples. Note that the triple (u,T),Ty) is
counted by (L¢)¢>0. So we can conclude that L, < L.

Now we prove that in the modified dynamics, many colorings occur at site N. The point

here is that when we close the reservoir at site IV, the other reservoir at site 1 quickly paints
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almost the whole bulk blue, and vice versa, when we close the reservoir at site 1, the reservoir
at site IV quickly paints almost the whole bulk green, and hence there are many blue individuals
recolored green. More precisely, we write E [-], P [-], Var [-] for the expectation, the probability,
and the variance taken with respect to the modified dynamics. In the modified dynamics, for
any initial configuration w, the set Green(Ws,,) is ND, by the same argument as in Proposition
2.14. Hence by Lemma 2.7,

Var,, [|Green(Wa,,,)|] < Ey, [|Green(Way,)|] -

In the modified dynamics, in the time interval [0,2m], no individual is recolored green, and
the green individuals evolve as simple random walks on the segment killed at site 1 when being

recolored blue. Hence, by Lemma 2.9 and a proof similar to that of Lemma 2.12, for any m € Z,

E, [|Green(Wa,,)|] < |Green(w)|e™ ™ < Ne™ ™.

Then for m = [1 log 1000},
c €

P,, [|Green(Way)| > N/4] < P, ||Green(Way)| — Ey [|Green(Why,)[] > N/4 — Ne~®"]

Var, [|Green(Way,)|]
~ (1/4—em)2N?
< Ne—Cm
- (1/4 _ efcm)2N2

€

ﬁ.

IN

By the same argument,
P, [|Green(Wy,, )| < 3N/4] = P, [|[Red(Wypm)| + |Blue(Way,)| > N/4] < €/32.
We conclude that

Py [Lam > N/2] > Py, [|Green(Way, )| < N/4,|Green(Wy,)| > 3N /4]
1 — Py, [|Green(Way,)| > N/4] — Py, [|Green(Wyy, )| < 3N/4]
1—

>
> €/16.

This implies that, in the original dynamics, we also have
Py [Lym > N/2] > 1 —€/16.
Therefore, by an argument of union bound and the Markov property,
Py [Ligm > 2N] > 1—-4x€/16 =1 — €/4.
We choose t3 = 16m to conclude the proof. ]
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Remark 1. The number to above is not meant to be optimal. In fact, if we are interested only

1 1
in the case of large N, we can choose m = L() log 4.
c

The rest of this section is devoted to proving the anticoncentration inequality in Lemma
2.15. We introduce some notations that we will use in Lemma 2.15 and Proposition 2.18. Let
(T3)i>0 be defined as in Observation 2.17. We fix ¢ € Ry and denote by T, , ..., T, the times
at which a green individual is recolored blue at site 1, and Ty, , ..., T}, the times at which a red
or blue individual is recolored green at site N, during the time interval [0,¢]. All these times are

H-measurable. By abuse of notation, we relabel those individuals by ar, ..., a,, b1, . .., bs.

Another description of the colored interchange process. The above notations can be
understood as follows. At each time Ty, the reservoir at site 1 removes the green individual at
it and replaces that one with a new blue one, which we label d;, 1 < 7 < r. We have similar
interpretations for Tj,, b;, 1 < i < s. We denote the random walk of the individual a; by A;.
This means A; is the trajectory of the blue individual @; until it is removed from the bulk by
the reservoir at site N. If the individual labelled u is blue or red at time 0, we denote by & (u, -)
the walk of the individual v until being removed by the reservoir at site N. Observe that the
walk & (u, ) either survives up to time ¢ or is removed at some time 7j,. We will use the notation
{6(u,t) = v} to indicate the event that the individual u survives up to time ¢ and reaches the
site v at time ¢, and {G(u,t) = b;} to say that the individual u is removed at time Tj,. Similar
notations are used for the walk A, 1 <k <.

We will need the following proposition.

Proposition 2.18 (Crossing inequality). For any w € W, for any individual labelled u that is
either blue or red in w, for any site v, for any 1 <k <r, 1 <[ <s,

Py [6(u,t) = v, Ag(t) = bi|Ha| < Py [6(u,t) = b, Ax(t) = v[He] . (2.27)

We show how we can prove Lemma 2.15 using Proposition 2.18.

Proof of Lemma 2.15. Let u,v be as in the statement of Lemma 2.15. Summing the inequality

in Proposition 2.18 over [, we get
Py [6(u,t) = v, Ay is killed by time ¢[Hg] < Py, [6(u, ) is killed by time ¢, A(t) = v|He] -
Now summing over k, we get
E, []1 (outy=v} X #{walks among A1,..., A, that are killed by time £}|Hc]

(2.28)
< Z P, -) is killed by time t, Ag(t) = v|7-lg]

On the event {L; > 2N}, there are at least 2N times at which a blue or red individual is
recolored green by time ¢. Since originally there are at most N blue and red individuals, then

there are always at least N times a green individual is recolored blue at site 1 and then recolored
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3. The upper bound

green again by time t. In other words, at least N walks are killed at site N by time ¢ among
Ay, ..., A;. Hence the left-hand side of equation (2.28) is at least N XP [6(u,t) = v|H¢]. On the
other hand, we can realize the trajectories of &(u,-) and Aj, Ag, ..., A, altogether by revealing
EBE._ Subsequently, the events on the right-hand side of (2.28) are pairwise disjoint since Ay
and A; cannot both occupy site v at time ¢, for any k # [. This implies that the sum on the
right-hand side of (2.28) is smaller than 1. So overall, on the event {L; > 2N},

N x Py [6(u,t) =v|[Hg] < 1. (2.29)

Furthermore,
Py [6(u,t) = v|Hg] =Py [04(u) = v, 05(u) ¢ Green(W),V0 < s < t|H¢] . (2.30)
Combining (2.29) and (2.30), we get what we want. O

We now prove Proposition 2.18.

Proof of Proposition 2.18. We encourage the reader to draw a picture to follow the proof more
easily. The intuition behind this is as follows. We consider two walks &(u,-), Ax, and we
condition on the event that one of them survives and reaches the site v at time ¢, while the
other is removed at time T3, by the reservoir at site V. If the two walks do not cross each
other, then necessarily, 6(u,t) = b; and Ay(t) = v. On the other hand, if the two walks cross,
then we can no longer distinguish them, and hence in this case, {5(u,t) = b, Ai(t) = v} and
{6(u,t) = v, Ai(t) = b} are equiprobable. The proof is to turn this intuition into a rigorous
mathematical argument.

By Observation 2.17, we see that &(u,-) is a simple random walk conditionally on the environ-
ment created by the green region. If that walk is still alive at the time when @ is born, then it
must be on the right of a; at that time (since ay is born at site 1). Those two individuals then
evolve as a simple exclusion process with two individuals conditionally on the environment as
we realize 2P, still by Observation 2.17. We propose another graphical construction of those
two walks as follows. At any time ¢, if there are two walks alive, say at two sites u,v with
u < v, we refer to the individual at site u as the individual on the left and to the individual at
site v as the individual on the right. In case there is only one walk alive, we refer to it as the
only individual. Let Zg,=;, =g be 3 independent Poisson point processes with Zr and Zj, of
intensity N2dt® Card on Ry x {L, R}, and = of intensity 2N2dt on R,. R, L, and E stand for

right, left, and exchange, and Card is the counting measure. The rule of evolution is as follows.

o For each point (s,w) of Eg, the individual on the right at time s— (or the only individual
if there is only one walk alive) attempts to make a jump at time s to the left if w = L
or to the right if w = R. It succeeds except when trying to jump on a site occupied by a

green individual or the individual on the left, in which case the jump is cancelled.

o For each point (s, w) of Zp, the individual on the left at time s— (if there exists) attempts

to make a jump at time s to the left if w = L or to the right if w = R. It succeeds except
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Chapter 2. FExclusion process with reservoirs

when trying to jump on a site occupied by a green individual or by the individual on the

right, in which case the jump is cancelled.

e For each point s of Zg, we exchange the positions of the two individuals with probability

1/2 if they are adjacent at time s.

e For each time T;, the two walks make the jump forced by the environment, as explained

in Observation 2.17.

This construction gives us the same distribution of the two walks as the one given by 2B, as the
rates of transitions given by the two constructions are always the same. In short, ZEp and Z, are
used to generate the walks on the right and the left, respectively. When we realize =g, =1, we
observe two random walks that are not allowed to jump on top of each other, i.e. do not cross.
=g is then used to make precise where those two walks exchange their positions, i.e. to add
their possible crossings. With this construction, the set {G(u, s), Ax(s)} is entirely determined
by Egr, =, for any 0 < s < t, since Zg has no effect on that set. Now conditionally on the
(2R, E)-measurable event {5(u,t), Ax(t)} = {v,b;} (which means that one walk reaches v at
time ¢ and the other walk was killed at b;), we realize =g to obtain a number m of exchange edges
between the two walks. We see that if m = 0, then we necessarily have &(u,t) = by, Ax(t) = v

due to monotonicity, which means
0="Py |5(u,t) = v, Ax(t) = bi,m = 0[Hg | < P [5(u,t) = b, Ag(t) = v,m = 0 Hg| . (2.31)

If m > 0, we cannot distinguish the two individuals anymore since the probability that the sum

of m independent Bernoulli variables of parameter 1/2 is even (or odd) is 1/2, which means

Py [5(u,t) = v, Ax(t) = bi,m > 0[Hg| =Py [5(u,t) = by, Ap(t) =v,m > O He|,  (2.32)

1 -
since both are equal to §IF’w {{Wt(t),Ak(t)} ={j,bi},m > O\Hg}. Summing (2.31) and (2.32),

we get what we want. O

4 The lower bound

We finish the proof of Theorem 2.2 by proving the lower bound on tpyix(€) in Theorem 2.2.

Proof of the lower bound. We still use the distinguishing statistics method. We consider the

process with the initial condition Xg = 1. Recall that the weight of a configuration z is

N
S(x) = Zx(u)
u=1
S(z) will be our distinguishing statistic. Recall that, for any ¢ > 0,

Xt i f*(17 Wt7€B7€G)7
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with Wy, €8,€C¢ defined as in Lemma 2.11. We write S; for S (f*(l,Wt,fB,EG)), and S, for

S(Xoo), where X, ~ m. By symmetry, we see that,

E [|Blue(Wy)|] = E[|Green(Wy)|] =

N — E[Red(Wi)||

2

Hence

E[S)] =E [E [S;[Wi]]
= E [|Red(W;)| + p |Blue(W;)| + ¢ |Green(W3)|]

ELILA)

= E[|Red(W})|] (r+9),

t—o00

Letting t — oo, and observing that E [|[Red(W})|] —— 0 by Lemma 2.12, we get

Xp+q

2 )
B[S - E[S] = E[Red(W))) (1- 231,

E[Ss] = N

By Proposition 2.7, X; is ND. Hence by inequality (2.13),
Var [St] S E [St] s

and by letting t — oo,
Var [Soo] < E[Soo] -

Hence, under assumption (2.2),

N(p+aq)

max {Var [S], Var [Ss|} < 5

So by Proposition 7.9 in [59],

max { Var [S] , Var [Soo] }

+E(Red(W))) (1~ P57 < Np + B [[Red(W)] .

Np + E[[Red(W3)|]

[Py (X €] =mllpyy =18 >1-

(E[S] -E[Sx])? ~ (l—p—;LIYEHRed(Wt)HQ.

Let t = t* — 2m, for some positive integer m < t*/2 that we will choose later, and let ¢
be the constant in Lemma 2.9. By Lemma 2.12 and the Markov property, E[|Red(W;)|] >

E [|[Red(Wi)|] €™ = (/Np V 1)e“™, hence the last term is bigger than

8 8
B 2 B 2 :
(1 _ p+q> e2em (1 _ p+q) ecm
2 2
: : ptaqg 1 :
Note that with our assumption, 1 > 1 — 5 > 3 So we conclude that the term above is
32 32 1 64
greater than 1 — —— — —, which is greater than € for m = { log ()l This implies
excm - eom c 1—e€
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Chapter 2. FExclusion process with reservoirs

that tmix(€) > t* — 2m, if m < ¢*/2. Besides, this inequality is trivial when m > t*/2, which

finishes our proof. O

Remark 2. This method can also give a lower bound on the mixing times from any initial

configuration x. In fact, we can prove that, for some constant C,
=)
1—¢))’

2[5 - ElSwl| < VAPV 1}

tmix(z;€) > t*(z) — C (1 + log (

where
t*(x) = inf {t >0:

5 The computation of t*

For the sake of completeness, we include here the proof of equality (2.5), which is a particular

case of the computations presented in Appendix A of [37].

Proof of (2.5). We consider the model where the reservoirs are of density p = ¢ = 0. We define
ft : [N] = [0,1] by fi(u) = E;q [X¢(u)]. Then by Dynkin’s formula, {f;; ¢ > 0} is the unique

solution of the system of equations

%ft(u) = Afi(u) fort>0andu € [N],
folu) =1 for all u € [N],

where A is the discrete Laplacian defined by, for any function ¢ : [N] — R,
Ap = N*(p(u+1) +p(u—1) = 2p(u), Yu € [N],

with the convention that ¢(0) = (NN + 1) = 0. The eigenfunctions of A are given by

or(u) = fsm( ﬂTl)’ 1<I<N,

with the corresponding eigenvalues —\; given by

)\l:2N2(1—cos<Nﬂj_1)>, 1<I<N.

Besides, (¢1)1<i<n is an orthonormal basis for the scalar product given by

| N
(p,¥) = N1 > p(u)v(u),
u=1

for any ¢, : [N] — R. Let ¢ be an arbitrary positive number. We see that

N
1 [|Red(W7;)]] Z (N +1) (f2, fo) - (2.33)
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5. The computation of t*

Let

N
Jo= Z o1
=1

be the decomposition of fy in the basis (¢;)1<j<n. Then

N
w
= E ce
=1

Hence

N
(ft, fo) Z c?e_Alt. (2.34)
I=1

Note that Ay = inf {\1,..., Ax}. Hence

- _ _ N
cte™ < (fi, fo) < <2c> M= {fo foye M = e M

Plug in (2.33), we see that
(N 4 1)cte M < Eq [|[Red(W3)|] < Ne MY,

which means

)\11 <2 log(c1) + log (M)) <t< — N log (Igl[“?i\;(Wt)H> (2.35)

We finish the proof by estimating A; and ¢;. Note that by Taylor’s expansion of function cosine

around 0,
2 4

A1_2N2<1(N7r+ e +O<(N7j_1)4>>:7r2+0(1/]\f). (2.36)

Besides,

By some classical trigonometric computations,

T
V2 AN A _2ﬁ(
N+1  gn m o7
2(N +1)

Ccl =

1+0(1/N?%)), (2.37)
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Chapter 2. FExclusion process with reservoirs

where we have used the Taylor expansion of the sine and cosine functions around 0. Note that
at t*, Eq [|[Red(W+)|] = VNpV 1, by (2.17). Then the three equations (2.35), (2.36), (2.37)

together imply
1
t* =

— lo (N )
~ a2 % VNpV1

which is precisely what we want. O

+0(1),
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Chapter

The Glauber-Exclusion process

Goals

In this chapter, we discuss the Glauber-Exclusion process, a superposition of a
Glauber dynamics and the Symmetric Simple Exclusion Process (SSEP) on the lat-
tice. The model was shown to admit a reaction-diffusion equation as the hydrody-
namic limit. We define a notion of temperature regimes via the reaction function
in the equation and prove cutoff in the full high-temperature regime for the attrac-
tive model in dimensions 1 and 2 with periodic boundary conditions. Our results
show that the equation in the hydrodynamic limit reflects the mixing behavior of
the large but finite system. Besides, cutoff is proved despite the lack of reversibility
and an explicit formula for the invariant measure. We also provide the spectral gap
and prove pre-cutoff in all dimensions. The proof still follows the outline of the one
presented in Chapter 1. However, nontrivial adaptations and novel ingredients are
needed. Our proof involves a new interpretation of attractiveness, the information
percolation framework introduced by Lubetzky and Sly, anti-concentration of simple
random walk on the lattice, and a coupling inspired by excursion theory. We hope
that this approach can find new applications in the future. The results presented
here can be found in the preprint [98].
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1. Introduction

1 Introduction

The Glauber-Exclusion process, introduced in [17, 18], is a superposition of a Glauber dynam-
ics and an appropriately accelerated symmetric simple exclusion process (SSEP) on a lattice.
The model is also called Glauber-Kawasaki dynamics in [19]. Here, we use the term Glauber-

Exclusion as in [93]. The model can be described as follows.

Notations. Fix a number d € Z,. For any L € Zy, let A := (Z/LZ)? be the torus of
side-length L in dimension d. For any finite set €2, we call the elements of {—1,1}* the spin
configurations on €2, and we denote by < the usual coordinate-wise order on {—1,1}?. Our state
space is X = {—1, 1}A%, the set of all spin configurations on A¢. For any = € X, u,u’ € A%, we
denote by 249 the configuration obtained from = by exchanging the values at two sites u and
o', and %! (resp. 2*~!) the configuration obtained from z by replacing the value at site u by
1 (resp. —1). We also recall that exp(#) denotes the exponential distribution with parameter 6,
i.e. the distribution with density ]l{s>0}96_98d8.

The generator of the symmetric simple exclusion process (SSEP) Lg acts on an observable
p: X =R by

(Lep)(@) =Y (p("") = p(@)), (3.1)

u~u’
where the sum is taken over all pairs of neighbors {u,u'} on the lattice. This means that Lg
exchanges the contents of two neighboring sites u,u’ at rate 1.

To define the Glauber dynamics, we first need the following definition.

Flip-rate function. Throughout this chapter, we fix a number m € Z; and a function c :
{-1,1180m) 5 R, where B(0,m) is the subset of Z? consisting of all sites of distance at
most m from 0. We call this function ¢ the local flip-rate function.

For any L large enough, we identify B(0,m) with the subset of A¢ consisting of all sites of
distance at most m from site 0. The function ¢ extends to a global flip-rate function ¢ : A x X —

R+ as follows.

1. ¢(0,-) is local and given by e:
Ve e X, ¢(0,x) :=c (x|B(0’m)) .
2. ¢ is invariant by translation:
Ve € X,u e AL, é(u,z) = &0, zuy.),
where
Tuy.(u) = z(u+u), Vo € X, u,u’ € AL,
The generator L of the Glauber dynamics associated with the local flip-rate function c(-) acts
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Chapter 3. The Glauber-Exclusion process

on an observable ¢ : X — R by

(Law)(z) = Y &u,z)(p(a" ") — p(x)). (3.2)

d
u€Ag

This means that L flips the spin on site u of configuration x at rate é(u, x), for any (u,z) €

A4 x X. We suppose that the Glauber dynamics is attractive.
Hypothesis 1 (Attractiveness). For any z,y € {—1,1}5O™) such that z < y,

(0) = —1. (3.4)

Y
Y
&(u, z) = é(u, y) if w(u) = y(u) =1, (3.5)
é(u, ) < é(u,y) if x(u) = y(u) = —1. (3.6)
These conditions are necessary and sufficient to construct a Markovian coupling of two processes
whose generators are L that preserves order. More precisely, suppose that (Y;});>¢ and (Y,?)i>0

are two Markov processes with generator Lg starting at yi,ys, respectively. Then there is a

Markovian coupling of (Y;!)¢>0 and (Y;?)¢>0 such that, almost surely,
y<yp=>Vt>0,Y <Y

See Theorem 4.11, p.143 in [62] for more details. When such an order-preserving coupling exists,
we say that the process Y is attractive.
Although we will work with a general function c(-), we usually use the following example

considered by De Masi et al in [18] to illustrate our method.

Example 3.1 (Example of De Masi et al). The model considered is in dimension one, i.e.

d =1, with the local flip-rate function c given by
ve e {—1, 15071 e(2) i= 1 — 42(0)(2(1) 4+ z(-1)) + y2z(1)z(-1),
for some v € [0,1). This corresponds to the global flip-rate function é given by
Vo€ X,u€ Ap, clu,z) =1 —vya(u)(z(u+1) +z(u—1)) + Y2z (u + )z(u - 1).

The Glauber-Exclusion process is a continuous time Markov process X = (X¢)i>0, taking
values in &X', whose generator is
Lop = L?Lp+ Lg. (3.7)

This is a superposition of a Glauber dynamics and a SSEP accelerated by a diffusive factor L2.

For p € [-1,1], we denote by PR, the Rademacher probability measure on {—1,1} with
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average p. More precisely,

1+p
S)%p(l) = T’
1—p

Reaction function. We denote by v, the product measure of %, on {—1, 1}50m)  We define
the polynomial R(-) : [-1,1] — R by

Vp € [_17 1]? R(p) = Eup [_2500(‘5)] )

where € = (§u)uep(o,m) ~ Vp- We call R(-) the reaction function. The reason behind this name

will be explained in the next paragraph.

The hydrodynamic limit. Originally, De Masi, Ferrari, and Lebowitz introduced the model
in [17, 18] for the infinite lattice Z¢ and proved that the hydrodynamic limit of the model is a
reaction-diffusion equation. We recall here the analogous result obtained by Kipnis, Olla, and
Varadhan [46] for our case in a finite box. Let the density field on (R/Z)? at time ¢ be defined
by
pEdn) = 22 3 Xi(w)dun(du) on (R/Z)"

u€Ad
Then, when L grows to infinity, under appropriate convergence conditions on the initial data,
the density field converges weakly to the solution p : Ry x (R/Z)4 — [~1,1] of the following
reaction-diffusion equation:

dp

E = Ap + R(ﬂ)? (3'8)

where A is the Laplacian in (R/Z)?, and R(-) is the function defined above. Equation (3.8)
explains the name reaction function of R(-). The intuition behind this result is as follows.

Applying the generator Lo to the function ¢ : z — 2(u), we see that
Lop(x) = <L2 Z (x(u) — x(u))) — 2x(u)é(u, ).
u' ~u

Therefore,

LB [X(u) = E[Lp(X,)] = (LQ > E[X() - Xt(u)]> — 2B [X, (u)e(u, X1)]

u/ ~u

Suppose that E [X;(u)] is well approximated by p(¢,u/L) for some smooth function p, for any

site v and any fixed time ¢. Then

L* Y E (X)) — Xp(w)] = L2 Y (p(t, ' /L) — p(t,u/L)) =~ Ap(t,u/L).

u' ~u u’ ~u
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Moreover, the local law around a site u at any fixed time t is believed to be close to that of a
product of Rg|x,(,)], @ phenomenon known as local equilibrium, see Subchapter 1.2 and Chapter
3 in [47] for more details. Then

B [Xi(u)é(u, Xo)] = By, o [0c(§)] = R(E[Xi(u)]) = R(p(t,u/L)).

These intuitive arguments indicate that p(-,-) satisfies equation (3.8). Showing the convergence
amounts to verifying the above intuition rigorously.

Based on this result, we define the temperature regimes as follows.

Temperature regimes.

o High-temperature regime: The system is at high temperature if the reaction function R(-)

has a unique root p, in [—1,1], and R'(p.) < 0.

o Critical-temperature regime: The system is at critical temperature if the reaction function

R(-) has a unique root (not counting multiplicity) p, in [—1, 1], and R'(p«) = 0.

o Low-temperature regime: The system is at low temperature if the reaction function R(-)

has at least two roots (not counting multiplicity) in [—1, 1].

Explanation for the temperature regimes. Let us explain why we define the temperature
regimes for the model as above. Consider the equation (3.8) with the initial condition p(0,-)
constant in space, say p(0,-) = po for some pg € [—1,1]. We then see that p(¢,-) must also be
constant in space, so we can safely denote by p(t) the value of the function p at time ¢. The

equation (3.8) then simply becomes an ODE:

{p’ = R(p), 59

p(0) = po.

Though simple, the solution of (3.9) can exhibit very different behaviors, depending on R(-).
Consider the flip-rate function in Example 3.1. Then R(p) = —2(1 — 2v)p — 27?p>. One can
verify that the system is at high temperature if 0 < v < 1/2, at critical temperature if v = 1/2,
and at low temperature if 1/2 < v < 1. We present in Figure 3.1 the phase diagrams of the
ODE (3.9) for two different values of ~.

Let py(-) and p_(-) denote the solutions of the ODE (3.9) with initial conditions p4(0) :=1
and p_(0) := —1. Viewing the diagram, we see that, in the first case, for any initial condition
po, the solution of ODE (3.9) converges to the unique root p, exponentially fast: |p(t) — pi| <
e (Pt Tn the second case, R(-) has 3 roots p() < p@ < pB® and p—(t) Looo, pM | and
p+ (1) 1mo0, p(3). Intuitively, this implies that the system mixes rapidly at high temperatures,
while at low temperatures, it exhibits the phenomenon known as metastability; see [10] for more
details.

In this chapter, we study the model in the high-temperature regime.

Hypothesis 2 (High temperature).
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R(p)

1 pe =0 1 _\pm /1(3) 1
T T T \

(a) High temperature (b) Low temperature

Figure 3.1: Phase diagram for v =5/12 and v = 7/12.

o R(p) admits a unique root p, in [—1,1],
o R'(ps) <O.

The primary purpose of this chapter is to study the mixing times of the system in the

high-temperature regime.

Conjectured universal behaviors. A stochastic spin system, with an appropriate notion of

temperature, under an appropriate time scale, is conjectured to exhibit the following behaviors.

o At high temperatures, the system mixes fast. The inverse-spectral-gap gap ! is O (1), the

mixing times are logarithmic in the size of the lattice, and cutoff occurs.

o At critical temperatures, the inverse gap is (sub)-polynomial in the size of the lattice, and

so are the mixing times.

o At low temperatures, the inverse gap is exponential in the size of the lattice, and so is the

mixing time, and there is no cutoff.

See, for example, [41, 55, 101] for the conjectures.

Literature. The Glauber dynamics is arguably the most studied interacting particle system
in the literature. Tons of work have been devoted to verifying the conjectured behaviors above
for it; see Subsection 1.1 in [65] for a brief review of the development of the subject. The
readers can look at [1, 28, 42, 43, 44, 63, 68, 71, 73, 72, 90, 91, 92, 106, 107] for results in the
high-temperature regime, at [25, 26, 65, 80] for results in the critical-temperature regime, and
at [14, 45, 71, 88, 95] for results in the low-temperature regime. We especially mention here the
work [68], which proves cutoff in the full high-temperature regime in any dimension. The proof

in [68] involves a new framework called information percolation, see also [33, 67, 69, 70]. For

47



Chapter 3. The Glauber-Exclusion process

background on Glauber dynamics, see the lecture notes [74], or Chapter 15 in [59] for a quick
introduction. In particular, Theorem 15.4 in [59] presents a very simple example that illustrates
the difference in mixing behaviors at low and high temperatures.

As mentioned in Chapter 2, the Exclusion Process is also an emblematic interacting particle
system. It describes the relaxation of a gas of interacting particles to equilibrium. The conver-
gence is usually studied from two points of view: the macroscopic evolution of the density of
particles, which is the study of hydrodynamic limits, or the microscopic evolution of the law of
the particles and its total variation distance to equilibrium, which is the study of mixing times.
The readers can see [47] for an introduction to the study of hydrodynamic limits and [59] for an
introduction to the study of mixing times. For the results on the hydrodynamic limit of SSEP,
see, for example, [5, 36, 37, 58, 46]. For the results on the mixing times, see [24, 50, 51, 52, 53,
77, 79, 102].

Cutoff for SSEP has been proved in relatively few cases: for the complete graph in [53], for
dimension one in [50, 51, 52], see also [37, 99] for nonconservative variants. The only result
available in general geometries for a nonconservative variant is obtained in [87]. However, it is
restricted to the case where the system is reversible w.r.t a product of i.i.d. Bernoulli.

As mentioned before, the Glauber-Exclusion process was introduced in [18] and also con-
sidered in [46]. To the best of our knowledge, the only works on its mixing times, also the
most related works to our work, are [93] and [100]. In [100], Tsunoda studies the model in
dimension one and proves exponentially slow mixing when the primitive of the reaction function
(the potential function) has two or more local minima, which implies that the system is at low
temperature. In [93], Tanaka and Tsunoda prove the upper bound O (log L) on the mixing times
for any dimension under the condition that max,c[_; 1) R'(p) < 0, which subsequently implies
that the system is at high temperature. These two works together show a phase transition of
the mixing times for the model in Example 3.1 between low and high temperatures, consistent
with the conjectured behaviors. In particular, we expect cutoff to occur in the high-temperature
regime. However, to establish cutoff, not only do we have to prove that the upper and lower
bounds are of the same magnitude log L, but we also need to show that the pre-factors in front
of log L in the two bounds are the same. Surprisingly, not even a lower bound of matching
magnitude log L is available, even though it is often "the easy part" in proving cutoff. It was

not yet known whether the upper bound in [93] is sharp either.

Our contribution. We sharpen the upper bound in [93] and prove a matching lower bound,
therefore showing cutoff for the full high-temperature regime for any attractive rate function c,
in dimensions 1 and 2. Furthermore, for any dimension, in the full high-temperature regime,
we prove that the inverse gap is of order 1 and provide lower and upper bounds of magnitude
log L on the mixing times. Our proof involves a new interpretation of the attractiveness, the
information percolation framework introduced by Lubetzky and Sly in [68], anti-concentration
of simple random walk on the lattice, and what we call the excursion coupling. We hope that

this approach can find new applications in the future.
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2. Results

2 Results

The first main result of the chapter is the following.

Theorem 3.2 (Cutoff in dimensions 1 and 2). Let € € (0,1) be fized. For d € {1,2}, there

exists a constant x such that

log|AF]
2R (ps)|

log |A%|

— kloglog L <ty (€) <
Floglonl < i) < 51y,

+ rloglog L. (3.10)

Remark 3. Here, cutoff is proved when the dynamics is generally not reversible, and no explicit
formula for the invariant measure 7 is available. In fact, in [32], Gabrielli et al showed that the

system is reversible if and only if the function ¢(-) is of the following form
c(x) = (a1 + a2x(0))h(x), (3.11)

where h(z) is independent of x(0), and in this case 7 is a product of i.i.d. Rademacher. To
the best of our knowledge, it is also the only case that an explicit formula for 7 is available.
However, one can show that if a function ¢(-) satisfies the reversibility condition (3.11), then it

is attractive if and only if it is a constant function.

Our second main result is about the spectral gap of the system.

Theorem 3.3 (Spectral gap). For any dimension d, there exists a constant k such that

K K
R -——< <|R . 3.12
[ R (ps)] 1OgL_gap_! (p+) g L (3.12)

Theorem 3.2 and Theorem 3.3 together confirm the conjectured behaviors of the system in
the full high-temperature regime in dimensions 1 and 2. Furthermore, they connect the mixing
behaviors of the Glauber-Exclusion process with the behaviors of the solutions of the ODE (3.9).

Our third result investigates the mixing times in higher dimensions.

Theorem 3.4 (Pre-cutoff in higher dimensions). Let € € (0,1) be fized. For any d > 3, there

exists a constant xk such that

1log|AY|
IR (ps)]

log | A |
| R/ (px)]

— K < tmix(€) < log L. (3.13)

Theorem 3.4 says that the magnitude of the mixing times in all dimensions is log L. Fur-
thermore, the pre-factor in front of log L is bounded between two constants independent of the
precision €. This phenomenon is known as pre-cutoff; see Chapter 18 in [59] for more details.
Establishing cutoff for the process in dimensions d > 3 remains an open problem. We believe
that neither the lower nor the upper bounds in Theorem 3.4 is optimal. Furthermore, our proof
of the upper bound in dimensions 1 and 2 relies on the fact that the simple random walks in
dimensions 1 or 2 are recurrent, which is no longer valid for higher dimensions. We do not know
if this is just a coincidence. The Interchange Process, a Markov process closely related to the

Exclusion process, is conjectured to behave somehow differently in dimensions d > 3 compared
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to d € {1,2} in [96]. This fact is verified for all dimensions d > 5 in [30]. We do not know
whether this phase transition in infinite volume is connected to a change of mixing behavior in
finite volume.

Nevertheless, the upper bound in Theorem 3.4 is already better than that in [93]. In
[93], the authors impose the assumption that the derivative R’ ;)f R is uniformly negative,
log [A§ |

’maxpe[—l,l] R (p)
Hence, our assumption is weaker, and the pre-factor in front of log L is sharper.

i.e. max,c(_11) R'(p) < 0, and prove the upper bound ’ on the mixing time.

Example 3.5. Let 0 be a strictly positive number. In dimension one, we consider the local
flip-rate function c(-) : {—=1,1}1=101 5 R, defined by

Vo € {1, 10N o) i= 0+ 2 X Lp(o)=1, o(1)=—1}- (3.14)

The corresponding global flip-rate function ¢ is given by
&(u, @) =0+ 2 X Lig(uy=1, z(u+1)=—1}- (3.15)

It is not hard to see that the function c(-) satisfies Hypothesis 1. The corresponding reaction

function is
R(p) = p* — 20p — 1. (3.16)

By direct computation, one can show that R(p) has a unique root in the interval [—1,1]:
pe=0—V02+1,

and moreover,
R'(ps) < 0.

However, if 0 < 0 < 1, thenVp € (0,1], R'(p) > 0. This means that R(p) satisfies our conditions
but does not satisfy the condition in [93].

Structure of the proof. In Section 3, we interpret the attractiveness in a more intuitive
way. We also discuss some properties of monotone boolean functions, which will be used later
in our proof. In Section 4, we construct the dual coupling, which will subsequently be used in
Section 5 to prove Theorem 3.3, Theorem 3.4, and the lower bound in Theorem 3.2. Finally, in
Section 6, we prove the upper bound in Theorem 3.2. For simplicity, we will assume that d = 1.
Nevertheless, many ingredients are valid for other dimensions, and we will comment on how to

adapt the proof to higher dimensions when necessary.

3 Monotone boolean functions and attractiveness

This section aims to discuss some properties of monotone boolean functions and to prove Propo-

sition 3.9, which allows us to interpret the attractiveness more intuitively.
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3. Monotone boolean functions and attractiveness

3.1 Monotone boolean functions

Definition 3.6 (Boolean function). A boolean function is a function from some hypercube
{-1,1}", n € Z, into {—1,1}. A boolean function f is increasing if x < y = f(x) < f(y), for
any z,y € {—1,1}".

Definition 3.7 (Pivotal set). For an increasing boolean function f on {—1,1}", its pivotal set is

given by
Piv(f):={j € [n]: 3z = (z1,...,2,) € {—1,1}" such that f(z/) =1; f(a¥!) = —1}.

In particular, to evaluate the value of an increasing boolean function f on a spin configuration
x, we do not need to know every coordinate of x but only the coordinates in Piv (f). The following

lemma is elementary but very useful in our proof.

Lemma 3.8 (Pivotal sets of monotone boolean functions). For any increasing boolean function

fon{-1,1}",
Piv(f) A0 — f(1,...,1)=1and f(-1,...,-1) = —1.

In particular, for any increasing boolean function f on {—1,1},

piv () = L= IED)

3.2 Interpretation of attractiveness

We canonically identify the functions on X which depend only on the coordinates in B(0, m) with

the functions on {1, 1}2(™) We now give a more intuitive interpretation of the attractiveness.

Proposition 3.9 (Interpretation of attractiveness). There ezist ¢ € Z and increasing boolean

functions fi,..., fq on {—1, 1}B(O’m) and positive numbers A1, ..., \q, such that
q
YV € {—1, 1}B(O,m)7 C(:E) = Z )‘i]l{fi(m)z—:r((])}' (317)
i=1

In particular, for any function ¢ on X,

q
Vo e X, Lap(x) = Y 3N (p@ /) — o). (3.18)
UEAL i=1
Moreover, we can choose fi =1, fo = —1 and A1, As strictly positive.

Interpretation. Proposition 3.9 is of independent interest. It implies that the technical con-
ditions (3.5), (3.6) for the attractiveness of the Glauber dynamics can be replaced by a more
intuitive interpretation: for each site u, x(u) is replaced by fi(z,+.) at rate A;, 1 < i < g. The

monotonicity of (f;)1<i<q clearly implies that the system is attractive. In fact, for two processes
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Chapter 3. The Glauber-Exclusion process

(Y))i>0 and (Y;?);>0 whose generator is L¢, one can construct a coupling of them by updat-
ing the same sites simultaneously using the same functions. This coupling preserves the order
thanks to the monotonicity of (f;)i1<i<q. Besides, the updates given by deterministic functions
fi=1or fo = —1 can be carried out without looking at the spins of any sites. We say that

these updates are oblivious. We will see that oblivious updates play a crucial role in our proof.

Hllustration by Example 3.1. For the flip-rate function considered in Example 3.1, one can verify
that the following functions and rates satisfy Proposition 3.9. For any z = (z(—1),2(0),z(1)) €
{_1’ 1}{—1,0,1}’

filz) =1, A= (1-79)%
fa(z) = -1, Ao = (1—7)?,
fs(x) = sgn(x(—1) + z(0) + z(1)), A3 =477,
fa(z) = x(-1), Mo=2(y —77),
fs(z) = z(1), X5 =2(y — 7).
1 if s >0,
Here sgn denotes the sign function: sgn(s) =< 0 if s =0,
-1 ifs<O.

We first need the following lemma to prove Proposition 3.9.

Lemma 3.10 (Decomposition of monotone functions). Let Q be a finite set with a partial order
<. Let f: Q — Ry be an increasing function, meaning that x <y = f(x) < f(y). Then there
exist ¢ € Zy and increasing (not boolean) functions fi,..., fq : @ — {0,1} and positive numbers
AL, ...y Ag such that

f) = Z:Az'fi(')- (3.19)

Moreover, we can choose fi(-) = Li)s01 and A = L2y min f.
{f()>0}
Lemma 3.10 can be proved by induction on the size of the support of the function f. We
omit the proof here. Now we prove Proposition 3.9.

Proof of Proposition 3.9. First we prove that (3.17) implies (3.18). Indeed, if (3.17) is true,
then by definition of é(+), for any v in Ay and x € X,

q
6(u, .CU) = Z)‘i]l{fi(ftu-q-»):*x(u)}' (320)
i=1
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3. Monotone boolean functions and attractiveness

Therefore, for any function ¢ on X,

Lop(x) = Y eu,z)(p(a" ") — p(x))

u€A],

q
= D D Al )= (P& T) — (@)

ucAyp =1

q
= > > ANy ——a(u (@ T )) — o())

uelA i=1

= 3 3 N(p(anfi@n)y — o(x)),

uelAyp i=1

where the second equality is due to (3.20), the third equality is because z%fi(%u+) = gw.=2(u)
whenever f;(z,+.) = —z(u), and the last equality is because @(z"/i(@u+)) — () = 0 whenever
fi(zus.) = z(u). It remains to show (3.17).

Let n := |B(0,m)| — 1. We identify the set B(0,m) with {0,1,...,n} such that the site

0 is identified with number 0. Then (3.17) is reformulated as follows: there exist increasing

boolean functions fl, R fq on {—1,1}""! and positive numbers A, ... , Ag such that, for any
607 s 7577, € {_17 1}7
q
(&0, &n) =) )\i]l{fi(ﬁo,---,ﬁn):—ﬁo}' (3.21)
i=1
Note that Hypothesis 1 implies that ¢(—1,&1,...,&,) is increasing and ¢(1,&1,...,&,) is de-
creasing as functions of (£1,...,&,). We can now apply Lemma 3.10 to the function ¢(—1,-) to
conclude that there exist increasing functions f1,..., f;, from {—1,1}" to {0,1} and positive

numbers i, ..., A\, for some ¢; € Z4, such that, for any &;,...,&, € {—1,1},

a1
(1,60, 6n) = S NfilEr . ). (3.22)
i=1
Moreover, we can choose

i€y 6n) = L1650 = 1,
A= i —1,&,...,&,) > 0.
1= i e E)

Here, we have used the fact that ¢(-) only takes strictly positive values. We then define the
boolean functions (f;)i<i<q, on {—1,1}"*! by

~ 1 if § =1,
Fi€on. &) ={ |
2fi(£17"'7§n)_1 lff(]:_l'

It is easy to see that f; is increasing for any i. Note also that f; = 1.
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Let @1 : {—1,1}"*! — R, be defined by, for any &,...,&, € {—1,1},
q1
e1(80, -, &n) = AL 6o, n)=—t0 )

=1

Noting that
Lirae.gn=—13 =0
Lefrenen=1) = L en=13 = fil&1: - &),

we conclude that

(101(17517' o afn) =0,
(Pl(_laglw o aén) = C(_17§11 cee 75”)

Similarly ¢(1,&1,...,&,) is a positive decreasing function of (§1,...,&,). We can still apply

Lemma 3.10, by replacing the relation < by >, to conclude that there exist decreasing functions

(increasing functions w.r.t relation >) g1, ..., g4, and positive numbers A}, ..., A, such that
a2
6(175177571) :ZA;gl(gla?gn) (323)
i=1

By a similar argument, we claim that the boolean functions (fy,+i)1<i<g, defined by

1_291(§177§n) lfé():la

fq1+i(§07--'€n) - { .
-1 if & = —1,

are increasing. Similarly, we can choose A} > 0 and g; = 1. Hence fq1+1 = —1. Similarly, we
define ¢y : {—1,1}"*1 — R, by, for all &,...,&, € {—1,1},

@
_ o
P2(80;-- -5 &n) = Zl )‘i]l{fq1+z‘(€07---7§n):—fo}’
1=
(po satisfies

02(1,61,..., &) = c(1,&1,..., &),
e2(—1,81,...,6) = 0.

Hence

c =1+ p2.
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We can set A\g4; = A, 1 <i < ga to write

q1+q2
C(fo, ce 7§n) = Z /\ill{fi(§07~--,§n)=*§o}' (324)

i=1
We can renumber these functions and their coefficients such that f; = 1, fo = —1. So we have
established (3.21). This finishes our proof. O

Remark 4. We can adapt this proposition to any flip rate function satisfying (3.5), (3.6), on
any graph. In this case, each site u has its own update functions fy1,... fuq,, Which are
increasing and applied at rate Ay 1, ..., Ay q, respectively. In our case, those functions are local

and invariant by translation because the function ¢ is.

From now on, we fix a choice of (fi)1<i<q and (\;)1<i<4 that satisfies Proposition 3.9. For our
purpose, we will rewrite the reaction function R and its derivative R’ in terms of (f;)1<i<, and
(Ai)1<i<q- To do this, let A := Y7 | \;. Forany 1 <i<gq, j € B(0O,m), é_m,...,&m € {—1,1},

let us define

Vifilsem, - ém)
= fi(f—TfH s 7§j—17 17£j+1a v 7€m) - fi(g—m7 v 7€j—17 _17£j+1a v 7€m)

Lemma 3.11 (R and R’ in terms of (f;)i1<i<q and (\;)i<i<q). For any p € [—1,1],
q
- (8, 1) - (3.25
i=1
d 1
=Y > AE, [QVJ- fz-] - A (3.26)

=1 jeB(0,m)
Proof. Recall that R(p) = E,, [-2&0c(£)]. Hence, by (3.17).

q
R(p) =E,, l—%o > Aﬂl{fi<5>=§o}]

i=1

Il
.MQ

@
Il
—

ME,, [—25011{12-(&):—60}]

I
.MQ

N
Il
i

Ev, [(£1(6) — €)1 (&0}

I
MQ

Vp [fz(g) - 50]

@
I
—

I
/@

N
Il
i

1 Vp [fl(g)}> - )‘p'
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So we have established (3.25). We also know that, for any p € [—1, 1],

1+ 1—
R, = 2p51+ 2”5_1,

and hence

d 1. 1
SR, = =61 — =0_1.
dp%p 27t 9" !

Therefore, for v, = m?B(O»m)’

d - 11 .
-V, = Z %g{—m,...,]—l} ® (251 — 251) ® 9%?{]-&—1,...,771}.
P j€B(0,m)
This equality and (3.25) lead to (3.26). .

4 Dual coupling

4.1 Graphical Construction

We call Ap x Ry the space-time slab, where each slice Ap x {t} is equipped with the graph
structure of Ay. We identify A;, with the subset {0,...,L —1} of Z.

We introduce a notation essential to our proof.

Cexclusion Cglauber) Cexclusion
)

A collection of marks. A collection of marks C is a pair ( , where

C glauber

and are subsets of A; x Ry and [¢] x Ar x R4, respectively, that satisfy the following

conditions.

e There is at most one mark at a time:

vVt > 0,

Cexclusion N AL % {t}‘ + ‘Cglauber N [Q] % AL % {t}‘ < 1.

e (C is locally finite in time: for any 0 < t; < t9,

Cexclusion N AL > [tl,tQ]‘ 4 lcglauber N [q} X AL X [thtg]‘ < Q.

In other words, C can be identified with a counting measure on (A, x Ry) U ([¢] x Ap x Ry)
whose projection onto Ry has no multiple point and is locally finite. We call an element (u,t) €
cexelusion the exclusion mark on the edge (u,u + 1) at time ¢ and an element (i,u,t) € C8uber

the Glauber mark of type ¢ on site u at time ¢.

Effect of a collection of marks. Given a collection of marks C and a configuration xg € X,

the process (X;)¢>0 is defined recursively according to the following rules.
o X;° =z (xo is the initial configuration).
o The process (X;°)t>0 is piecewise constant and can only jump when a mark appears.
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« When we see an exclusion mark on the edge (u,u+1), we make the transition o + z%7u+!

(exchange the spins at sites u and u + 1).

« When we see a Glauber mark of type i at site u, we make the transition z — z%/fi(@u+)

(update site u using the function f;).

Roughly speaking, the marks tell us how the process (X;°);>0 is updated. We have kept the
dependency on C implicit to lighten the notation. The Glauber-Exclusion process associated

with the generator Lgg can be constructed as follows.

Graphical Construction 1. Let the background process

(1]

= ((EMo ocuer 1, (EEM)1cicq 0cusr1) (3.27)

be defined as follows. (EZXCIHSion)Ogug L—1, (E%a“ber)lgigq, 0<u<L—1 are independent homogeneous

Poisson processes, and
. Efj‘d“ion is of intensity I?, 0<u<L-1,
. E%a“ber is of intensity \;, 1 <i<¢q,0<u<L—1.

Almost surely, a realization of = naturally defines a collection of marks C as follows. For any
(iauvt) = [Q] X AL x R-‘r?

o (u,t) € CoFsIon iff the process ZXCIUsion jumps at time t,
o (i,u,t) € C&¥Per iff the process Eﬁlf“ber jumps at time .

Then the process (X;°);>0 constructed by the rules above is a Markov process with generator
LEE starting from configuration xg. An illustration is given in Figure 3.2, where each exclusion
mark is naturally drawn as a left-right arrow on the corresponding edge, and each Glauber mark

is drawn as x on the corresponding site, with the corresponding update function next to it.

Remark 5. In the future, we may construct the (random) collection of marks C differently, but
as long as it has the same distribution as the one given by Z, the process (X;°);>0 constructed

by the above rules is still a Markov process associated with generator £L&F starting at .

o0
The alphabet. Let A:= |J (Z4 x B(0,m)") be the set of all words beginning with an element
=0

1=
in Z, followed by elements in B(0,m). We define a lexicographical order on A using the usual
orders on Zy and B(0,m). For any word w € A, we call the elements of {w} x B(0,m) the
children of w. The alphabet A will be used to label the branching processes that naturally arise

when we study the update history of our process.

Update history. Consider a collection of marks C and the resulting process (X[ ):>¢ for some
r € X. Lett >0, and let E C A, be a set whose spins we want to know at time ¢. A natural

way to reveal the spins of E at time t is to go backward in time, tracing the history of the
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information involved. At each site of E at time ¢, we put a particle labeled by the corresponding
element in A (we have E C A, C Z4 C A). The history of F, going backward in time, is as

follows.

1. Every time we see an exclusion mark, the particles at the endpoints of the corresponding

edge, if there are any, jump to the other endpoints.

2. Every time we see a Glauber mark, say at site u, if there is a particle w there, we remove
w, and at each site of B(u,m), we add a new particle. We canonically label the newborn
particles by the children of w. If a particle is born on a site already occupied by some

other particles, all of them will move together as one particle.

We follow all the particles backward until time 0. The update history of the set E at time t is
the sub-collection of marks Cp;s(F) consisting of all the marks (exclusion and Glauber) we meet
on the trajectories of all the particles described above. For our purpose, it is more convenient to
consider C¥ (E), the version of Cp;s(E) when we reverse the time interval [0,¢]: C%(FE) is the
set of marks obtained from Cp;s(E) by replacing the time s in each mark by ¢ — s.

We define a spin configuration s on the set of all particles appearing as follows.

o For any particle w reaching time 0, say at site u,

e For any particle w not reaching time 0, let ¢ be the type of the Glauber mark removing w.
Then

Sw = fi((5w’)w’€{w}><B(0,m))'

These rules allow us to define recursively the spins of all particles that appear. In particular, by

construction,
Vu € E, 5, = X{(u),
where s, is the spin of the particle labeled wu.

4.2 The branching exclusion process (BEP)
We fix a subset E of Ay, in this subsection. We claim that the history itself, viewed backward

in time, is a Markov process, called the branching exclusion process (BEP), defined as follows.

Definition of the BEP. We consider the following way of putting marks and particles in the

space-time slab. We go forward in time.

1. At time 0, at each site of E, we put a particle labeled by the corresponding element of
A. Each particle is associated with ¢ Poisson clocks, called the Glauber clocks of type
1,...,q, of intensity Aq,..., Ay, respectively. All the Glauber clocks are independent.
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Figure 3.2: History of Glauber-Exclusion dynamics.

2. Each edge of the lattice is associated with a Poisson clock of intensity L2, called the
exclusion clock. The exclusion clocks are independent and independent of the Glauber
clocks. Each time an exclusion clock rings, we put an exclusion mark on the corresponding

edge.

3. The particles follow the exclusion marks until one Glauber clock rings, says the clock of
type ¢ of particle w at time s. Suppose that w is at site u at time s—. Then we put a
Glauber mark of type ¢ on site v at time s. After that, we remove particle w and add new
particles to all sites in B(u, m), canonically labeled by the children of w. We think of this
as the particle w splits into its neighbor sites. Each particle born on a non-occupied site
is given ¢ independent Glauber clocks, independent of all exclusion clocks and all Glauber
clocks of other particles. Each particle born on an occupied site "moves together" with
the particles already there. The particles moving together are called a group of particles,
and they are associated with the same ¢ Glauber clocks. All the particles then continue

to evolve with similar rules.

The BEP starting from E consists of two parts (Vpgp(E),Cprp(E)), where

o Uppp(FE) is the collection of trajectories of all the particles, i.e. the map associating each

point (u,t) of the space-time slab with the set of particles occupying the site u at time ¢.

e Cppp(F) is the set consisting of all the marks on the trajectories of all the particles

constructed above.

Remark 6. Knowing E, the pair (Vprp(E),Cppp(F)) is determined by Cprp(E).
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We say that a particle w is alive at time t if it was born before time ¢ and has not been
removed by time ¢. Let Wy be the set consisting of the particles with the smallest labels in each
group of particles alive at time ¢, for any t € R;. A spin configuration on W; is identified with
a spin configuration on the set of all particles alive at time ¢, where the particles in a group are

given the same spin.

Spins of particles in BEP. Each spin configuration s on W; is extended to Jy<s<; Ws by
the following rules. For any w in (Uog s<t WS) \ W%, w must be removed at some point in [0, ¢]

by a Glauber mark, say of type ¢. Then

Sw = fi ((5W’)w’e{w}><B(07m)) )

This allows us to extend the spin configuration to all the particles alive at some point in the
time interval [0, ¢].

By the homogeneity of the Poisson processes, we can see that Cggp(E) and CJ¥(E) have
the same distribution. In fact, we can show that their first marks have the same distribution,
then conditionally on their first marks, their second marks have the same distribution, etc. This

leads to the following result.

Proposition 3.12 (History is BEP). Let t € Ry, x € X. Consider the BEP starting from E
and the history of E at time t given by a collection of marks generated by =. Then the point
processes Cppp(E) and CPL.(E) have the same distribution. In particular, for some z € X, if

we define the spin configuration s on Wy by
Yw € Wy, sy = x(u), if w is at site u at time t,

then
X7(B) £ (su)ues- (3.28)

Example 3.13. Figure 3.2 also illustrates the BEP starting from E = {1,2}. The time axis
upward is the one of the Glauber-Exclusion process, and the one downward is the one of the

BEP.

The idea of looking at the history backward in time is not new. It is known as duality in
the context of interacting particle systems. For our case, the BEP was already introduced by
De Masi et al in the original paper [18] (for the proof of Proposition 3.12, see Theorem 3.1
in [18]). The primary motivation is that it makes the study of correlation functions easier.
To study the k—points correlation function, we only need to follow the history of k particles
backward instead of realizing the whole process forward. This idea also relates to the famous
"coupling from the past" algorithm in [82] and is also an essential ingredient of the information
percolation framework in [68]. Proposition 3.12 says that the history itself can be viewed as a
Markov process (the BEP). This will be useful for the construction of our coupling.

We introduce some further necessary notations.
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Update functions. By construction, for any particle w alive at some point in the time interval
[0,#], there exists an increasing boolean function F,; on {—1,1}"* such that for any spin

configuration s on W4, its extension to (Jy<,<; W satisfies

Sw = w,t((sw/)w’EWt)- (329)

The function F,,; describes the dependence of the spin of w on the spins of the particles alive

at time t.

Pivotal sets of the update functions. For any ¢ > 0, for any particle w that is alive at

some time s < t, we denote by
Piv (w,t) := Piv (Fy4) . (3.30)

We write Piv (E,t) for U,cg Piv(w,t).

Observation 3.14. For any s < t,

Piviw,t)c |J Piv(w,t). (3.31)

w’ €Piv(w,s)
Update times of the pivotal set. Let the sequence (7});>0 be defined recursively, as follows.

TO = 07
Tj+1 = inf {t > Tj : a Glauber clock of a particle in Piv (E,T}) rings at time ¢} .

Observation 3.15. (Piv (E,t))i>0 is piece-wise constant and only jumps at the times (T}) ;0.

The same conclusion is true for (Fyt)i>0, for anyw € E.

Information percolation. We now briefly explain the idea that we borrow from [68], which
will be made more precise later. First, to determine the spin of w € E, we do not need to follow
the whole history, but only the part that is "essential’, say (Piv(w,s))o<s<¢. In particular, if
Piv (w, s) = 0 for some s < ¢, then the update function F,, ; degenerates, i.e. becomes a constant
function. Then, we can determine s,, without tracking further the history in the past. Second,
we regard (Piv (w,t));>0 as a percolation cluster in the space-time slab. Surprisingly, we prove
in Lemma 3.20 below that the information percolation cluster defined this way is "subcritical” in
the full high-temperature regime. This subcriticality means that the update functions quickly
degenerate, so the spins at time ¢t quickly become independent of those at time 0 as t grows to

infinity, and the system mixes quickly.

4.3 The idealized branching process (IBP)

We will compare the BEP with its idealized version, the idealized branching process (IBP). The
IBP starting from a particle w € A is defined as follows.
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Chapter 3. The Glauber-Exclusion process

o Initially, w has ¢ independent Poisson clocks, of intensities Aq,..., )\, called the Glauber

clocks of type 1,...,q respectively.

o Each time a clock of a particle w’ rings, we remove w’ and add the children of w’ into the
set of particles. Each of them is given ¢ independent Glauber clocks, and the clocks of

different particles are independent.
The IBP starting from w is a pair (¥;5p,Crpp), where

e U;pp is the process associating each time t € Ry with the set of particles alive at time ¢,

i.e. the set of particles born before time ¢ and not having been removed by time t.

o Crpp is the counting measure on [g] x R, that tracks the type of the Glauber clocks that

ring.

Remark 7. In the IBP, the particles no longer live on the lattice. All the particles are different,
and all their clocks are independent. In particular, it is a dimension-free object, i.e. it does not

depend on the size L of the system.

For any finite subset FE of A such that for all wy,wy € E, wy is not a descendant of wo,
the IBP starting from E consists of |E| independent IBPs starting from particles labeled by the

elements of E.

Spins and update functions of the IBP. Let W, be the set of particles of the IBP alive
at time t. Similarly to what we have done for the BEP, for any spin configuration s on Wt, we
extend § to Up<s<y W, by defining for each w ¢ W,

Sw 1= fi((gw/)w’e{w}xB(Oﬂn))'

We can extend s to all particles alive at some time s < t with this procedure. In particular, we
can define the spin of w. We define the update functions FW,t , the pivotal sets (ISE(FW,t))tZO,
and the update times (TJ) jez.,. analogously as for the BEP.

4.4 The coupling

Let E be a subset of Ar. We will construct a coupling between the BEP and the IBP starting
from E. Let there be one exclusion clock at each edge of the lattice and an infinite number
of Glauber clocks of types 1,...,q. All of them are independent. We will use these clocks to
construct the two processes. We say that the coupling is succesful until time ¢ if Piv (E,t) =
Piv(E, t), and for each w € Piv (E, ), the Glauber clocks associated with it at time ¢ are the
same in the BEP and the IBP. We now construct the coupling, which should be thought of as
embedding the IBP in the space-time slab Ap x R..

1. Whenever an exclusion clock rings, we put an exclusion mark at the corresponding edge.
When a particle of the BEP meets an exclusion mark, it jumps to the other endpoint of
the edge.
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2. At time 0, each particle w € F is associated with the same ¢ Glauber clocks in the BEP
and the IBP.

3. For each particle, the set of clocks associated with it stays unchanged in the interval
(Tj,Tj41], where (Tj);>0 are the update times of Piv (E, ).

4. Suppose that the coupling is still successful until time 7). Then T4 corresponds to the
ring of a Glauber clock of some particle w € Piv (E,Tj). Note that T}, = Tj+1 because
the same clock of w rings in the IBP. Suppose that w is at site u at time 71 —. Then one

of two cases can happen.

(a) Case 1: At time Tj41—, there is no particle in B(u, m) except w. This means that the
children of w are born on sites not occupied by other particles in the pivotal set. Then
we update Piv (E,T}11) and Piv(E, Tjy1): we let the particles in Piv (E, Tj41—) \
{w} keep their clocks (in IBP and BEP), and we remove from Piv(E,Tj;1—) and
ﬁ(E,TjH—) the particles whose spins are no longer necessary to determine the
spins atop, and then we associate the children of w in BEP and IBP with the same
Glauber clocks. Note that Piv (E,Tj11) C (Piv(E, Tj41—) \ {w}) U ({w} x B(0,m)).

In this case, the coupling is still successful until time 7} .

b) Case 2: At time T;1—, there is some particles in B(u, m) other than w. Then from
J+
time T}y1, all the particles in the two pivotal sets are given different Poisson clocks.

The coupling becomes unsuccessful since then.

We say that the coupling is successful until infinity if it is successful until ¢ for any finite ¢. The

interest in the above coupling is the following.

Observation 3.16 (Spins atop coincide). If the coupling is successful until time t, and if s, =
Sw, Yw € Piv (E,t), then s, = 5y, YW € F.

We will show that the coupling is successful until infinity with high probability.

Proposition 3.17 (The coupling is successful w.h.p). Let E be an arbitrary subset of Ap.
Consider the coupling of the BEP and the IBP starting from E described above. Then

|E[”

P[The coupling is not successful until infinity] < BT, (3.32)

for some constant (.

The motivation for the coupling is as follows. We are inspired by the local equilibrium
phenomenon, so we try to couple the BEP and the IBP so that when we generate the spins of
the particles at time ¢ in the two processes according to the same distribution (assuming that
those sets are the same), then the spins atop are the same. If this is the case, as the spins
atop of the IBP are independent, the spins atop of the BEP are also independent. The naive
coupling is to match every particle in the two processes. However, the total number of particles

increases exponentially fast, so we can not expect the naive coupling to work until the mixing
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Chapter 3. The Glauber-Exclusion process

times. Nevertheless, it is not necessary to match the evolution of every particle, but only the
ones that truly influence the spins atop, say Piv (E,-).

The idea to look only at (Piv (E,t));>0 ultimately comes from [68] (in this paper, the authors
call it the update support function, see Subsection 2.2 in [68]). In Subsection 4.5, we analyze the
IBP, and in particular, we prove that E\J/() behaves like a subcritical Galton Watson process.

In Subsection 4.6, we use this to prove Proposition 3.17.

4.5 Analysis of the IBP

In this subsection, we consider the IBP starting from a particle w € A. For convenience, we
identify the set of children of w with B(0,m). Let the functions ¢,1 : Ry — R be defined by

o(t) =P [Piv(w, 1) # 0], (3.33)
W(t) =B [[Piv(w, 1)]] (3.34)

which means that ¢(t) is the probability that the process Piv(w,-) still survives at time ¢ and
Y(t) is the average size of Piv(w, t). The main purpose of this subsection is to analyze several
aspects of the IBP and, in particular, to prove that 1(t) ~ efilp)t,

The average size of Piv(w, t) conditionally on survival is
E [[Piv(w, t)|[Piv(w, t) # 0] = 2. (3.35)

Note that if m(w, t) = 0, then the spin of w does not depend on the spins at time ¢ anymore,
so we can safely write

9(t) = E [5u[Piv(w, 1) = 0] (3.36)

for the average spin of w conditionally on the extinction of ﬁ\//(w,t). Clearly, the functions
1, ¢,1 do not depend on our choice of w € A.
First, we have a result linking the average of §,, with the ODE (3.9).

Lemma 3.18 (Spin atop of an IBP). Let py € [—1,1] and t > 0. Consider the IBP starting
from w. Suppose that, conditionally on the IBP, the spins at time t are generated independently
by a product of Rademacher: §(W) ~ %f%wt. Then

E[sw] = p(t), (3.37)

where p is the solution of equation (3.9).

Proof. Let g(t) := E [6y]. Let ¢ be the first time that a Glauber clock of w rings. Let £(7) be the
event that the Glauber clock ringing at time ( is of type ¢. Then ¢ and £(i) are independent,
and ¢ ~ exp(\), P[E(7)] = Ai/\. Moreover, the branches starting from the children of w are
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o<
3

(w,—1) (w,0) (w, 1)

(a) (>t (b) ¢ <t

Figure 3.3: Conditionally on the first ring

independent and independent of ¢ and £(i), each behaving as an IBP. We see that

g(t) =E [1{C>t}§W} +E {]l{CSt}gw} : (3.38)
We estimate the two terms on the right-hand side of (3.38) separately.

o First term: conditionally on ¢ (see Figure 3.3), on the event {¢ > t}, 5, ~ R,,, and

hence

E [1(csnyin] = B [LiesnE 5ulq)] = E[Lisny x po] = poP [¢ > 1] = poe™.

« Second term: we see that
E |Lic<il e fil Gulwepuixsom)]

EGE [1cen fi (Gulwemwxsom)]

q
=) E
i=1
q
=2 P
i=1

since £(7) is independent of ¢ and of the IBPs starting from the children of w. Conditionally
on ¢, on the event {¢ < t}, by construction, (5w )we{w}xB(0,m) are i.i.d. Ry;_¢). Hence

E [ﬂ{c<t}f7ﬁ ((EW')W’E{W}XB(D,m))} = E {1{C<t}EVg(t—c) [fz]} .
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Hence

E [ﬂ{(gt}gw} ZP []1{C<t}E Yg(t—¢) [fz]}

=1

q
A
; E LBy 1]

.

=E 1{C<t}z E Vg(t—¢) [fz]]
=B 10z x § < [Rlg(e = ) + Mgt = O]

where the last equality comes from Lemma 3.11.

This implies that the first term of (3.38) equals e *py and the second term of (3.38) equals

/t )\e*)“g% (R(g(t—s))+Ag(t—s))ds = /t e (R(g(t — s)) + \g(t — s)) ds
0 0

= [ e (Rig(s)) + Mgl s,

where the last inequality follows from the change of variable s’ =t — s. This implies that

o) = o+ | "N (R(g(s)) + Agls)) ds
= (ot [ " (Rg(s)) + M(9)) ds).

Now we can differentiate both sides with respect to ¢ to conclude that

(0) = =2 (g [ (Rlgls) + Ag(s)) ds ) + 6N (Rlg(0) + Agl0)
= “\g(t) + Rlg(0) + A (1)
= R(gl0)

This means that g solves equation (3.9) with initial condition g(0) = po. This finishes our
proof. O

Recall that p; and p_ are solutions of equation (3.8) with initial conditions 1 and —1. We

have the following lemma.

Lemma 3.19.
I(t) = W. (3.40)

Proof. Let us generate the IBP up to time t. We denote by E; [-] the probability taken with
respect to the IBP when we assign the spins at time ¢ to be all-plus,i.e. &, = 1, VW € Wt
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and E_ [-] the probability taken when we assign the spins at time ¢ to be all-minus,i.e. §,/ =
—1, ¥w' € W,. Note that

W {ﬁ(w’t#@} 5,1 {|5Tv<w,t>:@}] . (3.41)

for some increasing boolean

)

Recall that |5\i\//(W,t) = Piv (FW t), where §,, = FW¢ ((gw')w'eﬁ/t)

function F ;. Hence

Ey

gwn{ﬁ(w,t);ﬁ@}] = E+ [ﬂ{lg\i\//(w,t);é@}] =P F)\i\//(w, t) 75 @} s

where the first equality is due to Lemma 3.8. Moreover, when m(w,t) = (), 5, no longer
depends on the spins of particles in W;, so the second term in (3.41) is equal to (1 — ¢(t))9(t)
by definition of the functions ¢, . This implies that

p+(t) = o) + (1 = ¢(1))I(1).

Similarly

These two equalities imply what we want. ]

In the following proposition, we prove that v satisfies a particular differential equation,

implying that the pivotal set is subcritical, one of the most important results in this chapter.

Proposition 3.20 (Differential equation for ). There exist a univariate polynomial Q1 and a

bivariate polynomial Qo such that

= (R (ps) + (9 = p)Q1(9) + 6Q2(¢, 9)) . (3.42)

Proof. The idea is to proceed as in the proof of Lemma 3.18. See Figure 3.3 for intuition. Let
us generate the IBP starting from one particle w up to time ¢t. Let ¢ be the first time that a
Glauber clock of w rings. Then ¢ ~ exp(\). We see that

() = E |[Piv(w, )|
= E |[Piv(w, )| Tcoy| + B [[Piv(w, 6)[Licpy] - (3.43)

We estimate the two terms in (3.43) separately.

« First term: when ¢ > ¢, Piv(w,t) = {w} by construction, and hence
E [[Piv(w, )] T(csy| = E [[{(w}[leony| =P > 1. (3.44)

o Second term: For any subset A C B(0,m), any @ € [g], any spin configuration 7,£ on
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B(0,m), let us define the spin configuration €47 on B(0,m), the boolean function fiA’77 on
{=1,1}80m) "and the events £(i),E(A,n) by

EM(5) = n(j) x Ljeay + €() L gjeacy,
7€) = fi(g™),
E(i) := {The Glauber clock of w ringing at time ( is of type i},
E(A,n) == {Piv(w',t) # 0,vw € A, and Piv(w',t) = 0,YW € A} N {Guw)y reac =1n|act.

Note that, on the event £(i) NE(A,n),

Piv(w, t) = U Piv(w/, t).

w’EPw(fAC ”)
Hence
E HIBE(W, t)‘ ]1{C<t}]15(i)]18(A,77)} = Z E Hm(w’, t)‘ ]I{C<t}]1€(i)]15(A,n)} . (345)
w GPlv(fAC 7’)

By construction, ¢,£(7) and the branches of the IBP starting at the children of w are
independent. Hence, for any non empty A C B(0,m), w' € A,n € {—1,1}B0m)

E [[PvW, )] Lgean e ecan)]

=P [5 HPIV W t) ]l{<<t}]lg(A TI)}
Ai =
=3 E e ‘P'V(W/’t)‘ WHEIA_{{W,} ﬂ{ﬁTv(wﬂ,t#@} W/gc ]l{EK,(w",t)@,gwunwu}] '

Note that the branches starting at the children of w at time { are independent IBPs
independent of (, shifted by a time (. Then we can integrate out the randomness of these

branches to conclude that

. >\’L _
E HP'V(W/,t)’ ]l{§<t}]lé'(i)]1€(A,n)} = E Lieepo =t I (- ¢)5R19(77w~)] ;

w/' € AC

where we have used the definition of ¢, ¢, and . In the formula above, the functions

1, @, inside the expectation are evaluated at ¢t — (. Hence
E Hﬁ(wlﬂf)’ ]l{C<t}]l£(i)]l£(A,n)} =E []l{g“<t}M( A, 77)}
with

My A,n) i= Sl (1= g T (),

w’ e AC
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where the functions v, ¢, are evaluated at ¢t — (. For convention, M(i, A,n) := 0 if
|A| = 0. Hence

E Hﬁ(w,t)‘ 1{C<t}} =Y E {ﬂg(i)HS(A,n)]l{C<t}‘IST\;(W?t)”
i,Am

=3 Y E|Leplean ey PvW, 1)
b4, "W ePiv (fAC ")

=E |1 Z ’PIV( ’n)‘/\/l i, A,n) |, (3.46)

i,Am

where the sums are taken on all i € [g], A C B(0,/m), and n € {—1,1}50™) Note that,

> a0y \P'V( ’")]M i,A,n) =0, (3.47)
i,An
and
> Lz ’P'V( )\M i, A,n) = Yoy, (3.48)
1,An

where ¢ is a polynomial of ¢ and ¥, and the functions ¢, ¢, are evaluated at t — (. We
now estimate the sum on the subsets A such that |A| = 1. Note that if A = {j}, then

Piv (55 = S50,
due to Lemma 3.8. Hence

S Agaiey |Piv (7| MG, 4,m)

i,Am
=23 v, ifimM@@, {5}, )

7177
= Z v, ifiln w< —¢)*" 11 Ry (1w )

1,7, n w”e€B(0,m)\{;j}

2m 1
=v( Z > Ey, [zvjfi]
= ]EB (0,m)

= (1= P LR (D) + ), (3.49)

where we have used Lemma 3.11 in the last equality. The equations (3.46), (3.47), (3.48), (3.49)
together imply that

. m R/ 19
E [Piv(w, t)ljccy| = E [n{cq} x {@Z)(l — ¢)? (i) + 1) + Ql)qbgH , (3.50)
where the functions 1, ¢, J inside the expectation are evaluated at ¢t — . The equations (3.44),
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(3.50), (3.43) together imply that

P(t) =P >t +E [n{<<t} % Ml _ g)2m (R’(ﬁ)

A
=e M4 /Ot Ae A {1/1(1 — ¢)?m <R,§ﬁ) + 1) + wqbg} ds

+ 1) + w¢g”

where the functions ), ¢, inside the integral sign are evaluated at ¢ — s. We make a change of

variable s’ =t — s to conclude that

Y(t) =e M+ /Ot Ae A=) [¢(1 — ¢)*m <R/)(\19) + 1> + @bqbg} ds

Y (1 + /Ot e [¢(1 _g)m (Rliﬁ) + 1) + ¢¢g} ds) ,

where the functions 1, ¢, are now evaluated at s. Now, we can differentiate both sides with

respect to t to conclude that

)

1/}/ — _)\,¢ + e—)\t)\e)\t |:7,Z)(]. o ¢)2m ( X

+1) + g
where all functions ¢/, ¢, 1,9 are evaluated at t. Simplifying that formula, we obtain
W= (A4 (1= 20)*™ A+ (1 - 20)""R'(9) + g .

Recall that R is a univariate polynomial. Hence, we can find a univariate polynomial ()1 and a

bivariate polynomial Q)2 such that
(V= p)Qi(9) = () — R(p.),
6Qa(6,9) = (1 20)*™ = 1) (R'(9) + A) + ¢g.
This finishes the proof. O

Remark 8. In the proof above, the monotonicity of the functions (f;)1<i<4 is crucial, and so is
Hypothesis 1.

We derive the asymptotic of ¢ using Hypothesis 2.
Lemma 3.21 (Asymptotic of some important functions). There exists a constant k such that,

for any t >0, all the numbers log(t),log ¢(t),log(p+(t) — ps), log(ps — p—(t)) lie in the interval
R (pa)t — 5, R (po)t + 1.

Proof of Lemma 3.21. We prove the result for 1(t). The results for other functions are proved
similarly. By Hypothesis 2, we easily see that

R(p) > 07 Vp € [_17/0*)7
R(p) <0, Yp € (p«,1].
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Hence p4 (t) N\ p«. Moreover,

/
t
lim 7p+( ) = lim
t=o0 pi(t) —p 1o py(t) — ps

Then for t large enough,

<
p+(t) —p T 2

Then, by Gronwall’s lemma, there exists a positive constant x; such that
YVt >0, pi(t) — ps < /ﬁe%R/(”*)t.
One can prove that the inequality above is still true if we replace p4(t) — p« by the positive
functions p. — p—(t), ¢(t), |9(t) — p«|. Therefore,
1. ¢(t), |9(t) — ps«| are absolutely integrable with respect to ¢.

2. Q1(¥) and Q2(¢, ) are bounded uniformly in ¢.

Hence (¢ — p«)Q1(9) + ¢Q2(, 1) is absolutely integrable as a function of t. Recall that Propo-
sition 3.20 implies that

¥

5 R (ps) = (9 — pe)Q1(0) + ¢Q2(¢h, V).

Hence, taking integration from 0 to ¢, and using the inequality | [ f — [g| < [ |f — g], and noting
that ¥(0) = 1, we obtain

flog p(6) = R(p)] < [ 100~ p)Qu(0) + 6Qa(6, )] <

where

= /0°° (8 = p)Q1(9) + $Qa(d, )|

This finishes our proof. O

Remark 9. Hypothesis 2 is crucial for the proof above.

We present some elementary but useful results on Wt.

Lemma 3.22. Consider the IBP starting from a set E. Then there exists a constant K such
that, for any numbert > 0,
E [[Wi?] < et|E]2

Proof of Lemma 3.22. Note that (|W;|);>0 is a Markov process itself. Let £ be the generator
associated with (|Wt|)t20. Then, for any function ¢ : Z; — R, for any n € Z,

Lon)=Anlp(n+2m+1—1)—p(n)] = Infe(n+2m) — ¢(n)].
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We also know that, see e.g. [31],

SE[o(WuD)] = B[]

Applying the formula above for ¢ : n — n?, we obtain

d

i [IW7] = B [Nl (4l + 4]

< A(4m + 4m?)E [[W[2] .
Then, we can apply Gronwall’s lemma to conclude that
E [|Wh[?] < el iV [|Wf?]
which finishes the proof. O

Lemma 3.23. Consider the BEP and IBP starting from E C Ap. Then, ]Wt| stochastically
dominates |Wy| for any t > 0.

Proof of Lemma 3.23. The reason is that the particles in the two processes are given ¢ Poisson
clocks with the same rates. For the BEP, each time a clock of a particle rings, the particle is
removed, and at most 2m+1 new particles are added to W; because some new particles are born
on the sites already occupied. In contrast, for the process \Wt|, each time a clock of a particle

rings, exactly 2m + 1 new particles are added. O

4.6 Success of the coupling

Now we can prove Proposition 3.17. We will need a result about anti-concentration of the

Interchange Process IP(2).

Interchange process IP(2). The interchange process IP(2) on AdL, whose edges have con-
ductance L2, is a couple of random walk (U1,Us) that has the following description. The state
space is (A? x A4)\ {(u,u)|u € A¢}. For any initial condition, the evolution is as follows. Each
edge of A¢ is associated with an independent Poisson clock of intensity L2. Whenever a clock
rings, if Uy (or Us) is at one endpoint of the corresponding edge, it jumps to the other endpoint.

From now on, we denote by dist (-, ) the shortest-path distance on the lattice. We have the

following result.

Lemma 3.24 (Anticoncentration). For any d € Z~g. Let (Uy,Us) be an IP(2) on A%, whose
edges have conductance L?. Let 0 be a strictly positive number and ( ~ exp(6), independent of
(Ur,Us). Then, for any k € Z,

Oy r(1/L) ifd=1,

max Puy gy [dist (U1(C),Ua(C)) < k] = { Opr(log L/L?) if d = 2,
U1,U26AdL;u1¢U2

Op(1/L?) ifd> 3.
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4. Dual coupling

The proof of Lemma 3.24 is postponed to Appendix. To lighten the notation, we write Piv (¢)
for Piv (E,t) and Piv(t) for Piv(E,t). The proof of Proposition 3.17 is divided into two following

lemmas.

Lemma 3.25. With the same notations as in Proposition 3.17,

20 E |Piv(Ty)
P[The coupling is not successful until infinity] = O ( 7= £ ’ }> .

Lemma 3.26. -
5 P =0 (1)
§=0

Clearly, those two lemmas imply Proposition 3.17. Those two lemmas separate the effect of

the exclusion process and the IBP.

Proof of Lemma 3.25. We say that two particles w; and we have an interaction if there is a time
t such that:

1. Both are in the pivotal set at time t—, i.e. wi,ws € Piv (t—), and they do not occupy the

same site.

2. At time t, a clock of one of the two particles rings, and then one of the children is born

on the site occupied by the other particle.

In short, two particles in Piv(-) have an interaction if one splits into the site occupied by the
other. For example, in Figure 3.2, w and w’ have an interaction at time s3. By definition, the

coupling is successful up to time ¢ if there is no interaction up to time ¢. Hence
P[The coupling is not successful until infinity] < P [There is an interaction] .

We only need to prove

= E [Piv(T})
=0
[P[There is an interaction] < O ( ’ I[) ’ }> . (3.51)
Note that
P [There is an interaction] = Z [P [The first interaction is between wy,ws] .

W1,W2

Recall the definition of the update times (7});jcz, of the pivotal set. Let £(j,wi,wz) be the
event that 7T} is the first time such that both w; and wy are in the pivotal set. Let £(j) be the
event that there is no interaction up to time 7}, and let £(wy,ws) be the event that there is an

interaction between wi,ws. Then

P [The first interaction is of wi,ws| < ZIP’ [E(7, w1, wa) NE(F) N E(wi,wa)].
=0
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Chapter 3. The Glauber-Exclusion process

Let F; be the o-algebra generated by the Poisson processes up to time 7). Then
PE(, wi,w2) NE(F) NE(wr, wa)] = E |:]l€(j,w1,W2)]15(j)]P) [€ (w1, W2)\7aﬂ
Let 7 be the time such that a Glauber clock of wy or wy rings counted from 7}:
= inf {t > 0 : a Glauber clock of w; or wy rings at time 7} + ¢} .

Conditionally on Fj, on the event £(j, w1, wa2) NE(7), from time T; onwards, w; and wp move as
an IP(2) on the lattice, until one of their Glauber clocks rings at time 7 ~ exp(2X). To have an
interaction, the distance between w; and ws at time 7 must be smaller than m. Therefore, by

Lemma 3.24, conditionally on Fj, on the event £(j, wq,wa) NE(J),
P [€ (w1, wa)|F5] < B/L,

for some constant 8. We deduce that,

jaW17W2) ﬂg(j)] :

h\m

o0
P [There is an interaction] < Z Z
W1,W2 :

Note that on the event £(j,wi,ws), either wy or wa (or both of them) is born at time 7;. We
denote by £(j,w;) the event that w; is born at time T}, ¢ € {1,2}. Hence

Y LeGunwnler) £ D0 D LeGuwn) e Legw-

W1,W2 1€{1,2} w1,w2

Moreover, note also that on the event £(j, wq,wa), wo € Piv (T}). Hence

Z ]lgjwl wz)]lg ]lg]W1 Z ]l{WQEPIV }]lg(le)]lg( )

W1,W2 W1,W2

<Y IPV(Ty) [ Lg )y L)
w1
< (2m+1) [Piv (T))| L),

where all these inequalities are true almost surely. The last inequality is because at most (2m+1)
particles are born at time 7). Note that, on the event £(j), Piv(T};) = ﬁ\//(fj) This implies
that

> LeGwwaleg) < 22m+1) ‘ﬁ(j})‘ _

W1,W2

Taking expectation, we conclude that

Sl
.Mg

<
Il
o

P [There is an interaction] < 2(2m + 1) E {ﬁ(fg)} )
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4. Dual coupling

which finishes the proof. O

We finish this section by proving Lemma 3.26. The left-hand side is the sum of the expected

sizes of the process ‘ﬁ;()‘ at its update times. The intuition is that the inequality is true if
we replace I/DE() by a subcritical Galton-Watson process. The only problem is that ‘Eﬁ()‘ is

not Markovian. Nevertheless, it is "subcritical", and the idea is to enlarge the process ]ﬁﬁ()‘ to

make it Markovian and then adapt the proof of the subcritical Galton-Watson case.

Proof of Lemma 3.26. Let to be a number such that ¢ (tp) < 1, which exists thanks to Lemma
3.21. We rewrite the left-hand side as

i iE Hm(fy)‘ ﬂ{itogfj<(i+1)to}} :

j=0i=0

Let the sequence (B;);cz, be defined recursively as follows.

By := Piv(0),
Bi = U E)\i;(w,ito), Vi > 1.
wEB; _1

It is not hard to see that /P\i;(ito) C B;,Yu € Z, because given the IBP up to time ¢fy and the
spins of the particles in B;, by definition of B;, we can recursively determine the spins of the
particles in B;_1, and so on, up to time 0. It is also not hard to see that the sequence (|B;|)icz,
is a subcritical Galton-Watson process, by its definition and the definition of tg.

Let x be the constant in Lemma 3.22. We claim that

Kkt

To see this, consider the IBP starting from B; (at time itg) up to time (i + 1)tg. We denote this
process by Gw;. Let (7;) ez, be the update times of Gw;. Then Gw;(itg) = B;, and

<E

E [Z Piv(T)] Litg<ty<ivyto} > |6 (T L o< <1100}
=0 =0

This is because Gw; can be thought of as an enlargement of Piv(+) in the time interval [ito, (i-+1)to],
where we first enlarge the set m(ito) to B;, and then we do not remove any particle of the
branching process starting from B;.

Note that the size of Gw;(+) increases almost surely, hence

< [Gwi((i + 1)to)] -

63 (7T5) Uity <7, <(i4 1o}
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Chapter 3. The Glauber-Exclusion process

Moreover, at each update time 7;, the size of Gw; increases by 2m, and hence

|Gwi (i + 1)to)|

(e e}
Z]l{it0§7}<(i+1)t0} < —om
j=0

This implies

|Gw, (i + L)to)|”
2m '

o0
Z ‘Gwi(ﬁ)ﬂ{itogﬁqiﬂ)to} <

i=0 B
By Lemma 3.22,
E [[Gwi((i + 1)to)P] < eE [|Bif?].

This proves the claim. Now, we can take the sum over ¢ to conclude that

E

S [P
j=0

elﬂto o0 9
<S> E[IB.
— 2m Z |Bi

=0
Since (|B;|)iez, is a subcritical Galton-Watson process, we have

> 5 [15] = 0 & 137]) = 0 (7).

This finishes the proof. ]

5 Application of the dual coupling

Now we can prove Theorem 3.3, Theorem 3.4, and the lower bound in Theorem 3.2.

Proposition 3.27 (Replacement lemma). Suppose that Xy ~ %%AL, for some py € (—1,1).
Then, for any subset E C Ap,

2
_ BB

sup dry (Law (X, (E)) %) < =,

sup 0 (3.52)

where p(-) is the solution of equation (3.9), and B is the constant in Proposition 5.17.

Remark 10. The proposition above is of independent interest. It shows that the joint distribution
of o (\/Z) arbitrary sites is close to that of a product of i.i.d. Rademacher. This provides sharp
estimates on the correlation functions, allowing us to derive the correct lower bound on the

mixing times using distinguishing statistics.

Proposition 3.27 is just a direct corollary of Proposition 3.17.

Proof. Consider the coupling of BEP and IBP starting from F in Subsection 4.4. We generate
the spins at time ¢ by s(W;) ~ %%Wt and 5(W;) ~ DQE?)WK Conditionally on the success of the
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5. Application of the dual coupling

coupling until time ¢, we couple the spins on Piv (FE,t) and ﬁ;(E,t) such that s, = 5., Yw €
Piv (E,t). Then Observation 3.16 implies that

Sw :‘§W7 VW S E.

Recall that, by Proposition 3.12,

and by Lemma 3.18,

Hence
doy (Law (Xi(E)), R 1) < Pl(sw)wer # (Bu)wer]
< IP[The coupling is not successful until time ¢]
2
_ BIER
- L
This finishes our proof. O

Corollary 3.28 (1-point and 2-point correlation functions). Under the hypothesis of Proposition
3.27, for any u,v € Ap, for anyt >0,

B [Xi(w)] = p(t)] < 28/L, (3.53)

[Cov (Xi(u), Xi(v)] < 128/L. (3.54)

Proof. Let u,v € Ar, and let £,§ be iid. Rademacher R,;. Let 8 be the constant in
Proposition 3.17.

1. Applying Proposition 3.27 with F := {u}, we deduce that there exists a coupling of X;(u)
and &; such that

Sl

P[Xi(u) # &) <

Hence,

E[Xo(w)] - p()] = [E [Xe(w) - &]]
= |E [(Xu(0) — &) Lixurieny]|
<E [IXt(U) — & 1{&@)#&}}

< 2P [Xy(u) # &1
<28/L.
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Chapter 3. The Glauber-Exclusion process

2. Similarly, applying Proposition 3.27 with E := {u,v}, we deduce that there exists a
coupling of (X¢(u), X¢(v)) and (&1,&2) such that if we let € := {(X;(u), X¢(v)) # (&1,&2)},
4
then P [€] < fﬁ Hence

|Cov (Xt (u), Xi(v))] = [E[X¢(u) Xe(v)] — E [Xi(u)] E [ X (v)]]
< [E [Xe(u)Xe(v)] — E[&&]] + [E [§1&2] — E [Xi(u)| E [Xi(v)]] -

The first term in the last expression is
| [(X¢(u)X¢(v) = &1&2)Le]| < 2P[€] < 8B/L.
The second term does not exceed

[E [E]][E [€a] — E [Xe(v)]] + [E[Xe(0)]| [E [&1] — E[Xi(u)]| < 28/L+28/L = 45/L.

This finishes our proof. O

We are ready to prove the lower bound on the mixing times. We denote by (X;");>o the
Glauber-Exclusion process starting from all-plus and recall that p4(-) is the solution of (3.9)

with the initial condition p4(0) = 1.

Proof of the lower bound. The proof uses the classical distinguishing statistics method (see Sec-

tion 7.3 in [59]). Our distinguishing statistic is the total magnetization »  x(u). By abuse of
UEAL

notation, let X, ~ 7 (so that for any initial configuration, X; == d X). Let B be defined as
—00
in Proposition 3.17. From (3.53), we deduce that

ElY XEL(U)] — Lp ()] <25,
ucEAp,
and by letting t — oo,
E [Z Xoo<u)] — Lp.| < 28.
uEN],

From (3.54), we see that

Var

Z Xf(u)] = Z Var {X{F(u)} + Z Cov (X;“(u),Xf(v))

ucAy, u€Ay, uFAv
<L+ L(L-1)x128/L
< (126 +1)L.
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5. Application of the dual coupling

By letting ¢ tend to infinity, we get

Var

> Xoo(u)] < (128 +1)L.

ueAy,
So by Proposition 7.9 in [59],

max {Var {ZuGAL X;r(u)} , Var [ZueAL Xoo(u)} }
(E {ZueAL X;r(u)} —E [ZueAL XOO(U)DZ

dTV(P[Xje-},w)zl—s

log L
Let t := % — K for some constant s that we will choose later. Let x; be a constant
— p*
satisfying Lemma 3.21. Then
pi(t) — ps > PV
e—R(px)r—r1

Therefore, when L is large enough,

E [Z X?(U)] ~E [Z Xoo(U)] > L(p+(t) = ps) — 48

uEA, u€Ay,

_ VIe R _yp,

o LT Ronr1,
2
Therefore,

max {Var [Sen, Xi" ()] Var [Suca, X ()]} 320128 41) :
(B [Suen, X @)] ~ E [Cucn, Xoolw)])’ o—2R{p-Jn—2m

Note that as R'(p«) < 0, for x large enough, the last expression is smaller than 1 — €. Hence
dTV (P |:Xt_‘_ (S ] ,7‘(‘) 2 E,

and therefore,

log L
tpix(€) >t = —2" g
== 2R

which finishes our proof. O

Remark 11. The result in higher dimensions is proved similarly. One can first show a version

of Proposition 3.17 for higher dimensions, where the bound on the right-hand side is replaced
E|?log L E)?
by O <||Lsg> for dimension d = 2, and by O <‘Ll> for d > 3, and then propagates these
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Chapter 3. The Glauber-Exclusion process

changes. The only modification needed in the proof is to use the anticoncentration in Lemma

3.24 for the appropriate dimension.
Now we prove the lower bound in Theorem 3.3 and the upper bound in Theorem 3.4. First,

we need the following lemma.

Lemma 3.29. Consider a BEP starting with one particle w. Then, there exist constants k and
B such that for any t € R4,

mfi
\/Z.

Proof of Theorem 3.3 and the lower bound in Theorem 3.4. Let x € X be an arbitrary configu-
ration. We want to compare P, [X; € -] and P, [X; € -] for some ¢ > 0. We use the same BEP

E[|Piv (w,t)|]] < ¥(t) + e

starting from E = A, to generate X and X[, the processes starting from x and 7. Let w € Ay,
be arbitrary. We see that

dTV (]P)x [Xt S ] 7]P)7r [Xt € ]) S ]P)[XZE 7& XZT]
< Y PXP(u) # X7 (u)]

= LP[Piv (w,t) # ]
< LE[|Piv (w,t)]] .

By Observation 3.14, it is not hard to see that,
E [|Piv (w, mt)|] < E[|Piv (w,t)[]™ .
Hence, with the constant x and £ as in Lemma 3.29,

Aoy (P [Xomt € ], Py [Xomt € ) < LE[|Piv (w, mt)|] < L <¢(t> + e“t\/ﬁz>m. (3.55)

nti
VL

right-hand side smaller than e. This implies that

log L —loge
—log (1/)(75) + 6"‘th>

to make the

Provided that (@D(t) +e ) < 1, we can take m =

log L —loge

—log (w(t) + e"‘t\/ﬂz>

tmix (25 €) < mt < + 1|t

ent i
VL

results. We will choose ¢t such that e"“i < (t). For such a number ¢, with x; the constant

VL

for any ¢ such that <w(t) + ) < 1. It remains to choose a suitable ¢ that leads to our
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5. Application of the dual coupling

in Lemma 3.21, we have

log <w(t) + e”t\/ﬁf) <log(t) +1log2 < R'(ps)t + K1 + log 2. (3.56)

Therefore, if R'(ps)t + k1 +1og2 <0,

log L — loge
—(R'(p«)t + K1 + log 2)

log L —loge
—R'(ps) + (k1 +log2)/t

log L log L)
=——— _4+0—="= t.
—R/(p*) * ( t +

tmix(€) < t+t

We can take t = y/log L, which satisfies all the conditions we impose on ¢, to finish the proof of
the upper bound in Theorem 3.4 for d = 1. The proof for higher dimensions is similar.

Now we prove the lower bound in Theorem 3.3. Recall that

. 1
gap = lim —7 logmaxdrv (P [Xe € )

: 1
= lim_ e log max dry (Py [Xoe € ], ).

On the other hand, equation (3.55) implies that, for any ¢t > 0, m € Z,

log maéi dpy (Py [Xme € -], 7) <log L + mlog (1[)(t) + e"tﬁ> .
xre

VL

Therefore,

gap > lim L <logL + mlog <¢(t) + e"“tb))) = —% log <w(t) + e”tﬂ> .

m—oco  mt \/z \/z
Combining with (3.56), we deduce that, for any ¢ such that e”t\/ﬁz < (),
k1 + log2
gap > —R'(p.) — %
logL)/2 —1 — /
For t = (log L)/ /ogﬁ /ﬂ’ e"””ti = ef'(Pst)=r1 < 4)(t), thanks to Lemma 3.21. This choice
K — R'(p«) VL
of ¢t gives us what we want to prove. O

Now we prove Lemma 3.29.

Proof of Lemma 3.29. We use the coupling of BEP and IBP starting from one particle w. We
write Piv (t) for Piv (w,¢) and Piv(t) for Piv(w,t). Let £ denote the event that the coupling is

successful until time ¢. Then, on £, we have

Piv (1)] = [Pivit)].
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Let B1 be as in Proposition 3.17. Then P [50} < B1/L, where £ denotes the complement of &.

Hence

E[IPiv () |] = E[|Piv (¢) |(1e + Lgc)]
= E[|Piv (t) [1¢] + E[|Piv (£) |Tec] .
Note that - -
E[|Piv () [1] = E [|Piv(t)[1¢] < E[IPiv(t)]| = v ().

Let k1 be the constant in Lemma 3.22. Note also that

E[|Piv (¢) [1gc]?> < E[|[Wi|1gc]® < E [|Wt|2} P [50] <E [\Wtﬂ P [50} < erit x %,

where we have used |Piv (t) | < |[W;] for the first inequality, the Cauchy-Schwarz inequality for the
second inequality, Lemma 3.23 for the third inequality, and Lemma 3.22 for the last inequality.

Therefore,
. VB
E[|Piv (¢) || < w(t) + ef1t/2 x Y1
[P 8] < v 7
We can take k = k1/2 and 3 = /B to finish the proof. O

Now we prove the upper bound in Theorem 3.3. We will need the following results.

Lemma 3.30. Consider a BEP starting with one particle w. Then
1 .
vVt >0, gap < 5 log P [|Piv (w,t) | =1]. (3.57)

Lemma 3.31. Consider a BEP starting with one particle w. Let 8 be as in Proposition 3.17.

Then, there exists a constant k > 0 such that

P [|Piv (w,t) | = 1] > rel? (Pt — % (3.58)

With these results, we can prove the upper bound in Theorem 3.3.

Proof of the upper bound in Theorem 3.3. Lemma 3.30 and Lemma 3.31 together implies that,

R(pa)t _ 5)

for any ¢t > 0,

L

for some positive constant . It remains to choose a suitable number t. We will choose ¢ such
that

1
gap < —7 log (ﬁe

/8 K R/(
o< = P*)t' .
7 =5¢ (3.59)
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For such a number ¢, we have

1 ,
gap < — log <;6R ("*)t)

log2 —log k

=—R(p.) + :

log L + logk —log2 — log 8
| ()|
We finish this section with the proofs of Lemma 3.30 and Lemma 3.31.

We can take t =

, which satisfies (3.59), to finish the proof. O

Proof of Lemma 3.30. The idea is that for a subcritical branching process, conditionally on the
event of survival at time ¢, it is likely that the pivotal set contains exactly one particle. By a
proof similar to that of Lemma 3.19, we can show that

vVt >0, E [Xﬂu);xt_(u)] = P [Piv (w, t) # (].

Therefore, by (1.3),

1 XM (w) — X[ (u)
< Tim - ¢ t
gup = Jim — s | 2100
: 1 ,
= lim - log P [Piv (w, t) # 0]

= lim _ L log P [Piv (w, mt) # 0]. (3.60)

m—oo  mi

On the other hand, by recurrence, it is easy to prove that
P [Piv (w, mt) # 0] > P[|Piv (w,t) | = 1]™. (3.61)

This is because, conditionally on time (m — 1)t, on the event |Piv (w, (m — 1)t)| = 1, the BEP
starting from the unique element of Piv (w, (m — 1)t) has the same law as the BEP starting from
w. The equations (3.60) and (3.61) together lead to what we want. O

Proof of Lemma 3.31. We only need to consider the case ¢ > 1. Consider the coupling of the
BEP and the IBP starting from w. Note that,

P[|Piv(w,t)|=1] > P Um(w, t)| = 1, the coupling is successful until inﬁnity}
>P {“S\I\J/(W, t)] = 1} — P [the coupling is not successful until infinity]
B

> P [[Piv(w, )] = 1] - 7 (3.62)

For s € Ry, let G5 be the o-algebra generated by the IBP starting from w up to time s. Then,
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for any positive integer m,

P [|Piv(w,t)] = 1] > P [[Piv(w,t — 1)] # 0. [Piv(w,t — 1)| < m, [Piv(w, )| = 1]
=E [E []1\IE’\iT/(w,t—l)\7é(2),|I/D‘iT/(W,t_1)|§m"|5‘;T,(W’t)|:1‘gt—IH

P [PV, B =1]G, 4] (3.63)

=k [1|ﬁrv(w,t_1)|¢@,\ﬁrv(w,t_1) <m

We claim that almost surely,
P [[Piviw, t)] = 1|G;1] > malPeCwl =, (3.64)
where
k = P [w does not receive any update in [0, 1]],

a= min P|w receive an oblivious update in [0,1],5,, = ¢].
56{_171}

We first prove the result using the claim. The equations (3.63) and (3.64) together imply
P [|F>E(W, t)] = 1] > ko™ 1P [ﬁ(w,t —1)| £ 0, [Piv(w,t — 1) < m} .
Moreover,

P [[Piv(w, ¢ — 1)[ # 0, [Piv(w, t — 1)] < m]| =P [[Piv(w, t — 1)| # 0] — P|Piv(w, ¢ — 1)| > m]
E [ﬁ(w,t— 1)\]

> P [|Piv(w,t — 1)] # 0] -

= ot —1) - Wﬂ; 2 (3.65)

Therefore,
P [Piv(w, )] = 1] > ra™ (¢(t - w(’fm_l)) .

By choosing m large enough and combining with Lemma 3.21, we get what we want. It remains
to show the claim. Suppose that ﬁ(w,t —1) ={wy,...,wg}. By the definition of pivotal set,
there exist &a,...,& € {—1,1} such that Fw7t_1(§wl,§2, ..., &) is not a constant function. Let
&1 be the event that w; does not receive any update in [t — 1,¢], and for 2 <1 < k, and let &; be

the event that w; receive an oblivious update in [t — 1,¢] and 8, = &. Note that,

gtl] .

Conditionally on G;_1, the branches starting from wi, ..., w; are independent IBPs shifted by a

P [ﬁ(w,t)\ = 1\gt,1] >P

k
(&
i=1
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time ¢ — 1. Therefore,

P l(k]lg QH] — ﬁlp ]G]
Note that
P €16 1] = &,
P [51- gt,l} >, V2 <i < k.
These equations imply the claim. m

6 The upper bound

In this section, we prove the upper bound in Theorem 3.2. For simplicity, we only give the proof
for d = 1, but we will comment on how to adapt the proof for d = 2.

Recall that in the decomposition of the local flip-rate function ¢(-) in Proposition 3.9, f; =
1, fo = —1, so the updates given by fi1, fo are called oblivious because they can be carried out
without looking at the spins of any sites. These updates will play a crucial role in our proof. It
is more convenient to merge two oblivious deterministic updates into a single oblivious random
update as follows. We allow the collection of marks to contain another type of mark: the refresh
marks, which can appear on the sites in the space-time slab. We adapt the definition of the

collection of marks accordingly. From now on, let

A1 — Ao
0= ——. 3.66
= oy (3.66)
We will use the following graphical construction.
Graphical Construction 2. Let the background process = be defined as follows.
E= ((EZXd“SiO“)OSugL—h (Eperesh) gcuc 1, (E%a“ber)BSqu,OSuSL—l) ; (3.67)
where (E%xclusion)OSuSLil’ (EzefreSh)ogugLfl, (Eg&auber)ggig% 0<u<L-—1 are independent homoge—

neous Poisson processes, and
o Zexclusion jg of intensity L%, 0 <u < L —1,
. EfffreSh is of intensity A\ + Ao, 0 <u < L —1,
. EiGh“‘ber is of intensity A\;, 3<i<¢q,0<u<L—1.

U

The process = naturally defines a collection of marks C consisting of exclusion, refresh, and

Glauber marks as follows.

e Whenever Efj‘dusmn jumps, we put an exclusion mark on the edge (u,u + 1).
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—refresh

o Whenever ZJ jumps, we put a refresh mark at site u.

Glauber

b jumps, we put a Glauber mark of type 7 at site u.

e Whenever =

Given the collection of marks C, an infinite sequence of independent Rademacher variables
R, and an initial condition zg € X, we construct the process, which we always denote by

(X7°)¢>0, as follows.

o The process (X;°);>0 is a piecewise constant process starting at xo which can only jump

when a mark appears.

o When we see an exclusion mark, say on the edge (u,u + 1), we make the transition =

uru+1 (

T exchange the spins of sites u and u + 1).

e« When we see a refresh mark, say at site u, we replace the u — th coordinate of X by an

independent :; (randomize the spin at site w).

e When we see a Glauber mark, say of type ¢ at site u, we make the transition z — z%/fi(@u+)

(update site u using the function f;).

Then, when the collection of marks C is generated by = and the Rademacher variables R;
are independent of =, the process (X;°);>¢ is a Markov process with the generator Lo g starting

from zg.

The grand coupling. We can use the same Poisson process = and the same independent
Rademacher variables 25 to construct the Glauber-Exclusion process from any configuration
xz € X. It is not hard to see that this coupling preserves order, i.e. , z <2’ =Vt >0, X} < Xf’.

Correlation marks associated with Glauber marks. It is convenient to associate each
Glauber mark with a set of points as follows. Whenever we see a Glauber mark at site u, we
put on each site in B(u,m) a mark, and we call those marks the correlation marks associated
with the aforementioned Glauber mark. These correlation marks indicate that the spins of those
sites are (possibly) used in the corresponding Glauber updates.

We introduce another Markov process Z, which we call the independent-site process, con-

structed as follows.

Independent-site process. From the collection of marks generated by E, let (Z;)i>0 be the
process taking values in Z := {0,1}* constructed as follows. For any initial configuration

zy € Z,

o The process (Z;°):>0 is a piecewise constant process starting at zp which can only jump

when a mark appears.

o When we see an exclusion mark, say on the edge (u,u + 1), we make the transition z —

zu<—>u+1 )
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6. The upper bound

« When we see a refresh mark, say at site u, we make the transition z — z%1!.

e When we see a Glauber mark, says at site u, we remove all the sites with the associated

correlation marks from Z, i.e. we make the transition z — z \ B(u,m).

Here we have identified the elements of {0, 1} with the subsets of A. As its name suggests, the
process Z tracks the positions of independent sites in X conditionally on =. Roughly speaking,
when a site is resampled according to an independent Rademacher 9R; due to a refresh mark, it
becomes independent of all other sites and hence is added to Z. On the other hand, when a site
u is updated due to a Glauber mark, it creates a correlation with its neighbors, and all these
neighbors are removed from Z. By abuse of notation, for any z C Ay, we denote by P, [-] the

distribution of the process Z starting from z.

The grand coupling for Z. We can use the same background process Z to construct the

process Z from any configuration z C Ay,

Remark 12 (Attractiveness of the process Z). For any z1, 2o C Ap such that z; < z9, if Z** and

Z* are constructed using the grand coupling, then almost surely,
Vit >0, Z7 < Z72.
Red, blue, and green regions. Let the red, blue, and green regions be defined as follows:

Blue(t) = Z?,
Red(t) = {u € AL|X[ (u) # X; (u)},
Green(t) = Ar \ (Red(t) U Blue(t)).

Here, (X; )¢>0 and (X; )i>0 denote the process X starting from configurations all-plus and all-
minus, respectively. To lighten the notation, we write X (Blue) for X} (Blue(t)), and similarly for
Red, and Green. Let J; be the o-algebra generated by Z([0,t]) and (X (Af \ Blue(s))) e x g<s<t-

The interest in introducing red, blue, and green regions is the following.

Observation 3.32. By construction, almost surely, conditionally on Fi, for any x € X,
X[ (Blue) ~ %?Blue(t) and is independent of X7 (Red U Green).

From now on, for any subset £ C Ay, we will use the shorthand notation vg := %%’E . The
meanings of the red, blue, and green regions above are as follows: the red region Red is the set
of disagreements of X and X ~. Conditionally on J;, the spins in the blue region Blue have the
product measure vgjye(s), independent of the spins on Red U Green, and the green region Green is
the set of sites whose spins may present correlation but independent of the initial configuration.
More precisely, notice that, as X; (Green) = X, (Green), by monotonicity, in the grand coupling,

the spins on Green do not depend on the initial configuration anymore:

X, (Green) = X; (Green) = X7 (Green), Vz € X.
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Chapter 3. The Glauber-Exclusion process

Therefore, we can safely denote it by X;(Green). Note also that X;(Green) and X/ (Red), x € X,
are JF; measurable.

The following lemma summarizes the discussion above.

Lemma 3.33 (The conditional law). Almost surely, for any t > 0, conditionally on F,

X ~ UBlue(t) @ Ox7(Red) @ 0, (Green)s (3.68)

where 0x,(Green) and Ox=(Red) are the Dirac measures on {—1,116reen®) gnd {—1,1}Red®) which
give all mass to X;(Green) and X7 (Red), respectively.

6.1 Proof of the upper bound

First, note that, by the definition of Red,

Red(r)| = 5 | 32 (Xi"(w) — X () |7

UEAL
This and Corollary 3.28 lead to the following lemma.

Lemma 3.34 (Decay of the red region).

L

E[Red(t)]] = 5 (0" (1) = p™ (1)) + O (1). (3.69)

For any 5 € Ry, let

BADgz{zEZ:EIOSZS {chljgﬂ—"zm[[”ﬁbgm’(l—kl) [Blog L] —1]]:(2)},
where [, j] := [i,j] N Z.

We will need the following results.

Lemma 3.35 (BAD is rarely visited). There exist constants 32,83 € Rsq such that, for any

t> 537
max P, [Is € [t,t+ 1] : Z, € BADg,] = O (1/L°). (3.70)

z2€EZ

Proposition 3.36 ("Adjacent" measures quickly become close). Let z C Ap, let uw € Ap \ z,
and let y be an arbitrary spin configuration on A \ (zU{u}). Let 71,7 be the two probability

distributions on X given by
T =01 @V, Q@ by; T = Zu{u}®(5y, (3.71)

where 8 denotes the Dirac measure on {—1,1}1% which gives all mass to 1. Let By be as in

Lemma 3.35. Then there exists a constant xk such that

log L
1By, [X1 € ] = Pry [X1 € gy < & ( %L P Bse01]:Z € BADM) . 372)

VL
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6. The upper bound

The same result holds if we replace w1 by 6% @ v, ® &y.

Proposition 3.36 says that very quickly, one cannot distinguish two processes starting from

the measure of the form w9 and its perturbation 71: the total variation distance drop from 1
log L
to

in a time O (1). This is the result whose proof involves the information percolation

framework and the idea from excursion theory.

With Lemma 3.35 and Proposition 3.36, we can now prove the upper bound in Theorem 3.2.

Proof of the upper bound. Let t = t; + 1, for some number t; that we will choose later. Let
B2, 33 be as in Lemma 3.35. To lighten the notation, we write BAD for BADg,. We will
estimate directly dpy (Py, [X; € <], Py, [Xi € ¢]) for z1,29 arbitrary in X, as we do not have
an explicit formula for the invariant measure w. We use the grand coupling to construct the
Glauber-Exclusion process from any initial configuration. To lighten the notation, here we write

Red, Blue, and Green for Red(¢;), Blue(¢1), and Green(¢1). Let |Red| = R and Red = {uy,...,ur},
which are all measurable w.r.t F;,. Let the (random) distribution £(z, ), forz € X, 0 < j <R,
be defined by

S(Cﬂ,j) = VBlueU{u1,...,u;} ® 6th1 (Red\{u1,...,u;}) ® 6Xt1 (Green)>»

which means that £(z,j) is the law of the random configuration obtained by resampling the
spins on the sites in {ug,...,u;} of X* according to i.i.d. JR; independent of X’ . By Lemma

3.33, almost surely, £(z,0) is exactly the conditional distribution of X{ given F;,, and

£(z,R) = VBlueURed ® 5Xt1(Green)v

which does not depend on z. So we can write £(R) for £(z,R). The point here is that the
sequence (£(x, 7)) =0, forms a "path" from £(x,0) to £(R). We see that, for any z1,z2 € X,

dTV (le [Xt € ] a]P)Iz [Xt € ]) <E [Hle [Xt € '|‘Ft1] - Pﬂw [Xt € '|ft1]HTV]

=E H‘Ps (21,0) [ X1 € ] = Py(ap0) [ X1 € ]HTV}

< 2maxE {HIP’S(IO (X1 €] = Pory [X1 € -]HTV}. (3.73)

By the triangle inequality, for any = € X,
R—
HPE(J:,O) (X1 €] =Pgr)[X1 € H Z HPS(z,j) (X1 €] = Pgp 1) [X1 € ']HTV- (3.74)

By Proposition 3.36, there exists a constant s such that

HPE (@) [X1 € ] = Pe(aipn) [X1 € ']HTV

log L
<K < \/» + \/PBlueU{ul, U1} Els € [0 1] Zs € BAD})

(Ve

<K

+/Peie (35 € 0,1] : Z, € BAD]) . (3.75)
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Chapter 3. The Glauber-Exclusion process

We have used the attractiveness of Z and the fact that BAD is a decreasing subset of A, in the
last inequality. The equations (3.73), (3.74), (3.75) together imply

log L
VL
E[R] + 2+E [R\/IP’mue [Fs €[0,1]: Z, € BAD]} .

doy (g, [X; € 1], Py, [X; € 1)) < 2E [Rm ( +/Peie 35 € 0,1] : Z, € BAD])}

klog L
<2———
T VL

(3.76)

The latter term in the last expression above can be bounded by the Cauchy-Schwarz inequality:

E [R\/IPBme [Ese0,1]: 2, € BAD]} < \/E[R2)E [Pgie 35 € [0,1] : Z, € BAD]]

< \/L?Py[3s € [tr,t1 + 1] : Z, € BAD.

Here, we have used the facts that R < L, Blue = Zg (by definition) and the Markov property
of the process Z” at time t;. Then, by Lemma 3.35, provided that t; > s,

E [R\/}PBIue Ese0,1]: 2 € BAD]} < /120 (1/L5)
=0(1/1?).

It remains to estimate the first term in (3.76). Thanks to Lemma 3.34 and Lemma 3.21, we can

log L 2loglog L log L .
take t; = to make —=FE[R]| = O(1/log L). Clearly, t; > 83 when L is
1 2[R (ps)| IR (py)] NG [R] (1/log L) v, t1 > 3

large enough. This implies that

doy (Pay [Xi € ], Py [X; € ]) = O (1/log L) + O (1/L2) = O (1/log L),

for any x1,x9 € X. This finishes our proof.
O

The rest of the chapter is devoted to proving Lemma 3.35 and Proposition 3.36. In Subsection
6.2, we prove Lemma 3.35, and finally, in Subsection 6.3 and Subsection 6.4, we prove Proposition

3.36.

6.2 Proof of Lemma 3.35: the bad set is rarely visited

First, we need the following lemmas.

Lemma 3.37 (the bad set has small mass). There exist positive constants B2 and B3 such that

for any t > B3, and for any deterministic subset E of Ap, of cardinality at least [P2log L],

maxP. [Z,NE=0] =0 (1/L°). (3.77)
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6. The upper bound

Lemma 3.38 (Inertia in a short time). Let 7o be the time at which the process Z jumps out
of the initial state Zy:
Tout — inf {t > 0: Zt 7é Z()} (378)

Then there is a constant B > 0 such that,

. 1
min P, |:Tout > L‘J > . (3.79)

Now we can prove Lemma 3.35.

Proof of Lemma 3.35. Let z be an element of Z. Let 32,83 be as in Lemma 3.37. We write
BAD for BADg, to lighten the notation. We apply the union bound in Lemma 3.37 for the

subsets Fj = [j [f2log L], (j + 1) [B2log L] — 1], j € [[O, {Wigm—u], to obtain:
vt > B3, P.[Z, € BAD] = O (1/1°) .

This implies that for any ¢ > f3,
t+141/L3 t+141/L3
E, / 1;z.epapyds| = / P.[Z, € BAD]ds = O (1/L°). (3.80)
t t
Let

maD = inf{t > 0: Z, € BAD}.

By the Markov property,

t+1+1/L13
E, M ﬂ{ZSeBAD}dS]

[ p141/L3
=E; |Ez /0 ﬂ{zseBAD}dSH

1+1/L3
> E; |Egz, ]I{TBADgl}/O Liz,eBanyds

i i 1+1/L3—TBAD
Z Ez EZz ]l{TBADSI}]EZTBAD /0 ]l{ZSEBAD}dS . (381)
Note that if 7ap < 1, then 01+1/L3_TBAD 1;z,capyds > fol/L3 1;z,capyds. On the other
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hand, with 8 as in Lemma 3.38, we have

1/L3 1
EZmap _/0 Liz,epapyds| 2 Ez, ﬁ]l 1
Tout>ﬁ
. 1
> gélg 3Pz Tout > ﬁ
p
> 3
This and (3.81) together imply
t+1+1/L3 B
E, /t Liz.eapyds| = 15E- [Ezt {1{TBAD§1}H : (3.82)
This and (3.80) together imply
E, [Pz, [reap < 1] = O (1/L6) . (3.83)

Note that the left-hand side of the equation above is exactly P, [3s € [t,t + 1] : Z; € BAD]. So

this leads to what we want. O
We now prove Lemma 3.38 and Lemma 3.37.

Proof of Lemma 3.38. 7,y is at least the time that the first point of = appears, which has
distribution exp(L? x L + AL), where A = 3°7_, \;. Hence

1 1
P, {Tont > L?J >P {exp(L?’ + AL) > L3]

L3+ \L
TP\ T

A

=exp(—1— ﬁ)

We can choose, for example, § = e~ 17 O
To finish this subsection, we prove Lemma 3.37.

Proof of Lemma 3.37. Recall that the process Z is attractive. Note also that for any F C Ay,
the set {z C Ap|zNE = 0} is decreasing. So, we only need to prove the statement for the initial
condition z := (). To know whether E N Zt@ = (), a natural way, again, is to trace the history of
the set E backward in time. We do it by placing at each site in E at time ¢ a particle labeled
by the corresponding element in A and trace them back to time 0, given the collection of marks

generated by Z.

e« When a particle meets an exclusion mark, it jumps to the other endpoint of the corre-

sponding edge.
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6. The upper bound

e When a particle, say w, meet a correlation mark, it is removed, and Z,? (w) :=0.
e When a particle, say w, meet a refresh mark, it is removed, and Z?(w) = 1.
« If a particle w reaches time 0, then Z(w) := 0.

With those rules, we can construct Z2(E).

It is more convenient to generate the history in the forward direction. Let

[1]

* (:\exclusion,* —Glauber,* :refresh,*)
= (= ) )

be an independent copy of Z. In another copy of the space-time slab, we construct the process

(Es)o<s<t takings values in Z and the collection of marks C* as follows.

. EO =F.

exclusion

o Whenever =

™ jumps, say at time s, we perform the following operations:

1. Put an exclusion mark on the edge (u,u + 1),

1
2. B, := Erovtl,
e Whenever Ezefres}l’* jumps, 0 <u < L — 1, say at time s,

— If u < |Es_|, put a refresh mark on the u—th site in F,_ | say site u/. Then E, :=
Es_\{u'}.

— If w > |Es_|, put a refresh mark on the (u — |Es_|)-th site in Ay \ Es_. Then
E,:=FE; .

—Glauber,*

o Whenever =7, jumps, say at time s,
b

— if u < |B(Es—, m)|, put a Glauber mark on the u—th site in B(Es_, m), say site u/,

and put correlation marks on all the sites in B(u',;m). Then E; := Fs_ \ B(u/,m).

— if u > |B(FEs—,m)|, put a Glauber mark on the (u — |B(Es_,m)|)—th site in Ap \
B(E;_,m), say site v/, and put correlation marks on all the sites in B(u/,m). Then
E,:=F,_.

By the homogeneity of the Poisson processes = and Z*, the collection of marks C*‘[O,t] has the
same distribution as C| 0,] viewed backward in time. In particular, the process (Es)o<s<t has the
same distribution as the set of particles alive when we track the history of the set £ backward
from time t. In particular, P {Zf) NE = @} is the same as the probability that no site is removed
from (Es)o<s<t+ due to the appearance of a refresh mark.

refresh,*

Here, we have rearranged the Poisson clocks so that the first clocks in = indicate the

Glauber,*

refresh of the sites in (Es)o<s<¢, and the first clocks in = indicate the Glauber updates

of the sites in the neighbors of the process (Fs)o<s<¢. This makes our computation easier. More
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precisely, let Gy be the o-algebra generated by Z* up to time s. Let 7o = 0 and (73, 7;)i>1 be

defined recursively as follows.

. el *
Tivr = inf {t > T : a clock among (ZF™™"),_ ;|

—Glauber,*

or (_W- )3§i§q,1§u§(2m+1)|ETi] rings at time t}

Tit1 = Tiv1 — Ti.
Then we have the following:

1. Conditionally on Gr;, Tit1 ~ exp (A1 + X2) |E7;| + (A — A1 — X2)(2m + 1) | E7; ).

2.
|Es| = |E7|, Vs € [T, Tiva); |Eria| 2 |Br| = (2m +1),
and hence
|Er:| > |E| —i(2m + 1).
This is because at most (2m + 1) sites are removed each time a Glauber mark appears.
3.
P |the ring at 7;41 is among EiefreSh’*, ce EI‘”?Eff:S’hﬂgﬁ
. A1+ A2
M F+X)+ A=A —A2)(2m +1)
=1-a. (3.84)

Based on the arguments above,
P [Zt@ NE = @} =P [For any 7T; < t, the ring at 7; is among E’Glauber,*} ‘

Note that, for any | € Z,

—Glauber,*

P {For any 7; < t, the ring at 7; is among =

<P[Ti>t]|+P ['ﬁ < t,the ring at 7Tq,...,7; are among EGlaner’*} : (3.85)
By equation (3.84),
P {7} < t,the ring at 71,...,7; are among EGla“ber’*} < al. (3.86)

log L

—loga
term on the right side of (3.85) is a consequence of the concentration of the sum 7 + --- + 7.

Let 5 := (A + X2) + (A — A1 — A2)(2m + 1). By Claims 1 and 2, conditionally on G7;, 711 is
stochastically dominated by exp (B(|E| — i(2m + 1)). Set 6 := (2m + 1)I, then provided that

1
We can choose [ = 10 { -‘ to make this term smaller than 710" The bound for the first
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20
El >0+ —,
|E| 5

BE| - (i —1)(2m +1)) .
BIE - (- Dem+1)—6 = V1<i<l.

Therefore,

E {6972} - {E [eG(Tzfﬁn)’gﬂ%H

B[R gy ]|

BUE[ — (I = 1)(2m +1))
(E[-(-1)(2m+1)—6

<E [eeTll X
B

< 2E [697’—1} .
By induction, we deduce that
B [o7] < 2
Hence, by Chernoff’s bound,
P[T; > f] < el = (2¢~Cm+1tyl,

With [ chosen as above, there exists f3 such that when ¢ > 3, the last expression is smaller
than 1/L'°. We finish the proof by choosing 32 such that 8 log L > 646/, which clearly exists

log L
when@-(2m+1)l,l—10[ o8 w O
—logyq

6.3 First step of the proof of Proposition 3.36: reformulation

The rest of this chapter is devoted to proving Proposition 3.36. This is done in two steps. In
this subsection, we do the first step: reduce our task to estimating the local time that a certain
Markov process spends in a certain subset of its state space. In the next subsection, we use
techniques from excursion theory to estimate this local time.

Without loss of generality, we can suppose © = 0. Throughout this subsection, let z,my, mo
be as in the statement of Proposition 3.36. We recall Lemma 1.4 with the necessary adaptation

for our state space.

Lemma 3.39 (Perturbation of a product measure). Let Q = {—1,1}". For each subset S C [n],
let pg be a distribution on {—1,1}°. Let p € (=1,1), and let v be the product measure RE"™ on
Q. Let pu be the measure on Q obtained by first sampling a subset S C [n] via some measure [i,
and then, conditionally on S, generating independently the values on S via pg and the values
on [n]\ S via 9%?["}\5. Then

2

B4

4dTV(M7V>2 < V

<E [0|Sms’|} 1,

L2(v)

2 2
where S, 8" are i.i.d. with law fi, and § = max {, }
1+p 1—-p
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We will use the following graphical construction. We will construct a coupling (X, Z) where
X starts from 71 or mg, and Z starts from z U {0}. Recall that a site in Z is viewed as colored
blue. From now on, we will color all sites not in Z black. The content of a site u at time ¢ is its
spin X;(u) € {—1,1} and its color Z;(u) € {0,1}. From now on, we allow a collection of marks
to contain new types of marks: blue and black marks, which can appear on the edges of Ay,

and whose effects are explained later.

Graphical Construction 3. Let Zrefresh g ZGlauber he defined as in Graphical Construction
2. They generate the refresh and Glauber marks as before. However, we replace the effect of
the exclusion marks with that of the blue and black marks, as follows. Let (Eglue)ggug L—1 and

(=Plackyy <11 be independent of Zrefresh =Clauber 3 q defined as follows.

o (EDlackys_ ;1 are independent Poisson clocks of intensity L? on the edges. When =Plack

jumps, we put a black mark on the edge (u,u + 1).

o (EPlue)o <11 are independent Poisson clocks of intensity 2L% on the edges. When =bMue

jumps, we put a blue mark on the edge (u,u + 1).

From now on, let Z := (Zrefresh gGlauber zblack =bluey gy ch realization of = defines a collection
of marks consisting of refresh, Glauber, black, and blue marks. We construct the process X

from this collection of marks as follows.
e The effect of the refresh marks and Glauber marks are as before.

o Each time we see a black mark, say on the edge (u,u+1), if at least one of the endpoints of
the edge (u,u+1) is black, we exchange the contents of those endpoints: z +— %74+ 2

zu<—>u+1 )

o Each time we see a blue mark, say on the edge (u,u + 1), if both endpoints are blue, we
exchange their spins with probability 1/2 (we decide by sampling an independent Bernoulli

variable with parameter 1/2).

With this construction, X is still a Glauber-Exclusion process, and Z still tracks the independent
sites of X if X starts from m3. The idea is to reveal = but not the Rademacher variables R
used to refresh the sites at the refresh marks and the Bernoulli variables used to make decisions

at the blue marks.

The conditional distribution of X. Conditionally on =Z([0,1]), let (u1,71), (ug,72),...,
(ug, ) be the positions of the correlation marks that appear on the blue sites, i.e. Vi, (u;,7;,—) €
Zr,—. In other words, they are the correlation marks that turn some blue sites black. We claim
that, conditionally on =, almost surely, there is a function ® independent of the initial configu-
ration of X such that

X1 = (I)(y,XTlf(ul), e ,XTk,(uk),Xl(Zl)). (387)
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The explanation for the formula above is as follows. At time 1, almost surely, each site is either
black or blue. The spins of the blue sites are given by X;(Z1). The spins of the black sites can

be constructed from

1. The spins of the black sites at the beginning, i.e. 1y,

2. The trajectories of the black sites given by =Pk and the update functions given by

ZGlauber = A]] that information is encoded in the function ®,

3. The spins of the blue sites used in the update functions at the Glauber marks. Those spins

are exactly X, _(u1),..., X7 —(ug).

Let £; (resp. £2) be the distribution of (X _(u1),...,Xr, —(ug), X1(Z1)) when the Glauber-
Exclusion process starts from 7; (resp. m2). We remark here that if we start with the distribution
o, then £9 = %?k ® 9‘{?21, and £ is a perturbation of £o. Now, we can take advantage of
the information-percolation framework in [68]. Thanks to partially revealing the randomness
of the graphical construction, we transform the problem into comparing a product law with
its perturbation, which can be done using Lemma 3.39. More formally, we have the following

lemma.

Lemma 3.40 (Projection).
[Py [X1 €] = Pry [X1 € Jllpy SE[[[€1 = L2llpy]- (3.88)
Proof. We have

HPM [Xl € ] - Pm [Xl € ']HTV

<E[||Pr, [X1 € -[2(0,1])] — Pr, [X1 € [2([0,1))] ||
<E[[I€1 - Lallpy],
where in the last inequality, we have use (3.87) and the definitions of £1, £. ]

It remains to estimate the right-hand side in equation (3.88). First, we introduce a random

walk used to track the position of the perturbation.

The perturbation position. Let the random walk (U;(t)):>0 taking values in Ap U {f} be
constructed as follows.

o U1(0) =0 (the walk U; starts at site 0).

e Whenever a refresh mark or a correlation mark appears on the site occupied by Uj, the

walk U is killed (it becomes the cemetery state ).

e Whenever a black mark appears, if Uy is at one of the two endpoints of the corresponding
edge and the other endpoint is black, then U; takes the edge (U; jumps to the other
endpoint).
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Chapter 3. The Glauber-Exclusion process

¢ Whenever a blue mark appears, if U is at one of the endpoints of the mark, with probability
1/2 (decided by an independent Bernoulli variable with parameter 1/2), it attempts to take
the edge, and it succeeds if the other endpoint is blue and fails if the other endpoint is
black.

—

Let Uy be an independent copy of U; conditionally on =, i.e. the decisions of the two walks
each time a blue mark appears are independent. The law of U; (or Us) conditionally on = is the

averaging process, introduced by Aldous in [3], defined as follows.

The averaging process. Let H = (H;):>0 be the piece-wise constant process taking values

in the space of function from Ay, to [0, 1], constructed as follows:
e Hy(0)=1; Ho(u) =0, Yu € A\ {0}.

« When we see a refresh mark, say at site u, we make the transition h — A%?, where h*? is

obtained from h by replacing the values at u by 0, i.e.

V' € Ap, h“’o(u’) = h(’LL/) X ]l{u/;éu}

o When we see a Glauber mark, say at site u, we make the transition h — hZ (w;m)0 where

RBm).0 ig obtained from h by replacing the values in B(u,m) by 0, i.e.

Vu' € Ap, KBEMO) = h(u) X Liygpom))-

o When a black mark appears, say on the edge (u, u+1), if the process Z makes the transition
2z = 2%l we make the transition h — h¥UFL where h*<UF! is obtained from h by

exchanging the values at sites v and u + 1, i.e.
R ) = h(u') X Dgrgquusnyy + () X Dy—ypay + B(u+ 1) X Loy

e« When a blue mark appears, say at site u, if both sites v and u + 1 are blue, we replace

h h 1 h + hucrutt
@D o, B

h(u) and h(u 4+ 1) by their average

The averaging process is an interesting Markov process by itself. We refer the readers to [84,

13] for recent development. By construction, (Hs)c[o, is measurable w.r.t Z([0,]). Moreover,
Ht(u) = P[Ul(t) = U‘E] , Vie ALVt >0,

and in a particular

Hy(u)? = P[UL(t) = Ua(t) = ul=). (3.89)

Recall that dist (+,-) denotes the shortest-path distance on Az. By convention, we define

dist (u, 1) := dist (f,u) := 00, Yu € Ap U{T}.
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6. The upper bound

The purpose of this subsection is to prove the following result.

Lemma 3.41 (Comparision with local time). There exists a constant 3 such that

1
ey (X € = Py (X1 € Al < PE| [ Liamaroaonnds] - (390)

Thanks to Lemma 3.40, we only need to show the following results to prove Lemma 3.41.

Lemma 3.42 (Conditional upper bound by the Averaging process).

j=1

k
2 2
2 2 . 2
121 = Lalfy < (max { 5= ==}~ 1) (}:Hj_m) ¥ Hﬂluz) YT
Lemma 3.43. There exist a constant 8 such that

E

k |
> HZ_(ij) + HH1H§] < pE [/0 ]l{dist(Ul(s),Uz(s)):O}dS:| : (3.92)
j=1

It remains to show Lemma 3.42 and Lemma 3.43. We first show Lemma 3.42.

Proof of Lemma 3.42. By construction, £ is a product of R, and £ is a perturbed version of

£o, and the walk U; tracks the perturbation position. Let
Sy = {(’U,J',Tj—)’j € [k’], U1<Tj—) = Uj} U {(u, 1)\u S Zl, Ul(l) = u}

In words, S; contains places perturbed in the vector (X, —(u1),...,Xs —(ug), X1(Z1)). Note
that the walk U is killed when it meets a correlation or refresh mark. Hence |S;| < 1. Let So
be defined as S; when we replace U; by Us. Then, by Lemma 3.39,

121 = Lall3y <E[I90% —1j5] (3.93)

2 2
where 6 = max{, } Note that, as |S1 NSy < 1,
1+p ' 1—p

E [0l — 12]

_E [(9—1)|5m52\

—_—
—
—

k
=(0—-1) ((ZP [Ui(7j—) = Us(7j—) = Uj|5]) + ( Y PUL(1) =Us(1) = UIE]))
j=1

uEN],

k
=(-1) (Z HZ (uj) x + ||H1|§> ,

=1
which is what we want. O

Now we show Lemma 3.43.
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Chapter 3. The Glauber-Exclusion process

Proof of Lemma 3./3. Recall that (uy,71), ..., (ug, 7%) are the correlation marks that turn some
blue sites green up to time 1. Let (u;j, 7;)i>k+1 be the correlation marks that turn some blue

sites green from time 1 onwards. Let us define
ZH (uj) U r <ty (3.94)

Then (Z;, Hy, Fy)i>0 is a Markov process. In particular, let £ be the generator corresponding to

this Markov process. Then for any function ¢ on the state space of this process,

Lo(z,h, f)
L—1
_ 12 (go(zm_m'i_l, pucutl ) —p(z,h, f)) (]l{z(u):()} \% ]l{z(u+1):0})
u=0
L-1
h+ hu<—>u+1
+ > 2r? (cp (z, 27f> o(z,h f)) 1o (w)=2(ut1)=1}
u=0
L—-1

+ Z ()\1 + /\2) (@(Zu,lv hi707 f) - QD(Z, h, f))

—I—Z Z Ai ( (z\B w,m), hBmO ¢4 Z hQ(u’)]l{z(u/)l}) — ¢(z, h, f)) .

=3 u=0 u/'€B(0,m)

Let ¢ be the projection onto the third coordinate. Then

Lo(z,h, )= > N > B(W) -y

=3 u=0  w'eB(u,m)
L-1L-1

= A=A =)D > PP w1 Liwenum)

u=0 u'=0
L—-1L-1

(/\ AL — Z Z h2 ]l{z (u) 1}]1{u€B(u ,m)}
u'=0 u=0

L—1
S()\—/\l )\2)(2m+1 Zh2 ]l{z(u) 1}
u/=0
= (A=A = X2)(2m + 1) ||hll3.
A classical result (see e.g. [31]) says that

t
F—Fy— / Lo(Zs, Hy, Fy)ds
0
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6. The upper bound

is a zero-mean martingale, and hence
t
B(R| =E(R]+E | [ £o(Z., H. F)ds]
0
t
< (A=A —29)(2m+ DE [/ | H, |2 ds} . (3.95)
0
Moreover, || Hy||3 almost surely decreases, hence
2 ! 2
IE03< [ 1B ds. (3.96)
Let
ﬁ = ()\ — )\1 — )\2)(2m+ 1) + 1.

Two equations (3.95), (3.96), and Fubini’s theorem together imply that

E

k 1
S HE (i) + ||H1||3] <6 [ B (113 . (3.97)
j=1

Note that for any s € [0, 1],

E[|Hll3] =E | Y P[U(s) = Ua(s) = u|5]] = E |1 {dise(Us (5).U2(4))=0} -
u€Ag
Therefore
1 9 1
/0 E [[| H,|l3] ds = ,E [ faise(t ) (s))=03 | s
1

=E UO ]l{dist(Ul(s),Ug(s))O}dS} : (3.98)

Two equations (3.97), (3.98) lead to what we want. O

6.4 Second step of the proof of Proposition 3.36: the excursion coupling

This subsection is devoted to estimating the right-hand side of (3.92). It should be more
convenient to consider a modified version (Z,U;,Us) of (Z,Uy,Us), where we do not kill the
walks when we see refresh marks or correlation marks, and we always color the sites occupied by
Ui, Us blue. Note that before Uy or Uy are killed, (Z,Uy,Us) = (Z,Uy,Us). Therefore, almost

surely,

1 1
/0 Ldist(U1 (5),Ua(s)) =0y 8 < /0 Lt gist (07 (5), 02 () ) =0} A5+ (3.99)
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Chapter 3. The Glauber-Exclusion process

Besides, not killing the walks only increases the blue sites, i.e. , almost surely,
Zy > Zg, Vs € Ry (3.100)

An important fact here is the observation of Aldous in [3]: (Z, Uy, Us) itself is a Markov process
(without conditional probability), constructed as follows. We still use the collection of marks

given in Graphical Construction 3. Suppose that we are at state (z,u1, u2).
o When a refresh mark appears, say at site u, make the transition (z,u1,us) — (2%, u1,uz).

o When a Glauber mark appears, say at site w, make the transition (z,ui,u2) — ((z\

b(u,m)) U {uy,us}, uy,us).

o When a black mark appears, say on the edge (u,u + 1), if z(u) =0 or z(u + 1) = 0, make

uru+1

the transition (z,uy,ug) > (244 4@ 80U where ut is given by
u+1 ifuy =u,
1 .
up ottt =y ifur=u+1,
Uy if up ¢ {u,u+ 1},
and w4t is defined similarly.

o When a blue mark appears, say on edge (u,u + 1), if z(u) = z(u+ 1) = 1,

(z,u1,ug) — (z,u1,us) with probability 1/4,
(z,u1,u2) — (2,uyT ug) with probability 1/4,
(z,u1,u2) — (2,uy, uy™* ) with probability 1/4,
(z,u1,ug) — (2, uy et yyoutt) with probability 1/4.

By abuse of notation, we write Py, u, -], Ezuiu, [-] for the probability and expectation
taken with respect to the process (Z, Uy, Us) starting from (z,u1,us). We will compare (Uy, Us)
with its idealized version (Uy, Us), defined§ as follows.

Idealized version of (Uy,Us). Let two random walks ([7 1 [72) on A7, be constructed as follows.
Each edge of the lattice is associated with a Poisson clock of intensity 2L2. Whenever a clock
rings, if Uy (or ﬁg) is at one endpoint of the edge, it decides to take the edge with probability
1/2. If both can take the edge, their decisions are made independently. Informally, ((71, (72) is

the version of (U, Uz) where we assume that all the sites are always blue.

The excursion. Let 707! be the time for i-th passage from 0 to 1, and let 7179 be the time
for i-th passage from 1 to 0 of (dist ((71 (1), Ug(t)))t>0. More precisely, let 7271 7179 and T;

7
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212 212 212 217 L 2L?
0 ! 2T <>2<>L/2
L? 212 212 212 AL2

Figure 3.4: Transition rates of dist ([71, [72) when L is even.

be defined recursively as follows.

j—1
=3 ), (3.10)
i=1
797 = inf {t > 0 dist (01(Ts +1), Oa(Ti +1)) =1}, (3.102)
7179 = inf {t > 0: dist ( T4+ 727 ), U (T + 727 + t)) = 0} . (3.103)

The sequence (7071, 7170 7;)z>1 is defined similarly by replacing (Uy,Us;) with (Ul, Ug) The

1

idea is to express the local time in terms of the excursions:

1
/0 L (0190 () =0} 35 = D Wiy X (77 A L= T, (3.104)
i>1
/ {aist (71 (5),Ta(s)) =0} 9 = Z Legicny X (AL =T (3.105)
Let us define YT by:
T=> Ty <7 (3.106)
1>1

From now on, we fix a choice of 32, 83 as in Lemma 3.37, and we alway write BAD for BADg,.

We have the following results.

Lemma 3.44. dist ((71, ﬁg) is a Markov process with transition rates given in Figure 3.4.

Proposition 3.45 (Excursion coupling). There is a coupling of (U1, Us) and (Ur, Us) where
dist (171(0), U5(0)) = dist (01(0), U2(0)) = 0
such that, almost surely, for alli > 1,

07t > F0l (3.107)

= 7170 (3.108)

Lemma 3.46 (Fast passage to 1 from good environment). There exists a constant > 0 such
that
log? L

L2

0—1
I?Za(;( z¢BIRaD},(u€z Ez,u,u [( A t) x ]l{Z ¢BAD, Vs€[0, t}}} <h
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Chapter 3. The Glauber-Exclusion process

Lemma 3.47 (Anti-concentration, integral form).
E[Y]=0(1/L). (3.109)
Remark 13. In dimension 2, the bound on the right-hand side of (3.109) is replaced by

log L
o (<E).

Now we can prove Proposition 3.36.

Proof of Proposition 3.36. Thanks to Lemma 3.41 and equation (3.99), we now only have to
. 1
estimate E [fo ]1{dist(Ul(s),UQ(s)):O}ds}' We have

1
E l:/() ﬂ{dist(Ul(s),Ug(s))zO}dS:|

=E [/01 Lt gist (0 (5), 0z (s5) ) =0} A8 (]1{356[0,1]:ZSGBAD} + 1{V5€[0,1]:ZS¢BAD}) : (3.110)
For the first term, we write
1 _
E [/0 ]l{dist(Ul(s),Ug(s))zO}dS]l{Ese[O,l]:ZsGBAD}] <P [35 €[0,1]: Z; € BAD}
<P[3s€[0,1]: Z, € BAD], (3.111)

where we have used (3.100) in the last inequality. Now, we estimate the second term. We will

prove that

1
E [/0 ]l{dist(Ul(s),Ug(s))o}dsn{vse[o,u;ngAD}] =0 (log2 LE [T]) . (3.112)

Thanks to (3.104), (3.105), and Lemma 3.47, we only need to prove that there exists a
constant § such that

E []l{Vse[o,l]:ngzBAD}]l{ﬁ<1} x (PP A[L=T))] < Blog? L x E [11{73_0} x 7071 (3.113)
Let 81 be the constant in Lemma 3.46. By the Markov property at time 7,
E {]1{vSe[O,l}:ngBAD}ﬂ{ﬂd} x (Tio—ﬂ AL - 7?])}

=k _]l {VsE[OJ}]:ngEBAD}]l{Ti<1}

X E72)00(7.0(7%) | Luselon—mizegman} X (07 A (1= T0)) ]

[ B1log? L
<E H{Vse[O,Ti]:ZS¢BAD}]1{Ti<1} 1.2
log? L
< B8 Ly iz <)
log? L 1~
< ﬁl%[@ 7 <1]. (3.114)
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6. The upper bound

Here we have used Lemma 3.46 in the first inequality and the fact that 7; > 7; (due to Proposition
3.45) in the last inequality. On the other hand,

E[1iray < %7 =E[LnayBs g i (7]

_E {n{ﬂde . (3.115)

Here we have used the fact that dist (ﬁl (T2), 172(73)) = 0 by construction, and that the expected

time needed for dist ([71, (72) to reach 1 from this time onwards is 575 due to Lemma 3.44.
So (3.114) and (3.115) together imply (3.113). The equations (3.90), (3.99), (3.110), (3.112),
(3.111) together imply that
9 log? L
|Pr, (Xt €] = Pry [ Xy € ]||7y = O 7 +P.ut0y Bs €[0,1] : Z; € BAD] |
Together with the inequality va + b < y/a+ Vb, a,b > 0, the inequality above gives us what we

want. ]

It remains to prove Lemma 3.44, Proposition 3.45, Lemma 3.46, and Lemma 3.47. We will

need the following result to prove Lemma 3.44 and Proposition 3.45.

Lemma 3.48 (Strong lumpability of Markov process). Let X and ) be two finite sets, and let
f:X = Y be a surjective function. Let (Xi)i>0 be a Markov process with a generator L on X.
Then (f(X¢))t>0 s a Markov process for any initial condition of (Xt)i>o if and only if

Yy, y2 € Vo1 # y2. Vo, b € f o), Y. Llxa) = ). L) (3.116)

z€f~1(y2) zef~1(y2)

Moreover, if (3.116) is satisfied, then the generator L' of (f(Xt))i>o is determined by

Yyrye € Voyr #y2.Var € fH ), L' (yr,y2) = Y. Lz, ). (3.117)
z€f~1(y2)

Lemma 3.48 is a classical result. For its proof, the readers can see Theorem 2.4 in [4] and
Lemma 2.5 in [59] for the analogous result for discrete-time Markov chains. Now we prove

Lemma 3.44 and Proposition 3.45.

Proof of Lemma 3.4/. This is just a direct application of Lemma 3.48 for the process (Ul, (72)
and the function dist (-, -). O

Proof of Proposition 3.45. The intuition is that (Uy, Usz) evolves exactly like (ﬁl, ﬁg) when U,
and U, are not on a same site. This explains (3.108). The only difference is when U, and U, are
on a same site since they might be forced to move together when their neighbors are not blue.
This explains (3.107).

More precisely, for any initial configuration of (Z,U;,Us), consider the modified version
(zmod mod [snod) of (Z,Uy,Us) which is stopped at E := {(z,u,u)|z € Z,u € Ap}. Then
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Chapter 3. The Glauber-Exclusion process

(zmod mod 5o is also a Markov process, and up to the time that (Z,U;,Us) reaches E,
those two processes are the same. The modified version (U4, Uy%) of (Uy,Uy) is defined
similarly.

We apply Lemma 3.48 for the function
[ (z,ur,uz) — dist (ug, u2)

and the chain (Z™°? Uod Ued) to see that f(Zmed, Uod U3°d) is also a Markov process.
Let £ be the generator associated with this process. By direct computation, the process with
generator £ can be described as in Figure 3.4, except that the transition from 0 to 1 is suppressed.

Similarly, we apply Lemma 3.48 for the function

[ (ug, ug) — dist (ug,u2)

and the process (U4 U504 to see that f(U"°%, U524 is also a Markov process. By direct
computation, we can see that its generator is also L.

Our coupling is as follows. Let G; be the o-algebra generated by Z([0, ¢]). Recall the definition
of (77) in (3.101).

o Conditionally on G7;, let 7; be the first time counted from 7; onwards that U; meets a blue

mark and the two walks Ul, U, take different decisions. Then,

0—1
T; S T; )

where the inequality is strict if the other endpoint of the blue mark is a black site.

o Conditionally on Gz o1, dist (Ul, Ug) evolves as a Markov process with generator L

1—0

until it reaches 0. This gives us the excursion 7; .

Note that, by construction,
e 7; is independent of G7;, and hence of (75, 7_]1%0)18,9,71'

. T}HO is independent of G-, o-1 and hence of (15, T}%O)qu_l.
( <<

o For any i, 7; ~ exp(2L?).
o For any i, 7179 is the time of an excursion of a Markov process with generator £ starting

at state 1 until reaching state 0.

Hence (7,71 7%);>1 are i.i.d., and they have the same distribution as the (7771, #179);5;. This

finishes our proof. O

Now we prove Lemma 3.46. We will need the following results.

Lemma 3.49 (Fast transition in good environment). There exist constants 3,3 > 0 such that

min  Pu, |07 < 28 2 > B
2¢BAD,u€z
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Proof of Lemma 3./6. Let z € BAD, u € z arbitrary. Let 3, 3 be as in Lemma 3.49. Then

Ez,u,u {(7—10%1 A t) X ]l{ngBAD,VSG[O,t}}}

|tL?/(B'log? L) |

0—1 B
< Z B |17 X ]1{ZS¢BAD,Vse[0,t}}]1{ i log? L (i +1)5 log? L}
1=0 7<T0~>1<—
2 L2
+Ezuu {t X ]l{ngf;BAD,Vse[(],t]}]l{r{’”1>t}}
[¢22/(8" 108 1) (t+1)p log? L
< ZO 7 Eeuu ﬂ{zsgBAD,VSE[o,t]}]l{w' log? L. Oﬁl}
= 2 n

+tEz uu [H{ZséBAD,VSG[O,t}}]l{T{H‘1> |tL2/(8" log? L) | (B log? L)/(L?)}]
2 / 2
[ /(ﬂzlog D) £ 1) 082 L

12 (1- ,8)1 +t(1-7) |tL?/(B log? L) |

<
i=0

=0 (log2 L/LQ) .
O

Now we prove Lemma 3.49. We recall the following classical result about the hitting time of

a simple random walk.

Lemma 3.50 (Hitting time of a symmetric simple random walk). Let U be a simple random
walk on Z where edges have conductance 1. Let T :=1inf {t > 0: U(t) = 0} be the hitting time of
the site 0. Then there exists a constant 8 > 0 such that

< 2|ul? . :
max P, [~ < 2P| >3 (3.118)
In dimension 2, with similar notations and assumptions, there exists a constant 8 > such that
max P, [7‘ <2 ||u||3} > 3.
u€Z? B

This lemma can be proved by a classical hitting time estimate for non-negative supermartin-

gale. For completeness, we include the proof for dimension 2 in Appendix.

Proof of Lemma 3.49. First, consider the case where one of the neighbors of u, say v + 1, is
blue. Then there is a probability bounded away from 0 that a blue mark appears on edge
(u,u + 1) before time 1/L? and before any blue or black mark appears on edges (u + 1,u + 2)
and (u—1,u). When this happens, with probability 1/2, the two walks Uy, Us can make different
decisions. Therefore, 7071 < 1/L? with a probability greater than some constant 34 > 0.

Now we come back to the general case. Since z ¢ BAD, there exists a blue site v’ at a
distance at most 23, log L from wu. Let Us be the walk starting at «’, which behaves like Uy (see

paragraph "the perturbation position") when it meets the marks.
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Chapter 3. The Glauber-Exclusion process

Let 81 be a constant that we will choose later. The number of Glauber marks appearing

log? L A1 log? L
in the interval [O, Blzgl is a Poisson variable with average ﬁl%. Hence, for L large
enough,
log? L
P [no Glauber mark appears in [O, 51% >1/2.

Conditionally on this event, Us and U; evolve as two independent random walks on Az in
log? L
[0, Bll.f] , until they are at distance 1 from each other. Let
7= inf {t > Odist (Us(t), U (1)) = 1}

Note that Us — Uy is a simple random walk on Ay where edges have conductance 212 until it

reaches 1 or —1. So for 5 as in Lemma 3.50, there exists a constant 5 such that

1 2 L 1 2 L
P lT < /Bl% no Glauber mark appears in l(), ﬁl% > 0.
Hence,
Bilog* L . B1log? L
Plr< —z Mo Glauber mark appears in |0, Iz > 5/2.

By the strong Markov property at time 7 and the first case, we can deduce that

Brlog? L
72

Brlog? L

P [T{Hl <T4+1/L% 1< 5 > B4f/2.

,no Glauber mark appears in [O,

This finishes our proof. O

Remark 14. In dimension d = 2, there is a similar version of Lemma 3.49. This time, the proof
involves the 2-dimensional version of Lemma 3.50, so in the statement of the result, we replace
log? L by log® L. We see that, with the same notations as in the proof above, Us and U; still
evolve as two independent walks until they are at a distance 1 from each other or until Us is

killed when a Glauber mark appears. The number of Glauber marks appearing in the time

. lood 1]
interval |0, ’81%

chance that the mark: appearing kills Us is O (1/ L2). So the chance that Us is killed in the time
Brlog® L] . 0 <log3 L
170 H g _

is O <1og3 L). Fach time there is a ring among the Glauber clocks, the

interval |0, 72 72 = o(1). So if initially, dist (Ug, [71) = O(log L), then Us

51 log3 L

72 ] with a chance bounded away from 0. The proof

can still meet U in time interval [0,
is then adapted accordingly.

It remains to prove Lemma 3.47. It is not hard to prove the result if we replace ((71, (72)
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412 212 212 27 L _, 2I?
0 ! 2T <>2<>L/2
212 212 212 212 412

Figure 3.5: Transition rate of dist (1)11,222) when L is even.

with two independent SRWs. We will prove the results for two independent SRWs and use a
comparison argument to transfer the result back to the pair (ﬁl, ﬁg)

Let U; be a SRW starting from 0 on Ay, where every edge has conductance L?. Let Us be
an independent copy of U. Let (7971, %79 77);>1 be defined as in (3.101), (3.102), (3.103)

T o d
when we replace (Uy,Us) by (Uy,Us). For two real random variables (3, (2, we write (1 < (3 if

(o dominates stochastically (1. We will need the following results.

Lemma 3.51.
~1—0 d ~1—0
<A (3.119)
d
= < FL (3.120)
Lemma 3.52.
el v
Se[Ti<i]=0@). (3.121)

i=1
Now we prove Lemma 3.47.

Proof of Lemma 3.47. In this proof, Eg [-] means the expectation taken with respect to the law
of the process dist ((71, [72) starting from 0. We have

E[Y]=YE [11{7;«} x %{Hl]
i>1

=Y E[Lg7oy x Eo [H7]]

i>1
=S P lhi<1],

i>1

where we have used the Markov property for the process dist ([71, [72) in the second equality,
and the formula of the generator of dist ((71, [72) in the third equality. Note that, by Lemma
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vod .
3.51, T; <7T;, Vi > 1. Therefore,

1

;2L2 [T<1} < 2L2;P[T<1}
1
=0(L).
This finishes our proof. O

It remains to prove Lemma 3.51 and Lemma 3.52. We first prove Lemma 3.51.

Proof of Lemma 3.51. See Figure 3.4 and 3.5 for intuition. A direct application of Lemma 3.48
shows that dist (Z;ll, Z]g) is a Markov process with transition rates as in Figure 3.5. Then we see
that

%{Hl ~ exp(2L2),

7071~ exp(4L?).

This proves (3.120). Now let 727! be the (random) time it takes for dist (ﬁl, ﬁg) to reach state
1 from state 2. By Figure 3.4 and Figure 3.5, it is also the time it takes for dist (L?l,L72> to reach
state 1 from state 2. Let ((;)i>1, (7771)i>1, and (&;)i>1 be three independent sequences of i.i.d.
random variables such that

o (¢i)i>1 is a sequence of i.i.d. exp(L?).

. (7_2a1

2—1
i .

)i>1 is a sequence of independent copies of T
o (&)i>1 is a sequence of i.i.d. Bernoulli random variables with parameter 2/3.

Then we see that

~11—>0 d Cl +£ 2—)1_'_51&_’_&-152 2—>1_+_“.

i1
(gj II Ei> + (%‘2_}1 II fi)
=1 j=1

This is because to go to state 0 from state 1, first, we need to jump out of state 1, which takes a

time exp(3L?). Then, with probability 1/3, we succeed to jump to state 0, and with probability
2/3, we jump to state 2. Then we have to come back to state 1 and try again. Similarly, let
(¢))i>1 be a sequence of i.i.d. Bernoulli random variables with parameter 1/2, independent of
(¢:)i>1 and (7771);>1. Then

0o i1 i
v1a0 4 Z [(iz H 5;) + (7}‘2_& H fé)] .
i=1 j=1 j=1
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~1—0 < ~1—>O

Since &/ < &;, we conclude that 7y , which finishes our proof. 0

Finally, we show Lemma 3.52. We will need the following classical result about anticoncen-
tration of SRW on the lattice.

Lemma 3.53 (Local limit theorem). Let U be a SRW on Ar, starting from 0, where every edge

has conductance L?. Then,

522}\);]?0 {v(t) :u} :O(ll_/ (\24—1))

Proof of Lemma 3.52. Let us define

T—Z]I{T<1}XT 1

i>1

We see that

/ {dISt U (s)Uz(s ) }dS
= n{dist(al(l),ag(l))ZO} X (inf {t > 1]dist (Z;{l(t),i{g(t)) = 1} — 1)

Taking the expectation and using the Markov property at time 1, we get

: {Y _/ Haise 0 5 20(9)) =0 }ds] = P [dist (24(1), Us(1)) = 0| E [#~]

<1x 1
412
B 1
412

Note that ]l{dist(dl(s),dz(s))zo} = 1{[:{1(8)71/72(8)20}’ and note also that (U (s) — Ua(s))s>0 is a
SRW on the lattice, where edges have conductance 2L?. Hence by Lemma 3.53,

P [th(s) ~o(s) = 0] = O (i (;5 + 1)) .

Therefore,
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On the other hand,

Mﬂ:ZPﬁ<Qxi§

i>1

The two equations above imply that

ZPE<Q:O@%

i>1

which finishes our proof.
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Appendix

In this appendix, we prove Lemma 3.24 and Lemma 3.50. First, we prove Lemma 3.24. We will

need the following result.

Lemma 3.54 (Anticoncentration of SRW, integral form). Let Uy, Uy be two i.i.d. SRWs on
ACLl where edges have conductance L?. Let § be a strictly positive number and ( ~ exp(f),
independent of (Uy,Us). Then, for any k € Z,

O,e(1/L) ifd=1,

max Py, 4, [dist (Z)ﬂ(),l]g({)) < k] = Opr(logL/L?) ifd=2,
u17u2€/\'i ’

O x(1/L?) if d > 3.

For uj,us € Ap, we write u; =< wg if dist (u1,0) < dist (ug,0). In higher dimensions, for
ui,uz € A4, we write u; < us if there exists a permutation o of [d] such that Vi € [d], u1 (i) <

ug(o(i)). We will also need the following result.

Lemma 3.55 (Distance between 2 walks in an 1P(2)). Consider the lattice A¢ where every
edge has conductance L?. Let (Uy,Us) be an IP(2) and (Uy,Us) be a pair of independent SRWs
on A%. There is a Markovian coupling of (Uy,Us) and (Uy,Us) such that if the initial condition

(ug,ug, U1, U2) satisfies (g — u1) < (ue — u1), then almost surely,
V>0, (Ua(t) — U (1) = (Us(t) — U (L)),
and in particular,

dist (U (1), Uh () < dist (Ua (1), L (£)) .

Clearly, Lemma 3.54 and Lemma 3.55 together imply Lemma 3.24.

Proof of Lemma 3.24. Let uy,us € Ar. Consider the coupling of the IP(2) (U;1,Us) and a pair
of independent SRWs (Lvll,lxvlg), both starting from w1, us, independent of (, that satisfies Lemma
3.55. Then, by Lemma 3.55,

P [dist (U1 (C), Us(C)) < k] < P [dist (zjfl(g),z/b(g)) < k} .

This and Lemma 3.54 lead to what we want. O
Lemma 3.54 is just the integral form of Lemma 3.53.

Proof of Lemma 3.5/. We denote by U, (t,i) the i-th coordinate of U (¢), and similarly for Us.
We see that (Z:ll(,z) — Z/V[Q(',i))lgigd are d independent SRWs on Ay, where every edge has
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conductance 2L2. Hence, for any t > 0,

~

P [dist (L4 (1), Us (1)) P [(ul(t,i) fbvlg(t,i)) e{—k,..., k}]

A
o
IA

e

@
Il
—

(2k + 1) max P [th (t,1) — Uh(t,i) = uD

u€AL

1 1

|
S
o

[N
e
/N N

Note that

P [dist (Z;{l(C)J;&(C)) < k} _ /oo

P [dist (zfll(t),zlg(t)) < k} fe0dt.

We split the integral above into three intervals [0,1/L?], [1/L?,1], [1,00). First, we estimate the
integral on [0,1/L?]:

/01/L2 P [dist (24 (1), Ua(t)) < k] e "d

1/L?
< / G0 dt
0

<6/L%

Now we estimate the integral on [1, 00):
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Finally, we estimate the integral on [1/L?,1]:

/11 P [dist (Z]ﬂt),%(t}) < ]{;} fe 0t dt

/L2

_0 / N fe—0tdt
k 1/12 Ld td/2

+
=0y, (Ld " td/th>

o3 )-ofp) v
ol ) -0 (%) waes

1
0 tl d/2 2

= — if d > 3.

Ok (Ld (1—d/2 )) O’“(LQ) =3

1/L2
The estimates above lead to what we want. O

Now we prove Lemma 3.55.

Proof of Lemma 3.55. The intuition is simple: an IP(2) evolves exactly like 2 independent SRWs
when the two particles are not next to each other. The distance between 2 walks in IP(2) is
forbidden to jump to 0, while the distance between two independent SRWs can. This makes
the distance between 2 particles in [P(2) always bigger than that of 2 independent SRWs in
distribution.

More formally, note that Y := (Uy — Us) and Y = (Z;{l — Z/vlg) are also Markov processes. We
only have to construct a coupling of ¥ and Y.

Let £ (resp. L) be the generator of Y (resp Y). Let eq,...,¢e4 be the unit vectors in A%.
Then

. , 2L% if v = u +¢; for some i € [d],
(u,u') =
0 if not,

and

2L% if v/ = u +¢; for some i € [d] and u’ # 0,
L(u,u') =S L2 if (u,u') € {(£e;, Fey)|i € [d]},
0 if not,

To construct the coupling kernel £%PH"9  we only need to construct the jump rates from

~

each configuration (u, %) such that v < 4. Without loss of generality, we can suppose that
dist (u(7),0) < dist (u(7),0), Vi € [d]. The kernel is as follows. For any coordinate i,

e It dist (u(i), 0) < dist (a(i), 0),
LI (0, 0), (= e4,0)) = L9 ((u, 1), (u, 1 + ¢;)) = 22,
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o If dist (u(i),0) = dist (u(2),0), then u(i) = %u(i), and therefore there exists £ € {—1,1}
such that dist (u(i) £1,0) = dist (u(i) £&,0). Then

Ecoupling((u’ 12), (’U, +oej, U+ 5%)) = 2L2]1{u:|:ei7é0}'
If u € {£e;}, then we necessarily have @ € {£e;}, and in this case,

Ecoupling((u’ 12), (_u7 ﬁ)) — L2,

LEUPING (4, 1), (u,0)) = 2L

For any (u/,4') # (u, ) not listed in the cases above,
Ecoupling((u7 ’lj,), (u/’ 12/)) —0.

We can verify that this gives us a coupling kernel for (Y, }7) that preserves the relation <. This

finishes our proof. ]
Now we prove Lemma 3.50.

Proof of Lemma 3.50. We only need to prove the result for ||u|| large enough. Let us consider a
random walk (U(t))>0 starting from u. Let k and K be two parameters such that k& < |Ju| < K
that we will choose later. Let 7, 7 be defined by

e =1inf {t > 0: [[U(#)|| <k},
i =inf {t > 0: |U(t)|| > K}.

Let a(-) be the potential kernel defined as in §4.4 in [57]. Note that a(-) is harmonic at every

g
point except 0, and moreover, by Theorem 4.4.4 in [57],
2 2
Yo € Z*, a(v) = = log|jv|]| + O (1). (3.122)
v

Hence, (a(U(t ATk ATK)))t>0 is a bounded martingale. Note also that 7, and 7x are finite almost
surely, thanks to the recurrence of the simple random walk in dimension two. So, we can apply

the optional stopping theorem to conclude that

Note that by (3.122), almost surely,

2

alU) = 21ogk + 0 (1),
2

a(Uzp) = —log K+ 0O(1).

s
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Hence
a(u) =E {]1{Tk<TK}a(UTk)} +E {]l{TK«k}a(UTK)}
— Plry < 7] x (ilogk—&— 0(1)> + P < 7] X (ilogK—i— 0(1)> .
Therefore,
log ||lul| =P < 7] X (logk+ O (1)) + (1 —Plm < 7x]) X (log K + O (1)).
So

log K — log ||u|| + O (1)
P = )
7 <K = S0 K Tlogk + O (1)

We choose k = 2 and K = ||u]’*. Then

log ull , .,

(3.123)

1
Plm, < k) = Zg,

1
sl

when ||u|| is large enough. Let U(t,1) and U(t,2) (resp. u(l),u(2)) be two coordinates of
U(t) (resp. u). By the anticoncentration inequality, see e.g. Proposition 2.4.4 in [57] for the

discrete-time version,

1
max P(U(t,2) ~ u(2) =[] = O (ﬂ) .

Therefore, by an union bound, for ¢ = |ju®,

w13/
PIU(t,2) —u2)| < K|]=0 (\I/{i) =0 <”u:3/2> =0 (Hu||fl/4) < 1%,

when ||u]| is large enough. In this case,
Pl|Udel?,2)| < K] <PU(,2) - w(@)| < K] < 1/10,

and therefore,

P [ric < lllf] = B[|U(lul® 2] > K] 2 1% (3.124)

The equations (3.123), (3.124) together imply that
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Therefore
Pu[r < 2 ul’] 2 Eu [, cpupeyPoc [7 < lul’]]
Note that as k is a constant,
Py [r < Jul’] 2 min By [r < ul] =14 0(1)
{v:llvlI<k}

when ||u|| — oco. Therefore, when ||ul| is large enough,
P, |7 < 2jul®] = 8,

for certain constant 5. This finishes our proof.
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Chapter

The mean-field Zero-Range process

Goals
In this chapter, we study the mean-field Zero-Range process where the potential
function 7 is increasing to infinity at sublinear speed, and the density of particles is
bounded. We determine the mixing times of the system and establish cutoff. We also
prove that the spectral gap is bounded away from zero and infinity. Our proof uses
the path coupling method of Bubley and Dyer and stochastic calculus. The results
presented here have been published in [97].
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Chapter 4. The Zero-Range process

1 Introduction

1.1 Model

The Zero-Range process, introduced by Spitzer, is a model of interacting particle systems in
continuous time. It describes the evolution of m > 1 indistinguishable particles jumping ran-
domly across n > 1 sites, where the speed of a particle only depends on the number of its
cooccupants (hence the name Zero-Range). More precisely, the interaction is represented by a
function r : {1,2,...} — (0,00), called the potential function, where r(k) is the rate at which a
site with k particles expels a particle. For convenience, we let 7(0) = 0 (no jump from empty
sites). In this chapter, we focus on the mean-field version of the model, where a jumping particle
chooses its destination uniformly among all sites. More precisely, we consider a continuous-time
Markov chain X := (X¢)i>0 = (X¢(1), X¢(2), ..., X¢(n))e>0 taking values in the state space

X = {x ezl : Zx(z) = m} , (4.1)
i=1

whose Markov generator £ acts on an observable ¢ : X — R as follows:
1 :
(Lo)(@) =~ > r(@@)(ple =& + ;) — ¢(2)). (4.2)

1<ij<n

Here (8;)1<i<n denotes the canonical basis of Z'}. The generator £ is irreducible and reversible

with respect to the following law:

m(x) X —_, 4.3
(z) glglr(k) (4.3)

with the convention that an empty product is 1. This implies that the process mixes. We recall

that the Dirichlet form associated with our process is defined by:

5(%@ = <(/7, ﬁlﬂ)m

where (p,9) = 3 w(z)p(z)(z) denotes the usual inner-product in L?*(X, 7). Then the
X

xe
Poincaré constant, denoted by A\, is defined by:

wo=min {2

where the minimum is taken over all non-constant observables, and Var [p] denotes the variance
of ¢ under w. In our case, due to reversibility, A, coincides with the spectral gap defined in
(1.2):

Ax = gap.
We favor the term Poincaré constant in this chapter because sometimes we discuss Poincaré

constants of non-reversible models. The purpose of the present chapter is to estimate A\, and
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tmix (z; €), under certain assumptions on 7(-).

Previous works. To the best of our knowledge, the total-variation mixing times of the Zero-
Range process have only been studied in a few cases: the case where r is constant in [50], [51],
[75], the case where r is non-decreasing and bounded in [40], and the somehow-trivial case of
independent walkers where 7 is linear. Regarding the Poincaré constant, a notable result is given
in [77], where Morris determines the order of magnitude of A, in the case where r is constant.
Another result is obtained by Caputo in [12] for the case where r is homogeneously Lipschitz

and increasing at infinity, i.e.

21;1; Ir(k+1) —r(k)| < oo, (4.4)
kirll;r(k:) —r(l) >0, (4.5)

for some § € Z,, where he proves that the Poincaré constant is bounded away from zero. In
[39], Salez and Hermon prove a comparison principle that allows us to compare the Poincaré

constant of many models with that of the mean-field model. We will use this principle below.

1.2 Main results

We consider the "intermediate" regime where the function r is non-decreasing and unbounded
but grows slower than a linear function. More precisely, throughout the chapter, we assume

that r satisfies:

r(k+1)>r(k), Vk € Z4, (4.6)
lim r(k) = oo, (4.7)
k—ro00

sup r(k) < 00. (4.8)
kez, k

We study the regime where the number of sites diverges while the density of particles per site
remains bounded. More precisely, we always suppose that m = m(n) and x = 2™ and all

asymptotic statements refer to the regime:

S|3

where p is a positive constant. To lighten the notation, we keep the dependency upon n implicit
as much as possible. By a dimension-free constant, we mean a number that depends only on
r and p. Recall that our notation O (-) (resp. (:), O(+), o(-)) means being upper bounded by
(resp. lower bounded by, upper and lower bounded by, negligible compared to) the quantity
inside the brackets up to a dimension-free prefactor. We define a function R : {1,2,...} = R

as follows:

k€ Zy, R(k) = i 1 (4.10)
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Under condition (4.8), we easily see that

lim R(k) = oo. (4.11)

k—00

Our main result says that R(||z|,,) is a good estimate for tyix(z;€).
Theorem 4.1 (Main result). For e € (0,1) fized, for any initial state x,
tmix (23 €) < (14 0o(1)) R(|[z[| ) + O (logn) . (4.12)
In addition, if the initial state x = () satisfies H:c(")H —— o0, then
o0 N—oo

tmix (25 €) = (1 = o(1)) R([|| o )-

Maximizing over all initial states x, we obtain the following corollary.

Corollary 4.2 (Cutoff). Suppose additionally that R(m) > logn. Then for e € (0,1) fized,

=1+o(1). (4.13)

In other words, the system exhibits cutoff at time R(m).

The class of functions r that satisfy conditions (4.6), (4.7), (4.8) is quite large. A natural

example is when r is of the form r(k) = k%, Vk € Z, for some « € (0,1). In this case,

l—«

R(k)=(1+ 0(1))ﬁ, as k — oo,

by the Stolz-Cesaro Theorem. Thereupon, a direct application of our result gives the following.

Example 4.3. Suppose that r(k) = k%, Vk € Z, for some a € (0,1), and suppose that m >

-«

(logn)Y/=%) | Then the system exhibits cutoff at time T

Cutoff for the Zero-Range process was obtained in [75] for the case r(k) = 1 and more
generally in [40] for the case where r is non-decreasing and bounded. Our work complements
these results by investigating the case where » — co. We also prove that the Poincaré constant

is bounded away from zero and infinity:
Theorem 4.4 (Poincaré constant). A\, = O(1).

Thanks to the comparisons in the paper [39] of Hermon and Salez, we can extend this
result to the more general case where a jumping particle chooses its destination according to a
doubly stochastic matrix P rather than uniformly among all sites (for example, take P to be the
transition matrix of random walk on a regular graph). More precisely, let P be an irreducible
doubly stochastic transition matrix on [n] := {1,2,...,n}, and let £” be the generator on X

that acts on an observable ¢ : X — R by:

(LP) )= Y r(@(D)Pij)(p(x — 6 +8;) — ().

1<i,j<n
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Similarly, we can define the Poincaré constants \.(P) and \.(LF) of P and L via their asso-

ciated Dirichlet forms and their stationary laws. Then we have the following.
Corollary 4.5 (Poincaré constant in arbitrary geometry). A\ (L) = O(\.(P)).

We give an example where we can compute \,(P) explicitly to obtain an explicit estimate

on A\ (LF).

Example 4.6 (Poincaré constant of torus model). Let P be the transition matriz of the simple
random walk on the lattice Z¢ /pZ?, for some p,d € Z.. Then M\ (LF) = ©(1/(dp?)), as p? — oo.

The calculation of A\.(P) is deferred to the end of the chapter.

Heuristics. If we ignore arrivals and only consider departures of particles, then R(]|x| ) is
exactly the expectation of the time it takes for the initially highest site to be emptied. In the true
system, due to the conditions imposed on 7, the arrival rate at each site is uniformly bounded.
Consequently, R(||z|/,,) remains a good approximation for the emptying time. For the lower
bound, we prove that before time R(||z||,), the initially highest site still has too many particles,
and hence the system has not yet reached equilibrium. For the upper bound, we will see that
at time ¢t = (1 + o(1))R(||z||.) + O (logn), || X, = O (logn). Afterwards, the system quickly

reaches equilibrium.

2 The lower bound

2.1 Preliminaries

We will use the following two graphical constructions of the process X.

Graphical construction 1. Let = be a Poisson point process of intensity ldt ®du® Card ®
Card on [0, 00) X [0,00) X [n] X [n], where Card denotes the counting measure. Define the piece-
wise constant process X = (X;)i>0 taking values in X" as follows: Xy = z, and for each point
(t,u,i,7) of =,

(4.14)

X Xt_ — 61 + (5] if u < T(Xt_ (Z))
L=
X otherwise.

Then X is a cadlag Markov process starting from = with generator L.

Graphical construction 2. Let ¥ be a Poisson point process of intensity df ® du ® Card
on [0,00) x [0,00) x [n]. Consider the piece-wise constant process X = (X;);>¢ which starts at
Xy = = and has the following jumps: for each point (¢, u,j) of ¥,

1 i=1 i
X =6+ 05, if = > r(X—(k) <u< =3 r(Xe—(k)),
n k=1 k=1

S|

X, = (4.15)

for some i € [n],

X otherwise.
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Then X is also a Markov process starting from x with generator £. We can view the Poisson
process in Graphical Construction 2 as the repartition of the Poisson process in Graphical

Construction 1 according to the destination of the jumps.

Filtration. We always note (F;);>o the filtration generated by the Poisson processes in the
graphical construction we are using, where F; is the o — algebra generated by these processes
up to time t. It is immediate that the process X is adapted to the filtration and has cadlag

trajectories.

Mean-field jump rate. At any time ¢, as the model is mean-field, the arrival rate at each

site is the same. We denote this quantity by (;:

1
*Z (Xi(y
n :
Condition (4.8) implies that
1 « ) r(k) r(k)
< |- X sup —= < p sup —= =: K. 4.16
G < (n; t(J)) R (4.16)

Hence, the number of particles arriving at each site is stochastically dominated by a Poisson

process of dimension-free intensity «.

Martingale associated with an observable. For any observable ¢ : X — R, under P, the

process M = (My)i>0 given by

My = p(Xy) — / Lo(X (4.17)

is a zero-mean martingale, see e.g Theorem 3.32 in [62]. Let ¢1, w2 be two observables, and let
M@ M® be the associated martingales. Then the predictable covariation of M) and M®?) is
given by

(MO, 1) /zz w) (21(9) = 1(X0)) (2(y) — p2(X.)) du. (4.18)
yeX

We recall a lemma on the concentration of martingales with jumps (see [35]):

Lemma 4.7 (Concentration of martingale). Let (M;)¢>0 be a zero-mean cadlig martingale w.r.t
a filtration that satisfies the usual conditions. Suppose that Mo =0 and M, — M,— < K for all
t >0 and some 0 < K < oco. Then for each a > 0,b > 0,

2
. 2 v
P[atzo.Mtza,<M,M>t§b]gexpl 2(aK+b2)]‘ (4.19)
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Gain/loss at a site. We will need the following quantities:

1. For i € [n], let G;(t) be the counting process that counts the number of particles arriving

at site ¢ up to time t. We call G; the gain at site .

2. Let L;(t) be the counting process that counts the number of particles jumping out of site

1 up to time t. We call L; the loss at site .
Obviously,
Xi(i) = Xo(i) + Gi(t) — Li(t).

2.2 Elementary concentration inequalities

We list here some useful inequalities, whose proofs are simple applications of Chernoff’s bound

(see, e.g. [9] for more details on Chernoff’s bound).

Lemma 4.8 (Poisson concentration). Let Z be a Poisson variable. Then for any B > 1,

P[Z > BEZ] < e~ (1+BIn B=B)EZ

Lemma 4.9 (Concentration of sum of independent exponential variables). Let Ai,..., A; be
positive numbers, and let &y, . .., & be independent random variables such that § ~ exp(A;), V1 <
1< k. Let

k

i=1

For B > 0 arbitrary, we have the following inequalities:

P [S —ES < —/Var [S]B] < e B (4.20)

and B
P [S —ES > AVar [S] + A} <e B2 (4.21)

where A = lrgnilélk{/\i}.

2.3 Proof of the lower bound

In this subsection, we prove the lower bound on tyix(z;€) in Theorem 4.1. First, we analyze the
law of a single site at equilibrium. We still denote by X, a random variable following the law

.

Proposition 4.10 (Single site marginals at equilibrium). There exists a dimension-free constant
q > 0 such that
P[Xoo(1) = A] q

Vk€Z+, P[Xoo(l):k—l] < T'(k)

Proof. Let x be an arbitrary configuration in X such that z(1) > 1. Thanks to (4.9), the number

n
of sites that have at least 2p particles is at most 5 and hence the number of sites that have less
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Chapter 4. The Zero-Range process

than 2p particles is at least g For any [ € [n] \ {1} such that z(l) < 2p, thanks to (4.6),

r@) o)+ 1)
w(x — 01 + &) r(x(1))

r([2¢])
r(z(1))

Taking average over all sites [ such that z(l) < 2p, we obtain

<

r([2p]) 2
w(x) < — m(x — 01+
WSy & e
z(1)<2p
JETIER,
) n g Y

IN

Now we take the sum over all = such that z(1) = k to get:

Z Z (x =001+ )

x(1)=k I#1

= T‘ Z Z (x =01+ &)
A 21
7"((2p1)2

— r(k) n Z Z m(2) (change of variable: z =z — 01 + §;)

]P)[Xoo(l) :k] T(k

[2p]) 2n
- rk) n
_ 9 —

where ¢ = 2r([2p]). O

Now we study the effect of arrivals at a particular site. Recall that L; denotes the loss at

site i, as defined at the end of subsection 2.1.

Lemma 4.11 (Effect of arrivals). Let x be an arbitrary initial configuration. For i € [n] and
—1

h € Z4 such that x(i) > h, there exist independent variables Uy ~ exp (n r(k)) ,h>k>1,

such that for any 0 < k < h —1,

1. Ty =Up+Up_14 -+ Up_i is a stopping time,
2. almost surely, L;(Ty) > k+1

3. almost surely, X¢(i) > h —k, ¥t € [0,T}).
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2. The lower bound

The intuition is as follows: if we ignore arrivals and consider only departures at site ¢, then
T}, is the time to have k + 1 particles depart from i. Arrivals, on the one hand, slow down a site
from being emptied, but on the other hand, accelerate the rate of expelling and hence increase

the loss. So the inequalities at points 2 and 3 follow.

Proof. We use the graphical construction 1. We first prove for the case k = 0. Let Uy, be defined
by
Uy, = inf {t > 0: 2([0,4] x [0,7(R)] x {i} x (1] \ {i})) >0},

n—1

It is clear that U}, is a stopping time and U, ~ exp ( r(h)). Moreover, by definition of Uy,

=([0,03) x [0,7(0)] x {i} x ([n]\ {i})) = 0,

so before time Uy, X (i) cannot fall from h to h — 1. In other words, V¢t € [0,Uy), X¢(i) > h. In
particular, Xy, —(i) > h, so there should be a jump from site i to [n]\ {i} at Ujs. Consequently,
L;i(Up) > 1 and Xy, (i) = Xy, — (i) —1 > h — 1, almost surely, which finishes the case k = 0.
Now we define Uy, inductively by:

Ui = inf {t > 0 Z((Th—pr, Thogmr + 1] % (0.7 (R)] x i} x ([n] \ {i})) > 0},

where T} = Up + Up—1 + -+ + Upq1. The variables (Uy)p>r>1 are independent by the

stationary and independent increments of Poisson processes. In addition,

Uk ~ exp (n ; 1r(k)) .

The claim is simply obtained by induction and by the strong Markov property. O

Useful variables. Lemma 4.11 allows us to compare certain random times with the random

variables (Sg)r>1 defined by
k
Sk=>_ &, (4.22)
i=1

where (§;);>1 is a sequence of independent random variables such that & ~ exp(r(i)), Vi € Z..

E o1 LA |
Obviously, E [Sk] = > 0 = R(k), Var [Si] = X = BEh Due to (4.6), (4.7), (4.8), the functions
i=1 i=1
r, R diverge, so we easily see that
. Var[Si]
khﬁn;o ES, 0. (4.23)

Lemma 4.11 makes precise the fact that arrivals can only slow down a site from being emptied,
while Proposition 4.10 together with condition (4.7) say that at equilibrium, the typical height

of a site cannot be very large. This leads to the lower bound on tyix(z;€) in Theorem 4.1:

Proof of the lower bound in Theorem /J.1. Let 6 € (0,1) be fixed, and let z € X be arbitrary.
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Chapter 4. The Zero-Range process

We only need to prove that for ||z||, sufficiently large,

buix(@i€) 5 (4.24)

R([|z]] o)

Without loss of generality, suppose that site 1 is originally the highest, i.e. ||z, = z(1). Our
distinguishing statistic is ¢ : © — x(1). We know that for any A C X,

doy (By [ Xy € ], ) > By [X; € A] — 7w(A).

We choose
A={yeX:yQ) >k},

where S
k = sup {l €Zy R < QR(Hx”oo>} .

We only need to show that 7(A4) = o(1), and for t = (1 — 0)R(z(1)), P, [X: € Al =1 —0o(1).
Thanks to (4.11), ||z|| ., > 1 ensures that R(||z||.,) > 1 and hence k > 1, so by Proposition 4.10
and (4.7), P[Xs € A] = 0(1). On the other hand, we apply Lemma 4.11 with i = 1,h = x(1)
to conclude that there exists a stopping time

d n
To(1)—k—1 @

(Sz(1) — Sk),

n—1

where the sequence (S;);>1 is defined in (4.22), such that X;(1) > k+1, Vt € [0, T;(1)—p—1). We
define Sy, »(1) = Sz(1) — Sk, for any k < x(1). Then

P, [X(1_5)R(x(1)) € A} > P, {Tx(l)—k—l > (11— 5)R($(1))}
> P [Spaq) > (1= 0)R(x(1))]
=1 P [Spa) < (1= OR@(D))].

Moreover, R(k) < gR(x(l)) by definition of k, and hence E {Sk@(l)] = R(z(1)) — R(k) >
(1 -6/2)R(x(1)). So by the concentration inequality (4.20),

P [Skatt) < (1= ORE(L)] <P [Spas) ~ ESuaqy < —§R<x<1>>}
2 _
< exp (_i . %R(:ﬂ(l))%far {Sk@(l)} 1)
2 -
< exp <—;56R(;v(1))Var [5};(1)} 1) .
= o(1),

where in the third inequality we have used the fact that Var [Sx(l)} > Var [Sk,x(l)}a and in the

n—0o0

last equality we have used (4.23) and the fact that z(1) = ||z||,, — oco. Hence P, [X; € A] =
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3. The upper bound

1 —o(1), which finishes our proof. O

3 The upper bound

We will prove the following statements:

Proposition 4.12 (Dissolution). There exist dimension-free constants o,y such that for any
d € (0,1) fized, for any x € X, for any t > (14 0)R(||z||,) + o logn,

Py [[| X¢ll o = a1logn] = O (n_Q) )

Proposition 4.13 (Quick convergence to equilibrium). Let «y be defined as in Proposition
4.12. Then there exists a dimension-free constant o so that for any configuration x such that

]loe < 1 logn,
dry (PI [Xalogn € ] ,77) =0 (TL_2) .

First we see how these propositions lead to the upper bound on tpyix(z;€) in Theorem 4.1:

Proof of the upper bound in Theorem j.1: Let 0,1, be defined as in Proposition 4.12 and
Proposition 4.13. Let « be an arbitrary configuration; let ¢t = (1 + 0)R(||z||,,) + o logn, for
some 0, ty = alogn, and t = t; + t2. We only need to prove that for arbitrary ¢ € (0,1) fixed,
for n large enough, for any =z € X,

tmix(z;€) < t.

By the convexity of the total variation distance,

dry (P [ Xy € ] ,7m) < Z Py [Xi, = yldry (Py (X, €], m)
yeX

S]P)-TI:HXtIHOO > o logn] + max doy (Py [Xt2 € ']77T)7
Y]l oo <1 logn
which is O (n*2) by Proposition 4.12 and Proposition 4.13, hence smaller than ¢ when n is large

enough. O

The structure of the rest of this section is as follows. In Subsection 3.1, we prove Proposition
4.12 and provide some analysis on the trajectory of the system which will be used in the proof
of Proposition 4.13. In Subsection 3.2, we prove Proposition 4.13 by the path coupling method
of Bubley and Dyer.

3.1 Dissolution

Recall that GG; denotes the gain at site 4, as defined at the end of subsection 2.1. First we give

an estimate on G; at the predicted time.
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Chapter 4. The Zero-Range process

Lemma 4.14 (Estimating the gain at a site). For any dimension-free constant d, there exists
a dimension-free constant co such that for t = (1 +6/4)(R(||z|,,) + dlogn), for any 6 € (0,1)
fixed,

P, [Gi(t) > co(R(||2]l.,) Vlogn)] = O (n7%). (4.25)

Proof. We use the graphical construction 2. Since (; < k at all time (see (4.16)), G; is simply
< [0.R] % (i} Consequently, at time ¢t = (14 0/4)(R(||z| o) +
dlogn), Gi(t) is stochastically dominated by a random variable Y, with

dominated by the Poisson process ¥|

Y ~ Poisson k(1 + §/4)(R(|«].,) + dlogn)).

Then the result is simply obtained by Lemma 4.8, for ¢y large enough. O

For any site ¢, Lemma 4.11 says that arrivals can only accelerate the loss L;, while Lemma

4.14 gives us a (random) upper bound on G;. They together lead to the following proposition:

7
Proposition 4.15 (First phase dissolution). Let d = m, and let co be defined as in Lemma
r

4.14. Then for any v € X, for any 6 € (0,1) fized, fort = (14 0/4)(R(||z| )+ dlogn),
P, [ Xl oo < co(R(||2]l.) Viogn)] =1 -0 (n72). (4.26)

Proof. Let i € [n]. We apply Lemma 4.11 with h = (i) to conclude that there exists a

stopping time T ;¢ @ _n 1Sx(z-) such that L;(Ty;)—1) > =(i). Note that S,(;) is dominated
n—
stochastically by S|, _, hence by using (4.21), we deduce that

g {Tz(i)l = % (E [SHIHOJ + r(1)Var {Suxum} + 610gn)]

n

|
<P {Suznw > <E [Sjal.| + () Var Sy ] + (1) )]

< n=3.

Note that Var [S”z”m] = o(R(||z|l,) V1ogn) by (4.23), and hence

n

-1

(E [SH?CHOJ + r(1)Var [S“m”m] + 610gn> <t

r(1)

when n is large enough. Consequently, for n large enough,
P, [Li(t) < 2(0)] < Py [Togyor > t] <72
We take a union bound of this and the event in (4.25) over all sites to conclude that

P[3i, Gi(t) > co(R(||z]|,) Vlogn)] + P [3i, Li(t) < x(i)] = O (n~2).
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3. The upper bound

The claim follows. O
We now recall a simple version of Gronwall’s lemma that we will use a lot:

Lemma 4.16 (Gronwall’s lemma). Let «, 8 be some positive numbers. Let u : [0,00) — R be

d
a continuously differentiable function such that %u(t) < —pu(t) + a. Then

ut)< 5+ <u(0) - g) Bt

log u(0)

, then u(t) < % + 1.

For 6 a positive number, and for ¢ € [n], we define the observable o X - Rby

i

In particular, if t >

ol () = ™, (4.27)

and we define the observable ©? by
o 1= g
¢(z) = EZ%’(UC)-
i=1

Lemma 4.17 (Estimate on £¢%). For any dimension-free constants 6,3 > 0, there exists a

number L = L(0, 3) such that, for any configuration x,
L% (x) < —ﬁgpg(x)]l{wg(x»]d} + (e — 1)/{909(:@]1{@9(905@. (4.28)
In particular,
L’ (x) < =B¢"(x) + ((¢" = r + B)L. (4.29)

Proof. For simplicity, we write ¢ instead of ¢? and ¢; instead of ¢?. It is not difficult to see
that

x e — —e
Sl S i) Y )
i jeln\{i} jeln\{i}
ef — n— e? —
= Y ) - <<1—e—9> e 1)r<x<z’>>.
Jj€ln]
Hence, by (4.16),
Loi(x) < (" = Drgi(x) — (1 — e ) pi()r(w(i)).
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Chapter 4. The Zero-Range process

Taking the average over all sites i we get

Eici r@(®)ei(z)

n

Lo(x) < (¢ = Drp(z) — (1 —e)

The claim follows when ¢(z) < L. It remains to consider the case ¢(x) > L. For any ¢ € Z,
r(z(7)) i (z) > 7(c)(w;i(z) — €%¢) due to the monotonicity of 7, hence

> r(@(@)ei(x) > r(c) Y (pilz) — %)
i€ln) i€[n]
> r(c)(np(x) — ne’).

Consequently,

Lo(z) < (¢ = Drp(x) — (L= e )r(e)(p(x) — ™).

Let L = L(c) = 2¢%. If p(z) > L, then ¢(z) — e > 90(;), which implies:
Lo(z) < (¥ — Drp(z) — (1 — e_e)r(c)(p(;). (4.30)

We can take ¢ large enough to make the right-hand side of the inequality above smaller than
—B¢(x), which finishes the proof of (4.28). (4.29) is obtained by rewriting (4.28) as follows,

Lo(z) < —Be(x)(1 — Lpp@m<ry) + (€7 — Drp(@)Lpm)<r)
= —Bo(x) + (€ = 1)k + B)o ()L p()<r)
< —Bp(x) + (e’ = 1)x + B)L,
which is what we want. O

A good estimate on L¢? will guarantee the good behavior of the trajectories of X, as stated

in the following proposition.

Proposition 4.18 (Dissolution). Let 6,5 > 0 be some dimension-free constants. Then for any

0
z € X, for any t > — ||z,

B

6
Py || Xl > logn} =0 (n7?). (4.31)
0
Proof. We still write ¢ instead of ¢?, for simplicity. Let L = L(0, ) be defined as in Lemma
4.17. Let u(t) = E, [p(X¢)]. By (4.17),

d

u(0) = Er[Lo(X)].
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3. The upper bound

This and (4.29) imply:

d

) < —PBu(t) + ((e? =1)k + B)L.
Therefore, by Lemma 4.16,

-1 L
u(ty < (EZDEEOL L gye-st
B
4 b1 L

Hence for t > 3 2], u(t) < (e )ﬁﬁ +5) + 1. Note that el7lee < nep(z), hence
E {eeHXt”oo] < nu(t). Then the claim is a simple consequence of Chernoff’s bound. O

We now prove Proposition 4.12:

Proof of Proposition /.12. We fix § € (0,1). Let ¢y be defined as in Lemma 4.14. Let 6; > 0
0 )
be fixed, and let 51 be such that g—co < 3 Let Ly = L(61,51) as in Lemma 4.17. Let
1
t1 = (14+0/4)(R(||z| ) +dlogn), to = g(R(HxHOO)\/logn). By definition of 8; and Proposition
415,
01 [| X, ||

5 Oogtg}:l—O(nz).

By Markov property at time ¢; and inequality (4.31) , we conclude that for any ¢ > t1 + to,

P |

6 -2
P, [thnoo > ellogn] =0 (n7?).
6 5 1
We choose a1 = o and o = Zd + 3 to conclude the proof. O
1

The estimate on L£¢? in Lemma 4.17 also ensures that the system quickly reaches the set

where ¢? is small.

Proposition 4.19 (Exponential moment of hitting time). Let 6,3 > 0 be some dimension-free
constants, and let L = L(0, 3) be defined as in Lemma 4.17. Let T be the hitting time of the set
{reXx:¢%x)<L}. Then for any x € X,

E, [¢""] < "¢’ (x)/L. (4.32)

Proof. We write ¢ instead of ¢’. The idea is that if ¢ is large, then the drift Ly is negative,
and its magnitude is of the same order as ¢. Hence the system will quickly reach the set where
¢ is small, which will be made precise by stochastic calculus. Consider the function F : R? — R

defined by F'(u,v) = uv, which is twice continuously differentiable. By (4.17),

P(X0) = olX0) + [ Lo(Xudu+ M,
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Chapter 4. The Zero-Range process

where (M;)¢>0 is a martingale. Moreover, ¢(X) is a pure-jump process since X is piece-wise
constant. For a cadlag process Y, we denote by AY its jumps: AY (s) =Y (s)—Y (s—). We define
G(t) = F(eP*,o(X;)). Note that the function ¢ — e’! has bounded variation. Consequently,
applying It6’s formula (for example, see Theorem 33 in chapter 2 of [83]) to the function F' and
the semi-martingales t — ¢(X;) and t — €5, we get:

G(t) =p(Xo) + / teﬂ“ap w)du + / P dM, + / o(X,)Be’ du
+ 3 [860) = T (M p(Xe) - ()]

0<s<t

(4.33)

OF
On the other hand, as a—(u, v) = u and the function ¢ — ¢! is continuous,
v

AG(s) = eﬁsap(Xs) — e'BSgo(Xs_)
= eﬁsASO(Xs)

= I (e o(X,0)) - Ap(Xo).

Hence the last term in the right-hand side of (4.33) is zero. Moreover, the term fot ePudM, is a
martingale. Applying the formula at time ¢t AT, we get:

€'B(MT)90(XMT)
tAT tAT (434)
= ¢(Xo) + / eﬂu(ﬁgp(Xu)—l-ﬁgD(Xu))du—l- / ePudM,.

0

By Lemma 4.17, Lo(X,,) + Be(Xy) < 0 when w < T. Tt follows that (eﬂ(t/\T)cp(XtAT)>t>0 is a

supermartingale. Thus,
E, [*“"Do(Xinr)| < o(). (4.35)

Clearly, if x € argminp, then Lo(z) > 0, and hence by (4.28), ¢(z) < L. In particular,
{p < L} # @,s0 T < oo a.s. as the process is irreducible. In (4.35), letting ¢t — oo and using

Fatou’s lemma, we obtain
M

E, [/ o(Xr)| < ¢(2).
It is easy to see that o(X7) > o(X7_)/e? > Le™? which leads to our claim. O

The next lemma says that if we start from a configuration x such that ||z||., = O (logn),

then this remains true for a long time.

Lemma 4.20 (Stability of trajectories). Let ay be defined as in Proposition 4.12. There is a
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3. The upper bound

dimension-free constant as such that

sup P, [Elt € [0, (logn)?], | X¢|l o, > azlog n} =0 (n*3> . (4.36)

2] Sc1 logn

6
Proof. Suppose that [|z|, < ailogn. Let 1 = —, and let 1 be a constant, and let ¢ =
aq

0 0
Lajlogn > 2L |z]|,.- Then by (4.31),
b1 b1

Py [| X¢|loo > a1 logn] = O (n_5) .
Moreover, by Lemma 4.8, for a dimension-free constant o), large enough,
P[G;(t) > ablogn] = O (n_5) .
Taking a union bound, we deduce that
P, [{|| Xl > calogn} U{Fi: Gi(t) > ablogn}] = O (n_4) :

This implies

B, [\Xtuoo < crlogn, sup Xel, < (0 -+ ) logn
s€|0,t

>1-0(nt).

The inequality remains true when we take the supremum over all = such that ||z| ., < ajlogn.

Iterating, and using the Markov property, we deduce that, for any k& € Z,

P, [nxmuw <anlogn, sup Xl < (o1 +03) 1ogn] > (1-0 (n7*))"
s€[0,kt

>1-0 (lm%).

We finish the proof simply by taking k = |(logn)?|, and as = a1 + aj. O

In the next proposition, we prove that the bound on || X, above leads to a strong bound
on ¢?(X) for some 6 > 0.

Proposition 4.21 (Strong concentration of trajectories). Let 6o, 52 be two positive dimension-
free constants and Lo = L(02,32) as in Lemma 4.17. Let T be the hitting time of the set
{@92 < La}. Let oy be defined as in Proposition 4.12. Then, provided that 05 is small enough,

for any x such that ||z||, < oqlogn,

P, sup % (Xs)> Lo+ 4

s€[T,(logn)?] =0 (n_g) ' (4.37)

We will need the following lemma:
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Lemma 4.22 (Martingale estimate). Let ay be defined as in Proposition 4.12. Let 05 be a
positive dimension-free constant. Suppose that ||x||, < ailogn. Let (My)i>o be defined by

t
My = (1) = ¢ (X0) = [ £p"(Xu)du

which is a martingale according to (4.17). Then, for 03 small enough,

=0 (n7%).

For simplicity, in the proofs of Lemma 4.22 and Proposition 4.21, we still write ¢ instead of

P, sup  |[Ms|>1
s€[0,(logn)?]

0% and ; instead of <p?2. First we see how Lemma 4.22 leads to Proposition 4.21:

Proof of Proposition 4.21. Let 85 and M be as in Lemma 4.22. We will prove that

{ sup  @o(Xs) > Lo —|—4} C { sup  |Mg| > 1}U {T > (logn)Q},

s€[T,(logn)2] s€[0,(log n)?]

and then we show that the probabilities of the events on the right-hand side are O (n_3). By

contrapositivity, suppose that for a realization of X which is cadlag almost surely, we have
sup  |M,| <1and T < (logn)?. We prove that

s€[0,(logn)?]

sup  p(Xs) < Lo+ 4.
s€([T'(logn)?]

For h € [T, (logn)?] arbitrary, let s, = sup{s € [0,h] : ¢(Xs—) < Lo}. Note that for any
s € [0, (logn)?],

|Ap(Xs)| =AM <2 sup |Mg| <2.
s€[0,(logn)?]

Moreover, by definition of sp, ¢(Xs,—) < Lo, and hence ¢(Xj,) < Lo + Ap(Xy,) < Lo + 2.
Also by definition of sp,, ¢(X,) > L2 when s, < u < h, and hence Lo(X,,) < 0 by Lemma 4.17.
Consequently,

h
o(Xn) = @(Xs,) — My, + My + / Loo(Xy)du < Ly + 4, (4.38)
Sh

which proves the inclusion. Besides, Proposition 4.19 gives us P, [T > (logn)?] = O (n™3) by

Chernoff’s bound. Combining this and Lemma 4.22, we deduce the claim. ]
Now we prove Lemma 4.22:

Proof of Lemma 4.22. We will provide good control on AM and (M, M), and afterward we use

Lemma 4.7. By (4.17), the process (Mt(l))tzo defined by

. t
MY = pi(X,) — pi( Xo) — /0 Loi(X,)du
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3. The upper bound

is a zero-mean martingale. It is clear that M is the average of M():
1 & i
= =S M.
n 4
=1

Due to the conservation of the number of particles, the martingales (M (i))ie[n] have negative

covariations. More precisely, according to (4.18), we have

a(m0, ) = 3 TN ) — i)

1<ki<n

X ((Pj(Xt =0k +01) — SDj(Xt))‘

Note that when i # j, (pi(x — 9 + &) — @i(2)) (pj(x — 8 + &) — ¢j(x)) is negative if {k,{} =

{i,j} and is zero otherwise. Hence <M @) MU )>t <0, Vi # j. Consequently, for all ¢ positive,

Let o be defined as in Lemma 4.20, and let U be the exit time from {||-|| ., < azlogn}. Note
that, almost surely, for any v > 0, AM, = 0 or there exist k,l € [n] such that

AM, = o(Xy — 6 + §) — p(Xy) = — (72 — 1) ("X — 2 (Ku-(h)=1)y
In either case, before time U, almost surely,

AM,| < L(e% — 1)l Xulle < (o2 — q)pfaet.
n

Similarly,
l0i(a — 8k + &) — i(2)] < (€% — De2lolo (1 iy v 1)

Hence for any v < U,
loi(z = 6+ 01) — @i(@)* < (€7 = 1)*n?"22 (L gyy V Lgmyy).
For any i € [n], let M@V be the martingale M) stopped at time U, i.e. ,
vt >0, MOV =MD
Similarly, let MY be the martingale M stopped at time U. We have

<M(i)7U7 M(")’U>t - /otAU ) rXu(k)) (i (Xu — 0k + 01) — 9i(Xy))* du.

1<ki<n
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Then, by dividing the double sum to the sum where k =i or | =i or k # i # [, we get

. . tAU
<M(l)7U’ M(l)7U>t < / (T(Xu(’b)) + Cu(eeg o 1)2n202042du7
0

where we recall that ¢, is the mean-field jump rate. Taking the sum over i € [n], we get

1 tAU
(MY, M) <= [ G’ - 1) du
1 20505 ( 0 2
<= 2nk N2 (7 — 1)*du
n? Jo

=0 (thg?aTl) ,

where we have used (4.16) in the second inequality. Now for #2 small enough, 20200 —1 < —1/2,
which implies AM, = O(1/y/n) and <MU,MU>t = O(1/y/n) if u < U and t = (logn)2.

Then we apply Lemma 4.7 to the martingale (MtU/\(log ")2)

K =b*> = 0(1//n), to obtain

t>0 = (MU/\(logn)2/\t)t20a with a =1,

< e~ V)

P, |sup ]\IL‘,,U/\(IOg’“‘)2 >1
5>0 B

Using the same argument for —M, and taking a union bound, we deduce that

P, lsup MSU/\(IOg")ZI > 1| < 2e92Vn),

s>0

Taking a union bound with the event in Lemma 4.20, we get

P, [3s € [0, (logm)?) : [My] > 1] < B, |sup [MU"0877| > 1

s>0
~0()

which finishes our proof. O

+ P, [U < (log n)2]

3.2 Path coupling via tagged particles

For k € Z, define
Ap(k):=r(k+1)—r(k)>0. (4.39)

1

Let © be a Poisson point process of intensity —dt ® du ® Card on Ry x Ry X [n], independent
n

of the Poisson processes used in the graphical construction of X. For a site ¢ € [n], define an

[n]- valued process I = (It)¢>0 by setting Iy = ¢ and for each (¢,u, k) in ©,

(4.40)

I k if u < A (X—(1))
t =
I;_  otherwise,
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3. The upper bound

where X;(I) := X;(I;). This definition means that conditionally on X, the process I will jump
with the time-varying rate A(X;(I)), and the destination is uniformly chosen among all sites. A
simple but important observation is that (X; 401, )+>0 has the same distribution as a Zero-Range
process starting at « + §;. We call I a tagged particle, and we stress here that the construction
of I relies strictly on condition (4.6). For another site j, similarly, we can construct a second
tagged particle J starting from Jy = j using the same process ©. Thus we have a coupling
(Xt +0r5,, Xt +97,)e>0 of two Zero-Range processes starting at « +J; and =+ ¢; respectively. We
call the particles of X non-tagged particles. We denote by P, ; ; the law of the process (X, 1, J)
starting from (z,4,j) and E; ; ; the expectation taken w.r.t P, ; ;. Let 7 be the coalescence time
of I and J:

T:=inf{t > 0: I; = J;}. (4.41)

By the classical relation between drv (+,-) and coupling, we have:
Aoy (Pors, [Xi € ], Prys; [Xi €]) < Poijlr > 1], (4.42)

By construction, if the two tagged particles manage to jump at the same time, then coalescence
occurs. However, the jump rates of the tagged particles depend on their number of cooccupants,
which complicates our task. We will need to analyze carefully the trajectories of (X, 1,J) to
obtain a good estimate on 7.

The inequality (4.42) gives us the estimate on the total variation distance of two processes
starting from two adjacent configurations. We can extend the comparison to two arbitrary con-
figurations by choosing a path between them and then using triangle inequality. This simple but
powerful idea, originally due to Bubley and Dyer in [11], is the strategy that we will implement.

Throughout this subsection, a; will be as in Proposition 4.12, and 65, 82, Lo will be as in
Proposition 4.21. Proposition 4.21 and (4.32) imply that starting from any configuration = such
that ||z||. < ailogn, the system will reach the set {¢% < L} quickly (in time O (logn)) and
then remains in {p% < Ly + 4} for a long time, namely Q((logn)?). We will prove that if this
is the case, then the coalescence time 7 is likely to be O (logn).

From now on, let Good := {2 < Ly +4}. We say that a configuration z is good if = € Good
and x is bad otherwise. We introduce the process (X*, I*) taking values in Good x [n] whose

infinitesimal generator £* acts on an observable ¢ : Good X [n] — R by:

Lro(x,i) = T(xnk)) (p(x — 0k + 01,9) — p(2,4)) L{p—5, 16,cGood} T
w A (4.43)

(el ) = p(,9)).

7j=1
This definition means that X* is a Zero-Range process constrained to staying in Good, and I*
jumps with a time-varying rate A, (X;(I*)) and chooses its destination uniformly among all
sites, where X} (I*) := X[ (I}), ¥t > 0. We can use the same Poisson processes in the graphical
construction of (X, I') and (X*, I*) to obtain a coupling of them, and we can construct the second

tagged particle J* analogously. By their construction, if the processes (X, I, J) and (X*, I*, J*)
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Chapter 4. The Zero-Range process

start from the same configuration (x, %, j), then they coincide up to the time when X turns bad.
For any 6 > 0, we define the observable ¢/ : Good x [n] — Ry by

P(@,1) = @l (@) = €0,

Lemma 4.23 (Exponential moment of the number of cooccupants). There exist dimension-free

constants ca and K such that for any (z,i,j) € Good X [n] x [n], when t > ca(z(i) V (7)),
Eoi |:€92(X:(I*)V(Xt*(‘]*)):| < K. (4.44)
Proof. We will prove that there exist positive dimension-free constants ag, b such that

L% (x,7) < —agp?(x,1) + by, (4.45)

for any (x,i) € Good x [n]. Let us see how (4.45) leads to the claim:
Let u(t) = By |[¢%(Xf, I)| - Then

W (1) = Boi [L700 (X7, 17)] < —aqu(t) + by,

Hence, by Lemma 4.16,
* (T b
B [0 < By

0 0 b
for any t > —233(1) We take co = —2, K=2 (2 + 1>, so the claim follows from the inequality
ao az az

(KT UWVX () < 02X7 (%) | 02XF (1),

It remains to prove (4.45). It is similar to Lemma 4.17 except now we have an extra term
corresponding to the jump of the tagged particle I, which is controlled by the fact that the

system is constrained to staying in Good. More precisely,

N . r(xz(k )
L 9022 (.T, Z) = Z M <692 - 1) 9022 ('CCv Z)]l{mf&kJrzSiEGood}

ki
r(x(z _ ;
i Z r(z(7)) (e 02 _ 1) @22($,2)1{175i+5k€G00d}
P
+ (n())(w?? (2,7) = @22 (2,7).
j=1

We will bound the three terms above to obtain an upper bound on £*¢?:

1 n
The first term: since — Y r(xz(k)) < k by (4.16), hence,
n k=1

Z r(l'?ik)) <602 - 1) ('022 (.CU, i)]}‘{xf(szﬁwsieGood} < ﬁ(€92 - 1)9022 (x’ 7’)
k#i
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1
The third term: it is negative when x(i) > o log(L2 + 4) since = € Good, hence,
2

N .
Ay (x(i)) (w — eezx(i)> < max Ay (k)(Lo 4+ 4)=:c,

" k’§612 log(L2+4)

for some dimension-free constant c.

The second term: we first observe that there are at most — sites [ such that x(l) > Np, for
any constant N > 0, thanks to (4.9). On the other hand, if z(i) > Np and x(l) < Np, then
0% (x — 6; + &) < p”(x), so if x is good, then so is z — §; + §;. Consequently, as e=% — 1 is

negative, we have

(i) (o,

— 1) (2, 1)1 5,46, cGood)

P
< 7’(.’17 Z)) —0> 1 02 D1 1 .
< (e )2 (@, 1) L 5,45, €Good} L{w(i)>Np}
T
r(|[Np _ .
<> W(e 2 — 1) (2,01 ()= Npy Lot <N p)
ki
<r([Np]) (e — 1) (2, i) L {y(i)>npy (1 — 1/N)
=r([Np])(e™ — 1) (2,4)(1 — 1/N)+

+r([Np)) (1 =€) (,8)(1 = 1/N) Loy <np}-
We sum the three inequalities, and afterwards we take
az = —k(e” = 1)+ (1= 1/N)r([Np])(1 — ™)

and
by = c+r([Np])e®2™r.

We choose N large enough to make ay > 0, which is what we needed. O

We fix a constant ca which satisfies Lemma 4.23. For any initial configuration (z,1i,j) €

Good x [n] x [n], we define successively the stopping times (T} )x>1 as follows:

T1 = eo(z(i) V() + 1 = ea(X3(I) V X5 (T) + 1,

S (4.46)
Ty = Thr + 02 (X7, (1) V X5, (J9) + 1.

Lemma 4.24 (Bound of 7 by Tj). Let (T})r>1 be defined as in (4.46). Then there exists a
dimension-free constant cs such that for any (z,i,j) € Good X [n] x [n], for any k > 1,

Pri [7 2 T Xy = X liozy] < (1= o). (4.47)

Proof. We only need to prove for kK = 1, then use induction and the strong Markov property.
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Chapter 4. The Zero-Range process

Let ¢z be the constant used in the definition of (T%)r>1, and let K be the corresponding constant
in Lemma 4.23, and let ¢ = ca(z(i) V 2(j)) = 11 — 1. By (4.44) and Chernoff’s bound,

K

Poij [XP(IM) v XP(T7) 2 a] < 52,

for any a > 0. We choose a large enough to make the right-hand side less than 1/2. We will
prove that for any (z,14,j) € Good x [n] x [n] such that (i) Vz(j)<a, there exists a dimension-free

constant ¢ > 0 such that
Poij[r <1]>c. (4.48)

Assuming for the moment that we have (4.48), let us prove the lemma. It is not hard to see that
Py, [T > Ty, X gy = X7

[07T11:|
< Py (X7 (1) VX (%) 2 ]+ Py [X{(I)V X () < 0, X gy = X[ o7t 41

S P [Xe (1) V XP(J7) 2 a] + (1= )Py [Xe (1) V X (J7) < df
<1 =Py [ X7 () VX;(J) < d]
<1-c¢/2.

In the second inequality, we have used (4.48) and the Markov property at time t. We deduce
the claim simply by taking c3 = ¢/2. It remains to prove (4.48).

Suppose that x is good and (i) V z(j) < a. The scenario is that in a finite time, there is
no particle arriving at ¢ and j, and the tagged particles wait for two sites i, j to be completely
emptied, and afterwards they jump at the same time. More precisely, we use the mixed graphical
construction for the process X as follows: let = and ¥ be two independent Poisson processes
defined as in Graphical Construction 1 and Graphical Construction 2. Consider the process X

which starts from x and has the following jumps: for each (¢,u,e) € ¥ where e € {i,j},

111 1
Xie =040, if = X r(Xi—(k) <u< =3 r(Xi—(k)),
n k=1 n k=1
Xy = for some [ € [n], (4.49)
X otherwise,
and for each (t,u, k,l) € 2 where [ € [n] \ {i,7},
Xi =0+ 0, ifr(Xi_(k)) > u,
Xpo={ o R (Xi-(B)) (4.50)
X otherwise.

Then X is a Markov process with generator £ on X. Here, we use ¥ to indicate the jumps to

two sites 4, 7 and = to indicate other jumps. Let

.« A= {q/([o, 1] % [0, 1] % {i,j}) _o},
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3. The upper bound

o 8= {5(10.1/2 % 0,00 x (3} x (BI\ (0. 5)) = o,
+ B ={=([0.1/2x 0.r(V] x 3} x () (53D ) = af.

. CO- {@([0, 1/2] % [0, max A, ()] x [n]> _ 0)} n {e(u/z, 1] x [0,r(1)] x [n]) > 1}.

In fact, A is the event that there is no non-tagged particle arriving at two sites ¢, j up to time
1. If A happens, then B; and B; ensure that all non-tagged particles of two sites 4, j jump to
]\ {i,7} in [0,1/2]. If A, B;, Bj happen, then two sites i,j are empty in [1/2,1], and event
C' ensures that the two tagged particles stay at {i,j} in [0,1/2] then jump at the same time
(hence coalescence) in [1/2,1]. Moreover, the Poisson random variables used in the definitions
of these events are independent and have parameters O(1). We conclude that the events above

are independent and their probabilities are ©(1). It follows that
P [T<1] > P [ANB; N B; N C]=0(1),

which finishes our proof. O

Lemma 4.25 (Exponential moment of T}). Let c¢a and (Ty)r>1 be as in (4.46), and let K be the
corresponding constant in Lemma 4.23. Let 03 = 03/co. Then for any (x,i,j) € Good X [n] X [n],
forany k> 1,

Ez; j [693Tk} < n(Ke)*(Ly +4).

Proof. By convention, let Ty = 0. For any k > 2, note that Tj_; is Fr7, ,-measurable by its

definition. Conditionally on F7, ,, we have

03T, [ 03T,
B i j [6’ ’ ’“] = Bayjij | B [6 ’ ’“\kasz

= Ea:zj eos(Tk71+1)E Tk_l(J*)’ka- 2

9362(X;: (I*)VX*
0, [e ot

603(Tk*1+1)Ex* I 7

il T2 T—2""T—2

[eeg(X;(Tl)vale))H
< KePE [693T’f*1} ,
where the inequality is due to (4.44). Moreover,
]E:c,i,j {693T1} — Exﬂd [eez(x(i)VfE(j))Jr@s} < n(L2 + 4)693,

where the last inequality is due to the fact that * € Good. The claim is then obtained by

induction. O

Corollary 4.26 (Quick coalescence while staying good). There exists a dimension-free constant

as such that for any (z,14, j) € Good X [n] x [n],
Pyijlm > aslogn; Xy = X/, Vt < aglogn] =0 (n_?’) . (4.51)
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Chapter 4. The Zero-Range process

Proof. For any a3 > 0 and k € Z, the left-hand side is upper bounded by

IPIJ‘J‘ [Tk > a3 log n] + vaiaj {T > Ty; X|[O,Tk] = X*|[0,Tk]]
< n(Ke®)F(Ly + 4)n=09 4 (1 — e3)F,
for some dimension-free constants K, 03, c3, due to Lemma 4.24, Lemma 4.25, and Chernoff’s

bound. We choose k = O (logn) such that (1 — c3)* = O (n™3) and a3 large enough such that
(Ke%)knl=003 = O (n=3) to get what we wanted. O

Now we can finally prove the quick coalescence for a configuration z such that |z|, <

aj logn.

Proposition 4.27 (Quick coalescence). Recall that oy is fixed in this subsection. There exists

a dimension-free constant a such that for any x such that ||z||, < aqlogn, for any i,j € [n],
Pyij[T > alogn] =0 (n_3) . (4.52)

Proof. Let a = a4 + a3, where ag is as in Corollary 4.26, and a4 is a dimension-free constant
that we will choose later. Let T" be the hitting time of the set {g092 < Ls}. The probability that

we want to estimate does not exceed the following sum:
P, [T > a4logn]

sup (X)) > Lo +4

+P,
s€[T(logn)?] (4.53)

+Peij |T <aslogn;  sup o (X,) < Ly+4;7 > T + aglogn| .
s€[T;(logn)?]

We simply prove that all the terms are O (n™3):

1. The first term: By (4.32) and Chernoff’s bound, it is upper bounded by O (neml_ﬁz‘“),

which is O (n™3) when a4 is large enough.
2. The second term is O (n3) by Proposition 4.21.

3. The last term: From the time 7' onward, we couple the processes (X,I,J) and
(X*,I*, J*) starting from (Xp,Ir,Jr) by using the same Poisson processes for their
graphical constructions. We observe that up to time (logn)?, (X,I,J) and (X*,I*, J*)
coincide. Therefore, this term is O (n=?) by the strong Markov property at time T and
(4.51), which finishes our proof.

Now we can prove Proposition 4.13.

Proof of Proposition 4.15. Let t = alogn, where « is as in Proposition 4.27. We say that two

configurations are adjacent if they differ only by one jump. (4.52) implies that for any x,y such
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4. The Poincaré constant

that z,y are adjacent and ||z V|y|l., < c1logn, dry (Py [ Xt € ], Py [Xt € ]) = O (n™3). Now
for x,y arbitrary such that ||z V ||yl < @1logn, we can always connect x and y by a path,
i.e. a sequence (wp,wr,...,wk) in X such that wy = z,w; = y, and w;_; is adjacent to w; for

1 <[ < k. Furthermore, we can pick one of the shortest paths to make sure that k¥ < m and

< .
max flwrllog < 2]l V 9]l < arlogn
Then by triangle inequality,
k
Ao (B [0 € ] By [ X € Z Py, i [Xi € ], Py, [Xi € ]) <mO <n*3> =0 (n72> ;

where the last equality is due to (4.9). By stationarity of 7 and convexity of dry (-, ),

dyy (P [X¢ € -],m) < Z m(y)dry (P [X: € -], Py [X; € ])
yeX

- > m(y)dry (Pr [ Xy € -], Py [ Xt € ])

{¥:llyll o >0 log n}

+ > m(y)dry (Pr [X; € ], Py [ X € ])
{y:lyll oo <ev1 logn}

7(lylloo > a1logn) + 7([lyll, < a1logn)O (n7?).

Moreover, by letting ¢ — oo in Proposition 4.12, we obtain =(||y|,, > ailogn) = O (n72).

Combining it with the above inequality, we deduce the claim. O

4 The Poincaré constant

This section is devoted to proving Theorem 4.4 and Corollary 4.5. We first recall a classical

lemma for general Markov processes:

Lemma 4.28 (Lower bound on Poincaré constant). Let Q be a finite state space, and let L be an
irreducible reversible Markov generator on Q. Fix~y > 0, and suppose that for any (x,y) € QxQ
such that L(z,y) > 0, there exists a coupling Py, of two processes with generator L starting
from x and y such that

Epyle?7] < 00,
where T is the coalescence time of the two processes. Then A.(L) > 7.

Proof. Let A= max [E,,[e?"]. Then for any z,y such that £(z,y) > 0,
z,y:L(z,y)>0

dpy (P [Xt € ], Py [Xe €]) S Pyylr >t < e "E,y[e77] < Ae

Now for (z,y) €  x Q arbitrary, as L is irreducible, we can connect z and y by a path, i.e.

a sequence (wp, w1, ...,wy) in  such that wy = x,wr = y, and L(w;_1,w;) > 0, for 1 <1 < k.
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Chapter 4. The Zero-Range process

Picking one of the shortest paths ensures that k& < |€)|. Hence by the triangle inequality,

k
Ay (B2 [Xe € 1,y [Xe € 1) € 3 dav (P, [Xe € 1By [Xr € ) < AlQJe
=1

By stationarity of 7 and convexity of dyvy (-, -),

doy (Pe [Xp € ],7m) <> w(y)dey (P [Xe € 1], Py [ Xy € 1)) < A|Qe
yeN

We deduce that
1 1
~3 logmeagdw Py [Xe €], m) 2 — E(logA + log |Q2]).

The claim is obtained simply by letting ¢ — oco. O
Thanks to Lemma 4.28, in order to prove A, = (1), we just need to prove the following:

Proposition 4.29 (Exponential moment of coalescence time). There exists a dimension-free
constant vy such that for all (x,i,j) € X X [n] X [n], for the coupling of two Zero-Range processes

starting from x + 0;, v + 9; using tagged particles as described above,
Ex,i,j [677—] < 0. (454)

Proof. We only need to prove the result for big enough n. Let a1 be as in Proposition 4.12.
Let 61 = 6/a1, 51 be a dimension-free constant, and Ly = L(61,51) as in Lemma 4.17. Let
Ay < 61 be a constant that satisfies Proposition 4.21, and let Lo > L; and Good be defined as
in subsection 3.2. Let T} be the hitting time of the set {¢?* < L1}. (4.32) says that E, {eﬂlTl}
is finite for all x € X, so we only need to prove the result for z € {cpel < Ly}. By abuse of
notation, we will note P,(-) (resp. E.(-)) for the maximum of P ; ;(-) (resp. E;; ;(-)) taken over
all z such that ¢ (x) < L; and all (4,5) € [n] x [n]. We will prove that there exists v such that
E, [e’V(TAk)} is bounded uniformly in k. Then the claim is proved simply by letting k tend to
infinity using the Monotone Convergence Theorem.

Let A = Good U {y : 3z € Good, L(x,y) > 0}. Let Tpyq be the exit time from Good, and let
Ty := Tpaq N aglogn, where ag is defined in Corollary 4.26. In fact, A is the set of all possible
values of X up to time Tjpqq4, and in particular, X7, € A.By our definitions of the dimension free
constants, when n is large enough, {¢% < L1} C {¢% < Lo} n{|||l.. < a1logn}. Consequently,
by Proposition 4.21 and Proposition 4.27,

P, [>T =0 (n?).
Note that Ts < aglogn, and hence E, {67(7/\]{)]1{7_<T2}} < eveslogn — pyes We deduce that

E, [G’Y(T/\k)} <% 4, {BV(TM)]I{QTQ}} _
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Conditionally on Fr,, by the strong Markov property, we have

E, [QV(T/\’C)]}_{TZTQ}} <E, [(;Y(Tz/\lc)]l{TzTQ}EXT2 [e’y(r/\k)”

< PSP, [r > Ty r;leaf E, [@’Yﬂ} E, [eV(TAk)} ,

where in the last inequality we use the fact that X7, € A, almost surely. Putting things together,

we obtain
y(TAk) yas yaz—3 11 y(TAk)
E. [e } <n’*+0 (n )r;leachy [e } E. {e ] . (4.55)
Consequently,
yas
E, Y(TAk) < n
[e } ~ 1— 0 (nres—3) max E, [exTr])’
ye

provided that the denominator of the right-hand side is positive. Note that for y € A, [|y||,, =
O (logn), and hence ¢’ (y) < nP, for some dimension-free constant p. Then by (4.32) and
Jensen’s inequality, for all y € A and v < Sy,

Ey [€7T1} S Ey [651T1}7//81 — O (n’YP/51) .
Then the denominator above is 1 — O (n7a3+7p/ 51_3), which is positive when -y is small enough.
This finishes our proof. ]
We now prove Theorem 4.4 and Corollary 4.5.

Proof of Theorem /.4 and Corollary 4.5. In [39] (more precisely, in Corollary 3 and Lemma 13),

the authors prove that for P a doubly stochastic transition matrix on [n],

A (L7) E[r(Xo(1))]
(L) < <(1-1/n)——=.
W=3m SV xa i)
i - L A(LF)
Lemma 4.28 and Proposition 4.29 readily imply that A.(£) = (1), and hence so is NP It
remains to prove that "
E[r(Xeo(1))]
— = =0(1). 4.56
Var [X oo (1)] (1) (4:56)
1
We consider two cases: the case where the density is bounded away from zero : 3 <E[X(1)] =

1
m < p, and the case of low density: E[X(1)] = UL 7
n n

In case the density is bounded away from zero, it is easy to deduce from Proposition 4.10
that E [r(X(1))] = ©(1) and Var [X(1)] = ©(1), and hence the claim.
In the case of low density, we have Var [Xoo(1)] > E [Xoo(1)] —E [Xoo(1)]? and E [r( X0 (1))] <
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Chapter 4. The Zero-Range process

r(k)

sup —E [X(1)]. We deduce that
kez, k
r(k)
sup ——
E[r(Xs(1))] kez, k <2 sup r(k)
Var [Xoo(1)] — 1 —E[Xo(1)] wez, ko
which finishes the proof. O

Finally, we compute the Poincaré constant of the transition matrix P in Example 4.6.

Proof of example 4.6. Let Py be the transition matrix of the simple random walk on Z/pZ. 1t is
not hard to see that both P and P; are reversible w.r.t the uniform measures on their domains.
Note that, for fi,..., fq some eigenfunctions of P; with eigenvalues A1, ..., Aq respectively, the
function f : (Z/pZ)* — R defined by

d
i=1
is an eigenfunction of P with eigenvalue A := =g Moreover, as the eigenfunctions of P;

generate the space of functions from Z/pZ to R due to reversibility, the functions f of the form

above also generate the space of functions from (Z/pZ)? to R. Hence every eigenvalue of P is
d

N\
of the form A = ==L where \;, 1 < i < d, are some eigenvalues of P;. It is well-known

2k
that the eigenvalues of P; are cos (W) , 0 < k < p (see e.g. Chapter 12 of [59]). Due to
p
reversibility of P, A\.(P) is the smallest eigenvalue of I — P (see e.g. Chapter 12 of [59]), so it

is given by
1 2 o2 1 272
)\*P:]_** _— d—]_: 1— _ %7.7’
(Pr=1-g (eos(F) +a-1) =g (- (T)) =3 5

which finishes our proof. O

ISHN
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RESUME

Sur un espace d’états fini, une chaine de Markov irréductible a temps continu converge vers sa mesure stationnaire
unique, ou en d’autres termes, se mélange. La convergence est mesurée par rapport a la distance en variation totale.
Dans la théorie moderne des chaines de Markov, nous nous intéressons aux chaines ou I'espace d’états devient grand.
En étudiant certains modéles de mélange de cartes, Aldous, Diaconis et Shashahani ont découvert le phénomene re-
marquable maintenant connu sous le nom de cutoff: lorsque I'espace d’états devient grand, la distance entre la chaine
et I'équilibre reste proche de sa valeur maximale pendant une longue période, puis chute soudainement vers zéro sur
une échelle de temps beaucoup plus courte. Depuis, le phénoméne de cutoff a été observé dans de nombreux contextes
différents, tels que les chaines de naissance et de mort, les systemes de spin a haute température, les systemes de
particules en interaction, etc. Malgré I'accumulation de modeles, il n’existe pas encore de théorie générale permettant de
prédire efficacement cutoff. Au lieu de cela, le cutoff est montré modéle par modéle.

Dans cette thése, nous étudions trois systémes de particules en interaction: le processus d’exclusion unidimensionnel
avec réservoirs, le processus de Glauber-Exclusion dans le régime a haut température, et le processus de Zero-Range
a champ-moyen avec potentiel croissant sous-linéairement. Pour chaque modéle, nous établissons cutoff et fournissons
une estimation fine pour le trou spectral. Nous nous concentrons particulierement sur le cadre de la percolation de
l'information introduit par Lubetzky et Sly, qui nous permet de montrer le cutoff méme sans connaitre la formule explicite

de la mesure invariante.

MOTS CLES

temps de mélange, trou spectral, phénomeéne de cutoff, dynamique de Glauber, processus d’Exclusion, pro-
cessus de Zero-Range, percolation de l'information

ABSTRACT

On a finite state space, an irreducible continuous-time Markov chain converges to its unique stationary measure, or in
other words, mixes. The convergence is often measured by the total variation distance. In the modern theory of Markov
Chains, we are interested in the case where the state space becomes large. When studying some models of card
shuffling, Aldous, Diaconis, and Shashahani discovered a remarkable phenomenon now known as cutoff: as the state
space becomes large, the distance between the chain and equilibrium stays close to its maximal value for a long time and
then suddenly drops to near zero in a much shorter time scale. Since then, the cutoff phenomenon has been observed
in many different contexts, such as birth and death chains, high-temperature spin systems, interacting particle systems,
etc. Despite the accumulation of models, there is not yet a general theory to effectively predict cutoff. Instead, cutoff is
proved model by model.

In this thesis, we study three models: the one-dimensional Exclusion process with reservoirs, the Glauber-Exclusion
process in the high-temperature regime, and the mean-field Zero-Range process with increasing sublinear potential.
These three models all fall under the category of interacting particle systems. For each model, we establish cutoff and
provide a sharp estimate on the spectral gap. We particularly focus on the information percolation framework introduced
by Lubetzky and Sly, which allows us to show cutoff even without knowing the explicit formula of the invariant measure.

KEYWORDS

mixing times, spectral gap, cutoff phenomenon, Glauber dynamics, Exclusion process, Zero-Range process,
information percolation




	Remerciements
	Résumé
	Abstract
	Introduction
	Preliminaries 
	The random walk on the hypercube
	The grand coupling
	The suboptimal upper bound and the spectral gap
	The lower bound
	The upper bound
	The cutoff profile
	Summary and perspectives

	Exclusion process with reservoirs
	Introduction
	Model
	Results
	Open problems
	Structure of the proofs

	Preliminaries
	Negative dependence property
	Some elementary estimates
	Framework and some definitions

	The upper bound
	The lower bound
	The computation of t*

	The Glauber-Exclusion process
	Introduction
	Results
	Monotone boolean functions and attractiveness
	Monotone boolean functions
	Interpretation of attractiveness

	Dual coupling
	Graphical Construction
	The branching exclusion process (BEP)
	The idealized branching process (IBP)
	The coupling
	Analysis of the IBP
	Success of the coupling

	Application of the dual coupling
	The upper bound
	Proof of the upper bound
	Proof of Lemma 3.35: the bad set is rarely visited
	First step of the proof of Proposition 3.36: reformulation
	Second step of the proof of Proposition 3.36: the excursion coupling

	Appendix

	The mean-field Zero-Range process
	Introduction
	Model
	Main results

	The lower bound
	Preliminaries
	Elementary concentration inequalities
	Proof of the lower bound

	The upper bound
	Dissolution
	Path coupling via tagged particles

	The Poincaré constant

	Bibliographie

