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Abstract. Implicit methods are a natural approach for the integration of stiff differential equa-
tions, to avoid time-step restrictions faced by standard explicit integrators. Explicit stabilised inte-
grators are an alternative to implicit methods, which can be particularly efficient in high-dimensional
applications with diffusive terms. Towards the best of both worlds, we introduce a new explicit sta-
bilised implementation of a class of diagonally implicit Runge-Kutta methods. This allows us to im-
plement high-order singly-diagonally-implicit Runge-Kutta methods for advection-diffusion-reaction
PDEs with a provable computational cost analogous to that of standard explicit stabilised methods.
The main ingredient is to recast the implicit Runge—Kutta update as the steady state of a modi-
fied auxiliary system, which is then computed using a partitioned Runge-Kutta—Chebyshev method
inspired by optimisation techniques.
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1. Introduction. In this paper, we consider systems of ordinary differential
equations (ODEs) representing space discretisations of partial differential equations
(PDEs) of the form

(1.1a) y = F(y),
(1.1b) F(y) := Fp(y) + Fa(y) + Fr(y).

where Fp(y), Fa(y), Fr(y) € R represent diffusion, advection and reaction terms
respectively. Typically (1.1) arises from the spatial discretisation of an advection-
diffusion-reaction problem in N spatial dimensions, and assuming a spatial grid of
size Az, the dimension of the ODE grows like d = O((Az)~V).

The numerical time integration of (1.1) is very challenging since this is a stiff
ODE. Following [13], we call a differential equation stiff when a standard explicit
numerical integrator such as a standard explicit Runge-Kutta method faces a severe
time-step restriction. In particular, in the case of (1.1) the eigenvalues of the Jacobian
of Fp are typically distributed along the negative real axis in an interval that grows as
[—~O(Az72),0] (for a symmetric diffusion operator), which implies that the time step
At that can be used by the explicit Euler method suffers from the CFL At < CAz2.
Furthermore, the eigenvalues of the Jacobian of F4 are typically distributed along
the imaginary axis in an interval that grows as [—iO(Ax~1),iO(Az~1)], while the
eigenvalues of the Jacobian of the reaction term Fpr even though are usually not
related to Az can have a ratio max; [RA;|/ min; [RA;| that can be very large or vary
over several orders of magnitude when modeling multiscale reaction terms.
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There are two different approaches to dealing with the issue of stiffness within
the class of Runge-Kutta methods. The first relates to the design of implicit meth-
ods, with a prime example being the implicit Euler method. These methods have the
advantage of achieving stability unconditionally with respect to the stepsize, which
comes with the cost of solving a system of nonlinear equations. When the dimension
of the corresponding differential equation is low, the nonlinear system can be solved
efficiently using Newton’s method [17]. As the dimension of the differential equation
increases, diagonally implicit Runge-Kutta methods are attractive as they lead to a
triangular system which is easier to solve using lower-dimensional Jacobian matri-
ces using an appropriate partitioning of the coefficient matrix as proposed in [20].
Nevertheless, when one deals with differential equations like (1.1), dealing with the
corresponding nonlinear equations (even in the triangular form) can be cumbersome
as it requires specialised linear algebra techniques, where the use of preconditioners
raises issues with both memory access and storage on parallel supercomputers.

An alternative approach to using implicit methods for solving stiff differential
equations is to use explicit stabilised methods [2]. In their basic form, these are first-
order explicit methods that can take larger time steps than the standard Euler method
(for an easily computable numerical cost). This property together with the simplic-
ity of implementation has made explicit stabilised methods the method of choice for
diffusion-dominated problems. In particular, the second-order Runge Kutta Cheby-
shev (RKC) method was very successful for large dimensional parabolic problems,
while methods with nearly optimal extended stability domain sizes were proposed as
the second-order ROCK2 method [4] and the fourth-order ROCK4 method [1]. In the
spirit of implicit-explicit methods (IMEX) [10, 9], the versatility of explicit stabilised
methods allowed many extensions to partitioned Runge-Kutta methods for addressing
problems with additional advection and possibly stiff reaction terms. Examples in-
clude Implicit Runge Kutta Chebyshev (IRKC) [18] to deal with stiff reaction terms
and Partitioned Runge Kutta Chebyshev (PRKC) [22] to include advection terms.
In addition, the Partitioned Implicit Orthogonal Runge Kutta Chebyshev method
(PIROCK) [5] combined these two approaches to propose a second-order method for
solving advection-diffusion reaction equations. In particular, PIROCK has recently
emerged as an efficient alternative to classical splitting approaches for solar atmos-
phere simulations in astrophysics [21] and for large-scale gyrokinetic simulations in
plasma physics [7, 6]. Another recent use of explicit stabilised methods is for solving
optimisation problems. More precisely, in [12] by exploiting the good stability prop-
erties of explicit stabilised methods a new method called the Runge—Kutta Chebyshev
descent (RKCD) was proposed and showed to perform similarly to the state of the
art for strongly convex optimisation problems.

A major limitation of methods such as IRKC, PRKC, and PIROCK that use an
explicit stabilised method to deal with the Fip term in (1.1), is that they are at most
second-order accurate in At. Indeed, while the construction of the PIROCK method
which is based on a splitting into three terms needed to solve 12 order conditions,
similar construction of higher order methods would be cumbersome due to the dra-
matic increase of order conditions for partitioned Runge-Kutta methods. On the
other hand, implicit methods can achieve much higher order of accuracy in At, but as
discussed above the implementation as well as the storage requirements of the Newton
method and variants in high dimensions become an issue. In this paper, inspired by
the success of RKCD as an optimisation method, we revisit diagonally implicit meth-
ods and their implementation. In particular, instead of solving the nonlinear system
with variants of Newton’s method, we introduce a new variant of the RKCD method
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that only outputs first-order information. This method is simple to implement due
to its explicit nature which circumvents the need for specialised linear algebra tools.
Furthermore, it leads to rigorous estimates of the computational complexity of the
proposed method. In particular, we can show that

1. In the pure linear diffusion case (F4 = Fg = 0 in (1.1)), we prove that one
time step of an SDIRK method! (of arbitrary order) by an iterative method
requires O(v/At/Az) evaluations of Fp avoiding the standard CFL condition
of standard explicit Runge Kutta methods. This essentially implies that we
are able to implement a higher order diagonally implicit Runge-Kutta method
at the cost of an explicit stabilised method.

2. For a class of linear advection-diffusion PDE (Fg = 0), we prove that in
spite of relatively large Peclet numbers the proposed partitioning allows to
implement one step of an SDIRK method with a similar complexity to the
one of the pure diffusion case discussed at the previous point.

3. For various nonlinear diffusion-advection-reaction problems, numerical ex-
periments illustrate the robustness of the approach where we show that the
explicit stabilised iterations converge in the case of an order 4 SDIRK method
with error control, a state-of-the-art Runge-Kutta method proposed in [13,
Table IV.6.5, p. 100] and considered in this paper to illustrate the new ap-
proach.

The paper is organized as follows. In Section 2 we revisit the ideas of numerical
stability of Runge-Kutta methods, while also discussing the basics of explicit stabilised
methods. In Section 3 we revisit implicit Runge-Kutta methods and discuss the main
idea behind solving the nonlinear system using an explicit stabilised algorithm. In
addition, we discuss a specific application of the new explicit implementation of im-
plicit methods in the context of advection-diffusion-reaction equations and present
an algorithm for doing so. A detailed convergence analysis in the case of pure linear
diffusion and linear diffusion-advection is presented in Section 4. Finally, in Section
5 we present a number of numerical computations that illustrate the theoretical con-
vergence analysis in the pure linear diffusion case, and the linear diffusion-advection
case. In addition, applying the new explicit stabilised implementation exSDIRK4 of
an order 4 SDIRK method to several nonlinear advection-diffusion-reaction problems
illustrates the wide applicability and versatility of our approach.

2. Preliminaries. In this paper, we are interested in the numerical integration
of systems of ODEs of the form

(2.1) y(t)=g(y®),  y(0)=wo, t>0

where y(t) € R% and the vector field g : R? s R9 is assumed smooth. In this section,
we recall the main tools for stability and accuracy analysis of Runge-Kutta methods.

2.1. Stability function and stability domain. Let A € C and consider the
Dahlquist test equation

(2.2) y(t) =Ay(t), y(0) =y eR.

In the case where A € C~ = {z € C; Re(z) < 0}, equation (2.2) has a bounded
solution for ¢ — +o00. The simplest Runge-Kutta method for solving (2.1) is the
explicit Euler method which when applied to (2.2) yields the recurrence

(2.3) Ynt1 = (14 AAL)yn

1Here At is the time step used by the SDIRK method.
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More generally, a Runge-Kutta method with step size At applied to (2.2) produces
the following recurrence

(2.4) Un = R(AtAN)yn—1 = R(ALN)"yo,
where R(z) is called the stability function and the stability domain is defined by
§={2€C; |R(z)| < 1}.

Note that z € S ensures that y,, in (2.4) remains bounded as n — oo similarly to the
true solution. In the case of the explicit Euler we have that Sg = {|z + 1| < 1} which
corresponds to a disc of radius one, centred at —1 on the complex plane. For stiff
problems where |A| > 1 this implies a severe time-step restriction namely At < 2/|A|
when A < 0. In particular, for spatial discretization of the heat equation eigenmodes
are typically of size O(Az~2) which would in turn imply the CFL condition At <
cAx?.

To avoid such severe time-step restrictions one solution is to use implicit methods.
The simplest one of those is the implicit Euler method which when applied to (2.2)

yields the recurrence
1
Ut = T RA

In this case we have Sip = {|z — 1| > 1} which contains C~. This property is known
as A-stability and can only hold in the case of implicit methods. A-stability means
that there is no restriction on the time-step size for eigenvalues with negative real
parts contrary to the explicit Euler method and other explicit methods. Nevertheless,
in the case of severely stiff dissipative problems, a desirable additional property to
A-stability is R(oco) = 0 which is known as L-stability [13].

2.2. Higher order Implicit Runge-Kutta methods. The implicit Euler is an
example of an L-stable integrator meaning that is particularly suitable for integrating
stiff equations. However, from the point of view of accuracy, it is a first-order method.
To address this issue families of L-stable Runge-Kutta methods have been proposed
[13] with an arbitrarily higher order of accuracy. Important examples are the families
of the Radau and Lobatto Runge-Kutta methods are that achieve orders 2m — 1 and
2m — 2 respectively for any number m of internal stages [15]. In particular, Radau
with m = 1 reduces to the implicit Euler method, while in the case where m = 2 we
obtain the following implicit Runge-Kutta method for integrating (2.1),

5At At
2.5 Yi =y + —9g (Y1) — —g(Y2),
(2:52) L= g+ g (V) — oY)

3At At
(2.5b) Yo =yn + -9 (Y1) + Ig(YQ)v
(25C) Yn+1 = YQ.
For a general m-stage implicit Runge-Kutta method with coeflicients a;j,b;,7,7 =
1,...,m, given the numerical solution ¥, at time ¢, one needs to solve the following
nonlinear system in dimension m - d with unknowns the internal stages Y; € R? i =
1,...,m,
(2.6) Yi=yn+AtY ayg(V;), i=1,...,m,

j=1
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to obtain the solution y,41 at time ¢,41 by

(2.7) Yn+1 = Yn + Atz big(Y;).

i=1

It is common to represent Runge-Kutta methods using a Butcher tableau

a8 el

where A is the matrix of coefficients {a;;}[";_;, b is the weights vector {b;}{",, and

the vector ¢ is such that ¢; = Z;nzl aij. In compact matrix and tensor notations,
(2.6) can be written as

(2.9) Y =Ly @ yp + AHA® I3)g[Y]

where A € R™*™ is the Runge-Kutta matrix of coefficients a;; and

1 Y1 9(Y1)

1 m Y2 m-d g(Yé) m-d
(2.10) 1,=].|€eR™ Y= . eR™ g[Y]= . cR

1 Vo 9(Y)

In order to implement a general m-stage implicit Runge-Kutta method, for example,
an m-stage Radau method, one employs Newton’s method or variants of it. These
methods make use of the Jacobian of the system which is of size md x md. Diagonally
implicit Runge-Kutta methods (DIRK) are an attractive alternative to reduce this
computational cost. This is because in this case, the matrix A in (2.9) is lower trian-
gular, which implies that the Jacobians used by the Newton method or its variants
to solve (2.9) are of dimension d x d. Furthermore, when all the diagonal coefficients
are equal, the method is referred to as singly diagonally implicit (SDIRK), which may
offer the potential to further reduce computational costs [13]. A particular diagonal
implicit method of interest in this paper is SDIRK4 as presented in [13, Table IV.6.5,
p. 100] and whose Butcher tableau is given by

1
1
1 1
2 1
17 -1 1
50 25 1
371 —137 15 1
(2.11) 1360 2720 544 4
25 —49 125 -85 1
24 18 16 12 4
25 =49 125 =85 1
n 24 18 16 12 1
~ 59 —17 225 —85
Y1 18 % 32 12 0
_3 21 25 1
err 16 32 32 0 3

Remark 2.1. Note that for SDIRK4 we have y,,+1 = Y., where m = 5. We call
such methods stiffly accurate [13]. The coefficient v = 1/4 is chosen in [13, Sect. IV.6,
p. 99] to achieve both L-stability and a favorable error constant with an embedded
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method for error control and a continuous output of order 3. In [13, Sect.IV.6, p.
99], a numerical better choice with v = 4/15 and numerical values of the L-stable
Runge-Kutta coefficients is also proposed but we choose in the paper the SDIRK4
method (2.11) for simplicity due to its nice rational coefficients.

Remark 2.2. The SDIRK4 method in (2.11) also includes an embedded method
i1 for a variable time-step strategy [13] based on the error estimator

(2.12) err =J Y (y1 — 1)

where each new step y; with time step At is accepted if err is small enough compared
to the tolerance tol or rejected otherwise. The next time step is then computed as
Atpew = EAL(tol/err)t/® where &€ = 0.8 is a safety factor and tol is the tolerance
prescribed by the user. The term J~! in (2.12) denotes the inverse of the Jacobian
matrix J = I;— Atvg—g computed during the Newton method or its variant at iterates
of the internal stages Y;, and hence J~! is already computationally available with mi-
nor overhead in practice. This is a standard methodology for stiff problems proposed
by Shampine, as presented in [13, Sect.IV.8], to circumvent the lack of L-stability of
the embedded method and hence stabilize the error estimator which would otherwise
be too pessimistic and fail for stiff problems.

2.3. Explicit stabilised Runge-Kutta methods. Even with the dimension-
ality reduction of diagonally implicit Runge-Kutta methods in terms of the Jacobians
used for solving the nonlinear equations, implicit methods in high dimensions become
prohibitively expensive. On the other hand, explicit schemes avoid the solution of
such high-dimensional systems, but have bounded stability domains. For this rea-
son, standard explicit methods face severe step size restrictions when integrating stiff
problems. Explicit stabilised Runge-Kutta methods represent a good compromise,
they are fully explicit schemes with extended stability domains over the negative real
axis.

Explicit stabilised Runge-Kutta methods are constructed to have (nearly) max-
imal stability domain sizes along the negative real axis constrained by the fact that
they remain explicit. In particular, for an s-stage method the stability polynomial
would be of degree s. The goal is then to find, for a given integer p (the order of
the method), a polynomial of degree s (the number of internal stages of the method)
satisfying

22 2P

R,(2) :1+Z+5—|—---—|—g+o¢p+1z”+1+---+o¢szs,
such that |R4(z)| < 1 for z € [-L,,0] with Ly > 0 is as large as possible. For p = 1,
the optimal value of L is 2s? [2, 13]. The corresponding polynomial is the shifted
Chebyshev polynomial R(2) = Ts(1 + 2/s?) where Ts(cosf) = cos(sf) is the first
kind Chebyshev polynomial of degree s. This polynomial oscillates between —1 and
1 which introduces singularities in the stability domain and prevents convergence for
some eigenvalues. For this reason, we modify the stability function in the following
way

Ts(wo + w1 2)

(2.13) Ry(z) = Toon)

where wg = 1+1/s%, w1 = Ts(wo)/T%(wo), and 7 is called the damping parameter. The
polynomial (2.13) now oscillates between —as(n) and a5(n) for every z € [—Ls ,;, —65),
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where

1+ wo
2.14 s = < ]-7 Lgy= ;
( ) « (77) Ts(wo) sM w1

where §, is a positive real close to zero (Rs(0) = 1).

Using the well-known three-term recurrence relation of the first kind Chebyshev
polynomials T} 41 (2) = 22T (2)—Tj_1(2), for j > 2 (with To(z) = 1 and T3 (2) = z), we
can derive an efficient and stable implementation (in terms of memory and rounding
errors) of the so-called Chebyshev method or the first order Runge-Kutta-Chebyshev
(RKC) method with stability function (2.13), as analyzed by [19] (also for second
order explicit stabilised methods). When applied to non-linear problems where the
Jacobian of g has negative real eigenvalues, this method allows for taking much larger
time steps than standard explicit methods would allow. Algorithm 2.1 summarises
one step of the first order s-stage RKC method with step-size At for the solution of
(2.1). Note that there are three parameters needed for implementing this Algorithm,

Algorithm 2.1 First order Runge-Kutta Chebyshev for the time integration of (2.1)

Input: Initial state y,,, damping 7, upper bound L for the eigenvalues of the Jacobian
of g at y,, time step At

Ko =1yn, Ki=Ko+ umAtg(Ky),

(2.15) Kj = pAtg(Kj1) +viKja+ (L—vj)Kja, j=2,....s,
Yn4+1 = Ks7
where
o = 20J1Tj_1(0.)0) b= QWOTj_1<(A}0)
’ Tj(wo) = 7 Tj(wo)

and s should be chosen large enough such that Ly, > LAt
Output: Solution y,, 41 after a time step of size At

the damping 7, the number of stages s as well as the step-size At. For a fixed
value of the damping parameter 77 and a given time step At one needs to choose the
stage parameter s in such a way that L., > LAt. Typically for ODE integration
one takes 7 small (e.g n = 0.05) which gives a nearly optimal stability domain size
L, > (2- %n)sQ, and a stage parameter

LAt
s= ——
2—%17

where L is an upper bound for the largest eigenvalue of the Jacobian of g evaluated at
yn. For larger values of damping parameter n, the width L, , of the stability domain
reduces further but still grows quadratically with s and the number of stages s is then
chosen large enough accordingly, see for instance [3, Remark 6.1] for details.

2.4. Application to optimization. In the recent paper [12] the authors utilised]]
(2.15) to solve efficiently stiff optimization problems by an algorithm called Runge-
Kutta Chebyshev descent (RKCD). Here, by stiff optimization problems, we mean
the case where the Hessian of the objective function has large eigenvalues distributed
in the positive half-plane close to the real axis. In particular, consider the problem

(2.16) min f(x),
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where the dimension d is large and f : R? — R, is f-strongly convex differentiable
function, with L-Lipschitz derivative, and such that the real parts of the eigenvalues
of its Hessian matrix  f(x) are strictly positive for all z € R?. The condition number
of the Hessian is bounded by k = %.

A starting point for solving the minimization problem (2.16) is to consider dis-
cretizations of the gradient flow

(2.17) i(t) = -V f(zt),  z(0) =z € R

where zg is an initialization. Applying an explicit Euler method with step size? h to
(2.17) is equivalent to the gradient descent method

(218) T+l = Tk 7th(J?k), k:O,l,Q,...

where 733 is the numerical approximation of x(¢;). In the strongly convex setting
described above when (L > [), this method faces a severe restriction on h to be stable.
Furthermore, it is known that the optimal h in terms of convergence speed towards
the minimizer is given by h = L%-e [16]. This implies that the number of iterations
needed to find the minimizer of f scales linearly with the condition number x. Note
that this behaviour is suboptimal since the most efficient optimization methods that
make use only of the gradient of f need O(y/k) iterations to find the minimum [16].

To improve the convergence speed of the explicit Euler method one can apply
a more sophisticated discretization of the gradient flow (2.17). For example, one
can use the first order RKC (2.15) to integrate (2.17). In particular, if one has
estimates for the smallest and largest eigenvalues of the Hessian matrix V2f, then
by choosing the parameters 7, h, and s in (2.15) appropriately one can obtain a very
efficient optimization method called RKCD [12] for strongly convex problems, see
also Algorithm 2.2. In the case of RKCD, a calculation of zpy; for zj requires s
gradient evaluation. Now the following proposition from [12] characterizes the speed

of convergence of iterates xj towards the minimizer x, when f is quadratic in (2.16).

PROPOSITION 2.3. [12]. Let f(z) = 22TCx + bz + ¢ and consider the mini-
mization problem (2.16). Now let xy, be the iterate of Algorithm 2.2 with parameters
chosen according to (2.19) and (2.20). Then the following convergence estimates hold,

(2.21) |lzx — .| < ok ()l|zo — 2.ll,
and
(2.22) f@gn) = f2) < aZ(n)(f(zr) = fla),

where x, is the unique minimizer of f, and as(n) satisfies (2.14).

A straightforward calculation shows that the learning rate h in (2.19) satisfies
=1+ O(n* + s72), for n = 0,8 — 400 which makes it mildly dependent on s.
Precisely, the following estimates holds.

LEMMA 2.4. The learning rate h defined in (2.19) satisfies the bound

el
(2.23) h< o -
2We will use At for the actual time step of numerical integrators for differential equations and h
for optimization steps.
3When we describe an optimization algorithm to approximate a minimizer z. we will use the
notation zj, for the k-th iterate of the algorithm.
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Algorithm 2.2 [12] Runge-Kutta Chebyshev descent method (RKCD)

Input: The gradient force g = —V f of a differentiable function f : R — R. Damping
1. Lower and upper bounds ¢ and L for eigenvalues of the Jacobian of g. Initialisation
xo € R,
Body:

e Compute the time step h (learning rate) and the number of stages s using

. — _wo—1
(2.19) s= { (k 1)17/2-‘ , h= il
where k = L/¢ and
n Ts(wo)
2.2 =14+ —= =
(2.20) wo + 2 W T (o)’

with T is the Chebyshev polynomial of the first kind with degree s.
e Until convergence, for k € {0,1,2,3,...}, repeat:
— Set @) =z, and x}, = 29 + hpyg(zg) with g = wi /wo
— For j € {2,---,s}, repeat:

1

: - . -
z], = pihg(x] ) + vzl — (v; — Dag 7,

;= 2w1Tj,1(w0) Vi — 2w0Tj,1(w0)
’ Tj(wo) = 7 Tj(wo)
— Set 41 = 3.

Output: Estimate T = x,,4+1 of a minimiser of (2.16).

Proof. We recall the following formula for all s > 1,k > 0,

k-1 2 52
2.24 TH) (1) = — L < g%k,

Using 1/wy = Th(wo)/Ts(wo) < Th(wp), and performing a Taylor expansion of T (wp)
for n close to 0 yields

s=1 (k+1) =1 k41
_n nTe(wo) _ T (1) k+1 n n
th= 52w = sz AT = Z k! = e
= k=0
where we used (2.24) in the last inequality, which concludes the proof. ]

Using this proposition and the properties of a4(n) it is possible to show that the ef-
fective rate of convergence of function iterates towards the minimizer x, scales like
1—c¢(n)/+/k when k> 1 [12], exhibiting thus accelerated behavior from an optimiza-
tion point of view. This, in turn, implies that to calculate x, with target accuracy e
one needs to do O(y/kloge™1) gradient evaluations.

3. A new explicit implementation of SDIRK methods. As discussed in
Section 2.2, implicit methods are usually implemented using Newton’s method or its
variants which can be memory demanding and delicate for ill-conditioned problems
in particular for high-dimensional problems arising from discretizing PDEs. Here, we
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propose an alternative way of implementing implicit Runge-Kutta methods (2.6)-(2.7)
based on explicit stabilised methods. To do this, one needs to find the solution Y 41
to the system of non-linear equations (2.9) given the current state y,. Our starting
point for achieving this is to introduce the auxiliary system of ODEs,

(3.1) Y(t) =Y (t) + Lo, @ yn + At(A® I3)g[Y (1)]
that satisfies under appropriate assumptions

i Y(0) =Y o

We have thus reformulated the solution of an m-stage implicit Runge-Kutta method
at time t,11 as the steady-state solution of the ODE (3.1). In the simplest case
of the implicit Euler method and assuming a gradient structure g(y) = —VV(y)
in (2.1), it is easy to see that (3.1) also has a gradient structure (2.17) with f(y) =
AtV (y)+ %]ly—ya 3. In this simple situation, following the ideas in [12] one can apply
RKCD directly to compute Y, 1. However, this gradient structure assumption is not
satisfied in general for a diagonally implicit Runge-Kutta method, even when (1.1)
has a gradient structure. In particular, (3.1) in this case becomes

(3.2) Y(t) ==Y ()4 L, @ yp + At(A® I3)(Fp[Y (t)] + Fa[Y (t)] + Fr[Y (t)])

As we will see, without this gradient assumption, applying Algorithm 2.2 to (3.2)
would lead to arbitrarily slow convergence to Y, 11 as the stiffness grows. To tackle
this issue, and inspired by the partitioning A = I, + (A —v1I,,) of the Runge-Kutta
coefficients into diagonal part and strictly lower diagonal part proposed in [20], we
consider the following partition of (3.2),

(3.3a)

Y(t) =1n®@yn —Y(t) + Aty I, @ I Fp[Y (t)] = Gp(Y(t))
(3.3b) + At (A—’Yfm)@)IdFD[Y(tﬂ + At.A@IdFA[Y(t)] =: Ga(Y(t))
(3.3¢) + AtA®I; FR[Y (t)] =: Gr(Y(¥)),

where we split the coefficient matrix A of the singly diagonally implicit Runge-Kutta
method into its diagonal part 1, and its strictly lower triangular part A —~I,,. The
new Algorithm 3.1 is then defined as follows.

Remark 3.1. Algorithm 3.1 calculates Y ,,+1 by applying Algorithm 2.2 to the
following new partitioned auxiliary problem:

(35) Y =Gp(Y)-Gp(Y,)+J Y Gp(Yn)+Ga(Y,)+Gr(Yy,)),
(3.6) J = ILna—hGRr(Y,).

Note that this partitioning preserves the steady state Y ,,41 of (3.2) since
GD (Yn+1) + GA(Y71,+1) + GR(Yn+1) =0.

Remark 3.2. The partitioning (3.3) and the corresponding treatment of the Gg
term in (3.5) assume that the reaction term Fg is stiff. Note that the Jacobian
inversion in this setting is cheap as it has a block diagonal structure thanks to the
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Algorithm 3.1 New Runge-Kutta Chebyshev implementation of diagonally implicit
Runge-Kutta methods

Input: The vector fields R — R? Fp (diffusion terms), F4 (advection terms),
Fr (reaction terms). The initial state y, € RY, an approximation &y € R™¢ of
Y ,,. Upper bounds A4, for the spectral radius of VFp. Diagonally Runge-Kutta
coefficient matrix A with value v > 0 on the diagonal, time-step size At. Damping 7.

Body:
e Compute the time step h (learning rate) and the number of stages s according
to
Wy — 1
— 1 2} . h=
s=[Vie=1n/ o

where ¢ =1, L =1 + yAtAnaz, & = L/l and

n - T (WO)
BCR) w1 = )
52 T (wo)

wo =14+

with T is the Chebyshev polynomial of the first kind with degree s.
e Until convergence, for k € {0,1,2,3,...}, repeat:
— Define

G(:E) L= GD(:B) —Gpl(xk) + J_l(GD(EBk) + GA(wk) + GR(EL‘]C))7
J = md — hGSQ(:Bk),

— Set wg = x; and ;c,lc = zc% + hp G(xy) with pu = wq/wo
— For j € {2,--- s}, repeat:

1 j—2
—(vj — Dy,

@l = puhG(z) ) + vxl”
_ 2aTialwo) o 2w0Tia(wo)

(34) M T ) YT T

— Set Tp41 =}
Output: Approximation x;,; of the Runge-Kutta solution Y, ,; € R™? after one
step.

local nature of the reaction terms. In practice, for a non-stiff reaction, one takes Gp
to be zero to avoid the Jacobian computations and then take

Ga(Y (t)) = At (A — 1) @ L Fp[Y (t)] + AtA® I; (FA[Y (1)) + FrlY (£)]).

This corresponds to treating together the advection and non-stiff reaction terms as
first proposed for PRKC [22] and also used in PIROCK [5].

In Algorithm 3.1, we set £ = 1 for simplicity, as the spectral gap for the Jacobian of
Gp. Note that if A\,;, > 0 denotes the smallest eigenvalue of the Jacobian of —Fp one
could use the more precise value £ = 14+AtApnin. Concerning the choice of the damping
parameter 7, while the analysis applies for any value n > 0, it was shown numerically
in [12] that the value n = 1.17 is an efficient choice for RKCD. For Algorithm 3.1, we
choose 7 = 4 which reveals efficient in the considered numerical test problems (see
Section 5). Concerning the stopping criteria for the main iteration of Algorithm 3.1,
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we use for simplicity the condition ||z — zr_1| < toli;, with tol;; = 10712, For the
initialisation, we use for simplicity &g = 1,, ® y, where y,, is the current state.

4. Convergence and stability analysis. In this section, we prove the conver-
gence of Algorithm 3.1 in two special cases, pure linear diffusion and linear advection-
diffusion. Additionally, we provide the rationale behind the partition in equation (3.3)
for a general advection-diffusion-reaction equation.

4.1. The case of pure linear diffusion. We consider

(4.1) o = alu, (t,x) € [0,400) x (0,1)N
with periodic boundary conditions and a smooth initial condition w(z,0) = 1 +
e=50le—cl® where ¢ is the center of the spatial domain. We now discretise in space us-

ing a finite difference method with a uniform mesh size Az in each spatial dimension.
We thus have

(4.2) Fp(y) = —Dy, Fa(y)=0 Fgr(y)=0

in (1.1) with D € R?*4 is the discrete Laplacian with periodic boundary conditions.
In this case, we have that the bound for the spectral radius of VFp(y) = —D is given
by Aneat.maz = 4Na/Ax?, for N =1,2,3.

Implicit Euler. We consider the solution of (1.1) by implicit Euler when the
different terms are given by (4.2). In this case, we have that m =1 and A=~ =1in
(3.2) implying that

(4.3) Gp(y) =1n @y, —y—AtDy, Ga(y)=0 Gr(y)=0

in (3.3). We now use Algorithm 3.1 to calculate the solution of implicit Euler at
time t,4+1 given the solution y,, at time ¢,. Note that in this case, because G4(y) =
Gr(y) = 0and m =1 (3.2) has a gradient structure and Algorithm 3.1 coincides with
Algorithm 2.2. One would thus expect from Proposition 2.3 that given y,,, the cost to
approximate y, 11 scales proportionally to the y/k where  is the condition number of
Gp given by £ = 1+ YAt Aheat maz = 1 + 4Na/Az?. To illustrate this, we now vary
k by changing the size of the mesh refinement Az = 1/4,1/8,1/16,1/32,1/64 while
keeping At = 5 x 1072, The results of this experiment are presented in Figure 1 for
N =1 and N = 3 spatial dimensions, and show that the cost in terms of gradient
evaluations indeed scales like O(y/k) independently of the value of N. Here we have
used a prescribed tolerance ¢ = 10710 in the criteria for stopping the iterations.

SDIRK/4. We now consider the solution of (1.1) by SDIRK4 when the different
terms are given by (4.2). In this case m = 5 and the Runge-Kutta matrix A is given
by (2.11), hence v = 1/4 and

(4.4a) Gp(Y) =1, @y, - Y — iAt(Im ® D)Y,
(4.4b) GA(Y) = At [(A - ifm) ® D} Y
(4.4c) Gr(Y)=0.

Unlike the implicit Euler method, we see that in the case of SDIRK4 Algorithm
3.1 doesn’t coincide with Algorithm 2.2, hence Proposition (2.3) does not directly
apply. Nevertheless, as we observe? in Figure 1 given v, the cost to approximate

4we have used the same parameters e, Az, At as for the implicit Euler
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—»—Implicit Euler —»— Implicit Euler
—=— SDIRK4 —a— SDIRK4
reference /K reference /K

103,

@ @
o Q
(8] [&]
102} 102}
10" - - - 10 - - -
10° 10 102 10° 10 10° 10’ 102 10° 10*
condition number k condition number x
(a) 1D case, DOF: 4,8, 16, 32, 64 (b) 3D case, DOF: 43 8% 16%,32% 643

Fig. 1: Comparison of the cost (number of matrix-vector products) as a function of
the condition number x for Algorithm 3.1.

Yn+1 with Algorithm 3.1 scales again proportionally to O(y/k) independently of the
value of N, where k is the condition number of Gp. We will prove in Theorem 4.2
that this is indeed a property of Algorithm 3.1 for the implementation of an m-stage
SDIRK method in the pure linear diffusion case, equation (4.2).

4.1.1. Why the partitioning?. We now discuss in detail why the partitioning
(3.5) is necessary for the construction of Algorithm 3.1 and why applying Algorithm
2.2 without the gradient assumption to (3.2) would fail in general, even in the simplest
possible case of pure linear diffusion where Fp, Fg, F4 are given by (4.2). More
precisely, then (3.2) becomes

(4.5) Y(t) =1, @uyn + VY (1), Vi=—Ini— At(A® D).

Note that because A is lower triangular with all entries in the diagonal equal to vy
when m > 2 neither A nor V can be put in diagonal form. In addition, the eigenvalues
of V all have multiplicity m and are given by

)‘j =-1- At’y)\heat,j

where Aneat,; are the eigenvalues of D, and the corresponding eigenspace associated
to A; has dimension 1.

We start by considering the case of Implicit Euler (v = 1, m = 1) for At =
5x 1072, N = 1. Since now G4 = G = 0 as discussed above Algorithm 3.1 coincides
with Algorithm 2.2 and thus Proposition 2.3 applies. This is indeed the case up to
round-off errors as we can see in Figure 2 where we plot the error between the iterations
x, for Algorithm 3.1 and the exact solution Y ,,4+1 calculated using standard Newton
iteration.

If we now consider the case of SDIRK4 (y = 1/4 and m = 5), G4 # 0 and
then (3.2) even though linear in Y is not of gradient form. As we can see in Figure
2, and we also prove in Theorem 4.2, the partitioning (3.5) is essential for ensuring
the convergence of iterates, since the iterates calculated with the non-partitioned
Algorithm 2.2 (corresponding to Algorithm 3.1 with the definition of G(x) replaced
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10° 10°
—=— Implicit Euler —=—Implicit Euler
—&—SDIRK4 (no partitioning) —&—SDIRK4 (no partitioning)
—=—SDIRK4 (partitioned) —=—SDIRK4 (partitioned)
10° 10°F
= =
< <
107° 10707 \~——~—
1078 107%
5 10 15 20 25 30 5 10 15 20 25 30
iterations k iterations k&
(a) Az =1072,k = 0.2 - 10" (b) Az =103,k = 0.2 - 10°.

Fig. 2: Behaviour of the error for Algorithm 3.1 and the non-partitioned method

by G(x) = Gp(x) + Ga(x) and with Gg(x) = 0, or equivalently applying Algorithm
2.2 to equation (3.2) with F4y = Fgr = 0) suffer from high-round off errors that
deteriorate as stiffness increases (see Appendix A for details). In contrast, iterates
calculated with Algorithm 3.1 do not suffer from these issues.

We explain this difference in depth in Section A, but in a nutshell, the issue is
caused by the fact that the matrix V in (4.5) is non-symmetric when m > 2 which
creates issues for the non-partitioned method. In the case of the partitioning (3.5),
we obtain

Gp(Y)=1,Qy, + WY, GA(Y)=WY, Gr(Y)=0,
where the Jacobian V is decomposed in two parts V =V; + V; as

Vlz_ m®f}17 VAIZ(Id—i_,yAtD%
Vo = — (A - ’YIm) X 1}2, 1}2 = —AtD.

By construction, V; is symmetric and has the same eigenvalues as V, while Vs is
non-symmetric and nilpotent.
The iterates @y, for Algorithm 3.1 satisfy the following recurrence relation

Lpy1 = Rs(hvl)iL'k + th(hvl)(ILm & Yn + VgiL'k)
(4.6) — 2 + hBy(WV) (L ® Yo + Vai)

where B,(z) = (Rs(z) — 1)/z, and we used Ry(z) = 1 + Bs(z)z. It is important to
note that the steady state of (4.6) coincides with the steady state of (4.5) as desired.
Furthermore, as we can see in (4.6), only the symmetric part of the matrix V is taken
as an argument of the stability function R, while the non-diagonalizable part V, is
stabilised by Bs. This is, in fact, key for establishing the convergence properties of
Algorithm 3.1 as detailed in the next section.

Remark 4.1. Another benefit of the splitting V = V; + Vs is that it allows for
a parallel implementation of the stabilization terms Rs(hV;) and Bg(hV;) over m
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processors due to their block diagonal structures. Note that a similar splitting was
proposed in [20] with the motivation of parallelizing the iterates of a quasi-Newton
implementation of SDIRK methods.

4.1.2. Theoretical analysis of Algorithm 3.1.

THEOREM 4.2. Consider Algorithm 3.1 for the implementation of an m-stage
SDIRK method applied to ODE (1.1) where Fp,Fa, Fr are given by (4.2). Then,
for all € > 0 there exists C. (independent of the dimension d) such that the iterates
xy, of Algorithm 3.1 converge to the SDIRK solution'Y 1 of (2.9) with the following
convergence estimate,

k
(4.7) ) — Yasillz < Ce(as(n) +€) w0 — YVasallo-
Proof. Using (4.6), we obtain,
(4.8) Thy1 — Y1 = M(zp — Y p1), M = R,(hV1) + Bs(hV1)hVa,

where Bs(z) = (Rs(2) —1)/z. In order to prove (4.7) we need to have an estimate of
[|M]]. The main difficulty in doing so is the term Vs, as this is not diagonalizable. To
address this issue, we construct an appropriate change of coordinates which makes this
term negligible. Precisely, we consider the Jordan decomposition of the Runge-Kutta
matrix A of coefficients, A = PJP~! where P € R™*™ is an invertible matrix, and
J € R™*™ jg g Jordan block matrix of the form

~ 1 0 - 0
0y 1 - 0

(4.9) TJ=1: : " =~I,, + F.
0 0 1
0 0 ¥

Here, we assume for simplicity of the presentation that there is a single Jordan block
J, but the proof generalises straightforwardly to the case of multiple Jordan blocks.

Now let Q. = diag(1,¢,¢2%,...,e™ ). Using Q-1 FQ. = eF, we deduce Q-1 P~ APQ. =|}
v1,, + eF and

(Q-'P 1@ I))M(PQ. ® I;) = Ry(hVy) — eBy(hV1)[F @ hVs),

where we have used that (A® B)(C ® D) = AC ® BD and that the matrix PQ. ® Iy
and its inverse both commute with R(hVy) = I,,, ® Rs(hV1) and Bs(Vy). This yields

@k — Yigallz = [M*(@o — Yig1)l2
(4.10) < ka(PQ:)(|R(AVY) |2 + el Fll2|| Bs (RV1) AV [2)* [0 — Y nst |2

where k2 (PQ:) = ||PQc||2]|(PQ-)~!||2 is the condition number of the matrix PQ. €
R™>*™ " which is independent of d. We now have (see [12, Lemma A.1])

(4.11) IR (V)2 < as(n) <1, [ Bs(hW)ll2 < 1,

In addition, we have | F||z = 17/\]}2 =y~ 1(I;— V1), and h < ne /¢ using (2.23), which
yields ||B(hV1)hV1H2 = ||R5(hV1) — Id||2 < 2, and

(4.12) 1By (hV1)RVallz < [|hVall2 < 71 (2 + ne” /£)
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and hence

lzk = Yotz < w2(PQ:)(cs(n) + ey~ (2 +ne" /0)*||lzo — ¥ |2
< Ce(as(n) +€)*ll@o = Ynsall2
where Ce = r2(PQ.r), with &’ = ev(2 + ne”/¢)~! is a constant independent of the
dimension d and this concludes the proof. 0

In the proof of Theorem 4.2, observe that one can improve the estimate (4.12) for the
quantity B(hV1)hVs, but this is not useful here because £ can be chosen arbitrarily
small.

Remark 4.3. In the case of the implicit Euler method as we discussed before
Algorithm 3.1 is equivalent to Algorithm 2.2. This is reflected in the statement of
Theorem 4.2 since e=0, C; = 1 in (4.7) which agrees with (2.21) in Proposition 2.3.

4.2. The case of linear advection-diffusion. We now consider the following
linear advection-diffusion equation

(4.13) Ou = alu+b-Vu, (t,z)€0,400) x (0,1)

with periodic boundary conditions and a smooth initial condition u(x,0), where a > 0
and b € ]Rj\_f are fixed. We now discretise in space using a finite difference method
with a uniform mesh size Ax in each spatial dimension. We thus have

(4.14) Fp(y) = —Dy, Faly)=Ey Fr(y)=0.

where D is the discrete Laplacian with periodic boundary conditions and FE is the
discrete centred advection operator. Following the presentation in [22] the eigenvalues
Aheat-adv,j = Aheat,j T tHadv,j Of ' = Fp + F4 are located on the following ellipse in
the complex plane

(.15) (f+1)2+ (;) 1,

with half-height 8 = [|b]|, Az~! and width o = 4aNAz~2, and where p = Apeat,j €
[—a, 0] located on the negative real axis are the eigenvalues of Fp and iq = iftaqv,j €
[—i3,40] on the imaginary axis are the eigenvalues of Fj.

Before we present a theorem for an m-stage SDIRK method it is useful to intro-
duce the following function

(4'16) RS(P7 Q) = RS(P) + BS(P)Q

that will play an important role in establishing the stability and convergence properties
in the general case. For simplicity, we start by considering the implicit Euler case for
which the iteration error for Algorithm 3.1 satisfies

(4.17) Tht1 — Ynt1 = Rs(—hlg — hAtD, hE)(z) — Ynt1)
and consider the related stability domain

(4.18) Sy ={(p.9) € R?*; Rutan(yp,q) < 1}.

with v = 1 for the implicit Euler method and where

Rtan (P, @) = [Rs(—h + hp)|* + | Bs(=h + hp)|*|hq|?
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We first prove the stability property of Algorithm 3.1 in the simplest case of the
implicit Euler method and based on the stability domain (4.18). We then show that
it also implies the convergence property of Algorithm 3.1 for an m-stage SDIRK
method.

PROPOSITION 4.4. The error ||Tx41 — Yn+1|l5 for the implicit Euler method given
by (4.17) converges to zero as k — 400 if for all p; = —AtApear,j, ¢ = Atpiadvj,J =
1,...,d, we have (pj,q;) € S1. In this case, we have

k41 = Yntally S pllk = ynsally,  po= j:flllé?(dRstab(Pjvqy‘)l/Q <L
Proof. If pj,q; € S for all j we have that Rsan(pj,¢;) < 1. Now, since we
assume periodic boundary conditions, the matrices D, EF commute which implies
that |Rs(—hl; — hAtD,hE)|l2 = p < 1, which yields the convergence for the er-
10T [|Zr41 — Yni ||y in (4.17). |

In proving Proposition 4.4, we have explicitly taken into account that because
of the periodic boundary conditions, the matrices D and E are commuting. This
will, in general, not hold, for example in the case of Neumann or Dirichlet boundary
conditions. It is still possible to establish a stability criterion, as stated in the next
proposition.

PROPOSITION 4.5. Consider (1.1) with Fp, Fa, Fr given in (4.14) and where D
i a given positive semi-definite matriz and E is skew symmetric matriz with bound
|E|l < ||bll, Az~". Then the error |xx+1 — Yn+lly for Algorithm 3.1 applied with the
implicit Euler method given by (4.17) converges to zero as k — 400 if

R ne' At
4.1 = —_— — < 1.
(419) pi= asln) + 1= ol 5= <

In this case we have
k41 = Yntlly < A llee — yngalls -
Proof. Using (4.11) and ||E|| < ||b]; Az~!, we obtain from (4.17), |Rs(—hIs —
hAtD,hE)|2 < as(n) + RAL||E|| < p < 1 where we use (2.23),(4.19) and the conver-
gence holds. O

We now state the general result, that the estimate for implicit Euler generalises
for an arbitrary m-diagonal SDIRK method.

THEOREM 4.6. Consider Algorithm 8.1 for the implementation of an m-stage
SDIRK Runge-Kutta method applied to ODE (1.1) where Fp, Fa, Fr are given by
(4.14). Assume that D and E satisfy either the assumptions of Proposition 4.5 or the
stronger assumptions of Proposition 4.4, and assume that at least one of the following
bounds hold

- ety At

p:= max (Rs(*h — hyAtAheat,j s hAf,uadu,j)l/2> <1.

Jj=1,....d

Then, for all € > 0 there exists C. (independent of the dimension d) such that the
iterates xy, of Algorithm 3.1 converge to the SDIRK solution Y ,+1 of (2.9) with the
following convergence estimate,

(4.20) 2k = Yasall2 < Ce (e +min(p, 5)" @0 = Vgal2.
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Fig. 3: Stability regions S, in (4.18) with v = 1/4 of the diffusion-advection coupling
for s = 20 and damping parameters n = 4. We also include the largest ellipse of the
form (4.15) tangent to the y-axis that can be included in the stability region S, in
(4.18) (blue dashed lines) where the iteration error decays, and in the stability region
3‘7 in (4.22) where the iteration error is halved at each iteration.

Proof. Following the lines of the proof of Theorem 4.2, we obtain
Tpr1— Yopr = (M + M)(zp — Yoi).

Here M = R (hV1) 4+ Bs(hV1)(hVs) is exactly the same matrix that appears in The-

orem 4.2 while the new term M = B;(hV;)(A ® hAtE) arises due to the presence of
advection. Now using the same change of coordinates as in Theorem 4.2 we have that

(QZ'P™ @ Ig)(M + M)(PQ: ® 1) = I, ® R(hV1) + eF @ B(hV1)hVs
+ (YIn + €F) @ B(hVy)hALE,

which yields
@ = ¥ialls < C IRy (~hla — hALYD, RE)]|3
~ ~ N k
+ el|Flla (1B (B01)hV2 |z + AL By (01 21Ell2) ) 120 = Yotz

Now proceeding in a similar way as the end of the proof of Theorem 4.2, we obtain
the desired estimate (4.20). 0

Note that in the absence of advection (b = 0), the estimate of Theorem 4.6 reduces
to the one of Theorem 4.2 with p < p = a,(n).

We now plot in Figure 3 the stability domain S, given by (4.18) with v = 1/4
for s = 20 and n = 4. This domain covers a large portion of the negative real axis
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as expected from the properties of the Chebyshev polynomials. On the other hand,
the width on the g-axis near the origin is much narrower. The blue ellipse in Figure 3
indicates the largest ellipse of the form (4.15) that contains the origin with principal
axes parallel to the p-¢ axes and that can be included in the stability domain S,.
If we denote by ds and as respectively the width and the half-height of this ellipse
we observe that dy grows quadratically with the number of stages s while as grows
linearly with s as illustrated in Figure 4. More precisely, we find numerically for this
range of parameters that ds and as grow like

(4.21) ds = 257, as = 0.62s.

For comparison, we also plot in in Figure 3 in red dotted lines the largest ellipse of
the form (4.15) that is included in the modified stability domain

(4.22) S, ={(p,a) €R?; Ryan(p,q) < 1/2}

where the iteration error is at least halved at each iteration using p < 1/2 in (4.20).
This is different to blue ellipse corresponding to the stability domain S in (4.18) where
for p < 1 only the decay of the iteration error is guaranteed. This illustrates the favor-
able stabilization of the explicit stabilised iteration taking advantage of the diffusion
term even for advection terms with relatively large Peclet numbers. Additionally,
note that in the case where p < 1 in Theorem 4.6 is an appropriate bound for an
SDIRK method, the behaviour of the stability function of the implicit Euler studied
in Figures 3-4 dictates the choice of parameters, with the only difference is that the
stability domain size is scaled with respect to the diffusion (horizontal p-axis in Figure
3) by a factor 47!

Remark 4.7. As emphasized in [5, Remark 3.4] for the stability analysis of the
PIROCK method for advection-diffusion problems, the linear growth in (4.21) of the
ellipse half-height is a feature of the proposed explicit stabilised implementation of
SDIRK methods as it allows for relatively large Peclet numbers. Indeed, considering
the advection-diffusion problem (4.13) with spatial discretization (4.14). Substituting

hAta = 252 into hAtS3 < max(0.62s, 1) with h ~ 1.40 yields At < max(%a/ﬁ, 1).

Using 8 = [|b]|, Az, @ = 4aNAz~? we deduce the the stability sufficient condition
At < max(0.55aN/ bl , Az o],

which is a stability constraint on the stepsize At independent of the spatial grid size
small enough (Az < 0.55aN). This is a feature of the proposed partitioned explicit
stabilised implementation, shared with the PIROCK method satisfying an analogous
stability sufficient condition (see [5, Remark 3.4]), in contrast to the other stabilised
explicit integrators RKC, PRKC and ROCK2 where only small Peclet numbers can
be considered.

5. Numerical tests. In this section, we present a number of numerical experi-
ments on the Brusselator problem for the SDIRK4 method. More precisely, we study
the case of a highly stiff reaction as well as a large advection setting. We denote with
exSDIRK4 the proposed explicit stabilised implementation of SDIRK4, with MATLAB
prototype codes made publicly available at [8], and we compare its performance with
the order 2 PIROCK method. Note that established explicit methods of order 4 such
as ROCK4 [1], are not suitable for the two problems studied here due to the stiff
nature of the advection and reaction terms. In all our numerical experiments, the
time step At is chosen adaptively as described in the remark below.
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Fig. 4: Stability of the diffusion-advection coupling for v = 1/4,s = 20 and damping
parameters 77 = 4. Growth with respect to the stage parameter s of the width ds and
the half-height as in (4.21) of the largest ellipse (4.15) tangent to the y-axis that can
be included in the stability region S, in (4.18) with v = 1/4.

Remark 5.1. Compared to the standard embedded error estimator for stiff prob-
lems recalled in Remark 2.2, see also [13, Chap. IV.6], the only difference for the
explicit stabilised implementation is that the inverse Jacobian term .J~! involved in
(2.12) is no longer available. This is indeed the main feature of the proposed approach
to avoid such a possibly large dimension Jacobian and its inverse, which can raise lin-
ear algebra issues. Alternatively to (2.12), we implement the Shampine trick using
the following error estimator of the exSDIRK4 method,

err = errs

where we define e = J~!(y; — §1) where J = I; — h AtyFk(y1) is the Jacobian in-
volved for the reaction term, and the err; are computed by inductionon j € {1, -- , s}
using errg = err_; =0 as

err; = ;i (RAtY(Fp(y1 +errj_1) — Fp(y1)) +err) + vjerrj_1 — (v; — Lerrj_q,

where 11 = wy/wp, 1 = 1 and t;,v; and the stage number s are defined in Algorithm
3.1 (see (3.4)). We emphasize that the above error estimator benefits from L-stability
with respect to diffusion and reaction terms in the spirit of the the standard estimator
(2.12). Indeed, firstly in the absence of diffusion and reaction (Fp = F4 = 0) it
reduces to err = err = J~!(y; — 1) which exactly coincides with (2.12), and secondly
in the case of a linear diffusion Fp = Dy, it yields erry = Bs(hAtyD)J *(y1 — 91)
analogously to (4.6) and where we recall the bound |B(z)| < C/|z|.

Throughout the numerical experiments we make the following implementation
assumption: the evaluations of Fp[Y], Fa[Y], and Fr[Y] for the m internal stages,
are computed in parallel. This is natural given the block-diagonal structure of the sta-
bilisation operators Rs(hV1) and Bs(h))), which decouple across stages, and reflects
the remark following Theorem 4.2. For a vector v € R? that represents a discretized
function f : R — R?, we define the discrete L2—norm by

d
Dic1 U?
=

ol =
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Remark 5.2. As we mentioned before, for simplicity, we use 1 ®y,, as initial guess
in Algorithm 3.1 and, to coincide with the true solution of SDIRK4, we choose a fixed
tol;; = 10712 as optimisation tolerance. However, the cost of exSDIRK4 discussed in
the numerical tests below can be further reduced by choosing a better initial guess
using interpolation or dense output techniques, and by choosing tol;; smaller than the
relative tolerance by only one or two orders of magnitude.

5.1. 1D Brusselator problem with highly stiff reaction. Consider the fol-
lowing Brusselator problem
ou = aAu+ A +u?v — (B + 1)u,
v = aAv — u?v + Bu,
u(0,t) = u(1,t), v(0,t) =wv(1,t),

(5.1)

where x € (0,1),t € (0,T), «a =02, A=1, B=3x107, and T = 1. We consider the
following initial condition

u(z,0) =1+sin(2rz) and v(z,0) =3,
and periodic boundary conditions. We use second order finite differences for the space
discretisation with mesh size Az = 1/200, and the starting time step Aty = 1076.
Table 1 and Figure 5 report the cost comparison between exSDIRK4 and PIROCK
for the 1D Brusselator problem (5.1). For loose tolerances (tol = 10~! and 1073),
PIROCK requires fewer function evaluations overall; however, exSDIRK4 already
delivers a substantially lower error for the same requested tolerance, reflecting its
higher order of accuracy. As the tolerance tightens, the balance shifts decisively in
favour of exSDIRK4. At tol = 10~°, both methods have a comparable number of Fp
evaluations, but exSDIRK4 requires more than 4 times fewer Fg evaluations and 6
times fewer Fj, evaluations/inversions. This advantage grows rapidly: at tol = 1077,
PIROCK needs approximately 3 times more Fp, 18 times more Fg, and 24 times
more Fj, evaluations/inversions than exSDIRK4. At the tightest tolerance tol = 1072,
PIROCK accumulates 55,888 accepted steps with 2,928 rejections, while exSDIRK4
completes the integration in only 468 accepted steps with 5 rejections—a reduction of

Method tol | Fp evals | Fg evals | Fj, evals acc(rej) error

exSDIRK4 | 107! 4447 245 40 20(0) 3.5 x 1074
PIROCK | 107! 548 63 12 12(0) 2 x 1072

exSDIRK4 | 1073 5072 559 77 42(3) 2.0x107°
PIROCK | 1073 870 123 24 24(0) 3.3 x107*
exSDIRK4 | 107° 7718 1307 183 102(3) 1.4 x 1079
PIROCK | 1075 5719 6205 1239 1234(6) 9.9 x 1076
exSDIRK4 | 1077 | 13463 3053 439 231(4) 1.7x 1078
PIROCK | 10=7 | 41608 54967 10992 10987(6) 1.4 x 1077
exSDIRK4 | 1079 | 23056 6248 915 468(5) 22 x 10710
PIROCK | 1079 | 191700 | 279447 55888 | 55888(2928) | 1.0 x 1079

Table 1: Comparison between our explicit stabilised implementation of SDIRK4 and

PIROCK for different prescribed tolerances.
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Fig. 5: Cost comparison between exSDIRK4 and PIROCK for Problem (5.1)

more than two orders of magnitude in the number of steps. These trends are clearly
visible in Figure 5, which displays the number of Fip, Fr, and F}, evaluations as a
function of the tolerance. The work-precision curves show that the crossover point
beyond which exSDIRK4 is uniformly cheaper occurs around tol == 10~%, and the gap
widens as the tolerance decreases, which is consistent with the high-order convergence
of exSDIRK4.

5.2. 2D Brusselator with large advection. We now consider the following
Brusselator model in 2D:

Ou = vAu + pU - Vu + A +v?v — (B + 1)u,

(5.2) )
0w = vAv + uV - Vv — u“v + Bu,

where z € (0,1)2,t € (0,T),v=0.1,u=2A=13, B=10", U = (-051)T, V =
(0.4,0.7)" and T = 0.5. Following [5], we choose u(z,0) = 22z5(1—x2)%2, v(x,0) =
2721 (1—5(}1)3/ 2. and periodic boundary conditions. For the space discretisation, we use
again second order finite differences with mesh size equals to 1072 in both dimensions
and the starting time step Aty = 1076,
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Fig. 6: Cost comparison between exSDIRK4 and PIROCK for Problem (5.2)

Figure 6 reports analogous results for the 2D Brusselator problem with large
advection. The qualitative behaviour is very similar to the 1D case: exSDIRK4 is
outperformed by PIROCK for loose tolerances in terms of raw function evaluation
counts, but becomes significantly more efficient as the tolerance tightens. The three
panels—Fp evaluations, Fu /Fr evaluations, and F'j, evaluations—all exhibit the same
crossover pattern observed in Figure 5, confirming that the efficiency advantage of
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exSDIRK4 is not an artefact of the one-dimensional setting but carries over to higher-
dimensional problems with combined diffusion, advection, and stiff reaction terms.

6. Conclusion. We introduced an explicit stabilised implementation of singly
diagonally implicit Runge-Kutta (SDIRK) methods for advection-diffusion-reaction
PDEs, with the fourth-order method SDIRK4 as the primary example. The cen-
tral idea is to reformulate the implicit Runge-Kutta stage equations (2.9) as the
steady state of an auxiliary ODE (3.1), and to compute that steady state by a par-
titioned Runge-Kutta-Chebyshev iteration (Algorithm 3.1) inspired by the RKCD
optimisation method of [12]. The partition of the Runge-Kutta coefficient matrix
A =~I,, + (A —~I,) is essential: it isolates a symmetric, block-diagonal stiff part
Gp that governs the stability of the iteration through the stability polynomial R,
avoiding the non-diagonalisable amplification matrix that would otherwise prevent
convergence, as analysed in detail in Section A. The off-diagonal diffusion and advec-
tion contributions enter through the damping polynomial By, whose extended stability
along the imaginary axis accommodates large advection velocities under a mild CFL-
like condition on the iteration step size h — significantly more permissive than the
classical CFL restriction on the physical time step At. The stiff reaction term is
handled implicitly at each inner iteration via a local inversion of J = I,,,4 — hG', (1),
which remains computationally inexpensive because the reaction Jacobian carries no
spatial coupling between grid points and is therefore block-diagonal. The result is
a method that requires no large-scale Newton solves or global linear algebra, and
yet achieves the high-order accuracy and strong stability of a fourth-order L-stable
integrator. The only implicit component is this local reaction Jacobian inversion,
in sharp contrast to the dense, high-dimensional Jacobian systems that a standard
Newton-based implementation of SDIRK4 would require.

The convergence and stability properties of the new method are rigorously estab-
lished in two settings. In the pure linear diffusion case (Theorem 4.2), we prove that
Algorithm 3.1 converges with decay factor as(n) + ¢ for any ¢ > 0, independently
of the spatial dimension d, and that implementing one step of an m-stage SDIRK
method requires only O(v/At/Ax) evaluations of Fp — the same asymptotic cost
as a standard first-order explicit stabilised method. In the linear advection-diffusion
case (Theorem 4.6 and Propositions 4.4-4.5), we show that convergence is maintained
provided the advection-to-diffusion ratio satisfies a mild CFL-like condition, a condi-
tion that is significantly more permissive than the one imposed by a classical explicit
scheme on the physical time step At.

Assuming parallel implementation of the function evaluations across the method
stages, the numerical experiments on the 1D and 2D Brusselator problems with highly
stiff reaction confirms the theoretical predictions and demonstrate a clear advantage
over the second-order method PIROCK [5] whenever tight tolerances are required.
The method occupies a natural middle ground: more implicit than a pure explicit
stabilised method such as PIROCK, but far cheaper than a fully Newton-based im-
plicit solver, and this balance is precisely what drives its efficiency at high accuracy
demands.

The present framework relies on the lower-triangular, singly diagonal structure
of SDIRK methods to decouple the implicit system stage by stage and to identify
the symmetric stabilising part Gp. A natural and challenging next step would be
to extend the approach to fully implicit Runge-Kutta methods such as Radau ITA or
Gauss-Legendre collocation schemes. A major difficulty for their implementation is
their full matrix structure of the Runge-Kutta coefficients A, and studied for instance
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in [14, 11] where splitting approaches based on triangular matrices and low rank
linear algebra techniques are proposed. In such fully implicit case, the Runge-Kutta
matrix A is a full, non-triangular matrix with non-real eigenvalues, so the partitioning
strategy proposed in this paper and the associated convergence analysis do not apply
straightforwardly.
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Appendix A. Naive implementation. We now explain in more detail the
issues observed in Figure 2 with respect to the naive stabilised explicit implementa-
tion of SDIRK4 applied without partitioning (corresponding to Algorithm 3.1 with
the definition of G(z) replaced by G(x) = Gp(z)+ G a(x) with Gr(xz) = 0, or equiv-
alently applying Algorithm 2.2 to equation (3.2) with F4 = Fr = 0). Considering for
simplicity only one mode of the discrete linear heat equation, corresponding to the
Dahlquist test equation § = Ay with A = —AtyApear,; < 0 corresponds to a possibly
large parameter || > 1. We then write one-step recursion induced by Algorithm 2.1
applied to a SDIRK method with m > 1 internal stages, namely

Y11 = Ro(=hl,, + AhA)Y,

where R, given by (2.13) is the stability function of RKC, and h is the time step used
by the RKC iteration. Consider the Jordan form of the matrix A = PJP~! where
J is a Jordan block defined in (4.9). Using the following formula for any analytic
function f applied to the Jordan matrix J,

(m—1)
f) v - J“(miw
() = fy ; ’
R 4 ))
0 o)
we deduce taking f(J) = R(—hl,, +v2J) with z = hA and 2 = —h + 7z,
5 /(5 ('mfl) 2 2 m—1
P'Ry(=hly + AhA)P = Ry (2)
R.(2)vz
0 Ry(2)

,1 <5 <m—1 are arbitrarily

() (2 j
and it turns out that the off-diagonal terms W

large for large |z| for stiff problems where || > 1. This is due to the 27 factors,

growing like O(s%), and can be shown that the derivatives jo ) of the stability func-
tion oscillate with an amplitude of size O(s~7) which is not sufficient to damp the 27
terms. We obtain
sup [Rs(=hlm + 2A)|| = +o0
$>1,2€[~Ls,y,0]

and this makes the convergence factor of the naive implementation without partition-
ing non-uniformly bounded as the stiffness increases when refining the spatial mesh
(Az — 0), as illustrate in Figure 2. Note that in the proof of the main Theorem 4.2,
we used the same Jordan decomposition of the Runge-Kutta matrix A = PJP~!,
with the main difference in the design of the proposed method with partitioning and
its stability analysis that the stability function Ry of the explicit stabilised Chebyshev
method is always applied to a diagonalizable matrix.
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