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Abstract We consider families of non-colliding random walks above a hard
wall, which are subject to a self-potential of tilted area type. We view such
ensembles as effective models for the level lines of a class of 2 4 1-dimensional
discrete-height random surfaces in statistical mechanics. We prove that, under
rather general assumptions on the step distribution and on the self-potential,
such walks converge, under appropriate rescaling, to non-intersecting Ferrari—
Spohn diffusions associated with limiting Sturm-Liouville operators. In par-
ticular, the limiting invariant measures are given by the squares of the corre-
sponding Slater determinants.
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1 Introduction
Random walks under area tilts mimic phase separation lines in certain low-

temperature two-dimensional lattice models of statistical mechanics, particu-
larly in the regime of pre-wetting. A prototypical example is the two-dimen-
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sional Ising model in a large box with negative boundary conditions and a small
positive magnetic field A. In such circumstances, the t+-interface is pushed to-
wards the boundary of the box and its fluctuations above flat segments of the
boundary are expected to be of order h~1/3. Rigorous justification of the latter
claim is still an open problem (but see [21] for partial results in this direction).
Instead, the papers [12,15] are devoted to a refined analysis of effective ran-
dom walk models of such interfaces. In particular, the full scaling limits were
identified in [15], for a large class of effective random walks, as Ferrari-Spohn
diffusions [10].

In this paper, we consider ensembles of n non-colliding random walks which
are subject to generalized area tilts. Precise definitions are given in Section 3.
These ensembles are intended to model non-intersecting level lines for certain
low-temperature 2 + 1-dimensional interfaces (which themselves are intended
to model two-dimensional random surfaces of lattice statistical mechanics).
A prototypical example is the SOS model, see [3,4] and references therein,
or even more so its version with bulk Bernoulli fields which was introduced
in [13]. In either case, low-temperature level lines have the structure of Ising
polymers whose effective random walk representation is discussed in [14] and is
based on the general fluctuation theory of ballistic walks with self-interactions
as developed in [16].

In Section 2, we introduce and briefly discuss the class of limiting objects,
which we call Dyson Ferrari-Spohn diffusions. The latter can be alternatively
described as Ferrari-Spohn diffusions conditioned to remain ordered, or as
ergodic n-dimensional diffusions driven by the log-derivative of the Slater de-
terminants of the corresponding Sturm—Liouville operators. The construction
is well understood: We refer to [19, Section 2] for extensive details on determi-
nantal random point fields in general and Fermi gas in particular, and to [7,
Section 3] where such diffusions are discussed for specific kernels in the context
of random matrix theory.

Properties of Dyson Ferrari-Spohn diffusions, in the form we need them,
are formulated in Theorem 1. To keep our exposition self-contained and to
stress the role played by the Karlin-McGregor formula, we sketch the proof.

Our effective model of ordered walks under area tilts is introduced in Sec-
tion 3, while our main result, Theorem 2, is formulated in Subsection 3.4. In
Subsection 3.6, we introduce the rescaling notation which is employed in all
the subsequent arguments. The step-by-step structure of our arguments is ex-
plained in Subsection 3.7. The details of the proofs are given in Sections 4-7
and in the Appendix. The organization of these sections is described in Sub-
section 3.8. Many of our technical estimates rely on strong approximation
techniques and on a refinement of recent results on random walks in Weyl
chambers and on cones [6,8].
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2 Sturm—Liouville operators and Dyson Ferrari—-Spohn diffusions
2.1 One particle.
Consider the Sturm-Liouville operator

1 d2
= Sarz q(r), (2.1)

where ¢ is a non-negative symmetric C2-potential satisfying

lim ¢(r) = 0. (2.2)

|r]|—00
We can either think of L as being defined on Lo(R;) with zero boundary
conditions at zero, or as being defined on Ly(R). It is a classical fact [5] that
L has a complete orthonormal family of eigenfunctions
LQDZ = —€;p; O<er<ey<--- /‘ 0. (23)
The Krein—Rutman eigenfunction ¢; is positive on (0, 00), respectively on R.
In the case of the half-line, L has a closed self-adjoint extension from

Co(0,00), whereas in the case of R it has a closed self-adjoint extension from
Co(R). In both cases, the domain of the closure is given by

D(L):{f:me : Zekf,3<oo}. (2.4)
k k

We proceed to discuss the half-line case only; the full-line case would be a
literal repetition.
L is a generator of a contraction semigroup T; on Lo(Ry): For f = > frek,

Tif(r) = fre oy (2.5)
k

This semigroup has the following probabilistic representation: For r > 0, let
P" be the (sub-probability) path measure of the Brownian motion started at
r and killed upon hitting the origin. Then, for any f € D(L) and any ¢ > 0,

Tof(r) = B {e~ Jo aBED s p(B(1))). (2.6)

Clearly, T; is an integral operator with kernel h; given by

hi(r,s) = Zefe’“tgok(r)gok(s). (2.7)
k=1
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2.2 n non-colliding particles.

Let us fix n € N and define
Af={reR":0<r <<y} (2.8)

Let L; be a copy of L acting on the i-th variable. Consider the closed self-adjoint
extension of

zn:Li :i<%§7:2 —q(Tz‘)) (2.9)
i=1 i

=1

from Co(A;}) and let T} be the corresponding contraction semigroup on Lo (AF).
In probabilistic terms, T, can be described as follows: For an n-tuple
r e Al set

Er=E"QE?® - -@E™.
Let B be the n-dimensional Brownian motion, and define
T=min{t : B(t) € A} (2.10)

In other words, 7 is the minimum between the first collision time and the first
time the bottom trajectory exits from the positive semi-axis. Then,

T f(r) = Bp{em X Jo aBi) s p(B(1) 1,54 ). (2.11)

T/ is an integral operator on Ly(A}) and, by the Karlin-McGregor formula,
its kernel k; is given by

ke(r,s) = det{h¢(ri, s5)}. (2.12)

2.3 Limiting behaviour.

Let
e1(r1) w2(r1) - pn(r1)
@1(r2) w2(r2) -+ pn(ra)
A(r) =det | 07 (2.13)
©1(rn) w2(r0) - @nlrn)
Note that A € Lo(A}) .
Theorem 1 Set D, =3, _, e, Then,

lim ePrlki(r,5) = A(r)A(s). (2.14)

t—00 -
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Moreover, for any f € Lo(A}) and for any t > 0,

r i (S S
S g (0 CO) LN,
T-500 El{efzifqu(Bi<s>>ds1T<T+}

D,t
= e e 2 fgf q(Bi(s))ds s
A"t FBEABO <, )
Pt N Aerg
~ Ar) T, (fA)(r) =S f(r). (2.15)

In its turn, S is a diffusion semigroup with transition kernel
oDnt
qu(r, s) = m:‘it(ﬁﬁ)ﬂ@), (2.16)

which is self-adjoint on Lo (A}, A?); the generator of the corresponding ergodic
diffusion on A} is given by

o — % Zl g; + Viog(A)(r) -V = ﬁdiv(ﬁ(g)v). (2.17)
Proof Let us introduce the column vectors
©e(r1)
by = W(ZTQ) £=1,...,n)
pe(ra)
and the volume form F(cy,...,c,) = detley, ..., c,]. Under our assumptions,

(2.3), (2.7) and (2.12) imply, asymptotically as ¢ — oo, that
tr(r,5)(1+0(1) = F (Y welsn)be, > pelsalbes oo Y welsnbe)
=1 =1 =1

=F(b1,. ;b)Y (=1 ] 0o, (s0), (2.18)
=1

o

and the first claim (2.14) follows. Above, o runs over all permutations of
{1,...,n} and sgn(o) = 1 denotes the signature of o.

Modulo some technicalities, (2.15) follows from (2.14) and the Markov
property.

Finally, &,, in (2.17) is the generator of S/, since the generator of T; is
the closed self-adjoint extension of (2.9) from Co(A;}) and since, by direct
computation,

Z(l i Q(Ti))ﬂ(z) = —D,A(r). (2.19)

i=1 587”2 B
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2.4 Dyson diffusions for Sturm—Liouville operators.

For every n € N, the diffusion
dz(t) = dB(t) + Vlog(A)(z(t)) dt, (2.20)

with the generator &,, described in Theorem 1, lives on A and is reversible
with respect to A?(r)dr. In the sequel, we shall use P} for its distribu-
tion on C((—o0,+00),A;) and P} for the restriction of this distribution
to C([-T,T],A}). Without loss of generality, let us assume that A%(r) is a
probability density (on A}). Note that the latter has a determinantal struc-
ture:

A%(r) = det{K, (r;,7})}, (2.21)

where the kernel K, is given by
n
Kn(r.s) = 3 oe(r)pe(s). (2.22)
r=1

In particular, the level density distribution is given by

n

pulr) = ~Knrr) = = 57 620). (2.23)

(=1

There are similar determinantal formulas for level spacing, gap probabilities,
etc. We note that the unpublished work [2] contains results on the universality
of scaling limits (as n — oo) in this general Sturm-Liouville context.

3 Ordered walks with area tilts
3.1 Underlying random walks and ordering of trajectories.

The setup follows [15].

Let p, be an irreducible random walk kernel on Z. The probability of a
finite trajectory X = (X1, X,...,Xy) is p(X) = [, px..,—x,- The product
probability of n finite trajectories X = (X!, ..., X") is

P(x) = [[ p(X). (3.1)
=1
Assumptions on p. Assume that

Z zp, =0 and p has finite exponential moments. (3.2)
z€EZL

In order to facilitate the notation, we shall assume in the sequel that the

variance satisfies
o’ = Zz2pz =1. (3.3)
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This assumption simplifies formulas in our technical arguments. The main
result remains valid, after an obvious change of the normalization, for all o €
(0,00); see Remark 2 after Theorem 2.

Sets of trajectories. Let u,v € N. As in [15], ’P}(/}?N)Jr is used to denote the set
of trajectories X starting at u at time M, ending at v at time NV and staying
positive during the time interval {M, ..., N}.

Let u,v € N*N AT and M,N € Z with M < N. Let 73]%4”%\,74_ be the
family of n trajectories X starting at u at time M, ending at v at time N and
satisfying

1 2 n .
0<X; <Xj<---<X? Vje{M+1,...,N—1} (3.4)
For N > 0, we shall use the shorthand notations ”P]%qi = %]% Nt and
PNy = PN

The model which we define below is a polymer measure over ordered tra-
jectories from ’P]%,%r

3.2 The model.

Let {V\} x>0 be a family of self-potentials V) : N — R . For a finite trajectory
X=(Xum,...,Xn), let p(X) = HiI\LMH p(X; — X;—1) be its probability for
the underlying random walk, and let us introduce the tilted weights

wx(X) = o™ T (X gy, (3.5)

Given u,v € N and A > 0, define the partition functions and the probability
distributions

) 1
zut | = Z wx(X) and PR, (X) = o wi(X) Lxepyn g (3.6)
XePy®, Ny+A
In the case of an n-tuple X = (X!,...,X") of trajectories, we consider the

product weights wy (X) = []i_, wa(X%). If S is a finite or countable set of such
tuples, then the corresponding restricted partition functions are denoted by

Zx[8] =) wa(X). (3.7)

Xes
We shall use the shorthand notations Zy<, , = Zx[Py%] and Z%,iA =
Zy [75%%_] Finally, let us define the probability distribution Py%, , on Py~ by

u,v 1

PN+a@) = Zar— waX) Lizepg2y- (3.8)
N+

The term ZJXN 41 Va(Xi) represents a generalized (non-linear) area below the

trajectory X. It reduces to (a multiple of) the usual area when Vy(z) = Az.

As in [15], we make the following set of assumptions on V):
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3.3 Assumptions on V) and the scale H).

For any A > 0, the function V) on [0,00) is continuous, monotone increasing
and satisfies

A\(0)=0 and lim V)(x)=oc. (3.9)

T—r 00
In particular, the relation
HV\(H)) =1 (3.10)

determines unambiguously the quantity Hy. Furthermore, we make the as-
sumptions that limy o Hy = oo and that there exists a function ¢ € C?(R™)
such that

l)grOleVA(rHA) =q(r), (3.11)

uniformly on compact subsets of R,. Note that H), respectively Hf, plays
the role of the spatial, respectively temporal, scale in the invariance principle
which is formulated below in Theorem 2.

Furthermore, we shall assume that there exist Ao > 0 and a (continuous
non-decreasing) function gg > 0 with lim,_ . go(r) = oo such that, for all
A < Ao,

H3Vy(rHy) > qo(r) on R, (3.12)

Finally, we assume that go grows to oo sufficiently fast; namely, for any x > 0,
oo
/ e ") dr < oo. (3.13)
0

Presumably, our main results hold without assumption (3.13). However, since
it is rather soft and since it implies the claim of the technically very convenient
Lemma 2 below, we decided to keep it.

Remark 1 A natural class of examples of family of potentials satisfying as-
sumptions (3.9)—(3.13) is given by Vi(z) = Az® with o > 0. For the latter,

Hy = A+ ) and q(r) = qo(r) = r®. In this way, the case of linear area
tilts v = 1 corresponds to the familiar Airy rescaling Hy = A~/3.

3.4 The result.
We set h) = H;l. The paths are rescaled as follows: For t € h3Z, define
N 1
2 (t) = hAKHft = I_‘T)\KHit- (3.14)
Then, extend 2* to any t € R by linear interpolation. In this way, given 7' > 0

and u,v, we can talk about the induced distribution IP’]EV’%;FTA on the space of
continuous functions C([-T, 7], A}).
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Theorem 2 Let \y be a sequence satisfying

lim Ay =0 and lim = 00. (3.15)

N—oc0 N—o00 Hi
N

Fiz any C € (0,00) and any T > 0. Then, the sequence of distributions

]PME;N converges weakly to the distribution P11 of the ergodic diffusion z(-)
in (2.20), uniformly in v,, u, < CHj, .

In the sequel, we shall denote ay := N/HfN; with this notation, the second
statement in (3.15) becomes limy_,o0 any = 0.

Remark 2 If o # 1 in (3.3), then the assertion of Theorem 2 may be adjusted
as follows: Define Hy and ¢ as in (3.10) and (3.11), and set g,(r) = g(or). Let
AN be a sequence satisfying (3.15). Define z, to be the Dyson diffusion (2.20)

for the Sturm-Liouville opertor L, = %% —g5(r). Then z, is the weak limit
of the rescaled process
1
AN _
Ly (t) - O'H)\ iNt

3.5 Non-strict constraints.

In the sequel, we shall focus on the strict constraints expressed in (3.4). How-
ever, a rather straightforward modification of our arguments would imply that
the conclusion still holds when the ordering in (3.4) is non-strict, that is, when
we instead require that

0<X;<X;<...<X} Vje{M,... N} (3.16)

Namely, let P35y o be the family of n trajectories X starting at w at time M,
ending at v at time N and satisfying (3.16). As in the case of strict ordering,

we use abbreviation Pyg = PLy v o- Define (recall (3.1))

Zioa= D e S O P(x)
XePy

and

e hDy E’f\]:—N V%(Xf)P(X)

U,v _ X N
IPDN,o,,\(X) = e ][{Xepﬁ% .
N,0,A

Corollary 1 Under the same assumptions, the conclusions of Theorem 2 hold
for the family of measures ]P]%,’%’A.
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3.6 Rescaling and the corresponding notation.

It will be convenient to adjust our notations to the running scales h). Define:
Nx=hN, Af =AFN(N))" and Zy = h3Z. (3.17)

In this way, 2*(t) in (3.14) belongs to A} | for every t € Zy.
For a,b,t € Zy and r,s € A;A, we shall write, with a slight abuse of

notation,

TS — pHir,Hxs . T, DTS
Pooyn = PHfa,Hib,-&-,)\ and similarly for Piy and Py (3.18)

The same conventions apply to partition functions (e.g., we shall write Z{’; N =
Z\[PF ) + 2]) and for probability distributions (e.g., we shall write P37 , for
a€Zyandr,s, EAnA)
With the above notations, Theorem 2 can be restated as follows: Let
lim Ay =0 and hm an = oo. (3.19)
N—00 N —o00

r,s;T
Then, the family of distributions ]P’aN o

P+ of the ergodic diffusion z(-), uniformly in r,,,s, < C.

converges weakly to the distribution

Our proofs rely on the properties of the underlying rescaled random walks
(without area tilts). The corresponding notation for the latter follows the above
convention adopted for polymer measures: Given A > 0 and r € N¥, we use
Pz y for the law of the rescaled walk started at time zero at r. The restriction
of 1§’§ to the set of trajectories which stay in A:‘ , during the interval [0, ] is
denoted by P;* 4. When the end-point ¢ is clear from the context, we will
sometimes use the shorthand notation f’i - Finally, given s € NY and t € Z,,
we use

Py =P5(- |2't)=5) and Pyt =PL, (- |zMt)=35).  (3.20)

y\m
>3

3.7 Structure of the argument.

As X | 0, the following notion of convergence is employed: Consider the spaces
05(Ny) and 4o (AZ,)\) with scalar products

(f.9)20 = hx S f(r)g(r) and, respectively, (f,g)zx =% S f(r)g(r).

reNy reAj{A
(3.21)
Let py : La(Ry) — £o(Ny) and prp : La(AF) — fo(ASF ») be linear contrac-

tions; for instance, to fix the ideas, set

prar) = 7 /( u(s) ds

r—hx)+
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and
1 Tl TW,
panu(r) = ﬁ/ / u(8)L o p+y ds.
WX Jai—na) (ra—h)+ {seal}

Above, s; = sV 0 for any s € R. Let us say that a sequence uy € ¢2(Ny)
converges to u € La(R4), which we denote u = limuy, if

li — = 0. 3.22
AI?OIHUA P2, (3.22)

The same definition applies for sequences uy € €Q(AI>\) and, accordingly,
for the limiting u in Lo(A}}). Note that, in both cases, if u = limy o uy and
v = limy g vy, then

1££%<u>\,v/\>27>\:/0 u(r)v(r)dr,
respectively,

1' = .

/\I%W,\,wb,x /M u(r)v(r) dr

STEP 1. (Convergence of one-dimensional and product semi-groups.) Recall
that T, is an integral operator whose kernel h; is defined in (2.7). [15, Propo-
sition 3] implies that if a sequence fy € ¢2(Ny) converges to f € Lo(R), then,
for any t > 0,

1;3(} LA (s) /) he(r, s)f(s)ds, (3.23)
seNy

in the sense of (3.22) above. In particular, for any f,g € Co(Ry),
hm hy Z Z T+ Af(s) / / r)he(r,s)f(s)drds.  (3.24)
rEN) s€ENy
We claim:

Proposition 1 Assume that the sequence fy € fa(A n)\) converges to f €
Co(A}). Let o be a permutation of {1,...,n}. Then, for any t > 0,

im > [[2530 0 / Hht ri,50,)f(s) ds, (3.25)

seat i=1 An =1

in the sense of (3.22) above. In particular, let f,g € Co(AY). Then, for any
t>0,

g%h;\l Z Z H r:—sf\f /A+ A+ r Tiasoi)f(i)d£d§'

feAi,)\ QGA:A i:l
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STEP 2. (Karlin-McGregor formula and probabilistic estimates.) In order to
apply a general Karlin—-McGregor formula we need to introduce the set of non-
colliding trajectories. More precisely, for u,v € N let Aﬁ/ﬁN, 4 be the set of n
trajectories X starting at u at time M, ending at v at time N, staying positive
during the time interval {M, ..., N} and satisfying

X #X; Vje{M,...,N}and { #k. (3.27)

For each N > 0 we shall use for the shorthand notations AR, = Ay v - and

./Zl]g\,a = A%JQ\, - Furthermore, as in (3.18), we use notation Atﬁ” 2 and At T
for the rescaled trajectories.

Let 1,5 € AZ,/\. By an application of Karlin-McGregor formula (see [17,
Section 5]),

de{Zi 15} = 20 24T (3.28)

Above, (s,)i = So,-
Recall our notation for rescaled norms: || fx[|3, = h% >, f3(r). We claim:

Theorem 3 (a) For any to > 0 and for any non-trivial permutation o # 1d,

lim > ZAATILIA () = (3.29)
§€A:/\

in the sense of (3.22), uniformly in t > to and in ||fa]l2,x = 1.

(b) For any to > 0,

lim Y (ZaAS ] = 2P ) Fals) = (3.30)

AL0
+
§6An7)\

as well, also uniformly in t > to and ||fall2,x = 1.

Recall our notation Zt+)\ = Z,\[PtJr)\] and ke(r,s) = det{h(r;,s;)}
Proposition 1 and Theorem 3 imply:

Theorem 4 For any t > 0 and any sequence fy € EQ(AZ’)\) with limy o fx =

f7
lim ZEs als) = /A+ ke(r,8)f(s) ds. (3.31)

A0
seal

n

In particular, for any f,g € Co(A)),
lﬁrolh)\ Z Z 9(r) 25 3 f( /A+ /AJr r)ke(r,s)f(s)drds. (3.32)
fEA;A §€A:A

STEP 3. (Tightness.) We claim:

Proposition 2 Fiz anyT > 0. Under the conditions of Theorem 2, the family

{Pe> z Ay Of probability distributions on C([=T,T], Al) is tight.
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STEP 4. (Mixing.) Let dpv denote the total variation distance. We claim:
Theorem 5 For any C < oo, there exist c1,co > 0 such that, for any K > 0,

dTV (PfiT)\’Pijf\ﬂ) S 016_02K, (333)
holds uniformly in X small, a,b € Zy with a,b > (K + T) and uniformly in
78w,z € AY  with T, $p, wn, 2n < C.

STEP 5. (Convergence of finite-dimensional distributions.) Fix T' > 0. Let Ay |
0 and let ay € Zy,, satisfy limay = co. Let f, g € Co(A]) be two non-negative
and non-identically zero functions. For M € Zy, M > T, define the partition
functions (rescaled as in (3.18))

Z =05 D0 D 9Zy f(s) > (3.34)
reAf seAf
and let IP’%’Z +T/\ denote the corresponding induced probability distribution on

C([-T,T],A;). By Theorem 5, under the conditions of Theorem 2,

i i U-H ST o
Allgnoo ]\;gnoo dTV (PaNﬂL;)\N P?\/[Jr /\N) - 07 (335)

uniformly in 7,,s, < C.
Let now —T < t; < to < ...ty < T and let uy,...,uy, € Co(A}). By
Theorem 4,

li E‘Lfy ( i z ):
A H“

fg(ﬂ)fﬁt1+M(£7£1)U1( Y [ (™) [ Kar—e, (0™, 8) f(s) dsdr™ - - - dr
J [ 9(r)ran(r, 5)f () dsdr '

(3.36)

Above, all integrals are over Al In view of (2.14) and by the definition of the
semigroup S; in (2.15), the formulas (3.35) and (3.36) imply:
Proposition 3 Fiz T >0, —T <ty <ty < ...ty, <T and let uy,...,u, be

bounded continuous functions on A} . Let A\x and an satisfy the assumptions
of Theorem 2. Then,

)\ _
J\}gnoo EaN +,AN (H Uil\Z N ) -

/A Yus (r /th 1 (e us(r / /t (™ ™y ™ dr

(3.37)

umformly in rn, s, < C. Above, q; is the transition kernel of S, as defined
n (2.16).

STEP 6. (Conclusion of the Proof.) By Proposition 2, the sequence of mea-

sures {]P’Z;:I_;/\N, Tnysn < C} on C([=T,T],Al) is tight for any 7' > 0 fixed.

By Proposition 3, its finite-dimensional distributions converge to the finite-

dimensional distributions of the Dyson diffusion z(-) in (2.20). O
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3.8 Organization of the technical part of the paper.

Section 4 is devoted to the proof of Theorem 3. Propositions 1 and 2 will be
proven in Section 5. The proof of Theorem 5 is by far the most techically loaded
part of the paper, and it will be done in Sections 6 and 7. This proof relies on
the probabilistic estimates (I.1)—(I.3), which are formulated in Subsection 7.1
and are based on strong approximation techniques and on invariance principles
for random walks in Weyl chambers. The derivation of (I.1)—(1.3) is relegated
to the Appendix.

4 Proof of Theorem 3
4.1 Preliminary estimates.

Let us start with three preliminary estimates. The first one is just a rough
local CLT estimate for the underlying random walk without area tilts: Recall
that whenever we write quantities like Z: i \» We are implicitly assuming that
teZy= hiZ and that r,s € Ny = hN.

Lemma 1 For any tg > 0, there exists a finite constant c1(tg) such that

sup sup Zgj \ < ca(to)ha, (4.1)
t>to r,sENy T

for all X sufficiently small.

Indeed, since Vi >0, Z,; , < P§ (a(t) = s). O
Next, following [15], let us introduce
Srd 51,8
Ziin= D A (4.2)
seNy

Lemma 2 For any tg > 0, there exists a finite constant ca(tg) such that
sup h Z ZA:EX < ea(to), (4.3)
t=>to reNy

for all X sufficiently small. Furthermore,

. 51,0
lim sup h) Z =0, (4.4)
K—00 t>¢, TGZN:X LA
r>K

uniformly in \ sufficiently small.

Proof Under Assumption (3.12), it is straightforward to check that there exists
k = Kk(tp) > 0 such that

sup 7)) | < e rmin{ao(r/20%), (4.5)
t>tg
for all A small and all » € N. Both (4.3) and (4.4) follow now from (3.13).
Note that Lemma 2 is in general wrong without the additional Assump-
tion (3.13).
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The third estimate is again on the underlying random walk, or more pre-
cisely on two independent copies (x’\, y’\) of this walk. Namely,

Lemma 3 For any g € Ry and K € Ry fized,

lim max | max  PY@P}(2(8) > ()5 (1) # yX (1) VL € [0,6]0Z5) = 0.
(4.6)

Proof The claim follows from [20, Theorem 1] and local limit asymptotics for
random walks with exponential tails.

4.2 Proof of Theorem 3 (a).

Pick fx € fo(A} ) with [|fx]]3 5 = 1. Set

ux(r) = Z Z/\[AtJr/\]f)\( s). (4.7)

seAl |

In order to prove (3.29), we need to check that, whenever o # Id,

lim A% Z u(r)?> =0, (4.8)

A0
KEAI, A

uniformly in f with || f>\||§7/\ = 1. By the Cauchy—Schwarz inequality and
Lemma 1,

(Z Zy\| Zf,\ ())2

seAt |
(Z Z] t+,\><z ZH[A ?+,\ ())
SEAL SEAL
<ealto)” Y ZAT) (4.9)
ﬁeAI,A

If o # Id, then there exist ¢ < j such that o; > 0. In this case,

PORAEENESTNGERN | Rt

seAt i

where the partition functions Z:_? , were defined in (4.2) and, for r, s € A;)\,
we define s* = (s1, $2)* = (s2,51) and

X =Y ZAE . (4.10)

§€A;A
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In view of Lemma 2, (4.8) would follow once we check that

lim h3 Z X;’:)\([):O. (4.11)

A0
real,
Given K > 0, let us define

ex(K) = sup hy Z Ztrf 3\ (4.12)

reNy
r>K

By (4.3) of Lemma 2,

Z XA (1) < QK) + 2en(K)ea(to) + h3 Z Xia(r).  (4.13)
KGA;)\ KGA;A
0<ri <ra<K
Next, by (4.4) of Lemma 2, the term ex(K) — 0 as K tends to infinity,

uniformly in A small enough. Moreover, choosing ¢ = K2 > to == 50, we infer
from Lemma 3 that

1 F(r)=0 4.14
i%f§£o<rrln<aﬁ§<z<xﬂ*(z) ; (4.14)

and hence the third term in (4.13) tends to zero (as A tends to 0) for any K
fixed. (4.11) follows. O

4.3 Proof of Theorem 3 (b).
Fix tg > 0. We should check that

lim sup hYy Z AT )ZA[ t+ A \73{7 1fx(s) =0, (4.15)

MO jigallz =l fall2,a=1

uniformly in ¢ > to. By definition, any path z* € Afi /\\Pt A (of the random
walk in discrete Zy-time, rescaled as in (3.14)) has to exit A+ , on its way from
r to s. Let 7_ and 71, 74 € Zj, be, respectively, the times of the first and the
last visits to {A+ 116 Again, by definition of A%® | the points z*(74) belong
to

t,+,\

[AI)\]G} = {Wai we A:,A}»

for some permutation o4 # Id, which of course depends on the particular
realization of 2. Since either

(i) 7— <t/2 or (i) t— 71y <t/2,

(4.15) follows by the same arguments as employed for the proof of (3.29)
(although, in case (ii), the latter should be applied to the reversed walk).
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Indeed, let us fix a permutation o # Id. Consider the following modification
of (4.7): Set n = o~! and

UA(E):uéT[f%(t] > ZaAT I (s). (4.16)

éeAn,A

For r,s € A:A define,

pa(r,s) = Zy[22(0) =1, 2 (7-) = s,].

Above, {z*(0) = r, 2*(7_) = s,} is the set of trajectories started at time
zero in r and arriving, at their ﬁrst exit from A" noas 1O the point s, € [An NES
Clearly, for any A > 0,

> palrs) <1, (4.17)
S
Furthermore, under Assumption (3.13), there exists a constant ¢ such that

ZP,\(Z, s) < cs, (4.18)

for all A small enough.

We can now bound from above the contribution of (i) with x*(7_) €
[Aj; \Jo to the sum in (4.15): applying the Cauchy-Schwarz inequality and
the bounds (4.17) and (4.18),

R ga(r)pa(r, s)ua(s) <

rs

and one can then proceed as in the Proof of Theorem 3 (a) to show that
O

1im,\w

5 Proof of Propositions 1 and 2
5.1 Proof of Proposition 1.

Let us consider f € Co(R"}) and fy € £2\(NY). The convergence limy o fn = f
is still defined via (3.22) with

P, nu / / S §. (51)
(ri—=hx)+ J(rn —hx)+

If ux € £2(N}) converges to u € La(R"}), then, evidently, 2 u,\][A+A€

l5(A n/\) converges to 4 2 ully+ € Lo(A}). Hence, (3.25) will follow if we
check that

l)}?é Z H :,J,rsl)\ / Hht T‘“Sl (52)

seNY =1 +z 1
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whenever f € Co(R"}) and limy o fr = f.
Next, we may assume without loss of generality that fy = px,f. Hence,

there exists B > 0 such that both f and fy vanish for r & [0, R]* 2 Q2.
In other words, we can restrict our attention to fi € l A(N} N 2z) and
e Co(f2R).

The rest is a monotone class argument based on (3.23): Let H g be the fam-
ily of bounded measurable functions on {25 such that (5.2) holds. By (3.23),
the family Hp contains all the products []}_; f;(r;) of bounded and measur-
able functions f1, ..., f, on [0, R]. In particular, Ip,,, € Hpr. Next, by linearity,
f,9 € Hp clearly implies that af + bg € Hp for any a,b € R. Finally, if

0< M <<

is a non-decreasing family of functions from Hp and if f = lim f*) exists
and is bounded, then limy_, ||f — f*)||2 = 0. Since py , are contractions,
I = f>(\k)||2,>\ < |If = f®z for all A > 0. On the one hand, in view of
Lemma 1 and (2), an application of the Cauchy—Schwarz inequality yields

S’Z(Zﬁ%’li&w ) < (h”ZHfo&)(Cl(to)”h’izuA(ﬁ)z)

s 1=1 r,s 1=1
< (e1(to)ea(to)) " uall2., (5.3)

uniformly in ¢ > tg. In particular,

1> H 27\ () = AP (5) || < (er(to)ea(t))"IIF = FPo,

s =1

uniformly in ¢ > ¢3. On the other hand,

||/ TT kel s) (F(5) — £ () s, < 1F — £©

+7,1

(5.2) follows, for instance, by a diagonal procedure.

5.2 Proof of Proposition 2.

Note that our proof of Theorem 5 below, and hence our proof of Proposition 3,
does not rely on the tightness property which we are trylng to establish here.

By Proposition 3 the one-dimensional projections of IPL* Y that is, the

distributions of z*~ (t) for each fixed [t| < T, converge.
Then, according to [1, Theorem 8.3], the family {IPE;Z; Ay ) 18 tight if for
all positive v and S there exist § € (0,1) and Ny such that, uniformly in

te[-T,T],

Paian( Jip N6 -2 W2 ) S8, NN G
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Since ay tends to infinity, it suffices to prove (5.4) for ¢ = 0.
Recall that T is fixed. We may assume that ay > T. Now, the exponential
mixing bound (3.33) implies that the following holds uniformly in M > 2T

r,s;T
P;N,“D)\N( sSup |2AN (3) - lAN (0)‘ 2 7)
s€1[0,6]
<e M4 PPl (sup |22V (s) =2 (0) = 9). (5.5)
T s€1[0,4]

Since the potentials V,, in the definition of tilted measures are non-negative,
the latter probability is controlled in terms of the underlying random walk:

1
< Py (sup |22 (s) — 2™ (0)] = 7).
ZM7+,)\N s€[0,0]

It follows from Theorem 4 and the definition of the kernel x; that there exists
ca = ca(g, f) such that

g.f —coM
ZM,+,/\N ze :

From these estimates and (5.5), we conclude that

28T by A
Py (sup |27 (s) — 2™ (0)] = 7)
s€1[0,0]
g efclM +662MP)\N( sup |£)\N (8)
s€[0,0]

—z™(0)] 2 7).

An application of the standard functional CLT (recall our assumption (3.3)
on unit variance) yields the inequality

limsup Py, ((sup |22V (s) — 22V (0)] > 7) < e 7/,
N—oo s€[0,6]

Consequently,

limsup PE2T(sup |2 (s) — 2V (0)] 2 ) < em M M,
N—oo T s€[0,6]

Choosing M = Sf 5 (and assuming that the parameters are tuned in such a
way that M > 2T§, we finally obtain

limsup BT L (sup (2 (s) = 2 (0)] 2 7) < 2677/,
N—oo T s€[0,0]

where ¢ = min{ g, 1}. Thus, (5.4) is proved.
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6 Proof of Theorem 5

Throughout this section, we shall assume that H3 € N; this implies that
Z C Zy. In particular, the values of rescaled walks z*(¢) in discrete Zjy-time
are well defined for any ¢ € Z.

6.1 Regular set A", regular intervals and good blocks.

Fix n < oo large enough and € > 0 small enough. The regular subset A" C AF
is defined as (under the convention that zo = 0):

AP = {g €Al 1z, <n and min(z; —z; 1) > e}. (6.1)

i<n

The notion of regular interval is defined relative to a given continuous A}-
valued function z(-). Namely, an interval [¢, ¢ + 1] is said to be regular if

z(0),z(¢+1) € A" and teI[Ifl,%il] xn(t) < 2. (6.2)

Consider now the intervals D, = [2¢,2(¢ + 1)], which we shall call blocks. A
block is a union of two successive unit length intervals,

Dy =[20,20+1]U[20+1,2(¢+ 1)] £ D; U D}

We shall say that D, is good if both DZ’ and D, are regular. If the notion
of goodness is defined with respect to random trajectories, namely z*(-), then
we shall also use Dy for the corresponding event.

Lemma 4 Define AZ; = AN A:ﬁ/\, There exist two constants c1,ca such
that

erhy <PG3 1 (2(1) =5 Do) < cah}, (6.3)
uniformly in XA small and inr,s,z € A:;

We prove Lemma 4 in Subsection 7.2.

6.2 Good blocks for a couple of trajectories.

Consider now a couple of independent trajectories (z*(-),y*(-)) (rescaled as
in (3.14)), distributed according to

w

Poia OB
Set 3M = min{a,b}. For Dy C [-2M,2M], let us define

Dy = {Dy is good for both 2 and g)‘} and Mg = Z Ip,.
—M<e<M-1
(6.4)
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2n

7 2 2 2 % 2 T

Fig. 1 Decomposition of the line into blocks. The shaded blocks represent jointly good
blocks. Note that, in this case, the couple (z*(-),y*(-)) must be such that all trajectories
stay inside the shaded area above jointly good blocks and cross the bold line segments in
such a way that their n paths xi‘, RN :):2, resp. yi‘, RN y,);, are e-separated. Consequently,
z*(-) and y*(-)) can be coupled with positive probability, independently over each such
jointly good block.

Lemma 5 There exist v > 0 and k > 0 such that
P @PYE (Mo <vM) <e ™M, (6.5)
uniformly in A small, M large and 1y, Sy, Un, vy < C.

The proof of Lemma 5 is relegated to Subsection 7.3.

6.3 A coupling argument.

Fix A small, a negative integer a < —27T and r € A:; For K € N and
u,v € A;‘;’;\, define

Q%(’y(') = Pﬁ%}(+1,+,>\ ® Pi’,%KJrl,Jr,)\(' ‘ ”D;(), (6~6)
where, similarly to (6.4), we define
D7 = {DF is regular for both z* and v}

In this way, D, =D, N @2‘. As before, the number M of good blocks D, for
te{l,...,K — 1} is defined by

K1
Moy = Z Ip,. (6.7)
=1

Let Fr = F2 be the o-algebra generated by rescaled trajectories (3.14)
on [—2T,0]. For the o-algebra generated by a couple of such trajectories
(2*(-), (), we use Fr x Fr. Given A € Fr, A x (2 stands for the event

that z*(-) € A without further restrictions on y*(-); £2 x A4 is defined similarly.
Define

Y(m)=sup sup sup {QE“(Ax Mo >m)—-Qp*(2xA;My>m)}.
K>mg,y€A:”; AeFr
(6.8)

Lemma 6 There exists 6 > 0, which does not depend on A, a and r, such that

(m) < (1-8)™. (6.9)
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Proof The idea of the proof is sketched in Fig. 1.
Let K, u and v be as above. Define

7 =max{f < K : D, occurs}.

For any A € Fr x Fr, consider the decomposition
@ (A Mo > m) z W AiMoz mir=0).  (6.10)

In its turn, let us decompose each summand in (6.10) as

QR (A Mo =msT=0) = > QE¥(AMo>mim=6{z,y}e), (6.11)
EEGAH,A
where we used the shorthand notation
{z,y}e= {220+ 1) =2; y (20 + 1) = y}.

Now the Markov property implies that

QR (A Moz m | r=b{zyh) =@ (A Mo 2m—1).  (612)
Therefore,
K-1
Q% (i Mo = m) = QP (s Mo = m 1)
Z:l z,yEA ;\

o QE({ayde | = OQEE(r = 0). (6.13)

This means that, for any A € Fp, and for any m, K,u,v in question, the
following holds:

Q%(’E(A X 2; Mg > m) —Q%(’Q(Q x A; Mgy > m)
=Y {QH(Ax Mo =m—1) = Q% (2 x Mo >m—1)}

L,z,y
x Qg ({z yhe | 7= 0)QR"(r=10). (6.14)
Since, evidently,
QGHAX EMoZm—1) =QFH(Qx AMoZm—1).  (615)

all the terms with 2 = y in (6.14) vanish. On the other hand, each unordered
pair z # y is encountered exactly twice. Hence, again in view of (6.15), the
contribution of each unordered pair x # y to the right-hand side of (6.14) is
equal to

{(@f’g(A X 25Mo>m—1) — Qf’g(() X AiMo>m—1)}
x (@8 ({,y)e | 7 =€) —QE ({y.z}e | 7= 0)}. (6.16)
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On the other hand, by Lemma 4,

K ({zyle | 7=10)
az= Q%{Q({g,g}g ’ p— 6) < ¢, (6.17)

uniformly in all the situations in question. Set § = 2—; Then, (6.17) implies
that the expression in (6.16) is bounded above by

Y(m — 1)(1 = 8) max{ QL2 ({z y}e | 7 = 0), QL2 ({y,z}e | 7= 0)}
< p(m — 1)1 = 8){QL%({z,y}e | 7= 0) + QL2 ({g.z}e | 7= O)}. (6.18)

Since Q%" is a probability measure, substituting (6.18) into (6.14) yields the
conclusion (6.9) of the lemma.

6.4 Conclusion of the proof.

We are in a position to conclude the proof of Theorem 5. Let a,b > (T + K)
and r,s,w,z € A:’/\ with r,, Sn, Wn, zn, < C. Let A be an event generated by
the rescaled trajectories of (3.14) on [—T,T]. Then,

]P):;ik(A) - Pbﬂ,f,/\(A) = ]Pﬂaix ® Pbﬂ,f,,\(I[Afo - ][QxA)'
Consider a pair of trajectories (*(-), y*(-)), sampled from P75 |\ @77 . Let
M be the number of jointly good blocks D, with T' < 20 < T + K — 2,
respectively =T — K <2/ < —T — 2.
By Lemma 5, there exist v/, k" > 0 such that, up to the 2e
we may restrict our attention to the event

’ .
—# K correction,

EK = {M+ Z I//K} N {M_ Z V/K}.
On the other hand, by Lemma 6,
Pﬁ:i,)\ ®Pbﬂ’f’)\(]IEK(]IAXQ — ]IQXA))‘ <(1- (5)V/K.

Our target exponential mixing bound (3.33) follows.

7 Proof of Lemmas 4 and 5
7.1 Probabilistic estimates.

Our proofs of Lemma 4 and 5 rely on strong approximation techniques and
on refined information on random walks in Weyl chambers. There are three
inputs, (I.1)-(I.3), which are stated below, but proved in the Appendix. In
the sequel, we fix n sufficiently large; in particular, n > C, where C is the
constant which appears in Theorem 2. Furthermore, we fix ¢ > 0 sufficiently
small.
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First of all, we claim that, for any 0 < a < b < o0, there exists v =
v(a,b) > 0 such that

Pr At) =z, As) < 2n) > vhY, I.1
raa(@(t) zsrg[gfi]wn(S)_ n) = vhy (L1)

uniformly in ¢ € [a,b], 7,z € A} and A small.
Next, let
T=inf{t>0: 2" ¢ Aj;)\} (7.1)

be the first exit time of the path from A;A. We then claim that, for any
0 < a < b < oo, there exists p = p(a,b) such that the following two lower
bounds hold uniformly in ¢ € [a,b], u € A:; y with u, <7 and in A sufficiently
small:

Py ( mex ap(s) <2 |7 >1t) =p, (1.2)
7 tse(0,t
Pr (@) e ALY | o ah(s) <20, 7 >t) > p. (I.3)
T ’ s€[0,t

7.2 Proof of Lemma 4.

Since, by definition, the area-tilt of every path in Dy is uniformly bounded, it
suffices to prove the lemma for random walks without area tilts. That is, we
need to show that

crhy < P35 (2*(1) = 2| Do) < ¥, (7.2)

uniformly in 7, s,z € A:’;\.
We first note that upper bounds for f’i’)\(Do,g)‘ (2) = s) and f’i)\(gk(l) =

2, Dy, 2*(2) = s) follow from the classical inequalities for concentration func-
tions. Indeed, by [9, Theorem 6.2], there exists a constant ¢z such that

. A C
PLEN0) =y) < PN =y) < 53, (7.3)
uniformly in r,y and ¢ > 0.
Consequently,
P’ \(Do,2*(2) = 5) < P5(a(2) = 8) < 7513 (7.4)
and
PL(2)(1) = 2, Do, z(2) = 5) < P5(2*(1) = 2,27(2) = 5)
=P5(z*(1) = 2)P5(z* (1) = 5)
< 3h3, (7.5)

. . +or
uniformly in r,s,z € An’x
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The corresponding matching lower bounds follow from (I.1). Indeed,

+.2
=P, (1) =2 max A1) <2m)PL L (2M(1) = s, , MBX T, A(t) < 2n)
ry
> cahy", (7.6)

for any r,z,s € A+ Since the cardinality

+,r
’An,)\ =

(e)n"hy", (7.7)
we infer, by summing over z in (7.6), that
P (z*(2) = 5, Dy) > csh}. (7.8)

It remains to note that the lower bound in (7.2) follows from (7.4) and (7.6),
and that the upper bound in (7.2) follows from (7.5) and (7.8).

7.3 Proof of Lemma 5.

The proof of Lemma 5 proceeds in two steps.
Consider the 5-blocks

5 A
Dé )2 Dy 5UDsp1 UDsp U Dsgyy U Dy,

where ¢ € {—|M/5]|,...,|M/5]|} C Z.
Let us say that a 5-block D§5) is pre-good (relative to a trajectory z*(-))
if both
A A
t), t) <n. 7.9
(i wn(t), min () < (7.9)
Given a couple of trajectories 2* and QA, let @f) denote the event that D§5)
is pre-good for both z* and y)‘.
STEP 1. Note that the definitions are set up in such a way that D5, is the
middle section of D§5). We claim that there exists p1 = p1(n,€) > 0 such that

P22, , 2 (Do'is good | DY s pre-good) > pu, (710)

uniformly in 7, s € A . and A sufficiently small.
As aresult, for any ¢ € {—|M/5],...,|M/5]} C Z,

o3\ @ PR, (D5 | D)) 2 4, (7.11)

uniformly in r, s,u,v € Aj;/\ and X small enough.

By the Markov property, this means that any jointly pre-good 5-block gives
rise to a good block in its middle section with probability at least p?, regardless
of the behavior of trajectories outside this particular pre-good 5-block.
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t1 ty

Fig. 2 A picture of the 5-block Dés). In the picture, this 5-block is pre-good, since the top-
most path (here n = 3) visits the shaded areas in the blocks D_g and Dg; the corresponding
random variables ¢; and ¢ are also represented. The event Dg also occurs: the top-most
path stays inside the shaded area above the block Do = D, U D(T and the n = 3 paths
stay € apart from each other and the bottom wall at the boundary of Dy and DO+ (the
corresponding positions of the 3 paths there are marked with dots).

STEP 2. In this second step, we control the density of jointly pre-good 5-blocks
D' which lie inside [~2M,2M]. Define

[M/5]

Mé5) = Z ]1925) .

j=—[M/5]
We claim that there exist v® > 0 and x(®) > 0 such that

Poia® Pﬁ’f,A(Més) <v®M) < e, (7.12)

uniformly in A small, M large, a,b > 3M and r,, Sp, up, v, < C.
Evidently, (7.11) and (7.12) imply the target bound (6.5).

7.4 Proof of (7.10).

We are going to show that

Py avts s 2 (Do) > p1, (7.13)

uniformly in w,v with w,,v, < n, T1,Ty € [0,2] and A\ sufficiently small.
The target (7.10) is an immediate consequence by the Gibbs property and
conditioning on the left-most t_ € [—4, —2] and the right-most ¢ € [4, 6] such
that z)(t_),x)(t;) < n; see Fig. 7.4.

The proof boils down to deriving an appropriate upper bound on the par-
tition function Z*y" 1. ,, 4, |y and an appropriate matching lower bound on
the constrained partition function Z%’iTh 4Ty 4 A[Dol-

In the sequel, z* stands for the reversed random walk with transition
probabilities , = p_,. Let 7 be the first exit time of z* from A", We
assume that the constants v and p in the probabilistic estimates (I.1)-(1.3)
are chosen in such a way that the corresponding bounds hold for the reflected
process as well.
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STEP 1. (An upper bound on Z%’QQ_T174+T27+’/\.) Since we are dealing with non-
negative potentials,

Z%g—Tl,ﬁl—‘rTg,—‘r,)\
< P%—&-Tl,)\(T >2+T) Héi’j Pg,,\@/\@) = 3) IA’%JrTQ,,\(% >2+Th)
L,SC8, A
< ahiPy g (7> 24+ TPy 0 ((F> 24 Th). (7.14)

The second inequality follows from the concentration bound (7.3).

STEP 2. (A lower bound on Z%Z%Tl, [Dy].) By our assumption (3.12),

4+To, 4,

Z%,QB_Tl A+, 4+, (DO) =

o~ 10na0(2n) pt

—2—T1,4+T2,+,>\(D07t max an(t) < 2n,2M(4+T) = v).

€[—2-T1,4+T>]
(7.15)

Above lsf ¢+ 1s the provisional notation for the restriction of the law of the
rescaled walk started at time s at v to the set of trajectories which stay inside
Aj; ), during the time interval [s, t].

The probability on the right-hand side of (7.15) is bounded below by the
following product of three factors:

Poima(T>2+ T, max, zh(t) < 20,272+ Th) € ALY)

X min f’§+ )\(DO,QA@) =5)
rseatl TV

DU ~ ~A ~A +,r
x Py (F>2+ Tg,tgiir)éb Ip(t) < 20,222+ Tp) € AJY). (7.16)

On the one hand, in view of (7.8), the middle factor is bounded below by coh%.
On the other hand, the probabilistic bounds (1.2), (I.3) imply that the left-
most factor in (7.16) is bounded below by pQP%+T1,A(T > 24 T1). Similarly,
the right-most factor in (7.16) is bounded below by p2f’§+T27>\(? > 24 1T5).
Hence,

Z4Y vy Do) > cspthy Py o A(T>2+ TP o \(F>2+4Th).
(7.17)
Since

IP)E’E (DO) _ Z%)QE—T1,4+T27+7)\[DO]
—2—T1,4+4T5,+,\ -

9

U,V
Z—2—T1,4+T2,+,)\

(7.13) directly follows from (7.14) and (7.17). |
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7.5 Proof of (7.12).

We start by deriving a lower bound on partition functions, as this will allow
us to exclude sets of pathological trajectories.

Lemma 7 There exist constants ¢; = ci1(n) and ca = ca(n,n) and a suffi-
ciently large value Ty = Ty(n) such that, for all T > T,

ZF5 > e TP\ (@*2T) = 2), (7.18)
uniformly in A small and in z,, w, <n.

Proof The point is that constant ¢; does not depend on 7, only on the dimen-
sion n. The dependence of ¢; on n is expressed in terms of the dependence of
€ (in the definition of the regular set A:;’;, see (6.1)) on n. We shall work with
a fixed small value of € > 0 which satisfies

ne < 1. (7.19)

In the sequel, we consider T' > 2. Let A’} (a) = A1 n{z : z,, < a}. Consider
the events

£- = {max on(t) <2n,2(1) € AT (D}

= Aty <2n,z(2T —1) e ATI(1 2
Er={, s,y 7 <202 —D €AW} (720)

and

Er = At) < 2).
T {te[rll??TX—l] a(t) < }

On the one hand, by (3.12),

ZFs > e troCnino@TpE, (£ Ep,Ey,22T) =2).  (7.21)

On the other hand,
hx
Tn/2°

1§'2£T7+,/\ (QA(QT) = é) < 03151%,\ (r>1) Pi,\ (7>1) (7.22)
Above, we relied on the concentration bound (7.3).

In order to compare the probabilities appearing in (7.21) and (7.22), note
that an application of (I.1)-(I.3) (and the observation that, as in (7.7), the

cardinality ’Azg(l)’ > cq(€)hy ") yields

Py (6, &0 E0,20(2T) = 2) > sPY,\ (7 > VP, (F > 1)

1
x  min Py ZMt) <2, 22T —1)) =v). (7.23)

max
w,wEAT (1) t€[0,2(T-1)]
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B B,

Fig. 3 The definition of the random variables B_ and By . Note that the shaded areas are
necessarily below the path y?{ and thus contribute to the area-tilt.

However,
min P% max m;\L t) <2, 2M2AT 1)) =v) > e—co(OTpn
woeats DA (B e ®) <2, 2T - 1) =) A
(7.24)
Indeed, consider n walks 2, £ = 1,...,n, going from u, to v, inside space-time

tubes of width €/4 centered around the space-time segments [(ug, 0), (ve, 2(T —
1)]. By construction, these walks stay in A:,/\ N{z : x, < 2}. By a coarse
splitting into time-blocks of lengths of order €2, we bound from below the
probability of staying within such tubes by e~°¢(9)T_ Applying the local CLT
for the last step, we bound from below the probability of ending up in z by a
multiple of hY. (7.24) follows.

The bound (7.18) is a direct consequence of (7.22) and (7.21), (7.23) and (7.24).

Let us resume the proof of (7.12). Without loss of generality, we shall assume
that « = 3M and b > a. In the sequel, the trajectory z* is sampled from
]P’ii/\ and y* is sampled from Pﬁf_’)\. Recall that 7, s, Un, v, < C < 1.

In principle, b can be much larger than M. Let us verify that one can
restrict our attention to the case where b is of the same order as M. Define

the random variables By > 0 via (see Figure 7.5)
—2M — B_ = max{t < —2M : y)(t) <n} (7.25)

and, accordingly, 2M + B, = min{t > 2M : y)(t) < n}. By the Gibbs
property,

7+
w,z . A : A
max P, min o () A min  z,(t) > n).
Wy 2 <77 _ZM_b*72M+b+’+’/\(te(72M7b,,72M]"() te[2M,2M+b+)n() ")

Therefore, in view of (3.12),

P 2MT) = z
Py \(Bx = by) < e 0= max rea (1) 7), (7.26)

W ,2n <N ZA%’f N

where we have set T = 4M +b_ +b,.. Using the lower bound (7.18) on Z%f»
we conclude that

Pyt A(Bx =bs) < c7(€)ecs(OM=(b—Fbi)q(m) (7.27)
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Therefore, if we choose 7 so large that

qo(n) > 2cs(e), (7.28)

then we may ignore the case by > M.

Consequently, (7.12) will follow once we check that
r.s uw 5 R®
Porpa ® IP:bl,bQ,Jr,A(ME) P <M < e M (7.29)

uniformly in A small, M large, by, be € [2M,3M] and 7y, Sy, Un, Up < 1.
If we choose v(®) to be sufficiently small, for instance smaller than 0.2,
then, by (3.12),

LR

2w 5
A QPR (MY <O M)

qq (7 Pl A M = Pl A b =
o M 6,40 (27 (3 T,z é)u2+b2,+,x(y (b) @). (7.30)
3M,+,2% by ,ba,+,A

Taking 1 and M large enough and applying (7.18), we arrive to (7.29). O

A Strong approximation techniques.

In order to prove (I.1), we are going to apply strong approximation techniques from [6]. By
rescaling, it is sufficient to consider the case t = 1.
In the sequel, Pi denotes the restriction of the law of the n-dimensional Brownian

motion B started at r to the set A}.
Define .
Oc(z) ={y : lyi — 2zl < 3 for all i}.

It follows easily from [6, Lemma 17] that

ST A1 . X(g) <
P (1 —7) € Oc(z), max z(t) < 2n)

= PL(B(L—7) € Oc(z), max Ba(1) < 20) +o(1),

uniformly in r, z € A:;\ This implies that there exists a constant c(e,n,7) > 0 such that

P- (21— A < > .
P+,)\(£ (1 ’Y) € Oﬁ(é)vtgla_x’ymn(t) = 277) = 0(67"777)7 (A 1)

for all r,z € AI;\ Since Oc(z) is separated from the boundary of AL, we may choose y
so small that the probability that the random walk z* started at Yy € Oc(z) has, at time
v, the value z and leaves A:t » before time v is quite small. This heuristic is made precise

in [6, Lemma 29]. In our notation, we can state that result as follows: There exist a > 0 and
c1 < oo such that

S5Y
Pl (@) =2z rtngzﬁ(t) < 2n)
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By a similar argument, one can show that
Ay ~ Y _ _ 2
PR () = 2, maxa) (1) < 20) > PY( (7) = 2) — oy /e T,

Finally, by the standard local limit theorem,
Pl (v) = 2) > cay "/ 2hY.
As a result, we have the bound

Pl (@ () =2z max o) (t) < 2n) > eah,

uniformly in y, 2 € A:’:\. Combining this bound with (A.1), we infer that

P, @ (1) = z maxa) (1) < 2n) > eshy, (A.2)

uniformly in r,z € A::,’;\' ;

B Invariance principles for random walks in Weyl chambers

Conditional limit theorems and conditional invariance principles for random walks in differ-
ent cones have been studied in [6] and [8]. All the results in these papers are proved in the
case when the non-rescaled walk starts at a fixed point. In this paragraph, we give certain
improvements of these results to the case when the starting point of the non-rescaled walk
may grow (but we shall consider walks in Weyl chambers only).

More precisely, we shall consider the following subsets of the Euclidean space:

— chamber of type A: {z: 21 <z2 < ...<2Zn};
— chamber of type C: {z: 0 < z1 <z2 < ... < Zn};
— chamber of type D: {z: |z1| <z2 < ... < Zn}.

Let uy denote the unique (up to a constant multiplier) positive harmonic function on

— if W is the chamber of type A, then uw (z) = [[;;(z; — 2i);

— if W is the chamber of type C, then uw (x) =[], =& HZ<J($§ —z2);

— if W is the chamber of type D, then uw (z) = [[;; (z? —z2).
Proposition 4 Let W be a Weyl chamber of type A, C or D. Let T be the first exit time
from W that is,

T=1inf{t >0 : 2(t) ¢ W}.
Then, asT =1, — 0,
lsﬁ(gk(l) € - |7>1) = p  weakly,

where p s the probability measure on W with density proportional to uW(m)e_mz/Z.

Furthermore, under f’ﬁ, ™
W started at zero.

converges weakly on C[0,1] to the Brownian meander in

By “Brownian meander in W”, we mean a Brownian motion conditioned on staying in W
up to time one. If the starting point lies inside W, then one has a condition of positive
probability. However, if the starting point lies on the boundary of W, then the probability
of the condition is zero and it is not at all clear how one can construct such a process.
Garbit [11] has constructed Brownian meanders started at zero for a quite large class of
cones. This class includes Weyl chambers.
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Proof The main difference with [6, Theorem 3] is that we find the limit for conditional
distributions without determining the asymptotic behavior of 15§ (7 > 1). (Recall once again
that [6, Theorem 3] is proven under the assumption r = hya for some fixed a € W.)

Fix some € € (0,1/2) and define the stopping time

Vxe = inf{t >0 : gk(t) € Wit

where
Wie={z €W : dist(z, 0W) > H; *}.

According to [6, Lemma 14],
A 2e
PL(r > H? vy > H %) < e alX) (B.1)
uniformly in r. Since we consider lattice random walks, there exists r; such that
Pi(r>1) >P(r > 1).

(If W is of type A or C, then we may take ro = hy(1,2,...,n), while if W is of type D,
then we may take ro = h»(0,1,...,n —1).) According to [6, Theorem 1],

f’i” (t>1) ~ C1hE,
where p is a positive constant depending on the type of W only. Consequently,

PY(r > 1) > Cah}, (B.2)
uniformly in r. Combining (B.1) and (B.2), we infer that

f’ﬁ(T > H;Qe, Vxe > H;Qe)
PL(r>1)

—0, AlO, (B.3)

uniformly in r. Furthermore, it follows from the exponential Doob inequality that
P 2 e
PL( max [aM(t) — 2 (0)] > 0)) < eI,

t<H}

where 0, — 0 sufficiently slowly. This implies that, whenever |r| < 6y,

f’i(maxtSH;Qe |z ()] > 26,)
— — 0. (B.4)
Py(t>1)
It follows now from (B.3) and (B.4) that, uniformly in r,
PX(r> 1) = (1+0(1)) PX(r > Lva . < HY*, max [a(t)] < 205) (B.5)
<vi,e

for any compact A C W.
Using the Markov property at time v ¢ and applying [6, Lemma 20], we obtain from (B.5)
and (B.6)

PX(r > 1) = (c3 + 0(1)) W} B [uw (2 (2,0)) 5 va,e < H§2€7tgllix |lz(t)] < 201]
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and

PL( (1) € A,r > 1) = (ea + o(1) hE /Auw(z)e-‘zlzﬂdz

x B [uw (2 (vae)) 5 vae < H;%,trggx lz(t)] < 20,].
VX e

Thus, the proof of the first statement is completed.
To prove the functional convergence, it suffices to repeat the proof of [8, Theorem 1]
using (B.3) and (B.4) instead of the corresponding estimates therein.

Corollary 2 Let W be the chamber of type C. If r = ry — r* € OW, then the sequence

Pi(g’\(l) € A| 7T > 1) converges weakly. The densities of limiting laws on W has are uni-

formly bounded. Moreover, z*

in W started at r*.

converges weakly on C[0,1] towards the Brownian meander

Proof We just split the original set of random walks into a finite number of subsets in
such a way that the differences of coordinates of the starting points in every block converge
to zero and the differences of coordinates from different blocks stay bounded away from
zero. Then, the probability that different blocks do not intersect is bounded away from zero
and, consequently, the conditioning on {7 > 1} is equivalent to conditioning every block on
staying in the corresponding chamber. (If 7§ > 0, then every block is a random block in a
chamber of type A, while if ri = 0, then the lowest block is a random walk in a chamber of
type C and all other blocks are random walks in chambers of type A.)

Proof (Proof of (1.2)) Assume that there exists a sequence r(j) such that
lf’f(i) (rtn<ai(:vf‘1(t) <2n|r>1)—>0.

Since we are looking at starting points r with r, < 7, there exists a convergent subsequence
7(jx). Let r* denote the limiting point. It follows immediately from the usual functional
CLT that the case r* € W is impossible. But, if r* € W, then we may use Corollary 2 to
conclude that the Brownian meander in W started at r* leaves the set {x € W : z, < 2n}
with probability one. However, this would contradict [18, Theorem 3.2]. Thus,

3 pr A
izlrrifgnpm(x?gmn(t) <2m|7>1)>0, (B.7)

which implies (I.2).
Proof (Proof of (1.3)) Fix some € > 0 and define

Wee={z €W : |ziy1 — zi| < € for some i > 0}.

Assume that there exists a sequence r(j) such that
lsf(i) (z*(1) € Wees r{lgi(zi‘l(t) <2p|r>1)> el/2,

We may again assume that r(j) converges to r* and this limiting point can not lie in W.
But, if r* is on the boundary of W, then the conditions of Corollary 2 are satisfied and the
contradiction follows now from the boundedness of the density of the limiting law and the
fact that vol(W<, N{z : zn < 2n}) < C3n"~le
As a consequence we have that, for all e small enough,
; BT A +.r A 1/2

z:lTIlfﬁnPI’J“)‘(g 1) e An,k’r?gai(x”(t) <2p|r>1)>1-¢ 2, (B.8)
Combining (B.7) and (B.8), we conclude that (I.3) holds for ¢ = 1 and all e sufficiently
small. Using Brownian scaling, we conclude that (I.3) is valid for all ¢ > 0.

Acknowledgements Dmitry loffe was supported by the Israeli Science Foundation grant
1723/14. Yvan Velenik was partially supported by the Swiss National Science Foundation.



34 D. Toffe et al.
References
1. Billingsley, P.: Convergence of probability measures. John Wiley & Sons, Inc., New

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

York-London-Sydney (1968)
Bornemann, F.: On the scaling limits of determinantal point processes with kernels
induced by Sturm-Liouville operators. Preprint, arXiv:1104.0153 (2011)

. Caputo, P., Lubetzky, E., Martinelli, F., Sly, A., Toninelli, F.L.: Scaling limit and cube-

root fluctuations in sos surfaces above a wall. Preprint, arXiv:1302.6941 (2013)

. Caputo, P., Martinelli, F., Toninelli, F.L.: On the probability of staying above a wall

for the (2+ 1)-dimensional sos model at low temperature. Preprint, arXiv:1406.1206
(2014)

Coddington, E.A., Levinson, N.: Theory of ordinary differential equations. McGraw-Hill
Book Company, Inc., New York-Toronto-London (1955)

Denisov, D., Wachtel, V.: Random walks in cones. Ann. Probab. 43(3), 992-1044 (2015)
Duits, M.: On global fluctuations for non-colliding processes. Preprint, arXiv:1510.08248
(2014)

Duraj, J., Wachtel, V.: Invariance principles for random walks in cones. Preprint,
arXiv:1508.07966 (2015)

Esseen, C.G.: On the concentration function of a sum of independent random variables.
Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 9, 290-308 (1968)

Ferrari, P.L., Spohn, H.: Constrained Brownian motion: fluctuations away from circular
and parabolic barriers. Ann. Probab. 33(4), 1302-1325 (2005)

Garbit, R.: Brownian motion conditioned to stay in a cone. J. Math. Kyoto Univ. 49,
573-592 (2009)

Hryniv, O., Velenik, Y.: Some rigorous results on semiflexible polymers. I. Free and
confined polymers. Stochastic Process. Appl. 119(10), 3081-3100 (2009)

Ioffe, D., Shlosman, S.: Ising model fog drip: the first two droplets. In: In and out of
equilibrium. 2, Progr. Probab., vol. 60, pp. 365-381. Birkh&duser, Basel (2008)

Toffe, D., Shlosman, S., Toninelli, F.L.: Interaction versus entropic repulsion for low
temperature Ising polymers. J. Stat. Phys. 158(5), 1007-1050 (2015)

Toffe, D., Shlosman, S., Velenik, Y.: An invariance principle to Ferrari-Spohn diffusions.
Comm. Math. Phys. 336(2), 905-932 (2015)

Toffe, D., Velenik, Y.: Ballistic phase of self-interacting random walks. In: Analysis and
stochastics of growth processes and interface models, pp. 55-79. Oxford Univ. Press,
Oxford (2008)

Karlin, S., McGregor, J.: Coincidence probabilities. Pacific J. Math. 9, 1141-1164 (1959)
Konig, W., Schmid, P.: Brownian motion in a truncated Weyl chamber. Markov Process.
Related Fields 17(4), 499-522 (2011)

Soshnikov, A.: Determinantal random point fields. Russian Math. Surveys 55(5), 923—
975 (2000)

Uchiyama, K.: One dimensional lattice random walks with absorption at a point/on a
half line. J. Math. Soc. Japan 63(2), 675-713 (2011)

Velenik, Y.: Entropic repulsion of an interface in an external field. Probab. Theory
Related Fields 129(1), 83-112 (2004)



