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Abstract

We introduce a numerical method for Brownian dynamics with position depen-
dent diffusion tensor which is second order accurate for sampling the invariant mea-
sure while requiring only one force evaluation per timestep. Analysis of the sampling
bias is performed using the algebraic framework of exotic aromatic Butcher-series.
Numerical experiments confirm the theoretical order of convergence and illustrate
the efficiency of the new method.
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1 Introduction

In this paper, we consider the numerical integration of Brownian dynamics

dX (t) = F(X(t))dt + o D(X (t))2dW (t),  F=-DVV + U;div(D), (1)

where V' is a smooth potential energy function with Lipschitz continuous gradient, W (t)
is a standard d-dimensional Wiener process, o > 0 is a fixed constant and D = D(z) is a
d x d symmetric and positive definite diffusion matrix that is position dependent. Such
stochastic systems with multiplicative It6 noise typically arise in the context of molecular
dynamics [19] 6] and in particular for overdamped Langevin dynamics, see [35] [34] and
recently [13 25, 26, 27]. Assuming that V' grows sufficiently rapidly at infinity and
that D is uniformly positive definite, the dynamics defined by can be shown to be
ergodic and reversible and to admit a unique stationary measure p. having density



Poo(T) o< exp(—U—QQV(x)) [32, Chap.4]. The use of suitably chosen nonconstant diffusion
has been proposed to accelerate sampling of such stationary measures [35 34], with
considerable attention in the recent literature [17}, 13}, 25 26, 27]. The challenge addressed
in this paper is the efficient generation of samples from the stationary distribution in
high dimensions by numerical discretization of the SDE .

1.1 Weakly accurate integration methods for constant diffusion

In case the diffusion tensor D is the identity matrix, reduces to the widely studied
overdamped Langevin system

dX (t) = —vV (X (1))dt + cdW (1). 2)

Setting o = \/2/_6, we may view >0 as a constant proportional to the inverse tempera-
ture of a heat bath. In molecular dynamics models, the dimension d may be very large,
as it is proportional to the the number of particles considered in the model. The large
dimension combined with possible stiffness issues make the numerical discretization of
particularly challenging.

The system is ergodic, admitting the unique invariant measure 7 given by

m(dx) = peo()dx, poo(z) = 772 V@), Z = fRd 2 V@) gy, (3)

and for all initial conditions X (assumed deterministic for simplicity) and integrable
test functions ¢,

1 ,T
tim = [*o(X(s)ds= [ é)d Imost surely. 4
Jim [T o(X(9))ds = [ 6()dn(x),  almost surely (@)
In addition, the expectation of ¢ evaluated with the solution X (¢) typically converges
exponentially fast as t - +o0 to the corresponding equilibrium average taken with respect
to the invariant measure:

E(s(x@) - [, o(@)dn(a)| < ™ )

for all ¢ >0 and constants C, A > 0 independent of ¢ (but C' depends on ¢ and Xj).
We say that a numerical integrator for or has weak order ¢ if, for all smooth
and integrable test functions ¢,

[E (¢(Xn)) - E(o(X ()| < C(T)AY, (6)

for all t,, = nh < T, all stepsizes h assumed small enough, and any fixed final time 7" > 0.
Assuming that it is ergodic, a numerical method has weak order p for the invariant
measure if

lim a.s.
N—+oo N

1 X ,
1 ;]cﬁ(Xi) - fRd ¢(z)dr(z)| < Coh?, (7)




and, analogously to , in many situations one can obtain the estimate

‘E (X)) - [, 6@)dn(x)| < Cretn + Co?, (8)

for all time t,, = nh with constants ¢, C1,Cs > 0 independent from n and h. The simplest
method for solving is the Euler-Maruyama method

Xne1 = Xp + hVV(X,) + Vho R,

where R,, ~ N (0, I;) are independent Gaussian increments. Under suitable assumptions
on the potential V (z), the method has weak order ¢ = 1 in @ and is also order p =1
in and with respect to the invariant distribution [30] and with exponentially fast
convergence to equilibrium. It was shown in [22] 23] that a second order integrator with
respect to the invariant measure (with p =2 in (7)) and (§))) can be obtained for (2) with
only one evaluation of the force —VV per timestep, while the weak order remains ¢ = 1.
This method, which we refer to here as the Leimkuhler-Matthews method, is given by
the non-Markovian formulation

Xpi1 = X, - hVV(X,,) + Vho (9)

Rn + Rn+1
-

Based on the analysis framework of Talay and Tubaro [39], it has been shown that,
for large classes or ergodic SDEs, including systems with degenerate noise and locally
Lipschitz fields [29], and for a broad class of numerical methods, @ yields (7)) with p = q.
However, certain schemes can achieve an improved order p > g for sampling the invariant
measure. @ is such a method with ¢ = 1 and p = 2; for any integrable test function ¢
and for any time step h > 0 assumed sufficiently small,

B (6(X0)) ~E(8(X ()] < Cre™"h + Cah?,

for some positive constants ¢, C1, Cy independent from n and h. In fact, one can achieve
arbitrarily high order p while the weak order remains ¢ = 1, as discussed in [5} [7] in
the context of splitting methods for underdamped Langevin dynamics and in [4] for
overdamped Langevin dynamics. Method @D can be rewritten in Markovian form using
a post-processor [42], as

Xn+1 =Xy — hVV(Xn) + \/EO’.Rn7
— 1
X=X+ 5@0}2”. (10)

Indeed, one can show that @ and are equivalent methods. More precisely, X,
in has the same law as X,, in @ up to the initial condition choice, which can be
shown by substituting X, = X, - %\/EO’RN and Xp+1 = Xpat — %\/EaRnH in the first
equation of . We emphasize again that the post-processed value X, yields order
p = 2 of accuracy for the invariant measure, while the weak order of accuracy for X,
and X,, remains ¢ = 1 for fixed final time. The reformulation is inspired by the



notion of “effective order” from the literature of deterministic Runge-Kutta methods
[12]. A similar concept has been found to be useful in the context of stochastic ergodic
systems [42] for the design of high-order samplers based on other schemes, for instance
the implicit Euler method, which is applicable to stiff deterministic problems, has been
extended to the case of ergodic parabolic SPDEs in [9].

1.2 Position-dependent diffusion

We now consider a symmetric dxd diffusion matrix D(z) = (D;j(x)); j-1,...q with columns
Dj = (D;jj)i-1,. q for all j=1,...d assumed smooth with respect to x. The divergence of
the smooth matrix D(x) is defined as the vector whose jth component is the divergence

. oD,
divD;(z) = Zfii:l 83:;

vector function:

(z), of the jth column D; of the diffusion matrix D, viewed as a

div D1
div(D) =
div Dy

Defining the symmetric matrix D(z) in the form D = 7%, one may also consider the
System

dX = -(2TS)(X)VV(X)dt + %2 div(STS)(X)dt + o 2(X)dW, (11)

which is equivalent to with symmetric diffusion matrix ¥ = D2 Without loss of
generality, we shall assume that X is symmetricﬂ Taking as diffusion tensor the identity
matrix D(z) = $(z) = I; e R*?, the modified systems (I),(TI) turn out to be equivalent
to the additive noise case .

The determination of the diffusion matrix D(z) to achieve certain aims is a chal-
lenging question in and of itself which has attracted considerable attention in the recent
literature, in particular in the context of high-dimensional problems. There are many
natural choices for D, from both theoretical and practical points of view. One aim of
such a position-dependent diffusion tensor is to tackle the issues of stiff and multi-modal
target distributions where regions of high probability are separated by low probability
regions generating metastable trajectories with very low convergence rate A in . In
recent works [13] 25, 26| 27], optimal diffusion matrices D are proposed with different
constraints that maximize the spectral gap of the generator to improve the convergence
rate A in ([5)). As considered in [I6} [17], a natural choice for D(z) in the case of a strongly
convex potential V is the inverse of the Hessian matrix V2V (z) of the potential energy,
corresponding to $(z) = (V2V(2))/? in (11). Another natural choice is the diffusion
tensor

S(z) =2 V@, (12)

proportional to the identity matrix, corresponding to an isotropic diffusion, which is ob-
served to be close to optimal in the one-dimensional case for various constraints on the

Indeed, observe that replacing () by the symmetric positive definite matrix (X(z)72(z))"? in
does not change the law of the solution X (t).



diffusion matrix [26] and applies efficiently in high-dimensions in [35] and [25 Section
5]. The isotropic form is addressed in [33], where a time transformation of method
@ alternative to the Lamperti transform is introduced and also extends to multivariate
diffusion tensors. The modified dynamics is also useful in the context of ergodic
SPDEs [8] to improve as a preconditioner the regularity of the solution process and hence
increase the converge rate of numerical integrators. Let us also mention that alterna-
tive modifications, preserving the invariant measure and different to the form of
Brownian dynamics , can be considered with oscillatory perturbations that improve
the convergence rate to equilibrium, thanks to an enlarged spectral gap in the SDE gen-
erator. Such methods with nonreversible dynamics are proposed in [24] with improved
convergence rate and reduced variance at infinity [14], [I5]. From this perspective, an al-
ternative Stratonovich perturbation is proposed in [2] in order to retain the reversibility
of the dynamics. However, the stiffness of such highly oscillatory perturbations is tricky
to address numerically, as considered recently in [28] [43], and such perturbations are not
taken up in this paper.

Regardless of the model, there remains the important challenge of accurately dis-
cretizing the equations. In this paper, we extend the method @ to the case of variable
diffusion matrices D(xz) and introduce a new integrator for , equivalently , that
has O(h?) accuracy with respect to the invariant measure in arbitrary dimension d
while requiring only one evaluation of the modified force F = —(XT8)VV + %2 div(2Ty)
per timestep (and hence one evaluation of the potential gradient VV per timestep). The
following corrected method can be considered for as suggested in [20],

Rn + Rn+1
- 5
and X, which yields order p = 2 for a constant ¥ in arbitrary dimension and the value a =
1/4 yields a consistent method in the one-dimensional case d = 1, but is unfortunately
not consistent in arbitrary dimension d for a general diffusion tensor. It turns out that
deriving such a generalization in arbitrary dimension is not straightforward due to the
large number of order conditions that naturally arise in this position-dependent diffusion
setting (93 conditions are listed in Remark , as we shall see in the analysis based
on the algebraic framework of exotic aromatic trees and Butcher series as introduced in
[21] and studied algebraically in [10].
The main contributions of this paper are as follows:

2
Xpi1 = Xn + hF(X,) + ah% div(ETE) (Xn) + VReS(X,) (13)

e we generalize the method @ for sampling the invariant measure of Brownian
dynamics to the case of a position dependent diffusion matrix D(z) in (I). In
particular, the new method is equivalent to (9) if D(z) = X(z) = I, is the identity
matrix and equivalent to if D(x),X(x) are constant matrices independent of z
(note that in such cases, div(D) = div(X%7T) = 0).

e we prove it has convergence order p = 2 for sampling the invariant measure in
the setting of smooth and globally Lipschitz vector fields, based on the algebraic
framework of exotic aromatic Butcher-series, which also gives insight on the method
construction.



e we analyse the mean-square stability properties of the new scheme in the context
of stiff problems and discuss possible modifications of the method.

This paper is organized as follows. In Section [2| we introduce the new second order
integrator for sampling the invariant measure in the case of variable diffusion. Section [3]
is dedicated to the convergence analysis while Section [4] considers the stability analysis
of the new method. Finally, we present numerical experiments in Section [5|that confirm
the order of accuracy of the method and show its efficiency particularly with a high
dimensional example.

2 New post-processed method for variable diffusion

We next introduce a generalization of method where X,, has order 2 with respect
to the invariant measure for the case of a position-dependent matrix 3 in . The new
method is defined as:

_ ~ 1 i
Xpa1 = Xp + hF(X,) + 07 (X, + Z—th(Xn_l)),
_ 1 _
X, =X, + 5\/Eaz(Xn)Rn, with X _1 = Xo, (14)

where F' = —(ETZ)VV-F% div(37Y) and @7 (X,,) = Xn+<i>§(Xn) is a one-step integrator
of weak order 2 applied to the SDE problem with and null drift function and the It6

noise only,
dX = oX(X)dW, (15)

where (X)) = Xo+VhoX(Xo)Rn+O(h) and R, ~ N'(0, I;) are independent Gaussian
increments. In our work, we refer to this method as the Second-Order Post-processed
method for Variable Diffusion (PVD-2). PVD-2 has one evaluation of F' per timestep
and the number of evaluations of 3 depends on the choice of CI%. We remark that it
uses a similar post-processor compared to ((10)),

_ 1
X, =U,(X,) =X+ 5\/Eaz(xn)}zn, (16)

and that it becomes equivalent to for the additive noise case 3(x) = I. There are
different natural choices for the noise integrator CD}EL involved in the new scheme .
Possible weak second order noise integrators for include:

(Method MT2) The tensor ¥ is evaluated 5 times if we choose ®7’ to be the method
from [3, eq. (3.7)], a derivative-free variant of the so-called Milstein-Talay method [30),
27, p. 103, eq. (2.18)] written in the particular case of a null drift function:

d
X1=Xo+ % 3 (aza(Xo +hoX(Xo)Ja) - 08a(Xo - haE(Xg)Ja))

a=1

; "Th(az(xo + \/gaE(XO)X) +oN(Xo- \/gaE(XO)X))Rn,



where J, = (me)g:l,x = (Xb)le, and for a,b=1,...,d we have
1
]P)(Xb = il) = 57

(Rn,bRn,b - 1)/2, ifa= b7
Jap =1 (RnaRnp—Xa)/2, ifa>b,
(RnoRnp+xp)/2, ifa<b.

(Method W2Itol) The tensor ¥ is evaluated 3 times if we take @E to be the method
introduced in [40], table 2] with a null drift function:

d
X1 = X0+ VR Y (= 0%0(X0) + 050 (K) + 050 (KS)) Ry
a=1

+2Vh zdj (030 (X0) = 08a(K5")) oo,

a=1

a h S J
K9 = xg+ gaza(Xo)fa + VY 0%(X0) Ju,
b=1
b+a

a Vh )
K = X, - 5 7 Sa(Xo) X1
with P(; = 1) = 5 for i = 1,2 and

(R2,-1)[2, ifa=b,
Jap =1 Rop(1+%2)/2, ifa>b,
Ryp(1-x2)/2, ifa<bd.

We emphasize that the above noise integration methods MT2 and W2Itol are Runge-
Kutta type methods with noise increments in the internal stages, an idea first introduced
in [36] to obtain a number of diffusion tensor evaluations that is independent of the
dimension of the noise. We denote versions of the PVD-2 method that use these noise
integrators as PVD-2[MT2] and PVD-2[W2Itol], respectively.

3 Convergence analysis

A numerical method X, 11 = ®,(X,,) is of weak order ¢ if for all t,, =nh <T where T >0
is a fixed final time,
[E(o(X (tn)) - E(¢(X,))| < ChY, (17)

h

It is said to be ergodic if there exists a unique invariant measure 7" satisfying

1 N
]\l/iilgomg:%gﬁ(Xn) = ,[Rd ¢(z)dr"(x), almost surely,



and is of order p with respect to the invariant measure if

‘ [R o(a)dr" (z) - fR d(a)dn(x)| < ChP, (18)

where C is independent of h sufficiently small.

Theorem stands as the main result of the paper. We show that although the
weak order of accuracy of the new method applied to for fixed final time is only
g=1in , the post-processor X, yields order p = 2 in for sampling the invariant
measure. We will introduce the necessary tools and present the proof of Theorem in

Section B.41

Theorem 3.1 Assume that V. are of class C* with all partial derivatives having poly-
nomial growth, and assume that F,Y are globally Lipchitz. Assuming that it is ergodic,
PVD-2 given by and applied to has order two with respect to the invariant
measure , precisely,

N
lim 2.5, — Zgb(yn)—fkdgb(x)dw(x) <CR,

N—o+oo N +1 n=0

E@(Xa) - [, o@)dn(@)| < C(h? + ™).

for all smooth test function ¢ and all initial condition Xq = x where the constant c,C, A\, K
are independent of n, and h assumed small enough.

3.1 Preliminaries

Recall that the weak Taylor expansion of the solution of has the form
2 L7 KLFo
E[¢(X(7))[X(0) = Xo] = &(Xo) + h(Ld)(Xo) + h"—=(Xo) + -+ F(XO) +o

where the generator of the SDE is given by L¢ := F - V¢ + %2 Y4 0" (24,54). We
consider ergodic numerical methods of the form X1 = ®,(X,,) with the following weak
Taylor expansion,

E[¢(®4(X0))] = ¢(Xo) + h(A18)(Xo) + h*(A20)(Xo) + - + B (Arg) (Xo) + -+,

where A, are differential operators.
Let C}’;’(Rd) denote the space of C* functions with all partial derivatives having
polynomial growth of the form

9"p(x)

<Cp(1+|z™) forany neNand 1<ip<dwithk=1,...,n,
0x;,-+-0x

in
with constants C,, and s, independent of . Theorem presents order conditions with
respect to the invariant measure using the differential operators Ay assuming A; = L.



Theorem 3.2 [/ Assume the numerical method ®p, has bounded moments of any order

along time and admits a weak Taylor expansion with differential operators A;. If, for all
¢ € C%(R?), we have

[ (A9)@)pn(@)dz =0, forj=2.....p.
then, the numerical method ®p, has order p with respect to the invariant measure.

Let us use the following notation for simplicity,

(A0) = [ (Ad)peada, for ¢e CF (RY),

where A is a differential operator. We omit writing ¢ when the identity is required to
be true for all ¢ € O (RY).

We use the following extension of Theorem combines an integrator with a post-
processor to increase the order with respect to the invariant measure.

Theorem 3.3 [42] Assume the hypotheses of Theorem and consider a post-processor
X, =V (Xy,) that admits the following weak Taylor expansion for all Oy (RY):

p-1

E[¢(¥r(X0))] = ¢(Xo) + ; aih' L'¢(Xo) + hP Ap(Xo) + -,

for some constants «; and differential operator Zp. Assume further that
(Ap1 + [£,A4]) =0,

where [L,th] = E./Tlp —./Tlpﬁ is the Lie bracket. Then, X, wyields an approzimation of
order p+ 1 for the invariant measure.

3.2 Integration by parts

Since order conditions with respect to the invariant measure are expressed in Theorems
and using integrals of differential operators applied to test functions ¢, we use
integration by parts and Lemma [3.4] to manipulate the expressions.

Lemma 3.4 We have the following identities:
1. div(Z?) = ¥4, 2, div(E,) + 24, 28,
2. %2 =30 Ba(Sa ).

We apply Lemma [3.4] in the following example.



Example Let us consider a case with ¥ assumed constant,

d
Z <Eia2jaFkai,j,kz¢> f Equ]aF 8z]k¢poodx (A)

,9,k,a=1 i,5,k,a=1
apply integration by parts

(A) = z f Zzazja(a Fk)(aj k(b)poodx

,jka 1

f EzanaFk(a] k@b)(azpw)dx

i,5,k,a=1

we use 0jpoo = % f?poo and rewrite the expression without the integral notation
d

(== 3 (3 SO )0,00) + 5 (S D50 (0,10)
J.k,a=1 i=1
applying Lemma and the definition of F' we get
d 2 . d
(A) == 3 (SFFH000) + . SiaDia(9F")(0;40)).
j,k,a=1 i=1

Next, we consider the same case with ¥ being non-constant,

d
Z <Zia2jaFk(ai,j,k¢)> f ZZQEJG,F (a 1,7, k¢)p00dx (B)

,7,k,a=1 ,9,k,a=1
apply integration by parts

(B) == Z f (8 Eza)EJaFk( Jk(z))poodx_ Z f Zm(a ZJCL)Fk(a ’kgb)poodx

,jkal ,jkal

> [ BT OF) Oxd)pedr = Y [ SiuiaFH(0300) (0ipe)da

i,5,k,a=1 i,5,k,a=1

we use 0;poo = %F Poo and rewrite the expression without the integral notation

d .
(B)=— > ((Zadiv(Za) + 2050)  F¥ (9 10)
j,k,a=1
2
" szzja (OF")(010) + —5 (Ba - F)%jaF" (940))
i=1
applying Lemma [3.4] and the definition of F' we get
d 9 ) d
(B)y=- Y <ﬁFij(8j7k¢) + 3 Dia%5a (0 F*) (95.40)).
j,k,a=1 =1

Using the tree formalism introduced in Section [3.3 we can write this example as
(F(oos) = ~(F(2 o+ 02))

An analogous computation can be performed to show that (F (@(P)) =—(F(2l+ QP))

10



3.3 Tree formalism

To simplify the computations involving differential operators, we extend the formalisms
of grafted and exotic forests introduced in [21I] and studied algebraically in [10].

Definition 3.5 A grafted tree is a rooted non-planar tree whose vertices are colored by
e and leaves are colored by e and x. Grafted forests are monomials of grafted trees.

The vertices colored by x are called grafted. The set of grafted trees is denoted by T}
and the corresponding vector space by T,. Grafted forests are defined as F, := S(Ty)
with monomials forming a set Fy. The size of a grafted forests is computed by taking
the sum of the weights of its vertices. Vertices colored by e have weight 1 and vertices
colored by x have weight 0.5. All grafted trees up to size 3 are listed below:
oo BV LN, VL

Definition 3.6 An exotic forest is a grafted forest in which all grafted vertices are split
nto pairs.

The pairing between two grafted vertices is denoted by assigning a natural number
to the pair. The choice of the natural number doesn’t matter as long as the natural
numbers are distinct. An exotic forest is called connected if it cannot be written as a
concatenation of non-trivial exotic sub-forests. For example, all connected exotic forests

up to size 3 are:
o OO Iu ?@7 qD

The following exotic forests are identical,

og? g8

We extend the definition of the grafted tree by allowing internal vertices to be colored
by x. For example, we allow the following grafted trees up to size 2.5,

X
!

X X X X X X
T P LA o« &Y
: . \X/ bJ I? ‘7 X9 . v b 4 >I<

X9 o) X ‘? X9 X9 X9 x

X

X X X

9y X 9 X 9 X 9

and the following connected exotic forests up to size 3,

v oo & L% % do Boo B

Let R~ N(0,I) denote the Gaussian random variable.

Definition 3.7 Let F be a map that sends grafted forests to the corresponding differen-
tial operators. It is defined as

FmM= Y I FeNF®I o,

ir,reR(m) reR(m)

where R(w) is the list of roots of m, F(e) = F(Xy), F(x) = ocX(Xo)R, and p(r) is the
grafted forest connected to r in .

11



For example, taking F' and ¥ to be evaluated at X,

d
=2 F( J[F'0; =0 Z (SRY (SR)*(0;F)'0;,
i=1 i,7,k=1
x J |
f(\/'&)— Zlf(x JIFI'F()[FY 0,
=g° i (SR)*F (03 F) (ZR)"(0nXR)™ (0 F)? 0;
i,7,k,l,m,n=1

Definition 3.8 Let F be extended to exotic forests EF by F(k) =0 ngzl Y, forkeN.

For example,

d ) d .
FOP) =L F@oFI%i=0" 3 SiuSka(@inF)0,

ivj7k7a=1

d .
7’(%%):0 > FRoo)FI'Sjwd;

i7j7a2:1
d )
=o° > Y1 (00 F) 10, Zmas Ok tm F) X jan i -

i?j7k7lvm7n7a1 70‘2:1

The map F is an algebraic morphism between the Grossman-Larson algebra of exotic
(grafted) forests and the algebra of differential operators with the composition as the
product. The Grossman-Larson product is defined as

mom =y mD(r? ~m),
(1)

where A(7y) = 2 (m1) 7r(1) ®7r§ ) is the deconcatenation coproduct, and ~ is the grafting

product that connects all roots of the left operand to vertices of the right operand in all
possible ways. For example,

R IRY:
o« = '\v+’v+v+¢,
R IRV,

M
ol i N et N NV eV
Proposition 3.9 [10, [21] Let o denote the Grossman-Larson product, then,
F(mi o m)[] = F(m)[F(m)[]],

where m1 and mo can be either grafted or exotic forests.

12



We use the tree formalism to simplify the computations, for example, we use exotic
forests to express the generator £ and the weak Taylor expansion of the exact solution
as

£6=Fo+ 500)6], EIO(X(M)] = Flexp® o+ 500)[6]

The integration by parts technique, as described in Section induces a transfor-
mation on exotic forests, referred to as IBP [21], [42].

Theorem 3.10 (IBP) Let w € EF be an exotic forest and choose a grafted root v paired
to a grafted leaf w. Then,

(my=( > 7"7"+2n%),
weV ()
we{v,u}

where V(1) is the set of vertices of w, w’~" is the exotic forest w in which v is connected

to w, and ©* is the exotic forest m in which v is removed and u is replaced by a new
black vertex.

3.4 Proof of Theorem [3.1]

Let us start by recalling the statement and the setting of Theorem We consider the
following integrator,

_ n 1 —
Xp1 = Xy + hF(X) + 95 (X, + Z—LhF(Xn_l)),

_ 1 <
X=X, + §¢Eaz(Xn)Rm with Xy = Xo, (19)

where ®7(X,,) = X, + @%(Xn) = X, + VhoX(X,)R, + O(h) is an integrator of weak
order 2 applied to the problem dX = oX(X)dW.

Theorem 3.1 The integrator of the form (@ is of order 2 with respect to the invariant
Measure.

We consider a modification of integrator which is written as a scheme X, 1 =
&, (X,,) and a postprocessor X,, = ¥, (X,,) with

A 1
Pn(Xn) = Xo + WE (V) + &3 (X, + ZhF (X)),
Y =X, + %\/EJE(XR)RN,
1
Up(Xn) = X, + 5%%2()(”)3”, (20)

where F(X,_1) of (19) is replaced by F(X,). We note that the integrator (20]) requires
2 evaluations of F' per timestep.

13



Lemma 3.11 Given a post-processor of the form (@ and an integrator ®p which ad-
mits weak Taylor expansion with Ay = L has order 2 with respect to the invariant measure

if

<A2)=(J-"(°—°+@+é—@+<£+%b+m@+(&%++£)>- (21)
2 2 4 2 8 8 2 4 4

Proof By Theorem an integrator ®; with A; = £ has order 2 with respect to the
invariant measure if Ay satisfies

2
() = (5 - [£A0)), 22)

where we note that (%2) = 0. We use the tree formalism to express the condition
explicitly. We start by noting that

1 — 1
L= .7:(.+ 5@@), and .Al = f(g@@).
This implies, using Proposition that
— 1 1 1
(£, A] = 7‘"(1({)@— Z@QP— gﬁ@).
Using Proposition we express L2 as

loo 1 lop 1
L= Floar 0o+ o+ 0b + ;¥ + ;0000 008 500+ 705)-

This gives us the following condition on As:

L ee b 00 b0 308 3% oooo 003 33 . o8
<A2)_<}-(3+_+T+T+ 1 + 3 + S + 5 +T+T)>

[\]

We use IBP from Theorem [3.10| with (]—'((%P)) = —(.7-'(% + @%D)) as follows

ippee, 000, 00,00 B cooo . 008, 38 SO
R

This finishes the proof. O

Proposition 3.12 The post-processed integrator X, = (U 0®})(Xo) of (@) is of order
2 with respect to the invariant measure.

Proof The post-processed integrator X, = (¥, o ®1)(Xo) of (20) has A; = £. To see
that it is of order 2 with respect to the invariant measure, we use Lemma that is,
we check that Ay satisfies . The differential operators appearing in the weak Taylor

14



expansion of CIJE are denoted by A? where j € N with A = F (%@@). Therefore, the
differential operator A, has the form

1 1 1 1
Az = ~7'_(§. o 5-@@“‘ 5@?“‘ gqp) +A22-
Since % is weak order 2, A3 of &7 (X,, + %hF(Xn)) is
Az:ﬂ@+®®®®+®®%+%_%+@%i))
2 4 8 2 4 47
Therefore, the condition is satisfied and the method has order 2 with respect to the

invariant measure. O

We are now ready to prove Theorem [3.1] and to show that the post-processed inte-
grator of has order 2 with respect to the invariant measure.

Proof of Theorem We recall that the only difference between the integrators
described by and (20) is the replacement of F(X,_1) by F(X,) which simplifies
the analysis. Let us now show that the differential operators As of and are
identical and, therefore, the integrator is of order 2 with respect to the invariant
measure.

We have the following identity

X,1=X,1+ %\/EUE(Xn_l)Rn_l
=X, -hF(X, 1) - 07 (X1 + th(Yn_z)) + %\/EJZ(Xn_l)Rn_l
=X, - %\/EUZ(XR)Rn,l +0O(h).
Therefore, the @% term of has the following form
(X, + th(Y,H)) = &) (X, + th(Xn) - %h\/ﬁaF'(Xn)Z(Xn)Rn,l +O(h?)).

We see that the Taylor expansion of the @E term of differs from the Taylor expansion
of the <I>E term of by

1
—éhQUz(ERn)’F’ERn,l +O(h*®),

which has expectation O(h?), and, thus, the differential operators Ay of and
are identical. O

Remark 3.13 A direct approach, involving the computation of order conditions for sec-
ond order with respect to the invariant measure, followed by the solution of the resulting
system, proved to be too challenging to perform manually as it required solving a system
of 93 order conditions. A subset of these conditions is listed below:
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1. a;(s @0) - 20-(@000) = 0:

2. aa() -2a:(000) =0, 91. ax(P) =0,
3. aa() -2a, (o) =0,

4 an(Ba) -0, 92. a(,(g) -0,

5. a,(3) =0, 93. a,(o2%) =0,

where a,(w) denotes the Runge-Kutta coefficient corresponding to the forest m and di-
vided by its symmetry.

4 Mean-square stability analysis

We observe that the next step, X, .1, in the PVD-2 method proposed here is de-

pendent on both X,, and X,_;. To analyze the stability of this method effectively, we
express it in a partitioned form X7 ; = ®”(X!) where X" = (X};,yz_l)T:

X1 p Xn X +hF(Xy) + @5 (X + LhF(Xno1))

2 =d | = = 1 4 . (23)
X, X, 1 X+ 3VhoS(Xn) Ry

4.1 Stability domain for mean-square stiff problems

We consider the following test problem in dimension d = 1, which is introduced in [37]
and widely used in the literature [Il 11} [I8], [41] for studying the mean-square stability
of integrators applied to stiff problems:

dX (1) = AX (1)dt + pX (1)dW (1), X (0) =1, (24)

where A and p are fixed complex parameters. After applying the new method to the test
problem, we obtain the stability matrix R(p,q, R,) of the following form, with p = A\h
and ¢ = pv/h,

(Xn+1) — (1 +tp+ %qun + Rz(p7Q7Rn) zllp]:?“z(p7Q>Rn)) (_‘Xn ) (25)

X, 1+1qR, 0 X1

where R* (p, q, Ry) is the stability function of the noise integrator and R®=R>-1.
Following the ideas from Saito-Mitsui [37], we consider E[ X X T] and obtain the

n+1<*n+1

following equation with R = R(p,q, R,,) being the stability matrix from (25)),

E[X,] |=| ER3] 0 0 EXx._,] |- (26)

E[X7,] ( E[R},]  E[R:,] 2E[311312]) E[_XEL]
E[Xn1X,] E[R21 R11] 0 E[R21 R12] E[Xn%_n_l]
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(a) New method (b) Modification 1 (¢) Modification 2

Figure 1: Mean-square stability domains of the PVD-2 method and modifications
and , for which E(X?2) - 0 for the scalar test problem in the (p, ¢®)-plane
where p = M, ¢ = p\/h.

The mean-square stability region of method , that is the domain of p, g such that

the second moments of the numerical solution E(X,%),E(Yi) tend to 0 as n - +oo, is
then computed by checking the values of p and ¢ for which the largest eigenvalue of the
matrix in is smaller than 1. To do this, we need to choose the noise integrator. We
note that both noise integrators from Section [2| have the following stability function

2
R¥(p.q, Ra) = 1+ qRy + T-(1 - 1). (27)

The resulting stability region is computed numerically for real p and is presented in
Figure For comparison, the light gray region in Figure [1a|is the stability region of
the exact solution for which E(X(#)?) - 0 as ¢t - +oo and is given by the condition

Re(\) + 142 <.

4.2 Improving the stability

We consider slight modifications to the method to enhance the stability region without
compromising the order of convergence or significantly increasing the computational
cost. The first modification brings the term hF(X,_1) inside the /A term of the Taylor
expansion of the noise integrator. This is enough to obtain the desired order 2 and
simplifies the stability matrix in . We obtain the following method

_ . h —
Xpi1 = Xn + hF (X)) + 07 (X, X + ZF(Xn_l)),

_ 1 _
X=X, + 5w_wz:(Xn)Rn, with X_1 = X, (28)

with the following choice of the noise integrator @%(Xn, X,(LI)):
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1. Modified weak order 2 method from [3]

d
7 (X, XY = X, + % Zl (aZa(Xn +05(X,) o) — 08a(Xn - aE(Xn)Ja))

f’f( S(XM + \/gaz(Xn)x)wE(Xé”—\/gaz(Xn)x))Rn-

2. Modified W2Itol method from [40]
Y (X, XYy = X, +\/_Z( 05a(Xp) + 05 (K(™) + oS, (KS)) Ry,

+2Vh Z (020 (Xy) - aEa(Kéa)))ja,a,

a=1

K =XV + ﬁoz X+ VY 05 (X, )

b=1
b+a

K" =X, - gaza(xn)xl.

The notation coincides with that used in the examples of Section The improved
stability region can be found in Figure The next improvement of the stability region
is achieved by modifying the Milstein-Tretyakov term of the noise integrator. We note
that the term %(Ri - 1) from results in the term ¢* in E[R%,],E[R%,], E[R11R12]
from (26). We decrease the significance of this term by multiplying it by 1 + g which
goes to 0 as p approaches —2. This is achieved by replacing X,, corresponding to the
Milstein-Tretyakov term by X, + %F (X,). The updated method is

Xne1 = X+ hF(Xp) + 07 (X, X + F(Xn 1), X + F(Xn))
Yn:Xn+§\/Eaz(Xn)Rn, with X_; = X, (29)

with the noise integrator being one of the following options:

1. Modified weak order 2 method from [3]
d

Y (Xn, XV XDy = X, + % Zl (aza(Xn +oX(XP),) - 0Za( X0 - aZ(X,(f))Ja))

N UT\/E(UE()Q(LU + \/gaz(xff))x) rox(x(M - \/gaE(Xff))x))Rn.
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2. Modified W2Itol method from [40]

d
OF (X, X, XD = X + VI Y (= 0%0(X0) + 050 (K1) + 054 (KY)) Ry

a=1

+2vVh zdj (05a(X0) = 05a(K$)) Jura,

a=1

d )
?UZG(X,?))fa + VR Y oSy (X ) Jaw,
b=1

b+a
K" =X, - ?aza(xﬁ))gl.

K™= x4

Further experiments that modified the coefficient % of F(X,) confirmed that X,, +

%F (X,) is the optimal choice for X,(LQ). The updated stability region is shown in Fig-
ure However, in our broader experiments, modifications and did not lead to
a significant improvement in stability compared to the original version . As a result,
we opted to use for simplicity the original version in our numerical simulations.

5 Numerical experiments

We present experiments that confirm the convergence order of two of PVD-2 for sampling
the invariant measure. We explore several one and two-dimensional problems as well
as higher dimensional problems to emphasize that the method converges regardless of
dimensionality. In the following, we fix o = 1.

In our experiments, we compare the performance of PVD-2, given by , against
the following methods: Euler-Maruyama (EM), Leimkuhler-Matthews with drift correc-
tion (LMd) (referred to as Hummer-Leimkuhler-Matthews in [33]), the Strang splitting
between Runge-Kutta 4 (explicit of order 4) and W2Itol noise integrator (RK4[W2Itol])
[40], and Leimkuhler-Matthews with time rescaling (LMt) [33]. Properties of these meth-
ods are summarized in Table |1} below.

Note that LMd does not converge for general variable diffusion in dimensions larger
than d = 1. The method RK4[W2Itol] uses Strang splitting, doubling the number of
force evaluations, giving a total of 4 x 2 = 8. The same order could be achieved with
fewer F' evaluations, however, our aim is to compare against a highly-accurate integrator
as a challenging baseline. Method LMt uses a constant stepsize h in a transformed
time variable 7(¢). For plots, we display error curves with an effective step size h' =
h(g—i), where (-) denotes a trajectory average. The number of ¥ evaluations for PVD-
2[W2Itol] and PVD-2[MT?2] comes directly from the number of ¥ evaluations for the
noise integrator method, see Section
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Method Weak Order | Sampling Order | # I’ Eval. | # > Eval.
EM 1 1 1 1
LMd (dim. d=1) 1 1 1 1
RK4[W2Itol] 2 2 8 3
LMt 1 2 1 1
PVD-2[W2Itol] 1 (expected) 2 (expected) 1 3
PVD-2[MT2] 1 (expected) 2 (expected) 1 5

Table 1: Summary of method characteristics, including the number of F' and ¥ evalua-
tions per step. Sampling order is the order of sampling of the invariant measure, i.e. p

in equation ().

5.1 One dimension

We consider three potentials of increasing complexity, namely the quadratic potential
V(x) = 22/2, the quartic potential V (z) = 2*/4 and the asymmetric double-well potential
V(x) = 2%/2 +sin(1 + 3z). For the first two potentials we consider cosine diffusion
¥(x) = %+% cos(x) and sine diffusion ¥ (x) = %+% sin(x). For the double-well, we consider
diffusion of the form ¥(z) = exp(}lV(x)). These potentials and diffusion coeflicients are
illustrated in Figure 2, Under mild conditions on V(z), diffusion of the form X(z) o
exp(2072V (z)) for o > 0 is known to be nearly optimal diffusion for enhancing the
crossing rate between metastable wells [25] B3]. Note that f = -VV is globally Lipschitz
for the quadratic and double-well potentials, but not for the quartic potential, making
it an interesting test case.

For computing the L, error, we divide the subset [-5,5] of the z-domain into M = 30

Quadratic Quartic Double well
3.0 _—V =5 3.0 —_ _ 3.0 .
(%) N 08(x) V(X)_:T i — Y (x) = % +sin(l + 3x)
— X) = 5 + 5cos(x — = 2 + =Co8 .
25 o 25 Z(x) = 3 + 7008(x) 25 —_— 5 = exp(1V(x)
== Z(X) = 5+ 3sin(x) == X(x) = 2 + Lsin(x)
2.0 — 2.0
1.5 1.5
1.0 1.0
0.5 0.5
0.0 0.0
-0.5 -0.5 -0.5
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
X X X

Figure 2: The potentials and diffusion coefficients used in one-dimensional experiments.
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Quadratic

Z(x) = % + %COS(X) T(x) = % + %sin(x)
—e— EM
—4— LMd
10724 —— Mt
—m— RK4[W2Itol]
PVD-2[MT2]
—%— PVD-2[W2Itol]
10—3 i
10—4 J
10734
4
/l
,/
108{
102 101 10° 10-2 107! 100
Stepsize, h Stepsize, h

Figure 3: Convergence for sampling the invariant measure in a quadratic potential
V(z) = x%/2. Left: diffusion $(z) = 3 + L cos(z). Right: diffusion ¥(z) = 3 + §sin(z).

bins and for a fixed T' compute the mean error:
1 M
Error(h,T) := — > w; — @i(h, T, (30)
M i3

where w; is the exact occupancy probability of the " interval and &; is the empirical
estimate when running trajectories with fixed stepsize h up to a final time 7. In all
experiments, we set 7' = 5 x 107 and ran each integrator using time steps starting from
1072, increasing by a factor of 10%! at each step until the method became unstable.
Results for the quadratic, quartic and double-well are shown in Figures and
respectively. For all curves, we also display an estimate of the Monte-Carlo error in the
bias (shaded areas), considering the standard deviation of 10 independent trajectories.

Both variants of PVD-2 consistently achieve second-order convergence across various
environments, including challenging non-globally Lipschitz cases like the quartic poten-
tial. They also yield lower errors than RK4[W2Itol], using only one force evaluation per
step versus RK4[W2Itol]’s eight. Nevertheless, in one-dimension, time-rescaling com-
bined with the Leimkuhler-Matthews method (LMt) consistently results in the lowest
error for any given stepsize. This highlights the importance of transforming a multi-
plicative noise to additive whenever possible [33]. Note, however, that LMt can only be
applied in the multiplicative setting for isotropic diffusion. For this reason, we exclude
this method from our higher-dimensional benchmarks.

21



Quartic

2(x) = 3 + 2cos(x)

2(x) = 3 + sin(x)

10—3 p

10—4.

10—5 p

~—o— EM

—&— LMd

—— LMt

—=— RK4[W2ltol]
—&— PVD-2[MT2]
PVD-2[W2Itol]

f

1072 101
Stepsize, h

Figure 4: Convergence for sampling the invariant measure in a quartic potential V (z) =

102 10!

Stepsize, h

x/4. Left: diffusion ¥(z) = % + %cos(w). Right: diffusion ¥(z) = % + %sin(x).

Double well
10724 10-21
1073 ; .
S 1073 4
o
10744 \
—e— EM 10777 o EM
’ —A&— LMd —&— LMd
yal —— LMt —— LMt
10734 e —=— RK4[W2lto1] —=— RK4[W2ltol] \
yal —o— PVD2[MT2] | 1Q-5{ —¢ PVD-2[MT2] \,
/ —e PVD-2[W2lItol] —e PVD-2[W2Ito1]
1072 1071 100 102 103 104

Stepsize, h

Figure 5:2 Convergence for sampling the invariant measure in a double-well potential
V(x) = % +sin(1+3z) with diffusion ¥(x) = exp (Z—llV(z)) The left figure shows the error
convergence against stepsize and the right figure shows the error convergence against the

F evaluationsx10°

number of F' evaluations, a proxy for computational cost.
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5.2

Two dimensions

We consider a 4-well potential given by

17 17
V(a:l,a;g)z\/1—6—2x%+x%+\/ﬁ—2x§+x%, (31)

along with four diffusion tensors of increasing complexity:

(A)

(B)

Constant: A constant, anisotropic diffusion:

2

Ya(wy,22) = [0

|

Isotropic I: Non-homogeneous diffusion given by the Moro-Cardin tensor [31] which
impedes convergence due to the low level of noise in the central high-potential

region:
-1
Yp(z1,z2) =1+ Aexp __HxH2 I, z=|"!
) 262 9 To )

where A =5 and € =0.3.

Nl O

Isotropic II: Non-homogeneous diffusion which aids convergence due to the high
level of noise in the central high-potential region:

_ Els RE
Ec(azl,xg)—(1+Aexp(—ﬁ I, z= o |’

where A=1 and €=0.3.

Anisotropic: An anisotropic diffusion given by

T
Tx 1
Yplxy,29)=]— ——FF——, x= ,

which can be written in terms of the planar angle 6 = arg(z) as

_ ||? cos?(0) cos(0) sin(0)
Yp(w1,22) =1~ —2Hx”2 1 [Cos(g) sin(6) sin2(0) ] .

lz]?
2)z]2+1
thus guaranteeing that ¥p is everywhere smooth.

The pre-factor of ensures that #-dependent component vanishes at x = 0,

In Figure [0 we visualise how these diffusion tensors vary relative to the energy
contours of (31)). To measure convergence, we compute the Ly error of the square-norm
observable:

Error(h,N,T) :=|0 - O(h,N,T)

Y
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Figure 6: Contours of the quadruple well potential are shown with the various
diffusion tensor fields. Diffusion fields Y (z1,z2) are visualised by the magnitude of the
expected noise increment in the 27 (blue) and x2 (red) directions shown at each grid
point. For better comparison, the diffusion arrows in (B) and (D) are scaled by a factor
of 2 compared to (A) and (C).

where O = [ (a:% + a:%)p(><> (21, x2)dx1drs is the exact square-norm average and O is the
empirical estimate when running N trajectories with fixed stepsize h and averaging the
value of the observable at time 7. We fix N = 10° and T = 30 and ran each integrator
with fixed step sizes h e {1072,10719 ..., 10771, 10°0}. Results are shown in Figure

Note that in all cases, PVD-2 is the best performing integrator for small stepsizes,
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Figure 7: Convergence for sampling the invariant measure in the 2D quadruple-well
potential for the four diffusion tensors depicted in Figure @ Note that in (A), both
variants of PVD-2 perform identically hence only PVD-2[W2Itol] shows.

within standard error. However, metastability is more severe in the quadruple-well
compared to one-dimensional problems (Section. This is especially true for diffusion
tensor Isotropic I (B). Here, diffusion vanishes over the central maximum, inhibiting well
transitions. This highlights the loss of second-order convergence (for any method) in
Figure EI(B); the simulation time 7' is too short to observe complete sampling. In our
numerical tests, increasing T' did not improve these convergence rates, suggesting that
the temporal convergence to equilibrium is very slow for the considered diffusion tensor.
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Figure 8: Convergence for sampling the observable |z| in the ring-potential with
diffusion tensor given by . Left: dimension d = 10. Right: dimension d = 100.

5.3 Higher dimensions

We consider the high-dimensional ring potential, which was used as a test problem in
[38, Sect. 7]. For x € R the potential is given by

V() = k(- Jal)? (3)

26



where |z| = /X%, 2? is the Ly norm of x. We use k = 50 and run experiments for
d =10 and d = 100. For the diffusion tensor, we use a rank-one update to the identity
matrix which inhibits diffusion in the radial direction, given by

l'l'T

> =] - .
@ = S

(33)

This diffusion tensor is non-smooth at x = 0. However, in high dimensions, and for large
k, the invariant measure of the ring potential is highly concentrated near the unit sphere
and there is thus negligible probability mass near this point. We therefore might still
expect to observe second-order convergence when using PVD-2.

To measure convergence, we compute the L1 error of the square-norm observable:

Error(h,T) := ’O - O(hyT)|7

where O = [ (XL, 22)poo (x)dx is the exact square-norm average and O is the empirical
estimate when running trajectories with fixed stepsize h up to a final time T". For d = 10
experiments, we set T = 10%. For d = 100, T' = 10*. We compare the performance of the
same integrators as in Section except instead of W2Itol we use MT2 with Runge-
Kutta 4 Strang splitting (RK4[MT?2]) [3]. In our low-dimensional experiments, W2Itol
and MT2 performed very similarly, however MT2 is simpler to implement for large d.

In both high-dimensional experiments, we recovered a second order convergence curve
for our new method. In moderate dimensions (d = 10), we observe that PVD-2[MT?2] even
outperforms RK4[MT2], whilst requiring only a single F' evaluation per step, instead of
eight. In high dimensions (d = 100), although RK4[MT2], it has much more limited
stability that all other tested methods. In contrast, LMd does not converge in the
multivariate setting.

Conclusion

In this article, we introduced a framework for the construction of a high-order method
for sampling the invariant measure of Brownian dynamics with variable diffusion tensor.
We showed that we can obtain order two with only one force evaluation per time step
in spite of the numerous algebraic order conditions. This work creates new possibilities
for accelerating convergence to a target invariant distribution by considering specific
diffusion tensors generated in the recent literature. New interesting questions arise, such
as treating various diffusion tensors important in applications, to (i) address also the
reduction of the asymptotic sampling variance, and (ii) take into account the possible
stiffness and the application specific structure (e.g. sparsity) of the diffusion tensor.
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