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Abstract

In these notes, we review the description of typical long subcritical clusters in Bernoulli
percolation on Z?%. The analysis is based on the Ornstein—Zernike theory, as developed in [6, 8, 10].
Although the last two papers deal with more complicated models (the Ising model and the FK
percolation, respectively), we only consider Bernoulli percolation for pedagogical reasons, but
follow the arguments in these works.

1 Brief historical introduction

In this short section, we make a few brief historical comments, but emphasize the fact that this
overview is very incomplete.

The Ornstein—Zernike (OZ) theory owes its name to a famous paper published in 1914 by the
physicists Leonard Ornstein and Frits Zernike [29]. Their work introduced a new way to analyze
(nonrigorously) the density-density correlations in fluids, and is still today an important part of the
theory of fluids. Among the important applications of this theory, it was possible to determine for
the first time the prefactor to the exponential decay of correlations away from the critical point [33].

A rigorous derivation of the OZ theory and its main consequences required more than 60 years,
and was accomplished by Abraham and Kunz [1] and Paes-Leme [32] independently. Both works were
however restricted to perturbative regimes (very low or very high temperatures, very low densities,
etc.). Many further rigorous works, with the same limitations, were then obtained in the following
decade, investigating in particular more general correlations.

In the 1980s, a first nonperturbative version of the OZ theory was developed. In [11], Chayes and
Chayes derived sharp asymptotics for the 2-point function of the self-avoiding walk on Z¢ valid in
the whole subcritical regime, while Campanino, Chayes and Chayes did the same in [5] for subcritical
Bernoulli percolation. The methods used, which relied on a detailed microscopic analysis, limited
the applicability of this approach to very simple models and correlations along axes directions. An
extension to general directions, in the case of the self-avoiding walk, was done by Ioffe in [20], using
tilting techniques typical from large deviations theory.

The next breakthrough was made by Campanino and Ioffe in [6]. Using some ideas developed by
Alexander [3], they were able to replace the delicate microscopic analysis used in the previous works
by a much more robust procedure based on a coarse-graining of the microscopic object. In this way,
they were able to obtain sharp asymptotics for connectivities in subcritical Bernoulli percolation, as
well as additional information on equi-decay profiles, Wulff shape, etc.

The next stage required going beyond models with a built-in independence structure. This was first
done by Campanino, Ioffe and Velenik for the Ising model above the critical temperature in [8], and
then for FK percolation (thus including Potts models on particular) in [10]. A further improvement
was made by Ott and Velenik in [31], by showing how the non-Markovian process studied in the
previous two works could be replaced by a suitable random walk.

Since then, the (rigorous, nonperturbative) OZ theory has found many applications to a variety of
problems, including: Brownian bridge asymptotics for the interface in two-dimensional Ising [15] and
Potts [10] models; derivation of the prefactor to the exponential decay for supercritical Bernoulli
percolation [7]; fluctuations of the boundary of the Wulff shape in two-dimensional Potts mod-
els [18, 19, 17]; analysis of the effect of a defect line on correlations in Bernoulli percolation [14]
and in Potts models on Z? above the critical temperature (as well as on the interface of the two-
dimensional Potts model below the critical temperature) [31]; derivation of the prefactor for general



odd-odd [9] and even-even [30] correlations in the Ising model; analysis of entropic repulsion for Ising-
type polymers [22]; finite-volume versions of the Aizenman—Higuchi theorem for the two-dimensional
Ising [13] and Potts [12] models; detailed analysis of stretched self-interacting polymers [23, 25|, and
of stretched or crossing polymers in random environment [24, 26, 27, 21].

2 Bernoulli percolation

Let us denote by E the set of all nearest-neighbor edges of the lattice Z¢, E¢ = {{i,5} : || — i, = 1}.
The Bernoulli (bond) percolation process on Z? is a collection of i.i.d. random variables (we)ecga,
each variable following a Bernoulli distribution with parameter p. Their joint distribution will be
denoted PP, and the corresponding expectation E,. An edge e € E? is said to be open in w is w, = 1;
otherwise it is said to be closed.

We will be mainly interested in connectivity properties. It will thus be convenient to identify the
set of all open edges of w with the (random) graph G, with vertices Z% and edges {e €E?: w, = 1}.
We will then denote by C, the cluster of x € Z%, that is, the maximal connected component of G,
containing x. Given A;, Ay C Z% and B C E%, we will write A; N Ay for the event that there is
a path of open edges starting in A;, ending in A, and containing only edges of B. We will use the
same notation with A;, Ay, B C Z? for the event that there is a path of open edges starting in Aj,
ending in Ay and containing only edges with endpoints in B. When B = Z¢ or E¢, we simply write
A; <> Ay. Moreover, when A; and/or A, are reduced to a single vertex x, we simply write x rather
than {z}, as in 0 <> z.

The measure P, enjoys a number of useful properties; here, we will only need one: the FKG
inequality. We consider the natural partial order on configurations w: w < ' if and only if G,, is a
subgraph of G,,. We then say that a function f : {0, I}Ed — R is increasing if w < ' = f(w) <
f(W'). fissaid to be decreasing if —f is increasing. An event A is increasing (resp. decreasing) if its
indicator function is increasing (resp. decreasing). The FKG inequality then states that increasing
events are positively correlated: for any increasing events A and B, P,(ANB) > P,(A)P,(B).

Conventions, notations: We will denote by |A| the cardinality of the set A. We define the
external boundary of a subset A C Z% by 0 A = {j €Zi\A:JieAfij}e Ed}, and the external
boundary of A C E? by 0°A = {{i,j} €EI\A: 3k {ik} € A}. In the sequel, ¢ will denote a
generic constant, whose value can change from place to place, including in a given equation. We will
write 04 (1) for a quantity that tends to 0 as a, ||a|| or |a| tends to infinity (depending on the context).

3 Inverse correlation length

Bernoulli percolation undergoes a phase transition at a specific value p, of the parameter p; namely:

>0 Vp>p.,

In particular, lim ;|00 Pp(0 <=+ 2) = 0 when p < p, and a natural question is to determine how fast
this decay actually is. This can be quantified using the inverse correlation length.

For any = € R%, the inverse correlation length is defined by
1
&p(z) = — klggo Z log P,(0 <= [kx]),

where, for any y € R, [y] € Z? is the component-wise integer part of y.
Exercise 1. Show that the above limit exists and that P,(0 < x) < e~ @) for all x € 74,

It is a well known fact (first proved in [28, 2]) that &,(x) > 0 for all z # 0 when p < p., while
& (z) =0 for all z € R? when p > p..

Exercise 2. Show that &, is a norm on R? when p < p..



(a) A typical realization of Cp , can be decomposed into
a string of microscopic “irreducible” pieces. The size of
these pieces has exponential tails.

0 \/\//:E

(b) Large-scale statistical properties of Cp , can be de-
rived from an associated effective directed random walk
(the first and last increments have a different distribu-
tion, but they are small and thus do not affect large-scale
properties).

Figure 1: Structure of a typical realization of the subcritical cluster Cp . and the associated effective
random walk.

For p < p., we will denote by
Up={z eR: &(z) <1}

the unit ball in &,-norm. Note that U, is convex! and symmetric under lattice reflections (since &
is).

4 Ornstein—Zernike analysis of typical long subcritical clusters

In this section, we provide a detailed description of the geometry of typical long subcritical clusters,
showing that they take the form of a string of microscopic “irreducible” pieces as depicted in Fig. 1a.
Moreover, we show that the large-scale statistical properties of this cluster can be obtained from
those of an associated directed random walk on Z? (whose steps are given by the increments of the
irreducible pieces); see Fig. 1b. To do this, we follow the approach developed in [10] (based on the
earlier works [6, 8]). We only discuss the case of Bernoulli percolation, as it is substantially simpler.
Some remarks regarding the modifications required to cover the case of FK percolation will be given
after the proof.

4.1 Coarse-graining

To slightly simplify the exposition and the notation, we will only consider the event {0 «—» ney}. It
will then be convenient to write y € Z¢ as y = (yll, y*) € Z x Z¢~. We will also write &, = &,(1).

4.1.1 Skeleton

Given 0 # x € Z%, let us denote by Cp, the common cluster of 0 and = under P,(-|0 <+ z). Given
y € Z% and K > 0, define
Br(y) = (y + KU,) NZ%

The following algorithm is used to associate to any realization C of Cy , a tree that approximates
C at scale K, which we will call its skeleton tree (see Fig. 2a).

1 To see that, consider x,y € U, and A € [0, 1]. Then, convexity of £, (see Exercise 2) implies that &,(Az+(1—N)y) <
Mp(@) + (1~ Nép(y) < 1 and 50 Az + (1 - A)y € Uy,



(a) Construction of the vertices o = 0,z1,...,z9. Ob-
serve that there are disjoint connexions from each of the
vertices x; to 9°*Bx (x;) (highlighted in red).

(b) The resulting tree (the trunk is in red, the two non-
empty branches in green).

Figure 2: Construction of the skeleton tree T(C) associated to a realization C' of the cluster Co,z.

Algorithm 1: extraction of the vertices of the skeleton tree associated to C'
let 2o =0,C =Bg(xg) and i =1
while Jy € 9C such that y <% 9B (y) do
let x; be the minimal such vertex
update C <~ CUBg(x;),i < i +1
end

[y

[S, B NI V]

The above algorithm yields a family of vertices xg,...,xn. We consider these vertices as the
vertices of a tree ¥ = T(C), which is obtained by adding edges according to the following rule (see
Fig. 2b): for each 1 < k < N, we add an edge between x; and the minimal vertex 25, 0<7<k—1,
such that xp € 0Bk (x;). We write N(T) = N the number of vertices of the tree T (minus 1).

Let us now make two important observations:
1. Ufi((;:) Bk (z;) is a connected set;

N(T
2. ¢ c UN Boge ().

The second observation explains in which sense the tree ¥ provides an approximation of the cluster
C at scale K.

The main reason to construct such an approximation at scale K is that, once K is chosen large
enough, one can implement a classical energy/entropy argument for any p < p..

The energy estimate. The probability of a particular tree ¥ is defined as

Pp(‘:> = Z PP(COJ = C),
C~T



where the sum is over all realizations C' of Cy, to which Algorithm 1 associates the tree €. Set
A% = By (z0) and, for 1 < j < N(%), A7 = Bre(2;) \ U'Zs Bx(2;). We then have

P,(T) < P, (z; &% 8By (2:), 0 < i < N(T))
N(E) ,-
= H ]PDP(.’L‘z (i> 8eXtBK(.’E¢))
=0

< exp(—K(l —ox(1))(N(Z) + 1)), (1)

where the equality in the second line follows from independence (since the sets A’ are disjoint) and
the inequality in the third line from

By(zi 55 07 Bre(a) < [07Bre ()] _ max  Py(r; ¢ y) < e KImox()),
YEIXt B (z;)

since Py, (z; <= y) < ef»(W=7:) < ¢=K by Exercise 1 and the definition of the set By (x;).

The entropy estimate. Let us now turn to the entropy (that is, combinatorial) estimate on the
number of trees ¥ with prescribed number of vertices.

Lemma 4.1. There exists ¢ = c(d) such that, for any N € Z>1,
#{T : N(T) = N} < exp(clog(K)N).

Proof. Observe that the tree’s branching number is bounded above by [0™*Bx (0)| < C(d)K%~*. One
way to upper bound the number of trees (rooted at 0) is to realize that each such tree T can be seen
as a subtree of the infinite C(d)K? !-regular tree. To count the number of such subtrees with N
vertices, observe that one can associate to each such subtree a path starting at the root and crossing
each edge of the subtree exactly twice (just perform a depth-first search through the subtree). The
number of such subtrees is thus bounded above by the number of paths of length 2N, which is itself
bounded above by

(C(d)Kd_l)QN = exp(c(d) log(K)N). O

The important thing to notice is that our entropic estimate grows exponentially with log K, while
the energy estimate decreases exponentially with K; the latter will thus be the dominating factor
when K is large. This observation will be used in Section 4.1.2.

Trunk and branches. It will be convenient to split the tree ¥ into a trunk and a set of branches

(see Fig. 2b). The trunk t = (to,...,ty() is the (unique) path in T connecting 0 to zp, where

rp =min{z; € T : x € Bag(x;)}. The branches by, by, ..., by () are the connected components of T

obtained after removing the edges of t; each b; is thus a tree rooted at a vertex t; of the trunk. The

collection of all branches is denoted B = (bo, ..., by () and its size is written N(B) = >, N(by).
Similarly as before, we can define the probability of a trunk t as

Pp(t) = Z ]PP(CO7I = C),
Cr~t
where the sum is over all realizations C' of Cj , whose tree has trunk t.

Our goal in the next two sections is to analyze the geometry of the trunk and branches associated
to typical realizations of the cluster Co ,.

4.1.2 Geometry of typical trees: bound on the size

Observe that, by construction, since the cluster C' connects 0 and z, the associated trunk must contain
at least (1 — ok (1))€p(z)/K vertices. The next result shows that it is very unlikely that the tree ¥
contains many more vertices than that (we will obtain much more precise information later on).



Lemma 4.2. For any v > 0, there exist ¢ = ¢(v) and Ky = Ko(v) such that
P,(N(T) > (1+ 1)&,(2) /K |0 < 2) < ce™ 260

uniformly in x € Z¢ and in scales K > K.

Proof. The proof is a simple consequence of the energy estimate (1) and the entropy estimate (77?).
Indeed, the latter imply that

Pp(N(T) > (L +v)&p()/K) = > Pp(N(%) = N)
N>(14v)&p(z)/ K
1
<7 Y eROTnOVurz N(E) = N}
N> (140)ep (2)/ K
1 —K(l—ox (1))N
<3 X e "
N>(1+4v)ép(z)/ K

< e~ ()& (@)

Therefore, since P, (0 -+ x) > e~ (@) (1F0x(1)

Pp(N(T) > v&p(@)/K) _ _1e
BAN(E) > vy (0)/ K [0 6 2) < D= LD < e
for all ||z|| large enough. O

We fix 4 > 1 and call trunks such that N(t) < 11&,(z)/K admissible. By Lemma 4.2, admissible
trunks are typical: )
Py(N(t) > n1&y(a)/K | 0 4= z) < e72t17Do @), 2)

Moreover, for any ¢ > 0,

P, (N(B) > e&,(z)/K | 0 4= ) <P (N() + N(B) > (14 Le)&, () /K | 0 ¢ 2) < e 1@ (3)

4.1.3 Geometry of typical trees: refined estimates

We are now going to obtain a much sharper description of typical trees ¥, showing in particular that
the vast majority of the increments t;;; — t; of the trunk t are pointing roughly in the direction €.

The surcharge function. An important tool in the following derivation is the surcharge function.
The latter was introduced in [6], building on ideas from [3].

The surcharge functional associated to a trunk t = (tg,...,ty) is given by
N
s(t) =Y sty — te1),
k=1
where the surcharge function s : R? — R is defined by
s(y) = &(y) — &yl

Since? &, is convex and satisfies &,(yll, y*) = &, (y!, —y ),

gp@/“ < fp(y)y (4)

for all y € R In particular, s is nonnegative. Moreover, s(y) = 0 whenever 3l > 0 and y*+ = 0.
Observe also that s is a convex function and that s(Ay) = As(y) for all A € R>o.

Given ¢ € (0,1), we define the forward cone Y by

Vi ={yeZ: s(y) <& y)}



(1-0)7U,

A

Figure 3: Construction of the forward cone V5'. (To see why this is true, observe that, for all points
y such that y! =&, one has y € V' & &,(y) < (1 —6) ' <y e (1-38)"'U,.)

(see Fig. 3) and the backward cone by Y¥ = —Y5¥. We will use the notation YV;¥(z) = z + Y5 and
Yr(z) =2+ ).
Note that R
y=@ly") ey ifandonlyif &yl > (1-0)5(y). (5)

Now, observe that there exists a constant ¢ such that, for any K and any y € 9Bk (0), K <
& (y) < K +c. Since, forall 0 <i < N(t) — 1, tiy1 — t; € 0°*Bx(0), we can bound

N(H)—1 N(t)

,gp(y*ti) < N t _ ti 7ti— < N t 2K— o H _ o).
1 (- B 0] st -t

Thus, proceeding similarly as we did in (1), we obtain, for any admissible trunk t,

N(t) i A~
Py(t) < [ Polai <= 0Bxc () < exp(—&pal! - s(t) + c(log K/ K)g,(x)), (6)
1=0

for some constant ¢, whenever &,(z) > K > 1. This inequality will allow us to reduce the probabilistic
problem of eliminating classes of atypical trunks to a purely geometric issue, thanks to the following
lemma.

Proposition 4.3. Let e € (0,1). There exist ¢ > 0 and a scale Ko(€) such that
Pp(s(t) > e&p(z) | 04> ) < e (@)
uniformly in x € y:/2 and scales K > Kj.

Proof. Thanks to (2), we can reduce our attention to admissible trunks. The number of such trunks
is bounded above by
(C(d)K 1)@/ K < exp(c(log K/K)&y(x))

for some ¢ = ¢(d). Tt thus follows from (6) that
P, (s(t) > ellz||, N(t) < 1€, (2) /K, 0 > ) < exp{—épx” — (e=d(log K/K))&p(2)}
< exp{—(l + %e)fp(x)},

when K is large enough and &,(z) > K. For the last inequality, we used (5) and the assumption

that z € :/2. The conclusion follows. O

Typical trunks have many cone-points. Given ¢ € (0, %), we say that the vertex t; is a forward
cone-point of the trunk t = (to, ..., ty(y) if

{1, v C V5t ().
Similarly, t; is a backward cone-point of t if
{f07 - 7tk71} C y;(fk)

2Just note that &pyll = &, (y1,0) = & (3w, yH) + 3, —yb) < 2600 yh) + 260! —yh) = &0l yh).




Figure 4: t; is a cone-point of the trunk t = (to,..., tn(y)-

Finally, t; is a cone-point of the trunk t if it is both a forward and a backward cone-point of t (see
Fig. 4).

We are going to show that most vertices of a typical trunk t are cone-points of t (for large enough
scales K). In order to do this, we are going to mark bad vertices, in such a way that all unmarked
vertices will necessarily be cone-points. Namely, if t contains vertices that are not forward cone-points,
we define

¢ =min{j : t; is not a forward cone-point of t},
rt=min{j > :t; ¢ y;(t;l)},

(3 =min {j > r* : t; is not a forward cone-point of t}
rat=min{j > (3 : t; ¢ y;(t;z)}7

and, similarly, if t contains vertices that are not backward cone-points, we set

% =max{j : t; is not a backward cone-point of t},
r¥ = max {j <kt ¢ y;(t/:)},
0% =max {j <r¥ : t; is not a backward cone-point of t}

r¥ =max{j <% : ¢ ¢y5’(t[2)},

We then say that t; is a marked point of t if
je ot o -nulJor +1. 0
k k

Let us denote by #5**(t) the number of marked points of t. The next lemma shows that, typically,
most vertices of t are cone-points.

Lemma 4.4. Fiz § € (0, %) Then, for any € > 0, there exist ¢ = c¢(€,d) > 0 and Ko = Ko(e,d) such

that
P, (#5274 () > eN(t) | 0 4= 2) < e7r(®), (7)

uniformly in x € y:&m and scales K > K.

Proof. We are going to prove that
1
8(0) > ZOKH5"() ®)

Since N(t) > &,(x)/K for any trunk t, the desired conclusion will follow from Proposition 4.3 and (8).
Let us now prove (8). Observe that it is sufficient to show that, for every marked interval

{eg, ... .r2 -1},

<
Tk

1
> osly—t1) > SOR(rf = ),
J=03+1



(a) Large displacement along (b) Small displacement along

the first coordinate. the first coordinate (and hence
many increments pointing “in
the wrong direction”).

Figure 5: The two cases in the proof of Lemma 4.4.

Figure 6: tj is a cone-point of the tree.

the intervals |, {r} + 1,...,¢%} being treated in exactly the same way. To show this, we consider
two cases (see Fig. 5):
Case 1: (t,« — tZE)H > 26K (1 —60)(r — £3). By construction, t,« — ty« ¢ V¥ and therefore,

by convexity and positive homogeneity of s, (4) and the fact that 0 < ¢ < %,

<
Tk

S 1
Z sty — 1) = s(te — tpe) > 05 (ta — ) = 0&(La — "e;)“ > §5K(7“;: — 9.
J=0341

Case 2: (t.« — tel:)” < %églK(l —0)(rt — £). Observe that, on the one hand, all increments
satisfy

(4 — t_1) > —2K/E,,

provided that K be large enough. On the other hand, for any increment satisfying t; — t;_1 € V¥,
one has

(5 — -1 = (1= 0)& (4 —4-1)/& = (1= OK/E,.

Using this, we can bound from below the number M, of increments t; —t;_1, £ < j < r*, such that
tj — tj_l ¢ J); Indeed,

26 KO =00~ ) > (b — ) > 2K MGy + (% — £ = M) (1~ 0K /6y,

and therefore

1
Mk > ?(r; _El:)

Since each of these increments contributes at least d K to the surcharge, the conclusion follows. [

Typical trees have many cone-points. Now that we know that most vertices of a typical trunk
are cone-points, we want to extend this to the full tree, taking branches into account. Let us thus
consider a tree T = (t,B). We say that a vertex t; of the trunk t = (to,...,tn)) is a cone-point of
the tree ¥ if

T V% (t) U VA ().



(Note the use of 26 in this definition and see Fig. 6.) Let us say that a cone-point t; of the trunk t is
blocked if it is not a cone-point of the tree T. We denote by #5°“?(¥) the number of such blocked
vertices.

Lemma 4.5. Fiz § € (0,%). Then, there exists ¢ = ¢(0) > 0 such that, for any € > 0 and any
K 2 KQ(G,(S),
Py (#5°(T) = eN() |0 4 2) < ™o @), (9)

uniformly in x € Z2.

Proof. Notice first that, for any blocked cone-point t; of t, there must exist at least one index 0 <
j < N(t) such that

by ¢ Vos(t:) U Vs (ti).
Moreover, since t; is a cone-point of the trunk, we have in that case that t; € Y} (t;)
observations imply that there must exist a constant ¢ = ¢(§) > 0 such that N(b;) >
In particular, since two cone-points t;, and t, k > k’, of the trunk always satisfy

(e — te)1 > (1= 8)&p (s — ta) /Ep > (k — K)(1 — 8) K /&y,

the branch b; can block at most 2N (b;)é,/c(1 — §) vertices. This implies that

UY;*(t;). These

I(

#glocked (:I) g

_ %
c(1-9) 2 N(by) = o1 — 5)N(%)'

Since N(t) > &,(z)/K, we obtain
P, (#5194 (T) > eN (1) | 0 4> ) <P, (N(B) > (c(1 — 8)e/2KE,) () | 0 4 2)
and the conclusion thus follows from (3). O

We can now combine the last two lemmas in order to show that most vertices of the trunk of a
typical tree T are cone-points of T. Let us write #5°"°(¥) the number of cone-points of T.

Theorem 4.6. Fiz ¢ € (0, %) Then, for any e > 0, there exist ¢ = c(e,8) > 0 and Ky = Ky(e, )
such that
Py (#57(T) < (1 — €)N() |0 = x) < e~ (@),

uniformly in x € y:(;/% and scales K > Kj.

Proof. Since #5"*(T) < (1 — €)N(t) implies that either #>*(t) > LeN(t) or #5°I(t) > TeN(t),

the claim immediately follows from Lemmas 4.4 and 4.5. O

4.2 Geometry of typical clusters

We now know that the tree associated to typical realizations of long subcritical clusters has a very
regular geometry (essentially ballistic trunk, few small branches), at least at large enough scale K.
By construction, the cluster remains close to the associated tree, so one should be able to derive
similar results for the cluster itself. This is what we do in the present section.

4.2.1 Cone-points of C

Given ¢ € (0, %), let us say that a vertex y € C' is a cone-point of the cluster C' if

CC V() UYsy).

(Note the use of 39 in this definition and see Fig. 7.) Let #5°°(C') be the number of cone-points of
C.

Theorem 4.7. Fiz 6 € (0,%). There exist Ko = Ko(6), v7 = v7(6) > 0, vs > 0 and ¢ = ¢(5) > 0
such that
Py (#5°(Cow) < vrllw]| | 04 2) < e=clell

uniformly in x € yl;(; and scales K > K.
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Figure 7: y is a cone-point of the cluster.

RK

Figure 8: For any point y € V5% such that yll > RK, Bak (y) is included inside YVs%.

Proof. Let C be a realization of Cy . Of course, cone-points of the tree T associated to C' are prime
candidates to be cone-points of C. We are going to show that, typically, a positive density of the
latter are.

Let R = R(6) be the smallest integer such that (see Fig. 8)

y € Yt and yl > RK = Bax(y) C V3%
Let L = 2[(RE, +2)/(1—6)]) 4+ 1 and split the set of all vertices of the trunk into packets of size L:
Sk ={tk-1)r,-- - ter—1} (1<k<|N®/L)).

Let us say that Sg is clean if it is entirely composed of cone-points of ¥ from which no branch
originates. Choosing K large enough (depending on d), we can assume that at least half of the sets Sy
are clean. Indeed, when this is not the case, either there are at most (1 —1/4L)N(t) cone-points of T,
which has exponentially small probability by Theorem 4.6, or N(B) > (1/4L)N(t) > (1/4L)¢,(z)/ K,
which has exponentially small probability by (3).

Consider now one clean set S and let us denote by t; = t(,_1)74(1—1)/2 the vertex in the middle
of this set. Let us also introduce the slab

Ap={zez: |(x-t)l| <RK}.
Observe that, by definition of R,
C\ A C Y5(t) U Y55(t),

so that, for ¢} to be a cone-point of C, only the behavior of C' inside Aj matters. To control the
latter it will be convenient to consider the slightly enlarged slab

Ap={z ez’ |(x—t)l| < RK +2K/E,}.

We are now going to construct a new cluster ¢’ by modifying C inside Ay in such a way that t*
becomes a cone-point of C’, while ensuring that C’ ~ ¥.

11
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Figure 9: Construction of the cluster C’. Only some of the balls Bx (t;) are shown (balls have been
represented as squares to simplify drawing). Note that the open edges (in red in the picture) are the
only ones kept inside Ag. In Ay \ A, these edges are added when absent, but no edge is removed (this
is to ensure that C’ is connected).

Observe now that, by construction, tx_1y7, and tyr—1 lie outside Ay. Write

A" = (Bi(te) \ Br(te—1))N(V3§(t5) U V5 (t7))-
To define C’, we proceed as follows (see Fig. 9):
e For each (k— 1)L < ¢ < kL — 1: add to C all edges inside A*.

e For each (k — 1)L < ¢ < kL — 1 such that t, € Ay: remove from C all edges 0 A?, except
those incoming on ty—; or tp4;.

e the cluster C” is the resulting connected component containing 0.
Observe now that the previous construction ensures that

o The vertices ty, (k — 1)L < ¢ < kL — 1, are connected to each other.

o (' coincides with C outside Ay.

e Fach connected components of C" \ Ay is necessarily connected outside A to some vertex
t; € Ay (this follows from the fact that t(k—1)r and txr 1 are cone-points of T and from the
fact that the cluster C' remains within a §,-distance at most 2K from ).

o ('~ %
e tf is a cone-point of C".

We will write C' ~ C’ to mean that applying the above construction to the cluster C yields the
cluster C’. Since at most cK? edges have been modified, P,(Cy, = C’) > e*chHDp(C'O,gC = C) for
any C' ~» C’. This implies that

Pp(%) = Z Pp(Co =C) < ek Z Pp(Co.e = C)
C~T C~T
<K N Py(Coa=C)#{C~T O )
C'~T
t} cone-point of C’
S ec/Kd Z PP(C()’I _ C/)
C'~T

t; cone-point of C’

= ecleIP’p(T, ty, cone-point of Cp ),

for some ¢’ > 0. Thus, P, (¢} cone-point of Cp .| %) > e K = a(K). Of course, we can apply the
same argument for an arbitrary collection of clean sets Sk, , ..., Sk,,; we thus conclude that

Py (ty, .. ty, are cone-points of Co, |[T) > a(K)™.

It thus follows that the collection of random variables 1t+ is a cone-point of Co . }» where k runs overs
all values of k for which Sy is clean, stochastically dominates a collection of i.i.d. Bernoulli random
variables of parameter o(K). The number of clean sets being at least [$N(t)/L], the conclusion
follows. U

12
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Figure 10: Backward-irreducible, forward-irreducible and irreducible clusters and their displacement.

4.2.2 Decomposition of C' into irreducible pieces

Theorem 4.7 leads naturally to a decomposition of the cluster Cj , into irreducible pieces. We define
three notions of irreducibility and a displacement application X associating to an irreducible piece a
vector in Z¢ (see Fig. 10):

e A cluster C' 3 0 is backward-irreducible if it possesses a cone-point v such that C' C Y¥;(v) and
no other cone-points y with yll > 0. In this case, X (C) = v.

e A cluster C > 0 is forward-irreducible if it possesses a cone-point v such that C' C y35( v) and
no other cone-points y with y!l < 0. In this case, X (C) = —uv.

e A cluster C is irreducible if it possesses exactly two cone-points 0 and v, and C' C D3s(0,v),
where, as before, Dss(u,u’) = Y3%(u) N Y¥(u') is the diamond with endpoints u,u’. In this
case, X (C) =wv.

(For convenience, we allow backward-irreducible and forward-irreducible clusters to consist of the
single vertex 0.) We denote the sets of all backward-irreducible, forward-irreducible and irreducible
pieces Iy, Zy and 7 respectively.

A cluster C}, € 7y, can be naturally concatenated with m > 0 clusters Cq,...,C,, € T by first
translating each C by X(Cp) + X(C1) + -+ + X(Ck—1). We can then also concatenate a cluster
Ct € I by first translating it by X (Cp) + Zm X(Ck) + X(Ck). The resulting cluster is denoted
cyuCiu---uCy, uck.

Let now x € Z% be such that - = 0 and z! > 0 large. In view of Theorem 4.7, we can restrict
our attention to realizations C' of Cy ,, with at least two cone-points with first component in [0, x”].
Such realizations can then be decomposed in a unique way as

C:Cbuclu"'UCNqu,
where Cy, € Ty, C; € Z¢, Cq,...,Cny € Z and N > 1 depends on C. Observe that, in this case,
P,(Con =C) =Pp(we =1 for all e € C,w, =0 for all e € 90°°C)

N
f)HVV

k=1
where we have introduced the weights

W(Cy) = (1 —p) 2P, (w, = 1 for all e € Cy,w, = 0 for all e € §™*Cy,),
W(Cp) = (1 — p) Py(we = 1 for all e € Cy,w, = 0 for all e € I™Cy,),
W(Cr) = (1 — p) 9Py(we = 1 for all e € Ct,w, = 0 for all e € 9 Ck).

It turns out that these are not the most natural weights to work with. Namely, it is much more
convenient to consider the weights

w(Cr) = e X OGN, w(Ch) = & X O W(C)  and  w(Cr) = X (),

for which we have the identity
N
e P, (Co e = C) = w(Ch)w H Ch)-
The reasons these weights are better are summarized in the following

13



Proposition 4.8. 1. The weights w have exponential tails: there exist ¢ = ¢(§) > 0 and ¢ > 0
such that, for any y € 72,
> w(C) < el (10)

CeTUL,UZLs:
X(C)=y

2. w is a probability mass function on I: ) .- w(C) = 1.

Proof. 1. Assume first that y ¢ %5, then

Sowo) <@ —p)HeE P (0 < y) < (1 — p) et e W) < (1 — p)2lemrdE W),
CeZULLUZ;:
X(C)=y

where the last inequality follows from (5).
Suppose now that y € ,)/:8 s5- In this case, it follows from Theorem 4.7 that

Z W(C) S (1 _ ) 2d &pyH fp y)P (#Cone < V?Hy” ’ 0 PEEN y) S (1 _p)—Qde—c“yH7

Cel:
X(C)=y

since P, (0 += y) < e~ W) < e=énv! (remember (4)). The corresponding claims for C' € 7, U Z; are
proved in a similar manner. The only additional issue is that the cluster C' might extend “outward”;
namely, when C € 7y, for instance, C' may have many cone-points on the left of 0, so that the above
argument must be amended. To solve this minor problem, first observe that the above argument does
apply if there are no such cone-point. Therefore, suppose that there is at least one such cone-point,
and denote by z € V¥ the one with 2l maximal. Since z is a cone-point of C, one can disconnect
the part of C at the left of z at a cost at most p/(1 — p) (by closing at most one edge). One is then
reduced to a sum over a cluster C' € Z with X(C) = y + z, for which the above analysis applies.
Summing over z yields the desired conclusion.

2. Let us consider the generating functions

G(s) = Z Sneépnpp(()(_)xn) and H(s) = Z Sx(c)HW C

n€lxo Ccel

where we wrote x,, for the point in Z¢ with 2} = n and r+ = 0. Let us write pg and py for the
radii of convergence of G and H. Observe that pg = 1, since P, (O — xn) = e~ &n(+on(1)) while (10)
implies that py > 1.

Now, we can write

N
B0 mn) =D D Lx(enx (@i, X(© =, W(CHW H (Cr) + tn,
N>1Cy,Cf,C,s...,.CN k=1

where the sum is over possible decompositions into irreducible pieces and |r,,| < e™<" for some ¢ > 0.
Writing R(s) = ZnEZ>0 s"™ry, and substituting the above into the expression for G yields, for s > 0,

G5 < Y $XO)'HX @)y (0 Yw(Cy) Z(ZSX((J)” ) +R(s)

Cy,Cr N>1 CeT
= Z x(©onl+xenl, w(Cr) Z H(s R(s)
Cb7cf N>1
- Z X (@) +X(@0 (O )w(Cr) + R(s).
Cb,Cf

Note that, by (10), the sums over C}, and Cf are convergent when s is slightly larger than 1. The
radius of convergence of R is at least e > 1, and we already saw that py > 1. Since pg = 1, we
conclude that H(1) = 1, which proves the claim. O
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To summarize, there exists a constant ¢ > 0 such that, for any function f of the cluster Cj , ,

N
e Ey(f(Coon ) L{06s2n}) — Z f(CyuCiU---UCNUCE) w H ’

N>1,C4,C1.C1yee,Cn: k=1
X(Cp)+X(Co)+3 1, X(Cr)=n

<l e (11)

4.2.3 The effective directed random walk
Let us now define three positive measures on Z%: for any y € Z4,
poy) = > w(C),  ply)= D wC), ply)= Y w(O).
CpL€Ty Ct€Zs Cel
X(Cv)=y X(Ce)=y X(C)=y

By Proposition 4.8 and symmetries of the model, we know that

e p,,p; and p have exponential tails;

e p,, pr are supported on Vs and p,(0), p¢(0) > 0;

e p is a probability measure supported on V;3 \ {0};

e p(ylyt) = p(yl, —yt).

We denote by P, the law of the directed random walk (S,,)n>0 on 74, starting at u € Z¢ and
with increments of law p, and by E, the corresponding expectation. Given v € Z%, let us consider

the event
={IN>1:Sy=uv} (12)

and let us write Py, () = Py (- | Ry).
Note that, by the local limit theorem, for any fixed a > 0,
1+ Ok

Po(Sp = ) = — )
oSk =v) @rk)det D

exp{—(y — kji) - D (y — b)) /2k},

uniformly in y such that ||y — kfi], < k%3~ In the above formula,
e [i=Eo(S1) = pei,
e D = (D;j)i<i,j<d is the covariance matrix: D;; = Covp,(51(2),S1(j)), where Si(¢) = S - €

It is now straightforward to derive asymptotic estimates for Po(R,) from (12). Let n € Z% be
large. Assume that ||y — nji]l, < n'/27%. Fix ¢ > 0 small. Since the increments of the random walk
have exponential tails, a standard large deviation upper bound shows that

2e

Po(3N : |N —n| > nt/?F¢ Sy =y) <e o,

for some ¢ > 0. Let us now consider the remaining values of N: by (12) and our assumption on y,

1+0,(1) . . .
PoSn =y) = — exp{—(y— Nfi)- D~ '(y — Nji)/2N}
N:N;nlmk (27rn)4 det D N:N;nl/2+‘
14 0,(1) Z eXp{*%(N_n)zﬁ-Dflﬁ}

B v/ (2mn)d det D N: [Nl eni/24e Vn
_ (1+04(1)) =12 expf 1 2/1-1
\/(Qﬂ)dnd—ldetDNW_%;WHE p{—3(n T ) (D7 a}
(1+o0n(1)) e

- V(2r)Ind=Tdet D exp{—gs1* (D™ )11 }ds
(1+o0,(1))
V@rn)=1p2(D-T); ; det D

15



Figure 11: The polars to a point € dU,, are given by all vectors normal to a supporting hyperplane
to U, at z.

Therefore, 3
Po(Ry) = Cn~ " D/2 (14 0,(1)), (13)

with C' = ((2m)4=1p2(D71)y 1 det D)_1/27 uniformly in y such that ||y — njil|, < n'/?7°.

4.2.4 One application: Ornstein—Zernike asymptotics for connectivities
Using the notations from Section 4.2.3, it follows from (11) that

B0 m) = 0 pu()pilan — v) PulRy)| < e,
uEy;;;
vETL+ VD
for some ¢ > 0. Fix a > 0. On the one hand, since p, and p; have exponential tails, the contributions

of u,v such that |ull,, ||z, — v||, > n'/?~* is of order e=O"*™") " On the other hand, it follows
from (13) that, uniformly in u,v such that ||ul],, ||z, — v|, < n'/?~®,

Pu.(Ry < (d —(d—
PO((R)) —140,1)  and  Po(Ra,) = (14 0n(1)) O D2 g, [, " @12,
Tn
In particular, we obtain the celebrated Ornstein—Zernike asymptotics:
Po(0 5 ) = — 2 e=&(22) (1 4 0,(1)
P n ”xn”2(d71)/2 n ’
with ¥, = Cv.u(dil)/Q Z Py (1) pe(Ty — v).
uEy:;;
VET,+V2

4.3 Generalizations: some remarks

In this short subsection, we make some remarks concerning extensions of the results proved in this
section.

4.3.1 General directions

The analysis for a general cluster Cp ., with z € 7% not necessarily on the first coordinate axis,
follows the same pattern. In fact, apart from minor notational adjustments, the only real change
occurs when defining the surcharge function s. In order to state the proper generalization of the
surcharge function, it is convenient to introduce the polar set3 K, of the unit ball U,, defined by

K, = {teR?: ty) <1).
» =1 max (t,y) < 1}

o

The set K, is a compact convex set with nonempty interior (0 € K,). As is easily checked, for any
x € 0U, and t € OK,,

ty) = ,z) = &) = 1.
max {t,y) = max (s, z) = &(@)

30ften, Kp is also called the Wulff shape. This is due to the fact that, in dimension 2, the relation between K, and
&p precisely mirrors that of the Wulff shape and the surface tension. See [4] for additional information on this topic.
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Figure 12: Construction of the skeleton tree T(C') associated to a realization C' of the cluster Co  in
FK percolation. The introduction of an additional layer at the boundary of the balls ensures good
decoupling properties of the connection events.

Finally, given z € R%\ {0}, a point ¢ € 9K, is said to be polar to x if (t,x) = maxsek, (s,2) = &(z);
see Fig. 11 for an illustration?.
Given x € Z4, let t € 9K, be polar to . The surcharge function is then defined by

s(y) = &(y) — (L y) -

Observe that, when 1+ = 0, we recover the definition used in Section 4.1.3, since épé'l € K, is polar
to z by symmetry of U,. Moreover, the second term remains linear in y and satisfies (¢,y) < §,(y)
for all y € R? (by definition of K,,), which is the analogue of (4) here. All our analysis thus holds in
the same way as before. We refer the reader to [10] for the details.

4.3.2 FK percolation

Ising and Potts models are intimately related to a generalization of Bernoulli percolation known
as FK percolation (or random-cluster model), and the latter plays an essential role in numerous
analyses of these models. We will not discuss it here and refer the interested reader to [16] for
more information. FK percolation shares many properties with Bernoulli percolation (including the
availability of the FKG inequality, at least for the versions relevant to the Ising and Potts models).
One major difference, however, is the lack of independence. This makes it necessary to amend some
of the above arguments when extending the Ornstein—Zernike analysis to this setting. We will not
discuss the details of the construction here (see [10] for that), but will point out the two main points
at which independence played a crucial role: (i) in the derivation of the energy estimate (1), (ii) in
order to have independent increments in the resulting effective random walk. Both of these issues are
solved by exploiting suitable exponential mixing estimates.

First, the coarse-graining procedure must be slightly modified, by adding layers of width rlog K
(for some fixed, large enough r) around the balls By (x;) in Algorithm 1; see Fig. 12. This ensures
that the connection events occur far enough from each other to recover a factor e K(—ox () for
each vertex of the skeleton tree, while not modifying substantially the &,-distance between successive
vertices.

The analysis then goes through essentially verbatim up until Section 4.2.2. One still obtains a
string of irreducible pieces, but it is no longer true that the probability nicely factorizes over the
irreducible pieces (the property that led ultimately to the appearance of the effective random walk).
Nevertheless, one can then exploit exponential mixing in at least two ways in order to extract the
relevant information. The first way, used in [8, 10], is to observe that the resulting process, while
not Markovian, is amenable to an analysis in terms of a suitable Ruelle—Perron—Frobenius operator.
One can then derive local limit results for the process that have the same qualitative features as
those obtained for processes with independent increments. The second approach, developed in the
Appendix of [31], relies on ideas from perfect simulation and shows that it is possible to recover a
genuine random walk (with independent increments), at the cost of randomly aggregating consecutive

4Note that, a priori, there may be a continuum of polars to a given point z. A consequence of the Ornstein—Zernike
analysis, which we will not discuss here, is that the sets U, and K, have locally analytic boundaries with Gaussian
curvature uniformly bounded away from 0. This implies, a posteriori, the existence of a one-to-one mapping between
points € U, and their polar. See [6] for more information on this topic.
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irreducible pieces in a suitable manner. The resulting random walk still enjoys all the properties that
we derived for Bernoulli percolation, including exponential tails for the increments.
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