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Abstract

We introduce a new algebraic framework based on a modification (called exotic)
of aromatic Butcher-series for the systematic study of the accuracy of numerical inte-
grators for the invariant measure of a class of ergodic stochastic differential equations
(SDEs) with additive noise. The proposed analysis covers Runge-Kutta type schemes
including the cases of partitioned methods and postprocessed methods. We also show
that the introduced exotic aromatic B-series satisfy an isometric equivariance property.
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1 Introduction

We consider a class of stochastic systems of differential equations of the form
dX(t) = f(X(t))dt + odW (t), (1.1)

where X (t) € R? is the solution with initial condition Xy assumed deterministic for sim-
plicity, the vector field f : R? — R? is assumed smooth and globally Lipschitz, o > 0
is a constant, and W (t) is a standard d-dimensional Wiener process fulfilling the usual
assumptions.

We say that problem (1.1) is ergodic if it has a unique invariant measure p satisfying
for all deterministic initial condition Xy and all smooth test function ¢,

1 (T
lim — | ¢(X(s))ds = J o(x)du(x), almost surely. (1.2)
T—oo T 0 R4
Under appropriate smoothness and growth assumptions on the vector field f, the above er-
godicity property is automatically satisfied, and in addition one has in general the following
exponential convergence for all initial condition Xy and all appropriate test function ¢,

BEX0)] - [ staduto)] < ce (1.3
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for all t > 0 where C' = C(¢, Xp) and A\ > 0 are independent of time ¢ > 0. A special case
of the class of problems (1.1) is the well-studied overdamped Langevin equation, also called
Brownian dynamics,’

dX () = —=VV(X(£))dt + cdW (¢) (1.4)

where V : RY - R is a smooth potential, f = —VV and o > 0. Under appropriate growth
conditions on the potential V' (growing at least quadratically), (1.4) is ergodic and (1.2) and
(1.3) hold with the invariant measure du(z) = po(z)dz where its density po with respect
to the Lebesgue measure is given by the Gibbs distribution

poo(a) = Ze o2V (1.5)

where Z is a normalization constant such that §z, poo(2)dz = 1. Computing integrals with
respect to the invariant measure p in high dimensions is in general very costly using a
deterministic quadrature rule, and one can take advantage of the above ergodicity property
to compute such integrals using numerical approximations of (1.1), the exact solution of
(1.1) not being available in general. Let us mention that a natural way to sample without
any bias from the invariant measure with the Gibbs density (1.5) is to apply Markov Chain
Monte-Carlo methods, in particular Metropolis—Hastings algorithms, see for instance the
survey [41]. However, as highlighted in [35], “the Metropolis—Hastings algorithm is rather
expensive due to the need of accept/reject steps and does not admit the use of powerful
weak methods”, which can be combined with the methodology of “rejecting exploding
trajectories” [35]. We thus focus in this paper on classes of weak methods and consider a
one step numerical integrator for the approximation of (1.1) at time ¢,, = nh of the form

Xn+1 = \II(XTL7h7§TL)7 (16)

where h is a fixed time step size and &, are independent random vectors. We say that the
numerical scheme has local weak order r if the weak error after one step satisfies

IE[6(X1)|Xo = 2] — E[¢(X (h)|X(0) = 2]| < Ch™, (1.7)

where C' = C(¢,x) is independent of h assumed small enough and ¢ is a test function.
Note that under appropriate assumptions on the numerical scheme (to achieve in particular
bounded numerical moments along time), one can in general deduce a global weak order
r, |E(¢(Xy)) — E(p(X (t,)))] < Ch", as shown in [33] (see [34, Chap.2.2]). The numerical
method is called ergodic if it has a unique invariant probability law x” with finite moments
of any order and

N
: _ h
A}l_)rréo N1 n:E 0qS(Xn) = J}Rd o(z)dp" (), almost surely,

for all deterministic initial condition Xy = x and all test function ¢. We say that the
numerical method has order p with respect to the invariant measure of (1.1) if

< Ch?, (1.8)

o)y () — f o(2)dp(z)
R R4

1Up to a time transformation, one could for simplicity fix the value of o (e.g. o = 1 or 1/2), however we
choose not to fix it to distinguish better the various order conditions.



where C' is independent of h assumed small enough. Under appropriate assumptions on
the numerical scheme, one also obtains the following exponential estimate similar to (1.3)
(possibly with a different constant A > 0),

S0 - [ olodduta) < ke s e (1.9)

where K = K(¢,x), C = C(¢) are independent of n and h assume small enough. A simple
way to achieve high order p for the invariant measure is to consider a numerical scheme
with high standard weak order r, and it is known for large classes of SDEs that p > r,
see in particular [31] in the context of locally Lipschitz vector fields with multiplicative
noise. Note analogously that the strong order ¢ of convergence, which corresponds to the
numerical approximation of individual trajectories of (1.1), is in general lower or equal than
the weak order r of convergence. There are interestingly many schemes in the literature for
which p > r and a high order p for the invariant measure is obtained, while the standard
weak order of accuracy remains low, typically of order r = 1, i.e.the scheme is consistent
in the weak convergence sense. This is the case in particular for the Langevin equation
[8, 28, 29, 4]. In [3, 4], a methodology for the analysis and design of high order integrators
for the invariant measure is introduced and serves as a crucial ingredient in this paper. The
approach combines the usual Talay-Tubaro methodology [43] and recent developments of
the theory of backward error analysis and modified differential equations in the stochastic
context [45, 2, 19, 26, 27], a major tool in the area of deterministic geometric numerical
integration [21]. In [44] for finite dimensions and in [9] in the context of parabolic stochastic
partial differential equations, this approach is combined with the idea of processing from
Butcher [12], to design efficient postprocessed integrators with high order for the invariant
measure at a negligible overcost compared to standard low order schemes. The postproces-
sor methodology is extended in [1] for a class of explicit stabilized schemes of order two for
the invariant measure and with optimally large stability domains.

The aim of this paper is to provide a unified algebraic framework based on aromatic
trees and B-series, with a set of trees independent of the dimension d of the problem, for the
systematic study of the order conditions for the invariant measure of a class of numerical
integrators that includes Runge-Kutta type schemes for problems of the form (1.1). We
show that the new framework permits to recover some schemes and simplify the calculations
in [3] and for postprocessed integrators in [44, 9, 1]. Analogously to [38] (we study here the
additive noise case), we consider in this paper Runge-Kutta methods of the form?

s l
Y =Xp+h Y aif(V) + Y dPovhel  i=1,.. s,
=1 k=1

Jj=

(1.10)

Xpi1 = Xn+h X b f(Yi) + ovVhe,
=1

where a;;, b;, dl(-k) are the coefficients defining the Runge-Kutta scheme, and &(Lk) ~ N(0, 1)
are independent Gaussian random vectors. We highlight once again that we focus in this
paper on the high order p of accuracy for the invariant measure, while the order r of
accuracy in the weak sense can remain low (typically » = 1). The analysis in this paper
applies to the class of methods (1.10) for any number [ of random vectors in the internal

2Note that the internal stages Y; depend on n, but this dependence is omitted for brevity of the notation.



stages. However we shall often consider [ = 1 random vector per internal stage®, which
is sufficient to achieve order p = 2 or 3 for the invariant measure. In particular, we shall
consider the #-method as an illustrative example in Sections 4 and 5 and recover known
results on its accuracy. It is defined for 0 fixed as

Xn+1 = Xn + h<1 - e)f(Xn) + hgf(Xn-i-l) + O’\/Efm (1'11)

For 6 = 0, we get the explicit Euler-Maruyama method while the scheme is implicit for
0 # 0. It can be put in Runge-Kutta form (1.10) for [ = 1 with the following coefficients.

o 0 ofo
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The usage of trees and B-series? is known as a powerful standard tool for the numerical
analysis of differential equations. B-series where introduced by Hairer and Wanner in [22]
based on the work of Butcher [13], and are now exposed in many articles and books [21, 14],
see also the presentation in [15, 42]. In the last decades, several works extended trees and
B-series to the stochastic context, we mention in particular Burrage and Burrage [10] and
Komori, Mitsui and Sugiura [25] who first introduced stochastic trees and B-series for
studying the order conditions of strong convergence of SDEs, and [11, 37, 39, 38, 17, 40, 18]
for the design and analysis of high order weak and strong integrators on a finite time
interval. Tree series were also used to describe scheme preserving quadratic invariants [6].
The recent work [5] also studies algebraically strong and weak errors, but instead of using
tree series, it uses word series because these are well suited in the context of splitting
stochastic integrators.

In this paper, we focus on the long time accuracy of numerical integrators and derive in
a systematic manner the order conditions for sampling the invariant measure of an ergodic
system of the form (1.1). Additionally, in Section 5.5, we allow the inclusion of non-
reversible perturbation as in [30, 20]. The proposed algebraic framework relies on aromatic
B-series, a generalisation of B-series introduced in [36, 32] (see also the presentation in [7])
to characterize all the schemes that are affine equivariant, i.e.that behave transparently
with respect to an affine change of coordinates. These aromatic B-series rely on aromatic
trees, which were first introduced in [16] to represent the divergence of B-series in the
context of deterministic value or first integral preserving ordinary differential equations.

This paper is organized as follows. In Section 2, we described the general setting and
assumptions needed in our analysis. In Section 3, we introduce a new generalization of
B-series, called “exotic aromatic B-series” by considering an additional new type of edge
called “liana” compared to standard aromatic B-series. We also show that these new exotic
aromatic B-series satisfy an isometric equivariance property. In Section 4, we explain how
this new algebraic framework applies for the long time accuracy analysis of stochastic
integrators for ergodic problems. In Section 5, we derive order conditions for integrators
expandable as aromatic B-series methods, with special emphasis on Runge-Kutta type
integrators and post-processed integrators. In particular, we show that the orders 2 and
3 for the invariant measure of Brownian dynamics (1.4) yield respectively 2 and 6 order
conditions (see Table 1), compared to the 3 and 10 more restrictive conditions for the
standard weak order of convergence (see Table 2).

3In this case, we denote d = d and &, = 57(11).
4originally named Butcher-series



2 Preliminaries

We first state the following smoothness and growth Assumptions 2.1 and 2.2 on the vector
field of (1.1) which automatically yield that (1.1) satifies the ergodicity properties (1.2) and
(1.3) (see [23] in the more general context of SDEs with multiplicative noise).

Assumption 2.1. The vector field f : R — R? is globally Lipchitz and C®, and there
exist C1,Coy > 0 such that for all x € R,

2t f(z) < —Cra’x + Cy.

The following stronger assumption yields the important special case of Brownian dy-
namics (1.4).

Assumption 2.2. The vector field f is a globally Lipschitz gradient, i.e. there exists a C'*
potential V : R* — R such that f(z) = —VV (x) is globally Lipschitz and there exist Cy > 0
and Cy such that for all x € RY, V(z) = CraTa — Cs.

We recall that under Assumption 2.2, the density of the unique invariant measure is
given by py, = Z exp (—i—‘;) where Z is such that {3, poo(2)dz = 1 but Z is not numerically
known in general. We note that Vo, = pgp % f, equivalently V(log ps) = % f-

We denote C}O(Rd, R) the vector space of C* functions such that all partial derivatives

¢ up to all orders have a polynomial growth of the form
[¢(z)| < C(1 + |z]”)

for some constants s and C' independent of x (but depending on the order of differentiation).
For ¢ € CE(RY R) we define u(x,t) = E[¢(X (t))|X(0) = x]. A classical tool for the study
of (1.1) is the backward Kolmogorov equation [34, Chap. 2], which states that u(z,t) solves
the following deterministic parabolic PDE in R¢,

% = Lu,  u(@,0)=¢(x), weRLt>0, (2.1)

where the generator L is defined as
o2

where A¢ = Zd 29 Jenotes the Laplace operator. We recall that, under Assumption 2.1

=1 ﬁz?
or 2.2, the density of the invariant measure satisfies

where £*¢ = —div(f¢) + & A¢ is the L?-adjoint of L.
We make the following natural assumptions on the numerical integrator (1.6).

Assumption 2.3. The numerical scheme (1.6) has bounded moments of any order along
time, i.e. for all integer k = 0,
sup E[|X,|*] < o0.

n=0



Assumption 2.4. The numerical scheme (1.6) has a weak Taylor expansion of the form
E[¢(X1)|Xo = 2] = ¢(2) + hAgg(x) + W2 Ard(z) + ... (2.3)

for all ¢ € C%O(]Rd,R), where A;, i =0,1,2,... are linear differential operators with coeffi-
cients depending smoothly on the drift f, and its derivatives (and depending on the choice
of the integrator). In addition, we assume that Agy coincides with the generator L given in
(2.2), i.e.it is consistent and has (at least) local order one in the weak sense, Ay = L.

Remark 2.5. A convenient sufficient condition to satisfy Assumption 2.3 is given in [34,
Lemma 2.2.2]: if Xy is deterministic or has bounded moments of all order and the Markov
chain (X,,)n satisfies

E[Xni1 — Xn|X0]| < COA + | X,))h, | X1 — Xn| < My(1 + | X, )Wh,

for C a constant independent of h and M, a random variable whose moments are all bounded
uniformly with respect to h small enough, then the numerical scheme satisfies Assumption
2.83. Note that consistent Runge-Kutta type schemes such as (1.10) satisfy Assumption 2.3
(using the global Lipschitz assumption of f) and Assumption 2.4.

In the following theorem, we recall the characterisation of order p for the invariant
measure of an ergodic integrator in terms of adjoints of the linear differential operators
of Assumption 2.4. It was shown in [3] in the more general context of ergodic SDEs
with multiplicative noise based on backward error analysis results in [19] on the torus and
generalizations [26, 27] in the space R

Theorem 2.6. [3] Assume Assumption 2.1 or 2.2. Consider the one step integrator (1.6)
and assume that it is ergodic when applied to (1.1). Assume further Assumptions 2.3 and

2.4. If
Afp =0, j=2,....p—1, (2.4)

then the scheme has order p for the invariant measure and (1.8)(1.9) hold.

Remark 2.7. Assuming in addition that the scheme has weak order p — 1 of accuracy,
i.e. assuming in addition the stronger assumption A; = LG+ 1) =2,...,p— 2,
then Theorem 2.6 is an immediate consequence of the Talay-Tubaro expansion of the error

[38, 43] (see also [34, Chap. 2.2, 2.3]) given by

~ | o@hdnta) = ahe + 0@
Rd

JJFOO fRd ( (p+ 1)! ﬁpH) u(y, t)poo (y)dadt

where u(m t) is the solution of (2.1). Indeed, considering the L?-adjoint of the operator
Ap — (p+1) LPTY and using L¥po = 0 and A pw = 0 then yield A, = 0 and the scheme has
(at least) order p for the invariant measure.

with

The following extension of Theorem 2.6 permits to combine an integrator (1.6) with
a postprocessor to achieve high order for the invariant measure at a negligible overcost
compared to a standard scheme.



Theorem 2.8. [44] Assume the hypotheses of Theorem 2.6 and consider a postprocessor

that admits the following weak Taylor expansion for all ¢ € CE (R4, R),

p—1
E[¢(Gn(2))] = ¢(z) + Y] ash’Li(z) + WP Appp(z) + ..., (2.5)

i=1
for some constants o; and a linear differential operator A,. Assume further
(Ap + [£, Ap])*poo = 0 (2.6)

where L, A, = LA, — A,L is the Lie bracket. Then X,, yields an approximation of order
p+ 1 for the invariant measure and it satisfies (1.8) and (1.9) with p replaced by p+ 1 and
X, replaced by X,,.

Theorem 2.8 is stated and proved in [44] in the special case o; = 0,7 =1,...,p—11in
(2.5). However, the proof for non zero «;’s is nearly identical and thus is omitted. Notice
that the order conditions (2.4) and (2.6) are respectively equivalent to the identities

JRd(A]¢)pwd$:07 J=2,...,p—1,
| (w4 16 A Jpcd = 0,

for all test function ¢ € C¥(R%R). In the following section, we introduce the suitable
algebraic framework based on exotic aromatic trees and B-series for the systematic study
of these order conditions of accuracy for the invariant measure.

3 Exotic aromatic trees and forests

We first recall the known framework of aromatic B-series before introducing a modification
well suited for invariant measure order conditions and called exotic aromatic B-series. We
rely on the aromatic trees and forests introduced in [16] and rely on the presentation in [7].

3.1 Aromatic trees and forests

We first consider directed graphs v = (V, E) with V' a finite set of nodes and E c V x V
the set of directed edges. If (v,w) € E, we say that the edge is going from v to w, and
v is called a predecessor of w. Two directed graphs (Vi, E) and (Va, E2) are equivalent if
there exists a bijection ¢ : V3 — V4 with (¢ x ¢)(E1) = E,. For brevity of notation, to
avoid drawing arrows on the forests, an edge linking two nodes goes from the top node to
the bottom one. If there is an eventual cycle, the arrows on it are going in the clockwise

direction. For example,

We call aromatic forests the equivalence classes of directed graphs where each node
has at most one outgoing edge. The connected components making an aromatic forest are
called aromatic trees. According to the above definition, there are two types of trees:



e aromas are aromatic trees® with exactly one cycle: O, O, \(I{, \I), .

e rooted trees do not have a cycle ; they have a unique node that has no outgoing edge

and that is called the root, graphically represented at the bottom: e, I, \/, S e

Thus, an aromatic forest is a collection of aromas in addition to at most one rooted tree.
We call AT the set of aromatic forests containing exactly one rooted tree, and we name its
elements the aromatic rooted forests.

Definition 3.1 (Elementary differentials). Let v = (V, E) € AT, f : R? — R? a smooth
function. We denote w(v) = {w € V, (w,v) € E} the set of all predecessors of the node v e V
and r the root of v. We also call VO =V~ {r} = {v1,...,vm} the other nodes of 7. Finally
we introduce the notations Iy, = (igy,---,iq,) where the qy are the predecessors of v, and

o5 f

@xiql . 6.%’1'(15

Oy f =

Then F(v) is defined as

d
FO)() = ) (H 51W<,U)fiv> 0Ly f-

iulw-,ivm:l veV 0

i L k
RN
Example. Let v = S and ¥ = ¥m e where we added indices to apply the formula
of Definition 3.1. Note that there is no index for the root. Then the associated differentials
are respectively F(7)(f) = X0 jime1 OmImFi0ifi fudjnfiorf = div(f) x f'f"(f'f, f) and
F(f) = 2 ptmet OfmOm b fifs fi0il 305 f = St i (@Y (1) % ['f'f-

3.2 Exotic aromatic trees and forests

We now introduce a new kind of edge, called lianas, for the aromatic forests. The corre-
sponding generalization is called exotic aromatic forests. Let (V, E) be an aromatic forest
and L be a finite list of pairs of elements of V' (possibly with duplicates), then v = (V, E, L)
is an exotic aromatic forest. The elements of L are called lianas and correspond to non-
oriented edges between any two nodes of the forest. We graphically represent them with a
dashed edge linking the two given nodes. As we authorize duplicates, there can be several
lianas between two given nodes. Also lianas can link a node to itself. For a node v, I'(v)
denotes the list of the lianas (also with possible duplicates) linked to v. The predecessors of
v only take in account the edges of E. An exotic aromatic tree of an exotic aromatic forest
v = (V,E, L) is a connected component of the associated aromatic forest (V, E). We call
EAT the set of exotic aromatic forests with exactly one rooted tree, and name its elements
exotic aromatic rooted forests.

Example. The lianas can link different trees of an aromatic forest and thus yield an exotic

aromatic forest. For instance, linking the aroma © and the rooted tree }/ gives & Y

5Such graphs with one cycle are not strictly speaking “trees”, they are however called aromatic trees in
the literature as an analogy with carbon chemistry.



The definition of elementary differentials is extended as follows.

Definition 3.2. Let v = (V,E,L) € EAT, f : R* - R? a smooth function. We name r the
root of v and VO =V ~ {r} = {v1,..., v} the other nodes of v. We denote ly,...,ls the
elements of L and for v eV, Jp,) the multiindez (ji, - .- ji,,) where T'(v) = {luy, ..., 1z, }-
Then F(v) is defined as

d d
F(v)(f) = Z Z (H afﬂ(u)aJr(v)fiu> afﬁ(r) aJF(r) I

Topyeeeslogm =1 J1y 5esdig =1 \veV0

Examples. The differential that corresponds to the rooted tree ' with a single node and
a single liana is F(Z)(f) = Af. We can also represent as exotic aromatic forest more
o
Ci Yk
complicated derivatives. For instance, let v = & , then

d
F(y)(f) = > div(@if) x f/((0f) (f"(Bizi f, Onif)))-

,7,k=1

3.3 Grafted exotic aromatic trees

For the study of the order for the invariant measure of numerical integrators, we introduce
an extension of exotic aromatic forests. The root now symbolizes a test function ¢, and it
has leafs (nodes without predecessors) that represent a random standard normal vector &.
Note that these new trees can be seen as bi-coloured trees in the context of P-series (see
[21, Chap. 3]), where the nodes represented with crosses cannot have predecessors.

Definition 3.3. A grafted node is a new type of node graphically represented by a cross.
Let V' be a set of nodes whose subset of grafted nodes is V,, E a set of edges such that each
node in Vy has exactly one outgoing edge and no ingoing edge, and L a set of lianas that
link nodes in V.V, then v = (V, E, L) is a grafted exotic aromatic forest. We define as
before the grafted exotic aromatic trees and grafted exotic aromatic rooted forests, that we
denote EAT,.

Ify = (V,E, L) is a grafted exotic aromatic rooted forest, ¢ : R? — R a smooth function,
and & a random vector of R® whose components are independent and follow a standard nor-
mal law, the associated elementary differential of v is, with the same notations as Definition

3.2and V0 =V < (Vg u{r}),

d d
F(')’)(ﬁ ¢a§) = Z Z ( H afﬁ(v) a*]l"(v) flv) H &i, afw(r) aJl“(r)(b'

g s =1 iy seemrdls =1 \vEVO veV,

Example. The differential associated to the forest Y\I/ is F(\I/)(f, 0, &) =& (f"(,9)).

If v is such that V, is empty, we recover the exotic aromatic forests of Definition 3.2,
where ¢ is replaced by f. For the rest of the paper (except Section 3.5), we update the
definition of the elementary differential of an exotic aromatic forests so that the root is
associated to the function ¢. This definition can be straightforwardly extended on non-
rooted exotic aromatic forests. For brevity of notations, we also write F'(7)(¢) instead of
F(y)(f,¢,€). We note that ¢ — F(v)(¢) is a linear differential operator (dependent of f
and ).



3.4 Grafted exotic aromatic B-series

In this section, we adapt the formalism of aromatic B-series of [36] to grafted exotic aromatic
forests, in order to use it as a numerical tool for weak Taylor expansions in the next sections.
We define the order |y| of a tree v € £AT,. We denote N () the number of nodes, N;(v)
the number of lianas, N,.(vy) the number of grafted nodes and N,(v) = N(y) — Ne(v) — 1
the number of nodes that are non grafted and different from the root, then

Ne(v)

7= No() + Ni(v) + —

Definition 3.4. Let a : EAT, — R a map, f : R — R? and ¢ : RY — R two smooth
functions, then the grafted exotic aromatic B-series B(a)(®) is a formal series indexed over
EAT, defined by

B(a)(¢) = Y, ha(y)F(7)(9).

veEATy
We extend the definition of F' on Vect(EAT,) by writing

F( v h'vlaww)(@—B(a)w).
YeEAT,

The variable h is formal and thus can be chosen to be equal to 1. If the series is indexed
only on (exotic) aromatic rooted forests, then it is called an (exotic) aromatic B-series. In
Section 3.5, we shall focus on exotic aromatic B-series.

Remark 3.5. The coefficients a(y) of standard B-series are sometimes renormalized as

% where p is a function determined by the symmetries of the associated forest. If p is
appropriately chosen, it simplifies greatly the composition laws of (aromatic) B-series (see
[21, 15, 7]). Finding the best definition of p for this exotic extension of B-series is out of

the scope of this paper.

3.5 Isometric equivariance of exotic aromatic rooted forests

In this subsection, we show that the exotic aromatic B-series satisfy an isometric equiv-
ariance property in the spirit of [36, 32]. We consider exotic aromatic rooted forests =y
where the differential associated to the root is f. As the function f is no longer fixed, we
denote the associated differential F'(v)(f). Also we adapt the definition of exotic aromatic
B-series to this change. First we add a new tree: the empty tree @. The function F' is then
extended on EAT, U {@} by F(@)(f) = Idga. Then, for a function a : EAT U {@} — R,
the associated exotic aromatic B-series is

Bla)(f)= >, a»F@)().

~eEAT u{z}

We study (exotic) aromatic B-series B(a) with a(@) = 1. We call these (exotic) aromatic
B-series methods. Let G be a subgroup of GLg(R) x RY, the action of an element (4,b) € G
on R? is z + Az + b, and the action on a vector field f : R? — R? is

((A4,0) = f)(@) == Af(A™ (z — b)).

10



We simplify the notations by writing A # f := (A,0) = f. We recall the definition of
equivariance from [36]. The property of equivariance means the method is unchanged by

an affine coordinate transformation. Let ® be a differential operator and G a subgroup of
GL4(R) x R?, then ® is called G-equivariant if

V(A,b) e G, Vf e CP(RLRY), B((A,b) % f) = (A,b) o ®(f) o (4,b) 71

In particular, ® is said affine equivariant if G = GLg(R) x R? and isometric equivariant if
G = 04(R) x R4

Theorem 3.6. Consider an exotic aromatic B-series method B(a) (with (@) = 1), then
B(a) is isometric equivariant.

Remark 3.7. It is proved in [36] that standard B-series methods are exactly the affine
equivariant methods. Analogously, it would be interesting to characterize the isometric
equivariant maps.

For the sake of brevity, we omit the proof of Theorem 3.6. The proof can be made in
the spirit of the result [36, Prop. 2.1] for affine equivariant B-series.

4 Analysis of invariant measure order conditions using exotic
aromatic forests

In this section, we show how the framework of Section 3 applies for the study of order
conditions for the invariant measure of numerical integrators.
4.1 Weak Taylor expansion using exotic aromatic forests

Let us begin this section with the example of the #-method (1.11). We apply the usual
methodology to expand in Taylor series E[¢(X1)|Xo = x] as h — 0. We refer to [45, 2] for
other examples of analogous calculations performed without exotic aromatic forests. Under
Xg = x, we have

2
Xy = a4 Vot + hf + bVRBof'E + n20f f + 0200 e ) +

Then we deduce E[¢(X1)|Xo = 2] = ¢(z) + hL(z) + h2A16(z) + ..., where
Ao =Bl + 1¢”<f, N+ 20160 + 000 (e, )
<z><3><f,s £+ faﬁ (6,6,6.9)]
- E[F(HE + %\/ + &;Y + QUQK/‘ + ";W + ‘ZW)(@]. (4.1)

All the forests with an odd number of grafted nodes vanished because odd moments of a
centred Gaussian random variable are zero. The expectation of the differential of a forest
with exactly two grafted nodes comes straightforwardly.

0

E[F(Yw)]— E[¢'(f"(& )] = ), 00w FiEIE&] = ), 0i00;5fi = F F(1)(9),

1,7,k i,J
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where E[£;€;] = 0 for j # k because of the independence of the &’s. We see that taking
the expectation of the differential associated to a grafted tree amounts to link the grafted
nodes with lianas in all possible manners. For instance, for the following example with four
grafted nodes:

E[FCV)(0)] = E[pW (6.6 = D) 0ijridBEE6&]

i7j7k7l
= 0iiai @B + 3> 05,5, ¢RI IE[S] = 3D 0 jisé
( 1,7 4,J
it

— 3F(T5)(4).

Let us now comment this computation. The interesting fact is that E[¢}] = 3 exactly
corresponds to the number of ways to gather the indices 4, j, k and [ in pairs. This
observation makes an exotic aromatic tree naturally appear. However we took here only
four grafted nodes and the differential form was symmetric in the arguments £. We need
to study the expectation of general exotic aromatic forest elementary differentials. This is
the aim of the following theorem.

Theorem 4.1. Let vy € EAT, be a grafted exotic aromatic rooted forest with an even number
of grafted nodes 2n, ¢ : RY — R a smooth function, V* = {ci,...,con} be the set of
grafted nodes of v. We call P2(2n) the set of partitions by pair of {1,...,2n}, i.e.the
set of surjections p : {1,...,2n} — {1,...,n} such that the preimage of each singleton
has exactly two elements and the minima of those preimages follow an ascending order
(min(p~1({i})) < min(p~*({j})) for i < j). Finally we define @ : P2(2n) — EAT the
application that maps the partition p of v to the aromatic forest where the grafted nodes are
linked by lianas according to p. Then, the expectation of F(v)(¢) is given by

EFM@]= Y, Fley®) ).

peP2(2n)

This theorem states that taking the expectation of the differential associated to a forest
amounts to sum the forests obtained by linking the grafted nodes together pairwise using
lianas in all possible manners and take the associated differential.

Example. Let us take v € {.,\/, W, ...} the tree with only a root, 2n grafted nodes
and no liana, then

E[F(7)(¢)] = 2!

- onpl

A"
The integer (227?12; is exactly the number of ways to gather the grafted nodes by pairs. An
other example is

v

BIR( Sy 0)] = 3r (D),

where the coefficient 8 accounts for the number of choices for linking the grafted nodes
pairwise.

Application. Using Theorem 4.1, we immediately obtain that Runge-Kutta methods (1.10)
can be developed in exotic aromatic forest. As a special Runge-Kutta method, we get back

12



to the 0-method (1.11). The operator Ay is now convenient to write with exotic aromatic
trees. Applying Theorem 4.1 to (4.1), we deduce Ay = F(vy) with

aI4

ode 1'\/+ I+0 A e ¥ (4.2)

Theorem 4.1 follows from the following lemma, which is an extension of the Isserlis
theorem [24] to the case of multilinear mappings. The Isserlis theorem states that if x is a
2n-dimensional Gaussian random vector with mean zero and arbitrary covariance, then

E[ﬁxlz o T Elaxsl

pEP2(2n)  i<j
p(i)=p(J5)

For n = 2, it gives E[x1x2x3X4] = E[x1x2]E[x3Xx4] + E[x1Xx3]E[x2X4] + E[x1X4]E[x2X3]-

Lemma 4.2. Let B : R4 x --- x R? = R?™ R be a 2n-multilinear form and & be a
Gaussian vector N'(0, I;), then

d
E[BE, ... = Y, D, Bley), (4.3)

pEP2(2n) i150eyin=1
with e;, = (ei,,(l), ceey eip@n)), and we recall that e, . . ., eq denotes the canonical basis of RY.

Proof. For the particular case of an elementary multilinear form B, : (x1,...,22,) —
H?"l( i)o(j) Where o @ {1,....2n} — {1,...,d} is a given mapping and (7;),(;) denotes
the o(j)’s component of z; € R, the identity (4.3) reduces to the Isserlis theorem. As any
multilinear form can be decomposed as a linear combination of such elementary multilinear
form, the result (4.3) is proved by linearity with respect to B. o

Proof of Theorem 4.1. We consider F'(y)(¢) as a 2n-multilinear form B, 4 evaluated in
(&,...,&) (see Definition 3.3). Lemma 4.2 gives

E[By s ....0 = O] Z By s(ei,) = F(¢4(p))(8),

pEP2(2n) 1,..sin=1 peP2(2n)

because B, 4(e;,) is the differential F'(-y) where we differentiate the non-grafted nodes linked
to grafted nodes in the directions given by e;,, and F(¢,(p))(¢) is obtained by summing
B, 4(e;,) over all the indices. o

4.2 Integration by parts of the exotic aromatic forests

The goal of this section is to integrate by parts {pa F(7)(¢)pwde, for v an exotic aromatic
rooted forest, in order to write it in the form SRd @' fpoodx for a certain sum of elementary

differentials f. The idea is to transform a high order differential operator A : ¢ — F(7)(¢)
into a differential operator ¢ — ¢’ f of order 1 such that A*py, = —div( fpoo) The tree

13



formalism previously defined makes this task systematic and very convenient. This also
serves as a crucial ingredient in the next section. Let us first begin with an example.

09 0f; 0 0f;
——EHW Oz Ox; A, JiPed R 05" O e 44

0o a;Ooo
" fRd Sl ]

where we integrated by parts and note that the boundary term vanishes using growth
assumptions on ¢.

Notation. We denote g = log(pw), then Vs = (Vg)powo
We have

| FO@peds =~ | aiv(p)6' oo~ | 67 Fpoda~ | 56 Fpoda
Rd Rd Rd Rd
By writing f = —(div(f)f + f'f + ¢'ff), we deduce

| PO @podn = [ ' Fpaie

We see that even for a simple forest, the integration by parts requires some calculations
and a new term appears: the function g = log(ps), and its derivatives. We use below the
exotic aromatic forests to make this task easier.

Definition 4.3 (Aromatic root and elementary differential). An aromatic root is a new
type of node represented by a square that has no outgoing edge. An exotic aromatic tree
that has an aromatic root is considered as an aroma. The definition of the sets EAT is
extended to include these new aromas.

Ifv=(V,E,L) e EAT is an exotic aromatic rooted forest whose set of aromatic root is
VeV, if Vo=V~ (Viu{r}) and V = {r,vi,...,v,} wherer is the root of 7y, ifl,. . . ,ls
are the elements of L, then F(v) is defined as

d d
F()(¢) = Z Z ) (H 617r(v)a=7r(v)giv> (H afw(v>aJr<v)fiv> afw(r>aJr<r)¢'

Ty seeslog =1 J1g 50015 =1 \veVl veV 0

One can also extend the definition of £A7, in the same way so that it includes aromatic
roots.

Examples. F(11)(¢) = ¢'f¢/f and F(svs0)(9) = 3, ;(0;9)0igdio.

Then the equality (4.4) can be rewritten using forests:

F(N)(6)pooic = — f FO(@)poode - j

R4 R4

F<f><¢>pmdx - fRd F)(9)poda.

Rd

We notice that integrating by parts F(.\/)(gb) amounts to unplug an edge to the root and
to replug it either to all the other nodes of the forests, either to an aromatic root and to
sum over all possibilities. This intuition is made rigorous in the following theorem.

14



Theorem 4.4. Let v € EAT, we choose a direction to integrate by parts, i.e. an edge or a
liana e connected to the root r. Then

> f ®)pood,

€U (7,e)

| FO)@)pda = -

where U(~, e) is the set of exotic aromatic rooted forests obtained by unplugging the chosen
edge/liana e and by linking it either to a node different from r, either to a new aromatic
r00%.

Remark 4.5. Theorem 4.4 can be extended in the following way: if n is a node of v and
e an edge ingoing to n or a liana connected to n, then the same result holds if we replace
U(y,e) by U(y,n,e), the set of exotic aromatic rooted forests obtained by unplugging the
chosen edge/liana e and by linking it either to a node different from n, either to a new
aromatic root.

Proof of Theorem 4.4. We call r the root and V° = {vy, ..., v} the other nodes of v. We
suppose for simplicity that v does not have any aromatic root, otherwise the proof can
be adapted straightforwardly. We denote I1,...,ls the elements of L and wvy,,... vy, the
elements of 7(r). We choose to integrate by parts in the direction of the edge Tioy,

d

JRd F(v)(¢)pooda = 2 Z f <H afﬂwaJr(u)fiv) ai”kl'“i“kp Oy sy PP

Loy seesbom =1 Jig 5eesdig =1 veV 0

— 3 3

by seomrtvm =1 Gy ety =1

J TT 2ot | i, 1@ FiuPin, i, ey 000

ueVo0 veVO{u}
JR (H afm)aJF(v)flv) gy vg,, 5Jr<r>¢aivk19p°0d$]
veVO

Each term of the sum on u € VY is the differential associated to the forest y,. This forest is
obtained by unplugging the root of its edge linking it to vg,, and sticking it to . The last
term of the computation is the differential of the forest obtained by linking the unplugged
edge to an aromatic root. These terms are exactly what we expected, thus the theorem
is proved for the case of edges. For the case of integrating in the direction of a liana, the
proof is nearly identical. We just need to develop Jr(,) instead of I (). o

Definition 4.6. Let v and ~» be two exotic aromatic B-series, we define the equivalence
relation ~ and write y1 ~ 72 if we can transform 71 into o by integrating by parts the
associated differentials according to the procedure presented in the previous theorem.

Examples. The integration by parts (4.4) can now be simply rewritten as

oo tinen
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One can also iterate the process of integration by parts to fully simplify the trees. For
example, we have

DTl slogl-nloail
and summing up yields

!

PR SRS VR (D) s GVINGD SFVatS §

Finally here is a last example that will be used in Section 5.1. We apply the procedure of
integration by parts to the forest 5.

o e o

~ = PR a e - NN N N
~ =) — ' de—2bde—dond e

. -, e
T8~ =0 e T )

Using analytic formulas, SRd F( ) (¢)popdx = SRd ¢ fpoodx, where

d d
fi = —0i(Ag) — Agdig — 2 ) 0,90 59 — > (0;9)%0ig.

J=1 J=1

4.3 Order conditions using exotic aromatic forests

In this section, we adapt Theorem 2.6 in the context of exotic aromatic forests. In the spirit
of traditional B-series, we give, under Assumption 2.2, the general simplification for orders
up to three of a general numerical method expandable in exotic aromatic B-series. With
these, one can improve a method order as presented in Section 5.1, or derive conditions on
the method to achieve high order for the invariant measure as we do in Sections 5.2, 5.3,
5.4 and 5.5. It is worth noting that with the only integration by parts, we can formally
derive numerical methods (see Section 5.1 for an example), but under Assumption 2.2, the
methods can be simplified.

Proposition 4.7 (Simplification rules). Under Assumption 2.2, the two forest patterns
gathered in each of the following pairs represent the same differential:

Py S P SR N . 2 ¢ 2
AI ¢ and s IC, O and "IB, Ag P and —QIB, S and —ZO.
o o
In the first and second cases, one can replace the nodes A, B, C with aromatic roots and
the result remains. For the third case, the node B can also be replaced.

Proof. For the first pair of patterns, the associated differentials have the respective forms
Zle 0 fr0if;0i fi and Z;lzl 0i fx0;fidifi. As f is a gradient, f’ is a symmetric matrix and
0;fj = 0;fi. The two differentials are then equal.

The second point is proved in the same way. For the third and fourth points, we just use
that Vg = % I o

Example. We have F(® %)= 2F(1) and F(s'1) = ;F(E).

o2

The equivalence relation ~ of Definition 4.6 is extended to include the simplification
rules of Proposition 4.7.

16



Remark 4.8. If f is a general vector field not assumed to be a gradient, we can prove
that the elementary differentials of exotic aromatic forests are independent. The proof is
an extension of the result in [21, Chap. 3, Exercise 3]. Indeed, for a given exotic aromatic
forest v = (V, E, L), we take a bijective numbering ny : V ~{r} — {1,2,...,|V| =1} of the

nodes and an other one for the lianas ng, : L — {|V|,...,|y|}, then we define
P(z) = H Ty (v) H Ty (1)
ver(r) leT'(r)

i) = ] 2w [] 2w i=1...0VI-1

vew(nqjl (7)) leF(nJl (1))

and f; =0, 1= |V|,...,|y|. With this choice, F(3)(f,®)(0) # 0 if and only if ¥ = =, thus
giving the independence of elementary differentials. Note that this result does not hold if f
is assumed gradient due to simplification rules (see Proposition 4.7).

We now adapt Theorem 2.6 to the context of exotic aromatic forests.

Theorem 4.9. We assume Assumptions 2.1 and 2.3. We consider an ergodic numerical
scheme that can be developed in exotic aromatic B-series (and thus has a development of

the form (2.3))

E[¢(X1)|Xo = 2] = F()(@) + Y hMa(y)F()(e) + ..., (4.5)
yeEAT

1<|v|<p

for p e N. We denote A; = F(v;). If vi ~ 4 and F(5;) = 0 for all 1 < i < p, then the
method is of order (at least) p for the invariant measure. In particular, under Assumption

2.2, we obtain for order 1
0= (o) - Za ()1

and in addition we have for order 2,
5 = (a(i) _ 20+ 022(1(‘11)) _ (ia(c):))ﬂ N (a(?) )t al 1) ) % a(c:o:a))f
NETEER AR

o2 o
For order 3, the expression of Y5 can be found in the appendiz.
Remark 4.10. In contrast to Section 4.2, we choose in Theorem 4.9 not to reduce the

o
tree N for v1 and the three trees .\I/., " and for o in forests with exactly one
edge linked to the root. The reason is these trees do not simplify well, and the coefficient
multiplying them vanishes for most methods (for all consistent Runge-Kutta methods for
example). If one wants to compute the f; of Section 5.1, one should integrate by parts these
trees first.
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5 Construction of high order integrators

5.1 Improvement of a method order via a modified equation

In [3], a recursive method to obtain integrators of any order for the convergence to the
invariant measure is presented. Let us suppose we have an integrator of order exactly p > 1
for the invariant measure, then, using Theorem 2.6, for all j < p, A7 pp = 0 and A7pe # 0.
By integrating by parts, we can write S]R'i Apppodr as SRd & fppodr. We then consider the
same numerical integrator but for the modified equation where we replaced f by f — hPf,.
Applying Theorem 2.6 to the new context, we see that this integrator is at least of order
p + 1 for the original equation.

In this section, we give tools to simplify the computation of those modified integrators,
in particular to calculate simply the operators 4;, and to find the function f,.

Example. For the 0-method (1.11), we have Ay = F(v) where v is given by (4.2). Applying
integration by parts as described in Section 4.2, we obtain

) 2
<9_2>E ) ST ST S
0'2 0'4 o 0'4 o 0'4 0'4
+ gl A e T,
2 8 8 4 8

Then f1 is given by

2 d
(i = (6 3) 21 = 3015 = G AN(Df + G (1= OAF + 051 0) Y 3y
j=1

o2 & 9 ot ot
+ ngfz Z(ajg) fi— g 0iAg — 5 Aglig — Z 0390i,59
Jj=1 7=1

4

d
g
=% (@)%
j=1

Remark 5.1. Note that the above computation does not suppose Assumption 2.2 to be
satisfied. But as the function g is not explicitly known in the general case in practice, we
cannot implement easily the corresponding scheme. Under Assumption 2.2, we can directly
apply Theorem 4.9 and find a simple expression of fi:

1 , o?
J1= <2—9> (ff+7Af)~

Application. Let us calculate the modified integrator fo, where f follows Assumption 2.2.
First we rewrite the differential operator As for the modified equation where we replaced f

by f — hf1. We call it AS). We find Aél) = F(v) where

2% + 92\1/ + 62?"\‘1’3

o
2

J—
—0(30 — 1)t + 6(30 — 1)"2£ +0(40 — 1)
+ 6% 2£ +0(40 — 1)”5% +6(20 + 1)”55 +0(20+ 1) 4"\)7 10 = 1\/I
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2. O 2, - 2 iy 4
+ (40 — 1)1'\/’ + 921\/ + (40 — 1)2&» + (40 — 1)‘;I + 9%\11‘1
4 2 4 6 -~
+ 002N + '\V + 9—" g —\‘/. TS SES 5}
4 8 48
Using Theorem 4.9, we ﬁnd

‘7
(

1 1
v~ <—292+29—2>%+ (—92+9—4>02¥+
1 2 1 e 1 -~
- (—92 +0— 6> \I/+ (—0 . ) o1 4 (—92 +0— 6) UZE\‘.

4 4 24
Thus we define

fo= (—292 +20 — 1> Frf+ (—92 +0— i) o’ f'Af
2
+<_3g _> 2Zf” 627 z (_02+9—é)f//<f7f)
(g e (—92 +0-§) D,

and, if the O-scheme applied to dX = (f —hfi —h?f2)dt +odW is ergodic, then it has order
3 for the invariant measure.

For fi, we recover the formula of [3, Prop.5.1]. The computation of f, was first done
for = 0 in [3, Prop. 5.2], which reveals a typographical error.

This method can give numerical integrators of any order, but it comes with a high
computing price if the partial derivatives of f are difficult to compute. In the following
sections, we present order conditions for certain classes of numerical schemes, in order to
obtain high order methods avoiding derivatives and unnecessary evaluations of f.

5.2 Order conditions for stochastic Runge-Kutta schemes

We consider stochastic Runge-Kutta schemes (1.10) for the overdamped Langevin equation

S

(1.1). We set ¢; = ), a;;. In this section, we also assume Assumption 2.2 to simplify the
j=1

computation. Using the proposed framework, our goal is to find algebraic conditions on

the coefficients A = (aj;), b = (b;) and d = (d;) to achieve a given order condition for the
invariant measure.

Firstly, we suppose >)b; = 1 in order for Ay = £ in Assumption 2.4 to be satisfied.
Then A1¢ = F(v1)(¢) where

Lo,

‘L
g

vy = Zbcher d2l' + 0% bl + 1\/'

Theorem 4.9 yields

~ (Ebzcz + % — 22b1d1> E-l— O; (szdg + % — QZbldz) ‘/I)
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Thus if we suppose

ZbiZL Zbici—l-%—QZbidi:O, Zbid?-i-%—QZbidi:O,

then A;¢ ~ 0. We have a Runge-Kutta scheme of order 2.

By continuing this methodology, we obtain the order conditions of order 3, and our
analysis allows to obtain the conditions for any order. The following theorem states the
order conditions for Runge-Kutta methods.

Theorem 5.2. Assume Assumption 2.2 and consider an ergodic Runge-Kutta method (1.10)
with >, b; = 1. Using the same notations as in Theorem 4.9, if A, b and d are chosen such
that F(7;) = 0 for all 1 < i < p, then the method has at least order p for the invariant
measure. In particular, Table 1 gives sufficient conditions to have consistency and order 2
or 8 for the invariant measure for Runge-Kutta schemes.

Order | Tree T F(1)(9) Order condition
1 o f dYbi=1
2 off Dbici =23 bidi = —3
oAf Y bid; =23 bid; = —3
3 qb’f/f’f Z biaijcj — 22 biaijdj + Z biCl' — (Z b2d1)2 =0

!

IV

{ (ﬁ/f/Af szawd? — 2Zbiaijdj + szcz _ (Z bzdz>2 -0
3 20} =23 bidic;

Z bz-diaijdj — Z bicid; — Z bid; + Z bzdz
SO (S e),ei) |+ X biei — Ybiagdy — 5 (Nbidi)” = —
% Z bzczd? — Z bzdi3 —2 Z bidi

Pl san) +3 Xbid} — Sbicidi + 3 B bici = —3

§ L bidf — 3 3 bid?

‘3 ¢'A*f —5 2 bidi + 3 Ybid} = —7;

Table 1: Runge-Kutta order conditions for the invariant measure (See Theorem 5.2). The
sums are over all involved indices.

To prove that a scheme has weak order p, one can develop L'¢, i < p, in exotic aromatic
B-series (a simple method for this computation is proposed in Section 5.3) and prove each
forest coefficient of Z%Ugb and A;_1¢ are equal, yielding the order p estimate (1.7).

The Runge-Kutta conditions for weak order 3 have no solution for a method of the form
(1.10) with only I = 1 noise. Indeed, fixing d® = 0 in Table 2, we obtain the incompatible
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order conditions ) b; (dgl))2 = % (third line of Table 2) and >} b, (dl(l))2 = £ (last line of

Table 2). Taking | = 2 noises in the method (1.10) is sufficient for reaching weak order 3
for general f satisfying Assumption 2.2. Notice that [ = 1 is sufficient for obtaining order
3 for the invariant measure. The order conditions are in Table 2.

Remark 5.3. Notice that Assumption 2.2 permits to identify the differentials F(i) =
F(V) and the corresponding order conditions, using Proposition 4.7. Thus, under As-

o\ 2
sumption 2.2, we can replace the two conditions Zbiaijdj = % and (Z bidi) = % by one
2
new condition Zbiaijd(l) +3 (Z b,-dz(~2)> =2

Remark 5.4. As explained in the introduction, the study of weak order conditions using
rooted trees is already well documented in the literature, but the framework of exotic aromatic
B-series has the advantage to involve rooted forests that do not depend of the dimension d,
which permits us to compute integration by parts and hence derive the order conditions
for the invariant measure. Since weak convergence implies convergence with at least the
same order for the invariant measure, the weak order conditions (Table 2) imply the order
conditions for the invariant measure (Table 1). In particular, comparing Table 1 and Table
2, we observe that there is a lower number of order conditions for the convergence to the
invariant measure compared to the standard weak convergence.

5.3 Order conditions for postprocessed integrators

In this section, we extend our analysis to the case of integrators combined with postpro-
cessors [44]. As stated in Theorem 2.8, it permits to increase the order for the invariant
measure of a given method while maintaining a low number of function evaluations per time
step. We show that exotic aromatic B-series simplify this approach, but one issue remains:

the computation of the Lie bracket [£,.A,]¢. This is done by the following theorem for the
composition of exotic aromatic forests and based on the Leibniz rule.

Theorem 5.5. Let 1 and vo be two exotic aromatic rooted forests, and ¢ : R4 — R a
smooth function. For ¢ : mw(rz) — Vi and v : I'(rz) — Vi, we build vy, by plugging all
the edges connected to r9 to the nodes of v1 according to ¢, and all the lianas (counting
multiplicity) according to 1p. Then the composition of forests is given by

Fip)(F)@) = >, Flys)(9).

pm(ra)—V1
$:l(rg)—>Vy

Various composition rules for B-series and aromatic B-series have been studied in the
literature (see [21, 15, 7] and references therein). The main difference from these previous
work is we compose only the roots of exotic aromatic rooted forests, because this corresponds
to composing linear differential operators.

Proof. Using Definition 3.2, we have

Fm)(¢) = Z Z H Ol Odroy fiu | Loy Oy 0

T (1)seest (1) jz(l)""’jz(l) veV
vy Ymy ‘1 51
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Order | Tree 7 F(1)(¢) Order condition
1 ! o f b1
2 } o'f'f Ybici =3
! SAf L)’ + ()’ = §
L S e fle)) | Dbid? =1
3 % ¢/f/f/f 2 biaijcj _ %
! o fAf S biaij (A7) + Sbiai; (@) = §
Y &' f"(f, f) Sbic? =1
E 2O f"(f(€), ei) 2 bidz(l)az‘jdg-l) +> bid£2)aijd§.2) =1
P VAN | Bhiei(d) + Nbiei(d?)” = §
‘:,I’w) ¢/A2f sz<(dll))2+(d£2))2)2: %
E S ¢ (eq, £ (e5)) Zbiaijdg'l) _ %
LS ) | (Shd?) =4
bl oS |3 bicid!”) = 3
U S @n@) | Su®)’ + e @) =1
e Z¢,,/(€i7€j7f,/(€i7€j>) ST, (dl(l))2 _ %

Table 2: Runge-Kutta standard weak order conditions for [ = 2 noises. The sums are over
all involved indices.
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Then we replace ¢ by F(71)(¢) and use Leibniz rule to distribute the partial derivatives.

Fe)PoD@) = Y S ] o fi

T (1) seest (1) T (1)se00d (1) \veVD
ot iy et
DR
Y1

X

afw(v-2>aJr(rz) H afw(v>aJr(v>fiv afw(rl)aJr<r1>¢

0
veV;

- Z Z Z H 0Lty Vo fiv

e:m(r2) > Vi (1)5-58 (1) jl(l)v--'vjl(l) veVy
YT (rg)—Vy ‘1 Ymy Y1 51

0 0 . ) 0
H L wyoe=100) ) ow-1 (gup Fio Lrryoe=1r b Jr(n)uw*u{rl})gé
veVlo

= Z F(vp,6)(9)-

pim(re)—V1 o
Y:I(rg)—Vy

Example. We recall L = F(I + %21.,‘), then we can compute L2¢. Using Theorem 5.5, we
obtain
o1

Fly(Lo) = F(E N4 5°

)(¢)

and

e o
F(2)(Lg) = F((IJ + 142l 4 5 5(9).

Combining the two previous equalities, we deduce

L2 = F(E + 5 02}) + a;f +o2l 4 (jii())(gb).

Using Theorems 2.8 and 5.5, we obtain general conditions on postprocessors to increase
by 1 the order of a given method.

Theorem 5.6. Using notations and assumptions of Theorem 2.8, if the numerical scheme
and the postprocessor can be developed in exotic aromatic B-series of the respective forms
4.5 and

E[¢(Gn(x))] = F(s)(0) + Y, BMa(FH)(¢) + ...,

yeEAT

1<|yl<p

if we denote vy the exotic aromatic B-series such that F(vy) = (A, + [L£, Ap]) and if v ~ 0,
then X, is of order p+ 1 for the invariant measure. In particular, if the order 2 conditions
in Table 3 are verified, then the method has order 2 for the invariant measure. If we suppose

the order 2 for the invariant measure of the numerical method and E(I) + %6((‘)) =0 (in
order to have Ay = aL), and if conditions in Table 4 are verified, then the method is of
order 3 for the invariant measure.
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Tree Order condition

E a&_;MM+;mw_;M@n—m@+%mw:o

b adﬁ_a@d+aéo—%amoy-%mh+amo:o
' a(.\/.) — %a([l,’) + La(T$) =0

Table 3: General order 2 condition with postprocessor (See Theorem 5.6).

Theorem 5.7. Consider an ergodic Runge-Kutta method of order p = 1 for the invariant
measure of the form (1.10) and the following associated postprocessor

K:Xn+h2@f(7j)+d70\/ﬁ?m i=1,...,8,
7=1

X = Xy + 0 Y bif(Yi) + doo vV h &y
i=1

Assume Assumption 2.2. If ~y is the exotic aromatic B-series such that F(y) = (Ap+[L, Ap])
and if A, b, d, A, b, d, dy are chosen such that v ~ 0 then the postprocessed method X,
has at least order p+ 1 for the invariant measure. In particular, if the conditions of order
2 in Table 5 are verified, then the postprocessed integrator has order 2. If the Runge-
Kutta method has order 2 for the invariant measure (see Table 1), if >.b; = dT32 and if the
conditions of order 3 in Table 5 are verified, then the method has order 3.

Remark 5.8. The condition ofv in Table 8 is not modified by the postprocessor as it
does not depend on any a(vy). Thus if the scheme is a consistent Runge-Kutta method, this
condition is automatically satisfied (see also Remark 4.10). If the postprocessor satisfies the
following equation

_ 2 _ 1.4

a("") = Salt) + —a(s) =0, (5.1)

o o

then the conditions of \V, " and \/I of Table 4 are not modified by the postprocessor,
and thus are satisfied automatically for consistent Runge-Kutta methods. Equation (5.1) is

verified for the class of Runge-Kutta methods for postprocessors presented in Theorem 5.7
that satisfy Ag = aL.

Example. Under Assumption 2.2, the following Runge-Kutta method, introduced in [44],
is of order 2 for the invariant measure of (1.4) (if it is ergodic).

Xop1 = Xo + hf(Xnt1 + =520VhE,) + ov/hén,

X, = Xo+ h2F(X,) + Y20 URE,.

Indeed, its coefficients, placed in the following Butcher tableau, fulfil the conditions of order
2 of Theorem 5.7 (See Table 5).

clAlale|d|a  1|1[152] 2] @) e
IR Y B B B v




Tree 7 Order condition
aé) - 022a(£) — 2oV + ;a(ix) + Za("\) - %Q(Y) - %a((zf‘\,)
% +Ba(h) - 2a() sal) + Lal) +2a() - Ba(t) + Bal+) ~ 0

a’) = Za() - a& )+ Za(®) +a(D) + La(d) - %a(‘%\/)

£ +24a( by Saf ?'3) — (’;a(E) —a(‘f) +2a(l) — 2a(I) + 4a(s) =0
oY~ a(1) +a®) + 0l D) — o) + 0 )

T = ey - 2a(l) + 2ad) - ff;a(clz) fa(s) =0

NV e - Pa(\c‘;/) + Za( by Ba((1) =0
a) () 4 20 ) - %a<t> + %a(z )

g —Sa( g 124( T~ o2a(\) + 2a() — La(s) =0
a(\/I) ~ 2a(") = Za(®) + Ha(®) + %a(Y)

\)

—;—ia(clzv) + %a(i\%‘) —4a("\") + %a((lﬂ) — Bg( ) =0

o4

Table 4: General order 3 condition with postprocessor (See Theorem 5.6).
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Order | Tree 7 Order condition

2 E Sbici — 2 bidi — 230, + 2dy- = —4

U | S —2Xbidi = +dy” = 1
% Zbiaijcj —2Zbiaijdj +Zbici
— (S bidi)? — 22 b + ddo X bid; — dy =0
Y Zbiaijdjz—QZbiaijdj +Zbicz‘
P S - S @S- @ o
%Zbicg—QZbidiCl’—QZbidi—f—QZbid%
_ R —
\I/ + X bici — 2 bicg + 2do Y bidy — 94— = —1

2 3
Mbidiaiid; — 3 bicid; — Y bid; + 3 bid? + Y bici
S biayd; — 5 (Sbid)? — S + 200 X b — B = 1
I 3bieid? — Y bid? — 2 bidi + 3 Y bid? — Y bicd;
e i st A
§ Lbidj — 5 Xbid} — 5 Y bid;
KRS DL Y SN vir) W or A TR

Table 5: Order conditions for Runge-Kutta method with Runge-Kutta postprocessor (See
Theorem 5.7). The sums are over all involved indices.

5.4 Order conditions for partitioned methods

In (1.1), we assume f = f; + fo and we consider partitioned integrators that apply different
numerical treatments to each f;. We explain is this section how to extend the exotic
aromatic B-series formalism to compute order conditions for such partitioned integrators.
The advantage is to treat differently each part of f according to their properties. For
example, if f; is stiff and fo is non-stiff, one would like to apply an implicit method to f;
and an explicit method for fo (IMEX methods).

We follow here the formalism of [21, Sect. II1.2] for bi-coloured B-series, called P-series.
We introduce white nodes ; they represent the function fo. Black nodes now correspond to
f1 but the root still corresponds to ¢. We call these new forests exotic aromatic P-forests.
There are two slight changes in the computation rules compared to the non-partitioned
case:

e Simplification rule: if f; = VVj and fo = VV5 are both gradients, then

B 2 A A
e~ 2 (:B+ TB> |
g

Furthermore, the node B can be replaced by an aromatic root or a white node.
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e The operator £ is now written as

2

c=rFl+1+ %5).

In addition to the partitioning of the method, one can also add a postprocessor. The results
of Section 4.3, 5.2 and 5.3 are straightforwardly adapted to the P-forests.

Theorem 5.9. Consider a Runge-Kutta method of order p of the form

Y, =Xu+h Y ayfi(Y;) + @ f2(Y;) + diovhé,, i=1,...,s,
=1

Xpi1 = Xo+ 0 Y bifi(Vi) + bifo(Ys) + ovVhén,
=1

1=

together with the following Runge-Kutta postprocessor

Y, =X, +h Y @i 1i(Y;) + @ fo(Y;) + diovVhE,, i=1,...,s,
j=1

~

X = Xo+h S 0S4 bifo(V5) + doo VR Er.
=1

Under the notations and assumptions of Theorem 5.7, if we suppose fi and fo are gradients,
if we choose f1, fa and the coefficients of the method such that v ~ 0 then the method has
at least order p+ 1 for the invariant measure. In particular, the conditions for consistency
and order 2 are in Table 6.

GIf | Shé - 2N hidi — 2 b + 20y =~}

Order | Tree 7 | F(7)(¢) Order condition
1 ! ¢ fi >ibi=1
! dfs | Nbi=1
2 } ¢ fif1 Zbici—QZbidi—2ZE+2dT)2:_%
E O fifs | Sbié— 2% bidi — b — by + 2y =~}
% ¢’ fo.fr Z@Ci—ZZ@di—ZE—ZbiJrQCTOQ:_%
1

GAfL | b2 — 2 bids — S)b; + do

‘7
(

U | oap | Sha—2Xhd-Sh+d’ = -}

Table 6: Order conditions for partitioned Runge-Kutta method with postprocessor (See
Theorem 5.9). The sums are over all involved indices.
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Example. Using the previously introduced formalism, we see that, if f1 and fo are gradients
and f = f1 + fa satisfies Assumption 2.2, the following method, adapted from [9, Lemma
2.9/, is of order 2 for the invariant measure of (1.4) (if it is ergodic).

Xn+1 =Xn+ %fl (Xn+1 + %U\/Efn) + %fl(XnJrl + %U\/ﬁén)
+hfa(Xn + 50VhEn) + 0VhEn,
X, =X,+ %a\/E?n.

It can be put in Runge-Kutta form with the coefficients below:

A 0jo o o0 |0olo 0 0|12
clAld 1o 12 12|11 0 0]1/2
B

\ 10 1/2 1/2|1]1 0 0]3/2
0 1/2 12| |1 0 0]

c|4)
b

and s =0 and dy = % for the postprocessor.

If we add a family of independent noises (xn)n independent of (&,)n, then by extending
Theorem 5.9, we can show that, under the same hypothesis as the previous example, the
following IMEX method has order 2 for the invariant measure of (1.4):

Xny1 =Xp+ hfl(Xn-i-l + %U\/EXTL) + hfZ(Xn + %U\/Egn) + U\/Efna
X, =X, + %J\/ﬁ{?.

5.5 Non-reversible perturbation

An interesting modification of (1.4) is to introduce a non gradient perturbation that pre-
serves the invariant measure. It permits for some classes of problems to improve the rate
of convergence to equilibrium [30], and it can also reduce the variance [20]. As in Section
5.4, we consider the equation (1.1) where f = fi + fo and we use bi-coloured forests. We
suppose fi = —VV is a gradient, and f> is a perturbation of f; that satisfies

div (fge_%v) —0. (5.2)

The perturbation fo does not modify the invariant measure. Indeed equation (5.2) implies
that the adjoint of Bg = ¢'(f2) satisfies B*py, = 0, and thus the invariant measure is
preserved. A simple example of such non gradient perturbation is fo = JVV, with J a
fixed antisymmetric matrix. We can now apply all the results of Section 4 that do not use
Assumption 2.2. We have the following useful properties.

A
e We still have the simplification rule (see Proposition 4.7): *a ® ~ %IB Furthermore,
the node B can be replaced by an aromatic root or a white node.

e The generator reads £ = F({+1+ %2[')).

e We have F(O) = —F(E), and these differential vanish if fo = JVV.

The two first properties allow us to simplify lianas in the forests as we did in Section 5.4.
Then we are left with forests with white nodes such as " . This is where the last property

comes in handy, as we can integrate by part this tree and obtain v ~ —{. We deduce the
following theorem.
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Theorem 5.10. Consider an ergodic Runge-Kutta method and a postprocessor as in The-
orem 5.9, suppose fi = —=VV and fa satisfies (5.2), then under the notations and assump-
tions of Theorem 5.7, if the coefficients of the method are chosen such that v ~ 0 then the
method has at least order p+ 1 for the invariant measure. In particular, the conditions for
order 1 and order 2 are in Table 7.

Order | Tree 7 | F(7)(¢) Order condition
1 ! df | Sh=1

I | Dbici —2X bid; — 20 + 2dy” = —3

SFlfa | Sbiéi+ b — b =0

E
i
D onh | She - 2Nhd - NE - S E =0
| ean Sha -3 (3h) =0

! ¢'Afr Zm£—22@¢_25+a?:_%

U | ¢afh | Sbhd—2%bdi+ b — b+ do” =0

Table 7: Order conditions for partitioned Runge-Kutta method with postprocessor for the
perturbed equation (See Theorem 5.10). The sums are over all involved indices.

We note that if fo = JVV, we have "—22 I~ —} — % In this case, the order condition for

{ can be omitted and the two conditions of E and % are respectively replaced by

QZ@di—Z@+ZbZ~@—Z@d§+ZE—%2 =0,
i~ Y- Y+ @t =0

Remark 5.11. In order for the method to satisfy Ag = L, the condition ZbAz =1 should
be added in Table 7, but it is not necessary to achieve order 1 for the invariant measure.

Example. If f1 satisfies Assumption 2.2 and fo satisfies (5.2), the following consistent
postprocessed scheme has order 2 for the invariant measure (if it is ergodic):

Xn+1 = Xp + hfl(Xn + %\/Bﬁn) + %hfg(Xn + %\/Egn)
X7n = Xn + %\/EE"L

If fo = JVV, it needs two evaluations of VV per timestep similarly to a standard Runge-
Kutta weak order 2 method. For fy = 0, note that the scheme (5.3) coincide with the one
proposed in [28], formulated in a different manner (See [44]).
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Appendix

Expression of 45 in Theorem 4.9.

)= s
2 Sty 2 L () 2 e 2
Ll e Aacky - Sac >)\I/+ (a(%—a&>—a<V>—a<£’>+2a<v>
F 2y a2 - ) Sk - B ()
—fga<f>—a<£>+ia<u>+a<i£‘>+‘é (- L+ Lacky - Sacn >)£
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